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Abstract 

This investigation concentrates on the attachment-line flow behaviour under wind tun- 
nel and flight conditions. A turbulence model for incompressible, equilibrium flow'was 
developed for low Reynolds number down to and including relaminarisation. This was 
then extended to compressible flow using CFD to analyse experiments in which the heat 
transfer was measured. The extension is based upon the introduction of two Reynolds 
numbers to correlate turbulence in the inner and outer regions of the viscous layer. This 
requires the addition of just one constant, which is determined from the experimental heat 
transfer data. The turbulence model was then used to calibrate an approximate heating 

prediction method based upon the reference temperature concept. This method was then 
used to determine the minimum conditions for sustainable turbulent attachment-line flow 
in presence of large sources of disturbance, such as trip wires. It has been shown that 
existing criteria for the minimum conditions provide excessively optimistic predictions. 
Therefore new, more accurate criteria were proposed. 
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Nomenclature 

; Symbols 

a Speed of sound [m/see]. 
A Coefficient connecting R to Re (equations 3.3 and 3.5) or random variable as 

in equation D. 28 for example or station along the model used by Jones (figure 
G. 24) or variable connecting the turbulent incompressible Stanton number to 
R (equation M. 10) or damping length constant as defined by equation 4.14. 

A' Function in the reference temperature model (equation 6.13). 
An Coefficient for finite difference equation E. 52. 
A+ Damping parameter in the turbulence model (see equation 4.14). 
B Random variable as in equation D. 28 for example or station along the model 

used by Jones (figure G. 24) or variable connecting the turbulent incompressible 
Stanton number to R (equation M. 10). 

B' Function in the reference temperature model (equation 6.13). 
B, to B3 Wall derivative numerical coefficients (equations E. 69 to E. 71). 
f3n Coefficient for finite difference equation E. 53. 
B+ Constant used in Cebeci [16] turbulence model (equation 4.40). 
c Strearnwise velocity ratio as defined by equation E. 18. 
C Random variable as in equation D. 28 for example or station along the model 

used by Jones (figure G. 24) or additive constant in the logarithmic law of the 
wall. 

CI Function in the reference temperature model (equation 6.13). 
Cf Skin friction coefficient. 
CFL CFL number as defined by equation D. 15. 
On Coefficient for finite difference equation E. 54. 
Cp Specific heat coefficient at constant p- ressure [J/kg. K] or Pressure coefficient. 
Cv Specific heat coefficient at constant volume [J/kg. K]. 
C* Cumpsty and Head criterion (equation 2.5). 
d Distance by which an end plate extend ahead of the cylinder upstream tip (see 

figure G. 20 for example) or depth of a roughness element i. e. cavity. 
dS Area of a cell surface (equation D. 1 ; [m]). 
dV Volume of a computational cell [rn3]. 
D Cylinder diameter [m] or random variable as in equation D. 28 for example or 

station along the model used by Jones (figure G. 24). 
' Dn Coefficient for finite difference equation E. 5ý 

D, Coefficient for finite difference derivatives defined by equation E. 47. 
D2 Coefficient for finite difference derivatives defined by equation E. 48. 
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11 W4 

dUe 
dX Chordwise velocity gradient taken at the edge of the velocity viscous layer 

e Internal energy defined by equation D. 9. 
E Total energy (equation D. 8). 
F Vector of the primitive variables (equation D. 10). 
f Transformed stream function (equation E. 13). 
A Function in the reference temperature model (equation 6.12). 
f) Crossflow velocity ratio as defined by equation E. 17. 
F2 Function in the reference temperature model (equation 6.12). 
FKleb Klebanoff function (equation 4.11). 
F., k, Wake function in Baldwin-Lomax turbulence model (equation 4.44). 
9 Total enthalpy ratio as defined by equation E. 19. 
Grid-B1 Created grid for Beckwith run 15 conditions (section FAA and figures F. 17 to 

F. 19). 
Grid-H1 to Created grids for Holden run 36 conditions (section FAA and figures F. 14 to 
Grid-H3 F. 16). 
h Heat transfer coefficient h= qw Tr TW' 
H Enthalpy [Joule) or Shape factor. 
I Vector co-ordinates as going around the cylinder (figure D. 5). 
IN Maximum number of grid points in the I direction. 
it Number of iterations. 

Vector co-ordinates as moving away from the cylinder surface in a normal 
direction to the wall (figure D. 5). 

JN Maximum number of grid points in the J direction. 
k Roughness height Im or inches as specified] or von Karman's constant. 
kt 'Eirbulent thermal conductivity (equation 4.39). 
K Vector co-ordinates as going along the cylinder (figure D. 5) or Grid stretching 

factor used in the boundary layer code (equation E. 49 ;K=I and K=1.03 
in laminar and turbulent mode respedtively). 

KN Maximum number of grid points in the K direction. 
kt Thermal conductivity (equation 4.20). 
K1 Coefficient contained in the reference temperature T* (equations 6.10 and 

6.11). 
ki Outer eddy viscosity coefficient (see equation 4.9). 
K2 Coefficient contained in the reference temperature T* (equation 6.10 and 6.11). 
K31 K4 Coefficients contained in the reference temperature T* (equation 6.11). - I Density-Viscosity product ratio as defined bj equation E. 21 or mixing length 

or length of a roughness element (in spanwise direction) or mixing length scale 
(equation 4.4) depending on usage. 

11,12 Mixing length scales (equation 4.3). 
1* Modified density-viscosity product ratio as defined by equation E. 22. 
1** Modified density-viscosity product ratio as defined by equation E. 23. 
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L Cylinder length [m]. 
M Mach number. 
n Unit vector normal to cell surfaces (equation D. 1). 
Npoints Number of grid points within the computational domain. 
N,, Nusselt number'as defined by equation G. 6. 
P Pressure [N/m2l. 
Pti Point located in the centre of the computational cell at the wall at the 

attachment-line itself as shown by figure D. 16. 
Pt2 Point located in the centre of the computational cell close to the wall at the 

attachment-line itself as shown by figure D. 16. 
Pr Molecular Prandtl number (Pr=0.72 or 0.70). 
Prt Turbulent Prandtl number, Prt = 0.9. 

Heat transfer rate [W/O. S]. 
Velocity magnitude (-vFu2 + _v2 + w2) [m/sec] or conservative variables in equa, 
tion DAL 

QO Conservative variables at t=O (equation D. 12). 
Q1 Conservative variables after the first iteration (equation D. 12). 
r Recovery factor (equation 2.17) or Radius of curvature [deg]. 
R Specific gas constant (R=286.7 J/kg. K for air and 296.79 J/kg. K for nitrogen) 

or Navier-Stokes equations in equation D. 11 or Reynolds number. 
IIR112 Residual as defined by equation D. 14. 
R, Rbar Attachment-line Reynolds number (equation 2.1). 
RMC Attachment-line Reynolds number for minimum conditions at which turbulent 

flow can occur. 
Rmini Function in the reference temperature model (equation 6.12). 
Re Free-stream Reynolds number. 
Re Reynolds number based on the momentum thickness. 
s Sutherland's law constant [K] or distance as defined in equations D-28 and 

D. 42. 
St Stanton number based on recovery temperature i. e. q 

PVCP(Tr_TW), 
9t Stanton number based on stagnation temperature i. e. q 

pVCp(To-TW) 
t Time [sec]. 
T Temperature [K]. 
TC Characteristic temperature as defined by equation 5.7. 
T* Temperature of reference [K] (equation 2.16 for example). 
u or u Velocity component corresponding to the x c9-ordinate component i. e. chord- 

wise direction [m/sec]. 
U, Non-dimensional chordwise velocity gradient (equation MA). 
Udiff Velocity magnitude in Baldwin-Lomax turbulence model (equation 4.46). 
U'r Shear stress velocity u, = (7W/p)1/2 or ur = (TW /PW )1/2. 

v or v Velocity component corresponding to the y co-ordinate component i. e. span- 
wise direction [m/sec]. 
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w or w Velocity component corresponding to the z co-ordinate component [m/sec]- or 
width of a roughness element (chordwise direction). 

W Primitive variables in equation D. 11 or dependent variable in finite difference 
(equation E. 31) or function in the reference temperature model (equation 6.13). 

x or X Co-ordinate component in the chordwise direction, no; mal to the attachment- 
line (figure A. 5). 

y Co-ordinate component in the spanwise direction Le along the attachment-line 
(figure A. 5). 

Y Distance in the normal to the wall direction [m] (see for example equation 

Y+ Inner layer non-dimensional length scale as defined by equation 4.14. 
z Co-ordinate component normal to the cylinder surface (figure A. 5)... 
z Distance from the wall normal to the surface [m] (equation F. 2 for example). 

Greek Symbols 

Ctl to a4 "Standard form" coefficients for paxabolic paxtial differential equation (equa- 
tions E. 32 to E. 43). 
Inviscid velocity gradient parameter defined by equation E. 24. 
Specific heat coefficient (, y = 1.4 for nitrogen and air). 
Boundary layer thickness [m]. 

At Amount of time needed to achieve one iteration (equation D. 15). 
J* Displacement thickness [m]. 
Jk* Kinematic displacement thickness as defined by equation 4.10. 
6+ Reynolds number as defined by equation 4.47. 

Attachment-line characteristic length (equation 2.2) or Transformed co- 
ordinates as defined by equation E. 12., 
Input value of the transformed co-ordinates (equation E. 59). 

0 Polar angle as going around the cylinder, normal to the attachment-line or 
Momentum loss thickness [m] or Static temperature ratio defined by equation 
E. 20. 

Ok kinematic momentum thickness defined by equation 4.54. 
A Bulk viscosity coefficient, A= (-2/3), u or eddy-conductivity (equation 4.19). 
A Sweep angle [deg]. 
P Dynamic viscosity [kg/m. sec]. 
V Kinematic viscosity [M2/sec). 

Transformed co-ordinates defined by equation E. 11. 
rl Function in Cebeci's turbulence model (equation 4.51) or Wake strength (figure 

1.2). 
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J 

P Density [kg/M3]. 
T Damping function in the turbulence model as defined by equation 4.13. 
Ir Shear stress. 

Matrix of the shear stress forces as defined by equations DA and D-5. 
Non-dimensional eddy, %ikosity [kg/m. sec] (equation 4.7. 
Pjemann invariant or non-dimensional strewn function (equation E. 13). 

W Local vorticity as defined by equation 4.43. 
0 Energy equation term as defined by equation E. 25 or Difference between the 

inviscid and viscous value of a variable [%] (figure F. 1) or Cebeci's coefficient 
(equation 4.52). 

V Rotational. 

Subscripts 

0.99 Boundary layer edge taken at 99.9% of the inviscid value. 
a Conditions at or along the attachment-line. 
adiaW Adiabatic wall conditions. 
c Vaxiable evaluated via the characteristic temperature T, (equation 5-7). 
D Vaxiable based on the cylinder diameter. - 
e Conditions at the edge of the boundary layer. 
Ho Variable corresponding to the total enthalpy. 
HT Variable obtained for heat transfer i. e. from Stanton number. 
i Inner region of a turbulent boundaxy layer. 
I Vaxiable evaluated in the I direction or initial profile guessed (equations E. 56 

to E. 58) . 
Inf-swept Variable evaluated from the infinite swept conditions. 
i Vaxiable evaluated in the J direction. 
K Variable evaluated in the K direction. 
Local Local value of the vaxiable. 
max Maximum value of the variable. 
model Vaxiable evaluated using the reference temperature models (e. g. equation 

6.11). 
N Normal component of a variable. 
0 Outer region of a turbulent boundary layer. 
0 Stagnation or total conditions. 
perf Variable matching the incompressible turbulent relations. 
r Recovery conditions. 
SF Variable obtained from the skin friction. 
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J 

t Mirbulent. 
T Vaxiable corresponding to the temperature or thermal profile. 
V Vaxiable corresponding to the velocity along the attachment-line. 
W or w Wall conditions. 
A=O Variable evaluated from conditions obtained over a non-swept cylinder. 
00 Free-stream conditions or infinity. 

Superscripts 

T 'kansposed form of a vector. 
Variable transformed via the reference temperature T*- 
Fluctuating quantity or partial derivative with respect to 77 depending on usage. 
Average quantity with respect to time. 
Vector. 

Abbreviations 

AL Attachment-line. 
BL Boundary layer. 
QFD Computational fluid dynamics. 
RLV Reusable launch vehicle. 
R. M. S. Root mean square. 
S. I. System international. 
TPS Thermal protection system. 

Note that the co-ordinates system used in the Navier-Stokes code (figure D-5) differs from 
the system used in the boundary layer code (figure E. 1). " The co-ordinates system used in 
the present investigation is as shown by figure A. 5 and as reported in the nomenclature. 
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Chapter 1 

Introduction 

During their re-entry phase, Reusable Launch Vehicles (RLVs) dissipate their kinetic en- 

ergy by aerodynamic breaking. Typically this involves angles of attack over 30' (Poll 

[52]). The large drag forces generated are associated with very high levels of heat trans- 

fer at the vehicle's surface. This is most severe neax stagnation regions and along the 

attachment-lines that form on bodies, wings, fins etc. as shown by figure A. 1. 

In the design process, an accurate prediction of the heat transfer to the vehicles surface 

is crucial for the specification of the vehicle thermal protection system (TPS). Reduction 

of uncertainty in the TPS design process will lead to reduced vehicle weight, increases in 

payload and optimisation of the performance (path) - giving longer missions and cheaper 

access to space. According to reference [43], for a vehicle in which the ratio of payload 

mass to maximum take off mass is 10%, 1% saving in structure mass produces a 9% pay- 

load increase. 

There have been a number of experimental investigations carried out on attachment-line 

viscous layer characteristics e. g. [5][6][7][25][35][38]. However, Schlieren pictures, static 
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pressure and heat transfer distributions along the attachment-line have been the main 

information available from the experimental tests. Moreover, investigators have usually 

used assumptions such as the infinite swept conditions in the course of their data analy- 

sis. Unfortunately, taken at face value, there is a large scatter in the results such as, for 

example, the attachment-line Reynolds number R at which the onset of transition was 

found to occur (figure A. 2). In order to accurately estimate the attachment-line heating 

levels, researchers assume the worst case which is fully turbulent flow along the body, 

wing and tail attachment-lines - see publication on the X-34, reference [34]. By adding a 

"safety" factor to the prediction, the thermal protection system is designed without fear 

of damaging the vehicle. 

Before more experimental work is performed, the reason for the scatter needs to be 

understood. The aim of the present investigation is to develop a more comprehensive 

understanding of the different characteristics of the attachment-line viscous layer. By 

combining accurate, detailed CFD to provide local flow information and experimental 

data, current knowledge can be reassessed. This approach covers the range of conditions 

typically encountered by RLVs during re-entry (figure A. 3). Since the thermal protection 

system might become non-smooth in service, tripped boundary layer is considered. Berry 

et a]. [7] have shown that an isolated roughness element can have a dramatic effect on 

the heat flux, when it is positioned along the local attachment-line structures (figure AA). 

In chapter 2, key definitions will be given and different attachment-line parameters will 

be defined. Laminar flow will then be investigated and computational results will be 

validated (chapter 3). In chapter 4, a brief literature review on turbulence models for 

equilibrium flow will be given and in chapter 5a new "low Reynolds number" model will 
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be developed. Using this new model and experimental data, leading edge heating will be 

studied (chapter 6). In chapter 7, a criterion for minimum conditions at which turbu- 

lent attachment-line flow can occur downstream of a source of large disturbances will be 

developed. Finally conclusions will be given. 
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Chapter 2 

The attachment-line flow 

2. .1 Definition of the attachment-line 

Figure A. 5 gives a sketch of the flow neax the leading edge of a swept wing. The 

attachment-line lies along the line AA and separates the flow which passes over the upper 

surface from the flow passing over the lower surface. Should the wing be unswept and 

the attachment-line will become the locus of stagnation points. When the wing is swept, 

there is a flow in the spanwise direction with an associated viscous layer - the so called 

attachment-line boundary layer. This can be laminax, transitional or turbulent depending 

on the local conditions. 

2.2 The infinite swept assumption 

As described by Cumpsty and Head [24), the attachment-line boundary layer is somewhat 

similar to the asymptotic boundary layer on a flat plate. In the attachment-line case, the 

rate of the viscous layer growth due to the friction is balanced by the lateral divergence 

of the flow, just as in the asymptotic suction case where growth is balanced by the with- 
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2.2. TRE INFINITE SWEPT ASSUMPTION 

drawal of fluid through the surface. This means that the attachment-line boundary layer, 

provided that it is fully laminar or fully turbulent and that there is no spanwise variation 

in the outer inviscid flow, will have no property variation in the spanwise direction. 

When the normal to leading edge component of the free-stream Mach number is higher 

than unity, a bow shock is formed in front of the wing leading edge. Depending upon the 

sweep angle and M,,., the flow along the attachment-line can be subsonic or supersonic 

(appendix C shows the calculation of the flow properties along the supersonic, infinite 

swept, attachment-line). 

In data analysis for experiments on swept cylinders, previous authors (e. g. [5][12][37][38]) 

have assumed that the infinite swept conditions are reached very close to the upstream 

tip i. e. small LID. However, it is easily shown that even when the bow shock is paxallel 

to the cylinder, the infinite swept conditions might not be reached until very laxge values 

of LID. Figure AX shows a swept cylinder in a supersonic free-stream flow. The bow 

shock is attached at the tip and eventually becomes parallel to the leading edge at station 

A. However, a single streamline crossing the bow shock at station A will reach the edge 

of the attachment-line viscous layer at a station further downstream than station B- 

station C say. Therefore, spanwise invariance in the boundaxy layer is achieved further 

downstream than the location at which the bow shock becomes parallel to the leading 

edge. In previous studies, data analysis has always involved the use of the infinite swept 

assumption. However, since this may introduce errors, in this study the local values of 

the flow properties are used. 

In the present report, the notation shown by figure A. 5 will be used i. e. the axis X 
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2.3. THE ATTACHMENT-LINE VISCOUS LAYER PARAMETERS 

lies in the chordwise direction, normal to the attachment-line, the axis Y runs along the 

attachment-line (spanwise direction) and the axis Z complete the orthogonal axis system 

by being normal to the surface. The velocities U, V and W correspond to the axis X, 

Y and Z respectively. The variables at the edge of the viscous layer will be denoted 

by the subscript "e" and the subscript 'W' will point out the variables evaluated at the 

attachment-line location itself. 

2.3 The attachment-line viscous layer parameters 

Poll [49] explains that the infinite swept, attachment-line flow can be fully described by 

only 6 variables namely the Reynolds number, edge Mach number, the ratio of the wall to 

the stagnation temperature, the ratio of the Sutherland's law constant to the stagnation 

temperature, sIT,,, the specific heat coefficient y and the Prandtl number. In reference 

(49] he proposed ail attachment-line Reynolds number R (equation 2.1) based upon a 

length scale 77 (equation 2.2). 

1 
Vae-77 

dUe Vae 
= 

(vae- 

dX 

)' 
(2.1) 

where V,,, is the spanwise edge velocity [m/s), v,,, is the edge kinematic Viscosity [M2/sec] 

and dUIdX is the edge chordwise velocity gradient [m-1]. The length scaleq is defined 

as follow 

rI Vate 
d', ý: ý 
_" 

: Uý 
dx 

(2.2) 
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Other Reynolds numbers have been used to characterise the attachment-line viscous layer 

such as Re as used by Henninger [48] (equation 2.3). 

Ro = 
Vae'oa (2.3) 

Vae 

where 0. is defined as follow 

Oa = 0.4044. v" (2.4) 
. 
/7dU7ý 

V dX 

Cumpsty and Head [24] proposed a parameter C* (suitable for larninar and turbulent flow) 

to characterise the incompressible turbulent boundary layer flow along the attachment-line 

of an infinite swept cylinder i. e. 

V2 
ae (2.5) dU. vae* dX 

where p,,, is the edge dynamic viscosity [kg/m. sec). 

Poll explained in reference [49) that for incompressible infinite swept flow there is an 

exact solution for the laminar attachment-line boundary layer equations (the velocity 

profile being tabulated in most standard boundary layer texts). Due to this fact, it is 

possible to directly link the length scale 71 to others viscous layer parameters Le. 

Jo. 99 = 3.05577 (2.6) 

where Jo. 99 [m] represents the boundary layer thickness taken at 99.0% of the inviscid 

value. 

J* = 1.02677 (2.7) 
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where P is the displacement thickness [m]. 

0.404477 (2.8) 

in which 0 is the momentum thickness. Finally it follows 

I Re = 0.4044. (C*)'f = 0.4044R (2.9) 

In reference [49] Poll also explained that when the spanwise boundary layer flow is in- 

vestigated under the effect of circular trip wires set normal to the attachment-line flow 

(figure A. 5), two more independent variables must be introduced i. e. k the trip wire di- 

ameter and s the spanwise separation between the trip and the turbulence detector. The 

corresponding non-dimensional groups are as follow 

k 
and 

8 
71 71 

Poll and Paisley (53] later added that for tapered wings, the two following variables also 

ought to be considered: 

dr 
or 

d77 
dY dY 

with r being the local leading edge radius. 

Poll in references [49] [50] noted that, for a Prandtl number of unity, there is a sim- 

ple relationship between the edge skin friction Cf., and the edge Stanton number Stae 

(equation 2.10). 

Stae = 
Cfae 

2 
(2.10) 

, 
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He proposed that, by analogy to the flat plate flow, small variations in the Prandtl number 

could be taken into account by introducing an empirical correction i. e. 

)-2 
Cfae 

St., =I r I. - 2 (2.11) 

In the absence of evidence to the contraxy this was assumed to hold for both laminax and 

turbulent flows. 

Using the exact solution of the equations governing the incompressible laminar attachment- 

line flow the variation of Cf., with the attachment-line Reynolds number was obtained 

i. e. 

Cfae = 
1.141 

ft 
(2.12) 

Hence, the variation of the Stanton number with attachment-line Reynolds number for 

incompressible laminar flows over a wide range of Prandtl number follows i. e. 

1.141 Stae 
2- 

2. rT. R 
(2.13) 

Also in references [49] [50] Poll used the turbulent experimental skin friction measurements 

obtained by Cumpsty and Head [24] on incompressible attachment-line flow over swept 

cylinders. Using the same model, he increased the amount of data and obtained a relation 

between the skin friction and the attachment-line Reynolds number R for incompressible 

turbulent flow i. e. 

Cfae = 
0.0592 

f? 0.4 (2.14) 
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Rom equations 2.11 and 2.14 the variation of the Stanton number with R for incompress- 

ible turbulent flow follows i. e. 

0.0592 Stae 
2 

. 
RO. 4 r 3- . 
k4 

(2.15) 

To extent this to compressible flow, Poll [49] used the well known reference temperature 

concept. 

Reference Temperature 

The reference temperature concept was originally derived to correlate exact solutions 

of the laminar boundary layer equations for flat plate flows with zero pressure gradient 

(see reference [66] and [30] for more information). It is based on the idea that, within a 

compressible boundary layer, there is a local temperature which can be used to evaluate 

reference values for the temperature dependent transport properties i. e. p and p. When 

these are substituted into the incompressible relations for Reynolds number with edge 

Stanton number and edge skin friction, the appropriate compressible values are obtained. 

Thus, the problem is reduced to finding the value of the reference temperature in terms of 

the independent variables i. e. Mach number, wall-to-stagnation temperature ratio, SIT, 

and, if necessary, Reynolds number. 

Poll [49] proposed that following Eckert [30] the reference temperature method was ap- 

propriate for attachment-line problems in the infinite swept conditions and that it could 

be represented by this simple relation 

T* = Tae + Kl (Tw - Tae) + K2 (Tr - Tae) (2.16) 
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where K1 and K2 are constant. Poll [49], using data available at the time, estimated these 

to be 0.10 and 0.60 respectively. T, in equation 2.16 represents the recovery temperature 

which is the wall temperature when there is no heat transfer. The value of T, is determined 

by use of the recovery factor r when 

Tr - Tae 
TO - Tae 

(2.17) 

or 

Tr 
=1+ -M. e (2.18) 

Tae 

For turbulent, flat plate zero pressure gradient flow it is well known that the recovery 

factor can be approximated by 

I 
r= (Pr)3 (2.19) 

whereas for laminar flat plate flow with zero pressure gradient the approximation of r 

becomes 

NfP-r (2.20) 

Although it has been assumed by some others (e. g. [6] [12] [25] [35] [38] [40]) that these rela- 

tions apply to the attachment-line flow, this has never been demonstrated. 

The transformed attachment-line Reynolds number for compressible flow R* was then 

introduced i. e. 
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dUe (2.21) 
dX T* 2 (Juac 

Tat 

V- Fur compressible turbulent flow, the transformed Stanton number along the attachment- 

line becomes 

St* =- 
dw 

St 
T* (2.22) ae ae , P* . 

Vae-CP- XýTw) 
Gae) 

hence 

Stae 
--': 

Sta*e- 2.10* )-1 
(2.23) 

(Pae 

f? 2 

In the present investigation, it was decided to use the local values of the flow properties 

instead of the infinite swept assumption. CFD will therefore be used to supply the missing 

local flow information (see appendices D and E for the description of the numerical codes) - 
Moreover the attachment-line Reynolds numbers A and R* will be used to characterise 

the attachment-line features instead of RO or even C*. 
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Chapter 3 

Laminar Flow 

3.1 Introduction 

In order to study the attachment-line viscous layer, the flow properties taken at the edge of 

the boundary layer must be evaluated since the Stanton number, Stae and attachment-line 

Reynolds number for example depend on them. 

FV2 
ae 

ýa Ue 
a e. dX 

ae 

e. dX 
! ýUe 

st", -dw 
Tr 

(3.2) 
- E) 

T T P. V.. CPT.,, Rae 

Navier-Stokes calculations (appendix D) were undertaken to supply the local flow infor- 

mation. Full description of how the edge of the thermal and velocity viscous layers was 

accurately located is given in appendix F. However, results are presented below and 

generalities of the laminar attachment-line boundary layer axe given. 

CHAPTER 3. LAWNAR FLOW 26 



3.2. VARIATION OF THE EDGE FLOW PROPERTIES ALONG THE 
ATTACHMENT-LINE 

3.2 Variation of the edge flow properties along the 
attachment-line 

The spanwise dist. -ibutions of flow properties taken at the edge of their respective layers 

and non-dimensionalised with the infinite swept values axe found to collapse to single 

curves when Mc,,,. cosA exceeds approximately 2.5. This is shown for cylinders swept at 

60" in figures A. 7 to A. 9 and for 701 in figures A. 10 to A. 12. Note that computational 

runs had to be created in order to complete the range of M,,.. cosA (the details of these 

runs are given in table B. 2). 

The collapse is the result of the so called "Mach number independenc6" principle. At 

high speeds and for perfect gas, certain aerothermodynainic quantities such as the pres- 

sure, temperature, velocity etc. and flowfield structure (e. g. shock wave shapes) become 

essentially independent of Mach number. The hypersonic Mach number independence 

principle has a mathematical foundation. This is shown in reference [3) section 4.3. 

Figure A. 13 shows that, for a given Mach number, the spanwise velocity distribution 

is independent of the sweep angle for LID values higher than 8. However, this contrasts 

other flow properties such as the static temperature and pressure which do exhibit clear 

sweep dependence for given Mach numbers (figures A-14 and A. 15). 

The high Mach number independence of properties along the attachment-line could be 

exploited in future investigations. To this end, the values corresponding to the velocity 

and temperature distributions of Poitiers run19 at A= 600 and Holden run25 at A= 70" 

(two runs that represent the average distributions) are given in tables B-14, B-15 and 
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shown in figures A. 7 to A. 11. For the static pressure distribution at 600 of sweep, Poitiers 

run19 was also though to represent the average distributions (figure A. 9). However, for 

700 of sweep, created run2 seems best to represent the static pressure distribution when 

M... cosA exceeds approximately 2.5 (figure A. 12). 

3.2.1 Validation of the results 

The accuracy of the results obtained depends on the computational results and on the way 

the edges of the velocity and thermal profiles have been found. Some of the. validation of 

the computational results such as the grid and solution convergence are given in appendix 

F. However, some validation of the results are also presented below. 

Heat transfer 

A comparison of the heat transfer rates (Stanton numbers) from the Navier-Stokes cal- 

culations, the laminax boundary layer code and the experiments is shown in figure A-16 

for Poitiers Run19 (M.. = 7.14, A= 60', T,,, IT. = 0.38). It should be noted that when 

determining the Stanton number, the local flow properties obtained from the laminar 

Navier-Stokes calculations were used. It can be seen from figure A. 16 that heat transfer 

rates from both codes agree. Moreover, agreement between experiments and computation 

is well within experimental uncertainty, which in this case is approximately ±10%. 

CHAPTER 3. LAMINAR FLOW 28 



3.2. VARIATION OF THE EDGE FLOW PROPERTIES ALONG THE 
ATTACHMENT-LINE 

Local profiles 

Total enthalpy, velocity and temperature profiles from the Navier-Stokes code (MGNS3D, 

appendix D) have been compaxed with those obtained from the boundaXy layer code (ap- 

pendix E), using the local edge values from the Navier-Stokes calculations. These results 

are presented in figures A. 17 to A. 19 and show that the Navier-Stokes; profiles and the 

boundary layer profiles are almost identical. 

Flow property changes across the bow shock 

The jumps in velocity and temperature across the bow shock predicted by the Navier- 

Stokes code have been compared with those obtained from the 2D oblique shock relations. 

Figures A. 20 and A. 21 show that the two methods give identical results. Moreover, wit hin 

the shock layer (plateau on figure A. 20), the local values agree with the infinite swept 

values. This confirms the high Mach number independence feature described above since, 

for this particular case, (Poitiers Run19, A= 60'), M,,.. cosA is approximately 3.6. Both 

figures (A. 20 and A. 7) show that the infinite swept conditions axe reached at about 15 

diameters from the tip. 

Surface pressure coefficient of the attachment-line 

Pressure coefficients, Cp, normalised with Cp at the attachment-line, obtained from the 

Navier-Stokes code and estimated by the modified Newtonian theory are compaxed for 

Holden Run36 at a station LID of 13.9 in figure A. 22. The results are in very good agree- 

ment for 0 up to 30'. It is also useful to note that Beckwith and Gallagher (reference 
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[5]) found that their experimental surface static pressure data agreed with the modified 

Newtonian theory for 0 up to approximately 200. 

3.3 Local attachment-line Reynolds number 

3.3.1 Attachment-line chordwise velocity gradient 

Appendix F, section F. 2 shows how the attachment-line chordwise velocity gradient and 

attachment-line Reynolds number have been extracted from the Navier-Stokes calcula- 

tions. 

The variation of the chordwise velocity gradient along the attachment-line for 60' of 

sweep is shown in figure A. 23. This shows that the results obtained from Holden Run 34 

and Jones Run 2 seem very poor (scattered results) for -L less than 4. Some oscillations D 

are also visible for Poitiers Run 19 at high values of -L. These imperfections are believed D 

to be due to the method used to estimate the location of the edge of the velocity bound- 

ary layer. Indeed, in appendix F, section F. 1.2 it is shown that the edge of the velocity 

boundary layer must be treated with great care if oscillations in the spanwise distribution 

of variables are to be prevented (see figures F. 2 and F. 3). Navier-Stokes errors are not 

thought to be the cause of such problems, since these have been shown to be accurate 

- see section FAA Nonetheless, although the oscillations axe unsatisfactory, the error 

involved in the estimation of the chordwise velocity gradient is 10% at most. However, 

for Jones Run2, the data considered in the present investigation are located at stations 

L of 3.8 and 4.7 where the results for the chordwise velocity gradient axe satisfactory. D 

It should also be noted that 90% of the distributions of the chordwise velocity gradient 
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obtained in the present study are of a much higher accuracy, as shown for example in 

figure A. 24: Holden Run12. However, the results axe included to demonstrate that in- 

vestigations of swept cylinders are not as straight forwaxd'as has been assumed in the past. 

Despite the fact that the chordwise velocity gradient distributions are not as smooth as 

the velocity or temperature distributions, figure A. 23 still shows some important features. 

The infinite swept values are achieved from an A value between 3 and 4, irrespective of D 

the Mach number. Previously it has been shown that the local value of any flow properties 

only reached the infinite swept levels at much greater spanwise distances (figures A. 7 to 

A. 11 for example). 

Figures A. 23 (60' of sweep) and A. 25 (70' of sweep) show that the value of LID at 

which the infinite swept value is reached is not strongly dependent upon M,,.. cosA. This 

contrasts the velocity, temperature and pressure as described previously in section 3.2. 

The value of LID at which the infinite swept condition is reached was also found to be 

independent of the sweep angle for a given Mach number (figure A. 26). Again this con- 

trasts the temperature and pressure but agrees with the velocity (see section 3.2, figures 

A. 13 to A. 15). 

Figure A. 25 contains a very wavy distribution for Holden run25 at LID greater than 

8. This feature does have an impact on the results for this paxticular case, since the 

cylinder was approximately eleven diameters long (see appendix G and references [37] 

[38]). Since they were very different from the rest, these results were judged to be in error 

and the infinite swept value was used to normalise the results. 
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V- For both 600 and 700 of sweep angle, it has been found that the infinite swept values 

are achieved for !ý>4 independent of the normal to leading edge Mach number. As for D- I 

L<4 it was believed that the most accurate local distributions were given by Poitiers D- I 

Run 19 for A= 600 and the created run2 for A= 701 (see figures A. 23 and A. 25). Tables 

B. 14 and B. 15 give these local values that can be used by future investigators to estimate 

gradients. 

3.3.2 Attachment-line Reynolds number 

The R distributions along the attachment-line of 60* and 70* swept cylinders were ob- 

tained for a range of values of M... cosA. Figure A. 27 shows that for 600 of sweep, the poor 

distributions of the chordwise velocity gradient (figure A. 23) have only a small impact. 

In fact, the difference between Holden Run 34 (oscillating distribution) and Poitiers Run 

19 (smooth distribution) is at the most 6.0%. A comparison between these two runs is 

legitimate since they both involve values of M.,,. cosA higher than 2.5. The R distributions 

along a 70' swept cylinder is shown in figure A. 28. 

The most important feature revealed by figures A. 27 and A. 28 is the convergence of 

the local R values towards the infinite swept conditions with increasing LID. Indeed, 

the infinite swept values are not reached before an ý of 12 for 601 of sweep and an L 
DD 

of 18 for 701. This is one of the important findings from the present study. It means 

that in previous investigations large errors were introduced, in the data analysis, when 

the infinite swept assumption was applied to situations close to the cylinder upstream tip. 

For example Holden et al. [37] [38] made measurements at stations LID as low as 0.3 

over cylinders swept at 66.5*. In subsequent data reduction, they used the infinite swept 
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assumption giving errors in R of up to 60%! 

In the present investigation, a single Navier-Stokes solution was obtained for each combi- 

nation of sweep angle, cylinder diameter and free-stream Mach number used in the various 

experiments. From this, the local value of the attachment-line Reynolds number was ex- 

tracted. Since the flow was laminax it is known that the solutions scale with Reynolds 

number i. e. 

R=A. VrR-D (3.3) 

Hence, provided that A remains constant, the values of the local Reynolds number can 

be obtained at any desired free-stream Reynolds number without the need to run the 

Navier-Stokes code again. Note that equation 3.3 is equivalent to 

1 

dUe A. D)l (3.4) 
vae- dX 

( 

VOO 

leading to 

2= VOO. ( Vac )2dD 

A (3.5) 
vae Qoo 'd(UUO. 

0) 
cosA 

All four ratios present in this expression are functions of the free-stream Mach number, 

sweep angle, cylinder diameter and slT,, only. The local coefficient A was calculated for 

the Navier-Stokes run since both the free-stream Reynolds number based on the diameter 

RD and the local R were known. Knowing RooD for the experimental runs conducted at 

the same free-stream Mach number, sweep angle and cylinder diameter, the local values 

of R were obtained. 
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It must be noted that the Navier-Stokes solutions were obtained on smooth surface cylin- 

ders. The results extracted from these solutions were also used with experimental runs 

involving 2D trip wires, end plates etc. If a roughness element is introduced into a super- 

sonic flow field a shock wave will appear from it. Hence, the spanwise flow properties will 

vary as the shock is crossed and therefore CFD results may not be accurate. However, it 

was found that, to the present level of accuracy, the roughness elements had no impact 

onto the spanwise edge flow properties used in the present study (see appendix M). 

3.4 Local Stanton number 

The local Stanton number St., is given by 

Stac = 
-dw 

T. 
- 

Tw (3.6) 
P. e-v., 

CP-T., 
ý- 

(Tac 
Tae 

The heat transfer rate dw is measured directly and reported in the experiments described 

in appendix G (excepted for Beckwith et al. who supply the Stanton number itself. see 

section GAA for more information. ). The flow properties at the edge of the boundary layer 

come from the Navier-Stokes computations and this makes St., a mix of experimental 

and computational data. 

3.4.1 Recovery factor 

The recovery temperature is calculated using the boundary layer code. For a particu- 

lar run and LID, the local values of R, Mae and T, are input into the boundary layer 
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code. The wall-to-stagnation temperature ratio is then varied until the predicted Stanton 

number is zero (adiabatic conditions). In this case, the wall temperature is equal to the 

recovery temperature. 

It was found that, for a fixed Prandtl number (0-72), the recovery factor increased with 

M., and varied with sIT,, as shown in figure A. 29. This figure also reveals that r increases 

by only 1.7% for M., ranging from 1 to 10 and for stagnation temperatures between 500K 

to 1200K. In the case of zero pressure gradient flat plate flow, the recovery factor variation 

is a decreasing function of the Mach number (see figure A. 30 taken from reference [3)) 

and that the frequently used approximation that r equals VP_r involves only 2.4% error 

over a wide range of Mach number. Due to the small variation of the recovery factor with 

Mach number in the attachment-line case, a simple approximation can be used without 

much error i. e. 

r= (Pr)o . 45 (3.7) 

This result agrees with those of reference [59] which provides power law relations between 

the recovery factor and Prandtl numbers for a wider range of conditions than presented 

herein. However, in certain cases notably Bushnell, Jones, Holden and Poitiers (appendix 

G) the value's of the recovery factor obtained from the boundary layer code were used for 

the data reduction in the present investigation. These are shown in figure A. 29. 

Having extracted the local heat transfer rates from the experiments, calculated the local 

flow properties at the edge of the attachment-line boundary layer and obtained the lo- 

cal recovery temperature, the local Stanton number can be calculated. For all the other 
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experimental runs, equation 3.8 was used. 

Stae = 
-dw 

a -. Q. L __r 
gas V f. T. 

- - 
T, 

. 
CP. T 

. ff-) POO. QOO. Too Poo Qoo TOO 
(Tae 

Tle 

(3.8) 

The ratios 29-t --va-r- -Taf- and -TTT'- (which leads to -Tu-) come directly from the computation Poo I Q. = I Too 0 Ta a 

(MGNS3D and boundary layer code, appendices D and E respectively). They depend 

only on sweep angle, free-stream Mach number and sIT,,. The heat transfer rate, wall 

temperature, free-stream density, velocity and temperature correspond directly to the ex- 

perimental run being considered. 

Strictly speaking, although the sweep angle and cylinder diameter axe fixed, in a given 

wind tunnel, the free-strewn Mach number always vary slightly with the free-strewn 

Reynolds number (see figures G. 3, G. 14 and G. 23). Therefore, correction factors may 

need to be applied. This investigation is reported in appendix F, section F. 3. However, 

it was concluded that the local values of T-o&, and ZuL given by the Navier-Stokes TOO P60 QOO 

solution can be assumed to be independent of Reynolds number for the purpose of the 

data reduction. 

3.5 Laminar theory 

As explained in chapter 2, in 1978 Poll [49] proposed an approximate relation between 

the Stanton number and R for laminar flow i. e. 

1.141 Stae =i- 
2. Pr3. R 

(3.9) 
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He found that this was in good agreement with exact numerical solutions and available 

experimental data covering sweep angles from 00 to 70*, --TJY- from nearly zero to adiabatic TO 

conditions, M.,, from 0 to 8 and T,,. higher than 50K (lower limit for perfect gas). 

Using the boundary layer code, a data set that covers flight conditions (with no real 

gas effects) to wind tunnel testing conditions was created for air. This involved R values 

up to 3000, edge Mach numbers between 0 and 8, TvI between 0.1 and unity and sIT,, TO 

from 0.03 to 0.37 (T. from 300K to 4000K). This data set was used with four values of 

the molecular Prandtl number i. e. 0.7,0.8,0.9 and unity. 

It should be noted that, although dissociation0f 02begins at 2000 K (beyond this limit 

the gas is not perfect anymore ; see reference [3]), for the high Mach number, cold wall 

conditions, the maximum temperature encountered in the attachment-line viscous layer, 

T,,., is much less than T,,. Using the boundary layer code for a wide range of conditions 

(i. e. wind tunnel and flight conditions), it was found that T,,,.,, IT,, is never likely to exceed 

0.5 in situations of practical importance. Therefore, it was chosen to have a mmimurn T, 

value of 4000 K. 

For altitudes between sea level and 70 kms, the free-strearn temperature is approximately 

constant at 245 ± 30K. Considering, the extreme case of a vehicle flying at sea level 

(Tc,, ; z: i 275K), with wings swept at 900, the stagnation temperature encountered is 3800 

K for an edge Mach number of 8 (equation 3.10). In the generated data set, the edge 

Mach number was limited to 8 since, at higher Mach numbers, To exceeds 4000 K and 
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therefore the gas is not perfect anymore. 

TO 2= 
ý10 - 1) 

Mae2 =1+ 'Moo Tae =1+ (3.10) 
TOO 

(1: 
2- 

(12 

Considering the incompressible part of the generated data set, it was found that the skin 

friction could be simply related to R independently of the Prandtl number i. e. 

Cfae = 
1.141 

R 
(3.11) 

However, the relation linking the Stanton number with attachment-line Reynolds number 

was found to be Prandtl number dependent i. e. 

Stae = 
1.141 

2. PrO-605. fi 
(3.12) 

Note that the correction for Prandtl number shown in equation 3.12 is slightly different 

that as assumed by Poll (equation 3.9). 

Considering the whole data set (incompressible and compressible data), equation 3.12 

was found to become as follow 

SI tae 1.315 (3.13) 
2. prO. 605. f? 

Equation 3.13 was found to predict the Stanton number within ±13% as shown by figures 

AM and A. 32 (Pr =1 and Pr = 0.7 respectively). Note that for clarity only the ex- 

treme values of the edge Stanton number for a given R are shown in figures A. 31 and A. 32. 
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In order to improve agreement with the laminar theory, a correction for T,. IT.,, T,,, IT., and 

sIT,, was sought. Figure A. 33 shows the variation of the product St,,,,. R with (T,. IT., ) -1 

for different values of T,,, IT.,. It can be seen that the wall temperature has very little 

effect. However St.,. R varies almost linearly with (T,. IT., ) - 1. Moreover, the slope of 

this line (called G) was found to be almost directly proportional to sIT,,, as shown by 

figure A. 34. Therefore the improved relation can be written as 

0.13. (j-) . 
(--T-r- 

- 1) . 
PrO-r105 1.141 Stae-R 1+ TO Tat 

(3.14) 
0.5705 2. PrO-605 

Using equation 3.14, predictions of the laminar Stanton number axe within ±5% for flight 

conditions and wind tunnel testing conditions as shown by figure A. 35 where predictions 

from the model (equation 3.14) are compaxed with the exact laminar solution. 

The result expressed in equation 3.14 may also be written in the reference temperature 

(T*) form (this concept is described in chapter 2, section 2.3). Recalling the relationship 

between the Stanton number and R for incompressible flow once transformed via the 

reference temperature i. e. 

Stae* --": 
A 

Tj* 

where A is defined as follow 

A 1.141 (3.16) 
2. PrO. 605 
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From equations 2.21,2.22 and 3.15 it follows 

;5 
(p.,, T* Sto, *. fi* = st". 111. ý- (3.17) 

A* T. e 

) 

For laminar flow it is known that 

Aj (M. e ., 
T,,, IT. e, T,. IT. e, sIT,, ) (3.18) 

then 

Stac -RI = 
(. LLLae), 

A Pae Tl* =f (Ma ei Tw / Ta e) Tr ITae i SlTo) (3.19) 

where the function f is obtained from equation 3.14 i. e. 

0.13. 
. 

(--T-t- 
- 1) Pr0-'505 

+ TO Ta e (3.20) 
0.5705 

3.6 Link between R and Ro 

As explained previously (chapter 2, section 2.3), for laminax incompressible flow, with 

a wall to stagnation temperature ratio of unity, the ratio of the momentum thickness 

Reynolds number to the attachment-line Reynolds number is constant at 0.4044 (equa- 

tion 2.9). 

By considering a wide range of conditions i. e. M., from 0 to 8, T,,, IT,, between 0.2 and 

unity and sIT,, of 0.028 and 0.276, it was found that the ratio ROIR deviated considerably 
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from the incompressible value (0.4044) as shown by figure A. 36. The data presented in 

this figure can be fitted within ±8.5% by 

Ro 3.51.10-4M 
.3-2. 

C-9.10-3. Mae2 
ae - 3.10-2Mae 

+ 0.4044 +D (3.21) 
Rf (SITO) 

where D is defined as follows 

T L)2 0.0667 _ý2 +0.0671(1-Tw 
D TO TO (3.22) 

f (SITO) 

with the function f (, slT,, ) defined as follows 

32 
(_1)2 

_ 1.74 (S) 
+1.025 (3.23) 

TO To- 

Figure A. 37 shows the comparison between the exact value of ROIR and the predictions 

given by equations 3.21 to 3.23. 

3.7 Experimental data 

The state of the flow is determined by compaxing the experimental data (described in 

appendix G) with estimation from equation 3.14. An example is given in figure A-38, 

which shows that, in this case, the experimental data axe estimated to within ±15%. 

This level corresponds to the experimental accuracy of the heat transfer measurements 

(±10%) combined with the accuracy of equation 3.14 (±5%). 

By considering all the cases available listed in tables B. 4, B. 6, B. 8, B. 10, B. 11 and B. 13, 

it was found that laminar flow existed along the entire attachment-line for Holden runs 
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34,4,7,10,18,19,21, Poitiers runs 19,70, Bushnell runs 2,3,4,5,6,7a, 7b, 12,13, 

Beckwith runs 39 to 44,54 to 65 and Jones runs 1,2 (figure A. 39). 

3.7.1 Discarded data points 

In the course of the investigation, some data points were found to lie below the 15% 

uncertainty band. For Holden et al. [37][38], every measurement taken from heat trans- 

fer gauge HT128 was significantly different from those of the other heat transfer gages. 

This gauge also gave heat transfer measurements below the 15% error band as shown for 

example in figure A. 40. Consequently, data from this gauge were discarded. 

Bushnell Runl (figure A. 41) was also found to lie below the 15% uncertainty band. Of 

the 149 runs considered, Bushnell run 1 is the only complete run which involves a heating 

level below the minimum laminar prediction. Since run 1 contributes less than 1% of the 

total data set, it was assumed that an experimental fault must have occurred when the 

measurements were taken. Consequently this run was disregarded. 

Finally in reference [40] Jones explains that " the plate shock wave, which is relatively 

weak compared to the fin shock wave, appears to pass undisturbed through the fin shock 

and to intersect the fin. [ .. ] The two shock waves intersect nearest station B. " (see figure 

G. 24). From figure A. 42 which shows Jones run 2, it can be seen that the flow at station 

A, closest station to the cylinder upstream tip, is disturbed by either the shock inter- 

action phenomenon or the nature of the plate boundary layer (e. g. turbulent boundary 

layer or even separated region at the plate/wedge junction). In any case, measurements 

taken at stations A and B cannot be considered for the purpose of the present investiga- 
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tion since the local flow properties obtained from the Navier-Stokes solution do not take 

into consideration such effects. Moreover, although station C is located downstream the 

shock/shock interaction, it is believed that the data taken at this station are subjected 

to the same effects as at station B (i. e. shock interaction). The results are identical at 

these two locations (figure A. 42). Therefore, only experimental measurements obtained 

at stations D and E were considered. 

3.8 Conclusions 

It has been shown that the assumption of infinite swept conditions for data reduction and 

analysis can lead to major errors for both the local attachment-line Reynolds number and 

Stanton number. This is particularly true for experiments conducted on short models i. e. 

when LID may be less than 10. 

The spanwise variation of the local flow properties at the edge of the viscous layer was 

found to be Mach number independent for a given sweep angle when the normal to leading 

edge Mach number exceeded approximately 2.5. Tables of the local flow properties were 

derived for 600 and 700 of sweep and M.,,. cosA higher than 2.5. 

The flat plate relationship giving the recovery factor as a function of the Prandtl number 

was found to be inaccurate in the case of the attachment-line. A simple relation suitable 

for attachment-line flow over a wide range of conditions was found to be 

r= (Pr) 0.45 
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Edge flow properties extracted from the CFD solutions obtained on smooth cylinder sur- 

faces were coupled with experimental measurements for non-smooth conditions (e. g. trip 

wires, endplates etc. ). It was found that the roughness elements did not change the flow 

field and therefore edge flow properties could be used directly (appendix M). 

V- Fur compressible, wind tunnel and flight conditions, a simple relation predicting the Stan- 

ton number variation within ±13% was obtained i. e. 

stae =-1.315 - 2. PrO. 605., n 

The maximum error was decreased to ±5% by correcting for sIT,, and T,. ITae i. e. 

[1 
+ 

0.13. (-L) 
. 
(-T-r- 

- 1) -Prl-"" 1.141 stae. R To To e 
0.5705 2. PTO. 605 

It was shown that the above relation could be related to a reference temperature i. e. 

Stae-f? = 
(p,, 

e 
T* 2.1.141 

A* Tae 2. prO. 60,5. R) 

Finally a model for the variation of the ratio of the momentum thickness Reynolds num- 

ber to the attachment-line Reynolds number with edge Mach number, wall-to-stagnation 

temperature ratio and sIT,, was proposed. Predictions were found to be within +-8.5% of 

the exact laminar solution. 
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Chapter 4 

Brief review on turbulence models 

4.1 Introduction 

When the instantaneous Navier-Stokes equations are time-averaged, for turbulent flow, 

several new terms appear. They axe known as Reynolds stresses. In the attachment- 

line boundaxy layer, the Reynolds stresses present in the X and Z momentum equations 

(equations E. 2 and EA) are -puFvl and -Pvrwl. This produces a situation in which there 

are more unknowns than equations. To overcome this problem the Reynolds stresses are 

modelled in terms of other quantities. Over the years, several approaches have been pro- 

posed. However, for equilibrium flow, Boussinesq's eddy-diffusivity and Prandtl's mixing 

length concepts are the simplest and the best known. 

4.2 Mixing length 

Strictly Boussinesq's eddy-diffusivity and Prandtl's mbdng length concepts are only ap- 

plicable to equilibrium flows where the free-stream velocity distribution is characterised 
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by a constant value of the parameter 

p= (dPldX) 

which represents the ratio of pressure forces to shear forces in the boundary layer. 

In 1877, by drawing an analogy with moleculax viscosity, Boussinesq [10] was the first 

to suggest the modelling of the Reynolds stresses by introducing the concept of the eddy 

viscosity i. e. 

-PUFVI = and - fiviw-, = pe 19V 
býy- 19Z 

( Ilu ) 

where e represents the eddy viscosity which has dimensions of the product of a velocity 

and a length. The difficulty rests on finding proper velocity and length scales. 

Alternatively, in 1925 Prandtl proposed that each Reynolds stress could be related to 

a local length scale and velocity gradient such that 

-puTvl 0-%d p(const)u'��v'., ý- p(const) 1 
au 

12 
au (4.2) 

rr (1 
DY) 

( 
DY) 

and 

-pvi-wl e-14 p(const)v' p(const) 11 
av 

2 
av (4.3) 

Z az ( ä-z) (1 ) 

where 11 and 12 are called "mixing" lengths. They represent a mean eddy size much larger 

than the fluid's molecular mean free path. It is convenient to introduce a single scale, 
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since the Reynolds stresses can be written as 

Vi p12 
OU 1 OU 1 

_W, = (eY) läy-l 
pVj-Wj = -12 

(9V Ov 
P 

(5z-) 1 

oz 
(4.4) 

where the modulus ensures that the Reynolds stresses change sign when the shear stress 

changes sign (i. e. within sepaxation region). Prandtl's mbdng length, 12) can be related 

to Boussinesq's eddy viscosity, c, i. e. 

6= 12 
aU loyl I f% I 

121 
OV I 

JaZI 
(4.5) 

However, it should be noted that, although there may be an exact numerical solution of 

the equations for a given turbulence model, there is no sound theoretical basis for any 

turbulence model. Indeed, after over 70 yeaxs, the physical validity of all models is still 

questionable. In the case of mixing length, I cannot be directly measured. It can only 

be inferred from experimental measurements of the turbulent shear stress and velocity 

gradient. 

The turbulent boundary layer may be considered to consist of two main regions. These 

are the inner region which is dominated by viscous shear and strongly influenced by the 

wall and the outer region which is mainly determined by the turbulent Reynolds stresses 

and is governed largely by conditions at the edge of the boundary layer. 

Information upon the distribution of I and c across the boundary layer comes from exper- 

imental data. The distribution of I is conveniently described by two separate empirical 

functions. In the inner region, but away from the wall (i. e. Y+ > 50 where Y+ is defined 
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in the next section) I is proportional to Y i. e. 

li = kY (4.6) 

where k is von Kdrman's constant. In the outer region, the mbdng length is found to be 

appro3cimately proportional to the boundary layer thickness, i. e. 

10 
= constant (4.7) 

Note that the. two equations above axe correct for incompressible as well as compress- 

ible flows subject to the condition of Morkovin's hypothesis [45] which suggests that the 

turbulence structure is virtually the same at low speeds as at Mae < 5-7 (see appendix J). 

Cebeci and Smith [21] have suggested that, for zero pressure gradient boundary lay- 

ers, at high Reynolds number 0 lies between 0.075 and 0.09 (see sections 4.6 and 4.7 for 

more information). 

Considering Boussinesq's eddy viscosity c and its relation to Prandtl's mixing length, 

12, (equation 4.5), it follows in the inner region 

DU 

(c)i = (1 1 
äy- (4.8) 

In the outer region, Cebeci and Smith [21] assumed the eddy viscosity to be defined by 

(6),, = kl-Ue-Jk*-FKleb (4.9) 
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where bk* is the kinematic displacement thickness Le. 

HAY fOoo (Ue 
(4.10) 

In equation 4.9, FKeb represents the Klebanoff intermittency function (defined below) 

which brings the eddy viscosity to zero at the edge of the boundary layer. 

FKleb 1+5.5 (0.3. y )6]-l 
Ymax (4.11) 

Although the universality of the parameter k, has been the subject of many discussions 

(see sections 4.6 and 4.7), it is generally taken as a constant for high Reynolds number 

flows with a value between 0.016 and 0.017. 

4.3 Van Driest's model 

The effects of viscosity are such that the mixing length model is unsatisfactory in regions 

very close to the wall. Although Prandtl's model gives zero Reynolds stress at the wall, it 

does not exhibit the appropriate non-linear decay of the Reynolds stresses as the surface is 

approached. To correct this defect, Van Driest [62] proposed an improvement to Prandtl's 

model by introducing a damping function, T, such that 

li = kYT (4.12) 

where T is defined as follows 

exp 
Y+ 

(4.13) 
(-A+) 
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with 

A+ = 
A. u, 

and Y+ = 
Yulr 

vv 
(4.14) 

where A+ is the damping parameter empirically determined by Van Driest to be 26 for 

high Reynolds number flows with zero pressure gradient. The variable U, is the friction 

velocity i. e. 

(P, 
W U'r 

W)2 

where r,,, is the wall shear stress and p. is the wall density. 

The eddy viscosity for the inner region becomes 

Y+ 
2 

(ky)2.1 - exp-(Ai-F 19V (4.16) I (az) 

4.4 Turbulent Prandtl number 

In addition to the modelling of the Reynolds stresses, solutions of the turbulent boundary 

layer equations, for flows with heat transfer, also require the Reynolds heating term 

-pv'H, ',. This is usually modelled via the eddy-conductivity concept i. e. 

-010, = At 
allo 

ay 
(4.17) 

where At is the eddy conductivity and H,, is the total enthalpy related to the static 

enthalpy, H, i. e. 

u2+ fv-2 
Ho = H+ 

2 
(4.18) 
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EqUation 4.19 can also be written as 

-V 
11101 

- 
Gli. c OH� 
Prt * aY 

Introducing the definition of the turbulent Prandtl number i. e. 

Prt = 
Cp. c (4.20) 

At 

Prt is usually taken to be constant at 0.9. 

4.5 Summary 

I 
To solve the turbulent Navier-Stokes equations or the boundary layer equations, the 

n- 

Reynolds stresses must be modelled. Boussinesq's eddy viscosity concept gives 

-pui-Vi = PC 
au 

(4.21) (DY) 
whereas Prandtl's mbdng length concept gives 

-PUTV t= p12 
DU au 

(4.22) (DY) IDYI 
The mixing length, 1, and eddy viscosity, e, axe related as follows 

6= 12. 
OU 

(4.23) 
loyl 

In the inner region, but away from the wall (i. e. Y+ > 50), the mixing length (with Van 

Driest's model) and eddy viscosity yields 

+ au ci = j?. k. Y (1 
- e--YA4 or I 

lay (4.24) 
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In the outer region, with the Klebanoff function for the eddy viscosity, the following 

expressions apply 

10 

y=0 or co = kl. u.. 6c-FKleb 

The Reynolds stresses for the inner and outer regions can hence be evaluated: 

. 
y)2. 

)2. (OU). IOUI 
(4.26) -PuTvl = P(k 

(1 
- e-A: F 

19Y ay 

(4.25) 

jýUi v 
19u 19u 

or (eY) - layi 

-7ouTvl = p. ki. u,. - dY. 1+5.5 (0. -3. y )61-1. (au 
(4.27) 1U 

000 
11 

- 
(ue)1 

ymax äy-) 

Evaluation of the Reynolds heating term -pvlll,,, is achieved. using 

ca rio 
Prt * aY 

(4.28) 

It can be seen that, in order to achieve the closure of the turbulent boundary layer 

equations, the von Karm6n's constant, k, the damping paxameter, A+, the outer mixing 

length, 1,, /J, and the turbulent Prandtl number, Prt, must be known. These parame- 

ters are deduced from examination of experimental data and have been subject to many 

investigations (see sections 4.6 and 4.7). 
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4.6 Extensions to Van Driest's model 

Patankar and Spalding, in reference [47], suggest that the damping of turbulent fluctua- 

tions is more likely to be influenced by the local value of the shear stress than by the wall 

value. In which case, equation 4.14 becomes 

A 
Y+=y A+ = -. 

(7-)' 
and (4.29) 

vpvp 

Kays et al. [42] have considered Van Driest's model for incompressible flow. They also 

used the local value of the shear stress and, in addition, applied the damping function T 

right across the viscous layer. This leads to the following equations for the mixing length. 

For Y< (OSIk) 

I= kYT (4.30) 

V- 
Fur > (051k) 

I= OAT (4.31) 

with T as defined by equation 4.13 and 0 as defined below 

10 
= 0.25. R; 8 (4.32) 6 

In their model, the damping parameter, A+, and von Kdrman's constant) k, are constant 

at 26 and 0.44 respectively. However the turbulent Prandtl number was varied i. e. 

Prt 1-0.1. At 
Pr /3 

(4.33) 
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with the condition that Prt can never be lower than 0.86. The variable pt is the turbulent 

molecular viscosity i. e. 

P-6 (4.34) 

In 1970, Cebeci [16] developed a model for two-dimensional and axisymmetric flows, free- 

stream Mach numbers between 0 and 6.7 and momentum Reynolds numbers from 2000 

to 16000. This model was based on the eddy viscosity concept with a ki value of 0.0168 

and a von Kdrmdn's constant of 0.40. The ratio Y+IA+ was defined i. e. 

Y+ y11 
-x-= -- . 

(71w), 

*A+ 
(4.35) 

+ V,,, p 

with the damping paxameter, A+, being 

26. (4.36) 
Pw 

where p and p axe the local averaged values of the density and dynamic viscosity respec- 

tively. In the outer region, Cebeci used the Klebanoff intermittency function (equation 

4.11) with the following modification 

FKleb : -- 7)6]-l 
11+5.5(, 

(4.37) 

To solve the energy equation, the turbulent Prandtl number was varied i. e. 

prt = 
k. [1 - exp (-Y+IA+)] 

(4.38) 
kt. [1 

- exp (-Y+-, fP-rlB+)] 
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where kt is the turbulent thennal conductivity defined as follows 

kt = Prt = 0.44 (4.39) 

and B+ is a constant i. e. 

B+ = 34. (4.40) 
( pp 

Pw 

Cebeci [16] concluded that for incompressible flow, the model was quite accurate, except 

near separation where the predictions were poor. For compressible flow, good predictions 

were obtained for high Reynolds numbers (Ro ýt> 3500), wall temperature close to the adi- 

abatic condition and Mach numbers up to 6. However, the computed results were found 

to deviate from the experimental data as the heat transfer increased. 

One of the most popular models for use in CFD is that due to Baldwin and Lomax 

[4]. This was found suitable for two and three-dimensional separated, high Reynolds 

number, adiabatic, subsonic and supersonic flows. The model is patterned after that of 

Cebeci [16] (see above) with modifications that avoid the necessity for finding the edge of 

the boundary layer. For the inner region, the following eddy viscosity model was used 

6, = p. 12. IWI (4.41) 

where the mixing length, 1, is defined according to equation 4.24. The damping parameter, 

A+, (equation 4.42) and von Karman's constant, k, are kept at 26 and 0.4 respectively. 

AI 
Y+ Y. (, rw 'i A+ and (4.42) 

VW PW VW PW 

) 
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In equation 4.41, the variable w represents the magnitude of the local vorticity, defined 

for a three-dimensional flow as 

W= 
au aV 2+ (OV 

_ 

OW)2 
+ 

(aW 
ýqU 

)2 
(4.43) 

ý 
(iýy-- 

- äýx-) ä Z-- ä -y- «Öx-- -, ä2-- 

V- Fur the outer region: 

c,, = 1.6. k,. Fwake-FKleb (4.44) 

where FKebis the Klebanoff intermittency function (equation 4.11) and ki is taken to be 

0.0168. The two variables F,,,, k,, and FKeb are related to the function 

F (Y) = Y. Iwl 1- exp 
(-Y+)] I 

A+ 
(4.45) 

where w is the local vorticity (equation 4.43). Equation 4.45 has a maximum value along 

the normal distance Y. This maximum value and the location where it occurs are denoted 

by F,,,... and Y,. respectively. In equation 4.44, F,.,,, k, is taken to be either or 

0.25. Y,.. x-U2diff IF,,., whichever is smaller where Udiff is defined i. e. 

-T- Udiff 
---: NrU + V2 + W2 (4.46) 

, 
4.7 Low Reynolds number effects 

There have been numerous authors who suggested that there are low Reynolds number 

effects in fully turbulent flows (e. g. [14] [15] [18] [20] [33] [39] [57) [65]). Moreover, there have 

been a wide varieties of ways of including these effects into turbulence models. 
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In 1971, Huffman and Bradshaw [39] concentrated on the log law of the wall to deter- 

mine whether k and A+ (hence C; equation 1.6 of appendix I) are variables or universal 

constants. They argued that "the boundary layer data currently available is not accurate 

enough to check the validity of the logarithmic law at low Reynolds numbers" and de- 

cided to anaJyse experimental data obtained in duct flows (e. g. channel, pipe and annular 

flows). The authors believed that, in duct flows, the Reynolds number effects on the inner 

layer are stronger than in the zero pressure gradient flat plate boundary layer and thus 

effects should be easier to detect. They then analysed experimental data obtained on 

axisymmetric wall jet flow, axisymmetric and 2D boundaxy layer flows. 

They concluded that the logarithmic law of the wall with constant coefficients i. e. A+ of 

26, C of 5.0 and k of 0.41 was valid over a wide range of Reynolds numbers, provided the 

dimensionless shear-stress gradient in the inner layer, Or+IaY+, was not much greater 

than 10-1. However, for larger values, the damping parameter A+ increases rapidly, as 

shown by figure A. 43, whilst the von Karman's constant k remains at 0.41. These con- 

clusions contradict Simpson's work [57] who suggested that k and C (hence A+) varied 

with Reynolds number even when iO-r+IaY+ was less thanlo-3. 

In 1971, Bushnell and Morris [14] analysed a large amount of published experimental 

velocity, pressure and density profiles measured on the walls of wind tunnels. Edge Mach 

numbers ranging from 4.67 to 20.8 and wall-to-stagnation temperature ratios from 0.26 

to unity were considered. The authors argued that nozzle wall boundary layers have the 

advantage of being thick, readily accessible and can be fully turbulent at Reynolds num- 

ber much lower than for flat plate or cone zero-pressure gradient boundary layers. In 
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order to conduct their analysis, they assumed local similaxity of the flow i. e. u/u., PIP, 

and p1p, are only functions of Y18 (8 being here the thicImess of the density viscous layer). 

Using an A+ value of 26 to staxt with, the compaxison between the experimental mea- 

surements and prediction was found to be poor. However they suggested that "because of 

possible inaccuracies in the present analysis procedure (such as the similarity assumption) 

and the incompleteness of some of the data, considerable scatter exists". Nevertheless, a 

general trend was suggested in which the eddy viscosity (coefficient k, in equation 4.9), 

the von Karman's constant, k, and the maximum value of the mixing length increases 

with decreasing Reynolds number (figures A. 44 to A. 46). This results is in agreement 

with previous investigation (see for example Simpson [57]). Bushnell and Morris [14] also 

specified that, in low speed flows, the increasing trend of kj, k and (Omax with decreas- 

ing Reynolds number is commonly correlated against RO (based on the edge conditions). 

However, in hypersonic (where generally p,, < p, and p,,, > p, ), they proposed that the 

wall conditions and a wall-friction velocity were more appropriate. Hence, they introduced 

the Reynolds number where 

ww 
= 

I-1w 
(4.47) 

Note that for consistency, the damping parameter must be calculated at the wall along 

with the shear stress velocity 

U'r = (rW)112 (4.48) 
PW 

A+ p,,,. A. u, 
= 26 (4.49) 

/-ZW 
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In 1973, Cebeci [18] investigated the universality of von Karman's constant, k, and outer 

eddy viscosity coefficient, ki (equation 4.9). Using the wall shear stress and a fixed 

A+ value at 26, he concluded that good agreement with the incompressible flat plate 

experimental data (skin friction and shape factor) was obtained for k, of 0.0168 and k 

of 0.40. However, agreement was found to be even better when the outer eddy viscosity 

coefficient, kj, was varied with Reynolds number (for RO ':: ý 425) i. e. 

kl= klffR 
1+ IIIHR ( 

1+rl 

) 
(4.50) 

where the values of the variables at high Reynolds number axe denoted by the subscript 

HR i. e. kjHR is 0.0168 and IIIIR is 0.55. The vaxiable rl is calculated as follow 

11 = 0.55 [1 
- exp (-0.243VQ-- 

- 0.298Q)] (4.51) 

where Q is 

Re (4.52) Z -2-5 

Cebeci [18] then extended equation 4.50 to compressible flows by replacing Ro by the 

kinematic quantity ROk defined as follows 

Ue-Ok 

VW 
(4.53) 

in which v,,, is the wall kinematic viscosity and Ok is the kinematic momentum thickness 

defined by 

Ok ý 
00 u 

1- u)dY 10 
ue 

( 
ue 

(4.54) 
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I 

However, in reference [18], Cebeci does not justify the use of "kinematic" rather than the 

actual momentum thickness. 

In 1975, Bushnell and Carry [15] investigated the vaxiation of the maximum value) across 

the viscous layer, of the mbdng length parameter, 1/5, for compressible, low Reynolds num- 

ber boundary layers. They concentrated on the determination of whether low Reynolds 

number amplification of shear stress was a result of the proximity of the transition. Ex- 

perimental measurements of the mean velocity profiles and skin friction with an A+ value 

of 26 were used to calculate (1/J).. Considering data obtained on wall-nozzle walls 

(measurements achieved far downstream the transition point hence, involving the viscous 

layer outer and inner regions to be turbulent), it was found that the maximum value 

of I/J decreased with decreasing J. + (figure A. 47). However, when using experimental 

data obtained downstream of natural transition (occuring on plates, cones and cylinders), 

(I/J). was found to increase with decreasing (figure A. 48). Hence they concluded 

that the amplification of (1/J), at low Reynolds number, was a function of proximity 

to transition and therefore of residue present in the transition process. 

In 1980, Fernholz and Finley [33) conducted a comprehensive review of the existing meth- 

ods for the prediction of the temperature-velocity relationship in compressible, steady, 

turbulent boundary layer with and without heat transfer but with no wall transpiration. 

Collecting a very large amount of experimental data, mainly obtained from flat plates and 

wall-nozzle boundary layers (see reference [32]), and using the log-law of the wall with Van 

Driest transformed velocities t? /u, (see reference [33]) they found that the wake strength 

was better correlated when the Reynolds number Ro,,,, was used rather than RO,, (figure 
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A. 49). 

Reew - 
PC-0-ve p Pe 

-I'LO. - l1w l1w 
(4.55) 

The distinctions between the two Reynolds numbers was especially important at low 

Reynolds numbers i. e. less than 1000. The authors also added that the decay of the wake 

component to zero at Reynolds number of approximately 500 (Coles's [22] expression 

equation 1.8, figure 1.2 in appendix I) would not be captured if the velocities were not 

transformed. 

The authors explain the significance of Re,,,, by noting that "the physical explanation 

of the Reynolds number as the ratio of momentum flux to shear stress, might be in- 

terpreted as the ratio of the maximum values, which are, to a first approximation, the 

V2 momentum flux at the outer edge of the boundary layer pe e and the shear stress at the 

wall Hence, substituted 7-,,, by p,,, (OVIOY) 
W 

and the gradient by V,. /O led to the 

following 

pe. V2 O. V 
ee . 

V2 V2 pe pe . pe 

*rw (Of7lay) uw (Ve/0) tzw 
(4.56) 

In 1995, Yardley [65] developed a low Reynolds number turbulence model for incompress- 

ible, equilibrium flow.. The investigation was based upon experimental measurements of 

velocity profiles obtained on axisymmetric pipe flow and 2D channel flow. In addition, 

Yaxdley used data obtained by Danks [26] on the brass cylinder originally tested by Cump- 

sty and Head [24] and on a "suction" cylinder originally designed to accommodate mass 

transfer. 
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The damping parameter, A+, (equation 4.16) and the outer mixing length parameter, 

ý, (equation 4.7) were varied until the computed velocity profile matched the experiment 

data (k was kept equal to 0.41). Excellent fits were obtained in all cases. 

Yaxdley's approach is similar to the technique used by Huffman and Bradshaw [39]. Once 

a fit to the profile was obtained, Yardley [65] checked the consistency of all the calcu- 

lated quantities e. g. R0, H and CL It should be noted that this approach does not rely 

on a single point measurement and makes no a priori assumption about the law of the 

wall. The only assumption made was that von Kdrmdn's constant was fixed at 0.41. 

The author specifies that this was justified "a posteri&' by the fact that experimental 

data could be reproduced to a very high level of accuracy. The following functions for the 

damping parameter and outer mixing length were obtained (see also figures A-50 to A-53). 

fo r 6, +,, 
.<200 

2561.8 A+ =- +17.75 (4.57) 
S. +. -26.3 

V- Fur 6± > 200, the damping parameter can be evaluated using: ww 

A+ = 26 [1 + 0.75. exp (-0.0055J, +,,,,,, )] (4.58) 

The outer mixing length expression for external flows was found to be 

10 
- 0.11 - 0.028tanh 

Jw+w - 500 
(4.59) 

j 130 
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However, it was noted by Surah [59] that solution of the boundary layer equations was 

obtained more efficiently if the outer mbdng length was replaced by the following relations. 

(j+ 3) 10 
ww 

T=0.133' - 0.2 
1.109 

(4.60) 

which holds for J, +,,. < 600. For J, + 
,,,. 

> 600, the following expression is used 

10 
= 0.082 1+2.47exp (-0.004M+ (4.61) TI ww 

Figure A. 52 shows that the two above relations of the outer mbdng length axe in very 

good agreement with Yardley's expression (equation 4.59). For internal flows (e. g. pipe 

and channel flows), the outer mixing length (figure A. 53) is 

10 

T=0.115 
[1 + 1.2exp (-0.012S. +,,, )] (4.62) 

Figure A. 54 shows the variation of the additive constant, C, present in the log-law of the 

wall (equation 1.6) with Reynolds number J. &, as obtained by Yardley for incompressible 

flow with zero pressure gradient and no mass transfer. 

Yaxdley [65] was able to calculate all the chaxacteristics (i. e. the velocity profiles, skin 

friction coefficient, shape factor, wake strength etc. ) of the incompressible equilibrium 

flow at the attachment-line with and without mass transfer using a constant k value of 

0.41 but vaxying A+ and 1,, 16 with Reynolds number. Note that the damping of the tur- 

bulent fluctuations was calculated via equation 4.14 in which the shear stress is evaluated 

at the wall. 
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4.8 Conclusions 

Before the mid-seventies, a large number of investigations were aimed at modelling the 
n- 

Reynolds stresses in incompressible, equilibrium, turbulent boundary layers with no mass 

and heat transfer. At the time, the variables used for the closure methods (A+, k, ki, 

1,, /J and Prt) were subject to great uncertainties. Kays et al. [42], Cebed [17][18] and 

Huffinan and Bradshaw [39] concluded that von Karman's constant k was a universal 

constant (k = 0.40 - 0.44) whereas Simpson [57] and Cebeci and Mosinskis [20] claimed 

it varied with Reynolds number. In addition, amongst all the investigations described in 

the present chapter, only Kays et al. [42] suggested that the turbulent Prandtl number, 

Prt, was a function of the viscosity ratio e/p. Similar comments could be made about 

the universality of the other "constant" used for closure. However, one must bear in mind 

that none of these investigators was ever able to calculate all the flow characteristics (skin 

friction, velocity profiles, shape factor etc. ) accurately. It is believed that the lack of 

accurate experimental data is the cause of much of the uncertainty. However, on balance, 

the turbulent Prandtl number and von Karmdn's constant, k, are subject to least uncer- 

tainty and hence are most probably universal constants. 

Yardley [65] using accurate experimental measurements of velocity profiles obtained on 

pipe flow and channel flow (where Reynolds number effects on the inner layer are stronger 

than in a boundary layer and thus easier to detect) was able to match all the incompress- 

ible flow characteristics. He came to the conclusion that k was effectively constant. How- 

ever, this being the case, the damping paxameter, A+, and outer mixing length paxameter, 

0, must be functions of Reynolds number. This supports the conclusions of Huffman and 

Bradshaw [39]. 
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Of all the investigations dedicated to turbulence modelling, only a small number of studies 

tried to tackle compressible flows. Hence, the present investigation concentrates on calcu- 

lating the Reynolds stresses for equilibrium, compressible flow without mass transfer. The 

present work will be based on Yaxdley's approach since he is the only investigator able to 

match all the incompressible velocity profiles and properties. The von K6rman's constant, 

k, and the turbulent Prandtl number will be kept constant (k=0.41 and Prt = 0.90). Con- 

sequently, the damping paxameter, A+, and the outer mixing length will be allowed to 

vary with Reynolds number. 
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Chapter 5 

Turbulence model for compressible 
flows 

5.1 Introduction 

It is well known that in high Reynolds number (J, +,,, ý: 800) incompressible flow, the von 

Karman's paxameter, k, the Van Driest damping parameter, A+, and non-dimensional 

outer mixing length, 1,, /J, are constant (e. g. [4][65)). For high speed flows in which 

Morkovin's hypothesis [45] applies (M,,, <5- 7) the turbulence structure is virtually the 

same as that at low speeds (see appendix 3) i. e. for high Reynolds number compressible 

flow, k, A+ and 1,, /J are constant'and have the same values as in low speed flow. 

Yardley [65] has shown that for low Reynolds number, incompressible flows without mass 

and heat transfer, good fits to velocity profiles can be obtained with k being constant and 

A+ and 1,, /J vaxying with Reynolds number. It is assumed that, by the choice of a suitable 

definition of Reynolds number, the low Reynolds number variation can be extended to 

high speed. However, the definition of the Reynolds number which takes into account the 

flow compressibility and heating effects is unknown. 
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It has been shown in the previous chapter that Yaxdley's [65] low Reynolds number turbu- 

lence model accurately predicts the incompressible characteristics of the attachment-line 

flow including the velocity profiles. In high speed flows, there axe no velocity profiles 

available at present. This is mainly due to the fact that, at tunnel scale, supersonic and 

hypersonic attachment-line flows involve very thin viscous layers. However, accurate val- 

ues of the heat transfer rate at the wall can be obtained (see chapter G). Using the lessons 

leaxned from Yardley's investigation, together with accurate surface heat-transfer mea- 

surements, the turbulence model can be extended to compressible, low Reynolds number, 

equilibrium flow. 

5.2 First Hypothesis 

5.2.1 Introduction 

In the first instance, it was assumed that, for compressible flow, the variations of A+ and 

1,, /J were functions of the same Reynolds number - irrespective of its definition. Hence, 

A+ can be expressed as a function of 1,, /J only. 

For closure, equations 4.26 and 4.27 were used to estimate the Reynolds stresses, with the 

assumption that von Kdrman's constant is 0.41 and that the turbulent Prandtl number 

is 0.90. Three alternative definitions of damping length constant, A, (thus of the ratio 

-Y+IA+) were also considered i. e. 
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Definition A. 

Y+ 
y 

w) 1 
ý7 XT- 
w VW PW A+ 

Definition B. 

Y+ 
T -. ý =-Y 

-W), 
Tv . 

(7 

p A+ 

0. Definition C. 

Y+ 
-Y 

(T)l 1 

+vp *A+ 

pw 
and A= A+. vw- 

1 

and A= A+. v. 
(nL) (5.2) 

p 

, r) -1 2 

and A= A+. v. -P (5.3) 

Definitions A, B and C differ in that the shear stress, kinematic viscosity and density are 

either evaluated from the wall conditions, the local conditions or a mixture of the two. 

Definition A was proposed by Cebeci [18] and Baldwin and Lomax [4]. Definition B was 

originally suggested by Van Driest [62] and has been widely used [17] [20] [65] (see chapter 

4). Definition C, which appeaxs to be the most logical of the three, was suggested by 

Patankax and Spalding [47] and also used by Kays et al. [42]. 

Fur the development of the turbulence model, accurate local heat transfer rate mea- 

surements data are required. Only the results of Holden et al. [37][38], Bushnell et al. 

[12][13] Poitiers University [35][6] and Jones [40] present sufficient information for the 

present analysis (see appendix G). 

Two sets of fully turbulent data points were selected for study. The first consisted of 

measurements taken along the attachment-line for a given set of test conditions i. e. fixed 
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free-stream conditions, T,, IT,, and sweep angle; a typical example is given in figure A. 55. 

For the second, data were recorded at a fixed spanwise location, LID, on the model for a 

range of free-strewn Reynolds numbers. In this latter set, only the local Reynolds number 

R varied as shown for example in figure A. 56 and table B. 7. However, it should be noted 

that M., hence M.,, does vary slightly with free-stream Reynolds number (3% increase 

maximum for a Reynolds number per meter varying from 2.3.106 to 3.4.107 ; see for ex- 

ample Bushnell et al. conditions). In the present work, the subscript s denotes runs from 

the second kind. 

In order to evaluate the turbulent Stanton number, the recovery factor r is needed (see 

equation 3.8). Therefore, as a first step, the recovery factor was calculated using the 

boundary layer code with Yardley's incompressible turbulence model (equations 4.57 to 

4.62). Figure A. 57 shows that values of r calculated in this way can be approximated by 

r= Pr 0.41 

Using Yardley's turbulence model (equations 4.57 to 4.61) to link A+ to 1,, /J (figure 

A. 58), the damping parameter was varied until the computed heat transfer rate matched 

the experimental value. 

5.2.2 Effects of the different definitions of Y+IA+ 

Figures A. 59 and A. 60 show the effects of the different definitions of the ratio Y+IA+ 

for Poitiers Run60s (fixed location LID, varying local Reynolds number). It can be seen 

that the choice of methods has a major impact on A+, but only a small impact on 1,, /J. 

Definition A yields A+ values that are much higher than those from definitions B and 
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C. Since, at high Reynolds numbers i. e. J. +. > 800 - 1000, A+ must approach 26 to 

be consistent with high Reynolds numbers turbulence models such as Kays et al. and 

Baldwin-Lomax (see chapter 4), definition A cannot be physically correct. 

Figure A. 59 also shows that, at high Reynolds numbers, definitions B and C give almost 

the same results. However, as the Reynolds number decreases, the difference between 

the two increases. This is due to the fact that, as the Reynolds number decreases, the 

inner region occupies a greater proportion of the total viscous layer thickness. Therefore, 

as the Reynolds number decreases, the local sheax stress, in the inner region, cannot be 

approximated by the wall shear stress, as shown by figure A. 61. Therefore, definition B 

of the ratio Y+IA+ is not suitable for low Reynolds number flows. Hence, definition C is 

the only one that exhibits the correct behaviour. 

5.2.3 Definition of the Reynolds numbers 

It was found that, whatever the definition of the Reynolds number and damping func- 

tion -Y+IA+, the damping parameter, A+, and non-dimensional outer mixing length, 

1, /J, could not be correlated by a single Reynolds number. Reynolds numbers based on 

momentum thickness and friction velocity J+ (see equations below) were tried with the 

viscosity and density (ratio in brackets in equations 5.4 and 5.5) evaluated either at the 

wall temperature, the temperature at the edge of the viscous layer, the maximum tem- 

perature within the boundary layer and the recovery temperature or any combination of 

these. 

Re Vae-0- (5.4) 
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. 
6. 

r77ww 

I 
where (, r,,, Ip,, ) I is the friction velocity. 

(5.5) 

In total, 32 Reynolds number definitions were considered (see table B. 1), including the 

momentum Reynolds number Re,,,, (edge density, wall viscosity in equation 5.4) suggested 

by Fernolz and Finley [33] and 6+,,,. (wall density and. viscosity in equation 5.5) proposed 

by Bushnell et al. [14]. 

Figures A. 62 to A. 69 show some of the results obtained using equation 5.3 (definition 

C). Clearly no single line fits the data. Hence, it can be concluded that, in compressible 

flow, the inner and outer regions depend on different Reynolds numbers. 

It should be noted that for clarity, an average of the data obtained per run was done 

but only for the first kind of runs used. In other words, although the value of A+ and 

1,, /J were obtained for every turbulent data points along the attachment-line (see figure 

A. 55) the average of these two parameters and Reynolds number was plotted on figures 

A. 62 to A. 69. However, the conclusions drawn from the average values axe the same as 

would be drawn if the local values of A+, 1,, /J and Reynolds number had been used. 

-1 5.2.4 Conc usions 

It was found that definition A (equation 5.1) of the damping function could not be phys- 

ically correct since A+ would not approach the high Reynolds number value i. e. 26. 

Moreover, it was shown that at low Reynolds number (typical of the attachment-line 
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flow), the local shear stress cannot be approximated by its wall value anymore. There- 

fore, definition B can be disregarded and definition C is the one to use. 

It has be seen that no single Reynolds number can correlate the variation of both, the 

damping parameter, A+, and non-dimensionalised outer mbdng length, 1,, /J. Hence, the 

first hypothesis was proved wrong. 

5.3 Second Hypothesis 

5.3.1 Introduction 

In this case, it was then assumed that in each of the two layers, the turbulence charac- 

teristics were functions of Reynolds numbers defined in different ways. This is possible, 

since, in compressible flow, Reynolds numbers can be defined in many different ways. 

The extensive investigation carried out by Fernholz and Finley [33] (see chapter 4), sug- 

gested that, for zero pressure gradient flat plate flow, the outer mixing length varies with 

Re,,. (edge density and wall viscosity in equation 5.4 or see equation 4.56). Bushnell et 

al. [14] suggested that the damping parameter, A+, varies with J, +,,. (equation 4.47). 

The variation of 1,, /J with Ro,, 
_, was initially designated as "Guess 1" on figure A. M. 

In addition, it was noticed that Yardley's turbulence model (eqliations 4.57 to 4.62) was 

in better agreement with the "suction" cylinder data than the brass cylinder data (fig- 

ure A. 71). Hence, "target" points were created, as indicated in figure A. 72. These were 

chosen so that as Reynolds number increases, they diverge from the laminax value at an 
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R of 245. This was done since Poll [49] demonstrated that, for incompressible flow, in 

the presence of gross disturbances, laminar flow could not be sustained beyond an R of 245. 

With the guessed variation of 1,, IS with Ro,,,, and using definition C of the damping func- 

tion (equation 5.3), A+ was varied until the incompressible target points were matched. 

This is shown infigure A. 73 along with the compressible data points from Holden et al. 

[37][38], Bushnell et al. [12][13] Poitiers University [35][6] and Jones [40]. It is clear that, 

although the incompressible target points are matched, a large deviation appears within 

the compressible data. 

5.3.2 Characteristic temperature 

In order to manipulate the compressible data points, a chaxacteristic temperature2 Tc) 

that brings the compressible data onto the incompressible line was evaluated. This allows 

the compressible data to be shifted from right to left in figure A. 73 i. e. 

PC. J. 7'w 
c Ac 

( 

PW) 

2 

(5.6) 

where T, is evaluated via the simple trial function 

TC 
- -1+Cl(Lw-l +C2 (Lr (5.7) 

Te Te Te 

where C, and C2 are two empirical coefficients. It should be noted that T, must always 
lie within the thermal profile. In addition, for physical consistency, T, must always cor- 

respond to a temperature within the thermal profile in the inner region, since it is used 
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to calculate the Reynolds number that correlates the damping parameter. For adiabatic 

wall conditions, the temperature in the wall region is constant at T,.. Hence, the sum of 

the coefficients C, and C2must be unity. Therefore, there is only one free constant to be 

determined. 

The coefficient C, (and hence C2) could be determined from figure A. 73. However it 

was found that, with the initial guess of the outer mixing length variation with RO,. 

(figure A. 70), the characteristic temperature did not lie within the thermal profile i. e. 

physically unrealistic. Although many 'other Reynolds numbers were considered, none 

gave a good data collapse with T, inside the thermal profile. Thus the outer mixing 

length variation with RO,. was changed to allow the compressible data to collapse onto 

the incompressible line with Tc lying inside the thermal profile. This was possible since, 

for a given Reynolds number, an increase in 1, /J translates into a decrease in A+. By 

applying Tc, the compressible data can be shifted from right to left until they matched 

the incompressible line. 

The converge d variation of 1,, /J with Re,,, is shown in figure A. 74 along with the incom- 

pressible model of Kays et al. [42] (see chapter 4) and data from Holden et al. [37][38], 

Bushnell et al. [12][13] Poitiers University [35][6] (description in appendix G). 

Figure AN shows that the Kays model agrees with the current study for the range 

of Re,,,, tackled by Kays et al. i. e. Re,,, between 467 and 1270 (see reference [42]). It can 

also be seen that, at values of Re,. lower than approximately 170, the outer mixing length 

decreases suddenly with decreasing Reynolds number. This is due to the use of the local 

sheax stress since it causes -the variation of the mixing length across the viscous layer to 
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exhibit a "bell shape" (figure A. 75). When the wall shear stress is used, the mixing length 

keeps on increasing across the inner region until it reaches the value determined by the 

outer mixing length value I,,. When the local shear stress is used, the maximum value of 

the mixing length may never reach the constant outer value. To overcome this problem, 

it was decided to create a plateau from the location were the mixing length reaches its 

peak (figure A. 76). Therefore, the outer mixing length variation with Reynolds number, 

as shown by figure A. 74, is as follows 

V- Fur Re,,,, < 168 

10 
10-8. (Roew)2.85 

T=6. (5.8) 

For Ro,,,, > 168 

10 
7=0.08 + 0.064exp [-0.00135Ro,,,, ] (5.9) 

The converged variation of the damping parameter, A+, with Reynolds number J, + (equa- 

tion 5.6) is shown in figure A. 77. The coefficients C, and C2were found to be easily 

determined without much ambiguity. The values obtained were 

Cl = 0.75 ± 0.03 C2 
"": 

1- Cl 

The data fairing shown in figure A. 77 can be represented by the following relations 

For 6, +, < 225 

A+ 77.95, + - 2571.4 
+23.8 10-4j+3 

12.69. 

c+0.0695c+ - 16.6] 
(5.10) 
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For 6+ > 225 
c 

A+ = 26.0 + 15. Oexp (-0.00776, +: ) (5.11) 

It is important to note that the chaxacteristic temperature, T,, could be used to form many 

different Reynolds numbers (equations 5.4 and 5-5). However, it was found that only bc+ 

(equation 5.6) gave a value of T,, that lay within the thermal profile. With C, and C2 fixed 

at 0.75 and 0.25, it was found that the characteristic temperature, T,,, was appro3dmately 

(±10%) equal to the maximum temperature within the thermal profile, The effects 

of C, and C2on the prediction of the compressible results are investigated in section 5.6.3. 

5.4 Recovery factor 

Now that A+ and 1,, /J have been correlated and C1 and C2 have been determined, the 

boundary layer code can be re-run in order to obtain the correct variation of the recovery 

factor with edge Mach number, Reynolds number etc. Figure A. 78 shows that r is best 

appro)dmated by the following equation rather than when the Prandtl number is powered 

to 0.41 as obtained previously using Yardley's turbulence model. 

r= (Pr)0.46 (5.12) 

Using the revised relation for the recovery factor, the recovery temperature, Trj was Cal- 

culated for each data point. It was found that this new approximation did not change the 

characteristic temperature by much. Therefore the values of C, and C2were kept at 0.75 

and 0.25 respectively. For example, considering the run undertaken at Poitiers University 
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by Bernard [6] over a cylinder swept at 80* (Run 73, M,,, of 5.9, T,,,, IT,, of 0.39,2D trip 

wire), with r appro)dmated by Pr 0.41 
, T,, is 362.6 K and J, +, is 88.2 whereas with Pr 0.46 

1 

T, 361.1 K and J, + becomes 88.8. This corresponds to a variation in T, of less than half 

a percent and only 0.7% in J, +. 

Nevertheless, a third iteration of the recovery factor variation with M,,, was conducted. 

No changes in r were obtained and the solution was effectively fully converged. Therefore, 

for compressible attachment-line flow, the turbulent recovery factor can be approximated 

by equation 5.12. 

Note that the approximation of the laminar recovery factor (Pr powered to 0.45 ; equa- 

tion 3.7 of chapter 3) is almost identical to the approximation of the turbulent recovery 

factor (Pr powered to 0.46 ; equation 5.12). Since at very low Reynolds numbers (typi- 

cal of relaminarisation) the turbulent and laminar Stanton numbers must approach one 

another, the laminar and turbulent recovery factors must be similar. Therefore, since 

the attachment-line flow is typically a low Reynolds numbers flow, it is not surprising to 

observe similarities in the approximations of the laminar and turbulent recovery factors 

(equations 3.7 and 5.12). The variation of r with decreasing Reynolds number and varying 

edge Mach number is investigated in chapter 7. 

Beckwith and Gallagher [5] obtained an estimate of the recovery factor by measuring 

the variation of the heat transfer rate at the wall with wall temperature. Their results 

are shown in figure A. 79 along with the approximations for attachment-line and flat plate 

flows. It can be seen that the approximation of r for attachment-line flow (equation 5.12) 

is more satisfactory than the flat plate approximation. The maximum difference between 

CHAPTER 5. TURBULENCE MODEL FOR COMPRESSIBLE FLOWS 77 



5.5. PREDICTION OF INCOMPRESSIBLE FLOW CHAIUCTERISTICS 

Beckwith et al. data and the attachment-line approximation is 1.8% whereas the flat plate 

apprommation yields 2.7%. The recovery to stagnation temperature ratio was calculated 

from 

1+r ('Y-I). Me2 Tr 2a 

To 1+ 
(-Y-I) M2 

2 ae 

(5.13) 

5.5 Prediction of incompressible flow characteristics 

5.5.1 Shape factor 

The shape factor variation with momentum thickness Reynolds number, RO, for subsonic 

equilibrium flow is shown in figure A. 80. This figure shows good agreement between the 

prediction made from the current turbulence model (equations 5.8 to 5.11) and exper- 

imental data (taken from reference [29]) over the complete range of Reynolds number. 

Figure A. 80 also shows that the shape factor vaxiation with RO is identical (within the 

experimental uncertainty) for attachment-line and flat plate flows. This is due to the fact 

that both flows obey the law of the wall (see for example reference [65]). 

Note that the turbulence model developed in the present investigation (equa- 

tions 5.8 to 5.11) is referred to as the "current model". 

V_ ayer . For a given turbulence model, the difference in shape factor given by the boundary I 

equations for flat plate and attachment-line is approximately 1% as shown by figure A. 81. 

Note that Cebeci's model [18] (equations 4.50 to 4.52, ki varying) was used since shape 

factor data from this model are given for flat plate in reference [21]. The difference be- 
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tween the two sets of equations (flat plate and attachment-line boundary layer equations) 

is well below the scatter involves in the experimental data (up to ±8% ;: figure A. 81). 

Prediction of the shape factor variation with Re using the high Reynolds number tur- 

bulence model developed by Kays et al. [42] (equations 4.30 to 4.34) is shown in figure 

A. 82. Prediction from the* current turbulence model (equations 5.8 to 5.11) with the 

high Reynolds number values of A+ (26) and 1,, /J (0.08) is also shown. It can be seen 

that these two models axe unsatisfactory at Reynolds numbers Ro less than 2000. Figure 

A. 82 also shows that by applying the damping factor across the whole viscous layer and 

varying the turbulent Prandtl number with viscosity ratio as suggested by Kays et al. 

[42] (see previous chapter) does not improve the prediction of H since Kays et al model 

gives similar prediction as the current model with A+ and 1,, /J of 26 and 0.08 respectively. 

Figure A. 83 shows the predictions obtained from Cebeci's [18] turbulence models with 

k, constant and varying (equations 4.50 and 4.52). At high Reynolds numbers (RO ý: 104) 

the effects of vaxying k, axe insignificant. Moreover, Cebeci's prediction is slightly lower 

than the experimental data. At Reynolds number RO less than 3000, the effects of vary- 

ing k, becomes significant and the prediction is improved compared to that with fixed k, 

(0.0168). However, although the shape factor is well predicted at low Reynolds number 

when k, is varied, there is a singularity in Cebeci's model (see equations 4.51 and 4.52) 

which means that predictions cannot be made when RO is lower than 425. 

Predictions made from Yardley's [65] turbulence model (equations 4.57 to 4.61) are shown 

in figure A. 84 along with predictions from the current model (equations 5.8 to 5.11). It 

can be seen that Yardley's model produces a kink at an Ro of approximately 2000. This 
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feature is due to the "roller caster" present in the variation of 1,, /J with J. +. (equations 

4.60 and 4.61). Nevertheless Yardley's model stays well within the scatter of the experi- 

mental data. 

The best predictions of the shape factor axe obtained from the current model and Cebeci's 

turbulence model with k, varying (equations 4.50 and 4.52) down to an Re of 425. 

5.5.2 Skin friction 

The skin friction variation with momentum thickness Reynolds number, RO, for incom- 

pressible flow is shown in figure A. 85 (experimental data taken from reference [29]). It can 

be seen that the current turbulence model gives a prediction that is well within the scatter 

of the experimental data (±15% at the most) over the complete range of RO. Moreover, 

figure A. 85 shows that at very low Reynolds numbers (i. e. RO ; Z: ý 200) the skin friction 

reaches a maximum. It must be stressed that this is not associated with laminar turbulent 

intermittency that occurs during transition since this occurs at lower Reynolds number 

(see Poll [49)). Rather the flow is fully turbulent but exhibits low Reynolds number effects 

(see Yardley [65]). 

Figure A. 86 shows that models developed by Kays et al [42] (equations 4.30 to 4.34) 

and Cebeci [18] (equations 4.50 and 4.52) do not predict the roll over. Only the model 

developed in the present study and Yardley's model capture this feature (figure A. 87). 

These are the only models in which A+ increases with decreasing Reynolds number. As 

noted earlier (figure A. 71) Yardley's model predicts the "suction" cylinder results better 

than those from the brass cylinder. This feature can also be seen in figure A. 87. However, 
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the model developed in the present study predicts both data sets with the saine accuracy. 

Prediction of the velocity profile at very low Reynolds number (R value of 450, RO is 

approximately 450) is shown by figure A. 88. Predictions of the same velocity profile by 

Kays et al (42] (equations 4.30 to 4.34) and Cebeci with constant ki [18] (equations 4.50 

and 4.52) were found to be poor in comparison - see figure A. 89. However, predictions 

from Cebeci's model with ki varying axe in good agreement with the experimental data. 

5.5.3 Wake strength 

The vaxiation of the incompressible wake strength, Aw/w,, with momentum thickness 

Reynolds number, R9, is shown in figures A. 90 and A. 91 along with predictions from the 

current model. The experimental data are taken from reference [29] with the most recent 

(most accurate) shown in figure A. 91. It can be seen that the present model predicts 

the trend of the data well and that the wake strength becomes zero at an RO value of 

approximately 170. 

Figure A. 91 also shows that, although at high Reynolds numbers (i. e. Re > 800) the 

current model gives identical results to Coles's [22], it does not agree at low Reynolds 

numbers. This is partly due to the fact that Coles based his work on flat plate flows, 

whereas the present study concentrates upon attachment-line flows. Nevertheless, it was 

also found that this difference was very sensitive to the variation of the outer mixing 

length, 1,, /J, with Ro,,,,. For example, figure A. 74 shows that for an RO,. of approximately 

600, the experimental data for 1,, /J scatter from approximately 0.10 to 0.12. These two 

extreme values correspond to a wake strength variation from 0.74 to 1.13 as shown in 
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figure A. 91. Nevertheless, both predictions stay within the scatter of the experimental 

data. 

Predictions of the wake strength vaxiation with Reynolds number given by turbulence 

models from Cebeci [18], Kays et al. [42] and Yardley [65] are given in figures A. 92 and 

A. 93. Both Cebeci's models, (constant and varying kj) give identical, poor, predictions 

at high Reynolds numbers (i. e. RO ý: 2000). However at lower RO, the prediction of the 

wake strength is much improved by varying ki. The Kays model gives more accurate 

prediction than Cebeci's models at high Reynolds numbers (i. e. RO ý: 4000) but is very 

poor at the lower Reynolds numbers. Finally, of all the models presented in figu res A. 92 

and A. 93, Yardley's gives the best prediction. However, at RO values of approximately 

1000, Yardley's model leads to a small kink. This feature was found to be caused by the 

"roller caster" in the outer mixing length variation (see figure A. 52). 

It can be concluded that the turbulence model developed in the present study is the 

only model giving smooth, accurate, predictions of all the incompressible flow character- 

istics (e. g. Cf,, H, velocity profile and wake strength) at high Reynolds numbers as well 

as at very low Reynolds numbers. 

5.6 Prediction of compressible flow characteristics 

5.6.1 Heat transfer 

Figures A. 94 and A. 95 show typical examples of the comparison between the predicted 

and the experimental heat transfer rates. 
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Every experimental data point obtained by Holden et al. [37] [38], Bushnell et al. [12] [13), 

Poitiers University [35][6], Beckwith and Gallagher [5) and Jones [40] (appendix G) were 

also considered. Points agreeing within ±10% of the prediction given by the new turbu- 

lence model were said to be fully turbulent. Note that the approximation of the turbulent 

recovery factor r with Prandtl number (equation 5.12) was used to achieved the data 

analysis, except for Beckwith and Gallagher's experiments where r was calculated exactly 

for every data points from the boundary layer code using the new turbulence model. This 

is because Beckwith and Gallagher [5] measured the heat transfer in near adiabatic con- 

ditions where T, 
_,, 

is close to T,.. Therefore, a small error in the estimation of T, could lead 

to major errors in the evaluation of the Stanton number (see equation 3.6). 

V- 
Ebur experimental data points were found to lie at least 28ýo higher than the prediction 

given by the new turbulence model. These data points were discarded as they represent 

only 1.5% of the total number of the 262 data points classified as fully turbulent. In 

addition, tests performed by Beckwith et al. [51 at 60* of sweep angle were found to give 

heating rates that axe much lower than the prediction. This series of test is the only one 

not fitting the current prediction. Therefore, data points obtained by Beckwith et al. [5] 

at 60" of sweep angle were discaxded (see appendix K). 

5.6.2 Overshoot data points 

In chapter 3, it was seen that data points agreeing within ±15% with the larninar model 

(equation 3.14) were laminar. In the present chapter, the data points agreeing within 

±10% with predictions from the current turbulence model are said to be fully turbulent. 
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Therefore, the data points not classified as lwninar or fully turbulent axe said to be tran- 

sitional. 

However, it should be noted that some of the transitional data points still lie within 

±10% of the fully turbulent heating level (figures A. 40 and A. 96). Consequently, only 

data points downstream of the maximum local Stanton number were designated as "fully 

turbulent". Points ahead of the maximum were taken to be transitional. 

Figure A. 97 shows the error distribution of the turbulent data points with the overshoot 

phenomenon and the Gaussian distribution included. The variable ASt.,, on the X axis, 

is the difference in per cent between the experimental and the computed Stanton number 

for a given R. On the Y axis, the Gaussian function f for the experimental data points is 

calculated as follow 

F 
Slice Ast, " 

(5.14) 

where the vaxiable "slice ASt,,, " represents the steps in ASt,,, used on the X axis (here 

slice ASt., is 2). The function F is 

F(X) - 
Npts 

Ntotal (5.15) 

where Npts is the number of data points fitting in a given value of slice ASt... The 

variable Ntotal is the total number of data points considered. The theoretical Gaussian 

function [60] also shown in figure A. 97 is 

1__1. (X) 2] 

j7=. exp - 27r 2u 27r 
(5.16) 
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where a is the deviation in per cent i. e. 

a= 

Ntotal X2 

and E 
Ntotal N=O 

X2 = 
(Stae,,, pt - Staecode )2 

(5.17) 
Stae, ode 

and N is the number of points. 

Figure A. 97 suggests that overshoot data points could be exhibiting behaviour that is 

different from the fully turbulent boundary layer, since they appear to create a distribu- 

tion on their own i. e. small bell shape for ASt,,, from 15%. Figure A. 98 shows the same 

distribution but this time without the overshoot data points together with the Gaussian 

distribution for comparison. The number of fully turbulent data points is decreased from 

262 to 253. 

In addition, from figure A. 98, it can be concluded that there is a probability of 98% 

that experimental measurements agree within 15% with the predicted heat transfer (see 

reference [60] page 114 for more information). This is comparable with the stated maxi- 

mum uncertainty of the experimental measurements themselves (appendix G). 

Finally, figures A. 97 and A. 98 indicate that the distribution of the differences agree closely 

with the theoretical Gaussian form. This suggets that all differences axe random errors 

only (i. e. experimental measurements errors) and not a systematic difference. The er- 

ror distribution does not match the theoretical Gaussian distribution perfectly since the 

number of data available (253 data points) is still relatively small. 
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5.6.3 Effects of C, and C2 

The coefficients C, and C2 used in the estimation of the characteristic temperature (equa- 

tion 5.7) were estimated to be 0.75 and 0.25 (±0.03) respectively. It was found that an 

increase in C, of 0.03 units, or 4%, and a corresponding decrease in C2 of the same amount 

produced a maximum increase in the Stanton number of 2.4% as shown by figure A-99. 

This variation is well within the experimental uncertainty which is 10 - 15%. Hence, it 

can be concluded that the predicted heating rate is insensitive to the values of C, and C2. 

5.7 Problem encountered 

It was noticed that, in some cases, the turbulent boundary layer code could not converge 

at conditions near relaminarisation i. e. at high A+ values. It was found that the boundary 

layer code was written in such a way that the initial value of J, + always approximated 30. 

At this particular value there is no corresponding A+ (see figure A. 77). Therefore, the 

code has convergence difficulties at low Reynolds numbers and sometimes cannot find a 

solution. In some cases e. g. high Mach number, adiabatic wall, convergence was achieved 

at A+ values in excess of 100. However, for cold wall cases, numerical difficulties were 

encountered for values of A+ greater than 60. Other numerical schemes might not be 

subject to the same problem. 

5.8 Equations of the new turbulence model 

The new turbulence model is based upon Prandtl's mu'ding length concept. The Prandtl 

number, Prt, and von Karmdn's parameter, k, are constant at 0.90 and 0.41 respectively. 
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As suggested by Patankar and Spalding [47], the local shear stress was used so that the 

damping parameter A+ and ratio Y+IA+ are defined as follow 

A+ =A and Y+ 
y 

vpv P) 

The damping parameter, A+, was found to be a function of the Reynolds number J, +: such 

that 

For J, +, < 225 

A+ = 
77.9J, + - 2571.4 

+23.77 (5.19) 
[2.69.10-4jc+3 

+ 0.069Jc+ - 16.61 

For J, +, > 225 

A+ = 26.0 + 15-Oexp (-0.0077J, +, ) (5.20) 

where the Reynolds number J, +: is defined as 

6+ = 
PC. 6. (5.21) 
PC PW c 

(71w) 

The density, p, and viscosity, p, axe evaluated at a characteristic temperature, Tc, where 

TC T 
-=1+0.75 1) + 0.25 ('- 1) Te 

(ýTe 
Te 

(5.22) 

The outer mixing length, 1,, /J, was found to be a function of the Reynolds number Rq,. 

such that 

For Re,,,, < 168 

10 

= 6.10-8. (Ro,. )2.85 
7 (5.23) 
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For Ro,,,, > 168 

10 
0.08 + 0.064exp [-0.00135ROewl (5.24) 

where Re,. is 

Roew = Vae. O. 
(Pe ) 

(5.25) 
Aw 

5.9 Conclusions 

A turbulence model for equilibrium flows (i. e. pipe, channel, attachment-line and flat plate 

flows) has been developed for a wide range of Reynolds numbers. The model was based 

upon Prandtl's mbdng length concept and Van Driest's model. The local shear stress was 

used and von Kdrman's constant, k, and turbulent Prandtl number were fixed at 0.41 and 

0.90 respectively. The damping parameter, A+, was found to vary with Reynolds number, 

S, +, based on the friction velocity and a chaxacteristic temperature T,. However, the outer 

mixing length, 1,, /J, was found to vary with the momentum Reynolds number, RO,,,,, in 

which the edge and wall conditions were used for the density and viscosity respectively. 

The two coefficients C, and C2 present in the definition of the characteristic tempera- 

ture were found to be 0.75 and 0.25 respectively. In all cases, it was found that T,: was 

within ±10% of the maximum temperature inside the thermal profile. It was noted that 

of the 32 different definitions of Reynolds number considered, only Jc+ with C, of 0.75 and 

C2 of 0.25 produced a characteristic temperature that lay within the thermal profile. 
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Predictions were obtained that were well within the experiments uncertainty of all in- 

compressible flow properties (i. e. skin friction, shape factor, wake strength and velocity 

profiles) as well as high speed heat transfer rates. 

Others turbulence models such that from Kays et al. [42] and Cebeci [18] have been 

shown to be unsatisfactory in predicting incompressible flow properties especially at the 

very low Reynolds numbers typical of attachment-line flows. In addition, although Yard- 

ley's turbulence model [65] could accurately predict the incompressible flow properties 

over a wide range of Reynolds numbers, it was found to involve a kink due to the "roller 

caster" present in the variation of 1,, /J with Reynolds number. Only the turbulence model 

developed in the present study yields smooth predictions with uncertainties comparable 

with those from experimental data i. e. typically 10 - 15%. 

Finally, it was found that the approximation of the turbulent recovery factor was very 

close to the laminar approximation (Prandtl number powered to 0.45 and to 0.46 for lam- 

inar and turbulent flow respectively). Since the attachment-line flow is known for being 

a low Reynolds number flow, it was not surprising to find similar approximations of the 

recovery factors for this type of flow. 
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Chapter 6 

An improved model for leading 
edges heating 

6.1 Introduction 

In this chapter, a model for estimating leading edge heating under a wide range of con- 

ditions is developed. The turbulence model described in the previous chapter is used to 

generate a data set that covers both flight conditions and wind tunnel conditions. This 

involves attachment-line Reynolds numbers ranging from 350 to 2500, edge Mach num- 

bers between 0.3 and 8, wall-to-stagnation temperature ratios between 0.1 and unity and 

stagnation temperatures of 300,800 and 4000K. As explained in chapter 3, section 3.5, 

for high speed, cold wall condition, the maximum temperature encountered within the 

attachment-line viscous flow is T,,. and not T,,. Results from the boundaxy layer code 

(with the new turbulence model ; see previous chapter) showed that, for the high Mach 

number, cold wall conditions, T,. never exceeds T,, /2. Therefore, the maximum T,, value 

of 4000 K, corresponds to a T,,,, 
_, of 2000 K, which is the temperature at which significant 

02dissociation begins i. e. the upper limit of a perfect gas (reference [3]). 
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6.2. INCOMPRESSIBLE TURBVLENT RELATION 

A generated data set was used since it does not involve measurements uncertainty and 

therefore scatter in the generated data can only be due to numerical inaccuracy. Hence, 

the accuracy of the leading edge heating model is only due to how well the flow physics 

can be modelled. 

6.2 Incompressible turbulent relation 

Using the boundary layer code with the new turbulence model, the variation of the incom- 

pressible turbulent Stanton number with attachment-line Reynolds number was obtained 

as shown by figure A. 100. It was found that, for such a wide range of R, a single correla- 

tion was not accurate enough. Therefore, seven relations were extracted (figure A. 101) i. e. 

For 245 <R< 262.08 

Stae = 
1.7443.10-9 (6.1) 

fj-2.6 

For 262.08 <R< 320 

st", = 
1.715.10-3 (6.2) fjO. 1221 

For 320 < fl < 410 

= 
0.0109 (6.3) Stae 
f? D. 1989 

Fur 410 <R< 610 

Stae "": 
0.0362 (6.4) f? 0.3981 
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Fur 610 <R< 900 

Stae = 
0.0479 (6.5) f? 0.4423 

For 900 <R< 1400 

Stae = 
0.0392 (6.6) i? -0.4133 

Fur 1400 <R< 3000 

= 
0.0208 (6.7) Stae 
fZO. 3261 

6.3 The "perfect" conditions 

Using the boundary layer code with the new turbulence model, the Stanton number 

for every data points of the generated data set was obtained. The reference temperature 

(concept introduced in chapter 2) that brings R and St,,, onto the incompressible turbulent 

relations (equations 6.1 to 6.7) was calculated via the following equation (see appendix L 

for the derivation of this equation) 

2B 

T* 4-3B 

Tae) - 
(i 

+ 

4 

A 
fjB 

) T---3B 

Stac 
. 

(6.8) 

where s is the constant of the Sutherland's law (110.4 K for air) and A and B are the 

coefficients in the incompressible power laws (equations 6.1 to 6.7) such that 

*A Stae = ýFB (6.9) 
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The reference temperature, T*, evaluated via equation 6.8 will be referred to as "per- 

fect" i. e. T*,,, f. The Stanton number and R* evaluated from T*p,, f will be referred to 

asSta, *perf and ý;, f respectively. Note that since A and B are only functions of R*, 

iterations are needed in order to solve equation 6.8. It was found that four iterations at 

the most were needed if the values of A and B were found to be dependent of R at first 

(initial guessed values). 

Figures A. 102 and A. 103 show that the simple reference temperature model of the type 

proposed by Eckert [30] and with constant coefficients (see equation 6.10) cannot accu- 

rately predict the trend of the generated data for the wide range of conditions considered 

herein. 

T* 
_ 1=Kl + K2 (Tr (6.10) (' 

- 1) ý! 
- - 1) Ta-e Ta e ae 

Therefore, a more complicated model is needed. 

6.4 Leading edge heating model 

It was found that a model of the following form could be fitted to the generated data set 

within ±5% as shown by figures A-104 and A. 105. 

T* 
-1= Kl 

[K3 ((Lr 
- 1) - K2) + K4 ((. Lr 

- 1) - K2)'] (6.11) 
Tae Ta e Ta e 

with 

Kl-l 
= 1-2 

( 
'R 

)+( 
'R 

) 21 

TML 
F2 

Rfnini Rmini 
Ta e 

(6.12) 
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T 
-0.107 - 1.38exp 0.869. w 

Tac 

T2 T F2 = 0.1426 (. Iw-) - 0.8153 (w)+0.8702 
Tae Tae 

TW 2T 

Rrnini ý-- 106.67( )- 480.0 (-I-w) + 1713.3 Ta a Tae 

K2 =W 
[A' + B'exp (C', q)] (6.13) 

0.87 - 0.77exp 14 -*5 
)] [Lw 

- 1.13879] 
(- 

To Tae 

10-2 
( W)2 A'= -2.64. 
Lw 

+ 6.61 . 10-2 
(, w )+1.1 

Ta e Ta e 
( 

W)2 B'= 
Z; 

-w2.25 -3.81.10-1 + 2.29 (L 
Tae Tae 

C'= 2.86.10-4 
( Lw )2 

-1.71 . 
10-3 

(Lw ) 

-7.14.10-4 Ta e Tae 

K3 = 
[0.22exp (-3.1.10-3R) + 0.137] [1 

+ 0.43 (6.14) Tod 

K4 = 5.10-2eXp (-6.5.10-4 4.10-3] [1 
+3s (6.15) 1 

j7o 

Compaxisons with experimental data from Holden et al. [37] [38], Bushnell et al. [12] [13], 

Poitiers University [35][6], Beckwith et al. [5] and Jones [40] (see appendix G for more 

information) show a data collapse to within ±17% as shown by figure A. 106. This uncer- 

tainty corresponds to the model's uncertainty i. e. ±5% combined with the uncertainty of 

the experimental heat transfer measurements i. e. typically ±10 - 15%. 

The transformed experimental data sets (via the T* model) were then plotted under 
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the form of an error distribution (figure A. 107). The variable ASt., * and function f (X) 

are described in chapter 5, section 5.6.2. Figure A. 107 shows good agreement between 

the experimental data and the theoretical Gaussian distribution. This suggests that all 

differences within the experimental data are due to random errors only (i. e. experimen- 

tal measurements) and not systematic errors. This agreement allows the estimation of 

the true extent of the maximum uncertainty brought by the T* model since the Gaussian 

distribution considers an infinity of data points rather than just 253 from the experiments. 

The estimated deviation, a, of the Gaussian distribution was found to be approximately 

7.0% which means that the maximum uncertainty brought by the T* model (equation 

6.11) is 21% (3 deviations). Note that the experimental data gave a similar estimation of 

the maximum uncertainty i. e. ±17%. 

Finally, the variation of the ratio R*IR with edge Mach number and T,,, IT,, is shown 

in figures A. 108 and A. 109 for wind tunnel and flight conditions respectively. Those fig- 

ures were obtained using equation 6.11 with an R value constant at 1000. However, it 

was found that the effect of R upon R*/R is weak (±5% in the worst case i. e. high Mach 

number). 

6.5 Eckert's model 

On the basis of Eckert's [30] definition of the reference temperature (equation 6.10), the 

values of K1 and K2 were optimised for the generated data set. This was done by plotting 

the "perfect" reference temperature against the reference temperature from the model, 

T*,,,,, d, l (here equation 6.10). The best fit was found to be ±22% (figure A. 110) with 
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Kl = 0.09 and K2 = 0.28 

Having obtained the best "theoretical" values of K1 and K2, the data from Holden et 

al. [37][38], Bushnell et al. [12][13], Poitiers University [35][6], Beckwith and Gallagher 

[5) and finally Jones [40] were then considered (appendix G). Figure A. 111 shows the 

collapse onto the incompressible variation to be within 28% uncertainty. 

These results were then plotted as an error distribution (figure A. 112). In this case, 

the deviation a was found to be 9.0% therefore the majdmum uncertainty is 27.0% (com- 

pared to 21.0% with equation 6.11). Note in passing that most of the data shown by 

figure A. 112 lie on the right hand side which means that using Eckert's model (even with 

the optimum K1 and K2 values) tends to overestimate the transformed Stanton number. 

Figure A. 113 shows the effects upon the present experimental data set of the K1 and 

K2 values as obtained by Poll [49] (K1 = 0.10, K2 = 0.60 with equation 6.10). It can be 

seen that, although Beckwith and Gallagher [5] data set fits the incompressible relation 

within ±20% uncertainty, a large scatter is encountered amongst the other experimental 

data that were not available at the time. It can therefore be concluded that, even by using 

Eckert's model with K1 of 0.09 and K2 of 0.28, a major improvement to the application 

of the reference temperature to attachment-line boundary layer flow was made. 

6.6 Location of T* within the thermal profile 

The reference temperature, T*, given by equation 6.11 was found to always lie within the 

thermal profile and thus corresponds to a physically realisable temperature. However, the 
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location within the layer was found to vary with Reynolds number, edge Mach number, 

wall-to-stagnation temperature ratio and slT, 

Using Eckert's model (equation 6.10), with the optimum constant K1 and K2 values, 

T* was found to move towaxds T,,,.. ý within the thermal profile. The extreme location was 

found to be for conditions reached by Holden run 27 (ft of approximately 800, M.,, of 3.4, 

T,,, IT,, ratio of 0.26 and sIT,, of 0.09) as shown by figure A. 114. For this particular case, 

T* is 5.4% higher than T,... which, although outside the predicted thermal layer, is well 

within the experimental measurement uncertainty. However, when equation 6.11 is used, 

T*IT,,, equals 1.40, which brings the reference temperature inside the profile. Moreover, 

amongst all the data points considered in the present study (generated and experimen- 

tal data sets), only Holden run 27 involves a value of T* that is higher than T,.,,, when 

Eckert's model is used. 

6.7 Model for the skin friction 

The aim of the present section is to determine whether the new T* models are directly 

applicable to the prediction of the skin friction. Recalling the definitions of the Stanton 

number and skin friction, it may be written i. e. 

Stae* Stae- ( T* ) (6.16) Tac HT 

Cfae Cfae- ( T* ) (6.17) Tae SF 

CHAPTER 6. AN IMPROVED MODEL FOR LEADING EDGES HEATING 97 



6.7. MODEL FOR THE SKIN FRICTION 

where the subscripts HT and SF denotes the temperature ratios for heat transfer and skin 

friction respectively. It follows that 

Stae * Stae ( T* T 

Cfae Cfae 
ae IT'( Tae 

) 

SF 
(6.18) 

It is well known that, in zero pressure gradient flow, there is a simple relationship between 

heat transfer and skin friction known as the Reynolds analogy. Cebeci and Bradshaw [19] 

suggested that for air and a Prandtl number of 0.7 this is given by 

Stae 1.11 
(6.19) 

Cfa, /2 1-1.2VCfael2 

See page 177 of reference [19] for the derivation of equation 6.19. 

Using the boundaxy layer code (turbulence model from the previous chapter) for a wide 

range of incompressible conditions (245 <R< 3000, M. ý = 0, T. IT,, = 1, T,, = 400K and 

Pr = 0.72), it was found that the ratio St., *ICfae* is constant at 0.595 -+- 3% as shown 

by figure A. 115 and this closely matches equation 6.19. 

The generated data set previously described in section 6.1 was then considered. For 

every data point the skin friction was plotted against the Stanton number. Figure A. 116 

shows that the generated compressible data set agrees with the incompressible relations 

as the ratio St., *ICf. ý* is now 0.62 ± 8%. This suggests that compressibility has only a 

very small effect. Hence, it can be concluded from equation 6.18 and figure A. 116 that 

Stae* Stae 
0.62 ± 8% 

Cfae, ý' : -, ": Zýfae ý` (6.20) 
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Therefore it follows that 

T* 
= 

(T* 
TD 

HT Tae) SF 
(6.21) 

Hence, there is only one reference temperature and Eckert's model (equation 6.10) and 

equation 6.11 can be used for the estimation of the skin friction. 

6.8 Conclusions 

It the present chapter, it was found that Eckert's form of the reference temperature [30) 

could not fit the variation of T* with T,, IT.,, and TIT.,, for a wide range of conditions to 

an uncertainty less than ±28%. In this case, the optimum constant value of K1 and K2 

were found to be 0.09 and 0.28 respectively. 

It was found that Poll's estimated values of the two coefficients K1 and K2 present in the 

model were only suitable for a limited range of conditions. 

A more complicated model was developed to increase accuracy of the predictions. This 

was found to have only ±7% uncertainty on average and ±21% at the most for a very 

wide range of conditions, covering flight conditions (no real gas effects) and wind tunnel 

conditions. 

It was also found that whatever model is used, the reference temperature always lies 

within the thermal profile. 
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Finally, it was shown that the reference temperatures used to estimate the Stanton num- 

ber were directly applicable to the skin friction estimation. The ratio St.. ICfe was found 

to be 0.62 ± 8% and independent of compressibility, of the Reynolds number, edge Mach 

number, wall temperature and sIT,,. 
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Chapter 7 

Minimum conditions for turbulent 
flow 

7.1 Introduction 

The models for the variation of the laminar and turbulent Stanton numbers with attachment- 

line Reynolds number lead to curves of the kind sketched in figure A. 117. In all cases, 

the laminar and turbulent lines cross and the point of intersection gives the minimum 

conditions for which turbulent flow can occur. For a smooth surface, the minimum con- 

ditions will corresponds to a certain value of R. This is a function of the free-stream 

conditions, wall temperature, edge Mach number, leading edge geometry etc. When a 

roughness element is introduced (e. g. trip wire), the attachment-line Reynolds number 

for transition onset is reduced. In general, R is also function of the size of the source of 

disturbance. However, there will come to a point where, no matter how big the source of 

disturbance, R will not decrease further. This is the R that corresponds to the minimum 

conditions for turbulence. 

In 1983, Poll [51] proposed an empirical criterion for determining the minimum conditions 
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7.2. MINIMUM CONDITIONS 

for which compressible turbulent flow can occur when in presence of large disturbances 

i. e. 

245 ± 15% (7.1) 

In the present chapter, Poll's criterion is revised using the latest "tools" developed in the 

previous chapters i. e. the reference temperature model, the laminar model etc. A "data! ' 

set that embraced wind tunnel conditions as well as flight conditions (no real gas effects) 

was generated for M., from 0.3 to 8.0, T,,, IT,, between 0.1 and unity and T,, of 450 K, 800 

K and 4000 K (see chapter 6 for the justification of this generated data set). 

7.2 Minimum conditions 

The full reference temperature method (equation 6.11) was used to evaluate the Stanton 

number for given conditions. The value of R was then reduced until the turbulent Stanton 

numberi StaeTi was equal to the laminar Stanton number, StaeL7 under the same condi- 

tions. In this case, StcwL was obtained from the exact laminar solution. This particular 

attachment-line Reynolds number is denoted R,,,, (see figure A. 118). 

7.3 Criterion for minimum conditions 

Recalling the variation of the transformed Stanton number with the transformed attachment- 

line Reynolds number i. e. 

A Stae* F*B (7.2) 
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Using equations 2.21 and 2.22, it follows 

Stae 
- 
Pae A 

(7.3) 
P* )i]B P* I 

Pac 

A* 2 1-B 
Stae-R A. . 

#* )ii. (P* ) 
(7.4) 

(Pae 

Pae Pae 

For lwninar flow, B=1 hence 

I 

St,,,. TZ=AL- PL*-PL*) 
2 

(7.5) 
( 

Pae Pac 

where the subscript L refers to the lwninar conditions. For turbulent flow, B=B 

therefore 

JJT* 2 -B 
B PT * 

Stae-R = AT. __) 

B 
(PT* 

(7.6) ( 

Ilae Pae Ilae Pae Pae 

) 

where the subscript T refers to the turbulent conditions. At the minimum conditions, the 

laminar and turbulent Stanton numbers axe equal. Therefore, from equations 7.5 and 7.6, 

it follows that 

1 
ýý PT*) 

B-1 
B-1 AT I-IT PT 2 -y- 1-B 

= ; F. . 

(Pae 

. Pae 

(PT* 
(7.7) 

PL* ,) Pae 

where the subscript me denotes the minimum conditions. Recalling that 

Pac PT* 
4c RMC. 

(AT 

* pae 
(7.8) 

I (AT*. Pr* Pae (7.9) Rmc 
Pae Pae PT 
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With equation 7.9, equation 7.7 becomes 

B-1. 

B-1 B-1 ae 
B-1 

(7.10) 
Pae Pae gT* 

B-1 
1-B AT. (ARMC) 

e) 

(7.11) 
AL 

(11L* 

PL* Pae Pa Pae 

or from equations 7.10 and 7.11 

I A J) 

B 

'Rr*nc = 
(AT 

. 

(I, 
T*. PT*) 27B-- 17 

AL* PL* 
(7.12) 

Results for the generated data set axe presented in figure A. 119. The best data fairing 

was obtained with the following characteristics. 

(A -1 Z) BI 

= 245 and B= -1.9 AL 

Therefore, the criterion for minimum conditions is 

(IIL* PL* 5.8 

245. (7.13) 
mc T PT 

This is shown in figure A. 119. Although the turbulence model developed in chapter 5 

would have produced a more accurate Rý, value than the T* model, it could not be used 

due to convergence difficulties occurring near relaminarisation (see chapter 5, section 5.7). 

The R* results presented in figure A. 119 corresponds to the best results achievable. No 
MC 

scatter is present in the data since only smooth mathematical functions were involved. 

CHAPTER 7. MINIMUM CONDITIONS FOR TURBULENT FLOW 104 



7.3. CRJTERION FOR ARN[MUM CONDITIONS 

However, a ±5% error band is shown in figure A. 119 to account for the uncertainty of the 

T* model itself (equation 6.11). 

It must be noted that for practical purposes, the laminar model (equation 3.14) could 

be used instead of the exact laminax solution. Figure A. 120 shows that if the laminar 

model is used the results obtained still collapse within ±5%. This uncertainty is due to the 

uncertainty of the laminar model alone since 4c was obtained from the "best method" 

P-L! ELI) was obtained using (i. e. exact laminar solution and T* model) whereas the ratio 
OT* 

. PT 

the laminar model. However, the maximum uncertainty of R;;,,, is ±10% since it arises 

from the laminar model uncertainty (±5%) coupled with the T* model uncertainty (±5%). 

Experimental data, obtained at Poitiers University (runs 81s, 82s, 84s and 85s) and by 

Bushnell (runs 12 to 19 at LID of 5.3) were then considered (tables B. 7 and B-8 respec- 

tively). Figures A. 121 to A. 125 show very good agreement between the experiments and 

predictions of the heating intensity and transition location made from the laminar and 

T* models (equations 3.14 and 6.11). Laminar and turbulent heating levels axe predicted, 

at the most, within ±12% and ±15% respectively which is well within the uncertainty 

of the models (±5%) combined with experimental errors (typically ±10 - 15%). The 

attachment-line Reynolds number corresponding to the location of the transition onset 

was then transformed into Rý.. Figure A. 126 show that experimental data agree within 

±16% at the most (depending on where transition onset is estimated to be; figures A. 121 

to A. 125) with the model for minimum conditions (equation 7.13). This result is quite 

remarkable since the location of the transition onset is predicted within the same or- 

der of magnitude as the laminar and turbulent heating intensity. Note that Poll's [491 

incompressible experimental data was also added to figure A. 126 (equation 7.1). 
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7.4 Standard NASA criterion 

In many references written by NASA researchers (i. e. [7][34)), the ratio of the laminar 

Reynolds number based on the momentum thickness, Re, to the edge Mach number, M., 

is used to chaxacterise the conditions for the onset of transition. Figure A. 127 shows that 

for M,,, less than 1.5, the onset of transition can be correlated (approximately) with a 

constant value of Ro,,,,. For edge Mach numbers higher than 3, the transition onset can be 

correlated with a constant value of the ratio RO,,, 1M,,,. However although these criteria 

(Re,,, and RO,,, 1M., ) are wind tunnel correlation, they cannot be justified on *any known 

physical grounds. 

Berry et al. [7] used experiments results from a 0-013-scale model of the X-33 at Mach 

6 to obtained the variation of RO,,,, 1M,,, characterising the minimum conditions with the 

size of the disturbances, k/J (roughness elements ; see figure A. 128). At high values of 

k1J i. e. very large disturbances, the ratio Re,,. IM., at transition onset is approximately 

50. This is very close to the minimum conditions obtained from the generated data set 

(see figure A. 129). The stagnation temperature for the data presented in this figure is 

450 K which is close to that used by Berry et al. [7]. 

In addition, it was found that over the range of edge Mach number considered, the wall 

to edge temperature ratio had only a small effect upon the critical momentum thickness 

Reynolds number as shown by figure A. 129. 

Using the generated data set for a wide range of conditions (wind tunnel and flight condi- 

tions), it was found that Re,,,, was a function ofsIT,, as shown by figure A. 130. Moreover, 

CHAPTER 7. MINIMUM CONDITIONS FOR TURBULENT FLOW 106 



7.5. ATTACHMENT-LM REYNOLDS NUMBER FOR MINIMUM CONDITIONS 

for a given edge Mach number, Ro,,, decreases with increasing T,, (hence, decreasing sIT,, ). 

This suggests that wind tunnel results cannot be applied directly to flight conditions since 

these results are too optimistic. Figure A. 130 shows that for edge Mach number higher 

than 3, Re,,,, 1M., is approximately 50 for wind tunnel conditions but around 33 for flight 

conditions (51% difference as shown by figure A. 130). 

The data presented in figure A. 130 can be fitted within ±10% by 

ROT= = 
[1.11 

+ 25.7 ( *9 )- 20.1 (s )2] 

- 
Mae 2+ 

TO TO 

+ [7.03 
- 39.6 ( -S) 

] 
M,, 

e + 99.04 (7.14) 
TO 

Estimates from equation 7.14 are shown in figure A. M. 

7.5 Attachment-line Reynolds number for minimum 
conditions 

In chapter 6, section 6.4 the ratio R*IR was obtained for fully turbulent flow under a wide 

range of conditions (see, for example, figure A. 108). The variation of R_ý. characterising 

the minimum conditions at which transition can occur under a laxge source of disturbance 

was also obtained for a wide range of conditions (equation 7.13, figure A. 126). By com- 

bining the two results, the attachment-line Reynolds number for the minimum conditions, 

R, was obtained and is shown in figures A. 132 and A. 133 for wind tunnel and flight con- 

ditions respectively. Uncertaint of the Reynolds number is due to the uncertainty of y 

R*IR and R* which is ±5% due to the uncertainty involved by the T* model combined 

with uncertainty of the laminar model (i. e. ±5%). This leads to a maximum uncertainty of 
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the Reynolds number R,,,, of ±10%. Using the exact laminar solution would decrease this 

maximum uncertainty to ±5% only. However, it was found that the use of the laminar 

model gives more "conservative" predictions of R,,,, than when the exact solution is used 

(figure A. 134 ; flight conditions) and the difference between the two predictions (exact 

and model for the larninar part) is in reality less than ±5%. 

Similarly, R,,,: can be obtained from the ratio Rolf? for laminax flow (see chapter 3, 

equation 3.21 and figure A. 36) combined with equation 7.14. In this case, the maximum 

uncertainty of R,,,, is ±18.5% since Rolf? and Ro,,, c have an uncertainty of ±8.5% and 

±10% respectively. If good accuracy is required, the exact laminar solution should be 

used to calculate RoIR. This will lead to an overall uncertainty of R,.,, c of ±10%. 

Comparison of the Reynolds number &,: obtained from R*IR and R; ý, (laminar model 

used) and from RoIR and Ro,,,: is shown in figure A. 135 for flight conditions. The variable 

AR,,,, was evaluated from 

2 
[RT- 

- 
RRO 

RTO + RRO (7.15) 

where the subscript T* denotes the use of R*IR and R* and the subscript Re points out mc 
the use of Rolf? and Ro,. - 

The maximum difference between the two methods (using the laminax model to estimate 

is approximately 22% as shown by figure A-136. This is well inside the resulting 

uncertainty from both methods i. e. ±10% due to R*IR and R, ý, (when the laminar 

model is used) coupled with ±18.5% from ROIR and Re,,, which results in an possible 
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maximum difference of ±28.5%. When the exact laminar solution is used to estimate Rýc 

the uncertainty on the data stays at 22%. However, the possible maximum difference is 

decreased from ±28.5% to ±22.5%. 

Which ever method is used, the trend of R,,,, with edge Mach number is identical i. e. R, 

is an increasing function of Mach number. For given conditions, cooling the wall decreases 

I",. This means that at a given station LID along the cylinder, the attachment-line flow 

goes from being originally laminax to turbulent as the wall is cooled. Finally, the effects 

of the wall temperature are emphasised at high edge Mach number. 

The experimental data shown in figures A. 121 to A. 125 were then considered i. e. runs 

81s, 82s, 84s and 85s carried out at Poitiers University and runs 12 to 19 undertaken by 

Bushnell at an LID of 5.3 (see also tables B. 7 and B. 8). Figure A. 132 could be used to 

estimate R,,, 
c since all the runs considered were undertaken at an slT,, value of approxi- 

mately 0.138. The difference in &c from the experiments and the calculation (or figure 

A. 132) is within ±23% which corresponds to the experimental uncertainty of ±10 - 15% 

combined with the uncertainty of the model (using R*IR and R;,, ) which is ±10% at the 

most. 

7.6 Variation of the recovery factor 

In previous chapters, it was seen that the approximations of the laminar and turbulent 

recovery factor were almost identical (see equations 3.7 and 5.12). This result is not 

surprising since, as the Reynolds number is decreased, the turbulent Stanton number 

must approach its laminar value. At the minimum conditions for turbulence, the laminar 
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and turbulent Stanton numbers are equal. Therefore, the laminar and turbulent recovery 

factors must be identical. It is well known that the attachment-line flow is a low Reynolds 

number flow. Due to this fact, it is not surprising to observe similar values for the larninar 

and turbulent recovery factors. However, the major question is how does the turbulent 

recovery factor approach its laminar value when the edge Mach number and Reynolds 

number axe decreased ? 

7.6.1 Decreasing edge Mach number 

Using the turbulence model, for R values of 500 and 1000 and an sIT,, ratio of 0.138 

(Pr = 0.72), the variation of the laminar and turbulent recovery factors was obtained 

(figure A. 137). At low edge Mach number, the turbulent recovery factor is higher than 

its laminar value. As the Mach number increases, the turbulent recovery factor decreases 

rapidly and the laminax value increases slowly. For an T? value of 1000, for example, 

the laminar and turbulent recovery factors match each other at an edge Mach number of 

approximately 2.2 (for R of 500, this arisen at an edge Mach number of approximately 

1.9). However, this does not correspond to the minimum conditions at which turbulence 

can occur since for M., -, 2.2, R,,, is less than approximately 300 (see figure A. 137). 

Further increasing the Mach number results in the laminar recovery factor being higher 

than the turbulent value. As M., is further increased, the turbulent recovery factor 

reaches its minimum and then starts increasing again. For R of 1000, the undershoot 

of the turbulent recovery factor is less than 2% of the laminar value. The variation of r 

with edge Mach number could not be predicted for M,,, values beyond 5 since the code 

could not converge. Nevertheless, using figure A. 132 for an R value of 1000 and cold wall 

conditions, the minimum conditions are reached for an edge Mach number value between 
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approximately 6 and 7 (for R of 500, minimum conditions occur at Mae between 4 and 5 

approximately). Therefore, an extrapolation between the value of r from which the code 

stopped converging and the value corresponding to the minimum conditions was done 

(dash line in figure A. 137). 

It was found that the variation of the laminar recovery factor with edge Mach num- 

ber was function of sIT,, only. However, for turbulent flow, the vaxiation of r with M., 

was found to depend upon R but to be independent of sIT,,. 

7.6.2 Decreasing Reynolds number 

Figure A. 138 shows the variation of the laminar and turbulent recovery factors with 

attachment-line Reynolds number for an edge Mach number of 2. It can be seen that as 

R is decreased, the turbulent recovery factor approaches its laminar value from above. 

For a M., value of 2, relaminarisation occur at an R value of approximately 280. This 

results is confirmed by figure A. 132. 

Considering an edge Mach number of 5, the variation of the turbulent recovery factor 

with R differs from the variation obtained for a M., value of 2 (figures A. 139 and A. 138 

respectively). For M,,, of 5, at high Reynolds number (i. e. R more than 1800), the turbu- 

lent recovery factor is higher than the correspondent laminar value. However, at R values 

less than 1800, the laminax recovery factor becomes higher than its turbulent value. A 

minimum in the turbulent recovery factor is reached at an R of approximately 1100. The 

undershoot of the turbulent recovery factor is less than 2% of the laminar value. Further 

decreasing the Reynolds number results in an increase in r. Predictions of r from the code 
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stop at an R value of 700 but, using the results shown in figure A. 132, an interpolation 

was made. For edge Mach number of 5 and cold wall conditions (i. e. T,,, IT,, less than 

0.6), relaminarisation occurs at R values between 500 and 600 (see figure A. 132) leading 

to the interpolation of r shown in figure A. 139 (dash line)'. 

It was shown that the variation of r with edge Mach number and Reynolds number is 

complex. In addition, it was shown that the variation of r predicted by the turbulence 

model is consistent with predictions of r at the minimum conditions given by the laminar 

and T* models and the model for minimum conditions. 

7.7 Conclusions 

A criterion R* characterising the minimum conditions for which turbulent flow can occur MC 

under a large source of disturbances (e. g. end plates, large trip wires etc. ) was obtained. 

This was found to be accurate to within ±10% for wind tunnel conditions as well as 

flight conditions (no real gas effects) when compared with a generated data set. With the 

consideration of few wind tunnel experimental cases, the model uncertainty was shown to 

be ±16% at the most. 

To characterise the minimum conditions, the NASA standard method is to use the ratio 

ROMCImaeextracted from wind tunnel tests and is valid of edge Mach numbers higher than 

3. However, it was found that this ratio was a strong function of sIT,,, suggesting that 

wind tunnel results cannot be applied directly to flight conditions. Therefore, a model to 

estimate Ro,, c was proposed. This embraces effects of sIT,, and is valid for a wide range 

of edge Mach number. Its maximum uncertainty was found to be ±10%. 
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The attachment-line Reynolds number characterising the transition onset in presence 

of large disturbances, was obtained from R*IR and Its maximum uncertainty 

was estimated to be ±10% due to the uncertainty of the reference temperature model 

(±5%) and of the laminar model (±5%). By considering a limited number of experimen- 

tal data, predictions of R,,,, chaxacterising the transition onset was shown to be ±23% in 

the worst case. This corresponds to the uncertainty of the R,.,,, model (±10%) coupled 

with experimental uncertainty (±10 - 15%). When the exact laminar solution is used the 

maximum uncertainty of the R,,, r model decreases from ±10% to ±5%. 

The variation of the laminar and turbulent recovery factors with edge Mach number 

and Reynolds number was shown to be complex. Predictions made from the turbulence 

model (chapter 5) were shown to be consistent with predictions from the R.,: model at 

relaminarisation. 
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Chapter 8 

Conclusions 

This investigation concentrated on the study of the attachment-line flow behaviour under 

wind tunnel and flight conditions but with no real gas effects. It is based upon the use of 

accurate computational results coupled with available experimental data. 

8.1 Laminar flow 

A model for the laminax Stanton number was developed. This included the effects of 

Reynolds number, edge Mach number, Prandtl number and Sutherland law constant to 

stagnation temperature ratio. The maximum uncertainty of the model was estimated to 

be ±15% corresponding to the combination of the model's uncertainty of ±5% and the 

experimental measurements uncertainty i. e. typically ±10%. 

A model for the variation of the ratio of the momentum thickness Reynolds number to 

the attachment-line Reynolds number, ReIR, with edge Mach number, wall-to-stagnation 

temperature ratio and sIT. was also proposed. Predictions were found to be within ±8.5% 

of the exact solution. 
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One of the novel aspects of the present work is the use of CFD to provide estimates 

of the local flow properties. A laxge number of previous investigations have based data 

reduction upon the infinite swept conditions. However, it was found that this can lead 

to very large errors. This is particularly true for experiments conducted on short models 

where LID may be less than 10, and sweep angles may be 60* or more. 

It was found that the spanwise variation of the local edge flow properties was Mach 

number independent for a given sweep angle when the normal to leading edge Mach num- 

ber exceeded appro)dmately 2.5. 

The attachment-line recovery factor was considered for a wide range of conditions. It 

was found that the recovery factor was approximately PrO. 45 
- 

8.2 Turbulent flow 

A turbulence model based upon the mixing length and damping function concept was 

developed. Local values of flow properties were used and both von Karman's constant, 

k, and turbulent Prandtl number were fixed at 0.41 and 0.90 respectively. The Van Dri- 

est damping paxameter, A+, and the non-dimensional outer mixing length, 1,, /J, were 

found to increase with decreasing Reynolds number. The damping parameter was found 

to vary with a characteristic inner region Reynolds number, 6, +, based upon the viscous 

layer thickness, the friction velocity and a kinematic viscosity based upon a chaxacteristic 

temperature T,,. However, the outer mbiding length 1,, 16 was shown to vary with the com- 

pound momentum thickness Reynolds number, Ro,,,, based upon momentum thickness, 
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edge velocity, edge density and wall viscosity. 

Incompressible velocity profiles and flow properties such as the skin friction, shape fac- 

tor and wake strength were predicted to within the scatter of the experimental data 

(typically ±15%). For compressible flow, heating intensity was predicted to within the 

experimental data uncertainty (10 - 15%) for a wide range of conditions. The turbulence 

models proposed by Cebeci [18) and Kays et al. [42] were shown to be unsatisfactory for 

attachment-line flows at Reynolds numbers typical of flight. 

Using the new turbulence model, it was found that, for a wide range of edge Mach number, 

the turbulent recover factor could be approximated by the Prandtl number raised to the 

power 0.46. This is almost identical to the laminar approximation (Prandtl number raised 

to the power 0.45). This is due to the fact that, as the Reynolds number is decreased the 

turbulent Stanton number eventually approaches the laminar value. Hence, the difference 

between the turbulent and laminar recovery factor must decreases with Reynolds number. 

Since the attachment-line flow is a low Reynolds number flow, even at flight conditions, 

it is not surprising to find similar recovery factors for both laminax and turbulent flow. 

A new model of the reference temperature was developed in order to predict the tur- 

bulent Stanton number. Its uncertainty was estimated to be ±7% on average and ±21% 

at the most. 

Eckert's form of the reference temperature [30] was also considered due to its simplic- 

ity. It was found that Poll's [49] estimated values of the two coefficients K1 and K2 

present in the model were only suitable for a limited range of conditions. For wind tunnel 
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and flight conditions, the best values for K1 and K2 were found to be 0.09 and 0.28 respec- 

tively. This produced a maximum uncertainty of ±22%. When considering experimental 

measurements, the uncertainty of the model was estimated to be ±9% on average and 

±27% at the most. 

The two reference temperature models used to estimate the Stanton number were shown 

to be directly applicable to the skin friction estimation since, the ratio of these two 

parameters was found to be constant at approximately 0.62 ± 8% and independent of 

compressibility, Reynolds number, edge Mach number, wall temperature and sIT,,. 

8.3 Minimum conditions for turbulence 

A criterion, Rý,,, based on the reference temperature and characterising the minimum 

conditions for which turbulent flow can occur downstream of a large source of distur- 

bances (e. g. end plates, large trip wires etc. ) was obtained. The model uncertainty was 

shown to be ±10%. By considering a limited number of experimental cases, prediction of 

the Reynolds number at which turbulence can occur was found to be accurate to within 

±16%. This was due to experimental uncertainty. 

To characterise the minimum conditions for turbulence, NASA uses the ratio Ro", IM, ', 

which is extracted from wind tunnel testing and is valid of edge Mach numbers higher 

than 3. However, it was shown that this ratio is a strong function of sIT,,, suggesting that 

wind tunnel results cannot be applied directly to flight conditions. Therefore, a model 

was proposed to estimate Ro,,,,. This embraces effects of sIT,, and is valid for a wide range 

of edge Mach number. The uncertainty was found to be ±10% at the most. 
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The attachment-line Reynolds number characterising the transition onset in presence 

of large disturbances, R,,,,, was obtained from R*IR and 4, Its uncertainty was es- 

timated to be ±10% and this was due to the uncertainty of the reference temperature 

model (±5%) and of the laminax model (±5%). By considering a limited number of ex- 

perimental data, predictions of R,,, chaxacterising the transition onset was shown to be 

±23% in the worst case. This corresponds to the uncertainty of the R,,,, model (±10%) 

coupled with experimental uncertainty (±10 - 15%). When the exact laminar solution is 

used the maximum uncertainty of the fl,,, model decreases from ±10% to ±5% only. 

The variation of the laminar and turbulent recovery factors with edge Mach number and 
T3 - Reynolds number was proved to be complex. Predictions made from the turbulence model 

were shown to be consistent with predictions from the &,, model at relaminarisation. 
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Appendix A 

Figures 

Stagnation region 

'100ý 

Attachinent lines IW& 

Figure A-1: Global surface heating image on the X-33 windward face after Berry et a]. 
[7]. (M... = 6, Roo = 7.9.106 per foot, incidence of 401 and body flap deflection of 20'). 
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Figure A-2: Attachment-line Reynolds number at which transition occurs vs Edge Mach 

number along the attachment-line (part of the available data: 10 different investigators). 
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Figure A. 3: Typical trajectory Of Reusable Launch Vehicles after Berry et al. [7]. 
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Figure AA: Effects of a single 3D roughness element upon transition along the Centre 
line and attach ment-li nes of the X-33 windward face after Berry et al. [7] (M,,,, = 6, 
Roo = 3.1.10' per foot, incidence of 30' and body flap deflection of 201). 

External stream6ne 

Figure A. 5: Flow near the leading edge of a swept wing / cylinder after Poll and Paisley 
[531. 
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Figure A. 6: Schematic of the path of a single stream line when crossing a bow shock. 
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Figure A. 8: Edge Static temperature distribution along the attachment-line of a cylinder 
swept at 60'. 
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Figure A. 9: Surface static pressure distribution along the attachment-line of a cylinder 
swept at 60'. 
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Figure A. 10: Edge velocity distribution along the attachment-line of a cylinder swept at 
700. 
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Figure A. 11: Edge static temperature distribution along the attacbment-line of a cylinder 
swept at 70'. 
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Figure A. 12: Surface static pressure distribution along the attachment-line of a cylinder 
swept at 70'. 
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Figure A. 13: Variation of the spanwise edge velocity with sweep angle for a given Mach 

number (Poitiers [6][351, M,,,, = 7.14, Runs 19,24,9 and 70). 
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Figure A. 14: Variation of the spanwise edge static temperature with sweep angle for a 
given Mach number (Poitiers [6][35], M,,,, = 7.14, Runs 19,24,9 and 70). 
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Figure A. 15: Variation of the spanwise edge static pressure with sweep angle for a given 
Mach number (Poitiers [6][35], M,,,, - 7.14, Runs 19,24,9 and 70). 
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Figure A. 16: Comparison of the laminar heat transfer from experimental measurements, 
Navier-Stokes calculations and boundary layer calculations. (Poitiers run19, M,,, = 7.14, 
A= 60', T,, IT,, = 0.38). 
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Figure A. 17: Comparison of the total enthalpy profiles obtained from the Navier-Stokes 

code MGNS3D and the boundary layer code. (Holden Run36, M,,, = 10.6, A= 80', 
RDoo ý- 9.5.105). 

APPENDIX A. FIGURES 134 



1.0 

0.9 

0.8 

0.7 

0.6 
Z. 

0.5 

0.4 

0.3 

0.2 

0.1 

0.0 
0 0.0002 0.0004 0.0006 0.0008 0.001 0.0012 0.0014 0.0016 0.0018 

Distance I III I 

Figure A. 18: Comparison of the velocity profiles obtained from the Navier-Stokes code 
MGNS3D and the boundary layer code. (Holden Run36, M,,, = 10.6, A= 80', RDoo 
9.5.10') - 
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Figure A. 19: Comparison of the temperature profiles obtained from the Navier-Stokes 

code MGNS3D and the boundary layer code. (Holden Run36, M,,,, = 10.6, A= 80', 
RDoo -ý 9.5.10'5). 
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Figure A. 20: Comparison of the velocity jump across the bow shock as predicted by 
MGNS3D and the 2D oblique shock relations. (Poitiers Run19, M,,, = 7.14, A= 60', 
L -5 = 15, RDoo 
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Figure A. 22: Normalised coefficients obtained from MGNS3D and from modified Newto- 
L nian theory (Holden Run36, M,,, = 10.6, A= 800,75 = 13.9). 
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Figure A. 23: Distribution of the local chordwise velocity gradient (non-dimensionalised 
by its infinite swept value) along the attachment-line of a 601 swept cylinder. 
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Figure A. 24: Distribution of the local chordwise velocity gradient (non-dimensionalised 
by its infinite swept value) along the attachment-line of a 76.5' swept cylinder (Holden 
Run12, M,,,, = 10-6). 
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Figure A. 25: Distribution of the local chordwise velocity gradient (non-dimensionalised 
by its infinite swept value) along the attachment-line of a 700 swept cylinder. 
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Figure A. 32: Variation of the Stanton number with f? as obtained by the boundary layer 

code (equation 3.13) and compared with Poll's theory [49]Pr = 0.7. 
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Figure A. 37: Comparison between the exact value of RoIR and predictions from the 
model (equations 3.21 to 3.23). 
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Figure A. 38: Comparison between the laminar prediction (equation 3.14)and data from 
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Figure A. 41: Data from Bushnell et al. [121 [131 for laminar attachment-line flow. M.. 
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Figure A-50: Variation of tEu damping parameter 2+ witE Reynolds number for 
incompressible attacliment-line, pipe and cliannel flow after Yardley [65]; equations 4.57 

and 4.58. 
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Figure A. 51: Variation of the outer mixing length with Reynolds number J+ for incorn- WW 
pressible external flows after Yardley [651; equation 4.59. 
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Figure A. 52: Comparison of the Outer mixing length expressions. Yardley's model: equa- 
tion 4.59; relations 1 and 2: equations 4.60 and 4.61 respectively. 
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Figure A. 53: Variation of tFie outer mixing lengtF1 witfi Reynolds number 3, +,,. for incom- 

pressible internal flows after Yardley [65]; equation 4.62. 
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Figure A. 55: Typical selected run for the development of the turbulence model. Fixed 
Free-stream conditions but varying local flow properties. (Poitiers University [35], End 
plate, M,,, = 7.14, T,, IT,, = 0.38). 
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Figure A. 56: Typical selected run for the development of the turbulence model. Fixed 
local flow properties but varying local and free-stream Reynolds number. (Poitiers Uni- 
versity [6], End plate, M,,,, = 7.14, A= 60', T,, IT,, = 0.41, LID = 12.80). 
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Figure A. 57: Variation of the turbulent recovery factor with edge Mach number for 

compressible flow covering a wide range of f? and stagnation temperatures as predicted 
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by Yardley [651. 
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Figure A. 62: Variation of the damping parameter A+ with Reynolds number J+ (see 
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table 13.1). 
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Figure A. 63: Variation of the outer mixing length 1,, /J with Reynolds number (see 
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Figure A. 64: Variation of the damping parameter A+ with Reynolds number J+,, (see 

table B. 1). 
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Figure A. 65: Variation of the outer mixing length 1,, /J with Reynolds number J+,, (see 
table B-1). 
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Figure A. 66: Variation of the damping parameter A+ with Reynolds number RO, (see 
table B. 1). 
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Figure A. 67: Variation of the outer mixing length 1,, /J with Reynolds number Ro, (see 
table B. 1). 

APPENDIX A. FIGURES 163 



70.0 

60.0 

50.0 

40.0 

30.0 

20.0 

10.0 

0.0 i ---+- ii ---4 ------ --A 

0 100 200 300 400 500 6M 
RG %s r 

Figure A. 68: Variation of the damping parameter A+ with Reynolds number Ro, (see 
table B. 1). 
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Figure A. 69: Variation of the outer mixing length 1,, /J with Reynolds number Ro, (see 
table 13.1). 
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Figure A. 70: Guessed variations of the outer mixing length with Reynolds number RO,,, 
for incompressible equilibrium boundary layers. 
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Figure A. 71: Typical velocity profile in an incompressible low Reynolds number boundary 
layer. Yardley's model [651 ; equations 4.57 to 4.61. (R = 300, M,,, - 0.0, T,, IT,, = 1.0, 
Tý = 350K). 
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Figure A. 72: Incompressible skin friction target points vs attachment-line Reynolds num- 
ber P. 
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Figure A. 73: Variation of the Damping parameter with Reynolds number Jw+w* 
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Figure A. 74: Variation of the outer mixing length 1,, 16 with Reynolds number Ro,,,. 
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Figure A. 75: Variation of the mixing length across the viscous layer using the wall shear 
stress and the local shear stress. A+ = 26,1,, 16 = 0.08 (f? = 415, M,,, = 3.0, T,,, IT,, = 0.5, 
T,, = 800K). 
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Figure A. 76: Variation of the mixing length across the viscous layer using the wall shear 
stress and the local shear stress by creating a plateau from the maximum value of the outer 
mixing length. A+ = 26,1,, /J = 0.08 (P = 415, M,,, = 3.0, T,, IT,, = 0.5, T, = 800K). 
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Figure A. 77: Variation of the damping parameter A+ (equation 5-3) with Reynolds num- 
ber ý, ý for equilibrium flow. 
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Figure A. 78: Variation of the turbulent recovery factor with edge Mach number for a wide 
range of fi and stagnation temperatures as predicted by the present turbulence model. 
(Air, Pr = 0.72, Prt = 0.9, -ý = 1.4). 
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Figure A. 79: Variation of the recovery to stagnation temperature ratio with edge Mach 

number as estimated by Beckwith and Gallagher [5]. 
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Figure A. 81: Variation of the shape factor for incompressible flows. Predictions from 
Cebeci's turbulence model [181 (equations 4.50 to 4.52, ki varying) used for flat plate and 
attachment- line flows. Experimental data from reference [291. 
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Figure A. 82: Variation of the shape factor for incompressible flows. Predictions from 
Kays et al. turbulence model [421 (equations 4.30 to 4.34) and high Reynolds number 
model (A+ = 26 and 1,, 16 = 0.08). Experimental data from reference [29]. 
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Figure A. 83: Variation of the shape factor for incompressible flows. Predictions from 
Cebeci's turbulence model [18] (equations 4.50 to 4.52) k, fixed and varying. Experimental 
data from reference [29]. 
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Figure A. 84: Variation of the shape factor for incompressible flows. Predictions from 
Yardley's turbulence model [65] (equations 4.57 to 4.61) and from the current model 
(equations 5.8 to 5.11). Experimental data from reference [291. 
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Figure A. 85: Variation of the skin friction for incompressible flows. Prediction from the 
current model, equations 5.8 to 5.11. Experimental data from reference [29]. 
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Figure A. 86: Variation of the skin friction for incompressible flows. Turbulence models 
from Kays et al. [42] (equations 4.30 4.34) and Cebeci [18] (equations 4.50 to 4.52). 
Experimental data from reference [29]. 
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Figure A. 87: Variation of the skin friction for incompressible flows. Turbulence models 
from Yardley [65] (equations 4.57 to 4.61) and from the current model (equations 5.8 to 
5.11). Experimental data from reference [29]. 
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Figure A. 88: Velocity profile in an equilibrium, incompressible flow at very low Reynolds 
number (P = 450, Ro e-ý 450, M., = 0, T,, IT,, of unity, T,, = 350K). Prediction from 

current model (equations 5.8 to 5.11). Experimental data from reference Yardley [651. 
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Figure A. 89: Velocity profile in an equilibrium, incompressible flow at very low Reynolds 

number (T? = 450, RO -ý 450, Mae = 0, TIT, of unity, T,, == 350K). Turbulence models 
from Kays et al. [421 and Cebeci [181. Experimental data from reference Yardley [65]. 
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Figure A. 90: Variation of the wake strength with Reynolds number for incompressible 
flow. Prediction from current turbulence model (equations 5.8 to 5.11). Experimental 
data from reference [291. 
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Figure A. 91: Variation of the wake strength with Reynolds number for incompressible 
flow. Prediction from current turbulence model (equations 5.8 to 5.11). More recent 
experimental data from reference [291. 
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Figure A. 92: Variation of the wake strength with Reynolds number for incompressible 
flow. Turbulence models from Kays et al. [42], Cebeci [18] and Yardley [651. Experimental 
data from reference [29]. 
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Figure A. 93: Variation of the wake strength with Reynolds number for incompressible 
flow. Turbulence models from Kays et al. [421, Cebeci [18] and Yardley [651. More recent 
experimental data from reference [291. 
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Figure A. 94: Comparison of the heat transfer rate from prediction and experiments. 
(Holden et al. [37](38], = 10.6, A= 750, TwITo = 0.26,2D trip wire of k=0.03"). 
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Figure A-95: Comparison of the heat transfer rate from prediction and experiments. 
(Beckwith et al. [5], Al,,, = 4.15, A= 400, T,,, IT,, = 0.92, endplate). 
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Figure A. 96: Schematic of the typical variation of the heating level as the viscous layer 

changes from fully laminar to transitional to fully turbulent. 
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Figure A. 97: Gaussian distribution of the fully turbulent experimental data points with 
data points corresponding to the overshoot phenomenon. 
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Figure A. 98: Gaussian distribution of the fully turbulent experimental data points only 
(No overshoot data points). Experiments from Holden et al. [37][38], Bushnell et al. 
[12][13], Poitiers University [35][6], Beckwith and Gallagher [5] and Jones [40]. 
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Figure A. 99: Variation of the heat transfer intensity with the coefficients C, and C2of the 
characteristic temperature (equation 5.7). Poitiers University [35][6] ; Run 82s M,,, = 5.9, 
T,,, IT,, = 0.39, A= 800. 

ISE-03 

3. OE-03 

2.5E-03 

2. OE-03 

I. SE-03 

I. OE-03 

5. OE-04 

O. OE+00 1i ____ ii 
0 500 1000 1500 2000 2500 3000 

Rbar 

Figure A. 100: Variation of the fully turbulent Stanton number with attachment-line 
Reynolds number for incompressible flow. Bellone's turbulence model (see section 5-8), 
Pr = 0.72, -y = 1.4 and Prt = 0.9). 
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Figure A. 101: Relations connecting the fully turbulent Stanton number with attachment- 
line Reynolds number for incompressible flow (equations 6.1 to 6.7). 
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Figure A. 102: Variation of the "perfect" reference temperature with TIT,,, for different 

values of T,,, IT,,, (Air, Pr = 0.72, f? = 1500, T,, = 800K). 

APPENDIX A. FIGURES 181 



4.0 

Tr/Tae = 3.75 Tr/Tac = 5.30 
3.5 - 

Tr/Tac = 9.43 Data fairing Tr/Tae = 3.75 

3ýOý Data fairing Trfrae = 5.30 Data fairing Tr/Tae = 9.43 

Z: 1 
2.5 

2.0 

1.5 

-0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0 
'Fixtrae -I 

Figure A. 103: Variation of the "perfect" reference temperature with T,, IT,,, for different 

values of TIT,,, (Air, Pr = 0.72, f? = 1500, T,, = 800K). 
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Figure A. 104: Comparison of the perfect reference temperature with the model (equation 
6.11). Pr = 0.72, -ý = 1.4, s= 110.4K. 
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Figure A. 105: Variation of transformed Stanton number with transformed Reynolds num- 
ber f? * (f? < 2500, Nl,, e !5 81 0-1 < T,,, IT,, :51.0 and 300 < T,, :5 4000K). 
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Figure A. 106: Laminar and turbulent attachment-line heating rates. Reference temper- 
ature model (equation 6.11) used for turbulent data points. Laminar model (equation 
3.14). Experimental data from Holden et al. [37][38], Bushnell et al. [12][13], Poitiers 
University [35][6], Beckwith and Gallagher [5] and Jones [40]. 
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Figure A. 107: Error distribution of the fully turbulent experimental data points when 
reduced via the reference temperature (equation 6.11). Experimental data from Holden 

et al. [37][38], Bushnell et al. [12][13], Poitiers University [35][61, Beckwith and Gallagher 
[51 and Jones [40]. 
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Figure A. 108: Variation of the ratio F7*/!? with edge Mach number and T,, IT,, (P = 1000). 
Reference temperature from equation 6.11. Wind tunnel conditions, SIT, = 0.138. 
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Figure A. 109: Variation of the ratio R*IR with edge Mach number and T,, IT,, (R == 1000). 
Reference temperature from equation 6.11. Flight conditions, sIT,, = 0.028. 
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Figure A. 110: Comparison between the perfect reference temperature and the estimation 
from Eckert's model [30] (equation 6.10) with KI = 0.09 and K2 = 0.28. 
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Figure A. 111: Laminar and turbulent attachment-line heating rate. Eckert's model [30] 

used for turbulent data points with KI = 0.09 and K2 = 0.28. Laminar model (equation 
3.14). Experimental data from Holden et a]. [37][38], Bushnell et a]. [12][13], Poitiers 
University [35][6], Beckwith and Gallagher [51 and Jones [401. 
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Figure A. 112: Error distribution of the fully turbulent experimental data points when 
reduced via the reference temperature from Eckert's model [30] with KI = 0.09 and 
K2 = 0.28. Experimental data from Holden et al. [37][38], Bushnell et al. [12][131, 
Poitiers University [35][6], Beckwith and Gallagher [5] and Jones [401. 
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Figure A. 113: Calculation of the fully turbulent attachment-line boundary layer using 
Eckert's model [30] and Poll's [491 constant values of K1 and K2 (KI = 0.10 and K2 = 
0.60). Experimental data from Holden et al. [37][381, Bushnell et al. [12][13], Poitiers 
University [35][6], Beckwith and Gallagher [5] and Jones [40]. 
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Figure A. 114: Location of the reference temperature within the thermal profile with 
KI == 0.09 and K2 = 0.28. Run 27 achieved by Holden et al. [37][38], M,,, = 3.4, 
A= 600) LID = 6.13. 
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Figure A. 115: Relationship between the Stanton number and skin friction for incompress- 
ible flow. 
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Figure A. 116: Relationship between the Stanton number and skin friction (wind tunnel 
and flight conditions). 
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Figure A. 117: Typical variation of the laminar and turbulent Stanton numbers with 
attachment-line Reynolds number. 
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Figure A. 119: Variation of R* for the minimum conditions at which turbulent flow can 
occur. 
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Figure A. 120: Criterion characterising the minimum conditions at which turbulent flow 

occurs under large disturbances. Model from equation 7.13. 
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Figure A. 121: Comparison between experimental data and predictions from the laminar 

and T* models (equations 3.14 and 6.11 respectively). Poitiers Run8ls, M,,,, = 7.14, 
A= 60', T,, IT, = 0.41,9.4.104 < RDoc < 3.101. 
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Figure A. 122: Comparison between experimental data and predictions from the laminar 

and T* models (equations 3.14 and 6.11 respectively). Poitiers Run82s, M. = 7.14, 
A= 801, T,, IT, = 0.39,1.5.105< RDoo< 4.9.105. 
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Figure A. 123: Comparison between experimental data and predictions from the laminar 

and T* models (equations 3.14 and 6.11 respectively). Poitiers Run84s, Afý, = 7.14, 
A= 76', T,, IT, = 0.38,1.4.105 < RDoc < 4.2.105. 
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Figure A. 124: Comparison between experimental data and predictions from the laminar 

and T* models (equations 3.14 and 6.11 respectively). Poitiers Run85s, M. = 7.14, 
A= 76', T,, IT,, = 0.38,1.4.105 <- RDoo < 4.4.105. 
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Figure A. 125: Comparison between experimental data and predictions from the laminar 

and T* models (equations 3.14 and 6.11 respectively). Bushnell Runs 12 to 19, LID = 5.3, 
M,,, = 7.81, A= 600, T,, ITO ý- 0.40,8.8.104 < RDoo :53.3.105. 
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Figure A. 126: Criterion characterising the minimum conditions at which turbulent flow 

occurs under large disturbances. Model from equation 7.13. Experiments from Poitiers 

runs 81s, 82s, 84s and 85s and Bushnell runs 12 to 19 at LID of 5-3. 
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Figure A. 127: Necessary conditions for the onset of transition in terms of RO, edge Mach 
number and wall to recovery temperature ratio after Poll [51]. 
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Figure A. 128: Wind tunnel results of the X-33 windward attachment-line transition cor- 
relation after Berry et al. [7]. k1d : ratio of the roughness element Height to the boundary 
layer thickness. 
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Figure A. 129: Variation of RO with M,,, for the minimum conditions for transition onset 
under large source of disturbances. Wind tunnel conditions, T,, 450K. 
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Figure A. 130: Variation of the laminar RO with M,,, for the minimum conditions for 
transition onset under large source of disturbances. Wind tunnel and flight conditions. 
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Figure A. 131: Variation of the Reynolds number RO for the minimum conditions at which 
turbulent flow can occur under large sources of disturbances. Wind tunnel and flight 

conditions. Predictions from equation 7.14. 
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Figure A. 132: Variation of the Reynolds number R, for the minimum conditions at which 
turbulent flow can occur under large sources of disturbances. T* and laminar models 
wind tunnel conditions, sIT,, = 0.138. 
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Figure A. 133: Variation of the Reynolds number R,,,, for the minimum conditions at which 
turbulent flow can occur under large sources of disturbances. T* and laminar models 
flight conditions, sIT,, = 0.028. 
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Figure A. 134: Variation of the Reynolds number [?,,,, for the minimum conditions at 
which turbulent flow can occur under large sources of disturbances. T* model and exact 
laminar solution or laminar model ; flight conditions, sIT,, = 0.028. 
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Figure A. 135: Comparison of the Reynolds number R,,,, for the minimum conditions 
obtained from the reference temperature model and the RO model ; Flight conditions, 
slT, = 0.028. 
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Figure A. 137: Variation of the laminar and turbulent recovery factors with edge Mach 

number and P. Pr = 0.72, sIT,, = 0.138. 
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Figure A. 138: Variation of the laminar and turbulent recovery factors with attachment- 
line Reynolds number for an edge Mach number value of 2. (Pr = 0.72, sIT,, = 0.138). 
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Figure A. 139: Variation of the laminar and turbulent recovery factors with attachment- 
line Reynolds number for an edge Mach number value of 5. (Pr = 0.72, sIT,, = 0.138). 
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Table B. 1: List of the 32 Reynolds number definitions tried to correlate the variation of 
A+ and 1,, J. 
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A To Diameter Reynolds 
Author 

I 
Run moo deg] Tw/Tb [K] Imm) per metre 

Holden 34 10.554 60.0 0.289 1020.333 76.2 6.161E+06 
5 10.539 66.5 0.253 1164.333 76.2 7.976E+06 
25 10.591 70.0 0.263 1121.333 76.2 1.27113+07 
31 10.544 75.0 0.258 1143.333 76.2 7.871E+06 
12 10.554 76.5 0.248 1187.333 76.2 1.040E+07 
36 10.582 80.0 0.257 1144.333 76.2 1.240E+07 

Poitiers 19 7.14 60.0 0.380 789.474 13.5 2.203E+07 
24 7.14 70.0 0.380 789.474 19 1.977E+07 
9 7.14 76.5 0.380 789.474 33 2.10613+07 
70 7.14 80.0 0.387 785.000 19 1.155E+07 

Bushnell 17a 7.880 60.0 0.450 766.483 25.4 1.004E+07 
7a 7.950 72.0 0.450 766.483 25.4 1.039E+07 

Beckwith 15 4.15 40.0 0.920 400.670 28.321 3.399E+07 
1 4.15 60.0 0.920 394.261 28.321 4.943E+07 

Jones 2 1 6.105 60.0 0.524 572.317 26.924 7.800E+06 
Created 1 5.85 70.0 0.400 750-000 70 I. OOOE+07 

2 8.77 70.0 0.400 750.000 70 1.500E+07 
3 11-695 1 70.0 1 0.226 1417.730 70 1.500E+07 

Table B. 2: Table of the runs carried out using the Navier-Stokes code MGNS3D. 
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Gauge 
label 

Position A 
D 

Runs 3,4,5,6,7,9,10 
13,12,14,15,27 and 34 

Position I 
D 

Runs 17,18,19, 
20,21 and 24 

Position L 
D 

Runs 25,26,28,29, 
30,31,35,36 and 37 

HT125 0.287 
HT126 0.583 
HT128 1.163 
HT129 1.457 
HT109 2.133 2.733 6.243 
HT110 2.800 3.400 6.910 
HT111 3.467 4.067 7.577 
HT112 4.133 4.733 8.243 
HT113 4.800 5.400 8.910 
HT114 5.467 6.067 9.577 
HT115 6.133 6.733 10.243 
HT116 6.800 7.400 10.910 

Table B. 3: Heat transfer gauges locations used in Holden's investigation [37] [38]. 
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RUN M,,,, 
A I 

[deg] 
I 
Tw/Tb 

TO 
[K] 

D 
[m] 

Re I 

per metre 
Surface 
Feature 

27 10.551 60.0 0.258 1139.33 0.0762 8.36942E+06 Smooth 
34 10.554 60.0 0.289 1020.33 0.0762 6.16142E+06 Smooth 
3 10.559 66.5 0.250 1177.33 0.0762 1.04724E+07 Smooth 
4 10.434 66.5 0.260 1134.33 0.0762 2.67159E+06 Smooth 
5 10.539 66.5 0.253 1164.33 0.0762 7.97572E+06 Smooth 
6 10.566 66.5 0.254 1157-33 0.0762 1.07546E+07 k=0.015" 
7 10.451 66.5 0.268 1097.33 0.0762 2.85203E+06 k=0.015" 
9 10.541 66.5 0.254 1158.33 0.0762 7.98228E+06 k=0.015" 
10 10.537 66.5 0.287 1026.33 0.0762 5.29856E+06 k=0.015" 
13 10.538 66.5 0.277 1063.33 0.0762 5.81693E+06 k=0.03071 
15 10.459 66.5 0.275 1069.33 0.0762 2.87959E+06 k=0.030" 
17 10.559 66.5 0.250 1177.33 0.0762 1.06398E+07 Smooth 
18 10.571 66.5 0.253 1165.33 0.0762 1.17815E+07 Smooth 
19 10.441 66.5 0.265 1110.33 0.0762 2.69587E+06 Smooth 
20 10.587 66.5 0.267 1134.33 0.0762 1.26739E+07 Smooth 
21 10.443 66.5 0.266 1106.33 0.0762 2.71785E+06 Endplate 
24 10.581 66.5 0.257 1144.33 0.0762 1.22835E+07 Endplate 
25 10.591 70.0 0.263 1121.33 0.0762 1.27067E+07 Smooth 
26 10.589 70.0 0.262 1125.33 0.0762 1.25459E+07 k=0.030" 
28 10.596 75.0 0.264 1113.33 0.0762 1.30577E+07 k=0.030" 
29 10.596 75.0 0.265 1111.33 0.0762 1.29626E+07 Smooth 
30 10.569 75.0 0.255 1156-33 0.0762 1.10171E+07 Smooth 
31 10.544 75.0 0.258 1143.33 0.0762 7.87073E+06 Smooth 
12 10.554 76.5 0.248 1187.33 0.0762 1.04003E+07 k=0.015" 
14 10.550 76.5 0.246 1196.33 0.0762 1.02953E+07 k=0.030" 
35 10.567 80.0 0.254 1159.33 0.0762 1.09613E+07 Smooth 

10.582 80.0 0.257 1144.33 0.0762 1.24049E+07 Smooth 
37 1 10.572 1 80.0 1 0.253 j 1163.33 1 0.0762 1 1.18701E+07 Smooth 

Table BA: Part of the runs achieved by Holden et al. [37] [38] and considered for the 
purpose of the present study. 
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RUN 
I 
M,,,, 

IA 

[deg] 
I 
Tw/To (K] 

D 
[mm] 

Re I 

per metre 
Surface 

Feature (mm] 
19 7.14 60.0 0.38 789.474 13.5 2.203E+07 2D trip wire k=0.14 
20 7.14 60.0 0.38 789.474 13.5 2.262E+07 2D trip wire k=0.20 
21a 7.14 60.0 0.38 789.474 13.5 2.227E+07 2D trip wire k=0.30 
21b 7.14 60.0 0.38 789.474 13.5 1.14213+07 2D trip wire k=0.30 
22 7.14 60.0 0.38 789.474 13.5 2.262E+07 2D trip wire k=0.50 
23 7.14 60.0 0.38 789.474 13.5 2.262E+07 2D trip wire k=0.60 
56 7.14 60.0 0.41 731.707 13.5 2.585E+07 2D trip wire k=0.19 
57 7.14 60.0 0.40 750-000 13.5 2.681E+07 2D trip wire k=0.28 
59 7.14 60.0- 0.41 731.707 13.5 2.045E+07 3D trip wire k=0.16 
60 7.14 60.0 0.41 731.707 13.5 2.222E+07 3D plate 0.18*0.5*1.5 
61 7.14 60.0 0.39 769.231 13.5 1.81513+07 3D plate 0.07*0.8*2.5 
62 7.14 60.0 0.39 784.000 13.5 1.815E+07 3D Ribbon 0.07*0.8 
73 7.14 60.0 0.41 731.707 13.5 9.232E+06 3D plate 0.18*0.5*1.5 
74 7.14 60.0 0.41 731.707 13.5 9.90313+06 3D plate 0.18*0.5*1.5 
75 7.14 60.0 0.41 731.707 13.5 1.087E+07 3D plate 0.18*0.5*1.5 
76 7.14 60.0 0.41 731.707 13.5 1.207E+07 3D plate 0.18*0.5*1.5 
77 7.14 60.0 0.41 731.707 13.5 1.432E+07 3D plate 0.18*0.5*1.5 
78 7.14 60.0 0.41 731.707 13.5 1.819E+07 3D plate 0.18*0.5*1.5 
79 7.14 60.0 0.41 731.707 13.5 2.203E+07 3D plate 0.18*0.5*1.5 
24 7.14 70.0 0.38 789.474 19.0 1.977E+07 Smooth 
27 7.14 70.0 0.38 789.474 19.0 1.896E+07 Groove 2(1)*l(d) 
28 7.14 70.0 0.38 789.474 19.0 2.049E+07 Groove 1(1)*2(d) 
29 7.14 70.0 0.38 789.474 19.0 1.99813+07 Cavity 1(1)*2(d)*4(w) 
30 7.14 70.0 0.38 789.474 19.0 2.091E+07 Groove 5(1)*l(d) 
31 7.14 70.0 0.38 789.474 19.0 2.049E+07 Groove 5(1)*2(d) 
9 7.14 76.5 0.38 789.474 33.0 2.106E+07 Smooth 
12 7.14 76.5 0.24 800.000 33.0 1.919E+07 Smooth 
46 1 7.14 1 76.5 1 0.38 1 788.000 33.0 1 2.086E+07 Smooth A 

Table B. 5: Part of the runs achieved at Poitiers university [6] [35] and considered in the 
present investigation. 1: length in spanwise direction, D: depth and W: width in chordwise 
direction. Table 1/2. 
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RUN M,,,, 
A 

[deg] TWI To 
To 

- 
JKJ 

D 
Imm) 

Re 
per metre-- 

Surface 
Feature [mm] 

70 7.14 80.0 0.39 785.000 19.0 1.155E+07 3D plate 0.8*2.5*0.15 
63 7.14 80.0 0.40 764.000 19.0 2.613E+07 Smooth 
64 7.14 80.0 0.40 766.000 19.0 2.626E+07 2D trip wire k=0.47 
65 7.14 80.0 0.39 774.000 19.0 2.689E+07 2D trip wire k=0.60 
66 7.14 80.0 0.39 774.000 19.0 2.596E+07 2D trip wire k=0.70 
67 7.14 80.0 0.39 774.000 19.0 2.340E+07 2D trip wire k=0.80 
68 7.14 80.0 0.39 785.000 19.0 2.575E+07 3D plate 0.07*0.8*2.3 
69 7.14 80.0 0.39 773.000 19.0 2.567E+07 3D plate 0.11*0.8*2.6 
71 7.14 80.0 0.39 773.000 19.0 1.484E+07 3D plate 0.23*0.8*2.65 
72 7.14 1 80.0 1 0.40 1 771.000 1 19.0 2.101E+07 3D plate 0.35*0.8*2.5 

Table B. 6: Part of the runs achieved at Poitiers university [6] [35] and considered in the 
present investigation, 1: length in spanwise direction, D: depth and W: width in chordwise 
direction. Table 2/2. 

A To D L/D Re Surface I 

RUN [deg] Tw/To [K] [mm] considered per metre Feature [mýnj 

80s 60.0 0.38 789.474 13.5 10.6 8.058E+06 to 2D trip wire I 
2.416E+07 k=0.60 

81s 60.0 0.41 731.707 13.5 12.8 6.770E+06 to 3D plate I 
2.203E+07 0.18*0.5*1.5 

82s 80.0 0.39 773-000 19.0 15.2 8.027E+06 to 3D plate 
2.588E+07 0.23*0.8*2.65 

84s 76.0 0.38 789.474 19.0 10.6 7.587E+06 to End plate 
I 2.219E+07 I/D=2.79 

85s 76.0 0.38 789.474 19.0 9.4 7.608E+06 to End plate 
2.326E+07 I/D=1.58 

Table B. 7: Part of the runs achieved at Poitiers university [6) [35] and considered in 
the present investigation. M,,. = 7.14. 

APPENDIX B. TABLES 206 



RUN ... 

A 
[deg) Tw/To 

To 
[K] 

D 
[mm] 

Re 
per metre 

Surface I 
Feature 

1 7.734 72 0.403 767.039 25.4 2.283E+06 End plate 
2 7.799 72 0.400 774.428 25.4 3.254E+06 End plate 
3 7.867 72 0.399 776.650 25.4 4.790E+06 End plate 
4 7.910 72 0.399 777.594 25.4 6.470E+06 End plate 
5 7.926 72 0.399 777.594 25.4 7.538E+06 End plate 
6 7.941 72 0.398 778.706 25.4 9.237E+06 End plate 
7a 7.950 72 0.450 766.483 25.4 1.039E+07 End plate 
7b 7.947 72 0.398 779.150 25.4 1.039E+07 End plate 
8 7.953 72 0.398 779.706 25.4 1.178E+07 End plate 
9 7.953 72 0.397 780.650 25.4 1.307E+07 End plate 
10 7.960 72 0.397 727.594 25.4 1.496E+07 End plate 
11 8.000 72 0.398 779.594 25.4 3.372E+07 End plate 
12 7.810 60 0.400 775.150 25.4 3.465E+06 End plate 
13 7.870 60 0.399 777.039 25.4 4.921E+06 End plate 
14 7.906 60 0.399 777.261 25.4 6.299E+06 End plate 
15 7.928 60 0.399 777.872 25.4 7.677E+06 End plate 
16 7.938 60 0.398 778.428 25.4 8.858E+06 End plate 
17a 7.880 60 0.450 766.483 25.4 ý. 004E+07 End plate 
17b 7.945 60 0.398 779-039 25.4 1.004E+07 End plate 
18 7.951 60 0.398 779.539 25.4 1.132E+07 End plate 
19 7.954 60 0.397 780.594 25.4 1.307E+07 End plate 
20 1 8.000 1 60 t 0.384 1 817.317 1 25.4 1 3.425E+07 I End plate 

Table B. 8: Part of the runs undertaken by Bushnell et al. [12] [13] and considered in 
the present investigation. 

A [deg] Station 3 P2., Station 2 Pl I Station 1 
60 L D 6.278 7.175 8.072 8.969 9.865 
40 TL D 3.475 4.372 5.268 6.165 7.062 
20 2.501 3.398 4.295 5.192 6.089 
10 2.304 3.201 4.098 4.995 5.892 
0 2.242 C, 1 30 

Table 13.9: Location of the heat transfer meters (stations 1,2 and 3) and pressure orifices 
(P1 and P2) on the model used by Beckwith et at. [5] (figure G. 20). Distance taken 
from end plate. 
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RUN M,,,, 
A 

[deg] Tw/To 
TO 
[K] 

D 
[mm] 

Re 
per metre 

1 4.15 60 0.92 394.261 28.321 4.943E+07 
2 4.15 60 0.92 397.412 28.321 4.042E+07 
3 4.15 60 0.92 395.348 28.321 4.590E+07 
4 4.15 60 0.92 394.395 28.321 4.897E+07 
5 4.15 60 0.92 392.217 28.321 5.777E+07 
6 4.15 60 0.92 390.571 28.321 6.683E+07 
7 4.15 60 0.92 390.008 28.321 7.062E+07 
8 4.15 60 0.92 389.189 28.321 7.695E+07 
9 4.15 60 0.92 389.104 28.321 7.768E+07 
10 4.15 60 0.92 388.422 28.321 8.401E+07 
11 4.15 60 0.92 387.513 28.321 9.424E+07 
1.2 4.15 60 0.92 385.931 28.321 1.195E+08 
13 4.15 60 0.92 385.905 28.321 1.201E+08 
14 4.15 60 0.92 385.737 28.321 1.236E+08 
15 4.15 40 0.92 400.670 28.321 3.399E+07 
16 4.15 40 0.92 395.567 28.321 4.525E+07 
17 4.15 40 0.92 395.348 28.321 4.590E+07 
18 4.15 40 0.92 393.487 28.321 5.229E+07 
19 4.15 40 0.92 393.406 28.321 5.261E+07 
20 4.15 40 0.92 392.256 28.321 5.759E+07 
21 4.15 40 0.92 390.114 28.321 6.988E+07 
22 4.15 40 0.92 390.008 28.321 7.062E+07 
23 4.15 40 0.92 389.910 28.321 7.133E+07 
24 4.15 40 0.92 387.968 28.321 8.882E+07 
25 4.15 40 0.92 387.342 28.321 9.644E+07 
26 4.15 40 0.92 387.292 28.321 9.710E+07 
27 4.15 40 0.92 385.737 28.321 1.236E+08 
28 4.15 20 0.92 395.348 28.321 4.590E+07 
29 4.15 20 0.92 395.232 28.321 4.626E+07 
30 4.15 20 0.92 395.144 28.321 4.653E+07 
31 4.15 20 0.92 391.236 28.321 6.285E+07 
32 4.15 20 0.92 391.225 28-321 6.291E+07 

1 33 1 4.15 1 20 0.92 1 390.008 1 28-321 1 7.062E+07 
Table 13.10: Runs undertaken by Beckwith et al. (5) and considered in the present study 
(Part 1/2). 
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RUN M,, ý 

I I 
[deg] Tw/To 

I To I 
[K] 

D 

mm 

I 

ýetre pe 
34 415 20 0.92 389.550 28.321 7.403E+07 
35 4.15 20 0.92 387.603 28.321 9.311E+07 
36 4.15 20 0.92 386.441 28.321 1.100E+08 
37 4.15 20 0.92 386.432 28.321 1.102E+08 
38 4.15 20 0.92 385.737 28.321 1.236E+08 
39 4.15 10 0.92 395.348 28.321 4.590E+07 
40 4.15 10 0.92 394.703 28.321 4.794E+07 
41 4.15 10 0.92 394.362 28.321 4.908E+07 
42 4.15 10 0.92 394.344 28.321 4.914E+07 
43 4.15 10 0.92. 393.072 28.321 5.396E+07 
44 4.15 10 0.92 392.427 28.321 5.679E+07 
45 '4.15 10 0.92 390.804 28.321 6.538E+07 
46 4.15 10 0.92 390.331 28.321 6.840E+07 
47 4.15 10 0.92 390.008 28.321 7.062E+07 
48 4.15 10 0.92 389-375 28.321 7.542E+07 
49 4.15 10 0.92 388.608 28.321 8.218E+07 
50 4.15 10 0.92 388.608 28.321 8.218E+07 
51 4.15 10 0.92 388.598 28.321 8.227E+07 
52 4.15 10 0.92 385.737 28.321 1.236E+08 
53 4.15 10 0.92 385.328 28.321 1.331E+08 
54 4.15 0 0.92 395.586 28.321 4.520E+07 
55 4.15 0 0.92 395.503 28.321 4.544E+07 
56 4.15 0 0.92 395.348 28.321 4.590E+07 
57 4.15 0 0.92 392.739 28.321 5.539E+07 
58 4.15 0 0.92 390.008 28.321 7.062E+07 
59 4.15 0 0.92 389.861 28.321 7.168E+07 
60 4.15 0 0.92 389.826 28.321 7.193E+07 
61 4.15 0 0.92 387.319 28.321 9.675E+07 
62 4.15 0 0.92 387.288 28.321 9.716E+07 
63 4.15 0 0.92 385.737 28.321 1.236E+08 
6 . 15 0 0.92 385.245 28.321 1.352E+ 
65 14.15 10 1 0.92 1 385.229 1 28.321 1 1.357E+)8 

Table B. 11: Runs undertaken by Beckwith et al. [5] and considered in the present study 
(Part 2/2). 
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Station ýL locatio D 

A 0.9434 
B 1.8868 
c 2.8302 

3.7736 
E 4.7170 

Table B. 12: Table of the heat transfer and pressure instrumentation location on the model 
used by Jones [40] (figure G. 24) 

A D - To PO n- rtu Surface 
RUN Moo 

I 
(deg] t 

I 

mm] T/ w To tKI 
I 

[N/m2] per metre ure Feat 
1 6.016 60 26.924 0.492 606.261 2.759E+05 2.303E+06 Smooth 
2 6.105 60 26.924 0.524 572.317 1.104E+06 7.800E+06 Smooth 
3 6.196 60 1 26.924 0.525 1 567.983 4.414E+06 2.860E+07 Smooth 

Table B. 13: Table of the tests conditions for the runs undertaken by Jones [40] and 
considered in the present investigation. 
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-Pp. e 

D M. &)Yýf. 
-e. t 

-I - 

ý. =)Inhwevt U. =)Infwevt aue 
dx 

)Infwevt Rlnfwept 

0.190 0.9038 1.3862 1.3063 1.4702 0.5892 
0.307 0.9104 1.3564 1.2529 1.3805 0.6146 
0.525 0.9214 1.3203 1.1888 1.2435 0.6580 
0.777 0.9277 1.2953 1.1487 1.1488 0.6923 
1.021 0.9328 1.2723 1.1197 1.1037 0.7154 
1.558 0.9416 1.2357 1.0874 1.0540 0.7528 
1.969 0.9481 1.2074 1.0606 1.0364 0.7750 
2.455 0.9538 1.1865 1.0585 1.0148 0.8028 
3.019 0.9610 1.1597 1.0445 1.0095 0.8268 
3.666 0.9677 1.1339 1.0357 0.9919 0.8581 
4.142 0.9714 1.1186 1.0328 0.9853 0.8766 
5.200 0.9785 1.0916 1.0243 0.9875 0.9032 
6.051 0.9839 1.0707 1.0156 0.9942 0.9214 
7.114 0.9873 1.0563 1.0095 1.0030 0.9321 
8.091 0.9893 1.0488 1.0102 1.0025 0.9423 
8.988 0.9915 1.0416 1.0124 0.9926 0.9577 
10.007 0.9928 1.0349 1.0080 0.9872 0.9667 
11.095 0.9938 1.0304 1.0061 0.9835 0.9733 
12.053 0.9948 1.0271 1.0066 0.9710 0.9844 
13.026 0.9964 1.0209 0.9961 0.9889 0.9788 
14.083 0.9961 1.0217 1.0033 0.9613 0.9950 
14.956 0.9973 1.0170 1 1.0010 1 0.9613 1 1.0004 

Table B. 14: Distribution of the flow properties, chordwise velocity gradient and R along 
the attachment line of a 600 swept cylinder when M.. cosA ý: 2.5. (Data extrapolated 
from the CFD run carried out on Poitiers Run 19). 
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L QQV-010-) 

-var, Qoo 
)Znfawept 

Holden Run25 
7 Y-, ýZV ', Too I Inhwept 

Holden Run25 

L 
D 

--Par. 
I 

LOO / 
-PAC 

( 
Poo 

)Infwept 

Created run2 

- dX -, af IUX 

Created run2 

fir'neval 
Rinfpwept 

Created run2 
0.201 0.9616 1.4048 0.202 1.3693 1.5187 0.6117 
0.320 0.9633 1.3850 0.322 1.3250 1.4293 0.6372 
0.490 0.9654 1.3595 0.546 1.2704 1.3152 0.6678 
0.724 0.9674 1.3311 0.800 1.1969 1.2287 0.6922 
1.040 0.9700 1.3090 1.047 1.1927 1.1651 0.7159 
1.573 0.9731 1.2822 1.584 1.1418 1.0895 0.7459 
2.130 0.9758 1.2445 2.144 1.0972 1.0798 0.7575 
2.631 0.9764 1.2398 2.650 1.0895 1.0312 0.7859 
3.008 0.9784 1.2163 3.029 1.0842 1.0313 0.7938 
3.636 0.9796 1.2008 3.661 1.0679 1.0197 0.8124 
4.097 0.9817 1.1815 4.125 1.0600 1.0094 0.8229 
5.114 0.9842 1.1602 5.150 1.0512 1.0109 0.8517 
6.195 0.9870 1.1325 6.237 1.0446 1.0034 0.8773 
7.008 0.9888 1.1138 7.052 1.0280 1.0163 0.8872 
8.095 0.9912 1.0920 8.140 1.0212 1.0090 0.9006 
9.186 0.9930 1.0719 9.229 1.0120 0.9927 0.9309 
10.006 0.9936 1.0697 10.046 1.0034 1.0070 0.9330 
11.103 0.9953 1.0529 11.136 1.0305 0.9951 0.9539 
12.204 0.9957 1.0487 12.226 1.0010 1.0223 0.9416 
13.031 0.9965 1.0425 13.045 1.0131 0.9944 0.9621 
13.861 0.9969 1.0378 13.863 1.0231 1.0129 0.9590 

Table B. 15: Distribution of the flow properties, chordwise velocity gradient and R along 
the attachment line of a 70' swept cylinder when M. -cosA > 2.5. (Data extrapolated 
from the created run 2 offering M.,,. cosA = 3.0 and the CFD run carried out on Holden 
Run 25). 
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Appendix C 

The Infinite Swept Conditions 

CA Introduction 

In the case of a infinite swept cylinder the following assumptions are made: 

The bow shock is parallel to the cylinder attachment-line (bow shock sweep angle 

equals cylinder sweep angle). The flow properties axe constant along the attachment- 

line. 

9 the flow is homenergic, T,, is constant throughout the flow field. 

9 The flow is isentropic everywhere except across the bow shock. 

9 The gas is thermally perfect i. e. y, Cp and R are constant. 

9 M,,,,. cosA >1 

The notation used in this appendix is as showed by the following figure: 

APPENDIX C. THE INFINITE SVVEPT CONDITIONS 213 



C. 2. EVALUATION OF THE ATTAMlENT-LINE EDGE TEMPERATURE 

A 

inf BL: 

U inf 
V inf 

Bow Shock 

P. 
T. 

V. 
L 

e Conditions at the edge of 
attachment line (velocity) 
boundary layer. 

D 
Q Conditions just behind 

the bow shock (parallel 
to the cylinder surface) 

a In the spanwise direction 
(along attachment line or 
bow shock when parallel 
to cylinder surface) 

Figure CA: Schematic diagram showing the notation. 

Here the subscript "inf" or oo denotes the undisturbed free-stream whereas "e" indicates 

the conditions taken at the edge of the velocity boundary layer. The subscript "a" points 

out variables evaluated in the spanwise direction, either along the attachment-line or along 

the bow shock. 

C. 2 Evaluation of the attachment-line edge temper- 
ature 

Tae Ta 
e To 

TOO TO *TOO 

Ta 
e=1+ 

(ly 
2 

1) M 
00 

2 

(C. 2) 
Too + ('Y 

21) -Mae 
2 
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C. 3. EVALUATION OF TRE MACH NUMBER RATIO 

using equation C. 14 

Tae + 
('Y 

2 
1) M 

002 

Too 1+2 1) M 
00 

2 

-sin 
2 A. (T- 

Ta e 

Tae 1+ (It 
2 

1). M 
00 

2 

M. cLp. + (, t Too _T 
T -1) M 2.2 

Tac 
(TOO 

20 sin A) 

1+(7 
2 

1) M 
00 

TU + (ly-1). M 2. 
Sin2 TOO 2 00 

A 

ae +2 
T 1)'Moo 

- 
("Y M,,,,. 2. sin2A TOO 2 

Kae 
=1+2. (1 

- sin 
2 A) TOO 

(2 ) 
'Moo 

Hence, it follows 

Tae 
M 2C0 2A l+ (C. 8) 00 s 

C. 3 Evaluation of the Mach number ratio 

sin A 

iI 

with 

Mooa = M,,.. sinA 

(C. 3) 

(C. 4) 

(C. 5) 

(C. 6) 

(C. 7) 

(C. 9) 

(C. 10) 

(C. 11) 
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C. 4. EVALUATION OF TBE ATTACHMENT-LIZVE STATIC PRESSURE IN THE 
PRESENCE OF A BOW SHOCK (I. E. M,,, COSA > 1) 

and 

Tooa = To. (C. 12) 

Mae 
-(Tae) 2=M,,,,. sinA. (T,,. ) 2 (C. 13) 

Hence 

Mae I 

= sinA. 
(L) 

. 
(C. 14) moo Tac 

CA 

since 

Then 

Evaluation of the attachment-line static pressure 
in the presence of a bow shock (i. e. M,,. cosA > 1) 

Pae Pae Pooo 
POO POOO * POO 

TO 
-1+ 

(-f - 1) 
-Mae 

2= TO TO 0 
Tae 2 Too ' Tae 

TO 1+ (-1 
2M 00 

2+ 
Mae2 

1) MO02 T 7=1 CO. 32A ae 1+(22 

Pae 
+ ('Y 

2 

1). 
Mae2] V-1 

Pol 

(C. 15) 

(C. 16) 

(C. 17) 

(C. 18) 

APPENDIX C. THE INFINITE SWEPT CONDITIONS 216 



C. 5. EVALUATION OF THE CHORDWISE VELOCITY GRADIENT 

where P,, j is the stagnation pressure behind the bow shock (see figure C. 1) 

22T 
Pae 

= 
[1 + ("2) 

-MOO cos A 
(C. 19) 

P0 i+ 
(ly-1) M 

002 2 

EYom oblique shock relations (p 10 of reference [2]): 

Po i-y+1 
-] x[(, 

y + 1) M., >'COS'A. 
«, 

y _ 1) M 
00 

2+ 2) 
(C. 20) 

P�� 

[2, 

YMC)02C0S2A - (-y - 
i) 

2 «, y - 
1) M 

00 
2C0S2A + 2) 

From equations C. 15, C. 19 and C. 20 it follows 

Pae +1) 
M002 C032A] 'y ly I 'Y +1 -f-I (C. 21) To-,, 2-X 

[2, 

YM 00 
2COS2A 

- (, y - 
i)-l 

' 

C. 5 Evaluation of the chordwise velocity gradient 

It is well known that, if M. cosA is greater than 2.5, the pressure distribution in the 

vicinity of the attachment-line is in good agreement with Modified Newtonian theory i. e. 

CP 
2 (2X P- Poo 

-= Cos 5) = -- 
00 

(C. 22) cp"= Ta 
e 

P, 

which is 

pR 2X R 
=1-, Cos' 

M) 
+, (C. 23) 

Pac Pae) Pae 

At the attachment-line itself, the Mach number normal to the leading edge MN is zero. 

Therefore, in the vicinity of the attachment-line, MN will be very small. In addition, since 
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C. 5. EVALUATION OF THE CHORDWISE VELOCITY GRADIENT 

the chordwise and spanwise components of the inviscid flow are independent 

1 
C+ _PeU 

2 Rae =R2. e 
(C. 24) 

U22 
(P. 

e - 
Pe) 

e= 
(C. 25) 

Pae 

2R R 
=: ý. U2="4ae 'e 

e PC Pae) 
(C. 26) 

Hence 

p 
Ue 

[2P., 
ý (1 

_ 
ý)12 (C. 27) 

Pae Pae 

Using equations C. 23 and C. 27 as well as the perfect gas equation of state it follows that 

pe 

_POO) C032(2X) 00 IT - :L (C. 28) 
Pae pae Pa 

e 

Insert equation C. 28 into equation C. 27 leads to 

2X) 
)II 2 T,,, 2 sin ( (C. 29) jRZcosA T"-,, 

POO 
P,,,, 

and hence by differentiation 

I 
dUe U00 2 F2 Tae 2 2X) LO 

_0 x Cos 
(D (C. 30) dX D Mco co Pae 

Therefore the chordwise velocity gradient at the attachment-line itself (X = 0) is given 

by equation C. 31 

1 (dU, ) D2 [ýTae (1 
_ 

Poo 2 (C. 31) dX X=o Uoo moocosX L^t Too ý Pae)l 
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C. 6. VISCOSITY 

C. 6 Viscosity 

The dynamic viscosity, p, was calculated from Sutherland's law i. e. 

Pae 2 
-( 

Tae 
3. 

(Tref + S) 

Pref Tref Tae +S 
(C. 32) 

where for air, p,.,, f and T,., f axe 1.79.10-5 kg/m. s and 288.2 K respectively. For nitrogen, 

they become 1.75.10--l kg/m. s and 293.2 K. Finally the kinematic viscosity v was obtained 

i. e. 

Vae ý 
Pae 

Pae 
(C. 33) 
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Appendix D 

Navier-Stokes computation for 
laminar flow 

D-1 Governing equations 

A Navier-Stokes code (MGNS3D) developed at Cranfield University [54] was used for the 

present investigation. This solves the Navier-Stokes equations in their integral form for 

steady laminar flow. It was assumed that the gas was perfect i. e. R, Cp and y were 

constant. Body forces (gravity, electromagnetic forces, or any other forces which "act at 

a distance") were also assumed to be negligible. By defining the surface vector dS as 

follow: 

-0 -0 dS = ndS (D. 1) 

with n' being the unit vector normal to the surface and dS the surface area. Using the 

co-ordinate system shown in figure D. 5 the equations axe: 
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CONTINUITY EQUATION: 

Mass Flux 

pV (1 -0 
. 
A) 

00 
dS =0 

Inviscid Flux 

MOMENTUM EQUATION: 

Momentum Flux 

P v PvJI) + Pn - dS =0 
8 

Inviscid 
. 
Flux 

" Viscous Flux 

where T is the matrix of the shear stress forces defined by: 

*rxx Tky Uz 

; r- = ry x, ry y ry Z 

. 
'rzx rzy Tzz. 

», X (e. V7) + 2p a' 
ex 

; r- =N+ 
Ou) P (ex ey p 

(DU + aw) 
az ex 

ov + ou QX- 
ziy-) 

(ý. V) + 2ji 
0'3y' 

p 
(Ow + Ov) 

OY oz 

14 (au + aw) az ax (ew + i9V) ay az 
7-. V-') +2p 'l"' az 

(D. 2) 

(D. 3) 

(D. 4) 

with A being the bulk viscosity coefficient defined as A= -1p. 3 

ENERGY EQUATION: 

Energy Flux 

VT 

, 

(pVHo. fl) - 
(kVT. n) -( -4 ff! ) dS =0 

Inviscid Flux Viscous Flux. 

(D. 5) 

(D. 6) 

where VT is the transposed form of the vector V and HO the stagnation enthalpy as -0 

defined by equations D. 7 to D. 9. 

Ho= (D. 7) 
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with E being the total energy defined as: 

-4 

E=e I 
V2 

(D. 8) 
2 

where e is the internal energy per unit mass defined as: 

p (D. 9) (-t - 1) p 

Solutions were obtained from the evaluation of the primitive variables p, u, v, w and P at 

the centres of every cell in the computational domain. The surface vectors dS (equation "0 

D. 1) and cells volume were evaluated at the start and then stored for every cell. The 

inviscid and viscous fluxes were then separately evaluated. 

D. 2 Inviscid Fluxes 

Although the primitive variables are obtained through the iteration process at the cells 

centre (see section DA), the inviscid fluxes must be calculated at the surfaces centre of 

every cell in the domain. Therefore the primitive variables ought to be evaluated at 

these specific locations. Hence a third order MUSCL scheme is used to achieve the inter- 

polation of p, u, v, w and P originally obtained at the cell centres onto the surface centres. 

Considering 4 cells in only one direction as shown by figure D. 1, the primitive variables 

at the cells centre (points 1,21 3 and 4) are known via the iteration process (section DA). 

Using the MUSCL scheme (as written in reference [36]), p, u, v, w and P are interpo- 

lated to point A from the value of the primitive variables at points 1,2 and I Note 

that point A is located at the centre of the surface between cells 2 and I Iq the same 
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manner, the primitive variables are calculated at point B (merging with point A) but 

by considering this time the value of p, u, v, w and P at points 2,3 and 4. A Hybrid 

scheme [54] (composed of the AUSM+ scheme [44] in the wall tangential directions and of 

the Osher scheme (46] in the wall normal direction) is then used to evaluate the inviscid 

fluxes through the surface between cells 2 and 3 via an approximate Rlemann solution 

using data on either sides (A and B) of the interface. This process is applied to every cell 

surfaces in the computational domain. 

The interpolation of the primitive variables as described above cannot be applied success- 

fully everywhere in the flow field. Hence, a limiter is used to prevent spurious oscillations 

from occurring near the shock wave as shown by figure D. 2 (see reference [54] for more 

information). 

D. 3 Viscous Fluxes 

Consider a single cell in the computational domain (figure D. 3), point C is located at 

the cell centre where the primitive variables are evaluated from the iteration process (see 

section DA). Points A, B, D, E, F and G are positioned on each surface centre. From 

the evaluation of p, u, v, w and P at point C, the matrix ; r- of the shear stress forces 

(equations DA and D-5) and thus the viscous fluxes must be calculated at every surface 

centres. Hence, an imaginary cell is created around every surface centre. Figure DA 

shows the imaginary cell created axound point B only. Although point B is located at the 

centre of the surface on the right-hand side of the "original cell" it is also positioned at 

the imaginary cell centre. To calculate at point B the derivatives present in every matrix 

components (e. g. T! rx etc), the primitive variables are evaluated at every surface centre 
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of the imaginary cell. A linear interpolation of p, v, u, w and P taken at the centre of 

the two original cells surrounding point B is carried out. This is achieved with respect 

to the computational "axis" defined by the vector co-ordinates 1, J and K for ease (see 

section D. 6). Rom the evaluation of the primitive vaxiables at the surfaces centre of the 

imaginary cell, the derivatives in the matrix IF are obtained at the imaginary cell centre 

(point B) using the Gauss divergence theorem (equation D. 10). 

fv V- FdV = 
fs F- dS (D. 10) 

-# -0 

where F is the vector of the primitive variables, dV the cell volume and dS is the surface 

vector defined by equation D. 1 (see reference [9] for more information). 

Since imaginary cells are also created around points A, D, E, F and G shown by figure 

D. 4, the derivatives in the matrix ; r- are known at every surfaces centre of the "original 

cell". The static temperature, T, is then evaluated directly at point C from the primitive 

variables at this location by the iteration process. A linear interpolation of T at the 

surface centre of the original cell (points A, BI D; Ej F and G) is carried out using the 

values of T calculated at point C but also at the centre of the surrounding cells. Using 

Sutherland's law, the dynamic viscosity, p, is calculated at the surfaces centre of the ori*g- 

inal cell. Since p and the derivatives of the shear stresses are now known, t, and thus the 

viscous fluxes, can be obtained at the surface centres. The process is applied to every cell 

in the computation domain. 
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DA Primitive Variables 

As already described, the primitive variables p, u, v, w and P axe obtained by performing 

iterations. This is achieved using the equation: 

f aQdV 
+ R(W) =0 v at 

(D. 11) 

where W represents the primitive variables, R the Navier-Stokes equations, Q the con- 

servative variables (p, pu, pv, pw and pE), t the time and dV the cell volume. If Q0 

corresponds to the conservative variables at t=O (the code takes the free-stream values) 

and Q, to the conservative variables after one iteration, equation D. 11 becomes: 

( 
At 

) dV +R (Wo) =0 (D. 12) 

hence 

Qn+l Qn -( dV 
) (D. 13) 

By taking Qo as being the free-stream values of the conservatives variables, the primitive 

variables are obtained directly leading to the evaluation of the inviscid and viscous fluxes 

at iteration 0. Giving At and calculating the volume of every cell, the conservative vaxi- 

ables after 1 iteration can be obtained. More iterations are performed until I JR1 12 becomes 

very small (see equation below). In other words when the Navier-Stokes equations are 

satisfied i. e. R (Wt) = 0. 

Engrid )2 
IIR112 

=- 
n=l R(W(t) 

Engrid (w 
0))2 n=l R( 

(D. 14) 
IS 
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where ngrid is the total number of grid points and "0" corresponds to the first value. 

In the code, At is set via the CFL number (equation D. 15) to the value which makes 

the solution converge. Since the steady state solution is required, At can be different for 

different cells (a feature called "local time stepping"). Indeed, the optimum At value can 

vary from one cell to another (depending on the size of the cells). Moreover, At, for a 

given cell, can vary as the iterations proceed. 

U 

Coef 1=I dSil +u dS*jl + jý--ddSS*Kj 
0 

ý-Oo -00 

Coef 2=a (ldS-*il + ldS-*jl + IdSKI) 

QOO 

12 + --o 12 + 12 2., y. /. i. p,,. 
(ldS-l IdSi Id -# 

Coef3 = --- 
SK 

p.. Re. Pr. p. dV 

At CFL (D. 15) TV : -- [Coef 1+ Coef2 + Coef3] 

where a is the speed of sound and u' is the velocity component vector. P 

D. 5 Input and output parameters 

The primitive variables at t=O (QO) axe calculated from the physical input parameters. 

These are the free-stream Mach number, the free-stream unit Reynolds number (per me- 

tre), the free-stream static temperature, the wall temperature, the angle of incidence 

(zero in the case of the present investigation) and the side slip angle (kept to zero in every 

cases). The computational input data include the CFL number, the choice of scheme (Roe, 

APPENDIX D. NAVIER-STOKES COMPUTATION FOR LAMINAR FLOW 226 



D. 6. GIUD DESCRTPTION 

Osher, AUSM+, AUSM+W or Hybrid scheme) and the choice of the boundary conditions. 

The output file contains the number of iterations performed and the residuals. A so- 

lution file in which the values of the primitives variables at every cell centre appear is 

also generated by the code. By using a post-processor (see section D. 7) other relevant 

information is obtained i. e. the spanwise distribution of the static pressure, velocity and 

static temperature profiles, total enthalpy plus the heat transfer rate at the wall and the 

chordwise velocity u taken at the boundary layer edge. 

D. 6 Grid description 

Structured single block grids were generated by the code SWEPTCYL developed at Cran- 

field University (no publication available describing SWEPTCYL). From the specification 

of parameters such as the sweep angle, the cylinder diameter and length, the number of 

grid points in the I, J and K directions, the stretching factor etc. and using a transfinite 

interpolation grids were generated (see reference [64] section 4 for more information on 

transfinite interpolation methods). For refined grids (450 000 cells minimum), only a 

quarter of the circular cylinder was represented in order to reduce memory requirements. 

The orientation of the cylinder axis (right hand co-ordinates) as well as the direction of 

the vector co-ordinates I, J and K were as shown by figure D. 5. 

D. 6.1 General shape 

Care was taken to ensure that the outer edges of the computational domain closely fol- 

lowed the bow shock development. Thus, the grid was generated in two parts. The first 
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contained the upstream part of the cylinder and was parabolic in shape. The second 

formed the downstream part of the cylinder and was cylindrical (figure D. 6). In addition, 

the grid was required to be orthogonal close to the model surface. 

D. 6.2 Stretching 

Stretching was applied between the cylinder surface and the outer edge of the compu- 

tational domain (J direction), between the upstream. tip and the back end (K direction) 

and between the attachment-line and the edge of the domain at the back of the cylinder 

in the I direction (figures D. 7 to D. 9). This produced (within the laminar viscous layer) 

a minimum of 45 cells in the normal to the wall direction and 96 cells in the spanwise 

direction. 

The fact that the attachment-line runs along one edge of the computational domain (I 

=1 plane) allows more cells to be located at the attachment-line as it is easier to create 

a stretching towards a defined surface such as a wall or the edge of the computational 

domain. 

D. 6-3 Boundary conditions 

At I=1 (attachment-line plane), a symmetry boundary condition was specified. To 

calculate the inviscid and viscous fluxes through the surface Sa (figure D. 10), the primitive 

variables at points C1, C2 but also C3 and C4 must be known. However, C1, C21 C3 and 

C4 are located at the centre of their respective cells and since cells 3 and 4 are not part of 

the grid, they have been created. Using the symmetry boundary condition at the plane 
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I=1, means that the primitive variables at points C3 and C4 must be the reflection of 

the primitive variables values of points C1 and C2 respectively. In other words, 

PC2 ý PC4 PCI ý-- PC3 

Velocity in I direction at C1 =- Velocity in I direction at C3 etc. 

At the computational plane I= IN (figure D. 10), a zero-order extrapolation was used. 

Primitive variables at points C5, C6, C7 and C8 must be known in order to calculate the 

inviscid and viscous fluxes through surface Sb for example. Values of p, u, v, w and P at 

point C5 axe directly copied to points C7 and C8 (zero order extrapolation). Although a 

lineax interpolation for example from points C5 and C6 would seem more appropriate, a 

zero order extrapolation has the advantage of making the solution process more robust. 

Moreover, since the investigation is concentrated at the attachment- line, the accuracy of 

the results (primitive variables) at the plane I= IN (fax away from the attachment-line 

plane) is not a priority. 

The symmetry boundary condition was also used at the plane of the cylinder upstream 

tip (K = 1) as shown by figure D. 11. Ghost cells, C3 and C4, were created in order to 

supply the primitive variables at these locations and to calculate the fluxes through the 

surface ST (see figure D. 11). The primitive variables at points C3 and C4 axe the reflected 

values calculated via the iteration process at points C1 and C2 respectively. 

At the wall (J = 0), the non-slip condition is applied hence: 

UW = VW =WW = (D. 16) 
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The pressure gradient in the wall normal direction is set to zero i. e. the pressure at the 

wall PW equals the pressure at the centre of the cell next to the wall P, (figure D. 12 and 

equation D. 17): 

PI = Pw (D. 17) 

Since the temperature at the wall (Tw) is input, it follows: 

Pw = 
PW (D. 18) 

R. Tw 

Hence the primitive variables are all known at the wall (equations D. 16, D. 17 and D-18). 

The inviscid and viscous fluxes at this location are evaluated directly from the primitive 

variables pw, uW, vW, ww and Pw. However, to calculate the fluxes through surface SC 

(figure D. 12), a ghost cell in the wall was created (point 0 being its centre). The primitive 

variables at point 0 axe obtained by linear interpolation from the primitive variables at 

points 1 and W (equations D. 19 to D. 22). 

Pw (D. 19) 

po = 2pw - pi (D. 20) 

TO = 
PO (D. 21) 

R. po 

uo = 2uw - ul 

vo = 2vw - vi 
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wo = 2ww - wi (D. 22) 

At the outer edge of the computational domain (J = JN), the boundary conditions de- 

pends on the Mach number normal to the edge, MN,,. Indeed, to calculate the fluxes 

through surface SF for example (figure D. 13), the primitive variables need to be evalu- 

ated at centre of the ghost cell 3 (point 3 on figure D. 13). The way the primitive variables 

are interpolated to this point depends on whether the inflow is supersonic or subsonic. 

The Navier-Stokes equations link five independent variables. Hence five eigenvalues exist. 

If all five eigenvalues have the same sign, the flow is supersonic and information cannot 

travel upstream. In this case, the primitive variables at point 3 (figure D. 13) axe identical 

to the free-stream values. However if one eigenvalue has a different sign than the four 

others, the flow is subsonic and information can travel both upstream and downstream. 

In this case, one piece of information (pressure or density etc. ) must be taken from down- 

stream (points 4 or/and 2) and the four others from upstream (free-stream). 

Consider the two points L and R located on the edge of the domain e (J = JN plane, 

figure D. 13). The primitive variables at point R axe identical to the primitive variables at 

the centre of cell 1 (zero order interpolation from point 1 to R). At point L, the primitive 

variables have the free-strearn values. Therefore the velocity normal to the edge of the 

computational domain can be evaluated at points L and R (VNL and VNR). The Rlemann 

invariants V) are then calculated: 

+ 
2. a., 

'OL = VNL + 
2. aL VNJe 

'Y- 1 'Y 
(D. 23) 
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2. aR 2. a,, 
Ne- Y_ 

(D. 24) 'OR ý VNR V 

where a is the speed of sound. Note that only equation D. 24 involves downstrewn in- 

formation. Hence the velocity normal to the edge of the domain as well as the speed of 

sound can be obtained at point e. 

1 
VNe -. (OR + OL) (D. 25) 

2 

'Y- (D. 26) 
4 

From equations D. 25 and D. 26, the Mach number normal to the edge of the domain 

follows: 

MNe = 
VNe 

a, 
(D. 27) 

If MN, >1 (supersonic inflow), the primitive variables at point 3 are identical to the free- 

stream values. However, if MN,, <1 (subsonic inflow), the tangential velocity components 

and the entropy at point e have the free-stream values and VN, and ae are taken from 

equations D. 26 and D. 27- It should be noted that these five variables are independent 

of each other and are direct functions of the primitive variables. These vaXiables are 

interpolated to point 3 also using information at points 1 and 2. Once the tangential 

velocity components, the entropy, VN and a are obtained at point 3, the primitive variables 

are calculated at this same location. The inviscid and viscous fluxes through surface SF 

can be evaluated since p, u, v, w and P axe known at points 1,2,3 and 4. The fluxes 

through the surface at the edge of the computational domain are calculated directly from 

the primitive variables at this location (point e). 
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D. 7 Post-processor 

A post-processor was created to extract the information needed for the present study. 

D. 7.1 T, V, P and Ho Profiles at the attachment-line location 

Consider the first two cells next to the attachment-line (figure D. 14). Points AL is located 

at the attachment- line itself (I=1 plane) and points 1 and 2 axe positioned at the centre 

of cells 1 and 2 respectively. The temperature (for example) at points 1 and 2 is directly 

evaluated from the primitive variables supplied by the iteration process. To obtain T 

at the attachment-line, an interpolation is needed. Thus, a cubic expression linking 

temperature to surface position has been assumed to characterise its variation in the 

I direction (S increasing). 

T= AS'+ BS2 +CS+D (D. 28) 

where S is the distance around the cylinder (figure D. 14). Since a symmetry boundary 

condition has been specified at the plane I=1 (attachment-line plane), it follows for the 

cells next to the attachment-line: 

Ts, = T, = AS, '+ BS 12+ CS, +D (D. 29) 

Ts-1 = T, = AS-, 3+ BS-1 2+ CS-1 +D (D. 30) 

Rom equations D. 29 and D. 30 

==* Tsi - Ts-1 = 2AS 13+ 2CS, (D. 31) 
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Now considering cell 2 and its symmetry: 

TS2 = T2 = AS2' + BS22 + CS2 +D (D. 32) 

TS-2 = T2 = AS-2 3+ BS-2 2+ CS-2 +D (D. 33) 

From equations D. 32 and D. 33 

==* TS2 - TS-2 = 2AS 23+ 2CS2 (D. 34) 

Rom equations D. 31 and D. 34, the solution for the coefficients A and C is: 

A=C=O (D. 35) 

Hence equation D. 28 of the temperature is reduced to: 

T=BS2 +D - (D. 36) 

At the attachment-line since S=0, the temperature is represented by the coefficient D 

in equation D. 36. 

Ts, = Ts-I = T, = BS 12+D (D. 37) 

TS2 =TS-2= T2= BS 22 +D (D. 38) 

n- 

Rearranging equations D. 37 and D. 38 together leads to 

T lS2_T 
2 

2 2S I (D. 39) TAL=D= S22-sl2 
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Applying equation D. 39 to all the cells in the vicinity of the attachment-line (along the 

J and K axis), the temperature profiles at, and along, the attachment-line are obtained. 

In the same manner, the profiles of the static pressure and velocity components u, v and 

w are calculated. Using equations D. 40 and D. 41, the profiles of the velocity component 

in the spanwise direction V and of the total enthalpy axe evaluated. 

v,, cos A+u,, sin A 

Hoa = CPTa 
Ua2 + Va2 + Wa 2 

2 

(D. 40) 

(D. 41) 

The post-processor then outputs the profiles of the static pressure, static temperature, 

velocity and stagnation enthalpy along the attachment-line with the corresponding J 

values. 

D. 7.2 Heat transfer at the wall 

The temperature distribution in the normal to the wall direction is assumed to be quadratic 

, hence: 

T=Aa 2 +Ba+C (D. 42) 

with a being the distance as moving away from the cylinder surface (figure D-15). At the 

wall (a = 0), the temperature T is known to be Tw. Thus 

Tw 
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and equation D. 42 becomes: 

T= Aa+ Ba + Tw (D. 43) 

which can be used to estimate the heat transfer rate at the wall since: 

dT) 
B (D. 44) 

(da 

. =O 
= 

If T1 represents the temperature at the centre of cell 1 and T2 the temperature at the 

centre of cell 2 (see figure D. 15) then: 

Tl = Aal 2+ Bal + Tw (D. 45) 

T2 = Aa2 2+ Ba2+ Tw (D. 46) 

==: > Bal = (T1 - Tw) - Aal 2 (D. 47) 

and 

Ba2 (T2 - Tw) - Aa2 2 (D. 48) 

Thus 

==* a2 
2 Bal = a2 2 (Tl - Tw) - Aa, 2 a2 2 (D. 49) 

and 

a, 2 Ba2 = al2 (T2 - Tw) - Aa, 2 a2 2 (D. 50) 
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Subtracting equation D. 50 to equation D. 49, it follows: 

a, 
2 Ba2- a2 2 Ba, = a, 2(T2 - Tw) - a2 2 (Tl - Tw) (D. 51) 

B [ala2 (a, - a2)] = a, 
2 (T2 - Tw) - a2 2 (Tl - Tw) (D. 52) 

Hence the heat transfer rate at the wall is: 

(dT) 
B= all (T2 - Tw) - a2 2 (Tl - Tw) (D. 53) 4w Ta 

a=O 

= 
ala2 (a, - a2) 

Taking T1 and T? at the centres of the surfaces lying along the attachment-line as shown 

by figure D. 16 and using equation D. 53 for every spanwise station (K direction), the sur- 

face heat transfer rate variation along the attachment-line can be evaluated. It should be 

noted that T1 and T2 are interpolated to the attachment-line as described in section D. 7.1. 

Rom the grid file, the co-ordinates x, y and z of each grid points axe known and the 

grid points axe the points in each corners of the cells. Hence the co-ordinates of the points 

Ptl and Pt2 (figure D. 16) can be evaluated. For example for Ptl the co-ordinates are: 

xptl = 
XA+XB+XF+XG 

(D. 54) 
4 

ypti = 
YA + YB + YF + YG 

4 

zptl = 
ZA + ZB + ZF + ZG 

4 

(D. 55) 

(D. 56) 

Therefore the evaluation of the distances a, and a2 leading to the heat transfer rate 

(equation D. 53) can be calculated. The post processor then gives the heat transfer rate 

along the attachment-line with its corresponding value of L D' 
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D. 7.3 The chordwise velocity 

The velocity components u, v and w are known at the cells centres from the iteration 

process. An average of these values is used to calculate u, v and w at the surface centres 

in the I direction only (chordwise direction). Indeed, the values of u, v and w on the 

surface S2 (figure D. 17) are evaluated from the velocity components at points C1 and C2 

from: 

US2 ý1 (Ul + U2) (D. 57) 2 

VS2 ""2 
1 

(Vl + V2) (D. 58) 2 

WS2" 
1 

(Wl + W2) (D. 59) 
2 

Where the velocity components at point S1 are interpolated in the way described for the 

temperature in section D. 7.1. 

By calculating the velocity vector u' at each surface centre (equation D. 60) and the surface 

unit vector n-' (equation D. 61), the chordwise velocity is evaluated from equation D. 62. 

U --: -- US2X + VS2Y + WS2Z'"# 

where Y, y' and z' axe the unit vectors in the X, Y and Z directions respectively. 

-4 '+n. '+n., Z-4 nA y 

(D. 60) 

(D. 61) 
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Hence the chordwise velocity component at the surface 2 is: 

UVS2. n-* (D. 62) 

The co-ordinates of the points at the surface centres are calculated using equations D. 54, 

D. 55 and D. 56 leading to the evaluation of their distances from the attachment-line plane 

measured along the I wds. From these calculations, the post-processor gives U calculated 

at the surface centres and their distances from the attachment-line along the I axis. 

Knowing u, v, and w at the surface centres in the I direction e. g. surface S2 on fig- 

ure D. 17, the velocity magnitude Q can be evaluated at the same locations. Starting from 

the wall and moving away along the J aids, the ratio of the velocity magnitude at a certain 

cell to the velocity magnitude at the following cell is calculated for every K station along 

the attachment-line. 

QJ-1, K 
QJ, K 

(D. 63) 

When this ratio reaches 0.999, the edge of the velocity boundary layer is said to be found. 

At this location (edge of the velocity boundary layer), the edge chordwise velocity U, is 

determined for all stations I and K (around the cylinder and in the spanwise direction 

respectively). 

D. 8 Runs achieved by the Navier-Stokes code 

Computations have been carried out for the cases listed in table B. 2. Most of these 

runs correspond to experimental conditions (described in appendix G). Some others were 
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created in order to complete the present investigation (see chapter 3, section 3-2). All 

runs were carried out on smooth surfaces. 

D. 9 Figures 

Figure DA: Sketch of four computational cells aligned in only one direction. 

SDurious oscillations 
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Figure D. 2: Sketch of spurious oscillations. 
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Figure D. 3: Sketch of a single cell in the computational domain. 
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Figure DA Sketch of an imaginary cell. 

APPENDIX D. NAVIER-STOKES COMPUTATION FOR LAMINAR FLOW 241 



D. 9. FIGURES 
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Figure D. 5: Vector co-ordinates and axis orientation (Pdght hand orthogonal, cylindrical 
co-ordinate system). 
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D. 9. FIGURES 

Figure D. 7: Grid stretching in the normal to the wall direction (J). Every 3 cells centre 
shown. 

Figure D. 8: Grid stretching along the cylinder (K direction). 
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Figure D. 9: Grid stretching as going axound the cylinder (I direction). 
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Figure D. 10: Sketch showing the symmetric boundary condition at I=1 and the zero order 
extrapolation at I=IN. 
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Figure DAL Sketch of the symmetric boundary condition specified at the upstream tip 
of the cylinder (K=1 plane). 
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Figure D. 12: Sketch of the computational cells next to the wall. 
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Figure D. 13: Sketch of the cells next to edge of the computational domain (J = JN plane). 
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Figure D. 14: Sketch of the 2 computational cells next to the attachment-line. 
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Figure D. 15: Sketch of cells 1 and 2 allowing the heat transfer at the wall to be evaluated. 
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Figure D. 16: Sketch showing the location of T1 and T2 allowing the heat transfer at the 
wall along the attachment- line to be evaluated. 
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Figure D. 17: Sketch of two computational cells aligned in the I direction allowing the 
chordwise velocity to be evaluated. 
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Appendix E 

Boundary layer solution 

E. 1 Governing equations 

A code developed by Adams [1] in 1973 and then later improved and extended by Poll was 

also used for the purpose of the present investigation. This solves the steady, compress- 

ible, turbulent boundary layer equations for flow over an infinite extent body. Using the 

orthogonal co-ordinate system X, Y, Z as shown by figure E. 1, the governing equations 

for turbulent flow at the attachment-line are: 

CONTINUITY EQUATION: 

apü 
+ 

DAV 
+ apiv- 

ex ey az 

X- MOMENTUM EQUATION: 

(E. 1) 

aii ail --ail ap a aii 
- AUFVI (E. 2) P55ýX_+PV5_y_+PWTZ -ý7X+ýy- 

[A 
Ty 

I 
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E. l. GOVERNRVG EQUATIONS 

Y- MOMENTUM EQUATION: 

0 (E. 3) 
ey 

Z- MOMENTUM EQUATION: 

00 80 oav OP a aiv- PuiTx-+PVTy +P@-Tz -": -Tz , TY 
[pay 

- P, (E. 4) 

ENERGY EQUATION: 

o+ LHo OHO 19 (ORO 1- Pr 19h ýý- pv _+ A@' 14 -0 
(E. 5) pi! W 

OY 19Z ay, 
[ 

OY Pr OY 

where 

+ 
dvt 

-6) p 

flo = ft + 
iP + fv2 

(E. 7) 
2 

with also the usual expression for the mean and fluctuating parts of the dependent vari- 

ables e. g., 

P=P+ý (E. 8) 

Because the boundary layer code solves the governing equations for flow over an infinite 

extent body (in the Z direction), all 0/0Z derivatives in equations E. 1 to E. 5 axe set to 

zero. 
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E. 2. CO-ORDEVATE TRANSFORMATION 

If the subscripts w and e denote the wall and the outer edge of the boundary layer 

respectively, the associated boundary conditions axe 

MOMENTUM: 

for non-porous walls 

Y= 0: U= V= fv = 

for porous walls 

0: il= iv =0 and 
fw-Ae-We 

pw. R 

where f,, is the non-dimensional stream function at the wall. Note that v is positive for 

blowing and negative for suction. 

Y -+ 00: ft -+ uelfv -+ We (E. 9) 

ENERGY: 

Y=O: flo =How =hw 

Y -4 oo : flo -+ Hoe (E. 10) 

E. 2 Co-ordinate transformation 

Since equation E. 2 is singular at the attachment-line (since the chordwise velocity com- 

ponent ft is zero at this specific location), the equations can only be solved after the 
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E. 2. CO-ORDEVATE TRANSFORMATION 

introduction of a co-ordinate transformation that removes the singularity at x=O. To 

achieve this and to stretch the co-ordinate system, the Illingworth-Levy transformation 

has been used (reference [28], p. 30). Thus the new independent variables are: 

x 
ý(X) =I ppUdX (E. 11) 

71(X, Y) = 
peue yp 

dY (E. 12) V2-ý 
10 

-pe 

By introducing a non-dimensional stream function f (ý, 77) such that 

V; (C, n) = ý(2ý. f (C, 77) (E. 13) 

the governing boundary layer equations E. 2, E. 4 and E. 5 become in the transformed co- 

ordinates (ý, 77) at the attachment-line where ý=0 since x=0: 

CROSSFLOW (X) MOMENTUM: 

, *ftll 
Di* 

f] fit +ß [0 
_ 

(fi)2] 
=0 (E. 14) 

1 
ä-, 7 

STREAMWISE (Z) MOMENTUM: 

rcý + 
al* 

+ &I = 
IT77 

f] 

ENERGY: 

(I 
+f 91 +Ql=o (E. 16) 

Pr Fi I -Pr 
** ) 

g', +I" 
('** )I 
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B. 2. CO-ORDINATE TRANSFORMATION 

with the new dependent variables 

(E. 17) f(C17) 

fv- (E. 18) 
w 

e 

9(C17) -": 
Ho (E. 19) 
Hoe 

and the following definitions which apply to. the above equations: 

T (E. 20) 
Te 

P/I (E. 21) 
PeAe 

=1 
11 

+ 61 (E. 22) 

1+ 6 Pr (E. 23) 
p Prt] 

2ý dU, (E. 24) 
U, * dC 

11 U2 
fifff + 

W2 
Cd] -ee (E. 25) 

Prt i5-r Ho,, Ho, 

Note that #=1 at 6=0 (attachment-line) under the restriction that near x=0: 

Ue = 
[dUe] 

x (E. 26) 
dX 

X=o 
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E. Z CO-ORDUVATE TRANSFORMATION 

In the transformed governing equations, primes denote partial differentiation with respect 

to the 71 co-ordinate, i. e., 

ft = 
Of (E. 27) 
1971 

"= 192f (E. 28) f 
1971 2 

In the transformed co-ordinate system, the dependent variables qcn) and g(C,,, ) at 

point (m+l, n) are evaluated from the solution of the dependent variables at point (m, n) 

but also at points (m, n+l) and (m, n-1)(see figure E. 2). For the points close to the wall 

and the edge of the domain, boundary conditions are needed. These are: 

MOMENTUM: 

for non-porous walls 

77=0: f'=f =C=O 

for porous walls 

77= 0: f, = C=o and 
Pe. We 

71-4 00: f-4 1, C-ý 1 

ENERGY: 

77 = 0: g= 
How 

- 
hw 

Ho, ý h, - gw 

(E. 29) 
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E. 2. CO-ORDIZVATE TRANSFORMATION 

77 -+ 00 :g=1 (E. 30) 

Following the approach by Blottner [8] and Davis [27) the momentum and energy equations 

(E. 14, E. 15 and E. 16) axe rewritten in "standard" form for a parabolic partial differential 

equation as 

02W aw aw 
a77 2+a, (977 

+ a2W+ a3 + a4 (E. 31) 

where W=f for the X-momentum equation, W=c for the Z-momentum equation and 

W=g for the energy equation. 
. 
Using equations E. 14, E. 15 and E. 16 one can find the 

coefficients a, through a4 in lineaxised form: 

X-MOMENTUM: 

al* +f 
ai (E. 32) 

a2 -fif, (E. 33) 
P 

a3 : -- 

flo 
(E. 34) P 

-2Cf' =0 (E. 35) a4 P 

Z-MOMENTUM: 

01* +f FP (E. 36) 

a2 "0 (E. 37) - 
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E. 2. CO-ORDEVATE TIUNSFORMATION 

a3 0 

a4 -2ýf' 
P 

ENERGY: 

! 2- (1-) OU Pr 
(, 

Pr 

a2 ý-- 

(, 
Pr 

a4 = -2ýf' =0 (pr) 

(E. 38) 

(E. 39) 

(E. 40) 

(E. 41) 

(E. 42) 

(E. 43) 

The q derivatives in equation E. 31 axe replaced with finite difference quotients (equations 

E. 441 E. 45 and E. 46) which allow variable grid spacing in the 77 direction in order to 

concentrate grid points in the region near the body surface where the dependent variables 

c(C,, 7) and g(C,,, ) change the most (figure E. 2). 

I 02W 
-"2 

2[W,, +l + KWn-1 - (1 + K) 
(E. 44) 

77 D2 -Yylm+l, 
n 

[Wn+l -K2 Wn-1 - (1 -K 
2) 

(E. 45) 
(977 Di 

['Wlm+l, 

n 
= 

aw = 
Wm+l, 

n - Wm, 
n (E. 46) 

19ý 

1 

m+l, n 
Ac 
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E. 2. CO-ORD11VATE TRANSFORMATION 

where 

Di = (77n+l - 77n) +K2 (77n 
_ 77n_l) (E. 47) 

D2 --'- - -- 
(77n+l _ 77n )2 + K(77n _ 77n_1)2 (E. 48) 

K= ? 7n+l - 77n (E. 49) 
77n - 77n-1 

ý ý-- 772 - 771 (E. 50) 

where K represents the normal grid step size multiplication factor and ý the first dil step 

size. Both of these terms axe constants. For laminar flow, K=1.0 whereas for turbulent 

flow K=1.03 as suggested by Surah [59]. 

Note that since the solution is assumed to be known at point (m, n) (see next section) and 

unknown at point (m+ln), the finite difference scheme used herein is of an implicit nature. 

Considering equations E. 44, E. 45 and E. 46 it is possible to change the differential equation 

E. 31 into an approximate aJgebraic equation: 

AnWm+l, n+l + BnWm+l, n + OnWm+l, 
n-1 = Dn (E-51) 

where 

An 2- a, (E. 52) 
2+ 

bl D2 
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E. 3. ITERATION PROCESS 

f3n =-2(1+K) 
al(l-K2) + a2 + a4 (E. 53) 

D2 D, Ac 

On = 
2K K2a, (E. 54) D2 - D, 

Dn = -a3+ 
a4Wm, n (E. 55) 

Ac 

Since the coefficients A,,, 13-,,, 0,, and D,, axe known at point (m, n) from the iteration 

process (see next section), the expression E. 51 forms a set of simultaneous linear algebraic 

equations depending on the number of points considered across the boundary layer thick- 

ness. The solution of this set of equations is determined using the tri-diagonal method of 

solution as recommended by Richtmyer and Morton (reference [55], pp198 - 201 and pp 

274-282). 

E. 3 Iteration process 

In order to perform iterations to solve equation E. 51 at station m+1 (figure E. 2), the 

dependent variables c(c,, 7) and g(C,,, ) must be known at station m. Thus initial 

profiles of the dependent variables are input to the analysis. 

2r) (E. 56) 

C-2q (E. 57) 

gr = gw + [(l 
- 9w) - 

(1 
-e -21l)] (E. 58) 
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E. 3. ITERATION PROCESS 

where the subscript I denotes the initial approximation. It has to be specified that q and 

gw are directly evaluated from the input parameters using: 

77 
77max (E. 59) 

NPoints -1 

where the two input parameters 77,,,. x and NPoints respectively represents the maximum 

value of 77 (i. e. from the wall to the edge of the domain) and the number of grid points 

across the domain. The 71 value starting from the wall for each cell is then evaluated. 

771 = (q. K) + 77(1-1) (E. 60) 

where K is the stretching factor defined by equation E. 49 (K=1 in laminar i. e. no stretch- 

ing applied and K=1.03 in turbulent) and I the vector co-ordinate in the normal to the 

wall direction (77 direction). 

9w --, ý 
TW (E. 61) 
TO 

where the input parameter TwITO is the wall to stagnation temperature ratio. 

From the initial values of the dependent variables (equations E. 56, E. 57, E. 58), the coeffi- 

cients An) P, On and Dn can be evaluated (equations E. 52 to E. 55) at station m (figure 

E. 2). Equation E. 51 can hence be solved using the tri-diagonal method (reference [55], 

ppl98 - 201 and pp 274 - 282). This leads directly to the evaluation of the dependent 

variables and the coefficients An to Dn at station m+1. Equation E. 51 is then solved again 

using vaxiables at station m+1 to get the dependent vaxiables at the following station (so 

called iteration process). Iteration at a given station is continued until successive values 

of f(1C,,, ), c(c,, 7) and g(c,,, ) differ by less than 10-5. 
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B. 4. HEAT TRANSFER AT THE WALL 

EA Heat transfer at the wall 

Given the numerical solution to the governing equations of motion (equations E. 14, E. 15 

and E. 16), following the integration procedure described in the previous sections, the 

associated local heat transfer at the body surface (Y=O) is given by the Fourier law: 

kw 19T)w 4w =- 
(ay 

which can be written in the equivalent form 

t 

4w =- mw eii-o 
,( ä-y) 

-kw Oh 
cp (DY) (E. 62) 

(E. 63) 

through use of equations E. 7 and Pr = CP-1" it follows: K 

OFIO 

= 
(oh)w 

loy 
)w 

OY 
fv 

äy- ey 
o 20 

ýu (E. 64) 

At the wall, for non-porous walls, the velocity components fi, V and fV axe all zero (non-slip 

conditions), the heat transfer at the wall in terms of the transformed co-ordinates 

is: 

-lwp, HO� 
qw =. PrV2Z -9'(eg 17 = 0) (E. 65) 

where 

JW = 
PWAW (E. 66) 
Pepe 
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E. 4. BEAT TIUNSFER AT THE WALL 

At the attachment-line itself equation E. 65 is reduced to the following limiting forms 

(equation E. 67) under the restriction that Ue ;: ýi [! Lu-"]X=OX near X=0 so that dX 
X2near X=0. [! VX 

[dW]X=O - 
-1WHOe. 

ý pefle 
dUe 

9'(C2 77 = 0) Pr 
[ 

dX 
I 

X=O' 
(E. 67) 

It can be seen from equation E. 65 that the evaluation of heat transfer rate at the surface 

requires numerical determination of the wall derivative g' (ý, 17 = 0). As a result of the 

grid stretching towaxds the body surface (77 direction), the wall derivative is evaluated in 

the present code by application of the three- point Lagrangian interpolation formula (see 

reference [23], pp7l - 77) evaluated according to figure E. 3 which yields at station m+1 

to: 

g'(i7 = 0) =e [B, (2 + K) g, 7, + B2(1 + K)9172 +B391731 (E. 68) 

where 

B, = -1 (E. 69) ý2 (1 + K) 

B2 --,,: 
I (E. 70) Ký2 

B3 : -- 
-1 (E. 71) ý2K (1 + K) 

and 

g1j, =g (77 = 77r) (E. 72) 
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E. 5. EVPUT PARAMETERS 

with I= 11 2,3. The parameters K and ý axe the stretching factor and the first dq step 

size of the grid from the wall (see previous sections). 

Complete and detailed description of the boundary layer code can be found in reference 

[1] but also in chapter 3 of reference [59). 

E-5 Input parameters 

The solution of the governing equations is obtained following the specification of the 

attachment-line Reynolds number, R, the spanwise Mach number at the edge of the 

velocity boundary layer, M.,, the wall to total temperature ratio, T-11ý, and the ratio TO 

of the Sutherland's constant to the stagnation temperature -L. In addition to the flow 
TO 

parameters, the number of grid points in the computational domain, Npoints, and the 

maximum height of the computational domain 77,,.,, need to be specified. 

E. 6 Effects of Npoints andq,,,,,,, on the solution accu- 
racy 

A study was carried out to establish the optimum values (values giving the best accu- 

racy and consistency of the results) of the grid parameters i. e. the total number of points 

across the domain, Npoints, and the maximum height of the computational domain, 77,,,.. _, 
for both laminar and turbulent flows. A wide range of cases covering incompressible and 

compressible flows and wind tunnel to flight conditions was used i. e. R between 100 and 

2000, Mae from 0 to 8, T,., IT,, between 0.1 and unity and T,, up to 4000 K (see chapter 3, 

section 3.5 for the justification of the range of conditions). The stretching parameter K 
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B. 6. EFFECTS OF NPOINTS AND 77MAX ON THE SOLUTION ACCURACY 

(equation E. 49) was kept constant to 1.03 for the turbulent code as suggested by Surah 

[59] (K = 1.0 in larninar). 

The effect of the number of points across the viscous layer was investigated as follow. 

For a given case, a relatively high value of 77,,. was used initially and the thickness of 

the thermal boundary layer (taken at 100.5% of the inviscid value) was obtained, 77th, rma- 

The value of 77m,,, corresponding to a ratio "mam of 1.6 was then calculated and the 
77thermal 

effects of the number of points across the domain investigated. 

Once the optimum number of points have been obtained for a particular case, the ef- 

fects of the ratio "a=- could be studied. Knowing the optimum ratio ' (ratio 
17thermal 17thermal 

giving the best consistency of the results) a second iteration of this process was under- 

taken. The results of this procedure are discussed below. 

Laminar flow 

Typical plots of the skin friction coefficient Cfe, shape factor H, Reynolds number based 

on the momentum thickness RO and Stanton number SI., (definition of the later in the 

nomenclature) obtained with different values of Npoints and of the ratio "-aT axe shown f1thermal 

in figures EA to E. 9. The results are given as percentage variation between the values for 

different grid parameter values. 

By inspection of theresults, the optimum values for larninar flows axe 

Npoints > 700 and 17-ax > 1.5 
17thermal - 
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B. 6. EFFECTS OF NPOlNTS AND t7mAx ON THE SOLUTION ACCUl?. 4CY 

Turbulent flow 

The results obtained for turbulent flow are shown in figures E. 10 to E. 15. Note that 

the turbulence model described in chapter 5 was used. For turbulent flow, the optimum 

grid parameters for a stretching factor K of 1.03 axe 

Npoints > 300 and 17max 
,>1.7 fithermal - 

It is surprising that the turbulent boundary layer needs fewer points for a converged solu- 

tion. This is a consequence of the numerical scheme used. In laminar grid independence 

is obtained at Npoints > 700 and '70-1 > 1.5 with no stretching whereas in turbulent 17thermal - 

grid independence is obtained for Npoints > 300 and '7-aw > 1.7 for a stretching factor 
17thermal - 

K of 1.03. 

The stretching factor K of 1.03 was suggested by Surah [59]. Since for boundaxy layer 

study, the grid is determined by the combination of the stretching factor K and the num- 

ber of points (as well as the thickness of the domain as studied above), the optimum value 

of Npoints was obtained here for the fixed K value of 1.03. When K is increased to 1.05, 

the optimum Npoints and 'I-, '= become 300 and 1.4 respectively. In this paxticulax case, 17thermal 

the skin friction Cfe, shape factor H, Reynolds number based on the momentum thick- 

ness RO and Stanton number differ by less than 0.01% from their respective values when 

a stretching factor of 1.03 was used (with the optimum Npoints and - 
'7max given above). Mhermal 

Therefore it can be concluded that whatever stretching factor K is used, the optimum 

number of points and computational domain thickness corresponding to this particular 

K, lead to the same flow properties values. 
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E. 7. FIGURES 

In the present investigation K was kept to 1.03 for turbulent flow and to unity for laminar 

flow. The optimum number of points and computational domain thickness given above 

for both types of flow were used. For every case studied, the maximum domain thickness 

was initially guessed. The thermal boundary layer thickness was then evaluated and 

77max was thus re-adjusted so that the optimum ratio 'Imax could be used. 17thermal 

E. 7 Figures 

Z, w 

Free- 
Strum 

Figure E. I: Surface Orthogonal co-ordinate system as used in the boundary layer code 
Ill. 
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E. 7. FIGURES 
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Figure EA: Variation of Skin friction Cfe, Shape factor H, Reynolds number RO and 
Stanton number St,,, with the number of points across the computational domain for 
laminar flow and A? = 500, M,,, = 3, T,,, IT,, = 0.4, T, = 800K and 17-ax = 1.6. 77thermal 
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Figure E. 5: Variation of Skin friction Cfe, Shape factor H, Reynolds number Ro and 
Stanton number St,,, with the number of points across the computational domain for 
laminar flow and F? = 1000, Ma, = 3, Tw/T, = 0.4, To = 800K and 17-ax = 1.6. 

77thermal 
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E. 7. FIGURES 
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Figure E. 6: Variation of Skin friction Cfe, Shape factor H, Reynolds number Ro and 
Stanton number St,,, with the number of points across the computational domain for 

laminar flow and 2000, Mae = 3, T,, IT,, = 0.4, T,, = 800K and 77max = 1.6. 
71thermal 
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Figure E. 7: Variation of Skin friction Cfe, Shape factor H, Reynolds number Ro and 
Stanton number St,,, with the ratio '? --- for laminar flow and F? = 500, M", = 3, 

77thermal 

T,, IT,, = 0.4, T,, = 800K and Npoints = 1000. 
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E. 7. FIGURES 
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Figure E. 8: Variation of Skin friction Cfe, Shape factor H, Reynolds number RO and 
Stanton number St,,, with the ratio 

nmax for laminar flow and P= 1000, M,, = 3, 77therynal 

T,, IT,, = 0.4, T,, = 800K and Npoints = 1000. 
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Figure E. 9: Variation of Skin friction Cfe, Shape factor H, Reynolds number Ro and 
Stanton number St,,, with the ratio 

71max for laminar flow and f? = 2000, Mae = 3, 77thermal 

T,, IT, = 0.4, T, = 800K and Npoints = 1000. 
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E. 7. FIGURES 
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Figure E. 10: Variation of Skin friction Cfe, Shape factor H, Reynolds number RO and 
Stanton number St,,, with the number of points across the computational domain for 
turbulent flow and P= 500, Mae = 3, T,,, IT,, = 0.4, T,, = 800K and '? -a-' = 1.7. 77thermal 
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Figure E. 11: Variation of Skin friction Cfe, Shape factor H, Reynolds number Ro and 
Stanton number Stae with the number of points across the computational domain for 
turbulent flow and f? = 1000, Ma, = 3, T,,, IT,, = 0.4, T,, = 800K and 77max = 1.7. 77thermal 
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Figure E. 12: Variation of Skin friction Cfe, Shape factor H, Reynolds number Ro and 
Stanton number St,,, with the number of points across the computational domain for 
turbulent flow and Jý = 2000, Mae = 3, T,,, IT,, = 0.4, T,, = 800K and 'I-a-r = 1.7. 77thermal 
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Figure E. 13: Variation of Skin friction Cfe, Shape factor H, Reynolds number Ro and 
Stanton number St,,, with the ratio '? --- for turbulent flow and f? = 500, M,, e = 3, 

'? thermal 

T,,, IT,, = 0.4, T,, = 800K and Npoints = 400. 
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Figure E. 14: Variation of Skin friction Cfe, Shape factor H, Reynolds number Ro and 
Stanton number St,,, with the ratio '7-ax for turbulent flow and 1000, Ma, = 3, 7? thermal 

T,,,, IT,, = 0.4, T, = 800K and Npoints = 400. 
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Figure E. 15: Variation of Skin friction Cfe, Shape factor H, Reynolds number Ro and 
Stanton number Sta, with the ratio '7-ax for turbulent flow and f? = 2000,3, 77thermal 

T,, IT, = 0.4, T, = 800K and Npoints = 400. 

APPENDIX E. BOUNDARY LAYER SOLUTION 272 



Appendix F 

Flow properties at the edge of the 

viscous layer 

F. 1 Local flow properties at the edge of the attachment- 
line boundary layer 

F. 1.1 Total enthalpy Ho 

The total enthalpy Ho is a very useful variable since it involves the velocity and the 

temperature (two important variables in the case of the present study). 

2 

Ho = Cp. T (F. 1) 

where Cp is the specific heat at constant pressure, T is the static, temperature and Q is 

the total velocity. 

The total enthalpy also has the advantage that it is constant throughout the inviscid 

part of the flow including across shock waves. Hence, a typical Ho profile, at a particular 
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position along an attachment-line, can be split in two distinct parts i. e. viscous and invis- 

cid (figure F. 1). The "inviscid" part of the Ho profile is well defined by the plateau where 

Ho is constant. By selecting two points on this plateau, a line can be drawn (line P on 

figure F. 1). Hence, starting from the wall, for a given Z/D, the difference (Q) between the 

inviscid plateau value of Ho and the actual (viscous) value can be evaluated. The edge 

of the total enthalpy profile is defined at the location where Q becomes less than 0.001 

(viscous value then equals 99.9% of the inviscid value). 

F. I. 2 Velocity and static temperature 

The method used to locate the edge of the total enthalpy boundary layer was also applied 

to the velocity and static temperature. However the resulting edge value distributions 

were found to be unsatisfactory. This was because oscillations appeared at stations close 

to the upstream tip i. e. low values of LID as indicated in figures F. 2 and F. 3. This is due 

to the fact that, unlike the total enthalpy, the velocities and temperatures jump across a 

shock wave. Hence, there is no plateau as opposed to the total enthalpy. This feature is 

specially important at low values of L where the shock layer is very thin. D 

To produce a smooth distribution of the edge conditions, the boundary layer code (MGNS3D) 

was used. For every Navier-Stokes run produced (see table B. 2), the infinite swept values 

of R and M.,, were calculated using the equations derived in appendix C. These quan- 

tities, together with and To, were used as input to the boundary layer code. The To 

computations (figure FA) gave values for 77, jo, W and 71V at 99.9% of the inviscid value. 

Hence, the ratios ( 'IT ),,, 
f_,., Pt and ( "v could be obtained. These correspond 17Ho 17ffco 

to the ratio of the thermal viscous layer thickness to the total enthalpy boundary layer 
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thickness and velocity viscous layer thickness to the total enthalpy boundary layer thick- 

ness. 

With the distance from the wall, ýý, corresponding to the edge of the total enthalpy D 

boundary layer being estimated for every station -L, the edge of the velocity V and tem- D 

perature viscous layers can be calculated all along the attachment-line by using 

zz 

i 
)T 7ýr )Inf-swept-Q5)Ilo (F. 2) 5 771ro 

z 
)v 77V )Inf-swept-( 

z 
)110 (F. 3) 

D 771ro D 

z 
where 

Qý)Tl (Z)v and are local values. DD 

Using this method the smoothness of the distributions of the edge velocity and edge 

static temperature was found to be acceptable as shown for example by figure F. 5. 

F. I. 3 Static pressure, density and Mach number 

Using the Navier-Stokes results for the static pressure profiles at every station (e. g. 

figure F. 6), the distribution of the edge static pressure along the attachment-line was ob- 

tained. The choice was made to take the static pressure values at the edge of the thermal 

boundary layer. However, since the static pressure gradient at the wall is close to zero 

(figure F. 6), taking the static pressure at the edge of the velocity or thermal viscous layer 

give identical P., values. This also justifies the use of a boundary layer code. 

Having obtained the velocity, static temperature and static pressure distributions along 
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the attachment-line, the density and Mach number distributions can be calculated using 

equations FA and F. 5. 

Pae = p. e. R. T,, e (F. 4) 

Mae =- 
vae 

(F. 5) 
V'Y - 

=-a 
e 

However, a different approach was needed for Beckwith et al. [5] results on cylinders swept 

at 200 or less. As explained in appendix G, section GAA, Navier-Stokes calculations could 

not be performed for these paxticular runs since the code would not converge for detached 

bow shock situations. In these cases, the infinite swept assumption was made. This is 

justifiable since Beckwith et al. took their measurements at values of LID high enough 

for the infinite swept conditions to be reached (see appendix G, figure G. 20). For 200 

of sweep angle, for example, the first heat transfer gauge was located at a LID value of 

2.5. When the cylinder is swept at 40", the maximum difference between the local flow 

properties and the infinite swept values at this gauge is 7%. As the sweep angle decreases, 

the difference decreases. Therefore, for 200 of sweep angle, the error introduced by the 

infinite swept assumption is well below 7%. Hence, it is safe to conclude that the infinite 

swept assumption can be made for runs carried out by Beckwith et al. [5] on cylinders 

swept at 200 or less. 

F. 1.4 Accuracy of the results 

The accuracy of the flow property distributions depends on the computational results and 

on the way the edges of the velocity and thermal profiles were found. 
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and 17V 'IT (17Ho)lnf-swept RatioS ('7m*)Inf-swept 

It could be argued that the single values and 91 (equations 2T (17Ho )Inf 

-swept 
of (TMP)Inf-swept 

F. 2) F. 3) used to estimate the edge of the velocity and thermal boundary layer cannot be 

applied to every station along the attachment-line, since they have been obtained on the 

basis of infinite swept conditions. To test the validity of these ratios, the Navier-Stokes 

run for Holden Run36 has been chosen, since it is the highest Mach number (M... = 10.62) 

and sweep angle (A = 80') considered in this study. Therefore, it is the case in which the 

infinite swept conditions are the furthest away from the local values for a given spanwise 

station. Taking the local values of R and M,,, (see section F. 2 for the evaluation of R) 

at stations ýL = 0.2 and -! ý = 13.86, the local values of the ratios Sr- and '1v can be 
DD 17Ho 17Ho 

obtained from the boundary layer code (note that at station LID of 0.2, the difference 

between the infinite swept conditions and the local values of R and M,,, is as high as 

50% and F. 7 and F. 8 show that the velocity and temperature distributions obtained for 

77 ratios calculated from the infinite swept conditions and from the actual local values of 

R and M,, e are almost identical. Hence, the pressure distribution (figure F. 9) was not 

affected by the definition of the q ratio and the same is true for Mach number and density 

(see equations FA and F. 5). This means that the ratios (-= 
swept and "V 17H9 

)Inf 

- 

(17Ho)1nf-swept 

evaluated from the infinite swept conditions can be applied in all cases without reducing 

the accuracy of the estimations. 

Convergence of the computational solution 

The convergence of the Navier-Stokes results was checked in every case. It was found 

that the flow properties along the attachment-line were unchanged (solution converged) 
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when the residuals (equation D. 14) dropped below 5.10-4 (figures F. 10 to F. 12). How- 

ever, converged heat transfer rates at the wall were achieved only after the residuals had 

dropped below 5.10-5 (figure F. 13). Therefore, the solution file written by the Navier- 

Stokes code was compiled, using the post-processor (see appendix D, section D. 7), once 

the residuals dropped below 5.10-5. Strictly speaking, the value of the residuals at which 

the solution is converged vaxies from case to case. However, the solution convergence was 

checked for every case carried out before compiling the results. 

Grid Independence 

n- 

Results were obtained on a baseline grid with the following minimum dimensions: 

33, J,,,,., = 97 and K,,.., = 97 (figure D. 5). In some cases, more grid points were needed in 

the normal to the wall direction and along the cylinder to better resolve the viscous layer. 

In these cases, J and K values were increased up to a maximum of 181 and 121 respectively. 

To investigate the influence of the grid on the solution, two cases were considered. The 

first was Holden Run36, which involves the highest Mach number (M,,. = 10.6), the high- 

est sweep angle (A = 80') and the lowest wall to stagnation temperature ratio = 0.26) TO 

considered in the whole investigation. The second case was Beckwith Run15, involving 

the lowest Mach number (M,,, = 4.15), the lowest sweep angle (A = 400) and highest 

wall-to-stagnation temperature ratio (TI = 0.92) encountered. To 

V- 
Fur Holden Run36, three grids were created in addition to the "baseline! ' version. The 

first, Grid-H1, had more points than the "baseline" with = 65, J. x = 121 and 

K,,,. x = 121 and had the edge of the computational domain closer to the bow shock, with 
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all the other parameters e. g. stretching factor etc identical. The second, Grid-H2, differed 

from the baseline by being coarser, with Ima. = 33, J ..... ý, = 61 and Kmax = 61. Finally, 

the third, Grid-H3, had less stretching with the edge of the computational domain being 

closer to the bow shock, whilst the total number of grid points was the same. The velocity, 

temperature and pressure distributions shown in figures F. 14 to F. 16 show no significant 

grid effect. Hence, it is concluded that the solutions obtained with the "baseline" layout 

are grid independent. 

For Beckwith Run15 only one grid (Grid-Bi) was created to be compared with the base- 

line which had = 33, J,,,,, ý = 181 and K,,,,,, ý = 121. Grid-B1 had however fewer 

points i. e. Ima., = 33, Jmax = 121, Kmax = 97 and a less severe stretching. The edges 

of the computational domain were also closer to the bow shock. Figures F. 17 to F. 19 

demonstrate that the computed flow properties are effectively grid independent. 

F. 2 Local attachment-line Reynolds number 

F. 2.1 Attachment-line chordwise velocity gradient 

The distribution of the chordwise edge velocity gradient along the attachment-line has 

been the subject of a long investigation. The major problem was to obtain an accurate 

value of the chordwise velocity at the edge of the viscous layer, U... This requires not only 

all the data points in the I direction (around the cylinder) but also all the data points 

in the J direction since the velocity profile must be used to find the edge of the viscous 

layer. Calculations are also required for all stations along the cylinder. Essentially, all 

the grid points in the computational domain have to be considered for the evaluation 
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of the distribution of the chordwise edge velocity. Therefore, a method that could be 

included within the post-processor had to be used without a major loss in accuracy. This 

is described in appendix D, section D. 7.3. 

Once U. field was provided by the post-processor, the attachment-line, chordwise ve- 

locity gradient could be obtained from a plot of --r- vs : K. The local speed of sound at the a,, D 

thermal boundary layer edge, a,,,, was calculated using 

TI 
dae = 

(, 
y. R. T,,.. ae)5 (F. 6) 

TOO 

where the temperature ratio is evaluated by the method described in section F. 1.2. 

By plotting vs X and fitting the "best" straight line (least squaxes fitting) between the D 

data points, the attachment-line chordwise velocity gradient could be estimated. However, 

the estimation of the chordwise velocity gradient does depend on the 0 range of the data. 

This is shown by figure F-20 (Holden run36,0.2) which demonstrates that 0 up to D 

51 brings the most accurate evaluation of the attachment- line chordwise velocity gradient. 

Note that in the absence of Navier-Stokes solutions, the infinite swept value of the chord- 

wise velocity gradient was used for Beckwith et al. [5] when the cylinder sweep angle was 

20* or less (see section F. 1.3). 
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F. 2.2 Attachment-line Reynolds number 

Having obtained the local speed of sound at the edge of the attachment-line thermal 

boundary layer, aa,, the chordwise velocity gradient is 

d( Ul. dU,, aae) aae 

dX d(Q *D 
D 

(F. 7) 

Also, knowing T., (see section F. 1.2), the dynamic viscosity follows from Sutherlands law 

TI ,e)2 Pae a 
Pref Tref T. e +s 

(F. 8) 

where for air s= 110.4 K, T,., f = 288.16 K, Pref = 1.79.10-5 kg/(m. s). For nitrogen the 

values become 105 K, 273.15 K and 1.67.10-5 kg/(m. s) respectively. 

The density along the attachment-line can be evaluated from the equation of state. Hence, 

the kinematic viscosity is 

Vae ý-- 
Mae 

Pae 
(F. 9) 

The evaluation of the attachment-line Reynolds number R is therefore possible since 

dU. (F. 10) 
Ivae. 

dx 

A Navier-Stokes solution was obtained for each combination of sweep angle, cylinder 

diameter and free-stream Mach number studied in the various experiments. From this, 

the local value of the attachment-line Reynolds number was estimated. Reynolds number i- 
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scaling was used to obtained R for the runs involving identical model geometry, sweep 

angle and free-stream conditions but different free-stream Reynolds number - see chapter 

3, section 3.3.2. 

F. 3 Local Stanton number 

Having extracted the local heat transfer rates from the experiments, obtained the local 

properties at the edge of the attachment-line boundary layer and obtained the local recov- 

ery temperature (see chapter 3 for the estimation of the recovery temperature), the local 

Stanton number can be calculated. For all the other experimental runs, equation 3.8 was 

used. In this equation, the ratios P-11L, Zaf-, TaL and T-Tx, - (which leads to -Tr-) come directly 
Poo Q00 Too '0 T110 

from the computation (MGNS3D and boundary layer code). They depend only on sweep 

angle and free-stream Mach number. The heat transfer rate, wall temperature, free-stream 

density, velocity and temperature correspond directly to the experimental run considered. 

In wind tunnels, the free-stream Mach number does vary slightly with the free-stream 

Reynolds number (see appendix G, figures G. 3, G. 14 and G. 23). Hence the bow shock 

strength varies and the flow properties across the bow shock change. Therefore, correction 

factors might be needed. 

Runs carried out by Bushnell et al. [12][13] on a 60* swept cylinder have been considered 

to investigate this issue. CFD calculations have been performed on Run 17a (M". = 7.88) 

giving the ratios Tba, --p-ar- and --VAL. However, for the free-stream Reynolds number range TOO POO Q-V 

covered by Bushnell, the free-stream Mach number varies from 7.8 to 8.0 (see table-B. 8). 

By calculating the infinite swept values of -T-Ilf-, --par- and --Vax- for Runl7a and comparing TOO POO QOO 
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them to the infinite swept values of these three ratios for Runs 12 to 20, a correction 

factor in the worst case (M.,, = 8, Run 20) of 1.016 was found. Hence, it can be safely 

concluded that, for the free-stream Mach number variation with Reynolds number, the 

bow shock strength does not vaxy significantly. Hence, the local values of 'I"LL, -P-, Ql and --v&L TOO POO QoO 

can be assumed to be independent of Reynolds number. 
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Figure F. I: Total enthalpy profile at station wL = 6.15. Poitiers university, CFD run70, D 
M,,,, = 7.14, A= 800. 
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Figure F. 2: Edge velocity distribution along the attachment-line of an 801 swept cylinder 
(Holden Run 36, M,,, = 10-6). 
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Figure F. 3: Edge static temperature distribution along the attachment-line of an 80' 

swept cylinder (Holden Run 36, M,,,, = 10.6). 

APPENDTX F. FLOW PROPERTIES AT THE EDGE OF THE VTSCOUS LAYER 285 

10 12 14 



FA FIGURES 

714FINITE'YAWED ATTACMENT-LINE'CMIPRESSIDLt LAMINAR BOUNDARY-LAYER JUIALYSIS 

. BOUNDARY LAYER CMARACTERISTICS 
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1,3213 0.78893 1.12162 1.71282 0.87271 2.60702 
1,5415 0.85863 1.11303 1.54764 0.92327 2.96578 
1.7618 0.90895 1.09320 1.40251 0.95848 3.29016, "' 
1.9820 0,94360 1,07078 -1.28460 0.98088 3.58552 
2.2022 0.96643 1.05039 1.19431,0.99374 3.85799 
2.4224 0.98081 'l. or3395 1.12837 1.00018 4.11333 
2.6426 0.98947 1ý02178' 1.08216 1,00272 4.35642 
2.8629 D. '99447 l. '01335 1.05097 1.00320 4.59106' 
3.0831 0,99721 1,00784 1.03064 1.00275,4.82010 
3.3033 0.99866 1. D0442 1.01785 1.00203 5.04555' 
3.5235 M9938,1.00239'1.01007 1.00136 5.26877' 
3.7437 0,99973 1.00125 1.00551 1. '00084.5.49066' 
3.9640 0.99989 1.00063 1,00291'1.0004915.7,1178 
4.1842 0.99995 1', 00030 1ý00149 1.00027 5.93247 
4.4044 0.99998 1, '0,0014 1.00074 1.00014 16.15293 
4.6246 0.99999,1ý00006 1,00035,1.00007 6.37326 
4,8448 1.00000-1,00003 1.00026 1,00003 6.593S4 
5,0651 1.00000 1.00001 1.00007'1.00002 6,81378 
5,2853 1.00000 1.00000 1.60003,1-00001 7,03401 
5,5055 1. '00000'1.00000 1,00001 1.00000 7.25424'ý 
5.7257,1.00000 1.00000 1.00001 1,0000Q 7.47446 
5,9459 1,00000 1-00000 1.00000 1.00000 7.69468-, 
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8.3684 1.00000 2,00000' 1,00000 1,00()Oolo, 11711 
8.5886 1.00000 1.00000'-1.02000 1.0000oj2.37U' 

Figure FA: Typical output from the boundary layer code. Variables in 15oxes were used 
in the present study. 
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Figure F. 5: Spanwise variation of the edge velocity. (CFD run on Bushnell runl7a, 
M,,,, = 7.88, A= 60'). 
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Figure F. 6: Typical static pressure profile obtained from MGNS3D (CFD run on Holden 

run5, M,,,, = 10.5, A= 66.5'). 
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Figure F. 7: Edge velocity distribution along the attacbment-line of an 80' swept cylinder 
at Mach 10.6 (Holden Run36) for different '? v ratio estimates. I)Ho 
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Figure F. 8: Edge static temperature distribution along the attachment-line of an 800 

swept cylinder at Mach 10.6 (Holden Run36) for different '? T ratio estimates. I? Ho 
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Figure F. 9: Static edge pressure distribution along the attachment-line of an 80' swept 
cylinder at Mach 10.6 (Holden Run36) for different 'IT ratio estimates. 77Ho 
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Figure F. 10: Edge velocity distribution along the attachment-line for a range of compti- 
tational residuals and iterations. (Poitiers run19, M,, = 7.14, A= 60'). 
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Figure F. 11: Edge static temperature distribution along the attachment-line for a range 
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Figure F. 12: Edge static pressure distribution along the attachment-line for a range of 
computational residuals and iterations. (Poitiers runI9, M,,, = 7.14, A= 600). 
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Figure F. 13: Local heat transfer rate along the attachment-line for a range of computa- 
tional residuals and iterations. (Poitiers run19, M,,, = 7.14, A= 60'). 
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Figure F. 14: Grid effects upon the edge velocity distribution along the attachment-line 
(Holden run36, M,, = 10.6, A= 800, ';,, -w = 0.26). 
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Figure F. 15: Edge static temperature distribution along the attachment-line for different 
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Figure F. 16: Grid effects upon the edge static pressure distribution along the attachment- 
Tw line for different computational grids (Holden run36, M,,,, = 10.6, A= 80', 1; 0- = 0.26). 
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Figure F. 17: Edge velocity distribution along the attachment-line for different computa- 
Tw tional grids (Beckwith run15, M,,, = 4.15, A= 40", 1; 0- = 0.92). 
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Figure F. 18: Edge static temperature distribution along the attachment-line for different 

grids (Beckwith run15, M,, = 4.15, A= 40', !: -' = 0.92). To 
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Appendix G 

Description of the experiments 

G. 1 Holden et al. 

G. 1.1 Introduction 

In 1994 Holden, Kolly and Bower [37] [38] carried out an experimental investigation 

of attachment-line heating on swept cylinders in high Mach number flow. The authors 

explained that since there were no published measurements for free-stream Mach numbers 

higher than 8, they undertook tests at Calspan-UB Research Centre with free-stream Mach 

numbers from 10 to 12. Although the primary objective of their study was to obtain data 

on attachment- line heating at high Mach numbers they also investigated the effects of 

attachment-line contamination by introducing roughness elements and adding end plates 

to try to trip the attachment-line flow to the turbulent state. 
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G. 1.2 Experimental facilities 

The Calspan 48 inch shock tunnel is a blow down facility using nitrogen as the test gas. 

Mach numbers ranging from 10 to 12 can be achieved with test times varying from 10 to 

25 milliseconds. The unit free-stream Reynolds number ranged from 4.4.104 to 3.8.106 per 

foot (1.44.105 to 1.25.101 per metre') as shown in figure G. 1. This tunnel has the added 

advantage of giving low wall-to-free stream stagnation temperature ratios without having 

to cool the model below room temperature. In this investigation Z-- was typically 0.26. To 
Rom the different runs conditions described in references [37] and [38], a calibration of 

the tunnel *has been obtained (figures G. 2 to GA). A complete description of the tunnel 

can be found in reference [37]. 

G. 1.3 Model and instrumentation 

A3 inch (0.0762m) diameter, swept circular cylinder was used (figure G. 5). This had 

interchangeable leading edges in order to align the upstream tip of the model with the 

free-stream. The cylinder was instrumented with 28 thin-film, heat transfer gauges and 

26 piezoelectric pressure gauges. Most of the heat transfer instrumentation was located 

along the attachment-line (table D. 7.2) but some heat transfer gauges were placed on the 

-451 and 45' generators. Unfortunately the spanwise location at which the heat transfer 

and pressure gauges were positioned around the cylinder is not specified in either reference 

[37] or [38]. Holden et al. estimated the uncertainties associated with the gauge calibra- 

tions and the recording equipment to be ±5% and ±3% for the heat transfer and pressure 

measurements respectively. The data were obtained at sweep angles ranging from 6011 to 

800. 

APPENDIX G. DESCRIPTION OF THE EXPEIZIMENTS 296 



G. l. HOLDEN ET AL. 

The effects of trip wires and endplates on attachment-line transition were also investi- 

gated. In one case trip wires (k=0.015" and k=0.03") were wrapped around the model 

(see figure G. 5) at an L of approximately 0.75. In the other case, small streamwise end- D 

plates were added to the upstream tip of the cylinder. 

The gauges used allowed both the mean and fluctuating components of the heat transfer 

to be obtained and this aided the identification of the beginning of transition by detecting 

bursts of turbulence travelling along the attachment-line. 

G. 1.4 Tests conditions and extraction of the heat transfer data 

Table BA shows a listing of the model configurations and the respective tests conditions 

that have been considered in the present investigation. The runs carried out at Mach 

11.3 and 12.5 were not considered here because of problems related to the CFD solutions. 

Local flow properties along the attachment-line e. g. LEE, '" etc. were obtained from the TOO MOO 

CFD for runs 5,12) 25,31,34 and 36 (table B. 2). 

In references [37] and [38], the measured heat transfer rate at the wall, 4W, is presented 

in both tables and graphs. Using equation G. 1, dw can be extracted in S. I. units by using 

the conversion factor 

1[W]= 11353 BTU ] 

m2. sec 

If 
t2. sec 

(G. 1) 
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G. 2 Poitiers University 

G. 2.1 Introduction 

An extensive experimental investigation on laminar and turbulent attachment-line heating 

and the transition between the two regimes was undertaken at Poitiers University between 

1990 and 1998 (references [25], [35) and [6]). Tests were carried out in the CEAT H210 

hypersonic tunnel using highly swept circular cylinders in free-stream flows with Mach 

numbers of 7.15 and 8.15. The model co4figurations used (see chapter G. 2.4) gave values 

of M,,, from 3.3 to 6.8. Attachment-line transition was studied for smooth surfaces, with 

roughness elements of vaxious shapes and with a range of streamwise endplates. 

G. 2.2 Experimental facilities 

The CEAT H210 hypersonic tunnel is a blowdown facility in which the free-stream air flow 

lasts for approximately 20 seconds. The working section diameter is 210mm but, due to 

the presence of turbulent boundary layers on the walls, the "useful" diaineter is reduced 

to 150mm. Two Mach numbers can be used (7.14 and 8.15), depending on the nozzle 

geometry. The free-stream Reynolds number per metre varies from 5.7.106 to 34.106 with 

the Mach 7.14 nozzle and from 8.5.106 to 18.5.106 for the Mach 8.15 nozzle. The tunnel 

calibration, obtained from the tests conditions (see section G. 2.4), can be seen in figures 

G. 6 to G. 8. The stagnation temperature is such that with the model at room temperature 

the LE ratio is approximately 0.38. The free-stream Mach number fluctuation is ±0.5% To 

and ±0.7% at Mach 7.14 and 8.15 respectively. Moreover, Benard [6] reported that the 

free-stream pressure fluctuation ýý is approximately ±3%. P 
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Once the tunnel is started, the model is injected into the working section (see figure 

G. 9) with a pneumatic jack. This takes only 0.1sec and has the advantage that it avoids 

tunnel start problems and, hence, allows larger models to be used. Further information 

on the CEAT H210 hypersonic tunnel can be found in references [25], [35] and [6]. 

G. 2.3 Model and instrumentation 

Circular cylinders with diameters of 13.5,14,19,20 and 33mm were tested at sweep an- 

gles varying from 60* to 810. The upstream tip of the models was sealed and cut off in a 

plane paxallel to the free-stream flow direction. Natural surface finish of the cylinders was 

around 0.8pm and according to Benard [6] this is approximately 200 times smaller than 

the boundary layer thickness. Heat flux measurements were obtained using the thin wall 

technique. This involved the spot-welded of thermocouples onto the inner surface of the 

models thin skin along the attachment-line. Heat flux was determined by analysing the 

temperature/time history immediately after cold model injection. No pressure measure- 

ments were made. The accuracy of the heat flux data has been estimated by the authors 

(see [6], page 61) to be better than 15%. 

Attachment-line heating was studied for smooth cylinder surface and then the effects 

of local 2D and 3D roughness elements, as well as endplates of various sizes, were consid- 

ered. Up wires, steps and cavities were also tested. 

To study the effects of the wall temperature on transition the model was cooled by run- 

ning liquid nitrogen along the inner surface of the model (figure G. 9) before injecting. 

Once the wall temperature stabilised at the liquid nitrogen temperature, the cooling was 
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stopped and the tunnel started. Whilst the model was being cooled it was kept in an 

environment of gaseous nitrogen (outside the tunnel itself as the free-stream gas is air ; 

page 52 of reference [35]). If the model had been kept in contact with room air during the 

process, ice would be formed acting as roughness on the external surface of the models. 

With this technique the ratioT' could be decreased to approximately 0.24. TO 

Tests carried out by Gaillard [35) on rectangular cylinders were not considered in the 

present investigation. 

G. 2.4 Tests conditions and extraction of the heat transfer data 

Attachment-line results obtained at Poitiers university are presented in references (6] [35] 

by plots of St., against R* (see appendix H for the definition of these two parameters). 

In the present investigation, only the heat transfer rate at the wall dw is of an interest 

and it is shown how this was extracted from references [6] and [35] in appendix H. 

Tables B. 6 and B. 7 contain the runs considered in this study. Although many others 

have been caxried out at Poitiers only those exhibiting, a repeatability better than ±5% 

have been used. CFD calculations were performed for runs 9,19,24 and 70 (note that 

all dimensions in those tables are in millimetres and that 1, d and w stand for length (in 

spanwise direction), depth and width (in chordwise direction) respectively. Table B. 7 is 

explained in more details in chapter 5. 
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G-3 Bushnell 
\ 

G. 3.1 Introduction 

In 1965 Bushnell et al. [121 measured heat transfer and pressure distributions along a 

swept cylinder attached to a 12* half angle wedge (figure G-10). The aim was to study 

the effects of the interaction between the shock emanating from the tip of the wedge and 

the bow shock formed in front of the cylinder. Tests were conducted in the Langley Mach 

8 variable density tunnel with the cylinder swept at 45* and 601 with respect to the free- 

stream direction. To eliminate the effects of contamination of the cylinder flow by the 

wedge boundary layer, the model was detached from the wedge as shown in figure G. 11. 

In this separated configuration, the cylinder was equipped with a small elliptical end plate. 

The results obtained with the wedge attached and wedge detached were compared with 

those obtained on the swept cylinder alone. However, with the wedge absent the elliptical 

end plate was retained as shown in figure G. 12. 

Bushnell also made measurements on the isolated with the upstream tip (and end plate) 

aligned with the free-stream flow direction. In this case, the cylinder was swept at 72'. 

These data axe given in reference [13]. 

G. 3.2 Experimental facilities 

The Langley Mach 8 variable density tunnel uses air as the test gas and is a blowdown 

type. It has an axially symmetric nozzle with contoured walls. The calibration of the 

tunnel was obtained from reference [58] (pages 12,13) and is presented in figures G-13 
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to G. 15. This shows that the free stream Mach number varies from 7.72 to 7.93 as the 

absolute stagnation pressure ranges from 2.52x105 to 5-Ox1OI NIO whilst free-stream 

T) - 

. Reynolds number per meter increases from 7.55.105 to 1.03.107. The tunnel flow duration 

is approximately 4 seconds. 

G. 3.3 Model and instrumentation 

The model consisted of a sharp flat plate inclined at a 12* angle to the test section flow. 

A circular cylinder, 1 inch (0.0254m) in diameter, swept at 450 and 600, was either at- 

tached to or just separated from the wedge. However, it is the results for the cylinder in 

isolation and swept at 600 that have been considered in the present study (figure G. 12). 

The measurements taken on the same cylinder at 720 sweep with the upstream tip aligned 

to the free-stream flow (reference [13]) were also considered. In the latter case, the size 

of the end plate was reduced so that the protrusion which was originally 0.25 inch (0.635 

cm) from the outside of the cylinder (figure G. 11), became 0.12 inch (0.305 cm). 

Heat transfer and pressure measurements were taken along the attachment-line and at 

azimuth angles 0 of 30* and 60' as shown by figure G. 16. Two models, identical in ge- 

ometry were built. The first was equipped with 19 thermocouples and the second model 

had 19 pressure orifices. 

The heat transfer measurements were made with the thin wall heating technique. Steady 

flow in the working section was established with the model held outside the tunnel. The 

cylinder was then injected into the test section. With the cylinder at ambient tempera- 

ture the ratio T. IT,, varied from 0.48 to 0.39 due to the variation in T,, (see next section). 
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Bushnell et al. recorded that the time required to move the model through the tunnel 

wall boundary layer was about 0.05 second and care was taken to remove this transient 

effect from the data. The heat transfer and pressure measurements which were taken at 

the same spanwise locations were estimated to be accurate to within ±15% and ±5% 

respectively. 

All the tests were made with the little elliptical end plate fixed to the upstream tip. 

No roughness elements, such as trip wires, were attached to the cylinder. 

G. 3.4 Tests conditions and extraction of the heat transfer data 

Table B. 8 shows the tests conditions considered for the present investigation. For runs 

15 to 20 only heat transfer measurements taken at the spanwise station of 5.35 diameters 

from the tip were used. These measurements are only used in chapter 5 and are called 

Bushne1160s. 

In references [12] and [13], the data is reported in the form of a heat transfer coefficient, 

h, defined as 

-qw 
Tadia - TW 

(G. 2) 

BTU 
where h has units of 

[ft2ae ] units. The adiabatic wall temperature, T,, dia (in Rankine), 

is related to the recovery factor by 

Tadia - Tae 

To - Tae 
(G. 3) 
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For every run reported in references [12] and [13], the free-stream Reynolds number is 

specified. Hence, T,, can be found from the tunnel calibration. With T., evaluated from 

the infinite swept conditions (see appendix C) and r taken to be 0.85 for larninar flow 

and 0.89 for transitional, turbulent flow, T. di,, can be calculated. In reference [58), the 

variation of Tm is given for the range of T,, permitted by the tunnel and with the model TO 

at room temperature (see figure G. 17). Since T,, is known from the tunnel calibration, 

the wall temperature Tw can be evaluated. This leads, with Tadial to the heat transfer 

rate dw. '1! ransformation of the units was achieved using equations GA and G. 5. 

1 rR] =9 ['K] (G. 4) 
5 

1w 11353 
BTU (G. 5) [M2. 

secl 

If 

t2. sec 

GA Beckwith and Gallagher 

G. 4.1 Introduction 

In 1959 Beckwith and Gallagher [5] conducted a series of tests to determine the effects of 

sweep angle on the heat transfer and pressure distributions along the attachment-line of 

a circular cylinder. The investigation was carried in "one of the blowdown tunnels of the 

Gas Dynamics Branch at the Langley Reserach Center" at a fixed Mach number of 4.15. 

The model was swept from 00 to 600 and the free-stream Reynolds number per metre 

ranged from approximately 3.5x107 to 14x107. Internal cooling of the model was used to 

give Tw ratios varying from 0.92 to 0.88. TO 
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G. 4.2 Experimental facilities 

The tunnel used air as the free-stream gas and had a conventional two dimensional nozzle 

with a test section of 12 inches in width (30.48cm) and 13 inches in height (33.02cm). The 

Mach number was fixed at 4.15 (± 0.03) and the maximum running time varied from 20 

to 40 minutes depending on the stagnation conditions. The tunnel calibration obtained 

from reference [5], page 42, is given in figures G. 18 and G. 19. Note that it is not specified 

in reference [5] which tunnel of the Gas Dynamics Branch at the Langley Research Center 

was used for the experiments. 

G. 4.3 Model and instrumentation 

The model was a circular cylinder, 1.115 inches (2.8321cm) in diameter, made from stain- 

less steel and equipped with three heat transfer gauges plus two pressure orifices. Figure 

G. 20 shows the relevant model dimensions and their variation with sweep angle (01,10', 

201,401 and 60'). The locations at which the heat transfer and static pressure measure- 

ments were made (designated as stations 1,2 and 3 for the heat transfer) axe shown in 

this figure and are summarised in table B. 9. Heat transfer was obtained at stations 1, 

2 and 3 by using chromel alumel thermocouples located along the inner surface of the 

model (with a known thermal conductivity of the steel). 

The model was cooled by passing Varsol (hydrocarbon solvent, boiling point 340*K to 

370*K) through the cylinder. The temperature of the coolant was adjusted by pumping 

it through a cooler (alcohol and dry-ice) or a heater (steam) or any combination of each. 

Hence, the Varsol temperature could be varied from approximately 230*K to 3401K. This 
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gave wall-to-stagnation temperature ratios between 0.88 and 0.92 (see figure 2 of reference 

[5]). 

No roughness elements were applied along the attachment-line. However the cylinder 

was always equipped with a small streamwise end plate which extended ahead of the 

model. The extension distance is also given in figure G. 20 for all sweep angles, whilst the 

width of the end plate was constant for all configurations. 

G. 4.4 Tests conditions and extraction of experimental data 

Tests were conducted by first starting the tunnel with the desired stagnation conditions. 

The temperature of the coolant was then set. During the run the model was rotated by 

means of an actuator and pulley system so that a complete chordwise survey of the heat 

transfer and pressure could be obtained. Two sets of measurements were made at each 

sweep angle. The first was performed at approximately constant tunnel conditions whilst 

the model surface temperature was varied by changing the coolant temperature. The 

second involved constant wall temperature over a range of stagnation pressures to obtain 

the variation of the Nusselt number with Reynolds number. 

Tables B. 10 and B. 11 show the runs undertaken and considered in the present inves- 

tigation. CFD calculations were performed for run 1 (A = 60') and run 15 (A = 400) 

only. It was found that at sweep angles from 200 or less, the bow shock was detached 

from the upstream tip of the cylinder and this gave severe computational problems. 

The heat transfer rate at the wall, dw, is of primary importance for the present in- 
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vestigation. However, the authors chose to present their results in terms of the Nusselt 

number as defined below. 

Nu = -dw. D (G. 6) 
Tw). koo 

with k,,,, being the free-stream thermal conductivity. Since only a little information is 

provided in reference [5], the heat transfer rate itself cannot be evaluated from equation 

G. 6. However, the Stanton number can be related to the Nusselt number as follows 

Nu = 
dw 

. 
p,,, D. Qcý (G. 7) 

, 

[Pae-V, 

e-CP-(T, -TW)j Poo 

14 
kw 

I'[ I 

stae ReD Pr Correction 

hence 

Stae «--2 
Nu 

Pat-Vae ReD. Pr. ( 
Poo -Qoo 

) (G. 8) 

Therefore using a Prandtl number of 0.7, the Nusselt number and ReD given for every run 

in reference (5) and the CFD to provide Par, *Vall, the Stanton number can be calculated. Poo -QOO 

G. 5 Jones 

G. 5.1 Introduction 

In 1964 Jones [40] was investigating the problem of interference effects on heat transfer to 

aerodynamic control surfaces of hypersonic vehicles. Specifically, he studied the problem 

of the impingement of the body shock wave onto the control surfaces and the corner 

interference between control surfaces and body surface. Jones carried out experimental 
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tests in the NASA Langley Mach 6, low-density tunnel on a swept fin with a cylindrical 

leading edge mounted on a streamwise flat plate with a sharp leading edge as shown by 

figure G. 21. 

G. 5.2 Experimental facilities 

The NASA Langley Mach 6, low-density tunnel is a blow down facility using air as the test 

gas. It has a test section of approximately 30.48cm (12 inches) by 35.56cm (14 inches). 

The stagnation pressure varies from 0 to approximately 4.14.101NIO (600 psig), with- 

stagnation temperatures ranging from 4221K to about 6101K. Run time can vaXy from 1 

minute to continuous operation depending on the total pressure. The tunnel calibration, 

extracted from references (40] and [41], is shown in figures G. 22 and G. 23. At a fixed 

stagnation pressure, the maximum variation of the free-stream Mach number throughout 

the working section was recorded to be only ±1.2% 

The tunnel is equipped with a model injection device mounted directly over the working 

section and the model was strut mounted to a plate which was moved up and down very 

rapidly by a pneumatic piston. When the model was in the tunnel, the plate is flush 

with the top wall of the working section. Since the entire injection device is enclosed in 

a sealed box kept at the working section static pressure, the tunnel can be run with the 

model in, or out of the test section. 
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G. 5.3 Model and instrumentation 

Three sets of models, identical in geometry (approximately 0.027m in diameter ; 1.06 

inch) but with different instrumentation were manufactured. The first contained thermo- 

couples, the second had pressure tappings and the last was only used for flow visualisa- 

tion. Heat transfer and pressure measurements were made on the flat plate, along the fin 

attachment-line and around the fin leading edge. Figure G. 24 shows the instrumentation 

location on the entire model and table G. 5.4 gives the thermocouples and pressure orifices 

location along the fin attachment-line. 

No roughness elements were added to the attachment-line and the flat plate was always 

aligned to the free-stream flow. 

G. 5.4 Tests conditions and extraction of the heat transfer data 

Heat transfer data were obtained by the thin skin technique. The tunnel was started and 

brought to the desire testing conditions. The model was then injected and the temper- 

ature versus time signals recorded. Although the model was kept in the working section 

for about 5 seconds, measurements were only made during the first 0.1 to 1.1 seconds. 

It has been estimated in reference [40] that the time required for the free-stream flow to 

become steady after the model first entered the airstream was about 0.05 second. 

Heat transfer data are reported in reference [40] in the form of a heat transfer coeffi- 

cient h (see equation G-9) non-dimensionalised by the theoretical value of h at zero sweep 

APPENDIX G. DESCRIPTION OF THE EXPERIMENTS 309 



G. 5. JONES 

(equation G. 10) i. e. h/hA=O. The definitions of h and hA=o being 

h -qw (G. 9) 
Tr - TW 

-dw 
I -yR hA=O =-=0.57. Pr-0-6. (Pae-Pae)' 

. 
(dUe)' 

(G. 10) 
(TadiaW - TW) dX "Y -1 

where Pr = 0.72. The chordwise velocity gradient Rd-ut in equation G. 10 was evaluated dX 

from the equations shown in appendix C with A=0. Using the ratios of the temperature 

and static pressure (using equations in appendix C with A= 0), the density ratio could 

be obtained: 

Pae Pae Too 

P. Poo * Tae 
(G. 11) 

The free-stream Reynolds numbers are given for every run. Using the tunnel calibration, 

the stagnation conditions can be determined, leading to the free-stream conditions via 

equations G. 12 and G. 13. 

TO= 1+ 
('y - 1) 

M02 
TO-0 20 

(G. 12) 

POOO 
1+ M02 

--1 

, 
PO -0 7- 

The free-stream density was then evaluated from the equation of state. Using equation 

G. 11 the density along the attachment-line at the boundary layer edge p,,, was obtained. 

Finally the viscosity term present in equation G. 10 was calculated from Sutherland's law. 
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Having obtained hA=O) the heat transfer coefficient h for each run and station was eval- 

uated. Using equation G. 9, the heat transfer rate at the wall, dw, was calculated by 

assuming a wall temperature of 300K. The recovery temperature was evaluated (equation 

G. 14) by always assuming a laminar recovery factor i. e. 

(To 
- 

Tae) = 0.85 (G. 14) 

The stagnation temperature was taken from the tunnel calibration and T., from the infl- 

nite swept conditions (appendix C). Hence T,. could be calculated. 

Table B. 13 shows the conditions of the tests achieved by Jones and considered in the 

present study. Note that CFD was only performed on Run 2 (see table B. 2). 
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Figure G. I: Range. of free-stream conditions in the Calspan shock tunnel [37] [38]. 
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Figure G. 2: Stagnation temperature variation with stagnation pressure (Calspan shock 
tunnel calibration after [37] [38]). 

10.6 

nC 411P 
10.5 

y 9.3263xo* 0074 

10.4 

10.3 

10.2 

Calspan shock tunnel 
10.1 Power (Calspan shock tunnel) 

10.0 ii -------------- 4---4 -- iI 
O. OE+00 5. OE+06 I. OE+07 1.5E+07 2. OE+07 2.5E+07 3. OE+07 

Po absolute IN] 
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[37] [38]. 
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Figure G. 5: Swept cylinder model used by Holden et al. [37] [38]. (All dimensions in 
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Figure G. 9: Experimental set-up in the Poitiers H210 hypersonic tunnel [6], [25] and [351. 
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Figure G. 10: Model configuration used by Bushnell [12]. Cylinder and wedge attached 
(all length made non-dimensional with the cylinder diameter). 
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Figure G. 11: Test configuration used by Bushnell [121. Cylinder and wedge separated (all 
length made non-dimensional with the cylinder diameter). 
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Figure G. 12: Schlieren picture of the 60' swept cylinder used by Btishnell [12]. (Cylinder 

alone with little end plate). 
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Figure G. 13: Calibration of the Langley Mach 8 variable density tunnel. Stagnation 
temperature vs stagnation pressure after [58]. 
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Figure G. 14: Free-stream Mach number variation with stagnation pressure in the Langley 
Mach 8 variable density tunnel after [58]. 
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Figure G. 15: Free-stream Reynolds number variation with stagnation pressure in the 
Langley Mach 8 variable density tunnel [581. 
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Figure G. 18: Stagnation pressure variation with unit free-stream Reynolds number in the 
NASA Langley Mach 4.15 tunnel used by Beckwith and Gallagher [5]. 
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Figure G. 19: Stagnation temperature variation with stagnation pressure in the Mach 4.15 
tunnel used by Beckwith and Gallagher [5]. 
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Figure G. 21: Swept cylindrical leading edge fin mounted on a sharp plate as used by 
Jones [40]. 
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Appendix H 

Heat transfer measurements 
obtained at Poitiers university 

Attachment-line heat transfer data obtained at Poitiers University axe presented in refer- 

ences [6] [25] and [35] in the form of St., plotted against R*. 

Stac =4 (H. 1) P. e-Vae-CP 
(Tr - Tw) 

v21 
ae2 R 

Vae *. dX 

) 
(H. 2) dUe 

with 

T* = Tae + 0.10 (TW - Tae) + 0.60 (Tr - Tae) (H. 3) 

For the purpose of the present investigation, only the heat transfer rate at the wall, 4w, 

is of an interest. This appendix lists the equations used to extract dw from references [6] 

and [35]. 
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H. l. KNOWN VARIABLES 

H. 1 Known variables 

For each run the free-stream Mach number, cylinder sweep angle and diameter, wall-to- 

stagnation temperature ratio and wall temperature are known. The free-stream gas is air 

and, hence, the ratio of specific heat y and the gas constant R are also known. Benard and 

Gaillard also used a recovery factor r of 0.85 for all cases, independent of the boundary 

layer state. The Prandtl number used by Gaillard was 0.72 whereas Benard used 0.725. 

H. 2 Equations leading to qjv 

T Tw 
'0 TW [K] (H. 4) 

TO 

TOO 
TO [K] (H. 5) 

1+ (1 
2 

M020 

i 
Qoo = M,,,,. (, y. R. Too)2 [M/S] (H. 6) 

T ae T 00 1+ MO20. COS2A] [K] (H. 7) 
12 

Vae V,,,, = Qo,,. sinA [M/S] (H. 8) 

Mae =. 
Vae 

(H. 9) 
(-y. R. T , e)' 

Tr=Tae 1+r( 2e] [K] (H. 10) 
12) 

Ma 

T*= Tae + 0.1 (Tw - Tae) + 0.6 (T, - T. e) [K] 
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H. 2. EQUATIONS LEAD17VG TO Qw 

R* (H. 12) 
+ 
,4 r 

Pae + 1) 
M02 -f'f I =71- 

OCOS2A] .[ 
7+1 (H. 13) 

POO 2 2., y. M. 2. COS2A-(, y-T)] 

' 

Mnoo M... cosA (H. 14) 

PaL 
-1 

Kpo -Poo 2 (H. 15) 
2 *Mnoo 

U,,. = QcosA [m/sl (H. 16) 

P. 
= 

Poo Tae 
* 

(H. 17) 
Pae Pae Too 

I dU, 2u 

Kp,,. PT ). " 
- 

[M-I] (H. 18) 7x Pae, 
D 
2 

V2 

Vae aw [77j2/s] 
fj2. dUc (H. 19) 

dX 

pa, = 1.711.10-5. ae ) ý' T73 273 [kglm. s] 1+ 110.4 

[1 +1 
(H. 20) 

Tac 

Pae 
Mae [kg/m3 (H. 21) 
Vae 

Pae Pae. R-Tac [Pa] (H. 22) 

Poo = 
Poo 

-Pae 
[Pa] (H. 23) 

Pa e 
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H. 2. EQUATIONS LEADING TO 4w 

Po = Poo [1 
+ 

(2L: 
2- 

I [Pa] (H. 24) 2 Moo] 

Poo = 
Poo 

-Pae 
[kg/m3] 

Pae 
(H. 25) 

1041 
(H. 26) 1.10-5. -) 

+ 
1.71 (L' [kglm. s] 273 

voo 
Poo [M2/, 

S] (H. 27) 
POO 

Re. = 
QOO (H. 28) 
VOO 

CP= - 
y. R [Jlkg. K] (H. 29) 

-y- 1 

4W : --: Stae-Pae-Vae-CP- (Tr - Tw) [W/M 2] (H. 30) 
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Appendix I 

The law of the wall 

As proposed by Prandtl and von Kdrman, a turbulent boundary layer may be considered 

to consist of two regions. These are the inner region which is dominated by viscous shear 

and strongly influenced by the wall and the outer region which is mainly determined 

by turbulent stresses and is governed by conditions at the boundary layer edge. Between 

there is a blending region so called the "overlap" layer where both sources of shear stresses 

are important (figure I. 1). 

The traditional axguments for the determination of the velocity profile in the inner and 

outer regions axe well documented (see for example Schlichting [56]). The functional 

dependence for each region can be deduced from dimensional analysis alone. The pos- 

tulation of an overlap region gives rise to the well known semi-logaxithmic law of the 

wall. However, a more convincing argument for the law of the wall has been proposed by 

Bradshaw [11]. 

For flow very close to a solid boundary, the properties depend only on the distance from 
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the wall, Y, the shear stress at the wall, 7-,,, and the local transport properties p and y. 

The structure of the flow near the wall is essentially independent of the events taking 

place in the outer part of the viscous layer. 

Near the wall, the mean velocity U is given by 

f4 
= fl 

Y. Ur 

ur 

(v 

where u, is the friction velocity i. e. 

U'r 
7,1W 

p 

Differentiation of equation I. 1 yields 

Ou Ur 1 
Y. 

7 fl 
( 

*u 
) 

-yur 
Ur-f2 (yur) (1.3) 5-y ý-- vvyv 

which can be written as 

oil Y. y 'a I 
Ty : -- f2 

, 5y U'r 

( 

where the term Y. ulv is usually referred as Y+. 

When Y+ becomes large i. e. greater than 30, the effect of viscosity on the turbulence is 

assumed to be negligible Le. Reynolds number independent. Expression 1.4 reduces to 

y a- lu 
U'r *5y (1.5) 
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where k is the von Karman's constant. 

Integration of equation 1.5 leads to the logarithmic law 

In (1.6) 
ur v 

Cý*-Ur 
+c 

in which C is the additive constant. 

Coles [22] extended this model to include the wake portion of the boundary layer. By 

analysing the available mean-velocity profile measurements in incompressible flows with 

zero pressure gradient, he demonstrated that the mean velocity distribution, outside the 

sublayer, could be accurately represented by the following expression for Y+ greater than 

30 

u1 Yu, ri 
= lln +C+ W(K) ur T TJ 

law. of. the. wall 

In equation 1.7,11 is the majdmum deviation of the velocity profile from the extended log 

law (see figure 1.2) and is usually called the wake strength. The term w (YIJ) is Coles's 

wake function and is approximately 2Sin2 M. K (2 ) such that fol (YIJ). dw and w (1) = 2. 

Coles [22] specified that for low Reynolds number flows, the wake strength variation with 

Re is as shown by figure 1.3 and could be approximated by the following relation 

R 
rI = 0.55 1- exp 0.243 -Le 0.298 1 (1.8) 

IZ 

2F-5 -1-( -4! 2ý5- -1))] 
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25 - 

20 

15 

10 

0 

I 10 
Y+ 

2FI/k 

Actual velocity profile 

Law of the wall 

100 1000 

Figure 1.2: Plot of the mean velocity distribution across a turbulent boundary layer with 
zero pressure gradient. Highlight of the wake strength TL 

APPENDIX 1. THE LAW OF THE WALL 334 



8 

6 

2 

0 
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Appendix J 

Morkovin's hypothesis 

Morkovin's hypothesis can be found in many text book (e. g. [19][21]) or in reference [45]. 

However, for convenience, it is reported herein. 

Using the equation of state and its logarithmically differentiated form it follows 

il_P1 T' 
p PT (J. 1) 

Assuming that the ratio of the pressure fluctuation P to the mean absolute pressure 

is small leads to 

pf 
(J. 2) 

Morkovin [45] observed that the total temperature fluctuations in supersonic boundary 

layers were much smaller than the static temperature fluctuations i. e. 

< (J. 3) 
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T) - 
, Ewcalling the definition of the instantaneous total temperature i. e. 

T,, + T. = T+ 2'+ j1 
(U + Ui)2 + (V + Vt)2 + (W + Wt)2] (J. 4) cp 

Bearing in mind that all velocity fluctuations are small compared with w (see figure J. 1 

for the co-ordinate system) and that at the attachment-line where the flow is predominant 

in the Z direction it follows 

u<w (J. 5) 

and 

v<w (J. 6) 

By then expanding the squared terms and neglecting small quantities, equation JA be- 

comes 

To+T! =T+7'+ 
w2+ ww I 

0 2. Cp Cp (J. 7) 

Considering Morkovin's work (equation J. 3), then subtracting from the above equation 

its own time average T,, =T+w2 12Cp, it follows 

WWI 
CP 

(J. 8) 

This result is believed to be qualitatively plausible for high speed boundary layer since 

the mean temperature is high where the velocity is low (e. g. near the wall) - Fluctuations 

of velocity and temperature are hence expected to have opposite signs. 
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Recalling now the definition of the speed of sound i. e. 

1) Cp. T (J. 9) 

and the local Mach number 

M= (J. 1O) 
a 

it follows 

M'. 
w 

hence the key result for high speed flow follows 

Pr (, y _ 1) M2. W1 
pw 

Since w'/w is usually small, pýlp is small in the region close to the wall. This leads to 

the conclusion that the fluctuating component of the density is negligible compare to its 

mean value. The turbulent structure is therefore not affected by compressibility effects. 
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Figure J. 1: Surface Orthogonal co-ordinate system as used in the boundary layer code 
Ill. 
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Appendix K 

Experimental data set from 
Beckwith. et al. 

Using the turbulence model developed in chapter 5, it was found that the experimental 

data of Beckwith et al. [5] obtained at 400 of sweep was well predicted as shown by figure 

K. 1 (see appendix G for more information about the experiments). However, figure K. 2 

shows that the corresponding prediction for the data at 600 of sweep does not fall within 

the ±15% with the experimental data. Since the Reynolds number is higher than for 

40' of sweep, this data set is believed to be fully turbulent. Moreover when compared 

to all the other data, the accuracy of the predictions was found to be within ±15% (see 

chapter 5). Hence, the 600 set is believed to contain a systematic error and therefore was 

discarded. 
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Figure K. I: Variation of the heat transfer rate along the 40' swept cylinder used by 
Beckwith et a]. [51 (Air, Pr = 0.7, M,,,, = 4.15 and T,, IT, = 0.92). 
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Figure K. 2: Variation of the heat transfer rate along the 600 swept cylinder used by 
Beckwith et a]. [5] (Air, Pr = 0.7, M,, ý = 4.15 and T,, IT,, = 0.92). 
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Appendix L 

The "perfect" reference temperature 

L. 1 Incompressible relation 

The incompressible relation linking the Stanton number, St.,, and attachment-line Reynolds 

number, R, can be expressed in this form 

-' 
A Stae ' IFB 

L. 2 Transformed Stanton number 

Starting from the definition of the Stanton number i. e. 

Stae (L. 2) 
Pae-Vae- A- Hwý 

where H is the enthalpy. 

rm 
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L. 3. TRANSFORMED ATTACHMENT-LM REYNOLDS NUMBER 

Using the reference temperature, T*, the transformed Stanton number, St,,, *, becomes 

-qw (L. 3) stae ý. Vae- (Hr - H, ý 

or 

Pae St,, * = Stae- 
(P. ) 

(L. 4) 

From the equation of state 

P. e P R T* T* 
(L. 5) 

P* F* *ji'Tae = Tae 

Therefore equation LA becomes 

Stae* Stae- T* (L. 6) 
Gae 

L. 3 Transformed attachment-line Reynolds number 

t)-,, nl Recalling the definition of the attachment-line Reynolds number Le. 

dUe (L. 7) 
(Vae' 

dX 

Using the reference temperature, R, is transformed as follows 

. 
h* 

= 
dX 

) 
(L. 8) dU, - 
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LA TRE "PERFEC7' REFERENCE TEMPERATURE 

or 

(Vae) 

V* 

From the definition of the kinematic viscosity 

Vae Pae P* Pae Tae 

V* A* pae 14* T* 

Hence equation L. 9 becomes 

I 

R. (Pae. Tae 

p* T* 
(L. 11) 

LA The "perfect" reference temperature 

From equations L. 1, L. 6 and L. 11 it follows that 

stae* =AB- 
St4C' T* 

RB. A. - T-A. L T Tar 
A* . To 

and, hence 

B 
2 T*. (pa,,. T., A 

"': Tt Ta ep 
T*- 

) 

ae. 
f? B 

Using Sutherland's law, this becomes 

Ai (T (T* 22 

S fjB 
Fe) 

ae 
+ 

-411 
e 

tae Tae)' '[(LT* 

(L. 9) 

(L. 1O) 

(L. 12) 

(L. 13) 

(L. 14) 
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LA THE "PERFECT" REFERENCB TEMPERATVRE 

where s is the Sutherland's law constant (s=110.4 K for air and s=105.0 K for nitrogen) 

Therefore 

B 
2-B 

21 T *- 
(i 

+s2 A T* To 
St,,. fiB T* T.. (i +s Teg 

2-B 1 (1+ S) 

ae TO A T* T, I 
Stae. fjB ý- 

(T-) 

. (1 +S a, Tac 

B 4-3B 2 A T* 4 
"': 

(T-) 
St,,.. RB +s 

Tae 

Finally 

23 
=I 4 4-3B 

A -3B (T*). (l+T9*) 
s fjB) 

I 

Yl Fac 
- 

Tae + 
Te 

Note that A and B are functions of R* only. Therefore iterations are needed in order to 

calculate the "perfect" value of T* from equation L. 18. As a first guess A and B were 

taken as functions of R instead of f? *. In this case, it was found that only three iterations 

were needed. 
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Appendix M 

Effects of roughness elements and 
end plates 

M. 1 Introduction 

Navier-Stokes calculations were performed on smooth surface cylinders as explained in 

appendix D. Local edge flow properties such as the density, p,,,, the static temperature, 

T,,,, and the velocity, V.,,, were extracted from the CFD solution. However, these numer- 

ical results were coupled with some experimental data caxried out on cylinders equipped 

with end plates or roughness elements (see appendix G for the description of the ex- 

periments). Hence, local edge flow properties would be suitable only for smooth surface 

cylinder since a trip wire for example, located on the cylinder, would generate a shock 

wave (figure M. 1). Therefore, a given external stream line can cross two shock waves. If 

the shock emanating from the trip wire is not negligible, the flow properties along the 

attachment-line will suddenly vary and thus, the computational results will not be suit- 

able for "non-smooth" surfaces. Note that for Jones experiments [40], the first three data 

points were discarded because of the strong shock emanating from the flat plate which 
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M. 2. EFFECTS OF ROUGRNESS ELEMENTS AND END PLATES 

interacted with the swept leading edge shock (see chapter 3, section 3.7.1). It is here the 

same feature that is investigating. 

M. 2 Effects of roughness elements and end plates 

A circular cylinder of diameter D, swept at an angle A, in a flow field at a free-stream Mach 

number M,,. in which the ratio of the wall-to-stagnation temperature is 7W is considered. To 

If the heat transfer along the attachment-line is independent of the surface state (smooth 

or tripped with a roughness element) then it could be concluded that the shock system 

emanating from the roughness element has a negligible effect on the flow parameters. 

Recalling the definition of the attachment-line Reynolds number evaluated from the tem- 

perature of reference i. e. 

1 

dUe 
dX 

then 

v 2. 
p* 

u 
ae 

d(k) 
(M. 2) 

D* d(fl D 

which becomes 

(Vý,. p*. D 
(M. 3) U,,,, A* Ul 
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M. 2. EFFECTS OF ROUGRNESS ELEMENTS AND END PLATES 

where U1 is the chordwise velocity gradient non-dimensionalised by U,,,, and D i. e. 

dUg& 
ul = 

U- 
dX 
D 

Introducing variables in order to bring the free-stream Reynolds number, it follows that 

I 

Q00. Vae.. Vae Poo P* poo. D2 (M. 5) ý00 uoo*poo*poo, p* Ul 

" Va ev Qoo. p,,.. D 
. ae. P-. Poo. 1 (M. 6) 

Poo 
)-( 

Qoo U00 P". A* Ul 

Recalling the definition of the Stanton number evaluated from the temperature of reference 

(M. 4) 

i. e. 

Stac' = -dw (M. 7) 
P*-Vae-CP- (Tr - Tw) 

Introducing T,, in order to recast the Stanton number in terms of the stagnation temper- 

ature, gives 

stae* =. 
( -dw ). (To - Tw) (M. 8) 

P*. Vae. cp. (TO-TW) (Tr-Tw) 

and based on the free-strewn conditions i. e. 

-4w ý (POO. Q (M. 9) Stae 

P". QC,. cp. (T, e 

(Tr 

- TW TW Va3e 

Since the Stanton number and R from the temperature of reference are related as follow 

(see Poll [49] or chapter 6). 

A Stae* ýj*-B (M. 10) 
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M. 3. RESULTS 

hence using equations M. 6 and M. 9 

dw (P.. 
Q.. Cp. (To - Tw)) 

(T,. - Tw). AB 
. 

(22. U... POO A Ul) 

B 

Poo-QOO TO - Tw QQo. poo. D T Vae * Vae * P* * floo 
IA00 

). 

which becomes 

dw Qoo. poo. D [Poo. 
Qoo. cp. (To - Twyl -I Poo 

I 

A 
u2 p" Ul) (M. 12) 

Poo-Qoo TO - TW Vae * Vae * P* Poo 

Note that equation M. 12 is identical to equation M. 10; only non-dimensionalised variables 

have been added in equation M. 12 in order to investigate the effect of roughness elements 

on the heat transfer distribution along the attachment-line. Note also that all the terms 

in the right hand side of equation M. 12 might be affected by the trip flow field whereas on 

the left hand side only 4w could be flow field affected since every other term correspond 

to the free-strearn conditions. 

M. 3 Results 

Holden run 17 (smooth surface), runs 6 and 9 (21) trip wire, k=0.015 inch), run 13 (2D 

trip wire, k=0.030 inch) and run 24 (end plate) have been considered herein. -These runs 
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M. 3. RESULTS 

have been carried out at approximately the same free-stream Mach number (M,,. -, 10.5), 

0 
wall-to-stagnation ratio (TTw f-J 0.26) and identical sweep angle (A = 66.50) and cylinder 

diameter (D = 0.0762m). Note that the free-streasn Reynolds number varies between these 

runs but equation M. 12 does take into consideration this feature. Figure M. 2 shows that 

these five runs lead to the same value of St.,,. ReD 2 (left hand side of equation M. 12). 

Note that the right hand side of equation M. 12 is also shown in figure M. 2 (denoted 

f=(Minf, Tw/To, D and sweep). This means that for a fixed, given swept cylinder and 

free-stream conditions, the heat transfer along the attachment-line is independent of the 

cylinder surface state (i. e. smooth or with roughness elements). In *other words, the shock 

wave emanating from the roughness element (trip wire or end plate) has no discernible 

effect on the flow field. It is therefore possible to use the computational results obtained 

on smooth surfaces to runs having non-smooth surface. This feature is obviously correct 

to a certain extent. If the roughness element is very large, the shock wave generated must 

have an impact. In Jones experiments, the flat plate shock wave does change the flow 

field in the vicinity of the fin attachment-line as stated in reference [40] and reported in 

section 3.7.1 of the present report. 

Note that the reference temperature T* is needed in equation M. 12. The two coeffi- 

cients K1 and K2 (0.09 and 0.28 respectively) allowing T* to be calculated (equation 

6.10) are investigated in the chapter 6. 

Holden runs 28 to 31 have also been used to investigate the effect of shock waves em- 

anating from roughness elements. These runs involve similar free-strewn Mach number 

(Moo ; ý-, 10.5), wall-to-stagnation ratio (--Tm ; ý,, 0.26) and identical sweep angle (A = 75*) TO 

and cylinder diameter (D = 0.0762m). The only major feature that differentiates these 
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M. 3. RESULTS 

runs (apart from the free-strewn Reynolds number) is their surface states. In run 28, a 

2D trip wire (k=0.030 inches) was fitted to the cylinder whereas in runs 29,30 and 31 

the cylinder surface was kept smooth. Figure M. 3 also reveals that the roughness element 

has no noticeable impact on the flow field. 

Finally, Runs 29,30 and 31 achieved at Poitiers University have been taken into account. 

These runs were carried out at a free-stream Mach number of 7.14, wall-to-stagnation 

temperature ratio of 0.38 over a cylinder (D=19mm) swept at 70*. In run 29, a 3D cavity 

(1mm in spanwise length, 2mm in depth and 4mm in chordwise width) was located at 

station 9.5. At the same location, a 2D groove of 5mm in spanwise length and D 

1mm in depth was tested in run 30 and a 2D groove of 5mm in spanwise length and 

2mm in depth was tested in run 31. As shown by figure MA, when the attachment- 

line boundary layer becomes fully turbulent under the effect of these roughness elements, 
9 

the variable St.,,. ReD 2 which appears on the left hand side of equation M. 12 collapse 

together. Note that runs 29 and 30 have fully turbulent boundary layers all along the 

cylinder attachment-line (hence they collapse together in figure MA) and that for run 31, 

the boundary layer was found to be become fully turbulent from station 12.3. Again this 

demonstrates that the shock emanating from the roughness element is weak since the heat 

transfer along the attachment-line is independent of the state of the cylinder surface. 

However, it could be argued that although the heat transfer rate at the wall does not 

vary, the edge flow properties might change in one way and another boundary layer prop- 

erty could change in the other way. The combination of the edge properties and another 

boundary layer property varying together in two different ways might result in a constant 

heat transfer rate at the wall. 
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Af. 4. CONCLUSIONS 

To investigate the influence of the edge properties on the heat transfer at the wall, two 

cases vý ere considered. The first was Holden Run36, which involves the highest Mach num- 

ber = 10.6), the highest sweep angle (A = 80*) and the lowest wall-to-stagnation 

temperature ratio (LIE = 0.26) considered in the whole investigation. The second case was TO 

Beckwith RunI5, involving the lowest Mach number (M,,,, = 4.15), the lowest sweep angle 

(A = 4011) and highest waU-to-stagnation temperature ratio (Tw = 0.92) encountered. Us- TO 

ing the boundary layer code and the infinite swept conditions for both cases, it was found 

that a variation of 10% in Al., resulted, in the worst case to a 16% change in heat transfer 

(other properties such as V,,., p. led to smaller changes in heat transfer). This suggests 

that a small change in edge flow properties involves a more important variation of the wall 

heat transfer rate. Hence, as the heat transfer was found relatively unchanged when the 

cylinder was equipped with endplates or trip wires (see above), it is safe to conclude that 

the edge properties did not 'vary dramatically across the shock waves generated by the 

roughness elements. Thereforej the computational results obtained on smooth surface can 

be applied to the trip wire and end plate configurations examined in the present study. 

MA Conclusions 

It has been seen that, for the cases considered, the shock emanating from a roughness 

elements or end plates attached to the swept cylinder did not change the distribution 

of the heat transfer along the attachment-line. Moreover, it was found that a small 

change in edge flow properties resulted in a bigger change of the heat transfer at the wall. 

This means that the edge properties did not vary dramatically as a result of the shock 

waves produced by the roughness elements. Therefore, computational results obtained 
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M. 5. FIGURES 

from smooth surface cylinders can directly be used with experimental data obtained on 

"non-smooth surface". 

M. 5 Figures 

Bow shock 

Flow M>l 

Stream line / )7rip wire 

BL 

Swept cylinder 

Mae>l 
CyUnder 
Bow shocr 

Figure M. 1: Schematic of the bow shock and roughness element shock interaction. 
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