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The paper presents an experimental study of natural 
frequencies and modes of vibration of uniform cantilever plates. 
Sixteen planforms are tested by combining aspect ratios of 0.8, 
1.2, 1.6 and 2 with leading edge sweep-back angles of 00, 150

, 

300  and 45°. Experimental values of the natural frequencies 
for the first six modes are presented for each plate, together 
with the nodal  patterns concerned. The results have been 
plotted in frequency curves of the same 'family shape'. 

The effect of sweep-back of the leading edge on the 
frequency of a particular mode, and on the position of the nodal 
line of that made is more marked on high aspect ratio plates. 
The frequency of the flexural modes varies only slightly with 
aspect ratio. No general remarks could be made on the frequency 
variation with the tangent of angle of sweep, which depended 
greatly on the aspect ratio. 

A formula has been derived by which one could 
calculate the frequency of a particular mode on a given plate, 
presuming that the plate is geometrically similar to one of the 
planforms testedl  but with f9ifferent thickness and different 
material, and provided that the values of Poisson's ratio for 
both materials are the same. 

This Report is based on a thesis submitted in June 1954 in part 
fulfilment for the requirements for the Diploma of the College. 
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1. Introduction  

Several recent papers have been published investigating 
experimentally the vibration characteristics of rectangular and 
skew cantilever plates,1,2  and of triangular anes.3 This report 
introduces a more realistic planform and aspect ratio range 
appropriate to guided missile design practice, viz. a low aspect 
ratio, trapezoidal planform with a swept-back leading edge and a 
straight trailing edge. 

The two parameters, which identify the planform of a 
wing, chosen for variations in this eark ares the aspect ratio 
and the angle of sweep-back of the leading edge. The usual 
definition as regards the aspect ratio has been adopted, but has 
been mentioned in Fig. 1. for clarity. Four different values 
of sweep angle,e(L ranging from 40  to 45°  have been chosen. 
For each, four values for the aspect ratio have been tested, 
ranging from 0.8 to 2. The nodal lines and the frequencies of 
the first six natural modes of vibrations were obtained.. By 
the first six modes is meant those modes that could be first 
excited in the order of increasing frequency. It was possible 
to excite modes higher than the sixth, but these higher modes 
are believed to be of little practical interest and have not 
been included. 

The nodal patterns Obtained have been analysed 
attributing each mode to its proper 'family'. Knowing the 
actual form of the mode enabled the plotting of all modes in 
families of frequency curves. These curves provide sufficient 
material for the study of the effect of variation of the two 
parameters chosen, namely A, and A separately, on the frequency 
of a cantilever plate. 

A vibrating cantilever plate represents a system with 
an infinitely large number of degrees of freedom. There is no 
exact analytical solution for the problem. Same success has 
been achieved with the RayliehRitz method. by Young4  for a square 
cantilever plate taking an 18-term series of the function to 
represent the deflection, In an attempt to extend the analysis 
to skew cantilever plates, Barton5 solved for different planforms 
in the first two modes. Satisfactory results were Obtained for 
rectangular plates, but the error increased with A, and amounted 
to 20 per cent for the second mode of a 45° skew plate. This 
shows the need for further basic developments in the analysis, 
to apply to different planforms, and the present need for the 
experimental study of such problems. 

A formula has been derived and verified (Appendix A), 
by which one could calculate the frequency of any particular 
mode of a plate, of similar planform to one of the plates tested, 
but with different thickness and of different material as long 
as the Poisson's ratios of the two materials are the same. Good 
approximation however will be provided where the Poisson's ratios 
of the two plates are not very different. 
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2, Test Equipment and Procedure  

2.1. Test Rig  

The test rig consisted of a concrete base which was 
40in. x 214n. x 30in. high. A steel bed-plate, 40in. x 10in, x 
lin. thick:  was attached to the concrete base by means of eight 
lino dia, bolts, screwed into special cemented-in soakets. The 
testpiece was then clamped between the bed-plate and another 
3/4in. thick steel clamping plate by 1/4in, dia. bolts. There 
were two rows of bolts, the front row of gin. pitch, and the 
back row of 2in, pitch, A torque of about 200 lb.in. was applied 
manually for tightening the bolts evenly. 

2.2, Test Specimens  

The plates tested were cut from ground, flat mild steel 
sheets of 1/8in, thickness. The different planforms tested are 
shown in Fig. 2, where their designations are also given. For 
the purpose cf the study, four different aspect ratios were 
chosen A = 2.0, 1.6, 1,2, 0.8, and for each aspect ratio, 
four different angles of sweep-back of leading edge were investi-
gated, A.= 0, 15°, 30o0  45o. In all cases, the overhang length 
virtually the semi-span of the planform, was kept constant as 
10in.:  while the tip and root chords were adjusted to give the 
required planform characteristics. The breadth of any plate 
tested was 16in., thus giving 6in. for clamping. 

The smaller aspect ratio plates (D series) were tested 
first and were then reduced in chord length to form the larger 
aspect series. The upper surface of the plates was marked out 
in a tin. square mesh so that the nodal patterns formed by sand 
could be easily plotted on graph paper. 

2.3, Excitation  

The plate was excited by means of a U-shaped electro-
magnet mounted on a pedestal, (Fig. 3) so that the exciting force 
would be perpendicular to the flat plate. The pedestal was 
adjustable so that the position of excitation could be varied. 
This was found necessary since the best place at which to drive 
the plate depended on the mode and the planform. 

Alternating current was supplied to the magnet by a 
Goodman's Power Amplifier type D/120, with a separate condenser 
tuning unit connected in series with it. A Goodman's stabilised 
power supply unit type DS/120, was connected to the amplifier. 
The amplifier was driven by means of a Goodman's Audio-Oscillator 
type RO/D.1. 

The electromagnet was placed beneath the plate to be 
excited, thereby producing a pulsating magnetic force on the 
plate. Since the magnet is normnlly pulling •uice on the plate 
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for each cycle of the alternating current supplied, the pulsating 
attraction exerted was numerically double that of the frequency 
of the current supplied„ Thus the plate vibrated usually at 
double the oscillator frequency. However, in some cases, 
especially in the fundamental modes of most of the plates, it 
was possible to excite a particular mode by setting the oscillator 
frequency at the same value of the vibrating plate. 

2.4. Measurement  

ki microphone was mounted near the edge of the vibrating 
plate in a plane perpendicular to it and connected to a C.R.T. 
oscilloscope. Tilen connecting the oscillator simultaneously to 
the oscilloscope, a Lissajons pattern wp.s obtained which indicated 
the ratio between the vibrating plate frequency and that of the 
oscillator, Thus the correct plate frequency could be obtained, 

The amplitude of the microphone signal transmitted 
depended upon the intensity of the sound, which in turn depended 
upon the amplitude of the vibrating plate. Thus the peak 
amplitude of the oscilloscope trace was used to indicate when 
the plate was on resonance. 

The nodal patterns (Figs. 5 to 20) were found by 
sprinkling fine sand on the top surface of the plates. The sand 
settled only at the nodr1  lines as shown in Fig. 4. By reference 
to the grid marked on the plates it was a simple matter to transfer 
the pattern to graph paper. 

3. Results 

The values of the frequencies obtained for the sixteen 
planforms are tabulated in a aammary form in Table I. The nodal 
patterns are plotted to scale and shown in Figs, 4 to 20. These 
patterns are then analysed to their proper forms„ The frequency 
and the form of each mode accompany the nodal pattern concerned. 
Liodes of vibrations have been referred to as first, second, etc., 
according to the order of appearance on the frequency scale. 

In order to analyse the modes obtained, it has been 
assumed that any given mode can be reduced to a combination of 
nodal lines running parallel to the clamped edge, and others 
perpendicular to it. The former will then represent the pure 
'flexural' modes, while the latter will represent the pure 
'torsional' modes. This assumption, however, applied strictly 
only to the rectangular plates. In higher modes, as the angle 
of sweep and the aspect ratio increased, it was observed that 
the 'torsional' nodal lines, namely those which were perpendicular 
to the clamped edge, modified their course. This has been 
allowed for when analysing different .modes■ 
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Thus, generally speaking, if the member of 'torsional/ 
nodal lines is assumed to be 'm', while that of the /flexural/ 
nodal lines is assumed to be /n1, then any normal node should 
be of the form (m/n). The fundamental mode, namely the funda-
mental bending mode was of the form (0/0), as no nodal lines 
existed. within the plate boundaries except that along the 
clamping edge. The first flexural overtone mode will be of the 
form (0/1). The fundamental torsional mode is that of the form 
WI, while the first torsional overtone is that of the form 
(2/0 and so on, 

The results obtained were plotted in Figs. 21 to 28. 
In order to expect moo-1h behaviour from the curves representing 
the variations of frequency with aspect ratio for each A-, the 
frequency curves should be drawn only for those modes which 
belong to the same /family shape/ regardless of the order of 
their appearance on the frequency scale. The same argument 
applies to the curves drawn for the study of the effect of 
variation of tangent of sweep-back angle on the frequency (Figs. 
25 to 28), 

4. Discussion  

4,1, Accuracy of Results  

The principal sources of error in the frequency 
measurement can be sumarised in the following; 

Clamping conditions at the root. 
2 	The determination of precisely the resonant peak of the 

vibrating plate at any particular node. 
3) The reading of the frequency from the oscillator di ^i. 

The first source of error seems to be the one which 
should be given most attention, It was observed that a 
reduction in the frequency of about 5 per cent was obtained if 
same of the bolts were not tightened enough, especially if those 
bolts were near to the edges of the plate. The use of larger 
numbers of bolts and smaller pitch gave better clamping conditions 
especially as the location of that clamping hole nearest to the 
trailing edge of the plate varied after shaping that particular 
plate to the next planfcrm to be tested. It was difficult to 
estimate the effect of such variation, but in any case, the 
pitch was small enough not to allow an appreciable difference 
in the frequency measurements. The variation in the torque 
applied for tightening the bolts on different plates seemed to 
be inevitable, as there was no direct way to control it. 
However, as a check for the effect of clamping conditions at the 
root, series 'A' planforms were all tested for the second time 
after being removed from the clamping jig and then replaced. 
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The maximum variation between any two readings was found to be 
1,46 per cent of the mean. In most cases it wp.s about 0.85 per 
cent of the man. 

The second source of error was dealt with by repeating 
the test on each plate. Having obtained the six nodes required 
on any plate, the magnet was set up once more and the six -.modes 
were excited once more in succession. The value of any frequency 
quoted in the paper is the mean of the two readings. The testing 
technique adopted, together with the extreme sharpness of the 
resonance peaks for the plates, precluded the possibility of 
obtaining any large error in the judgment. However, in all cases, 
the difference between any two readings recorded for a particular 
mode did not exceed 0.7 per cent of the mean. 

The third source of error was checked by calibration 
against a laboratory standard decade oscillator and found to be 
within the limit of reading accuracy. 

4.2. Compoundinc,  of Hodes 

If the vibrating plate is performing one of its normal 
modes, it should be possible to analyse it in the form (n/n) as 
explained before. In some cases, 'complex' modes were obtained 
which could not be attributed dirctly to the normal form expected. 
It has been suggested by Grinstedu  that, 'compounding' of two 
normal modes belonging to two Oifferent 'family shapes', may take 
place if those two modes should have the same frequency) and 
they would then exist simultaneously in the vibrating plate. 
This phgnanenon was observed in several cases in the study when 
the frequencies of two modes were approximately the same. Two 
of these cases are disaudsed below. 

a) B.2, Planforus (Fig.10) 

In examining the modes obtained for B.1. plate (Fig. 6) 
and B.3. plate (Fig.14), the third mode of the B.2. plate was 
expected to be the first flexural overtone node of the form 
(0), while the fourth node was to be the first torsional over-
tone mode of the form (2/0). The frequencies were found to be 
236, 273.8 c.p.s. respectively. In observing the nodal patterns 
Obtained, it was believed that compounding between the two normal 
modes took place while trying to excite either of then, as the 
two frequencies were near to each other. It was impossible to 
obtain either of the nodes in its nomal form. 

Consider the plate vibrating in Fig. 29, if the shaded 
area is considered to be 'do - ) while the unshaded area to be 
'up', a nodal line should exist betw-:en the two regions. It is 
argued that vibration of the mode (a) may occur with approximately 
the some period as (b). When the two modes are superimposed as 
in (c), the areas which are doubly shaded will have their amplitude 
augmented 'doubly down' while the unshaded areas will be 'doubly up'. 



,3rd MODE  

236 c.p.s. 

The single shaded area however will contain the points where the 
two amplitudes cancel. Consequently the nodn1 lines pass between 
the 'doubly-up' and the 'doubly down' areas and will occur only 
in the single-shaded areas. Their exact courses in these areas 
will depend on the relative amplitude of the two modes and on 
the uniformity of the plate. Thus the nodes discussed are 
believed to be as shown in Fig. 29. 

(b) 	(2/0) (c) (0/1+2/0) 

4th MODE  

273.8c.p.s. 

 

 

(a) 	(2/0) (2/0) (b)(-o/1) (c) (2/0-0i1 ) 

.KLG0  29. CO1DOUNDING OF MODES ON B.2. PLANFORM 

b) C01. Planforms  (Fig. 7) 

The fifth mode on C.1. planfcm was excited at 293 c.p.s. 
while the sixth was excited at 314 qp.s. The former was expected 
to be of the form (1/1), while the latter normally of the form 
(3/0) on that particular planform. As the frequencies were very 
close to one another, thc, two nodes compounded with each other as 
shown in Fig. 30. 

Nodq1 
Line 
Obtain d 
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.;5th MODE 

293 c.p.s. 

6th MODE  

314 c.p.s. 

(a) 	(1/1) (b) (-3/o) 

(a) 	(3/0) (b) 	) 

(c) (1/1-3/o) 

(c) (3/0+1/1) 

FIG. 30. CCAIOUNDING OF MODES ON C.i. PlliaP0a; 

In fact, compounding did not necessarily take place 
whenever the frequencies of two normal modes were close to one 
another. In planform C.2., (Fig. 11):  the fifth mode (X1) was 
excited at a frequency 318 c.p.s., and the sixth mode (3 0) was 
excited at 335 c.p.s. In spite of very close frequencies, the 
two modes were obtained in the Inorraalvform. All other cases 
of compounding on modes have been analysed in the same manner, and 
the resultant form on each mode has been quoted under the corres-
ponding planf orm. 

4,3, Nodal Pattern Analysis  

In studying the nodal  patterns obtained, it was difficult 
in some cases to identify a normal mode in the usual manner. In 
fact the lack of symmetry in some of the plates seemed to be the 
major factor in this respect. This effect was more profound with 
higher aspect ratio, higher angle of sweep plates. 

The fundamental mode of all 16-plates, is primarily a 
'flexural' mode, resembling the behaviour of a simple. cantilever 
beam. However, some chorthrise variation in displacement was 
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observed especially with longer chord plates. 

The second mode of all plates is the fundamental 
torsional mode (1/0). For the rectangular plates, the nodal 
line runs across between mid-points of the clamped edge and the 
opposite free edge. A small angle of sweep-back of the leading 
edge has no effect on the position of the line. In fact, the 
line then runs from the mid-point of the free edge, and perpen-
dicular to it up to the clamped edge; thus behaving as a rec-
tangular plate without the triangular part, until A = 30°  when 
the line shifts slightly forward, but again only on low chord 
plates. 'Then 	= 450, however, the forward shift on the nodal 
lines becomes more clear with the increase of aspect ratio. 

The third mode on all the plates is the first torsional 
overtone (2/0), except on the 'Al series of plates where it is 
the first flexural overtone (0/1). This shows the tendency of 
the plate to act as a cantilever beam as the chord gets narrower 
thus exhibiting the flexural modes earlier on the frequency scale. 
Neither the chord length, nor the leading edge angle of sweep seem 
to have any effect on the position of the nodal line on the (0/1) 
mode. It runs roughly parallel to the clamped edge and at shout 
0.8 of the cantilever straight length. Some irregularity in that 
line is sometimes observed especially on the long chord plates 
which may be due to the clamping conditions. On the (2/0) mode, 
the forward nodal line changes position forward as the angle of 
sweep increases; while the rear line seems to be unaffected on 
low aspect ratio plates, but changing its course ca4pletely on 
smaller chord plates. 

The fourth mode is found to be the (2/0) mode on 'A' 
series, the (0/1) mode on 'B' and 'C' series, and the (3/0) mode 
on 'D' series plates. This shows that the torsional modes become 
more predominant as the chord of the plate becomes longer; thus 
exhibiting those modes earlier on the frequency scale. 

The fifth mode is the (1/1) mode on all plates except 
on the 'D' series which then exhibit the first flexural overtone 
(OM. The sixth mode is the (2/1) on 'Al series, (3/0) on 1 B' 
and 'C' series and the (1/1) mode on the '1D' series of plates. 
On all these higher modes, the angle of sweep and the aspect ratio 
have various effects on the shape and position of the nodal lines 
which is again more marked on the 'A' series of plates. 

4.4. Frequency Variation with Aspect Ratio  

A picture of the variation of the frequency with the 
aspect ratio for a particular sweep-back leading edge angle is 
afforded. by Figs. 21 to 24. 



For the rectangular plate (Fig. 21), it is interesting 
to see the very slight variation in the frequency with the aspect 
ratio of the pure flexural modes, for both the fundamental 
and the first flexural overtone (0/1). The fundamental frequency 
is about 40 c.p.s., while the first overtone is 250 c.p.s. The 
ratio being 1g6.25. For a uniform cantilever beam7, the first 
two flexural frequencies are of the ratio 1 ;6.27. This shows 
the tendency for the uniform rectangular plate, when performing 
pure flexural modes to behave in a manner that may be correlated 
to the vibration of a cantilever beam. 

The frequency of any other mode of vibration increases 
with the increase of aspect ratio. Generally speaking, the rate 
of increase , seems to be slightly higher in the range A = 1.2 to 
A = 1.6. For the torsional family of modes, namely of (m/0) 
form, the higher the mode, the higher is the rate of increase of 
frequency with aspect ratio. 

The curves also afford a better picture for the order 
in which different modes are obtained on the frequency scale, and 
the frequency at which each mode is excited, for any given aspect 
ratio within the range surveyed. Intersection of any two curves 
of two different 'family shapes' indicates that at that particular 
aspect ratio, the two modes Dill be obtained simultaneously at the 
same frequency. Referring to Fig. 21 for a rectangular plate of 
A = 1.06, the fourth mode (3/0) and the fifth mode (0/1) will be 
excited simultaneously at 250 c.p.s. Also, a rectangular plate 
of A = 1.16 will have its fifth mode (3/0) and sixth mode (0) 
excited simultaneously at 290 c.p.s. As the (3/0) mode on the 

series plates did not appear amongst the first six modes on 
these plates, the curve for (3/0) 'family shape' has been extra-
polated as shown in Fig. 21. 

For the swept-back leading edge plates, the fundamental 
frequency is shown to increase slightly uith the aspect ratio:  
but with a higher rate of increase as 11, increases. The (0/1) 
mode frequency, however, is fairly constant over the aspect ratio 
range, but changing slightly and irregularly for the 	= 45°  
plates. The ratio between the tiro frequencies starts to depart 
slightly from that of a uniform cantilever beam as the angle of 
swoop increases, especially on the high aspect ratio plates. 

The pure torsional modes (1/0), (2/0) and (3/0), show 
an increase in the frequency with the aspect ratio, with a higher 
rate of increase as 11- gets larger. It is also clear that the 
rate of increase of the frequency is higher for the range A = 1.2 
to A = 1.6, which is more marked on the_A=  45°  plates, (Fig. 24). 

The (0) mode frequency increases regularly with the 
aspect ratio, with a higher rate as Aincreases. Except on 
the -/1L= 450  series, where the frequency shows a. much larger 
rate of increase in the range A = 1.2 to A = 1.6, with a very 
slight increase otherwise. 
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To summarise, the pure flexural modes (0/0) and (0/1) 
frequencies shout a very slight variation over the aspect ratio 
range which is more marked with higher_A * The pure torsional 
modes frequencies increase with the aspect ratio, with a higher 
rate of increase as ..f gets larger. The torsional frequencies 
also show a higher rate of increase as the mode gets higher. 
On the swept leading edge planforms, a higher rate of increase 
of frequency is marked in the range A = 1.2 to 1.6. 

/L.5. Frequency Variation with-/L  

The graphs (Figs. 25-28) where frequency is plotted 
against tangent of sweep--back angle of the leading edge, show 
clearly how the frequency changes as the plates are swept back 
through increasing angle. As in the case of the previously 
discussed frequency-aspect ratio curves, one must be careful in 
plotting these curves to consider only mode shapes belonging to 
the same 'family'. It has been shown, however, that all modes 
of a given order also belong to the same 'family' as long as the 
aspect ratio is the same; except on the A._.= 1,6 series, where 
the third mode of the rectangular plate is (2/0) mode which 
belongs to the same family on the fourth mode of other swept back 
plates. The point of interchange of frequencies occur at sweep 
angle of approximately tah710.09, (Fig*  26). 

With the inspection of the curves, it could be generally 
concluded that the effect of sweep-back of the leading edge is 
more marked on the higher aspect ratio plates. As the chord 
becomes longer, the increase off has less effect on the frequency. 
It is difficult to generalise remarks as to the effect of varying 
A,  on the frequency, as that effect differed greatly for different 
aspect ratios. However, an attempt will be made here to discuss 
each set of curves obtained for a particular aspect ratio 
separately. 

Several general remarks Maybe made for the A = 2 series 
(Fig. 25). The fundamental frequency increases very slightly 
with tan. 	up to A = 150, then it keeps almost constant up 
to A= 30°, after which a further increase takes place with the 
increase of 	A similar behaviour is noted for the pure 
torsional modes (1/0) and (2/0), with higher rate of increase 
outside the range IL= 15° to A.= 30° where the frequency keeps 
constant. The (0) mode curve however shows an increase of the 
frequency with taxi_ up to 41,= 300, before dropping off rapidly. 
The (2/1) mode frequency shows a slight increase in the frequency 
with tan A. up to A.= 15°, then it starts to decrease regularly. 

For A 1.6 series planforms (Fig. 26), the frequency 
of the pure torsional modes (i/b) and (2/0) behaves similarly to 
the A = 2 plates described above, while the (3/0) mode behaves in 
an entirely different fashion. The frequency of that mode 
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increases with tan /k_ up to / 	e = 15°, thenit decreases up to 
= 30°, then it keeps constant up to IL= 45°. Also the 

(1/1) mode behaves differently from that on A = 2. Its 
frequency increases with tan../1. up to A= 15°, keeps constant 
up to _A = 30°, and then increases once more up to ../4.= 450. 

Men inspecting the i = 1.2 series of plates (Fig. 27) 
the effect of varying/1 on the frequency of a particular mode 
becomes less marked. The pure torsional modes (1/0) and (2/0) 
behave in a different manner from that described above for °the:. 
plates. The frequency increases with tan A. then it drops 
off after 	= 30°. 	the (3/0) mode frequency increases 
up to 	15c1)  then keeps constant between 	= 15° to it = 300, 
after which it again increases. The (1/1) mode frequency 
behaves similarly to the (3/0) one. 

The longer chord plates A = 0.8 series, (Fig. 28) show 
a very slight effect of variation of .h on the frequency of a 
particular mode. '.pith the exception of the (3/0) and (1/1) 
modes, the frequency keeps constant with increasing tan Jr\-•  
The (3/0) frequency keeps constant between A. = 0 to 15°, then 
it increases between A= 15° - 30°, after which it keeps constant 
once more. The (1/1) mode frequency drops off at first up to 

= 15°, then it increases with tanYL 

Thus it maybe concluded that the torsional modes (m/O) 
frequency, generally speaking, increases with tan IL except 
within the range A.= 15° - 30°  where it keeps constant. The 
fundamental frequency behaves similar)y with a lower rate of 
increase. Other modes behave differently on different aspect 
ratio plates. 

5. Conclusions 

Then studying the results obtained for the series of 
plates tested, the following concluding remarks may be mades 

5.1. :hen the natural frequencies of two different modes 
of a certain vibrating plate are approximately siailar, 
'compounding' may take place between the two modes, namely they 
may exist simultaneously when trying to obtain one of them. 
The -,_nodal pattern obtained then will be a 'complex' one. For 
example the third. and fourth modes on B.2. planfom, (Fig. 10). 

5.2. The effect of sweep-back of the leading edge on the 
position of the nodal lines of a particular mode is found to be 
more marked on high aspect ratio plates, especially on higher 
modes. 
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5.3. The lower chord plates show the tendency of behaving 
as a beam thus exhibiting the flexural modes earlier on the 
frequency scales  while on the larger chord plates, the torsional 
nodes become more predominant. On the 'D' series plates, the 
second, third and fourth modes are pure torsional ones. 

5040 It has been observed that the rectangular plates when 
performing the pure flexural nodes (0/0) and (0/1), tend to 
behave in a manner that may be correlated to the vibration of a 
uniform cantilever beam. The ratio between the frequencies of 
those two modes being 14,6.251 while on a beam it is 1g6,27, 
The ratio however varied slightly with the increase of A 

5.5. Generally speaking, the fundamental frequency is shown 
to increase slightly with aspect ratio for a particular A . The 
rate of increase gets higher as A increases. The (0/1) mode 
frequency is fairly constant over the range of aspect ratio 
surveyed except for the 45° plates where it varies in an irregular 
manner. 

5.6. The frequency of the torsional modes (m/O) increases 
with the aspect ratio increase. The rate of increase is higher 
for higher modes of vibrations. The frequency is also shown to 
increase at a higher rate with the increase of the angle of sweep. 
It has also been observed that, generally speaking, the rate of 
increase is higher for the range A = 1.2 to A = 1.6 which is 
more marked on the A.= 45° plates. 

5.7. The (0) mode frequency increases regularly with aspect 
ratio, with a higher rate of increase as 11. increases. 

5.8. The effect of sweep-back of the leading edge on the 
frequency of a particular mode, for the sane aspect ratio plates, 
is more marked on the higher aspect ratio planforms. The effect 
is slight on longer chord plates. It is difficult to generalise 
remarks as to how the frequency varies with tan A 0  as this 
depends much on the aspect ratio. However, generally speaking 
the torsional modes (m/0) frequency increases with tan IL except 
within the range A= 15° to A= 50°  where it keeps constant. 
The fundamental frequency behaves in a similar manner. 
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Nomenclature 

APPEMIX A 

E = Young's fledulus of Elasticity lb/inch2  

= Poisson's Ratio 

h = Thickness of Plate inch 

D = Flexural Rigidity of Plate 

= E 11-5/12(i—Y2) lboinch 

NV = Lateral Deflection inch 

p = Density of Plate Iiateria/ / 	3 lb/inch 

f = Frequency cycles/sec. 

p = Angular Frequency = 27cf Rad./sec. 

a = Geometrical Similarity Factor. 

(FIG. A.1.) PILTES CONSIDERED IN ANALYSIS  

Consider plate (II) with the dimensions showni, where 
9 is some factor:  with x and y as coordtnates ofany point. 
In order to work non—dimensionally:  consider plate (I) which is 
geometrically similar to plate (II):  but with a unit overhang. 

Therefore 	= — a 
= 	 (1 ) 



For plate (IT), we get 

,(13a-x tan!'',) 
/-a2vir‘,2 

ray\2 
	2 a vi 	 fa w‘. 2-i 2  

+ 	2c • 2 + 2(1-o-) 	 aye 
2 a 	ax, 	ay s 	ax 	ay  

P  = ph 

	 (2) 

where w = W(X2y) is the deflection at any point for a vibration 
mode of plate (II) divided by the deflection at IlL). Similarly 
w = w(E211) is the deflection at any point for a vibration mode 
of plate (I) divided by the deflection at A. 
In the corresponding natural modes on both plates, as long as 
displacements are very small thus having no effect on the natural 
frequency, then from known theory the displacements will be equal. 
Therefore 

v(x,y) = w(,-11) 

From (1) we get: 

****0 ******* (3) 

dx = a dg 	dy = a dn. 

From (3) we get: 

aw aw 	 aw 
ax .57 • ax = a 7 

fa2ITT\ _ a (aw 
21-  a 

‘ax / 

a2w 
_a * 

 

Of) 

 

aw 	aw 	a2w 	a2vr 	a 2
1v 	I a 2w 

= 	'  ay a ail 	ay 	a2 an2 	axay - a  U 2 aTI, 

Using relations (Lb), we can write equation (2) in the form: 

fl i(P-tani%) 
1 	i 	(/.,2 ..\2 /a202 	2 	2 

; 	i °  '' + i 	1 + 2cLE , LE + 
t 	,' 	2 	, 	i 	2 	2 

o --0 o ;AaE./ 	,3.1.12i 	c') 	all 

ia2tr  k 2 

P 	

) 

	

2 
- 

Eh
2 

•  
	 + 2 (1 -o') cxarL  -----1 ,' dri oda: 

L_______  P 4 	( a 120- 

/Therefore • • * 

t.a 	(Pa -x tan 

1/72 	dydx 

t. 

11 ; (40-tan ) 

I w dE•arl 
2 

til o o 
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Therefore 

2 	Eh
2 

P = 	• 	• K 

where K = constant for all plates of a plonfarm geometrically 
similar to that of plate (II) and with the same mode of vibration 
(w), with different material and thickness as long as Fbissonts 
ration arc the same. 

Thus in order to find out p' for a given plate, of 
a planform similar to that of frequency p; if a is the 
similarity factor between the two, where primed symbols refer to 
the given plateg 

2 	2 1 	E1.11/2.p  
= P • a4 Eh2. p' 

	

P. •1 	hl 	fEl.p  
= - • a2 • 	IE•p t  

• 0 
	f (5 ) 
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