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By neglecting viscosity, heat conduction and diffusion, a method for 
investigating the effect of dissociaion on the two dimensional flay of a 
high temperature supersonic gas stream has been examined. The ideal 
toxygen-liket gas introduced by Lighthill (1957) has been used and in all 

.s the internal modes of the molecules are assumed to be instantaneous]T 
ad:,,,,ked to be in equilibrium with each other. 

A brief introduction to the ideal dissociating gas and the rate equation 
is gl%-en and then the partial differential equations governing the motion of 
this: ideal gas are treated by a stan!ard characteristic method. Due to the 
entrepy production associated with the chemical reactions, analytical 
solutions are not possible, and a numerical step-by-step method is used to 
obtain a solution. 

As an application of the method developed the flow field around a sharp 
corner of an ideal dissociating gas is examined and a limited investigation 
of the free stream conditions and expansion angle on the resulting relaxation 
zone Lis been given. 

Based on a thesis submitted in partial fulfilment of the requirements 
for the Diploma of the College of Aeronautics. 
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1. Intreductiorl 

In the hypersonic flight regime high stagnation enthaleies are 
realised which are sufficient to dissociate the diatomic coi.stituents of 
air. Generally the problem of including the high energy chaneen associated 
with dissociation into aerodynamic problems is difficult owing to the 
complexity of the thermodynamics, However by by postulating an idealised 
diatomic gas, Lighthill was able to formulate the equations governing 
such a gas in a simple form, and yet still retain the main characteristics 
which a real diatomic gas would exhibit at high temperatures. This ideal 
gas provides an excellent means of investigating the effect of dissociation 
in high temperature gas flows. 

If the reaction rate of the chemical process is finite then for any 
deviation from a state of equilibrium there will elapse a finite period of 
time before a new state of equilibrium is achieved. When the time to reach 
equilibri= is comparable with the time it takes for a particle to pass 
through the flow, then areas of the flew field will arise in which non-
equilibrium states are encountered. The object of this work is to investigate 
these non-equilibrium regions or relaxation zones, which arise when a high 
temperature reacting gas is expanded round a sharp corner. To do this, 
plane flow has been considered. 

The problem has been sirplified by neglecting viscosity, heat conduction 
and diffusion, and by assuming that the translational, rotational and 
vibrational degrees of freedom are always adjusted to be in thermal 
equilibrium with each other. The equations of motion governing the flow 
of an ideal 'oxygen like' dissociating gas have been formulated and treated 
in a manner similar to that suggested by Chu (1957). Duo to the entropy 
production associated with the chemical reactions analytical solutions 
are not possible and thus a numerical steo-by-step solution similar to that 
encountered in the familiar method of characteristics has to be employed. 

2. The Ideal Dissociating Gas 

The dissociating gas is considered to be composed of symaeetrical 
diatomic molecules and is 'ideal' in the sense that for a snecified 
temperature range the thermodynamics can be simplified greatly by noting 
that a group of temperature dependent terms arising in the law of mass 
action may conveniently be taken as a constant. Lighthill (Ref .11) first 
noticed this and found that, for a diatoede gas which is in chemical 
eeullibrium, the law of mass action may be written as 

C2 

1 	c e 

PD 

e 
eXp 

D 

~~ RTe)  
where ce is the concentration by mass of the atomic species, D is the 
dissociation energy per unit mass, R the gas constant for the molecular 
species, the suffix 'el implying that a state of equilibrium exists. 



The characteristic density PD, see Ref.11, is strictly a funRtion of 
temperature, but for the temperature rLaage 3000°K < T < 7000-K the 
variation of P

D 
is small for oxygen anal thus may be considered to have 

a constant value of 150 gm/cc. 

Implicit in the assumption that P  is a constant is the requirement that 
the vibrational degrees of freedom of 'the molecule are al,.-s just half 
ea nited even at low temperatures. This enable the internal energy to be 
written in the following simple form, 

e = 3RT pc 

and thus the enthalpy is 

h = (4 + c) RT + Dc. 

Finally, the equation of state may be deduced by considering the partially 
dissociated gas to be an assembly of two independent perfect gases and is 

= p(i c)RT 
	

(4) 

As Lighthill points out, this ideal assoc ating gas will only be 
representative over the temperature range 3000-K <T‹ 7000°K. Outside 
these limits ionisation and vibrational excitation will becoue important 
and this has not been allowed for. However in the examples -:resented 
below, since only small expansion angles are considered, the Lighthill 
approximations are adequate. 

3. zlille:?atc11(aation 

By assuming that the moIecilinr and atomic states of the assembly 
are independent, the equation describing the reaction may be written 
formally as, 

A + X 
2 

15)  
2A + X 

IcR 
(5) 

where X represents a third body, which in collision with a molecule 
or an atom may act as an heat sink or source. For a pure diatomic gas 
this third body may be an atom or a molecule. kp  and kR  aro the specific 

reaction rate coefficients for dissociation and recombination; both being 
dependent on local temperature and concentration in general. They may be 
obtained from statistical considerations, or from experiment*  

ai/ atA = 2 kp  (400 — 2 kR  (A) (K) 	 (6) 

where brackets represent the concentration of the species in molico. 

From Ref.14 the net rate of production of the atomic species may be 
written as, 
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It is more convenient to express the concentration in mass fract]ons. 

c Noting that (A) = f'11, (A,) 	•= 211 	) and that OK) = 	+ 

	

2m 	 2n 
then eouation (6) becomes 

pr)dt 	2 \7 (i — 02 ) • 

6.1)2 

.1  kR 	 (1 0)02  1/1 (7) 

At ecluilibrium 

kD 
kR 

and therefore 

0 2  

= K e  ( ) 

Ike  , being the equilibrium constant. 

As the flows discussed later are of an expansive nature it is 
convenient to express the rate equation in terms of hR  rather than hp. 

Thus if the concentration ce is e,"aluated at local p and T, euation becomes 
(7) 

P
2 
kR 

(1 + c) 	I 
1:c2  

2 	0 0
2 

% 
1 °2e 

It may be noticed that r = MIZ AZ  kR(1 + c) has the dimensions 

of tiim and may be taken as a characteristic chemical time. r.3,- considering 
a small deviation fror equjlibrium under conditions of almost oor_stant 
pressure and temperature then equation (9) may he T.ritten in the following 
approximate form, 

1 	do' 
—7 dt = const. 

Hero c/  is a small deviation from the initial equilibrium conditions 0. 
Thus it is seen that r can be taken as proportional to the tiro vthic]i it 
takes for a small deviation of the concentration to return to its initial 
equilibrium value and may thus be used as ELLIXAVAIre of the rate at 7;:ifch 
the chemical reaction proceeds towards equilibrium. 

Uhen T 4 0 then c 4 0
e 

and equilibrium flow e7ists a:Ld as 

4 	 0 will remain constant and the flaw is called frozen. 

The recombination rate coefficients are difficult to detorrthle and 

(9) 

published results suggest that it lies within the range 
0

1 4 
<

R <1017 

" for oxygen O 	
2

r measured in mole 	cm 6. sec-18, ) 



— 

Recent investigations Ref .13, give 	= 0.8 x 1015at a terTerature of 

3,500°K which is in close agreement with Ref.2. 

4, 	The Two Dimensional Flaw of an Ideal Dissociatinf? Gas 

By making the simplifyinL assumption that viscosity, heat conduction 
and diffusion may be neglected, the general equations governing the 
supersonic flow of a reacting gas are reduced to a hyperbolic system of 
differential equations. By utilising the method of characteristics 
Ref.41  a numerical solution may thus be obtained. 

To obtain a numerical solution it was found advantageous to work in 
the natural oo-crdinate system. In this curvilinear system s is measured 
along a streamline in the direction of the velocity vector u and n 
is measured normal to it. 	e is the inclination of the velocity u 
to some arbitrarily chosen datum. It should be noticed however, that 
although this co-ordinate system is convenient it has the disadvanta7,0 
of not automatically revealing all the characteristic directions is tie 
subsequent analysis. 

The overall or global continuity equation may then be written. as 

u 22 au ae 
+ 	+ u 	= o ID • as 

and the continuity of the atomic species is 

ao 
as 	A =a 	 (12) 

where 'C is the rate of mass production of the atomic species c per unit 
volume. 

The momentum equations are 

p 
	 o 	 (13) 

ana 
ae 2 

U  Us 

By considering the thermodynamics of the mixture tie energy ovations 
may bo used to express the entropy change along a streamline in. the form 

+ 	T  ( a 	1-4 m) 	= as  ( 15) 

1,0 

where S is the specific entropy and P is the chemical potential. 
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Finally, the equation of state is specified by expressing the density 
as a function of pressure, entropy and cm:el.-trot:Lon 

do + 1 . OT . 	 (16) 
2, 

who p,-,  = .
aP 
..PO 

3 	
.,and p = rd

\  

P, 3 	
c 	

)'11) 
which variables are held constant durini; differentiation. 
Priting the equation of state Irith the ensit-y as the dependent variable 
enables the results obtained in Ref.4. to be included in the follov, -1,-
analysis. 

Equations ( 1 1 - 16) constitute six quasi-liner partial differential 
equations in six unknown dependent variables u, ps  Ps  ec, S, and i the t.ro 
independent variables s and n of the form 

	

a ui 	a ui 
L. 
	a.. 77 	bij 	"j 	is j = 1, ,,,,, 6. (17) ij 

In this equation the cartesian tensor notatior. has been employed and thus 
to obtain the values of the coefficients Fzid dependent variables in the 
six equations (17), the subscripts (isi) must be taken over all possible 
combinations of i, j, each of which 211.5Ly take any of the values 1,2,....,6. 

As the equations (17) stand the dependent variables appear differentiated 
in the directions 's' or 	. To obtain a solution, Rof.2i., it is 
necessary to have the dependent variables differentiated in directions 
along which the normal derivatives are not necessarily continuous. 
These directions are called characteristic directions and the curve -ythich 
they describe is called the characteristic curve , To find those directions 
a system of multipliers X 1  dependent on (ssr.) is specified such that in 
a linear combination L = X ''. Lj all the dependent variables ui appear 
differentiated in the MU direction given by d.n 

= a  (saY). ds 

The condition that all the variables in L =j. J 
• L are differentiated 

in the same aLrection cc is thus given by 

iii 	as 
— az • 

If the six equations given by equation (17) 
characteristic direction exists, then the W.. 
a characteristic determinantal relation „Ilia, 
the tangents to the characteristics curves at 
values of the dependent variable 2 i.e. 

a = p 	
'0 

and the sUbscripts inCicating 

du If the curve specified by Ts  = cc is given by s() s n(iZ) where 1;  is a 

nara.mtcr associated with the characteristic curve a = 1  / as . at;  

are compatibles  i,o if a 
nay be eliminated to yield 
defines the directions of 
the point (s,n) for specific 



an 
= 

  

(19) / 

4 f 

where Mf is the Mach number based an the frozen speed of sound. 

A third characteristic direction exists and is coincident with the 
streamline. 

The dependent variables ul  will also satisfy the equation L = 

at the point (s,n). Thus by eliminating first aui and then ui  8 s 	-73; 
from L =Xj L = 0 with the aid of equations (18) two more equations will 
result. These combined with equations (17) yield several deteminantal 
equations which gives relationships between the variables ui  along 

characteristic directions. One relationship of importance which results 
is the following 

. dp ± dO + 
( K 6 .‘\ 

.171) 0 (20) 

where d.J.- 	are incrxaents of length along characteristic lines 
col-IA:spending to the characteristic directions dn =  + 	-------, 

ds 	1/ /112f  — 1 N.,  
and 

Xj Li  0 

  

( ap 

rg 
p,c 

ma  — urn  + T  ( 7.0.a ) 
[ 

  

Cr_ 
I 
pT  

P$ 
(21) 

    

is a variable which provides a convenient grouping of the therfgodynanic 
variables involved and was first introduced by Kirkwood and Wood Ref.15. 
Three other characteristic relations (equations 12, 13, 15) are cbtailied 
and all hold along the streamlines. 

Thus provided the kinetics of the reacting gas are known and provided 
suitable initial data are given then equations (12)(13)(15) and (19) and (20), 
enable all the unknown de iendent variables to be calculated at all points 
in the flow field. 



= 

= 

p 
3 

Ap 

p 
1 

+ 	1 Pa 

(23) 

( 2k) 
= 0 (25)  

3 1 

=-• AO + 8 - (26)  

1 

Ap 

nif3 

A0 
2 	 1 	1 	2 

4.1. Intzzation of the ch-r-cteristic pEpations 

The equations are non-linear and are not reducible in the seize of 
Courant and Friedrich 27-lef. 4, and therefore in order to obtain a solution 
a numerical step-by-step method must be employed. To facilitate numerical 
computation it is convenient to express all the equat4 uns in terms of 
finite differences. 

Assuming that conditions are lalown at tym points p1  and 772, then 

providedP s  P are sufficiently close together the point p, at 1:1-Z,oh 
2 

the too characteristic lines through P and :e 2 intersect nay be found by 
letting the tangents to the frozen Macli lines at P i  and P2  represent 
the characteristic lines in a first approximation. This .ill of course 
introduce an error which can be reduced by iteration; the convergence of 
this iteration depending on the size of the interval chosen for pipa . 
This has not been awalysed analytically, but trial end error revealed 
that far the cases discussed in this re-port, it is desirable that P.1162  
should not be greuter than 0.01 of a dimensionless unit. Kere length 
has boon non-dimensionalised by 110  T0  

After non-dimensionalising the variables with free stream conditions, 

i.e. 	= 2- etc. equations (19) may be writton 
ro 

- 

	

Po 	f 

	

7 711 	10 	62—  
0 0 

p 
A 	/ 

I 1_1—) 	= 0 

ut 
( 21 ) 

and 
, 	K Q 

c 	f 2 	 r• rp — Le 
u0 	P

2 2  u 	
2 	

2 	 r, 
2 u2 

2 

0000 	(22) 

where subscripts (I ) (2) represent the values of the variables at tho 
points P 1  andPa' w  The finite differences Api9  Ap2, a81 etc. are defined -by 



This of outz-se, is only a first oz 6-or approxianation since it has been 
assumed that the coefficients in the differential equations (21 7  22) 
are constant along tho ch.:Lrar2....toristic. lines foining the points (P11  P3) 
etria (P2 a? P) 7 their values being taken at t.e points 1 and 2 respectively. 
To obtain better approximation an iteration -,rocess must le used, i.e. 
✓alues obtained at the point 3 are used to obtain a nlean value for the 
coefficients and the slope of the characteristic lines, and the -2rocedure 
is repeated. Once again trial and error revealed that only oro iteration 
need be used when examination is carried out along tho characteristic 
lines do 	1 

as - 

From equations (21 - 26) expressions can be found for the change in 
p and 0 from points P1  to P3  

r 2  

PO 	111 2  .4 Pt — 1 fa 
0 	

Ap,  , ( .e,  — 0 
2 	P 

) — u 	 uz 	U 	 out 	---- - . 2 	
1 

. — - 9  2 P 	u 
2 o o 	

p 
1 1 	P 

2 	2  	2 

... 	( IA ) 
	li Cr ) 	(P P 

3 
) ( IC 

	

_1_ 	
c- 

	

_1 	.. - --- 2 	- 	_ a. z..1 v ( .7) Mf i 	
p u 	11, 2 	 p U 

	

1 	1 	1 	 2 2 .1  

and 

  

d 	
 i 	 P 	11,,,f — 1 fif — I 

j:2_,..,  .,,... 6,0 	o 	ft 	1-2.° 
2---------  • --- - --i--  • (Pi  '- 7=12  ) P U

2 2 	 0 
 1 	P U 	P u2 	P

2 
 U 

0 	1 1 	2 

f 2 	-.. 
t ----4' l 

)112  .. i 	 „A _ 1 ki)l i'  ) 
	K Or 	11- 	,.1 

2 	
01  _ 02  ) 	 (....t. 	

P 

 ; 1 — ▪ p 	u 	 0 	112 	A 	 p u i 	, 	1.12 

i 	1 	 2 	2 	Ti 	 i 	i f 	1 	1 

(r. 2. 3
) 	 20-2  

-,:r   
. ( 23 ) 

T2 
0

2 
U

2 

— 
where p r s p (say) is the distance between the rth  point and s .3. tl  point. 

Thus the flow inclination and pressure are imown at P3  . Eofore the eth r 

variables can he found the relations holding alolv, tho 
be used. lowing the flow inclination at P 3  a first elr.:5.-oximatien may 
be obtained by projectile the tinge _t to the streamline at p3  to intersect 
the line 15-15 

2 	 2 ) 
at p, 	, ( say) . Then by assuming that a linear variation t  

of the variables exists over the segment pipe  conditions at P f 	":""`y be 0, 2)  
found. Once Pt \ has been located and the values of the de-2ondent 

i 12) 

variables arc lzimai. at that point then the following relatior_s hold along 
the s tn.; araine 

1 



(32) 
T 	-7) TD  c 

Lh 	 AT 
_ 1 _ i  
h - 	/ Ci i 

Ac 

tr T 
c 41- 

T ;-TD  

2 p u 	Au( u 	ID( 112)  u(1,2)  + p LTD( o o 	 — k1:2) 

U(1, 2) 
A c

t
• 

(1-  ( 1723-1:' 	
:72 0 

( 1,2) 

Po ho p6,2) 
Al7
'(1,2) - Po 
	

1.)(1 2 2) 
	= 0 

(29)  

(30)  

(3'1) 

whe:ce Gu
ll 

	

= U 	 ) 	Apt 	= p 	P( 	1; ACi 	= C 	C( 
$21 	3 	1 7 2 	1,2/ 	\ 120 	3 1/4 17 2/ 	3 	 11:2), 

Ah(1 p2) = h3— 11(172) 

and u(  ) etc define values of the dependent variables at the point P( 1. 
1112 	 11,2 d 

In order that this approximation shall be useful it is necessary to 
locate the point P( 	fairly accurately. It was found that at least 

\1.92) 
one iteration was needed in order that the values of the dependent 
variables at pi 	were located to the same order of accuracy as the 

li s  
increments Ae, Au, Lh and Gp. At this stage p, 6, u, c, h are known at P 

3 

and now the other variables nay be calculated. 

The caloric equation of state for an ideal dissociating gas ray be 
written in turns of finite differences to give - 

and the thermal equation of state becomes 

Lp 	Lc 
+ 1 + 0 1 

1 
To evaluate the slope of the characteristic line at P3  the frozen Yach 

number is needed and may be evaluated (Appendix A) from the following 
finite difference equation 

AT 	(5 + 20 ) 

a2 
	 if+ ci)(47+ J,; 

	
❑c 
	

(54) 

T i 
	 (53) 

If the equilibrium composition is evaluated at local pressure and temmerature, 
then ce  a

-  the point P may be obtained from the law of mass action, i.e. 
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2 
ae 

--------- = Trf To' 
e 3 

The reaction rate is 

C2)02  
aC 	 1 	 3 .9 	_ 2 
dt 

3 	3 	( 	0 2  ) 3 	 0 3 

1,7110 re 

T 
3 

P
2 0 	e ) 
3 	3 

The thermodynamic variables crmay be written, Appendix B, 

(1 + 3)(1 	-,j-;32) - (21. 	c 
3 

	

(1 + c 3) (24. + 03) 

	
(38) 

for an ideal dissociating gas. 
Thus all the flog and thermodynamic variables are known atP 3. In a like 
rimer the whole flow field may be calculated by constructing a characteristic 
net, see Fig. 1 for example. 

Two relatively simple solutions arise when the flow is aonsiaered 
to be frozen or in equilibrium. 

(i) Frozen Plow 

For frozen flow thi characteristic cheLlical time r becams infinite 
and thus all the terms involving the chemical reactions disanpear. 
Equation (20) becomes 

2 	•-• 1 
p ± Le = 0 	 (39) 

P 2  

and thus it is seen that the flow will occur isentropically. This type of 
flog occurs at the apex of a Prandtleyer expansion in a reactive fluid 
and its solution is easily constructed. 

EluiLlbrilun Flog: 

For the other extreme when r = 0 the flow is in equilibrium and for 
this ideal case it is found that the disturbance front propagates with ae. 

The equations of motion governing the eeullibrium flow are: 

3 
(35)  

(36)  

(37)  
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pe 0 
aue ape  

+ 	= 0 

 

ae 
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e  

P  e U
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p
e  

0 = (47) LO
e 

611
e 

.. Ap
e 

= 	0 (1+3) 

+ tpe = 0 . (4-9) 

e 
1

,ap  
as. 

30: 

P eg

dee  

e 

ap 

ae Pace 

(I 

(42)  

(43)  

(44 

e 	(45) 

Note that the equilibrium concentration ee(ffo) has been evaluated at 
local pressure and entropy and is only the same as ce(p,T) when equdlibriun 

exists. 

Once again equations (41 - 45) constitute a quasi-linear system 
of differential equations and may be solved in much the sane iL_Ter as 
before. It is now found however that the characteristic directions are 
defined by 

dn + 
ds 	

1 

(46) 

where 14 is based on the equilibrium s9ecd of sound. As pointed out by 
Chu Ref. 3 it is interesting to note that for a reacting gas, although 
the order of the equations is reduced -when T = 0 the system still remains 
hyperbolic. 

The numerical solution is analogous to that of section (5.2.) and 
as before it is convenient to write the relations holding along the 
characteristics in terms of finite differences, i.e. 

u 	ap,e 	aue + 	+ pe 	s 
ue  

= 

-11 

30 

0 

0 = 

- 

= 

(3)U 

(41) 

(I-2) 

a n 

au 	ap 
p U 

us 
e  

as e 	o 	-7 	+ ----9- 

2 
aoe 	I 	ape e ----81 + 

Pe 

u age 0 	 (44) e  as 

ap 
ape 	a 

= 	alpe  (ac: 	
ac 	 (45) 0 
	

of 
e PeSe 	 e 

!Pace  

Note that the equilibrium concentration ce(go) has been evaluated at 

local pressure and entropy and is only the same as ce(p,T) when equdlibriun 

exists. 

Once again equations (41 - 45) constitute a quasi-linear system 
of differential equations and may be solved in mach the same ,L...ner as 
before. It is now found however that the characteristic directions .are 
defined by 

dn 
67 	

jM2  - 1 

where 14 is based on the equilibrium s-9eed of sound. As pointed out by 
Chu Ref. 3 it is interesting to note that for a reacting gas, although 
the order of the equations is reduced when T = 0 the system still remains 
hyperbolic. 

The numerical solution is analogous to that of section (5.2.) and 
as before it is convenient to write the relations holding along the 
characteristics in terms of finite differences, i.e. 

/177-7-1 
AO
e = 0 e 0 

p
e  ue 

 6ue 	L\pe  = 0 

p 
e 	

Cth
e 
 + 6pe 
	= 0 . 	 (49) 

(46)  

(47)  

(1+3) 
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The thermal and caloric equation of st,-.te bccones 

Pe = P  (1 + ce) R Te 

he = (4 + ce)R Te  + Ge  D. 

At this stage Pe:  he:  ue  are known and in order to evaluate c P 
e e 

Te the equilibrium concentration is first found from 

(5a) 

(51) 

C
2 	 p

D 
(he cc D) 

1 	C2  

TD  P.(24_ + 0e) 1 

exp t_ 	 $ (52) 

thus giving the temperature and density from equations (50, 51). 

To evaluate the characteristics directions the equilirldual solid 
speed must be used and may be obtained from the ratio in Ref. 5 

oe  (1  - ce) [(1 + TD/T)(1 + oe) - (4 + o_)] 
a 

+ 731.4)20e(1 	)+ 8 + 2 ac  

where it has teen tabulated for varying taLperature end pressure. 

For the small ex,lansion angles ILich have been used to illustrate 
the characteristic method the equilibrium conditions appear to provide 
an asymptotic value for the dependent -variables behind the corner. 
Further examples considering larger expEl]sion angles and other initial 
conditions are required however to sea the true signific:nee of those 
vasynptoticl values. 

The frozen and equilibrium cases (or expansive flows have also been 
discussed by Heims, Ref. 9. In the latter the conditions behind the corner 
are found by considering Prandt14.ifayer fJe in rihich allowance has been 
made for the chemical composition of the gas by integratinf:, ste-l-by-steps  
along iscntropes uith the aid of a Monier chart. 

3 
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5. 	The Application of. the 	Dirensional Theory to the qnansion of 
an Ideal DissooiatinR Gas 

For a high temperature reacting gas the flow round a corner will 
no longer occur isentropically and marked differences from the classical 
Frandtl-Meyer flow will arise. Thus in order to investigate the flow 
field for such an expansion the theory and method given in section (0 
has been applied to three specific examples. The three cases for which the 
flow field has been examined are 

(i)  

(ii)  

(iii)  

Po  

Po  

po  

= 

= 

= 

atm., 	To  = 4250Q.K., 

0.1 atm., To  = 3750°.K., 

0.1 atm., To  = 3750a.K., 

c = 0.78 and expansion angle 
= 

c = 0.83 and expansion angle = 

a = 0.83 and expansion. angle = 

50.  

100. 

all at a Mach No. of 1.83. 

As the flow round wedge sections are likely to be of more importance in 
the laboratory, the above conditions ware chosen to correspond to those 
conditions likely to be encountered in shock tubes. The conditions of the 
wall are generally those of interest and so the wall temperature, pressure, 
concentration and Mach number have been plotted against the non...dimensional 
length measured from the corner of the wall. Further to obtain a more 
general visual picture of the overall flog field behind the expansion isobar 
plots have been made of cases (i) and (iii). 

The transit time through the apex of the expansion fan is vanishingly 
small so in the region very close to the corner there will be a lag in 
the inert degrees of freedom. Generally, the inert degrees of freedom 
will include vibration as well as dissociation but in this report however 
only the relaxation effects due to dissociation are considered. The 
vibrational degree of freedom is taken to be always excited to just half 
its classical value. For the cases discussed here the degree of dissociation 
is fairly high (c--0.8) and the energy stored in the vibrational modes of 
the remaining molecules will be small compared with that of dissociation. 
Thus, the assumption that the vibrational mode is instantaneously adjusted 
to be in local equilibrium with the translational and rotational modes 
should not affect the results appreciably. At the apex of the fan then, 
the isentropic temperature drop will cause the atoms to be no longer in 
chemical equilibrium with the molecules. Thus a transition region must 
exist in which the system has time to approach a new uquilibrium value. 
In this region the atoms recombine and supply the flow with some of 
its dissociative energy. This process continues until a balance is 
achieved between the concentrations of the atoms and molecii1rs. This 
relaxation to a new equilibrium level is an irreversible one and is 
accompanied by an increase in entropy. 

The zone over which this relaxation occurs is very dependent on the 
free stream conditions ahead of the corner and the expansion angle. As the 
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method of solution for such flows is necessarily a lengthy process only 
a limited investigation of these effects has been obtained. Of the cases 
solved, the most pronounced variation occurred with the reduction of free 
stream pressure. By reducing the pressure from one atmosphere to one tenth 
of an atmosphere for the same expansion angle the relaxation zone at the 
wall increased from approximately 0.026 ems to approximately 1.735 ems. 
This is because the recombination of the atoms requires a three body 
collision. Thus, as the density becomes smaller the probability of such 
collisions is less, and so the time to reach a new squilibEium level will 
be longer. Variation of the expansion angle from 5 to 10 in cases 
(ii, iii) showed that the relaxation zone at the wall increased by approx-
imately 0.9 ems. 

A further influence on the relaxation zone arises from the recombination 
rate coefficient. Owing to the lack of data concerning the recombination 
rate coefficient for oxygen, in the cases discussed an arbitrary value of 
1017 

co
2/mol2sec was used. Rrent,evidence however Ref.13 would surest 

that a value of -kR  = 1015 cc /mol'sec would be a better estimate. It 
would appear that due to this arbitrary choice of kR  the length of the 

relaxation zones are underestimated by a factor of one hundred in this report. 
Also k.R. has been assumed constant throughout. Over the temperature range 

which these examples cover Ref. 13 suggests that kR  would only change from 
0.78 . 1015 cc2/Mel2sec to 0.69 x 1015 ee2/mol2sec and so the assumption 
kR  = const. throughout the expansion appears to be satisfactory. 

In Ref. 7, Feldman reports the existence of a recombination shock 
out in the flow field due to the relaxation. In the cases discussed, the 
relaxation along the wall caused a steepening of the Hach lines at the 
wall but due to the relaxation effects occurring through the expansion, 
away from the corner, it is unlikely that the Each lines will coalesce 
even at great distances from the wall. To investigate such recombination 
shocks it suggests that much larger expansion angles must be considered. 

In a recent paper by Clarke, Ref.160  the linearised flow of an Ideal 
Dissociating gas is discussed. For the small expansion angles considered 
the variation of the non-dimensional dependent variables in the relaxation 
zone are in good ag.ceement with the non-linear solutions presented in 
figures 3 — 8. 

6. Conclusions 

The method presented in this report provides a means of investigating 
the effect of dissociation on the flow field of a high temperature reacting 
gas. The method is successful in so far that results 0:11 be obtained, but 
the number of computing hours required for each solution makes it impracticable 
for extensive investigations to be made without the aid of a digital computer 
or the further possibility of a numerical graphical procedure being developed. 
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Of the cases examined for exp.nsive flows of an ideal toxygen-like' 
dissociating gas round a sharp corner it was found that the relaxation 
zones were considerably influenced by the free stream conditions, and for 
the small expansion angles considered the flow will quickly be adjusted 
to now equilibrium conditions. 
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ApEpuDix A 

The  speeds  of sound for an idc-ti dissociatfinaEare.  

(i) Frozen Sound Speed 

To write the frozen speed of sound in a form which is suitable for 
numerical computation it is convenient to consider the following energy 
relation, i.e. 

T 	dS = du - f ! 
	do 

‘P  a 

Taking the enthalpy and internal energy to' of the gas to be functions of 
the pressure, temperature and concentration, together with the fact that 
the realtion h = c + 2 holds, then the following expression may be obtained.. 

P 

(F.  et) 	
aT 4-57811)

pIT - 
Td-S' - ( bla -prr)dc ---) 

dr _ r 	 dp 
jr(4)  — 	89  T,c 	p,c dP - P ..4) 	 -- L  (A2) _ - 

(:-) 	

ap + 
( p,c 	a c dT +e) 

p0T 
 - TdS -- (1.1

a 
 -p)doj rft 

For dissociating gas, the pressure does not appear explicitly ila the energy 
relation, thus if the above expression is evaluated for constant local 
values of entropy and concentration it is reduced to, 

( arIA 
(41 . 

aT
'  ,c 	

2 
0 	) --„..22P__. 

(..- aT //310 	

= 12  
P 

C _2s 
C of 

(A 3) 

where C is the frozen specific heat at constant pressure, and 
lof 	

Cam, 

is the frozen specific heat at constant volume. For an ideal dissociating 
gas equation (L3) is readily shown to be 

a = (22) 4  Lc 

= 	 ts).212 
3 

(A 4) 

(Ai) 
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(ii) Eauilj,:briuT1Scund q2eed 

The equilibrium speed cf sound can, in principle, be evaluated 
in a like manner but unfortunately the right hand side of equaticn (L.2) 
boc000s unwieldy and thus the best method is to evaluate ae by con,sidering 

a ratio of the sound speeds. 

Considering the density as a function of 1Dressure, entropy and.
concentration, we have 

ap 
d p = 

2 	
ap 	= • • 	dS 44

8) 	
ac 

af 	
ag 

P,0  

Now for a. gas which is in equilibrium, and whose local entro,r7 values are 
considered constant, this last eauation may be urritten 

(a4 	
0 

)glc  
(  

2 	2 	 a c 
/1), S 	p S 

Rather than evaluate 
a° e  11  

in detail, refLrence is liade to 

  

where thi's hf..s been evaluated for the ideal dissociating 

( af \12,, 	
00(1 *- oe) [(19 - '--7 (1 +c) ..- (4 + 0e)] 

1 + 	 (L 3 	 7 	 7) ae   (I + — c 
e  (1 -co) + 8 + 2 ce 

This has been evaluated for varying torTerature and pressure, nrid the 
results presented therein are used in this report when the flow field has 
been evaluated for equilibrium conditions. 

Clarke (1958) 
gas, and is 2 



— 1 9 — 

AFPF411DEC B 

The thermodulamic variable 6 

In the general analysis of che:deally reacting flows Ref. 5, the 

variable 0" provides a convenient grouping of the thermodynamic variables 
involved, and is defined as 

1 
= - PT 

 

[ 	+ T (t7  a s  

 

p,c Ps P 

 

Az pointed aut in Ref. 5, this is not the most convenient fort for 
avaluPtion and it may be written as 

(i 

0 a h 
aT 

Pso 

For the ideal dissociating gas 

an 	 A 	(ah 
.07) 

Ps° 	 13:1  
(RT D) 

(3. P\  
= ( 1-P c)R L-71 ) 

/p,T 14-c 

TD (1 + c) (1 +) — (4. 	c) 

-
RT  TD 

Pa  -- um io, 	-2° 	1-1:19)- lobe 	 exp 
e2 

(Th 	 (

.p,,E) 
ao pIT 

thus 

and. 
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