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ABSTRACT

This thesis studies the dynamics and control of flexible articulated space manipulators 
with large payloads similar to the Space Shuttle Remote Manipulator System. For 
dynamic response analyses an exact analytical method to compute natural frequencies 
and mode shapes of space manipulator systems with varying degrees of complexity is 
developed.
Dynamic response analyses are performed comparing the results obtained using the 
exact mode shapes with those obtained when using assumed mode shapes for a series 
of different manipulator slew manoeuvres and Shuttle thruster firings.
Possible methods for active vibration damping control of the manipulator are 
discussed, including the methods presented by other researchers. In this thesis it is 
proposed to use reaction wheels in a closed-loop control scheme, and its advantages 
and disadvantages compared to other methods are discussed.
The problem of payload capturing and post-capture dynamics are addressed, as well 
as the dynamics following an emergency braking of the robot. For these cases, a 
simple method to estimate upper limits of dynamic responses is developed, and 
results obtained with this method for various example cases are compared with results 
computed by professional software.
Finally the dynamic responses of a space station to various robot manoeuvres are 
analysed. These responses can have detrimental effects on micro-gravity and similar 
experiments. The analyses are performed using a simplified model of the 
International Space Station and its Mobile Remote Manipulator System.
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CHAPTER 1: INTRODUCTION

In recent years a considerable quantity of research has been devoted to the dynamics 
and vibration control of single and multi-link robotic manipulators, subjected to 
disturbances arising from rotational manoeuvres by torque motors about one or more 
revolute joints. Of particular interest in respect of space research is the vibration of 
flexible robotic systems, such as the Space Shuttle Remote Manipulator System (in 
the following, the abbreviation “RMS” indicates a general remote manipulator 
system, whereas “SRMS” is solely used for the Shuttle Remote Manipulator System) 
and the Space Station Mobile Remote Manipulator System (MRMS). Such structures 
are essentially lightweight and hence flexible, in contrast to stiff industrial robots, and 
can be subject to vibration when performing various manoeuvres in space. This thesis 
uses the SRMS as the basis for vibration and dynamic analysis, being the only system 
in actual use.
A sample of the relevant literature is given in [l]-[20], [23], [28], [30]-[38] and for 
the SRMS in [1]-[10], [25] and [44]. However, most papers give little detailed 
information about the operation of the SRMS or its dynamic characteristics with the 
exception of [5], [9] and [69], which give a limited quantity of numerical results. The 
SRMS is designed by SPAR Aerospace, Toronto, Canada, who appear to be reluctant 
to release more than superficial technical information.
The major concerns regarding vibration of a robotic manipulator such as the SRMS 
relate to possible fatigue damage in the drive mechanisms ([!]), such as the high 
reduction gear trains and damping out residual vibrations following a movement of 
the payload after a rotational slew or a translation of the extended SRMS / payload, 
using Shuttle thrusters. Thus during construction, say on the International Space 
Station (ISS), considerable time can elapse in waiting for residual vibrations to decay 
([5], [9]). Hence a study of passive and active, closed-loop damping is essential to 
reduce the decay time and so enable payloads to be accurately placed. Similarly with 
the MRMS, bang-bang translations of the payload along the main truss with shoulder 
joint locked (see figure 1.1) leads to vibrations which can be detrimental to micro­
gravity environmental conditions on the Space Station and associated experimental 
work.
The literature reveals that only two-dimensional planar motion of the SRMS has been 
considered in vibration analysis. However, flexible multi-body programmes such as 
SIMPACK are able to analyse three-dimensional motion of multi-link systems. Thus 
in the present study we consider only planar motion of single, double and triple 
articulated SRMS type robots with large payloads rigidly attached at the free end, or 
end effector, allowing for rigid body motion of the Shuttle. Initially however, to 
simplify the problem, the base of the SRMS is assumed to be attached to an inertially 
fixed joint but in a later section this joint is allowed to be free and comparison with 
the two cases is made.

1.1 CONTRIBUTION TO KNOWLEDGE

This thesis studies the following situations of dynamic response of the SRMS and 
MRMS, as shown in detail in the contents:
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1. rotational manoeuvres of the SRMS with various joints free or fixed, using 
bang-bang control by means of electric motors, comparing the cases of 
Shuttle fixed against Shuttle free boundary conditions

2. translational manoeuvres with the SRMS / payload extended 
perpendicular to the payload bay, using Shuttle Vernier thrusters

3. dynamics of the SRMS due to payload / satellite capture ([69])
4. influence of SRMS interactive forces on Shuttle out-of-plane motion
5. dynamic interaction of MRMS and the Space Station.

The major contribution to knowledge in the thesis is the use of the exact eigenvalue 
analysis of a three-link robot, with two flexible links, yielding exact natural 
frequencies and mode shapes for use in transient response analyses. This approach 
does not appear to exist in the current literature, which for a three-link system has 
been studied by [35] using assumed mode shapes and allowing for planar rigid body 
Shuttle motion. [35] does not however justify the use of approximate mode shapes by 
comparing approximate eigenvalues with the exact results as given in this thesis.
A further major contribution is the study of the effect of a wide range of payloads 
with overhang and various orientations of the three-link RMS with joints free or 
locked, and the effect on natural frequencies and mode shapes for the first few 
important modes.
The structure of the thesis is given in section 1.5, but here the general approach to the 
complex analysis of the three-link system is given.
The classical solution to the Bemoulli-Euler beam with various boundary conditions 
is well known (see for example [41]). However, when large end masses and rotary 
inertias are present with torsion springs to represent the effect of mechanically locked 
joints, the resulting eigenvalue analysis becomes extremely tedious even for a single 
beam. When a second elastic beam is connected at the elbow joint (see figure 1.1) and 
a third rigid end effector coupled to a rigid payload is included, the complexity 
increases by an order of magnitude or more.
It was thus decided to proceed in stages from a single link attached to an inertially 
fixed base, or shoulder joint, to formulate the eigenvalue determinant and verify the 
programme against known eigenvalues for simple beams, as for example given in 
[55].
The next step was to formulate the eigenvalue determinant for two connected elastic 
beams with a third rigid beam / payload, again with the shoulder joint inertially fixed. 
This restriction was later removed , allowing the Shuttle to be free.
A search of the literature reveals virtually no information on the vibration response of 
the SRMS with joints free, locked or a combination of free and locked joints. There is 
also nothing available on the effect of payload size or SRMS configuration. In this 
thesis it is shown that with one or more joints free the dynamic response due to step 
function torques at the joints is negligibly small. This is primarily due to the links 
then being basically pinned-pinned or pinned-clamped for the payload arm. Thus the 
natural frequencies are higher than when the joints are locked and thus the dynamic 
responses are small. With all joints locked we essentially have a cantilever beam with 
much lower natural frequency and hence larger response. Therefore in this situation 
the major SRMS vibration response occurs when the system has locked joints, with 
torsional stiffnesses due to gear box and gear tooth flexure, and this fact has not been
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reported in the literature to the author’s knowledge. Although details of the SRMS 
manoeuvre sequences could not be found in the literature [7] states that slews 
performed by astronaut tele-operation take place with only one joint free at a time. 
For example the shoulder joint can be fixed with slew taking place about the elbow 
joint. Alternatively the slew could occur about the wrist joint with the other joints 
locked. In these situations the dynamic response is greater than with all joints free. 
This aspect of the subject is again absent in the literature.
For the study of the single link system, the analysis given in [48] and [53] are similar 
to the single link analysis here, taking account of end payload inertia and mass, 
shoulder drive or hub inertia and various restraints by springs. The papers however do 
not relate to the SRMS and [53] considers torsional shaft flexibility between the hub 
and the motor rotor only and assumes zero overhang of the payload at the free end, 
where the payload is very small with a mass comparable to that of the flexible link 
itself. [53] also comments on the use by other workers of approximate mode shapes 
but makes no comparison of approximate and exact natural frequency results.
This thesis investigates active damping or closed-loop control of vibration in the 
lowest mode using collocated sensors and reaction wheels mounted near to the ends 
of the two flexible links. [9] considers active damping of the SRMS with feedback to 
the epicyclic gear / drive motors. However, this thesis shows that with joints free, 
which is obviously a requirement for use of the drive motors as active dampers, the 
vibration levels are very small, hence this method appears to be inapplicable. Few 
papers consider the use of reaction wheels, but [64] has considered the use of a tip 
mounted reaction wheel and a proof mass actuator for damping out slew induced 
vibrations. This thesis shows that reaction wheel damping or any other kind of active 
damping is only relevant to the case of all joints locked where the SRMS is 
essentially a series of cantilever beams with additional root torsional springs. Thruster 
firing is then the major cause of significant flexural oscillation, which is similar to the 
case of hard capture of a satellite with small relative velocity.
Currently there is no active damping on the SRMS and as far as is known on the 
MRMS. Probably the main reason is due to the complexity of adding, say, a reaction 
wheel or wheels to one or more links of the system, and the associated sensors and 
software. Since vibration is only important with all joints locked, then two reaction 
wheels mounted near to the free ends of the flexible links will be adequate and that 
case is considered in the thesis, for motion of the SRMS in its plane of symmetry due 
to Shuttle thruster firing or satellite capture.
A further significant contribution to knowledge is the comparison of the exact 
eigenvalues for the single link with large payloads and torsion spring restraints at the 
shoulder, with approximate methods using assumed mode shapes to represent the link 
flexibility in the equations of motion. It is shown that Rayleigh’s principle is verified 
if a sufficient number of assumed mode shapes is taken, so that the approximate 
natural frequencies converge towards the exact values. This fact has not to the 
author’s knowledge been proved for the single link RMS under consideration. Thus 
use of approximate mode shapes for single or multi-link systems will require many 
assumed mode shapes. Consequently to avoid the excessive computational burden of 
using many assumed mode shapes in the equations of motion, the exact mode shapes 
are used throughout this thesis. Clearly these have to be determined, together with the
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exact eigenvalues or natural frequencies, for each case of different payloads and link 
configurations.
Initially the open-loop response of the SRMS is considered, to obtain information on 
the likely magnitudes of vibration response. Implementation of active damping using 
reaction wheels would not require any type of system identification due to the method 
of using collocated sensors / actuators ([65]) as proposed in this thesis, thus yielding 
an autonomous closed-loop active damping system.
However, the topic of SRMS system identification has apparently received no 
attention in the literature except for [9], which confirms the statement made in many 
SRMS related papers that the payload dimensions are known in practice before 
operating the SRMS. This thesis therefore gives no consideration to methods of 
system identification.
The thesis considers planar motion of the SRMS / payload in the plane of symmetry 
of the Shuttle, assuming that pitch, roll or yaw motion is controlled by Vernier 
thrusters during translation of the Shuttle / SRMS / payload by longitudinal thrusting, 
or during rotations of the various SRMS links due to slew manoeuvres.
It is noted however that the SRMS shoulder joint is mounted offset from the Shuttle 
longitudinal axis at the side of the payload bay. It is also some considerable distance 
from the Shuttle centre of mass. Thus slew accelerations / decelerations of the 
payload will give shoulder joint reactions causing rigid body roll, yaw and pitch of 
the Shuttle. The problem will exist at the end of a slew manoeuvre and if further 
thruster action is needed to recover the Shuttle initial orientation, which will further 
excite SRMS vibrations.
One further aspect, for example, is the roll motion produced by elevating the payload 
about the shoulder joint, which will cause lateral vibration of the SRMS which will 
not be damped out by a reaction wheel mounted for damping planar vibrations. This 
extended problem is far more complex than the present treatment and would require 
multi-axis closed-loop vibration control, which has not been considered in the related 
literature.
The thesis restricts the analysis only to out-of-plane Shuttle rigid body motion, say 
roll motion, due to a rigid body RMS slew about the shoulder joint, which provides 
information of the roll acceleration and the level of RMS / Shuttle interaction.

1.2 SOFTWARE TOOLS

The following software tools were used on a Pentium II processor PC with 266 MHz 
clock.

MATHEMATICA:
This is a very strong tool for any mathematical application. Since it is capable of 
handling also symbolic calculations, all the numerical and symbolical results 
presented in this thesis are computed using the MATHEMATICA code. In particular, 
all the elements of the various determinants to compute the natural frequencies and 
mode shapes of a robot with one or more flexible links as well as the elements of the 
various mass and stiffness matrices for equations of motion are derived with 
MATHEMATICA.



As one means to check the analytical results, a programme using the finite element 
method was developed with MATHEMATICA by the author for two-dimensional 
beam structures. It was however found that due to ill-conditioning of the system 
matrices, the finite element method could only give the natural frequencies for 
relatively small payloads, but in these cases the agreement between the analytical and 
the finite element method results was within the limits of numerical accuracy. As 
another source of verification the professional finite element programme MSC / 
NASTRAN (Version 70.5) was used, but here the natural frequencies and mode 
shapes even for only a single flexible link system were not computed correctly for 
larger payloads, probably also due to ill-conditioning, and no further attempt was 
made to set up the more complex configurations. The analytical results are however 
proven to be correct by various means as shown in the following chapters, and also by 
using BEAM and SIMPACK.

BEAM and SIMPACK:
Theses two software tools were provided by INTEC GmbH, Wessling, Germany. 
BEAM is a pre-processor, which allows for the set-up of straight beam structures 
subject to dynamical and kinematic boundary conditions and the computation of the 
natural frequencies and mode shapes of such structures.
The data created with BEAM can be used in SIMPACK (Simulation of Multi-body 
systems PACKage), a programme to set up and simulate three-dimensional mutli- 
body mechanisms, including flexible bodies.
Since BEAM does not allow for the computation of the exact natural frequencies and 
mode shapes of robot systems as presented in this thesis, verifications of the 
numerical results of the presented exact solutions and of dynamic response analyses 
are performed using a relatively large number of assumed mode shapes created with 
BEAM in SIMPACK. The agreement between the various results serves two 
purposes, first the verification of the exact solutions and second the comparison with 
assumed mode shapes approximations as usually used by the various researchers.

1.3 ASSUMPTIONS

In agreement with the majority of the related literature ([5], [9]-[17], [19], [23]-[27], 
etc.), the following assumption are made for all the following analyses:

- locked gear box drives are approximated as linear torsion springs
- the joints have radii r, = 0 to avoid unnecessary complexity due to offsets from the 

root of the link to the centre of the motor armature
- the links are assumed to be Bemoulli-beams
- the deflections of the links are small and allow for linearisation, thus they are

always perpendicular to the undefoimed link axis
axial deflections of the beams are neglected due to small centrifugal forces for 
low slew rates

- the payload is rigid
- the centres of mass of the joints are aligned with the undeformed link axes
- the connection of the last link with the payload is rigid
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- any motions and elastic deflections in dynamic response analyses are assumed to 
take place relative to an inertia frame that coincides with the system centre of 
mass, which in reality stays fixed on the orbit about the earth; as the SRMS / 
payload is rotated, say perpendicular to the Shuttle, the combined system centre of 
mass will remain on the orbit, and thus the Shuttle will move away from the orbit, 
opposite to the motion of the payload, but as this motion takes place slowly its 
effect on the SRMS vibrations is neglected

- it is assumed that the joint gear box ratios are very high, so that the reaction 
torques at the input side can be neglected (for example for the SRMS, the 
shoulder joint ratio is 1:1842, and the maximum output torque is 1298 Nm, so that 
the reaction torque at the input side is 0.7 Nm)
geometric stiffening effects are neglected due to the low slew rates

- except for some analyses in chapter 2.10 all models are planar.

1.4 THE SHUTTLE REMOTE MANIPULATOR SYSTEM (SRMS)

Since the SRMS is the only existing manipulator working in space, it will be referred 
to and compared with repeatedly throughout this thesis, and some of its known design 
characteristics will be the foundation for some general assumptions concerning large 
flexible space manipulators in this thesis. Figure 1.1 shows a schematic of the stowed 
SRMS and introduces some of the common technical terms related to the SRMS or 
space manipulators in general.
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Figure 1.1: Sketch of the stowed SRMS and technical terms ([3])

1.5 STRUCTURE OF THESIS

The organisation of this thesis is shown by the following chapter by chapter account.



Chapter 2:
This chapter applies the method to compute exact natural frequencies and mode 
shapes to a planar single flexible link robot with fixed base subject to various 
dynamical boundary conditions. The boundary conditions are reproduced as exactly 
as the available literature on the SRMS allows. Some examples of dynamic responses 
to randomly chosen excitations are given, where assumed mode shape 
approximations are compared with the results when the exact mode shapes are used. 
Also the magnitude of interaction between a single link rigid robot and the Space 
Shuttle are assessed by some examples.

Chapter 3:
Here the exact analyses of the natural frequencies and mode shapes of the single 
flexible link are extended to a planar single flexible link with fixed base and 
articulated end effector. This step by step increase of the system complexity allows 
for steady control of the results, for example by comparison with previous results 
when the simpler systems are imitated, or by comparison to a rigid double pendulum, 
when the link stiffnesses are chosen so as to approach infinity.

Chapter 4:
This chapter investigates the natural frequencies and mode shapes of a planar double 
flexible link robot with fixed base and gives some examples of dynamic responses to 
arbitrary assumed excitations.

Chapter 5:
The system is extended to the fully developed planar double flexible link with fixed 
base and articulated end effector. Again the exact natural frequencies and mode 
shapes are computed.

Chapter 6:
Until now the robot was always assumed to have a fixed base. In practice this is the 
case in the ground test bed, where the links and a test payload are supported by low 
friction (air) bearings and can only move in a plane, or if the robot is on a space 
station so that the station mass is very much larger than that of the robot, or if the 
Shuttle carrying the robot is attitude controlled while the robot is operated.
In the general case the robot base is mounted on a Shuttle that is free to float in space. 
The effect of the free base on the natural frequencies and mode shapes of the planar 
manipulator system is investigated.

Chapter 7:
This chapter gives a series of examples of worst case open-loop dynamic responses 
due to slew manoeuvres of the manipulator system or due to Shuttle thruster firings. 
The results for a fixed and a free base robot are compared. The chapter allows for 
estimating the likely magnitude of dynamic responses and to evaluate various control 
methods.

Chapter 8:
This chapter shows two examples of how the manipulator can be automatically
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operated, using either an inverse dynamics method or Lyapunov’s direct method. 
Although attitude control of the manipulator is not a main topic of this thesis, the 
chapter is included to show that if excitations other than bang-bang accelerations act 
on the manipulator, the robot elastic vibration amplitudes in dynamic response 
analyses are much smaller.

Chapter 9:
Here the possibility of controlling the elastic deflections of the manipulator using 
reaction wheels is investigated and proven to be feasible within sensible boundaries 
of additional hardware space and available electric energy. The achievable damping 
ratios are shown to be able to reduce the waiting time for vibrations to damp down to 
acceptable levels significantly.

Chapter 10:
This investigates some worst case dynamic responses of the SRMS due to emergency 
braking during operation, and a simple method to estimate upper limits of dynamic 
responses is given.

Chapter 11:
A simplified flexible dynamic model of the International Space Station carrying the 
MRMS is set up, and the magnitudes of dynamic responses of the space station to 
robot operations are investigated from the point of view of disturbances of micro­
gravity or similar experiments.

Chapter 12:
A summary of the thesis is given in the last chapter.
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CHAPTER 2: SINGLE LINK WITH FIXED BASE

Although very few single link robot systems exist, this chapter deals with the basic 
mechanics and dynamics of such a system, since the single link is an integral part of 
the multi-link robot. Also, the study of a single link system is the foundation for the 
formulation of the dynamics of the multi-link system.

2.1 JOINTS AND TORQUE MOTORS

The mechanical design and thus the dynamical behaviour of the joints heavily 
influence the overall behaviour of the manipulator, since they determine the boundary 
conditions for the flexible links in addition to the payload mass inertia.
For the further analyses the gear system of the joints is assumed to be a backdriveable 
epicyclic gear train with an electric motor, such as that of the Space Shuttle Remote 
Manipulator System (SRMS). This assumption gives rise to a series of considerable 
consequences that are to be developed subsequently. Figure 2.1 shows a cut away of 
an SRMS joint, in which a considerable speed reduction is achieved using a complex 
epicyclic gear train system.

As is shown for example in [1] or [52], the reduction of angular acceleration and 
velocity by the ratio of the gear box Ng leads in return to an increased effective inertia 
of the motor rotor if it is backdriven from the gear box output side.
If 0out is the angular rotation of the output side and 6 m that of the input side (the 
motor rotor), we can write
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GEAR t r a in .

ELBOW
ELECTRONICS
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INTERFACE

OUTPUT 
GEAR TRAIN

LOWER ARM 
BOOM INTERFACE

POSITION
ENCODER

Figure 2.1: Cut away view of SRMS joint unit ([6])



Let /in be the moment of inertia of the input side due to the motor armature and /0ut the 
total moment of inertia of the output or payload side. The acceleration of /in due to the 
input torque T-m is then

^ in  in -  T in  out ( 2 - 2 )

where Tinertia, out denotes the effective reaction torque of the output side due to the 
acceleration of /out. Using equation (2.1) and assuming negligible stiction and friction 
and constant gear tooth contact with zero backlash, equation (2.2) can be re-written as

(2.3)

If a torque is applied at the output side instead of the input side, equation (2.3) can be 
re-written by using equation (2.1) as

(2.4)
s 8

Multiplying both sides of equation (2.4) with Ng yields

(2.5)

Using equation (2.1) again, the left-hand side can be written as

4 ë o u , j v s2 = r 0Ul- / 0„t ë ol[ (2 .6 )

and therefore TM = (lM +LmN 2g)ëM (2.7)

This shows that the effective inertia on the output side has been increased by the term 
Lm N g . Using the SRMS data ([7]) with Ng = 1840 and /„ = 3.5xl0'4 kgm2, this
yields an effective inertia at the shoulder joint of 1188 kgm2. Thus, if a joint is not 
locked, the manipulator link connected to the actual gearbox output side has the 
boundary conditions of a pinned-free beam with a rotational inertia at the pinned end. 
This will be shown to be significant in the manipulator’s dynamics in the next 
section.
A second important aspect is flexibility within the joints. Although mentioned in 
many papers, for example [3], [4], [5], [10], [53] and [54], information about the 
cause and location of joint stiffness is sparse. It is assumed that joint flexibility occurs 
when it is locked with the brakes on, say at the shoulder when the elbow joint is being 
driven. It appears that flexibility is due to elasticity in the housing and nonlinear 
torsional flexibility in the meshing gear teeth. In the latter case an equivalent linear 
torsion spring is selected to cover the range of vibration amplitudes expected, 
neglecting any backlash effects. When a joint is driven, it is revolute or free to rotate,
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hence torsional stiffness is absent and only the rotary inertia term, equation (2.7), 
exists. Very few papers (e.g. [7]) state that if a joint of the SRMS is not actively 
driven, its brakes are on, and that, except for the case when the manipulator performs 
a computer-controlled motion with all joints actively driven, only one single joint is 
manually driven at a time.

2.2 DETERMINATION OF NATURAL FREQUENCIES AND MODE SHAPES

Formulation of equations of motion of flexible robot manipulators requires dynamic 
modelling of the first few elastic mode shapes of the system. For multi-body flexible 
robots a literature search reveals no published work on exact dynamic modelling of 
such systems, but many papers ([48], [53], ...) give an analytical solution for a single 
flexible link with various springs. [22] gives analytical solutions for beams with 
offset inertial end masses in three dimensions with coupled bending/torsional 
vibrations. [50] considers a mass at the free end of a clamped-free planar Bernoulli 
beam, and [49] considers a cantilever Timoshenko beam with a mass at the free end. 
Due to lack of an exact analytical solution for articulated beam systems, extensive use 
has been made of approximate methods to represent beam vibrations in the equations 
of motion of flexible robots. Those approximations normally consist of arbitrary or 
assumed mode shapes ([20], [36], [51], etc.) or superpositions of both, but can 
sometimes also be simple polynomials. The following method gives the exact 
analytical solution for the natural frequency of a flexible link with large payload and 
thus allows for comparison with the different approximation methods.

2.2.1 EXACT SOLUTION FOR NATURAL FREQUENCIES

The partial differential equation of free vibration of a uniform beam with zero axial 
force, neglecting rotary inertia and shear force (Bernoulli beam), is given as ([47])

El yiv + ÿ = 0 (2.8)

where El is the beam flexural stiffness, its mass per unit length, y its lateral 
deflection, and where dashes or superscript Roman numbers denote derivations with 
respect to x and dots derivations with respect to time t. It is seen that in equation (2.8)

y = y(x,f) (2.9)

therefore equation (2.9) is a partial differential equation. It is solved via separation of 
variables by letting

y(x,t) = W(x)q(t) (2.10)

and inserting equation (2.10) into equation (2.8) we obtain

EIWlv{x)q{t)+ml>W{x)q{t) = 0 (2.11)
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Now since the differential equation (2.8) is linear, the solution can be expressed in 
terms of a homogeneous and a particular solution. From equation (2.11) it is seen that 
the homogeneous equation is given by

ElW -jx)  g(Q ^

mb w {x) «(O
(2 .12)

with a constant co2, because only in this case the spatial and time dependent parts 
agree. Thus with equation (2.10) two normal differential equations are obtained from

and co is the natural frequency. The general solution for the differential equation 
(2.13) is given by

from which it is seen that equation (2.8) leads to a vibration problem. All values of

parameters Au Bu Q and Du which are finally obtained by taking into account the 
boundary conditions. Thus we obtain a linear equation system, for which non-tiivial 
solutions only exist if its determinant is zero. With this condition we obtain the 
characteristic equation for the computation of the eigenvalues k = ku which always 
has an infinite number of solutions (for example, the characteristic equation for the 
cantilever beam is ([41]) cosfcL cosh&L = -1). Inserting these eigenvalues into 
equation (2.17) yields the eigenfunctions or mode shapes, and one remaining 
parameter can be used for scaling, for example by letting Wt ( l)  = 1. Under certain
conditions it is possible to show that eigenfunctions form a complete orthogonal 
system ([71]). Thus a particular solution or forced response of the homogeneous 
partial differential equation (2.8) under a disturbance Q(t)

equation (2.8), which yields the solutions for W(x) and q(t) as

(2.13)

and W'''{x)-ki W(x) = Q (2.14)

where
EI

(2.15)

q(f)= q(p)cos(œt) + -^-Lsm{œt)
œ (2.16)

k for which equation (2.14) has non-tiivial solutions W'(x) ^ 0 are called eigenvalues, 
and the corresponding functions W(x) = are called eigenfunctions or mode
shapes. The general solution for equation (2.14) is given by ([41])

W,. (x) = Ai sin(&,x) + Bi cos(Æ,x) + C, sinh(^x) + D, cosh(&,x) (2.17)

and since equation (2.14) is homogeneous, all eigenfunctions W, (x) have four free

(2.18)
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can be expressed in terms of a superposition of the eigenfunctions in the form

y{x,t) = Y iWi{x) q^t) (2.19)
i= l

For numerical analyses, equation (2.19) is approximated by using a finite number n of 
eigenfunctions, thus

y{x,t) = '^Wl{x) q^t) (2.20)
1=1

The above mentioned method allows for the computation of the natural frequencies of 
a flexible beam with arbitrary kinematic and / or dynamical boundary conditions, but 
the literature does not report its application to space robots with large overhanging 
payloads in general or the SRMS in particular.
Formulating the kinematic and dynamical boundary conditions in terms of the mode 
shapes W'(x) and / or their time / spatial derivatives yields four equations. Bringing 
all terms in these four equations to the left-hand side and collecting them with respect 
to A,-, Bi, Q  and we obtain the aforementioned linear equation system

d\\ ^12 du A"
^21 ^ 2 2 d 23 2̂4
3̂1 d 32 d33 d3A Ci

_<74i 4̂2 4̂3 d 44 _ P i .

0 (2.21)

where the elements dnm are complex expressions depending on the trigonometric and 
hyperbolic functions in equation (2.17) or their derivations. As stated above, since A,-, 
Bu Ci and D, are non-zero constants, equation (2.21) can only be solved if

du d \2 d l3 d\4

2̂1 ^2 2 6? 23 2̂4
d3l d32 d 33 d34
dAl 4̂2 4̂3 Aw

=  0 (2.22)

Equation (2.22) can now be solved numerically to give the natural frequencies 0) of 
the system.
Now the procedure described above is illustrated for a pinned-free beam in space with 
a rotational inertia Ig at the pinned end and a large mass Mp with rotary inertia Ip at the 
free end. This is representative of a single arm flexible robot driven about the pinned 
end, where the effective gear box inertia 7in N 2g from equation (2.7) is replaced by Ig.
Mp is assumed to be rigidly attached to the beam end at x = L. It is also assumed that 
there are no flexible joints between the ends of the beam and that and EI are 
continuous. Figure 2.2 sketches the configuration.
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Figure 2.2: Schematic of pinned-free beam with idealised rigid, rectangular 
and homogeneous mass at the free end and rotary inertia at the pinned end

In figure 2.2, G denotes the centre of mass of the payload, which is at distance a -  b/2 
on the tangential extension of the free link end E at x = L, where the payload is rigidly 
attached to the link. Figure 2.3 shows the boundary conditions at x = 0 and x = L, 
where ii and (j) are the translational and rotational acceleration about G, and (j)g the
rotational acceleration of Ig at x = 0.

E I y % t )  E I y ' ( L , t )

^  £

x  =  L
( j

>G

é

Figure 2.3: Kinematic and dynamical boundary conditions at x = 0 and x = L

In figure 2.3 the terms EI y"(x,t) and EI y w(x,t) are the beam bending moment and 
shear force at x, respectively. Taking into account the sign conventions for the beam 
and considering figures 2.2 and 2.3 the boundary conditions at x = 0 are

and

y(0,f) = 0 

E 7 /(0 ,f )  = W ' (')

(2.23)

(2.24)

At x = L the boundary conditions are

E l y \ L , t )  = - I p$ { t ) - [M p ü(f))a (2.25)

and E I y^iLj)  = M p ii(t) (2.26)

From figure 2.3 ü(t) =y(L, t )  + a y(L, t) (2.27)

Since the beam vibrations in each mode i are harmonic oscillations with a natural 
frequency co, using equation (2.10) and relation (2.13) we can write
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ÿ{x,t) = -ü) 2 w(x)q{f) (2.28)

and similar for the d-üa derivative y d(x,t) of y(x,t) with respect to x

ÿ d(x,t) = -m'1 W i (x)q{t) (2.29)

Thus using equation (2.10) and relation (2.13) the three dynamical boundary
conditions in equations (2.24) through (2.26) can be written as

EI W'(0) = - / s tv2 W'(0) (2.30)

E 1 W \L )  = l p 0) 2 W'{L)+[Mp w 2 \w(L) + aW'{L%a (2.31)

EIW"(L)  = - M p CO2 [w(Z.) + aW'(l)] (2.32)

where from figure 2.2 and assuming an idealised homogeneous and rectangular
payload mass, the rotational inertia Ip of mass Mp about G is given as

(2.33)

From the kinematic boundary equation (2.23) it is seen that in equation (2.17)

D ,= -B , (2.34)

Bringing all terms in equations (2.30), (2.31) and (2.32) to the left-hand side and 
collecting them with respect to A,-, Bz and Q, equation (2.21) reduces to

du d l2 du

2̂1 2̂2 2̂3
d3l d32 d33

A

C.
=  0 (2.35)

Note that the matrix elements in equation (2.35) have nothing to do with those in 
equation (2.21). Using the notation C = cos (kL), S = sin (JcL), Ch = cosh (kL) and Sh 
= sinh (kL), the elements dnm are given by

d^ — d l3 — I g kco 

d1 2 = - 2 E I k 2

d2\ -  k ( lp + a 2 M p)co2 C + (EIk2 + a M p co2 )s 
d 22 = E l k 2 (C + C h ) - I p kco2 (S + Sh)-  

aM  Ct) 2 (— C + Ch + akS  + akSh)

(2.36)
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6? 23 ”  ̂(/p + c i2 M  p j<y2 C/ï + £7 k 2 + clM . p co2 js/z

6?31 = —£ 7 k 2 C + M œ2 (akC + 5)
(2 36)

é?32 = £ / A;3 (iS — S h ) - M p co2(— C + C/z + akS  + akSJi) 

d 33 = E l k 3 Ch + Mp (0 2{akCh + Sh)

In elements du, du and du, one common factor k can be ignored and is only given for 
completeness. Equation (2.36) can only be solved if

du 1̂3
2̂1 ^2 2 d 23 = 0 (2.37)

d3l d 32 d33

which using equation (2.15) can be solved numerically for the natural frequencies cut. 
When the drive motor joint is locked with brakes on, say for Shuttle manoeuvring, the 
gear drive cannot rotate so that the inertia term is replaced by the joint torsional 
stiffness, which is assumed to completely replace the gear box, so that the spring acts 
directly between the base and the flexible link at jc = 0. Hence equation (2.30) 
becomes EIW"(0) = ÀW'(o), where Â denotes the linearised joint torsional stiffness 
([53], [54]). Then the elements du and du in equation (2.36) become

dn = d l3 = - k A  (2.38)

Note that the first row of the matrix in equations (2.35) and (2.37) represents the first 
dynamical boundary condition, equation (2.30), the second row the second dynamical 
boundary condition, equation (2.31), and the third row the third dynamical boundary 
condition, equation (2.32).
For reasons of comparison, we introduce a reference configuration (A) with beam 
properties L = 14 m, = 3.9786 kg/m and EI = 3x l06 Nm2, payload mass properties 
b = 3 m, d = 6  m, Mp = 10000 kg and Ip = 37500 kgm2 (about G), and A = 106 
Nm/rad for a locked joint or Ig = 1188 kgm2 if the joint is unlocked or free to rotate. 
For these data, the first 5 natural frequencies coi of the system are given in table 2.1. 
Note that the unlocked joint system has one rigid body mode with û)i = 0.

Freq. [rad/s] Unlocked locked
Oh 0.00 0.39
Oh 4.55 5.18
Oh 25.98 81.46
O)̂ 103.17 236.66
Oh 274.76 478.56

Table 2.1: The first five natural frequencies of the example 
system for the case of an unlocked and a locked joint
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A literature search reveals virtually no reference to natural frequencies of single or 
double link flexible RMS systems accounting for joint elasticity or large payloads, 
with brakes on or off. Such information is of utmost importance in assessing the 
vibration characteristics of flexible robotic arm systems.
The following figures with the mode shapes will show that for A = 0  (shoulder joint 
unlocked), the mode shapes consist of pinned-free modes with the payload essentially 
rotating about its centre of mass G. When the gear box brakes are on, the system 
becomes a cantilever beam with torsional stiffness A at % = 0. From table 2.1 we see 
that .̂unlocked / <̂ 1,locked = 11.66 for the present data.
It can be shown ([41]) that the dynamic response under step function excitation is 
proportional to l/co^. Thus for brakes off we expect the oscillatory motion in the 
pinned-free mode as being very small compared to the response for a locked joint. 
However, for a doubly articulated RMS it will be shown that application of brakes at 
say one joint, for example at the shoulder, and applying a torque at the elbow or wrist 
joint gives a much lower natural frequency and hence larger response.
Similarly with the RMS in a straight, fully extended configuration with brakes on 
perpendicular to Shuttle axis, thruster firings to manoeuvre the payload will be shown 
to give considerable dynamic response.

2.2.2 EXACT SOLUTION FOR MODE SHAPES

Having solved equation (2.22) for the natural frequencies of a flexible beam subject 
to kinematic and / or dynamical boundary conditions, the frequencies coi can be re­
inserted into equation (2.21) to give

dn 1̂2 d l3 du A '
2̂1 2̂2 d 23 2̂4 Bi

d3l d32 d33 d34 c,
_d4l 4̂2 d43 d44_ A .

=  0 (2.39)

where now all the matrix elements dnm are known. If the determinant of the matrix is 
zero, as required for equation (2.22), equation (2.39) can be solved for non-tiivial, 
that is non-zero, A/, Bi, C, and D, ([57]). Re-inserting these constants together with the 
natural frequency into equation (2.17) gives the exact mode shape W,(x) for the
natural frequency coi . It turns however out that due to limits in numerical accuracy, 
the determinant computed after re-insertion of a natural frequency mi, equation
(2.39), is never exactly zero. In this case the following equation

dn d l2 

2̂1 2̂2
'13 '14

d 23 d 24

d3l d32 d 33 d 34

4̂1 4̂2 4̂3 "44

"A" 7 "
Bi /
c, /
Di /

(2.40)
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can be solved for non-trivial A„ Bz, Q  and Dz ([57]). As mentioned before, each row 
in equation (2.39) or (2.40) represents one of the boundary condition equations. It is 
therefore important to choose one identical value/for each element of the right-hand 
side vector, for convenience say 1. This is equivalent to weighting the four boundary 
conditions equally. Using different values in the right-hand side vector yields wrong 
values for Az-, Bz, Q  and Dz, and thus wrong mode shapes. The magnitude of /  
determines the scaling of Az, Bz, Q  and Dz, and thus of the mode shape. Note that 
equation (2.40) has to be solved for each mode shape Wi (%) or natural frequency coi .
The following figures show the mode shapes for the natural frequencies as listed in 
table 2.1 for the reference beam system, whose properties are listed two pages before.

û), =  0 . 3 9  r a d  /  s
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•  G.

co, =  0 . 0 0  r a d  /  s
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0)-,=  8 1 . 4 6  r a d  /  s
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<#, =  2 5 . 9 8  r a d /  s
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Figures 2.4 through 2.8: Mode 
shapes for unlocked joint with

Figures 2.9 through 2.13: Mode 
shapes for locked joint with À

The above figures show that for the chosen system properties, the centre of mass G of 
Mp is essentially a nodal point, about which the mass oscillates, except in the first 
mode for the locked link with joint stiffness, figure 2.9. This is found to be true for all 
masses in excess of say 3000 kg, and smaller masses cause negligible dynamic 
responses, as will be shown in the following chapters. It is further noted that the 
higher mode shapes rapidly approach those of a clamped-clamped beam, as the 
figures prove. Again, this is found to be true for the whole payload range, which in 
practice might reach from say from Mp = 0 kg to Mp = 30000 kg. Due to this fact we 
expect the dynamic response of the first mode for the locked joint case to be very 
much larger than of all the other modes for either the locked or unlocked joint case. 
Due to lack of exact mode shapes it is almost universally common practice to use 
approximate mode shapes or quasicomparison functions ([8], [32], [33], [35], [36],
etc.) W, (%), which may consist of mode shapes of classical beams, say clamped- 
clamped, clamped-free and so on in order to represent link flexibility in the equations 
of motion. It can be shown ([71]) that under certain conditions, all groups of
functions Wi (x) that form a complete orthogonal system and that take account of the
boundary conditions, can be used in equation (2.19) to solve the partial differential 
equation. However, equation (2.19) suggests that the approximation of the exact 
solution, equation (2.20), becomes better with increasing number of mode shapes, and 
it is also known ([47], [66], [67], [68], [71]) that exact mode shapes W^x) for the
system under consideration lead to a faster convergence than other complete function 
systems, but such convergence is rarely checked out against exact mode shapes. It is 
therefore one of the main purposes of this thesis to obtain exact solutions for the 
natural frequencies and mode shapes of a single link and double link flexible robot 
arm, with a large payload, to provide a basis for comparison with the various 
approximate methods that are used. The results of this study, as outlined above, will 
also provide a basis for selecting mode shapes for the double articulated flexible 
robot. It is stressed here that the above figures prove that for an unlocked joint, the 
gear box inertia Ig does not effectively lead to a clamped link at the gear box output 
side in the lower modes, which is often claimed in the literature ([8], [69], etc.), and 
we also note that incorrect dynamic modelling can lead to gross errors in dynamic 
response calculations and to unstable control systems ([3]). In order to design closed- 
loop vibration control systems it is therefore essential to have accurate methods of 
determining the wide range of natural frequencies and mode shapes to be expected.
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2.3 VALIDATION OF THE DETERMINANT RESULTS

The results of table 2.1 can be validated by Rayleigh’s principle of constraints ([81]), 
which states that an increase in the mass of a dynamic system will cause the natural 
frequencies to fall and lie between the frequency of the original system and the next 
lower frequency of the system for infinitely increasing mass. Conversely adding 
constraints, such as springs, will cause the natural frequencies to increase and lie 
between the frequencies of the original system and the next higher value of the 
system for infinitely increasing stiffness.
To illustrate this principle we use equation (2.37) with the elements given in equation 
(2.36) for the data set (A) introduced on page 20, but let Mp = Ip = A = 7g = 0, thus 
producing a pinned-free beam without any other (dynamical) boundary conditions. 
Increasing Mp and Ip should then lower the frequencies until for very large Mp and Ip 
the natural frequencies approximate those of a pinned-clamped beam.
This is shown in table 2.2, where the values in the row “pinned-clamped” are the 
exact analytical values ([41]) for a pinned-clamped beam with properties L = 14 m, 
mi, = 3.9786 kg/m and EI = 3xl06 Nm2. Note also that in table 2.2 the second 
frequency of the pinned-free beam approaches zero as the payload mass increases, 
thus effectively producing a second mode with &% = 0.
The 200000 kg case in table 2.2 is given as a check of convergence for very large 
masses. The first line proves that for Mp = Ip = Ig = 0, the determinant gives the exact 
analytical results of a pinned-free beam with the above properties, which validates the 
exact eigenvalue solution of equation (2.37). Furthermore, the table shows the well 
known fact that the natural frequencies C0i of a pinned-clamped beam are identical 
with the natural frequencies cq+i of a pinned-free beam.
It also shows that the natural frequencies C0i+\ approach the natural frequencies C0i of 
the original system with increasing mass, as expected.

Mp [kg], b [m], d [m] ûh [rad/s] Ûh [rad/s] ûh [rad/s] ûh [rad/s] ûh [rad/s]
0, 0,0 0.00 68.31 221.36 461.86 789.80

50, 1, 1 0.00 44.37 162.33 348.67 596.37
100, 1, 1 0.00 42.25 156.04 327.89 555.61

1000, 1, 1 0.00 35.88 108.05 240.84 472.94
2000, 1, 1.5 0.00 28.12 83.46 227.33 465.31

4000, 1, 2 0.00 18.72 73.38 223.32 463.02
10000, 3, 6 0.00 4.59 68.69 221.57 462.01
15000, 3, 8 0.00 2.97 68.48 221.46 461.93

20000, 3,10 0.00 2.12 68.40 221.42 461.90
200000, 6,20 0.00 0.38 68.31 221.37 461.86

pinned-clamped: 68.31 221.36 461.86

Table 2.2: Variation of exact natural frequencies of the beam 
system shown in figure 2.2 with Mp and Ip, when Ig = 0,A = 0

Figure 2.14 shows the effect of Rayleigh’s constraint theorem on the natural 
frequencies of a dynamic system and illustrates that an increase of mass in a system
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will shift the natural frequencies (Di of the new system somewhere between (Di.\ and ah 
of the original system, where the lower limit is <2̂ 1 for infinite additional mass and 
the upper limit is 6̂  for zero additional mass.

O riginal sy stem

0 <u,

A dd ition al I I M assJJ
£0, £V3

N e w  sy stem

Figure 2.14: Effect of Rayleigh’s constraint theorem on natural frequencies

As a second example we produce again a pinned-free beam by letting Mp = Ip = A = 
Ig = 0. Increasing Ig should then lower the frequencies until for very large Ig the 
frequencies approach those of a clamped-free beam. Table 2.3 shows the results, 
where the row “clamped-free” gives the exact analytical values ([41]) for a pinned- 
clamped beam with the actual beam properties.

4  [kgm2] Gh [rad/s] Oh [rad/s] Oh [rad/s] Oh [rad/s] Oh [rad/s]
0 0.00 68.31 221.36 461.86 789.80

1000 0.00 31.78 102.21 274.93 536.45
2000 0.00 25.46 99.87 274.13 536.04
5000 0.00 20.26 98.51 273.66 535.80

10000 0.00 18.10 98.06 273.50 535.72
20000 0.00 16.89 97.84 273.42 535.68
30000 0.00 16.47 97.77 273.39 535.67
40000 0.00 16.25 97.73 273.38 535.66
50000 0.00 16.12 97.71 273.37 535.66

106 0.00 15.60 97.63 273.34 535.64

clamped-free: 15.58 97.62 273.34 535.64

Table 2.3: Variation of natural frequencies the beam system 
shown in figure 2.2 with inertia Ig for Mp = Ip = A = 0

For a third example we take again the pinned-free beam by choosing Mp = Ip = A = Ig 
= 0. Instead of the rotational inertia, we now take the case of a locked joint with 
torsional stiffness A. An increase of A should then raise the natural frequencies 
towards those of a clamped-free or cantilever beam as 2  —> Table 2.4 shows the 
results and also shows that the 0% are related to A in a nonlinear manner.
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X [Nm/rad] (th [rad/s] Oh [rad/s] Oh [rad/s] Oh [rad/s]
0 0.00 68.31 221.36 461.86

102 0.17 68.31 221.37 461.86

104 1.65 68.50 221.57 462.06

106 11.39 80.17 236.52 478.41

108 15.51 97.21 272.19 533.40

clamped-free: 15.58 97.62 273.34 535.64

Table 2.4: Variation of natural frequencies the beam system shown 
in figure 2.2 with joint torsional stiffness X for Ig = Mp = Ip = 0

The given examples show that the determinant method works correctly for all the 
presented test cases.
Figure 2.15 shows the variation of the first two natural frequencies of data set (A) 
with an unlocked joint when the rotational inertia Ig = 1188 kgm2 is constant and X = 
0 and Mp and Ip are increased (see also figure 2.2).
It also shows that for a constant at jc = 0, an additional mass at jc = L changes the 
natural frequencies in relation of its ratio to the mass of the whole system. This result 
agrees with Rayleigh’s principle and its implications mentioned before. In figure 
2.15, the convergence of the natural frequencies is already very close to the 
converged values for Mp > 10000 kg.

too

1
2

M a s s  [ k g ]

1000 10000 10000010 1001

Figure 2.15: Variation of first two natural frequencies of 
unlocked joint beam (Ig = 1188 kgm2, X = 0) with Mp and Ip

Figure 2.16 shows the variation of 0)i and coz for the locked joint with Mp and lp, X = 
106 Nm/rad and Ig = 0.
Like the previous tables, figures 2.15 and 2.16 show that the eigenfrequencies are a 
non-linear function of the payload properties. Especially in the payload range 2000 to 
4000 kg the eigenfrequencies drop rapidly, approaching their final values as Mp and Ip 
approach infinity. It thus appears that for payload masses in excess of say, 3000 kg, 
the distributed beam mass is practically negligible compared to the payload.
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Figure 2.16: Variation of first two natural frequencies of 
locked joint beam (A = 106 Nm/rad and Ig = 0) with Mp and Ip

2.4 INFLUENCE OF CENTRIFUGAL FORCES

A tensile axial force on a beam increases its natural frequencies and changes its mode 
shapes, and the partial differential equation of free vibration of a uniform beam with 
constant tensile axial force N, neglecting rotary inertia and shear force (Bernoulli 
beam), is [41]

£ / y iv+ A (jc ) /  + m6 ÿ = 0 (2.41)

The centrifugal acceleration ac due to an angular velocity Wat a distance L from the 
pivot is given as

ac =co2 L (2.42)

Thus the centrifugal or tensile axial force Fc on a link rotating with the angular 
velocity co and holding a payload of mass Mp at a distance L is given as

Fc =û)2 L M p (2.43)

In order to obtain a sensible value for Fc due to centrifugal forces, we consider the
case of a payload mass Mp = 30000 kg, the straight SRMS with L = 15.3 m and the
maximum angular velocity ([7]) of the loaded SRMS, co = 0.004 rad/s. Assuming a 
homogeneous payload with length b = 3 m, the total distance of the payload centre of 
mass is Lt0t = L + b/2 = 16.8 m. Inserting these data into equation (2.43) yields an 
axial force Fc = 8.064 N, which is neglectibly small. Since this is the worst case 
calculation, for a large payload, the centrifugal forces in general can be neglected.

2.5 DYNAMIC MODELLING

In general, equations of motion are derived by consideration of the kinetic and 
potential energies in a given system or by the principles of virtual work and power
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respectively. Here the equations are derived using the most common Lagrangian 
approach, which provides a systematic method of formulating the equations of 
motion also for nonlinear systems. As an extension of Hamilton’s principle 
Lagrange’s equation requires the kinetic and potential energy of the system. In order 
to find the expressions for the kinetic and potential energy, we consider figure 2.17, 
which sketches the unlocked joint system and its various velocity components relative 
to the body reference frame. It is assumed that elastic deflections are small and that 
geometric stiffening effects are negligible.

Figure 2.17: Velocity components of unlocked joint system relative to body frame

In figure 2.17 the revolute joint O is assumed to be inertially fixed. The motion y  of 
the flexible link is a function of x and t, thus y = y(x,r). Note that dashes or superscript 
Roman numbers denote derivations with respect to x and dots derivations with respect 
to time t. G is the payload centre of mass which is at distance a on the tangential 
extension of the link at E, where the payload is rigidly attached to the link. The 
payload is defined by its mass Mp and its rotary inertia Ip about G. Since the joint at O 
is not mechanically locked, the flexible deformations of the link experience the 
presence of a rotary inertia /g at x = 0 due to the joint gear box.
Application of a torque TqO) will produce a reaction force at O which in the case of a 
free Shuttle will give rigid body translational and rotational motion of the Shuttle if 
thrusters or other devices do not maintain attitude. This complex interactive, motion 
between the Shuttle and the manoeuvring flexible RMS will lead to extremely 
complicated equations of motion. The authors of [8] have solved the interaction 
problem for surge, heave, pitch motion of the Shuttle and planar motion of the RMS, 
but the importance of Shuttle motion was not evaluated. This thesis will show Shuttle 
motion effects in 2D analyses.
If the Shuttle is not attitude controlled while operating the RMS the initial Shuttle 
attitude would need to be recovered by thruster firings which would themselves excite 
further RMS vibration. This is a subject which requires detailed investigation as the 
literature contains little or no reference to this problem.
For the unlocked joint the total kinetic energy T of the system is given as the sum of 
the kinetic energies of the payload, the beam and the gear box inertia Ig, thus

T = \ M p \ÿ{L,t) + ay'(L,t) + à{L + a)Y + \ l p\y'(L,t) + à f  +
L (2.44)

o
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Considering only strain energy of bending and assuming constant flexural stiffness EI 
over length L, the total potential energy Vu for the unlocked joint case is given as

L
Vu = f£ /J " [/(x ,f)]2dx (2.45)

0

It is noted that in equations (2.44) and (2.45) the beam deflection y(xj) is not known. 
However the exact solution for the mode shapes can be obtained from equation
(2.40), and y(x,t) is then approximated by a finite series of exact or assumed mode
shapes, W(x) or w (x), according to equation (2.20). Note that if only elastic motions 
are of interest, a rigid body mode does not have to be included in equation (2.20). 
Figure 2.18 shows the system chosen to study the dynamical behaviour of the locked 
joint system, where the rotary inertia Iq is connected to an inertial frame by a revolute 
joint at O, and the flexible link is connected to I q also by a revolute joint at O. The 
torsional spring with stiffness À acts between I q and the flexible link at x = 0, and the 
torque 7o(f) drives I q about its joint to the inertia frame. Note that I q is independent 
from Ig for the unlocked joint case.

a, a

ÿ (L, t) + aÿ' (L, t)

Figure 2.18: Velocity components of locked joint system relative to body frame

The reason for the introduction of the rotary inertia Iq is that if the RMS base were 
fixed, as is assumed for the computation of the mode shapes for the locked joint case, 
the application of a joint drive torque 7o(f) at the locked joint would make no sense. 
Note that the system shown in figure 2.18 is different from that for which the locked 
joint modes are computed, but if I q is chosen very large (say 1020 kgm2) it effectively 
represents a fixed base for the link vibrations, and thus the natural frequencies and 
mode shapes given in table 2.1 and figures 2.9 through 2.13 for the locked joint case 
are not affected. This might be approximately true for example for a single link 
system on the International Space Station, where the station mass and rotary inertia 
are very much larger than those of the link and payload. By choosing 7o(f), any 
arbitrary angular acceleration a(t) of the complete system including the flexible link 
and payload can be produced, and the results can be checked against analytically.
The total energy of the locked joint system is given as

T = \ M p \y (L,0 + ay'{L,t) + à{L + a f  + { l p[ y (U t )  + dr]2 +
L (2.46)\1qCC1 +\mb J[j(x,r)]2dx
o
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Instead of using To(t) and Iq one can take the rigid body motion a(t) of the system to 
be a prescribed motion, which means that a(t) is known. Assuming that o(f) is the 
first system degree of freedom, applying Lagrange’s equation (2.48) to the kinetic 
energy expression (2.44) or (2.46) will give the off-diagonal or coupling elements 
Mi2, Mb, ... in the equations of motion (2.49) below. Now since a(t) is known we 
strike the first row in equation (2.49) and bring the terms a ( t )M 12,a ( t )M l3,... in the
remaining equations to the right hand side of equation (2.49) as the generalised forces 
? 2(f), Psi*), and so on. Now the M12, M13, ... are called exciting force coefficients.
If the joint is locked account must be taken of the torsional stiffness A at x = 0, and 
thus the potential energy Vl for the locked joint system then becomes

VL = } £ / ]■ [ / (x,r)]2 dx + [ / ( 0 ,<)]2 (2.47)
0

For both the unlocked and locked joint case Lagrange’s equation is then applied to 
each of the generalised coordinates pft), thus

where the Pft) are the generalised forces. Here the generalised coordinates vector is 
p(f) = [oft), qft),  q2{f) , ..., qn{t)Ÿ- Note that we introduced the pft)  to avoid confusion 
with the qft), which are used for flexible coordinates or degrees of freedom only.
In the present case the term dTldpft), representing centrifugal and Coriolis forces, is 
zero, but will always be neglected from here on due to the very low angular velocities 
involved (except for some simulations in chapter 2.10). This practice was proven to 
be justified in chapter 2.4. Thus the equations of motion obtained with equation
(2.48) are written in matrix form as

~MU m 12 ••• M , / Pi X, k 12 ■ Pi
m 21 m 22 •" M 2n Pi +

K 2i k 22 ■-  * 2„ Pi = Pi

_ M „ i Mw2 •" M nn_ 1 1 x . Km ' P 1 -Pn _ A _

(2.49)

or Mp + Kp = P with symmetric mass and stiffness matrices M and K respectively. 
If only exact and thus orthogonal mode shapes Wi(x) for a system under consideration 
are inserted into equation (2.20), M and K in equation (2.49) will be diagonal 
matrices, except for very small off-diagonal terms due to limits in numerical 
accuracy. The magnitude of these off-diagonal terms is a measure for the numerical 
accuracy of the mode shapes computed with the method described previously.
The eigenvalue problem of the discretised system represented by equation (2.49) is

K -<y2M = 0 (2.50)
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which yields n eigenfrequencies C0j and eigenvectors ey/. Note that in general the (Dj 
are not identical to the ah of the flexible link as computed in sections 2.2 and 2.3. 
Using exact mode shapes in the equations of motion the generalised forces Pj(t) in 
equation (2.49) are given by

^ M=Z  k  M  Wj (,)]+^  K  (x , t )  w;{x)]  (251)
n m

where Fn and Mm are all real forces and moments acting on body j. Using the W; (x) 
and their derivatives computed before, equation (2.51) suggests that body j  is flexible, 
but if it is rigid, its exact mode shapes are simply the rigid body modes or Wr (x) = x . 
If instead of exact mode shapes assumed mode shapes are used for flexible bodies, 
the Wj (x) and W'.(x) in equation (2.51) are replaced by (x) and Wj(x).

2.6 EXACT MODE SHAPES IN THE EQUATIONS OF MOTION

Inserting the first two exact (non-rigid) mode shapes W2 (x) and W3 (x) as computed
and shown in chapter 2.2.2 for data set (A) with unlocked joint (A = 0, Ig = 1188 
kgm2) into the equations of motion (2.49) and calculating the eigenfrequencies with 
equation (2.50) yields the figures given in table 2.5 for the first two (non-zero) 
eigenfrequencies coz and (fy for various Mp and Ip, where Ip is calculated according to 
equation (2.33) for the payload physical dimensions as given in table 2.5.
Note that if the exact mode shapes are used for vibration analyses, the rigid body 
mode with &% = 0 does not have to be taken into account, since it is one of the exact 
mode shapes and thus orthogonal to all the other mode shapes. The errors in table 2.5 
are given in comparison to the exact natural frequencies obtained by the determinant 
method, equation (2.37), and they occur mainly due to rounding, since the exact 
natural frequencies to compute the exact mode shapes are re-inserted into equation 
(2.35) to only two decimal places. Also errors can occur due to numerical 
inaccuracies during the calculation of equation (2.50). Neglecting these deviations 
however, table 2.5 proves clearly that the mode shapes obtained by the presented 
method describe the system exactly in the equations of motion.

Mp [kg], b [m], d [m] Oh [rad/s] error [%] ûh [rad/s] error [%]
0, 0 ,0 30.00 0.0 101.46 0.0

50, 1,1 22.76 0.0 72.32 0.5
1000, 1, 1 21.84 0.0 57.14 1.0
4000, 1, 2 16.14 0.0 31.16 0.1

10000, 3,6 4.56 0.2 25.98 0.0
15000,3,8 2.96 0.0 25.82 0.0

20000, 3, 10 2.12 0.5 25.76 0.0
200000, 6, 20 0.38 0.0 25.70 0.0

Table 2.5: % and Cfy for data set (A) with unlocked joint (A = 0, Ig = 1188 kgm2) 
computed by equation (2.50) when using the exact mode shapes lï^(x) and Wg(x)
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2.7 ASSUMED MODE SHAPES IN THE EQUATIONS OF MOTION

2.7.1 UNLOCKED JOINT CASE

To check the natural frequencies using assumed mode shapes in the equations of 
motion (2.49) against those of the exact solution, the various assumed mode shapes
W'(jc) usually used by the various researchers ([8], [32], [33], [35], [36], etc.) are 
inserted into the discretised equations of motion, equation (2.49), for data set (A) with 
unlocked joint (A = 0 ,Ig = 1188 kgm2).
The following table 2.6 shows the results of using assumed mode shapes Wj. (%) for a
pinned-pinned beam ([41]). The number of mode shapes is increased, and the order of 
the mode shapes is their natural order in an eigenmode analysis, i.e. mode number 1 is 
the first mode shape, mode number 2 the second mode and so on. Note that in all the 
following eigenfrequency analyses the rigid body rotation of the beam is taken
account of, quasi as the 0th mode shape W0 (%) = %, which in the present case allows
for the translatory motion of the payload, as the pinned-pinned mode shapes alone do
not provide this freedom of motion (Wz.(l ) = 0). The rigid body natural frequency
with &% = 0 is not listed in the following tables. Again, the errors are given in 
comparison with the exact analytical frequencies as given in table 2.1 for the 
unlocked joint case.

nr. of shapes Oh [rad/s] ûh  [rad/s] OM [rad/s] Oh [rad/s] Oh [rad/s]

1 5.71
error [%] 25.5

2 5.19 31.44
error [%] 14.1 21.0

3 4.95 31.36 132.38
error [%] 8.8 20.7 28.3

4 4.83 28.20 132.37 329.45
error [%] 6.2 8.5 28.3 19.9

5 4.70 28.15 117.54 324.56 675.39
error [%] 3.3 8.4 13.9 18.1 13.2

Table 2.6: Natural frequencies of reference beam configuration for unlocked joint, 
using approximate mode shapes of a pinned-pinned beam and one rigid body mode

It is seen from table 2.6 that the frequencies and thus the errors decrease with an 
increasing number of mode shapes, as expected from Rayleigh’s theory ([81]).
Now the same analysis is performed with mode shapes of a free-free beam ([41]). 
Note that these mode shapes do not satisfy the boundary condition y(0) = 0, but they 
can be modified to do so, as shown for example in [72] or [73]. In the present case the
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modification is performed by simply subtracting the value of every approximate
mode shape at x = 0 from that mode shape, thus Ŵ.)inodified = Wt -  Wt (o) to take
account of the kinematic constraint at x = 0. Note that the performance of such 
manipulations can affect the original orthogonality of the modes. The results are 
given in table 2.7. As before, one rigid body mode is also inserted.

nr. of shapes ûh  [rad/s] [rad/s] OM [rad/s] ûfc[rad/s] (Os [rad/s]

1 6.16
error [%] 35.4

2 5.66 35.49
error [%] 24.4 36.6

3 5.20 35.31 147.99
error [%] 14.3 35.9 43.4

4 5.00 29.45 147.97 355.34
error [%] 9.9 13.4 43.4 29.3

5 4.81 29.33 117.15 355.34 677.37
error [%] 5.7 12.9 13.6 29.3 26.3

Table 2.7: Natural frequencies of the reference beam configuration for unlocked 
joint, using modified mode shapes of a free-free beam and one rigid body mode

Table 2.8 shows the results if clamped-free beam mode shapes and the rigid body 
mode are inserted into the equations of motions (2.49).

nr. of shapes Oh [rad/s] Q)s [rad/s] Ok [rad/s] 6*[rad/s] 0% [rad/s]

1 10.72
error [%] 135.6

2 6.32 31.25
error [%] 38.9 20.3

3 5.61 28.92 146.87
error [%] 23.3 11.3 42.3

4 5.32 28.35 129.70 382.68
error [%] 16.9 9.1 25.7 39.3

5 5.12 27.47 123.90 335.05 687.28
error [%] 12.5 5.7 20.1 21.9 15.2

Table 2.8: Natural frequencies of the reference beam configuration for unlocked 
joint, using mode shapes of a clamped-free beam and one rigid body mode
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As can be seen from table 2.8, the errors are relatively large for a small number of 
mode shapes used to approximate the exact mode shapes. The convergence of the 
fundamental frequency towards the exact value is slow, which makes it necessary to 
use a large number of mode approximate shapes.
Finally table 2.9 shows the results if pinned-free beam mode shapes together with the 
rigid body mode are used in the equations of motion (2.49).

nr. of shapes coz [rad/s] % [rad/s] con [rad/s] ûfe[rad/s] ûM [rad/s]

1 6.66
error [%] 46.4

2 5.71 32.56
error [%] 25.5 25.3

3 5.29 32.55 141.87
error [%] 16.3 25.3 37.5

4 5.14 29.78 141.81 402.03
error [%] 13.0 15.0 37.4 46.3

5 4.91 29.47 123.83 376.12 701.23
error [%] 7.9 13.4 20.0 36.9 17.6

Table 2.9: Natural frequencies of the reference beam configuration for unlocked 
joint, using mode shapes of a pinned-free beam and one rigid body mode

As in table 2.8, table 2.9 shows that the convergence of the fundamental frequency is 
relatively slow using mode shapes of a pinned-free beam.
In view of the results for the natural frequencies obtained by the formulation of 
Lagrange’s discretised equations of motion, if various approximate mode shapes as 
used by other researchers ([8], [32], [33], [35], [36], etc.) are inserted, it is 
recommended to use only exact mode shapes, which would drastically reduce the 
computational burden as the number of mode shapes can be kept small.

2.7.2 LOCKED JOINT CASE

As one example for the locked joint case, table 2.10 gives the results of using pinned- 
pinned beam mode shapes together with the rigid body mode shape W0 (x) = x for 
data set (A) for with a locked joint (Ig = 0, yl = 106 Nm/rad).
Table 2.10 shows good agreement of the natural frequencies with the exact values. 
The use of mode shapes obtained for other boundary conditions, as in the previous 
tables, gives similar results. This is mainly due to the fact that in all the cases the rigid 
body mode shape allows for the rigid body motion due to the joint stiffness, which in 
the present case is an important part of the total beam motion. It is stressed that not 
taking into account the rigid body mode when using assumed mode shapes leads to 
incorrect results, see table 2.13.
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nr. of shapes Oh [rad/s] û h  [rad/s] C0i [rad/s] ûm [rad/s] û* [rad/s]

1 0.43
error [%] 10.3

2 0.42 6.07
error [%] 7.7 17.2

3 0.41 5.95 95.34
error [%] 5.1 14.9 17.0

4 0.40 5.57 93.75 264.36
error [%] 2.6 7.5 15.1 11.7

5 0.39 5.52 86.87 258.04 511.28
error [%] 0.0 6.6 6.6 9.0 6.8

Table 2.10: Natural frequencies of the reference beam configuration for locked 
joint, using mode shapes of a pinned-pinned beam and one rigid body mode

In view of the above analyses it thus appears that the use of assumed multi-mode 
expansions based on uniform Bernoulli beams, by previous researchers can only be 
justified if the number of mode shapes is relatively large to get a good approximation 
of the fundamental frequency. It is also clear that the alternative use of polynomials 
for say the lowest mode should be based on static deflection curves of a cantilever 
beam with static end force and moment applied atx = L, together with a rigid body 
deflection shape to allow for the rigid body motions in case of either a locked or 
unlocked joint. The respective static forces and moments should be equivalent to the 
translatory and rotatory inertia forces of the payload.
Thus it is essential that approximate mode shapes should satisfy the boundary 
conditions at * = 0 and x = L.

2.8 DYNAMIC RESPONSE ANALYSES

The exact analytical mode shapes are clearly complex trigonometric and hyperbolic 
functions, which are therefore unsatisfactory for general dynamic analysis of flexible 
robot systems, when deriving the equations of motion for simulations and dynamic 
response analyses.
Thus a polynomial approximation of the exact mode shape functions can be obtained 

by a standard interpolation fit in the form Wapp(%) = ^ j anxn . Prior to any
n—\

computations it is ensured that the approximate polynomials deviate only with a 
maximum relative magnitude of 10"3 from the original functions. A test case proves 
that the dynamic responses using polynomials is identical to the response using the 
original functions within the boundaries of a sensible accuracy, say 0.1%. To avoid 
confusion, the polynomials are also called “exact” mode shapes from here on.
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2.8.1 UNLOCKED JOINT CASE

For the dynamic behaviour of the single link system the consequences of the gear 
train backdriveability of the joints are considerable. At the SRMS, joint 
backdriveability should avoid overloads of the gear trains due to vibrations and 
accidental impact reaction forces.
Inserting the first two exact (non-rigid) mode shapes W2 (%) and W3 (x) as computed
and shown in chapter 2.2.2 for data set (A) with unlocked joint (A = 0, Ig = 1188 
kgm2) into the equations of motion (2.49) and applying a torque to the reference beam 
system with unlocked joint yields relatively small deflections, as was expected from 
the figures, tables and explanations in sections 2.2.1 and 2.2.2.
For example, choosing a step function torque at x = 0 so that the rigid body angular 
acceleration of the link is a(t) = 0.004 rad/s2 = const, yields a maximum elastic 
deflection of only 0.023 mm of the free beam end E a t x  = L and an angular rotation 
at x = 0 of 0.002°, which can cause wear and fatigue of the gear teeth and bearings 
([!]). These small figures may appear to be unlikely, hence as a check an approximate 
calculation is performed, assuming that in the first mode the payload oscillates about 
G atx = L + b/2 = L + a  as shown in figure 2.19.

6L, EI

Figure 2.19: Simplified model of unlocked joint system for check calculation

Assuming a pinned-pinned beam of length L + a and flexural stiffness EI with an 
applied moment TG about G at x = L + a, the angular displacement dis  given as [45]

0  = TG(L + a)
3EI

T 3EI
hence the angular stiffness £ is k = —  = -------  (2.53)

6  L + a

Let Ip be the rotational inertia of mass Mp about the attachment point G at x = L + a. 
From equation (2.53) the equations of motion the first mode of the simplified system 
is

I p 6  + k0  = TG (2.54)

where TG is the exciting torque, or

§ + a)fe = l2-  (2.55)
If
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and thus the square of the only natural frequency is

3 £7 (2.56)

The exciting torque TG about G due to angular acceleration a  is

(2.57)

The solution of equation (2.55) for a step function torque input is then

^ - ( l - c o s w /) (2.58)

and therefore the maximum angular rotation about the mass centre G is

and hence the amplitude of vibration about G is

Inserting the reference data into the above equations and again letting the rigid body 
angular acceleration of the link be a(t) = 0.004 rad/s2 = const., equation (2.59) yields
6Lix = 0.0148° and equation (2.56) gives 0)i = 3.93 rad/s. Considering the fact that 
this is only an approximate calculation neglecting distributed beam mass and the 
second rotational inertia at the other beam end due to the gear box and assuming 
pinned-pinned boundary conditions for a link length L + a, the result confirms the 
small magnitude of the rotations for a pinned joint at % = 0.
Having checked on the results obtained when using exact mode shapes in the 
equations of motion we can make a variation. To this end we compute the exact mode 
shapes W2 (x) and W3 (x) for data identical to data set (A) except that Mp = 0. 
Repeating the simulations with a ten-fold increased angular acceleration a(t) = 0.04 
rad/s2 = const, then yields translational and angular deflections of the free beam end 
at x = L of 0.0009 mm and 0.00002° respectively. This shows that the deflections are 
also very small for small or zero payload masses.
Examining the figures above it becomes obvious that an increase in the number of 
mode shapes used in the equations of motion (2.49) will not change the dynamic 
response magnitude drastically. This shows that if a manipulator arm is rotated about 
a free joint, the elastic deflections are practically zero for the whole range of payload 
masses and can therefore be neglected. Thus a driven single link with the given 
properties can be assumed to behave as a rigid body.
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2.8.2 LOCKED JOINT CASE

As shown in the previous section, the backdriveability of the joint gear trains yields 
practically zero elastic link deflection if a link is not locked with brakes on and if the 
manipulator has properties similar to those of the SRMS. On the other hand, if the 
joint is locked the link will show greater elastic deflections due to the presence of 
joint stiffness, which create a cantilever beam system with a much lower natural 
frequency.
To check the following results of dynamic response analyses of the locked joint 
system using various sets of mode shapes, we first calculate the analytical solution. 
Taking data set (A) for the locked joint system (Ig = 0, A = 106 Nm/rad) shown in 
figure 2.18, letting Iq= 1020 kgm2 and neglecting the distributed beam mass, the 
translational acceleration ao of the payload centre of mass G, caused by an angular 
acceleration a{t) of Iq and thus of the whole system (for example a space station 
angular acceleration) due to a torque 7b(0, is given by

aG = a ( L  + a) (2.61)

where L is the length of the link and a the tangential distance of the payload centre of 
mass G from the link end E at x = L. The inertia force F, and moment Mz- about the 
payload centre of mass G due to its mass Mp and its rotational inertia Ip are given as

(2.62)

and = I p oc (2.63)

Inserting the above data and a(t) = 0.004 rad/s2 = const., equations (2.62) and (2.63) 
yield F,- = 620 N and M, = 150 Nm. Due to the offset a of the payload centre of mass 
G from the end of the link, the effective inertia moment Mu about the link end E is 
given by

M iL = M. + F. a (2.64)

which, for the given values, yields Mu = 1080 Nm. The (linearised) rigid body 
deflection yj of the link end due to the angle ft against the joint stiffness A is given as

L (2.65)

The deflections yp and y# of the free end of a cantilever or clamped-free beam due to 
Fi and MiL are ([45])

(2.66)
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The total deflection yi  of the link end E at x = L is  the sum of all the deflections of 
equations (2.65), (2.66) and (2.67), thus

yi = y/ + + y« (2-68)

Inserting all data into equations (2.61) through (2.67), equation (2.68) yields yi  = 
36.10 cm. Inserting F, and Mu into a FE programme (© S. Wiedemann, 2000) yields 
also yL = 36.10 cm.
Inserting a number of exact mode shapes for data set (A) with a locked joint {lg = 0, 
A = 106 Nm/rad) as shown in figures 2.9 through 2.13 into the equations of motion
(2.49) should yield results in close agreement with the analytical figures above if we 
choose 7o(0 so that a(t) = 0.004 rad/s2 = const.
It is stressed again that although the system to validate the locked joint mode shapes, 
see figure 2.18 and text, is different from that for which the mode shapes were 
computed due to the additional /q, the very high value for Zq effectively produces a 
fixed base for the link during vibrations, and the natural frequencies as computed with 
equation (2.50) prove that the original frequencies listed in table 2.1 for the locked 
joint case are not affected by the additional degree of freedom represented by Zq. 
Solving the equations of motion (2.49) leads to maximum amplitudes of vibrations of 
the free link end F at jc = L as given in table 2.11, when an increasing number of exact 
mode shapes is inserted into the equations of motion.

nr. of shapes vibration amplitude
1 36.24 cm
2 36.15 cm
3 36.14 cm

Table 2.11: Dynamic response, when an increasing number 
of exact mode shapes is inserted into the equations of motion

Table 2.11 shows that the amplitude of vibration converges to « 36.14 cm with an 
increasing number of exact mode shapes, which is in very close agreement to the 
figures obtained by the analytical calculation above, all the more since in the 
simulations the distributed beam mass is taken into account. Also, table 2.11 shows 
that the share of the second and third mode shape in the total elastic deflection of the 
link is very small with less than 0.3 %, which was expected from the figures of the 
mode shapes for the locked joint system, figures 2.9 through 2.13. This fact allows 
for the use of only the first mode shape in dynamic response analyses.
Note that since in the present case there is no rigid body mode of the flexible link due 
to the joint stiffness A at x = 0, no rigid body mode is used in the equations of motion 
with the exact mode shapes.
Table 2.12 gives the results of the simulation, when various assumed mode shapes as 
listed in section 2.7 are inserted into the equations of motion (2.49). It was mentioned



before that all the mode shapes lead to natural frequency agreements similar to those 
given in table 2.10. It is noted that in all the cases two elastic mode shapes from 
beams with the listed boundary conditions are inserted, whereas the third mode shape
is a rigid body deflection (W3(x) = x)  to allow for the rigid body motion due to the
joint stiffness. Note that the free-free mode shapes are modified as described in 2.7.1.

mode shapes vibration amplitude
pinned-pinned 30.98 cm

free-free 34.01 cm
pinned-free 31.03 cm

clamped-free 35.94 cm
clamped-clamped 13.69 cm

Table 2.12: Dynamic response, when two assumed elastic modes shapes 
and one rigid body mode shape are inserted into the equations of motion

The last row in table 2.12 is given for a check, thus mode shapes of clamped-clamped 
boundary conditions have no effect on the displacements of the payload, since they do 
not allow for rotation or translation at the beam ends. Therefore the deflections should 
only appear due to the rigid body motion against the joint stiffness Âat x = 0. 
Neglecting the distributed beam mass, the rigid body motion due to the joint stiffness 
can be calculated with equations (2.61) through (2.65), which on insertion of the 
given data yields 13.66 cm. This value is in almost exact agreement with row 5 in 
table 2.12, and the deviation is only due to the distributed beam mass. Table 2.12 
shows that although the natural frequencies obtained by the equations of motion may 
be in good agreement with the exact values, see table 2.10 and text, the deflections 
can differ considerably from the deflections obtained by using the exact mode shapes. 
It is stressed here that from experimental work ([47], [66], [67], [68] and others) it is 
known that even though the frequencies using assumed mode shapes may already be 
in close agreement with the exact values, the translatory deflections can still be in 
gross error to analytical values, and the convergence of the rotatory deflections 
against exact numbers is usually the slowest.
If a third elastic mode shape is inserted instead of the rigid body deflection shape, 
thus not allowing for the rigid body motion due to the joint stiffness, the results of the 
simulations as above are given in table 2.13.

mode shapes vibration amplitude
free-free 0.68 cm

pinned-free 0.93 cm
clamped-free 22.37 cm

pinned-pinned 0.00 cm

Table 2.13: Dynamic response for three elastic modes shapes for 
various boundary conditions without a rigid body mode shape

Table 2.13 shows that the errors are large if the rigid body mode is not taken into
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account and is only given as a reminder for all researchers using assumed modes.
As one example for the use of simple polynomials in the equations of motion we 
finally consider the following approximate fundamental mode shape

W(x) = 3
Lv w

(2 69)
v w

for the static deflection of a clamped-free beam with a point mass ([45]). Using this 
mode shape together with a rigid body mode shape to allow for the rotation due to the 
joint stiffness in the equations of motion (2.49) yields a vibration amplitude of 36.14 
cm, which is in exact agreement when using the first three exact mode shapes.
For Mp = 20000 kg and Mp = 50 kg (and corresponding Ip), using equation (2.69) and 
a rigid body mode shape in the equations of motion also yields results that are in 
almost exact agreement with the results obtained using the first three exact mode 
shapes for the actual cases. The deviations are 0.02 mm and 0.07 mm respectively, 
thus allowing for the use of the mode shape given by equation (2.69) for the whole 
range of payloads for the single flexible link system with locked joint.
From all the previous analyses it is concluded that if the joint is unlocked, the link can 
be assumed to be rigid, and if the joint is locked, the elastic deflection can be 
described with very high accuracy as a cantilever beam with end mass, equation
(2.69), together with a rigid body rotation due to the joint stiffness, W(x) = x.

2.9 FEASIBILITY OF REACTION WHEEL DAMPING

The use of reaction wheels is common practice in three-axis control of spacecraft to 
provide stiffness and damping about the principal axes. The reaction wheel operates 
by feeding a signal to its direct current drive motor, proportional to the spacecraft 
angular velocities and displacements. From Newton’s third law there is then an equal 
but opposite reaction torque on the spacecraft, which provides the required control 
damping and stiffness torque.
In space operations, such as transferring payloads from the SRMS to the Space 
Station, damping of residual (post slew) vibrations is necessary if accurate 
positioning is to be achieved. Structural damping is usually small, /? = 0.01 ([!]), 
hence time for decay of vibration can be excessive and some form of active damping 
augmentation is required. Active damping will also reduce vibratory forces applied to 
the SRMS gear trains and minimise vibration effects on sensitive payload equipment. 
The reaction wheel can also be used for damping out structural vibrations ([51], [64]), 
providing the frequencies are not too high, say for the first one or two modes of 
vibration. In that case sensors, such as accelerometers or rate gyros measure the 
modal velocities, which are then fed back to collocated or non-collocated torque 
controllers (reaction wheels) to damp out vibration.
The limiting factors in adding reaction wheels to a RMS are their mass, which may be 
large, compared to the links but much smaller than most payloads, and their power 
consumption, which may exceed the resources of the Shuttle or the Space Station.
For the single flexible link with payload, the reaction wheel would be mounted at or
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near to the position of the greatest angular rotation, which is near to the payload.
To show the feasibility of reaction wheel damping and to give an idea of the 
dimensions of the wheel size and power requirement, the following simple single 
degree of freedom manipulator equation of motion is used.
Consider a system as shown in figure 2.18 with one elastic degree of freedom 
q\{t)W\(x), where Wi(x) is the first exact mode shape for a locked joint as shown in 
figure 2.9 for data set (A). The equations of motion (2.49) are obtained by applying 
equation (2.48) to the kinetic energy expression, equation (2.44) or (2.46), giving a 
system with two degrees of freedom p = [a(f), q\(t)Ÿ- Then the off-diagonal or 
coupling elements are M12 = M2I = (L + ^ W ^ M ^ + W /(T)[(L + a)M f, +7^] in
the mass matrix M. As outlined in section 2.5, we assume the rigid body motion edit) 
of the system due to 7o(f) to be prescribed, so that a(t) is known. Thus we can strike 
the first row in the equations of motion and bring the a( t )M 2l term to the right hand 
side. Now M21 is called the exciting force coefficient. Adding a damping term Cq as 
a generalised non-conservative force, this finally gives one equation of motion

M 22q + Cq + K 22q = M 2la  (q = q i = P 2) (2.70)

where M22 is now the modal mass. The reaction wheel damping torque Mw is

M»(f) = 9(0 (2.71)

where gw is the feedback gain. The modal damping force is obtained by considering 
the virtual work done on an infinitesimal beam rotation 80(7^,), where Lw denotes the 
location of the reaction wheel, measured from the joint. The virtual work is then

0W = M w(r)8 <Z> (2 .72)

where W'(Lw) is the elastic slope of the link at Lw. Then equations (2.71) and (2.72) 
give

8W = g^ (f)W '(7 ,J8^  (2.73)

and thus the modal damping force is

FAt) = ~  = - g . m W \ L w) = -Cq(t)  (2.74)
89

where C = g w W'(Lw ) (2.75)

Also, C in equation (2.70) is given by

C = 2/?w,M 22 (2.76)

where ah is the fundamental natural frequency and /? the damping ratio. The solution 
of equation (2.70) for a step torque input, which gives the greatest elastic response, is
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q(t) = —^ 21 ^  ( 1 -  Qpcai r f  cos r - - 7==rsin (od t \ \  (2.77)

where 69̂  = <y1 ̂ 1 - f l 2 is the damped natural frequency. For small /?, equation (2.77) 
gives the maximum amplitude of vibration for the step function a  as

(2'78)

and 4m« =<Ui9mx (2.79)

Then the maximum modal damping force from equations (2.74), (2.76) and (2.79) is

$Fd = I p w f  M 22 qma (2.80)

and the gain constant gw for a specified damping ratio ft can be obtained from 
equations (2.75) and (2.76) as

where M22 denotes the modal mass in the equation of motion, as mentioned.

Calculation of wheel size: The wheel executes harmonic motion, thus the maximum 
damping torque is equal to the maximum inertia torque, and therefore equation (2.71) 
yields

M w ,m ax =  h  a 0 =  8„ 4™* ( 2  8 2 )

where Iw is the moment of inertia of the reaction wheel, is the amplitude of the 
oscillatory wheel motion in [rad] and W'iLw) the mode shape slope at Lw. Inserting the 
reference data for the locked joint case L = 14 m, mz, = 3.9786 kg/m, El  = 3xl06 Nm2, 
Mp = 10000 kg, Ip = 37500 kgm2 (about G), a = b!2 = 1.5 m, X = 106 Nm/rad, and ox 
= 0.39 rad/s, and choosing a(t) = 0.004 rad/s2 = const, and say /?= 0.01, equation
(2.82) yields Mw,max = 59.6 Nm, assuming that Lw~L.  Note that although the first 
mode shape for the locked joint system is computed without damping, a small 
damping ratio p  does not change the mode shape, as confirmed by a test with BEAM. 
Another proof of this statement is given in section 9.
The rotational inertia Iw of a solid wheel of diameter dw and mass mw is given as

7,v =  d l  (2 .83)

Selecting a solid wheel of mass mw = 100 kg and diameter dw = 0.7 m, equation (2.83) 
yields Iw = 6.125 kgm2. Using a dense material like iron (density p  ~ 8  g/cm3), the 
wheel thickness tw is given as
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4 m, 
n  d ‘

L = (2.84)

For the given data, equation (2.84) yields tw = 3.25 cm. Finally, inserting the known 
data into equation (2.82) yields = 65.1 rad (10.4 revolutions). If the exciting 
angular acceleration a(f)  is increased for example two-fold, then to maintain the 
same damping ratio, 6% also has to increase two-fold.

Calculation of power requirement: Let a(t) = df0 sin c o j , à(t) = col a Q cos coj and 
M w = M wmax cos 69^, then the work done per second is given as

= M wnax a 0 a), cos2 <o,t (2.85)

which is a maximum when coit = 0, n, 2^ ,...Thus the maximum power consumption 
is

dr
■(max) = œ0 Û), (2.86)

Inserting Mw>max from equation (2.82), equation (2.86) yields dW/dr (max) = 1500 
Watts. Using a wheel of mass -  100 kg, but diameter dw = I m leads to dW/dr 
(max) = 735 Watts. The achievable damping ratio and therefore the energy 
consumption depends on the reaction wheel inertia Iw, and thus on the size of the 
wheel and its shape. The major problems in adding reaction wheels to the RMS are 
the mass and size of the system and the associated sensors and electronics. Also since 
out of plane oscillation would require an additional orthogonal wheel, the use of 
reaction wheels as active damping actuators appears to be not easily realisable.

2.10 SHUTTLE / RMS INTERACTION

The purpose of this section is to analyse the interaction between an RMS and the 
Shuttle. Therefore some simple example calculations are used to give an idea of the 
magnitude of the interactions. Only this section applies a 3D model for analysing the 
effect of bang-bang torques applied to the rigid RMS / payload on the Shuttle (cases 
1, 2 and 3). The effects of Shuttle thruster firing on a flexible RMS (case 4) are 
analysed using the usual planar model.
In the previous analysis of the RMS vibration it is assumed that the shoulder pivot 
point is inertially fixed, implying that the effect of Shuttle motion on the RMS 
vibration is negligible. In reality however the RMS shoulder pivot O is positioned 
offset from the Shuttle longitudinal axis at the cockpit end of the payload bay. This 
point is some considerable distance from the Shuttle mass centre which lies at about 
the lA chord point of the delta wing.
A possible sequence of payload manoeuvre is shown in figure 2.20.
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Figure 2.20: Example planar manoeuvre of payload deployment

In this section however only a straight single rigid RMS system is considered for 
simplicity, and the RMS axis is assumed to be parallel to one axis of symmetry of the 
payload.
The following simplified analysis assumes a hypothetical situation where the payload 
is grappled with the RMS straight and lifted clear of the payload bay through 90°. The 
degrees of freedom of the Shuttle are limited to roll motion only, neglecting surge, 
pitch, heave and yaw.
Clearly the Shuttle rigid body motion is produced by the RMS shoulder joint reaction 
caused by angular acceleration and deceleration of the payload. In case 1, the Shuttle 
is assumed to have only roll motion 7 about the y axis with the other degrees of 
freedom restrained. The analysis yields the variation of roll angle % velocity f  and 
acceleration f .  Angle y  indicates how much the payload deviates from its desired 
inertial position due to the Shuttle motion. Acceleration ÿ  indicates how much lateral 
inertial excitation force will act on the slewing RMS.

Case 1

At first, we consider the configuration of figure 2.21: the single link RMS is initially 
parallel to the Shuttle main axis, and a bang-bang torque ± 7 o O )  is applied. The 
simplified simulation yields the roll motion y  of the Shuttle about the y-axis.
Figure 2.21 shows that application of r0(r) to the RMS at the pivot O causes a 
centrifugal force Fc and a reaction force FR at O due to the payload inertia force (note 
that the small reaction torques due to the high ratio gear trains at driven joints are 
neglected, see the general assumptions in chapter 1.3). Also the pivot O is offset from 
the Shuttle centre of mass C M s  by Ax.
The forces together with the offset cause a roll moment on the Shuttle about the y- 
axis. It is noted that the angle a  of the RMS relative to the Shuttle is measured from 
the negative Shuttle y-axis. Also note the payload local reference frame x\  y ’ and z'.

45



Payload

o,r
Payload local frame 
of reference x', y\  z'

 Q—0 CMs
= S ° ' ^ r

Payload
Shuttle

Figure 2.21: Analysis of effects of bang-bang torque applied to RMS on the Shuttle

The following simulations are performed using the equations of motion as obtained 
from Lagrange’s equation computed with MATHEMATICA and, for comparison, 
with SIMPACK.
To derive the system kinetic energy T for the Lagrangian, we consider figure 2.21. 
The velocity VG,a of the payload centre of mass G at distance (L+a) from O due to the 
RMS rotation about O is

v G,a  = à ( L  + a)

The velocity VG,y of G due to the Shuttle rotation about its y-axis is

VG,r =)"b,r

,Gy =^Ax 2 +[(L + a)sm a ]2

(2.87)

where

(2 .88)

(2.89)

Taking the components of VG,a and vg^in x, y, and z, the total translational velocity vg 
of G is

W  (y) (z)

vG = ĵ{va?r sin £ )2 + ( v G £ [ sin a ) 2 + {vaa cos a  -  vc,r cos Çf  

where f in  figure 2.21 is

^(L + tit)sincifxf  = arctan
Ax

(2.91)

The payload rotational kinetic energy is à 2 + | / p/ (ÿcosctf)2 + \ l pz' (ÿsina)2,
where the three moments of inertia Ipx>, Ipy> and Ipz' are indicated in figure 2.21. 
Assuming that Ipx> = Ipy' = Ipz> = Ip, the total kinetic energy T is
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r = Î M X + { / $, r 2+ i / > 2+ à 2) (2.92)

where Mp is the payload mass and Isy the Shuttle rotary inertia about its y-axis. 
Applying Lagrange’s equation (2.48) to the generalised coordinates p(f) = [y(t), o(f)Ÿ 
yields the equations of motion with a 2x2 mass matrix M, where the elements Mnm 
are given as

M n = Ip + ISy + dx 2 M p + (L + a ) 2 M p sin a 1

(  L+a')2 M c o s o r ^ x 2 + [ (  L+a) sin o r]2
M l2 = M 2l = ~

1+
[ (  L+a) sin a ] 2

M 22 ~Ip  + (L + a ) 2 M

(2.93)

As mentioned in chapter 2.5, only in this section the term dT/dpj(t) in Lagrange’s 
equation (2.48) is not neglected to get results that should be identical to those of 
SIMPACK. Thus vector c due to Coriolis and other effects has elements cj given as

(  L+a) M  dr sin or 2 (  L+a) ÿ cosa-Jz l% 2 + [ (  L+a) sin a ] 2 +zlx2 a J l + —-.......  ^ ^
I Ax

C, =
•^z)x2 + [ (  L+a) sin or]2

c2 = - \ { L  + a) 2 M f 2 sin (2 a)

(2.94)

Since the only generalised force is 7o(f) at O the equations of motion for the present 
case are written in matrix form as

M y "o'
+ c =

a Jo.
(2.95)

The data are chosen as L = 14 m, Mp = 10000 kg, a = b/2 = 1.5 m , d = 6 m,Ip = 37500 
kgm2, To(t) = 100 Nm = const, and, due to the available information ([60]), the Shuttle 
mass is estimated to be Ms = 70000 kg, the moment of inertia to be ISy = 106 kgm2, 
and the offset of O  from CMs in jc to be Ax = 2 m.
Figure 2.22 shows the time history of angle a  using MATHEMATICA and 
SIMPACK. The reasons for the deviations of the two results in figures 2.22 and 2.23 
could not be found out but are assumed to be mainly due to different solving 
algorithms for the differential equations and due to different settings for the solvers. 
Figure 2.23 shows the simulation results for the roll angle y  of the Shuttle, and it is 
seen that again the MATHEMATICA and SIMPACK results are almost identical. 
Thus the comparison of figures 2.22 and 2.23 also prove that the elements of the 
system matrices in equation (2.95) are correct.
Note that figure 22 does not apply in reality, since the work range of the RMS 
shoulder joint in reality is ([3]) -2°... 145° or -0.035...2.531 rad.
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Figure 2.23: Shuttle roll angle y  about y-axis for 
simulation using MATHEMATICA and SIMPACK

Next consider three examples of a bang-bang acceleration/deceleration for the data 
given above. The three cases are a 45° slew of the RMS relative to the Shuttle, a 90° 
slew and a slew with randomly chosen point of time for the deceleration. The 
decelerating bang-bang torque is chosen so that a  = 0  at the end of the slew 
manoeuvres. For the first two cases To(t) = 1298 Nm, which is the maximum torque at 
the SRMS shoulder joint ([3]), and for the third case 7o(f) = 1000 Nm. In all cases the 
maximum allowed shoulder joint velocity of the SRMS, dri max= 0.004 rad/s, is taken
account of. Figure 2.24 shows the results, where for the 90° slew the Shuttle roll 
acceleration ÿ  is also given. Note that these values are multiplied by 500 for better
vision and that in the diagram the three cases are 7(45), 7(90) and 7 O, and 7 . = 7 . 
Figure 2.24 proves that although the directions of the forces Fc and FR in figure 2.16 
change with <% the accelerating and decelerating torque cancel almost exactly. The 
residual angular velocity 7 is of magnitude of 10"6 rad/s. The maximum Shuttle roll 
acceleration 7 , which in reality excites out of plane motion of the flexible RMS, is 
i'imx = 1.59x10'4 rad/s2, which is about 03  a  . Thus the effect of a torque applied by 
the RMS on the Shuttle roll motion is clearly obvious.
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Case 2

We next study only the Shuttle surge motion in y direction due to a torque applied to 
the RMS. Thus the simplification here is to assume zero roll, pitch, heave and yaw 
motion. In this case, the position of the Shuttle centre of mass relative to the pivot O 
is irrelevant. The initial configuration is shown in figure 2.25. By contrast to figure 
2.21 the Shuttle is now only free to move in y. The angle a  of the RMS relative to the 
Shuttle is again measured from the negative Shuttle y-axis but now a  is 90° in the 
initial state, so that the RMS is parallel to the Shuttle z-axis.

G.cc
P a y lo a d

S h u ttle

Figure 2.25: Schematic of case 2 simulation

In figure 2.25 the velocity vq.cc of G due to rotation about O is given by equation 
(2.87), and the velocity VG,y of G due to the Shuttle motion in y is

Vg,, = y  (2.96)
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Using the cosine rule, the square of the total velocity vg of the payload centre of mass 
G due to vg, a and VG,y is

VG ~ VG,a +  VG,y +  2vG,a VG,y C 0 S  “  &) (2.97)

The total kinetic energy T is given by

T = \ M p v l + \ l p a 2 + { M s v l y (2.98)

For the present case application of equation (2.48) to the generalised coordinates 
vector p(r) = [y(f), cdt)Ÿ yields the 2x2 mass matrix M with elements Mnm given by

M u ~ M p + M s
M i2 = M21 = (L + a)Mp sin a  

M 22 = I P +{L + a ) 2 M

(2.99)

Also in the present case Lagrange’s equation (2.48) again yields a vector c due to 
Coriolis, gyroscopic and centrifugal effects. Its elements Cj are given as

q  = â ÿ ( L  + a)M cos#
c2 =0

(2 .100)

Thus the equations of motion are

M ÿ '  0 '

+ c =
a i

E-f 1 ,

(2 .101)

where the negative sign of 7o(0 indicates that its direction is opposite to a  in figure 
2.25. To validate the given equations of motion we first let L = 14 m, Mp = 10000 kg, 
2l = b/2 = 1.5 m, d = 6  m, Ip = 37500 kgm2, Shuttle mass Ms = 70000 kg and To(t) = 
100 Nm = constant, where the simulations are also performed with SIMPACK for a 
check. Figure 2.26 shows the results of the Shuttle surge motion in y due to constant 
Tq. Note that in figure 2.26 the two results are in exact agreement, confirming that the 
elements in equation (2.101) are correct.
Now we consider the same system, but choose a bang-bang acceleration / 
deceleration due to 7o(f). The force law is chosen to be 7o(f) = 100 Nm [a(f) -  o(f-30) 
-  a(f-100) + a(r-130.836)], where a denotes the step function and where the 
decelerating torque is chosen so that #  = 0 at the end of the RMS slew. This gives a 
45° RMS slew manoeuvre. The result of this simulation is shown in figure 2.27, from 
which it can be seen that in the present case, the accelerating and decelerating torque 
cancel almost exactly. The residual values of ÿ for various example configurations 
are of magnitude 10'4 to 10"7 m/s. From figure 2.27, the final displacement of the 
Shuttle is yf = 1.24 m at the end of the simulation.
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Figure 2.27: Shuttle surge velocity j  due to bang-bang acceleration/deceleration a

Case 3

We next study the inertial translational acceleration a of the payload centre of mass 
G, depending on whether the Shuttle is assumed to be fixed in space (due to active 
attitude control) or if it is free to move with all six degrees of freedom. Here a is 
measured in the plane perpendicular to the RMS axis so that it is a measure of the 
lateral excitation of the flexible RMS.
The configuration is similar to that shown in figure 2.21, but now the pivot O is offset 
in x from the Shuttle y-axis by Ax, and also in y by Ay. The data for the offsets are 
estimated using [60]. Thus L = 14 m, = 10000 kg, a = b/2 = 1.5 m, d = 6 m,Ip = 
37500 kgm2, Ms = 70000 kg, hy = 106 kgm2, Ax = 2m,  Ay=  14m, and T0(t) = 1298 
Nm = constant. Here a maximum joint velocity is not taken account of to reinforce 
the effect. In the initial state, the RMS is parallel to the Shuttle y-axis.
The present simulations are performed with SIMPACK only, since the formulation of 
the kinetic energy of a complex seven-degree-of-freedom three-dimensional system 
by hand is very tedious and prone to errors.
Figures 2.28 and 2.29 show the results for a fixed and a free Shuttle and the resulting
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displacements of the free Shuttle about its y and z axes.
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Figure 2.28: Influence of Shuttle freedoms 
of motion on acceleration a of G
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Figure 2.29: Angular displacements 
of free Shuttle about its y and z axes

Figure 2.28 shows that the translational acceleration a of G in the inertial frame 
changes only slightly when the Shuttle is free to move in space, whereas the Shuttle 
angular motions are large, see figure 2.29. The following chapters however will show 
that even if the inertial acceleration of the payload changes only slightly, the 
influence of the Shuttle motion on the RMS flexible dynamics is considerable and 
will lead to much smaller elastic responses of the RMS than with a fixed base. This 
aspect does not appear to be discussed to any extent in the literature. Note again that 
figures 2.28 and 2.29 do not apply in reality due to restricted mechanical work ranges 
and maximum velocities of the joints.
When the RMS angle a  = 90° in figures 2.28 and 2.29, the Shuttle angular 
displacement about its x axis (not shown in the plots) is less than 2°, and all the 
Shuttle translatory displacements (also not in the plots) are less than 0.5 m. Again it is 
stressed that the applied torque To is constant and maximum. Taking into account a 
maximum allowed joint velocity and choosing a smaller torque lead to smaller 
Shuttle motion effects.
The value of a for a fixed Shuttle in figure 2.28 can be verified as follows. The 
angular RMS acceleration à  is

«  = —  (2.102)
^,0

where the effective payload inertia about the pivot O is l p 0  =1  p + M  p (L + a) 2 , and

a = a(L + a) (2.103)

Inserting the actual data from above yields a = 0.00825 rad/s2, which is identical with 
the value in figure 2.28. It is noted that for other values of 7o(f), the results of the 
actual analysis are similar since the ratios of the various inertias remain the same.
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Case 4

The last simulation analyses the effect of Shuttle thruster firing on a flexible RMS. 
Assuming that the Shuttle is free to move only in y and that joint O is locked, then the 
RMS will have the greatest dynamic response. This is because if the Shuttle is only 
free to move in y the force provided by the thrusters will be fully used to accelerate 
the Shuttle and the payload mass perpendicular to the RMS, which is not the case if 
the Shuttle is free to rotate. The system is shown in figure 2.30.

G,L

S hu ttle

G,y

Figure 2.30: Configuration to analyse the effect of Shuttle thruster firing on RMS

Figure 2.30 shows that a thruster firing causes a reaction force F r  on the Shuttle, and 
the resulting acceleration causes RMS vibration. Note that since the Shuttle is free to 
move only in y, an offset of the extension of F r  from CMs can cause no roll motion of 
the Shuttle.
To formulate the kinetic energy for the Lagrangian, we consider figure 2.30. Using 
the first exact mode shape Wl (x) obtained by the determinant method for the locked 
joint case to describe the RMS flexibility, the translatory velocity v g ,l  of the payload 
centre of mass G relative to the Shuttle due to RMS deformation is

= <?, (r)w, ( I ) +<?, (r)<(-L)« (2.104)

where it is assumed that the first exact mode shape Wt (x) does not change if the RMS 
base is no longer fixed, but free to move linearly. In chapter 6 this assumption will be 
justified. The payload angular velocity C0g,l about G is

® M = Ï.(0 H ÏW  (2.105)

The velocity of the Shuttle is vc = ÿ , and hence the total kinetic energy T is
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T  ~ 1 M P (VG,y ~ V G , L f  + } / P ^G,L + } M S VG, (2.106)

In the case at hand the application of equation (2.48) to the generalised coordinates 
vector p(f) = [y(r), qi(t)]T yields the 2x2 mass matrix M with elements Mnm given by

M n = M p + M s

M a  = M21 = - M p {WX{L)+ aW'{L)) 

m 21 = I w;{L) 2 + m (w, ( l ) + a

(2.107)

Since for the present example the Shuttle and RMS are non-rotating the application of 
Lagrange’s equation (2.48) to the kinetic energy expression does not yield Coriolis, 
gyroscopic or centrifugal terms. The RMS flexural stiffness and the joint stiffness is 
taken into account in the strain energy expression, which after applying Lagrange’s 
equation yields the 2x2 stiffness matrix K with elements

^ii -  — K 2l — 0

k 22 = A [ w ; m 2 + e i  J[w/U)]2 dx
(2 .108)

where El denotes the RMS flexural stiffness and A the joint stiffness at O. The 
equations of motion are written in matrix form as

M ÿ + K y Fr

q q 0
(2.109)

where F r  =  - F t  is the thruster reaction force on the Shuttle.
The system data are L = 14 m, Mp = 30000 kg, a. = b/2 = 2 m, d = 12 m, Ip = 400000 
kgm2, Ms = 70000 kg and Fjit) = 6x107 N = const. According to [60], the Shuttle 
attitude is controlled by at maximum six “Vernier Thrusters”, each of which is able 
produce a thrust of 107 N. This worst case simulation for a large payload, maximum 
dynamic RMS response and maximum thrust yields a vibration amplitude of the RMS 
tip of 11.45 cm and of 13.62 cm for the payload centre of mass G.
Inserting the payload properties of data set (A), the simulation yields a vibration 
amplitude of the RMS tip and of G of 4.59 cm and 5.23 cm respectively.
To verify the statement above that the dynamic response of the RMS is smaller if the 
Shuttle is free to move in all directions, a rigid body simulation is performed with 
SIMPACK. For identical system properties, the dynamic response of the rigid RMS 
due to joint stiffness is about double if the Shuttle is free to move only in y than if the 
Shuttle has all six degrees of freedom.
The previous analyses show that the RMS / Shuttle interactions are not negligible and 
make it necessary to control the Shuttle attitude while operating the RMS or to correct 
it after RMS operation.
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2.11 SUMMARY / CONCLUSIONS

The present analyses of the single link robot provide insight into the dynamic 
response of large space manipulators such as the Space Shuttle Remote Manipulator 
System (SRMS).
The related literature points out that the joints of the SRMS can have two states: 
locked and unlocked. The possibility to lock the joints provides help in precision 
positioning of payloads and additional security in cases of malfunction or dangerous 
situations. Also the literature stresses that except for a computer controlled motion 
with more than one joint driven and thus unlocked, the SRMS joints are normally 
locked, and if manually operated, only one joint is driven at a time.
Information on the SRMS shows that the locked joints have a certain flexibility, 
referred to as the joint stiffness, and that the driving gear trains can be backdriven 
from the output side, which avoids overload and damage of the gear box due to 
accidents, impacts and so on.
Although mentioned in many related papers, a clear investigation of the effects of 
joint stiffness and gear train backdriveability on the dynamical behaviour of an RMS 
has apparently not been published. Due to the available information it is assumed that 
joint stiffness is only relevant if the joints are locked, because in the unlocked state 
the gear train backdriveability prevents stressing of the gear system and housing.
Since it is not assumed feasible to model the nonlinearities of gear back-lash, flexible 
housing, deformable bearings and so on, and since the necessary information is not 
available, the joint stiffness is modelled as a linear re volute spring, in agreement with 
the related papers.
Using the presented determinant method to obtain exact analytical solutions for the 
natural frequencies of a Bernoulli beam, representing a RMS, with large overhanging 
payloads for a locked an unlocked joint it turns out that if unlocked, the free revolute 
joint leads to negligibly small elastic deflections of a single flexible RMS due to slew 
manoeuvres. This is because the joint then yields almost the boundary conditions of a 
pinned-free beam, and the payload centre of mass becomes a nodal point in the 
pinned-free vibration modes. The exact analyses also show that for an unlocked joint, 
the effective inertia at the output side of a gear box due to its high ratio does not 
effectively lead to a clamped link at the gear box side in the lower modes, which is 
usually claimed in papers on the SRMS. Due to this incorrect assumption it is inferred 
that many of the dynamic response figures given in the various papers are too large, 
which could be the reason why researchers usually stress the control aspect of the 
SRMS, whereas the previous analyses for the single link show that if the joint is 
unlocked, the elastic deflections are negligibly small. The following sections 
investigate if this is also true for a multi-link robot like the SRMS.
For a locked shoulder joint, the elastic deflections are not negligible when the Shuttle 
is disturbed for example by thruster firing. The dynamic analyses are performed using 
the equations of motion as obtained from Lagrange’s equation, where the RMS 
flexibility is represented by exact analytical mode shapes. The results of several 
simulations show that for a locked joint, the fundamental vibration mode always 
represents more than 99.5 % of the total elastic RMS deflection, thus allowing to use 
only one mode shape in the equations of motion. Note however that the single link 
RMS with constant flexural stiffness is a simplified representation of a three-link
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system, locked at the elbow and wrist with infinite joint torsional stiffness. The prime 
aim of the single link study is to clarify the basic dynamic behaviour of the more 
complex doubly and triply articulated RMS to be studied subsequently.
An active damping control of the single flexible RMS by a reaction wheel (RW) is 
shown to be feasible. The achievable damping coefficient is limited in practice by the 
wheel size, its mass and power requirement.
The last aspect that seems to be frequently overlooked in the related literature is the 
Shuttle / RMS interaction. Any acceleration of the Shuttle will have an effect on the 
RMS and vice versa. The presented example simulations prove clearly that a RMS 
operation will affect the attitude of the Shuttle, especially during precise positioning 
where the interactions can lead to incorrect payload positioning, if the Shuttle attitude 
is not controlled and kept fixed relative to the target.
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CHAPTER 3: SINGLE LINK WITH FIXED BASE AND END EFFECTOR

To complete the single link RMS dynamic analysis with fixed base, we consider the 
case of an articulation of the payload through a constant angle 0  about the wrist joint 
O2 to study the effect on the natural frequencies of the system. In the literature ([8]) it 
is common to assume that the short end effector link is stiff compared to the main 
links of the Shuttle RMS, and that the connection between end effector and payload 
can be taken as rigid ([1], [3], [69]), see also chapter 10. A schematic is shown in 
figure 3.1, in which the angle 0 denotes the rigid body attitude of the end effector and 
the payload relative to the flexible main link.

P a y lo a d
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e ffec to r

J o in tl w ith  
g earb ox  inertia  lgl 
or jo in t  stiffn ess  A,

F le x ib le  L in k l

J o in t l  w ith  
g earb ox  in ertia  Ig2 
or jo in t  s tiffn ess

Figure 3.1: Single link system with articulated end effector/payload

3.1 DETERMINATION OF NATURAL FREQUENCIES AND MODE SHAPES

3.1.1 EXACT SOLUTION FOR NATURAL FREQUENCIES

To obtain the exact natural frequencies of the single flexible link with rigid end 
effector, the determinant method is applied.
In order to derive the necessary kinematic and dynamical boundary conditions of the 
flexible link, consider figure 3.2, where angle A# is the rotation of the end effector 
and the payload about O2 due to the joint stiffness A2.

Figure 3.2: Boundary conditions of the single 
flexible link with rigid articulated end effector

57



In figure 3.2, L\ is the length of the flexible link, La is the length of the rigid end 
effector, S and M in the enlarged circle are the beam shear force and bending moment 
at jc = Li, respectively, and the other designations are analogous to those defined in 
chapter 2.2.
At x = 0 , the boundary conditions are identical to those of the single flexible link 
without end effector and are given with equations (2.23) and (2.30) for the case of an 
unlocked joint at 0 \, where Ig is now replaced by Igi.
To derive the boundary conditions at x = Li for a locked joint at O2 we assume that 
the angular deflections A0 and y'iL^t) are small, so that 0can be taken as constant.
Then the angular acceleration ÿ of the end effector and the payload about O2 is

^ = A '̂ + ÿ % ,0  (3.1)

where the usual system of dashes and dots is used to indicate derivations with respect 
to space and time, respectively.
The translatory acceleration ar\ of the payload centre of mass G relative to Linkl is

ar l=^(L2 +ti) (3.2)

where ar is inclined to the acceleration y{Lx,t) of Linkl at O2 at the angle 0.
The angle A9 is obtained from moment equilibrium at O2, thus

(3.3)

Using equations (2.10), (2.28) and (2.29) as well as relations (2.13) together with the 
method of separation of variables derived in chapter 2.2.1 and formulating the 
moment and force equilibrium at O2 gives the two boundary conditions at x = Li as

EI ) = I p w 1(EI vr(L,, z) /4  + W'(A ))+
(3.4)

(L2 + ajM,, z»2 (W (A )cos 0 + (A + a)(E/ W(A, z)/ A  + W'(A ))) 

and E l W " { L i ) = - M p a)2 t y { L l )+{L2 + a){ElW "{L l , t ) lX 1 +W'{Li ))cose)  (3.5)

Equations (3.4) and (3.5) neglect the mass of Link2 and the gear box inertia of Joint2, 
lg2 , if the joint is unlocked. These can be included in the payload mass and rotary 
inertia, but are negligible compared to payloads in excess of say 1000 kg. Thus the 
four boundary conditions are given by equations (2.23), (2.30), (3.4) and (3.5). 
Applying the boundary conditions to the general boundary equation (2.21) yields

£?n d l2 d l3

^ 2 1  ^ 2 2  ^ 2 3

d3l d32 d 33

"A"
A
c«.

=  0 (3.6)
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du d \2 d\3

du 2̂2 d 22 = 0 (3.7)
d̂ i d32 da

(3.8)

which can only be solved if

where it is noted that the present matrix elements can differ from previous elements 
with the same designation. Using the notation C = cos (&Li), S = sin (kL{), Ch = cosh 
(kL\) and Sh = sinh (kL\), the elements dnm are given by

d u = I s i kco 

d n = - 2 E I k 2 

dfê = I  s^k O)

dll = k { l p+  (L2 + a f  c  + +

(L2 + a ) M p co2 S  cos 6

d 12 =  - E i  e  ( c + c h ) +  +

(I, + a ) M p co2 (c o s 5 ( -C  + Ch)+

^  = k { l p+  ( 4  + a)2 M  p )a>2 Ch + +

(L2 + a )M p co2 Sh cos 6  

d n = - E I k 2 C + M  p co2[s + {L1 + a ) k c o s 0 [ c - ^ - ) )

d 22 — —E l  k 2 (S -  Sh) + M p ty2|— C  +  C/z + (L2  + a jk  cos^|*S + Sh + ----- 2-

d 3 3  =  - E l k 2 Ch + M p m 2[sh + {L2 +a)Zcos6»(c/! + - ^ ) )

If joint 0\  is locked, equation (2.30) becomes

E IW \Q )= X l W\Q)

and the elements d u  and d u  in equation (3.8) then become

d n = —̂  k  

d^2 ~ k

El k C+EI k Ch j j

(3.9)

(3.10)

If Joint2 is unlocked, X2 is set to a very small value, say 10'5 or so. Note that setting 
A-2 to zero is not allowed since it appears in denominators, see equations (3.3) and 
(3.8).
Since the single flexible link system with articulated end effector has two joints that 
can either be locked or unlocked, there are four possible configurations for the joints.
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Tables 3.1 through 3.4 give the variation of the natural frequencies with 0 for each 
configuration. The system properties are always L\ = 12.12 m, L2 = 1.88 m, mb = 
3.9786 kg/m, EI -  3x l06 Nm2, Mp -  5000 kg, Ip = 5417 kgm2, a = 1 m, /gi = 1188 
kgm2 or X\ = 106 Nm/rad for Jointl and Ig2 = 191 kgm2 or = 2.4xl05 Nm/rad for 
Joint2. It is mentioned above that for payloads in excess of about 1000 kg, the 
gearbox inertia Ig2 is negligible, but is included here in the payload rotary inertia. 
Tables 3.1 through 3.4 show that the effect of an end effector articulation about Joint2 
on the natural frequencies is very small in the higher modes. Only the first or at 
maximum the first and the second natural vibration frequencies are changed 
significantly, depending on whether Jointl and Joint2 are locked or unlocked.
It is noted that dis  varied only in the range 0...900 since the theoretical possibilities 
are infinite, and since in reality the work range of the joints is most likely to be 
limited. Also due to symmetry the natural frequencies for positive and negative 6  are 
identical. Therefore the variations of the joint angles in all the following chapters are 
given only in the aforementioned range.

0  [deg] Oh [rad/s] ah [rad/s] Oh [rad/s] Oh [rad/s]
0 0.00 0.00 23.88 96.28

10 0.00 0.00 23.84 96.20
20 0.00 0.00 23.76 96.08
30 0.00 0.00 23.71 96.00
40 0.00 0.00 23.68 95.96
50 0.00 0.00 23.67 95.93
60 0.00 0.00 23.66 95.92
70 0.00 0.00 23.65 95.91
80 0.00 0.00 23.65 95.90
90 0.00 0.00 23.65 95.90

Table 3.1: Variation of exact natural frequencies of single flexible 
link system with end effector with 0 for both joints unlocked

0  [deg] (th [rad/s] Oh [rad/s] oth [rad/s] Oh [rad/s]
0 0.00 6.91 25.21 101.50

10 0.00 6.26 25.07 101.36
20 0.00 5.07 24.87 101.15
30 0.00 4.07 24.74 101.02
40 0.00 3.37 24.67 100.94
50 0.00 2.88 24.63 100.90
60 0.00 2.53 24.61 100.87
70 0.00 2.30 24.59 100.85
80 0.00 2.13 24.58 100.84
90 0.00 2.03 24.58 100.84

Table 3.2: Variation of exact natural frequencies of single flexible link 
system with end effector with 0for Jointl unlocked and Joint2 locked
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0  [deg] (th [rad/s] Oth [rad/s] Oh [rad/s] Oh [rad/s]
0 0.00 2.22 72.55 251.43

10 0.00 2.00 72.47 251.34
20 0.00 1.62 72.34 251.21
30 0.00 1.31 72.26 251.12
40 0.00 1.10 72.22 251.07
50 0.00 0.95 72.19 251.04
60 0.00 0.86 72.18 251.03
70 0.00 0.80 72.17 251.02
80 0.00 0.77 72.16 251.01
90 0.00 0.76 72.16 251.01

Table 3.3: Variation of exact natural frequencies of single flexible 
link system with end effector with 0for Jointl locked and Joint2 unlocked

9  [deg] oth [rad/s] 0th [rad/s] Oh [rad/s] oth [rad/s]
0 0.56 7.89 77.77 256.74

10 0.56 7.11 77.62 256.62
20 0.57 5.71 77.38 256.44
30 0.58 4.55 77.23 256.33
40 0.59 3.73 77.15 256.26
50 0.60 3.16 77.10 256.22
60 0.63 2.76 77.07 256.20
70 0.65 2.47 77.05 256.19
80 0.68 2.26 77.04 256.18
90 0.72 2.12 77.03 256.18

Table 3.4: Variation of exact natural frequencies of single flexible 
link system with end effector with 0 for both joints locked

Tables 3.1 through 3.4 show that the fundamental and higher frequencies of the single 
link system with unlocked Jointl are very high compared to the frequencies for a 
locked Jointl. These results agree with the analyses in section 2.
Also, tables 3.3 and 3.4 give a first possibility to validate the proposed determinant 
method: if the two links are perpendicular to each other with 0 = 90° and if the 
angular deflections of the flexible link end at O2 are small, it should make no 
significant difference whether Joint2 is locked with joint stiffness or unlocked and 
free to rotate. This is because the payload rotary and translatory inertia always appear 
at the end of Linkl at O2 due to the joint stiffness, if Joint2 is locked. But with 6  

approaching 90°, the payload translatory inertia also appears at the end of Linkl at 
O2 , if Joint2 is not locked. For 6  = 90°, the payload translatory inertia appears 
completely at the end of Linkl at O2, independent from Joint2 being locked or 
unlocked. A difference in the fundamental frequency for Joint2 locked and unlocked 
occurs due to the small angular deflection of the end of Linkl at O2, which is coupled 
to the payload rotary inertia by the joint stiffness, if Joint2 is locked. If the effective
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payload rotary inertia at O2 is zero, the fundamental frequencies are identical for both 
cases.
The last lines in tables 3.3 and 3.4 for 0 =  90° agree very good, thus proving that the 
determinant gives results that agree with the considerations above and implying that, 
in the given configuration, the influence of the payload rotary inertia is small 
compared to that of the translatory inertia because of small angular deflections of 
Linkl at O2 .

3.1.2 EXACT SOLUTION FOR MODE SHAPES

The exact mode shapes are obtained by the method described in chapter 2.2.2 by re­
inserting the computed natural eigenfrequencies into equation (3.6), where the zeros 
in the right-hand side vector are replaced by always the same elements /  as described 
in 2.2.2. This kind of normalising make the mode shapes distinguishable in the plots, 
since other normalisations (W(L) = 1) yield mode shapes that lie above each other. 
Figure 3.3 shows the first mode shape for the configuration Jointl unlocked and 
Joint2 locked with 0 -  0°, L\ -  12.12 m, L2 = 1.88 m, = 3.9786 kg/m, El -  3xl06 
Nm2, Mp -  5000 kg, Ip = 5417 kgm2, a = 1 m, Ig\ = 1188 kgm2 and = 2.4xl05 
Nm/rad. Figure 3.4 compares the first mode shape for the present system properties 
for 0=0°, 50° and 90°.

Figure 3.3: First mode shape of flexible link for 
configuration Jointl unlocked and Joint2 locked for 0=0°

1. 0°

1,50'
- - m

Figure 3.4: First mode shape of flexible link for 
configuration Jointl unlocked and Joint2 locked for various 0
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Figure 3.5 shows the first mode shape of the flexible link for 0=  0°, 50° and 90° for 
the case Jointl and Joint2 unlocked, when the other system parameters remain.

1.50°

1,0°

Figure 3.5: First mode shape of flexible link for 
configuration Jointl and Jointl unlocked for various 0

Using the same system properties again for the configuration Jointl locked and Jointl 
unlocked, the first mode shape of the flexible link for Q = 0°, 50° and 90° is as shown 
in figure 3.6.

•  G0o

1, 90'

1,0°

Figure 3.6: First mode shape of flexible link for configuration 
Jointl locked and Jointl unlocked for various 6

Finally, figure 3.7 gives the first mode shape of the flexible Linkl for 0=  0°, 50° and 
90° for the last configuration Jointl and Jointl locked.

1, 0°

r50° é

Figure 3.7: First mode shape of flexible link for 
configuration Jointl and Jointl locked for various 6
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3.2 VALIDATION OF THE DETERMINANT RESULTS

Here we apply different methods to verify the results obtained with the present 
determinant for the single flexible link with end effector, such as reproduction of the 
single flexible link without end effector and imitation of a rigid double pendulum.

3.2.1 REPRODUCTION OF FLEXIBLE LINK WITHOUT END EFFECTOR

The results of the present determinant can be validated by choosing the properties so 
that the single link reference system from chapter 2.2 is reproduced.
Thus 6  = 0°, Li = 14 m, L2 = 0 m, mh = 3.9786 kg/m, El  = 3xl06 Nm2, A2 = 1010 
Nm/rad, Mp -  10000 kg, Ip = 37500 kgm2, a = 1.5 m, and Ig\ = 1188 kgm2 for Jointl 
unlocked or A\ = 106 Nm/rad for Jointl locked. The very high value for A2 should 
effectively clamp Joint2. The first five natural frequencies of this system for Jointl 
unlocked and locked are given in table 3.5.

freq. [rad/s] Unlocked Locked
Oh 0.00 0.39
Oh 4.55 5.18
oh 25.98 81.45
£Ü4 103.17 236.65
Oh 274.75 478.54

Table 3.5: Natural frequencies of single flexible link 
with rigid end effector, with properties of the reference 

single link system with unlocked and locked shoulder joint 0 \

The close agreement of tables 2.1 and 3.5 validates equation (3.8). The small 
deviations at the second decimal are due to numerical inaccuracies.

3.2.2 RIGID LINK ANALYSIS

A second means to validate equation (3.8) is to check the natural frequencies against 
those of a rigid double pendulum, when the flexural stiffness of the single link is 
chosen very high to effectively produce a rigid link. To obtain two natural frequencies 
for the rigid double pendulum, we consider the case of both joints locked.
The two natural frequencies are obtained using Lagrange’s equation (2.48) to derive 
the equations of motion (2.49) with the system mass and stiffness matrices M and K. 
For the kinetic and potential energy, consider figure 3.8 with the various velocity 
components and generalised coordinates vector p = [Ou 6̂ ]T, representing motions 
about the joints. These motion are assumed to be small in order to allow for 
linearisation.
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01

6  =  const.

Figure 3.8: Velocity components and generalised 
coordinates of rigid double pendulum

From figure 3.8 and using the cosine rule, the square of the translatory velocity vm of 
the payload centre of mass G is

= V12 +V21 + 2 v : v21 cos<9 (3.11)

where v1 = Lx Qx and v21 = (L2 + a)(ô2 +^1). Thus the kinetic energy T, including the 
payload rotary inertia Ip, is

+ 4 ,) :  + (3.12)

where the distributed beam mass mt of Linkl is taken into account by the term 
vf, and where M\ is the substitute mass of Linkl at the tip, given as ([41]) M\ =

\L \  mt. The distributed mass of Link2 can be included in Mp.
The elastic strain energy V is

(3.13)

Applying Lagrange’s equation (2.48) to equations (3.12) and (3.13) yields the 
equations of motion, where the four elements of the present mass matrix M are

M n = I p + M p [L2x +(a + L2 ) 2 + 2 L x (a + L2 ) cos0] + M x L2

= M 2i ~^p + Mp (a + L2)(a + L2 + Lx cosO) (3.14)

^22 = /̂7 + M p (a + L2)

and the stiffness matrix K is given by
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K =
'4  0
0 /L

(3.15)

Using equations (3.14) and (3.15) in equation (2.50) yields the (two) system natural 
frequencies. Table 3.6 gives these frequencies for the rigid double pendulum (&% dp) 
and the first two natural frequencies of the flexible single link system with articulated 
end effector (cot flee) obtained with the determinant, equation (3.7), for identical 
system properties. Let 6  = 0°, L\ = 12.12 m, L2 = 1.88 m, Mp = 5000 kg, Ip = 5417 
kgm2, a = l ,  À\ = 106 Nm/rad, A2 = 2.4xl05 Nm/rad, and for the flexible system El = 
1010 Nm2 to effectively produce a rigid link.

0 [deg] Oh dp [rad/s] Oh flee [rad/s] Oh dp [rad/s] 6% flee [rad/s]
0 0.87 0.87 8.80 8.79
50 0.94 0.94 3.50 3.50
90 1.12 1.12 2.36 2.36

Table 3.6: Two natural frequencies of rigid double pendulum and first two natural 
frequencies of single flexible link system for identical properties with El  = 1010 Nm2

Table 3.6 verifies that the natural frequencies are in almost exact agreement. The 
reasons for the deviation of the second frequency for 0 = 0° could not be found, but 
are assumed to be due to numerical inaccuracies in computing equation (2.50). Figure 
3.9 gives the mode shapes of the rigid double pendulum for 6 = 0° and 0=  90°.

0 = 0° 0=90°

co, CÛ-,

Figure 3.9: Sketch of rigid double pendulum mode shapes for 0=  0° and 0= 90°

Taking a look at figure 3.9 one can easily explain that the fundamental frequency of 
the rigid double pendulum increases with increasing 0, since the system centre of 
mass, which is nearly the payload centre of mass G, gets closer to the root of the 
flexible link. On the other hand the second frequency decreases, because the payload 
mass appears more and more at the tip of the flexible link with increasing 0, thus 
increasing the effective inertia.
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3.3 DYNAMIC RESPONSE ANALYSES

This section investigates in the dynamic responses of the double flexible link due to 
applied forces. Note that here and in the following chapters that develop the RMS to 
the full system identical to the SRMS, natural frequency comparisons using assumed 
mode shapes are not performed, but assumed mode shapes will again be applied to 
verify dynamic response results of the fully developed RMS in the later chapters, 
using BEAM (for more information see [83]) and SIMPACK.

3.3.1 JOINT1 UNLOCKED AND JQINT2 LOCKED

As stated in section 2, the deflection of a single link with an unlocked shoulder joint 
is negligibly small. To check if this holds also for a two-link system, the first exact 
mode shape for the configuration Jointl unlocked and Joint2 locked is inserted into 
the equations of motion, which for sake of brevity are not given here.
The system properties are 6 -  0°, L\ = 12.12 m, L2 = 1.88 m, = 3.9786 kg/m, El -  
3xl06 Nm2, Mp -  5000 kg, Ip = 5417 kgm2, a = I m, Ig\ = 1188 kgm2, and fa = 
2.4xl05 Nm/rad, and the driving torque of Jointl is taken to be 1298 Nm, which is the 
actual maximum value for the SRMS at the shoulder joint. The total rotary inertia 
about Jointl in the straight SRMS configuration is 1206667 kgm2. Dividing the 
maximum torque by the rotary inertia we obtain an angular acceleration of the RMS 
of a  = 0.001 rad/s2. For the given data, the translatory vibration amplitude of Linkl 
at O2 and of the payload centre of mass G are less than 2.1 mm and 0.04 mm 
respectively in the fundamental mode. For a very large payload, say Mp = 30000 kg 
and Ip = 400000 kgm2, the vibration amplitude of Linkl at O2 and of G are 3.7 mm 
and 0.5 mm respectively, if the same torque is applied again and if the other system 
properties remain unchanged.

3.3.2 JOINT 1 AND JOINT2 UNLOCKED

To complete the analysis of the system with Jointl unlocked, we consider the case 
Joint2 also unlocked. For this configuration, a simulation as before is performed. 
Again, the first exact mode shape is inserted into the equations of motion. The 
properties are 0=0°, L\ = 12.12 m, L2 = 1.88 m, mb -  3.9786 kg/m, El -  3x l06 Nm2, 
Mp = 5000 kg, Ip = 5417 kgm2, a = 1 m, /gi = 1188 kgm2, fa = 10'5 Nm/rad and a  = 
0.001 rad/s2 due to the torque at Jointl. The small value for fa effectively produces a 
revolute joint at O2 (as stated before, fa must not be set to zero since it appears in 
denominators in equation (3.8)). The rotational inertia due to the gear box at O2 can 
be included in Ip, but is neglected here.
For these data, the elastic vibration amplitude of Linkl at O2 is less than 0.05 mm, 
and the vibration amplitude of the mass centre G is less than 0.005 mm. It is noted 
that in all the simulation cases the share of the second, third, fourth and fifth exact 
mode shape together in the total defection is less than 1 %, which allows for using 
only the first mode shape in the equations of motion.
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3.3.3 JOINT 1 LOCKED AND JOINT2 UNLOCKED

As for the case of Jointl unlocked, two system configurations for a locked Jointl are 
possible, depending on whether Joint2 is also locked or unlocked. First we consider 
the case of Jointl unlocked. As before, an angular acceleration à  of the flexible 
Linkl due to a torque at Jointl is simulated, using the first exact mode shape. Since 
Jointl is locked now, it is assumed that the angular acceleration of Linkl is due to a 
thruster firing for example on a space station, similar to the situation shown in figure 
2.18 for the single flexible link without end effector in chapter 2.5. This allows for a 
comparison with the results for the unlocked Jointl. The properties are 0 -  0°, L\ = 
12.12 m, L2 = L88 m, mb = 3.9786 kg/m, El = 3xl06 Nm , Mp = 5000 kg, Ip = 5417 
kgm2, = 1 m, Ai = 106 Nm/rad, Xi = 10"5 Nm/rad, 7o = 1020 kgm2, and the torque To is 
chosen so to again produce an angular acceleration of a  = 0.001 rad/s2 of the whole 
system.
For these data the vibration amplitude of Linkl at O2 is 2.5 mm and the vibration 
amplitude of the payload centre of mass is less than 0.03 mm in the fundamental 
mode. It is noted that these results assume a stable vibration mode, but in the present 
configuration with Joint2 unlocked an angular acceleration of the system causes the 
payload and the rigid end effector to freely rotate about Joint2. The motion of the 
payload mass centre G is random and depends on the vibration of the flexible link and 
on the payload’s rotation about O2. This fact confirms again the fundamental 
assumption in section 2 that if a joint is not actively driven by the actual joint motor, 
it is locked with brakes on.
In the actual simulation, the share of the second and third mode in the total deflection 
is less than 0.1 %.
To obtain the results of the simulation as before for perpendicular links, the system 
properties are chosen as 0=  90°, L\ = 12.12 m, L2 = 1.88 m, mt = 3.9786 kg/m, El = 
3xl06 Nm2, Mp = 5000 kg, Ip = 5417 kgm2, a -  I m, X\ = 106 Nm/rad, A2 = 10'5 
Nm/rad and again a torque so that a  = 0.001 rad/s2.
For these data, the vibration amplitude of Linkl at O2 and therefore of the payload 
centre of mass G is 2.24 cm in the fundamental mode.

3.3.4 JOINT1 AND JOINT2 LOCKED

Finally we consider the configuration Jointl and Joint2 locked. As stated before, a 
simulation should give similar results for Joint2 unlocked and locked, if 0 =  90°. To 
confirm this we choose 0 =  90°, L\ = 12.12 m, L2 = 1.88 m, mb = 3.9786 kg/m, El = 
3xl06 Nm2, Mp = 5000 kg, Ip -  5417 kgm2, <2 = 1 m, Ai = 106 Nm/rad, A2 = 2.4xl05 
Nm/rad and let the torque produce the usual angular acceleration a  = 0.001 rad/s2. 
For this configuration the vibration amplitude of Linkl at O2 and thus of G is 2.27 
cm. This result is close to the figure above for Joint2 unlocked and corresponds to the 
close agreement of the fundamental frequencies for Joint2 unlocked and locked, if 0=  
90°. In the present case, the share of the second and third mode shape in the 
deformation is less than 0.7 %.
The last example considers the straight RMS with 0=  0°, L\ = 12.12 m, L2 = 1.88 m, 
mb = 3.9786 kg/m, El = 3x l06 Nm2, Mp = 5000 kg, Ip = 5417 kgm2, <2 = 1 m, /li = 106
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Nm/rad, fa = 2.4xl05 Nm/rad and as before the torque so that à  = 0.001 rad/s2.
For these data, the vibration amplitude of Linkl at O2 is 3.21 cm and the vibration 
amplitude of the payload centre of mass G is 4.51 cm. In the actual configuration the 
share of the second and third mode shape in the total deflection is less than 0.2 %.
The previous analyses show that for the actual configurations, the flexibility of Linkl 
can be represented sufficiently accurate in the equations of motion by using only the 
first mode shape. As check simulations show, this holds also true for big payloads, so 
that using the first mode shape only is sufficient for the whole range of payloads.

3.4 SUMMARY

The determinant method introduced in chapter 2 is applied to the single flexible link 
with an articulated end effector and payload. This yields exact analytical natural 
frequencies and mode shapes for the system. The frequency determinant is validated 
by comparison with the natural frequencies of the single flexible link system without 
end effector and with the natural frequencies of a rigid double pendulum with torsion 
springs, when the system properties are chosen so to imitate these comparison 
systems.
A dynamic response analysis for the four possible joint state configurations free-free, 
free-locked, locked-free and locked-locked shows that the deflections are small in 
general, and very small for an unlocked Jointl.
The analyses of the single flexible link system with end effector provide the basis for 
the investigation of the double flexible link system.
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CHAPTER 4: DOUBLE LINK WITH FIXED BASE

Based on the analysis of the single flexible link with and without rigid end effector, 
the system is now extended to the double flexible link system without end effector 
shown in figure 4.1, where the dotted lines are the rigid body position of the links and 
the solid lines the superimposed elastic deflections. Again the base is assumed being 
inertially fixed, and the other designations are as introduced in the previous sections.

u

#  : G ea r  b o x  in er tia  Ig Q  
or jo in t  s t if fn e s s  A Q v

P a y lo a d

L in k l

L in k l

Ts's's'sV'

Figure 4.1: Schematic of doubly articulated flexible manipulator

Depending on whether a joint is locked or unlocked, either joint stiffness or the gear 
box inertia is present. As for the single flexible link system without end effector, the 
payload is assumed to be rigidly attached to Link2 at 0 3, and the links are inclined at 
a fixed angle <9 in the undeformed configuration.

4.1 DETERMINATION OF NATURAL FREQUENCIES AND MODE SHAPES

4.1.1 EXACT SOLUTION FOR NATURAL FREQUENCIES

To obtain the exact natural frequencies of the double flexible link system, the 
determinant method is applied. Although literature on the boundary conditions of 
single beams is vast, the boundary conditions of a two-beam-system have apparently 
not been analysed.
The deflection shape of each link I for a natural frequency Cÿ (i = 1..°°) is given as

w i j  O) = A , s i n  (k i,ix i ) + cos (kux, ) + C, , sinh (ku x, ) + £ > , , cosh ( £ ,  , * ,  ) (4.1)

where k,. = J w j ^ -  1 = 1, 2 . (4.2)

where = mass per unit length of link I and Eli = flexural stiffness.
Equation (4.1) is solved for the two links using the boundary conditions at x/ = 0 and 
xi = Li. The 2x4 boundary conditions yield 8 equations, and after collecting terms A;,/, 
Bn, Ci,i and £>/,*, the eigenvalue equation becomes
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~dn d \2 d\i d u d\s d\e dyj d\i ' A /

^21 d n d u d 24 dis die d n d n B u

d n d u d u dis die. d n d n Q ,

d 4i dtri d tf ^44 d A5 d^e d 47 d^i A ;

d$\ dsi dsi ds* dss dse dsi dsi A .i

de\ d(,i d&i d^A des dee dei dei B2,i
d lx d-j2 d u d u dis die d n d n c 2,

_d%\ d%i d%i d%A d^s d^e d%i d n  _ A ,,

which requires numerical solution of the following determinant for the natural 
frequencies Cty

d n d n d n d u dis die d n d n

d n d n d n d 24 dis die d n d n

d n d n d n d u dis die d n d n
d 4i d  42 d*i ^44 d 45 d  46 d4i d  41

dsi dsi dss dsA d 55 dse dsi dsi

dei de2 des d(A des dee dei des

d n d n d n d 74 d is die d n d n

d u d n d n d u dis die d n d n

=  0
(4.4)

For the boundary conditions of the links, consider figure 4.1. For a locked elbow joint 
(Joint2 at O2) and an unlocked shoulder joint (Jointl at 0\), the boundary conditions 
of Linkl at xi = 0 are (using equations (2.10), (2.28) and (2.29) as well as relations
(2.13) together with the method of separation of variables derived in chapter 2.2.1)

Wi(0) = 0

and I l l a 2 W1'(.Q) = - E I l W'(0)

At x\ =Li, moment equilibrium of inertia forces gives

£7, « Z , , )  = Ip co2 [W1\ L 1) + W;(L2 ) ]+ M p m2 Wl (L,)(L2 +a)cos0 + 
M p co2 [W2 ( l 2) + W2, (L2)a  + W1'(Z1)(L2 +a)](L2 +a) +

jmb2 û) 2 \\V2 (x2) + TFj (Lj) cos0 + )x 2 ]x2 dx2

0

and force equilibrium gives

E/w;^) = -M ^'[^(4)+K(4)^+K(A)(4+^)]cos6!-
Ln

(mp + M 2 )œ2 Wi (L^-  jmb2 co2 (W2(x2)+W 1/(L1))cos^(ü:2

(4.5)

(4.6)

(4.7)

(4.8)
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where M2 is the mass of Link2. The integrals in equations (4.7) and (4.8) are 
negligibly small for dynamic response analyses but should be included for very small 
or zero payloads to get better results for the natural frequencies of an unloaded RMS. 
Note that due to their complexity and since they are never used (except to validate the 
given equations) they are not given in the elements dnm in equation (4.15) below.
Also note that throughout this thesis the tangent frame formulation is used, and thus 
the boundary conditions for Link2 at x2 = 0 are (relative to Linkl !)

W2(0) = 0

and à 2 Wz(0 ) = EïI2 WÏ(Q)

At %2 = L2, moment equilibrium gives

E /2M % )  = f ,  a;: ( ^ ( Z ,)^ ^ ^ ^ ) ) ^

M p CO2 [w2 (L2) + W2 (L2) fl + ) (L2 +ti) + w; (Lj) cosë\a

(4.9)

(4.10)

(4.11)

and force equilibrium gives

E 1 W"(L2-) = - M p w 1 [W2 (L2) + w;(L2)a + )(L2 +a)  + Wi (L,)cos0] (4.12)

Applying the boundary conditions and collecting all terms with respect to Au , 5 U, 
Ci,/, A2,/, B2,u and C2,/, equation (4.3) reduces to

d n d \i d n d\4 dis die " A , "

d n d n d n d 24 dis die B u
d n d 32 d n di4 dis die c u
d  41 d  42 d 43 d 44 ^45 d  46 A ,

dsi dsi dsi ds4 dss dse B v

A i dsi d&i d  64 dss dee. A l .

=  0 (4.13)

which can only be solved when

d n d \i d n d u dis die

d n d n d n di4 d is die

d n d n d n d u dis die

d4i d  42 d A3 d 44 4̂5 Ae
dsi d si dss d$4 5̂5 dse

dei dei dei de4 des dee

=  0 (4.14)

Neglecting the integral terms in equations (4.7) and (4.8) and using the notation Ci= 
cos (fciLi), Si = sin ( À 4 Z 4 ) ,  Ch\ = cosh (^Li), Sh\ = sinh (k\L{), C2 = cos (£2L2), S2 = 
sin (A:2L2), C/i2 = cosh (/:2L2), %  = sinh (/:2L2), the elements dnm in equation (4.14) are 
given as
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^ii — 1̂3 — Ig\ ^  ’ 1̂2 — kx \du — d l5 — d l6 — 0

d 2l = &2 + Af p (L2 + ti) j<y2 Q +5j (jETj à:2 + M p (L2 + ajco2 cos^)

2̂2 = ^i (^ i î2 +Af/7 (L2 + ti)<y2 cos^)+ C/ij (jEZj ^2 - M p (L2 + a)co2 cosô)-

d 22 = k̂  [lp + M p (L2 + <2 ) j^y2 C/Zj + (— EI  ̂k 2 + M p {L2 + cl)cû2 c o s Ô̂ Sh  ̂

d 24. = 0)2 {L2 +a)Mp S2 +m 2 k2 (lp + M p (L2 + a ) a ) c 2 

d 25 = c ° 2 {L2 +a)Mp (C2 - C h 2) - c o 2 k2 ( lp + a ( L 2 + a ) M p)(S2 +Sh2) 

d 26 = co2 k2 { lp + M p (L2 + a)ajCh2 + O)2 (L2 + a ) M p Sh2 

d 31 = ( m 2 + M p)co2 ^  + fcj Q ( - A:2 + M p (L2 + £z)<y2 cos^) 

d 32 = (M2 + M p)co2 (Cj —C/Zj)+ J57j ĵ3 (Sj — Sh^) — 

fcj (L2 + ti)Mp <y2 cosé? (Sj + 5/îj );

3̂3 = (m2 + Mp )<y2 SZz, + £j C/Zj (e/ 1 â:2 + Mp (L2 + a)co2 cos#)

d34 =û) 2 cosOMp(S2 +ak 2 C2)

d35 — co1 cos#Mp (C2 — C/z2 + cik2 (S2 + Sh2Jj

d36 = co2 cos#Mp (Sh2 + Ch2 ),d41 = d42 = d 43 =0

d44 = d46 = k2 À2 ',d45 = 2EI2 k2

d5X =a>2 cos#Mp aS, +zy2 Æ, (/p +M p (L2 + a)a)ci

d52 =co2 cos#Mp «(Q -C/zJ-zy2^ (/p +M p (L2 +<2)«)(51 + 5/zj)

<Z53 = <y2 A:, (/p+Mp (L2 + a)«)c/Zi+ ûz2 c°s#Mp a.S'/Zj (4.15)

5̂4 = k 2 {tp + Afp)<y2 C2 + (EZ2 A2 +aMp co2 )s 2 

d55 =  (eI2 k 2 +  clM p Cl>2 ) c 2 + (EI2 k2 — aM p co2 Ĉh2 —

&2(Zp+a2Mp)w2(,S2 +,% )
d56 = k2 (Zp + a2 Mp)co2 Ch2 + (- EI2 k 2 +aM p co2 )sh2

d6l = M pco2 {kx(L2 +a)Cx+coseSx)

d62 = Mp co2 (— kx (L2 + d)(Sx + Sfy )+ cos# (Cx — Chx ))

d63 = Mp co2 (kx (L2 + a)Chx + cos0Shx)

d64 = -EI2 kl C2 +Mp co2 (ak2 C2 +S2)

d65 = —Mp co2 (— C2 + Ch2 + ak2 (5'2 + Sh2))+ £Z2 2̂ (5'2 — 5"/z2)
d66 = ZsZ2 2̂ C/z2 +M pco2 (ak2 Ch2 + Sh2)

For a locked Jointl, equation (4.6) becomes AWx'(0) = E IX Wx(0), and the elements 
zZn and d u  in equation (4.15) are then given by

dxx — dX3 — ~kx /ij (4.16)
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where Ai denotes the joint stiffness of Jointl.
For an unlocked Joint2, equation (4.10) becomes 7g2ty2W2/(0) = - E I 2 W"(0), and in 
that case the elements du  and du  in equation (4.15) are

4̂4 = 4̂6 = ~Ig2 ^ 2  ® (4.17)

where Ig2 is the rotary inertia due to the gear box effect at Joint2.
Tables 4.1 through 4.4 give the variation of the natural frequencies of the double 
flexible link system without end effector with 6 . The system properties are L\ = 6.37 
m, L2 = 8.93 m, m&i = 3.9 kg/m, = 3.4 kg/m, EI\ = 3.9786xl06 Nm2, Eh -  
2.334X106 Nm2, Mp = 20000 kg, Ip = 181667 kgm2, a = 1.5 m, and/li = A2 = 106 
Nm/rad for locked joints or Ig\ = 1188 kgm2 and Ig2 = 556 kgm2 for unlocked joints.

0  [deg] Oh [rad/s] Oh [rad/s] Oh, [rad/s] OM [rad/s]
0 0.00 0.00 9.20 32.39

20 0.00 0.00 3.13 31.56
40 0.00 0.00 2.65 31.51
60 0.00 0.00 2.55 31.50
80 0.00 0.00 2.52 31.50
90 0.00 0.00 2.52 31.50

Table 4.1: Variation of exact natural frequencies of double 
flexible link system with 0 for both joints unlocked

0  [deg] Oh [rad/s] Oh [rad/s] Oh [rad/s] OM [rad/s]
0 0.00 1.72 22.93 80.95

20 0.00 1.56 5.08 41.06
40 0.00 1.21 3.36 40.75
60 0.00 0.94 3.00 40.69
80 0.00 0.77 2.88 40.68
90 0.00 0.72 2.86 40.67

Table 4.2: Variation of exact natural frequencies of double 
flexible link system with 0for Jointl unlocked and Joint2 locked

0  [deg] Oh [rad/s] Oh [rad/s] Oh [rad/s] Oh [rad/s]
0 0.00 1.99 15.16 62.29

20 0.00 1.78 3.64 34.88
40 0.00 1.30 2.70 34.55
60 0.00 1.02 2.56 34.48
80 0.00 0.91 2.52 34.46
90 0.00 0.90 2.52 34.46

Table 4.3: Variation of exact natural frequencies of double 
flexible link system with 0for Jointl locked and Joint2 unlocked
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9  [deg] ûh [rad/s] Oh [rad/s] co$ [rad/s] OM [rad/s]
0 0.23 2.05 5.91 554.29

20 0.24 1.96 5.91 500.62
40 0.24 1.68 3.58 499.97
60 0.25 1.39 3.07 499.84
80 0.27 1.22 2.91 499.80
90 0.28 1.17 2.87 499.78

Table 4.4: Variation of exact natural frequencies of 
double flexible link system with 9 for both joints locked

It is seen from the previous tables that by contrast to the single flexible link system 
with end effector, the angle 9 influences the natural frequencies at least up to the 
fourth, and the fundamental mode relatively varies the most. As mentioned before, 
this can lead to changing mode shapes throughout a slew manoeuvre. Note that a zero 
natural frequency indicates a rigid body mode.

4.1.2 EXACT SOLUTION FOR MODE SHAPES

The exact mode shapes for the two flexible links are obtained by applying the 
procedure described in chapter 2.2.2 to equation (4.13). Again, the zeros in the right- 
hand side vector are replaced by the scaling factor /  to take account of the limits in 
numerical accuracy as explained in chapter 2.2.2.
Figures 4.2 through 4.4 show the first three mode shapes Wsi(x), and Wssix) of
the complete system for the configuration Jointl and Joint2 locked for the case 9=  0° 
for the above data set (see also first row in table 4.4 above).
From these figures it can be guessed that as in the previous chapters, only the 
fundamental mode for the case all joints locked gives rise to elastic deflections that 
are not very small or even negligible. In some example dynamic response analyses in 
chapter 4.3 this guess will be justified, since the elastic deflections will be shown to 
be of the magnitude of millimetres at maximum.

co =  0 . 2 3  r a d /s

2.5 7.5 12.5

Figure 4.2: First system mode shape Wsi(x) for 
configuration Jointl and Joint2 locked for 9=  0°
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W^x)

û) =  2 .0 5  r a d /s

2.5 7.5 12.5

Figure 4.3: Second system mode shape Wsiix) for 
configuration Jointl and Joint2 locked for 0=0°

7.5

Figure 4.4: Third system mode shape Wss(x) for 
configuration Jointl and Joint2 locked for 0=0°

Note that the mode shapes of other configurations with at least one joint unlocked are 
similar to figures 4.3 and 4.4 with G staying near to or on the system axis (for 0=  0°).

4.2 VALIDATION OF THE DETERMINANT RESULTS

4.2.1 REPRODUCTION OF FLEXIBLE LINK WITHOUT END EFFECTOR

The determinant elements can be verified in several ways. First, the system properties 
are chosen so that the single link reference configuration from chapter 2 is reproduced 
for locked and unlocked Jointl. Thus Li = L2 = 7 m, mti = = 3.9786 kg/m, EI\ =
EI2 = 3x10* Nm2, Â2 = 1010 Nm/rad, 0=  0°, Mp = 10000 kg, Ip = 37500 kgm2, a = 1.5 
m, and Ig\ = 1188 kgm2 for Jointl unlocked or Ai = 106 Nm/rad for Jointl locked. The 
very high value for /L2 effectively produces a clamped Joint2 to rigidly attach Link2 to 
Linkl. The first two natural frequencies for this system for locked and unlocked 
Jointl are given in table 4.5.
Comparing tables 2.1 and 4.5 it can be seen that the determinant gives results in very 
close agreement to the exact results for the single link. The deviations occur due to 
numerical errors during the calculation of the relatively complex determinant.
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freq. [rad/s] unlocked locked
Oh 4.56 0.38
Oh 25.34 5.19

Table 4.5: First two natural frequencies of double flexible 
link system, when the single link system is reproduced

It turns out that the proposed 6x6 determinant can produce wrong higher frequencies 
in certain configurations, for example when the inserted physical properties are very 
big or very small figures. That is the reason why the higher frequencies in table 4.1 
are omitted. It is inferred that the errors are due to numerical reasons, since very great 
and very small figures can easily produce an ill-conditioned matrix. Due to the 
complexity of the determinant, one can not say where exactly the inaccuracies appear. 
However, by checking a series of determinant results against various results obtained 
by assumed multi-mode approximations and against results of BEAM, the 
determinant is proven to work correctly for the lower frequencies, and the previous 
and the following chapters show that for this work only the fundamental frequency 
and the corresponding mode shapes for the flexible links are of interest.
Chapter 6.4 will be dedicated to the topic of numerical problems with the proposed 
determinant method.

4.2.2 REPRODUCTION OF FLEXIBLE LINK WITH END EFFECTOR

Next we reproduce the single flexible link with rigid end effector from chapter 3 for 
one example case, say Jointl and Joint2 locked, for various 0. Thus L\ = 12.12 m, L2 
= 1.88 m, mbi = 3.9786 kg/m, mbl = 10"5, Eh = 3x10* Nm2, Eh = 1010 Nm2, A, = 10* 
Nm/rad, A% = 2.4x10* Nm/rad, Mp = 5000 kg, lp = 5417 kgm2, a = 1 m.
The results are given in Table 4.6, together with the original values from table 3.4, 
which are calculated with the 3x3 determinant for the single flexible link with rigid 
end effector. Deviations may occur due to the more complex 6x6 determinant. 
However, table 4.6 shows almost perfect agreement, thus verifying the elements 
given in equation (4.15).

9  [deg] method ùh [rad/s] Oh [rad/s] Ch [rad/s] OM [rad/s]

0
3x3 det. 0.56 7.89 77.77 256.74
6x6 det. 0.56 7.89 77.77 256.73

50
3x3 det. 0.60 3.16 77.10 256.22
6x6 det. 0.60 3.16 77.10 256.22

90
3x3 det. 0.72 2.12 77.03 256.18
6x6 det. 0.72 2.12 77.03 256.18

Table 4.6: Verification of 6x6 determinant by comparison with results 
from 3x3 determinant for single flexible link with rigid end effector
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4.2.3 RIGID LINK ANALYSIS

For a third verification we reproduce the rigid double pendulum from chapter 3. 
Therefore, L\ -  12.12 m, L2 = 1.88 m, mt\ -  3.9786 kg/m, = 10'5, EI\ = Eh -  1010 
Nm2, A, = 106 Nm/rad, A2 = 2.4xl05 Nm/rad, 9 =  0°, Mp = 5000 kg, Ip = 5417 kgm2 
and a = 1 m. The high value for Eli and EI2 effectively produces rigid links, and the 
very small value for makes Link2 effectively massless; setting m&2 to zero is not 
allowed because if equation (4.2) gets zero, the determinant given in equation (4.14) 
is trivially zero for all co. The results of this configuration are shown in Table 4.7, 
where “0% dp” and dfl” denote the frequencies of the rigid double pendulum and 
the double flexible link respectively.

0  [deg] Oh dp [rad/s] Oh dfl [rad/s] Oh dp [rad/s] Oh dfl [rad/s]
0 0.87 0.87 8.80 8.80
50 0.94 0.94 3.50 3.50
90 1.12 1.12 2.36 2.36

Table 4.7: Two natural frequencies of rigid double pendulum and first two natural 
frequencies of double flexible link system for identical properties with Eli = 1010 Nm2

Table 4.7 shows that the results obtained by the 6x6 determinant are in exact 
agreement with the rigid double pendulum frequencies.

4.2.4 DOUBLE FLEXIBLE LINK WITHOUT END MASS

It was mentioned in 4.2.1 that the complex determinant can produce wrong higher 
frequencies due to ill-conditioning. Experiments show that especially the payload 
mass at the end of Link2 can cause ill-conditioned matrices and determinants, 
probably due to its very big mass compared to the masses of all the other system 
members. Thus to show that the determinant does not necessarily produce wrong 
higher frequencies if the matrix is well conditioned, an example beam system of [47] 
is reproduced here. The system is shown in figure 4.5.

Figure 4.5: Example beam system from [47]

The system properties are Li = 2 m, L2 = 0.4 m, râ i = 5.4 kg/m, mb2 = 15.0005 kg/m, 
Eli = 850.5 Nm2, EI2 = 3000.9 Nm2, and 0 = 90°, without payload. To create 
cantilever beams, the spring stiffnesses are set to a very high value, thus A\ = A2 = 
10m Nm/rad.
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Table 4.8 shows the results of [47] and of the determinant for the first four natural 
frequencies. It is noted that for the computation of table 4.8, the integral terms in 
equations (4.7) and (4.8) have been included, but are otherwise neglected.

freq. [rad/s] [47] determinant
Oh 6.04 6.04
oh 44.36 44.36
Oh 108.13 108.11
(D\ 216.46 216.46

Table 4.8: First four natural frequencies of example beam 
system of [47] in comparison with the determinant results

Table 4.8 proves clearly that the determinant is capable of reproducing also the higher 
frequencies of double flexible link systems correctly, if it is not ill-conditioned.

4.3 DYNAMIC RESPONSE ANALYSES

To give an idea of the magnitudes of the elastic deflections that occur during a slew 
of the double flexible link RMS, the following simulations are performed. It is 
stressed that the share of the second, third, fourth and fifth mode together in the total 
elastic deflection is found to be always less than 2% for some check cases. To give an 
idea of the influence of the higher modes: the share of a fifth mode in the total 
defection is typically about 10"5 % and thus clearly negligible. Similar to the single 
flexible link system with and without end effector, this proves that using only the first 
exact mode shape for each flexible link in the equations of motion is sufficiently 
accurate.

4.3.1 JOINT1 UNLOCKED AND JOINT2 LOCKED

First we consider the straight RMS with 0 = 0 °  and Jointl unlocked and Joint2 
locked. For reasons of comparison we choose the system properties for the following 
analyses to be L\ -  6.37 m, L2 = 8.93 m, m&i = 3 .9  kg/m, = 3.4 kg/m, EI\ = 
3.9786X106 Nm2, EI2 = 2.334xl06 Nm2, Mp = 20000 kg, Ip = 181667 kgm2 and a =
1.5 m. Since Jointl is unlocked and Joint2 locked, we also have Igi = 1188 kgm2 and 
A2 = 106 Nm/rad. The RMS angular acceleration a  is due to an applied torque at Ou 
which is chosen identical to the SRMS maximum torque as T\ = 1298 Nm. The 
following figures are obtained from an insertion of the first exact mode shape of each 
flexible link for each joint configuration into the equations of motion, which are not 
given here. It is noted that in the following simulations it is assumed that if a joint is 
unlocked, the system oscillates stable about a reference configuration, although in 
practice an unlocked joint may cause the actual link to rotate steadily or random about 
the joint.
In the present case the vibration amplitudes of Linkl at 0 2 and of G are 5.7 mm and 
0.7 mm respectively.
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In the perpendicular case with 0 = 90°, Link2 and G oscillates with an amplitude of
6.5 mm perpendicular to Linkl, and G also oscillates with an amplitude of 3.4 mm 
parallel to Linkl, that is perpendicular to Link2.

4.3.2 JOINT1 AND JOINT2 UNLOCKED

Now we consider the case of a straight RMS with both joints unlocked. The system 
properties are as before, except that instead of Az=  106 Nm/rad we now have Ig2 = 
556 kgm2.
Here the amplitude of vibration of Linkl at O2 is 1.78 cm, and the vibration 
amplitude of the payload centre of mass G is 0.07 mm.
Performing the same simulation with perpendicular links, that is with 0 = 90°, the 
elastic deflection amplitude of Linkl at O2 and of G is less than 0.1 mm.

4.3.3 JOINT1 LOCKED AND JOINT2 UNLOCKED

The third case is the straight RMS with Jointl locked and Joint2 unlocked. As before, 
an angular acceleration à  of the whole RMS system is simulated, using the first 
exact mode shapes for both flexible links. Since Jointl is locked now, we apply the 
same method described in chapters 2.5 and 3.3.3 for the single flexible link without 
and with end effector to allow for a comparison with the results for an unlocked 
Jointl. As before, all properties remain except that Ig\ = 1188 kgm2 is now replaced 
by A\ = 106 Nm/rad. For the given configuration the amplitudes of the elastic 
deflections of Linkl at O2 and of G are 5.4 mm and 1.1 mm.
If the links are perpendicular with 0 = 90°, the vibration amplitudes of Link2 and of 
G perpendicular to Linkl are 7.7 mm, and G also vibrates with an amplitude of 1.26 
cm perpendicular to Link2, that is parallel to Linkl.

4.3.4 JOINT1 AND JOINT2 LOCKED

The last possible joint configuration is both joints locked, thus Ig2 = 556 kgm2 is now 
replaced by A2 -  106 Nm/rad.
The oscillation amplitudes of Linkl at O2 and of G are now 9.4 mm and 4.47 cm 
respectively.
For perpendicular links with 0 = 90°, the deflection amplitudes of Link2 and of G 
perpendicular to Linkl are 4.1 mm, and the vibration amplitude of G perpendicular to 
Link2 is 8.6 mm.

4.4 VALIDATION OF DYNAMIC RESPONSE ANALYSES

From the previous analyses it is seen that the elastic deflections are relatively small in 
general and are determined by the maximum torques. To validate the results, the 
following simple calculations are performed.
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Neglecting the payload rotary inertia, the inertia force F at the payload centre of mass 
G due to an angular acceleration a  at distance L = Li + L2 + <2 from a revolute joint is

F = a L M  p (4.18)

where Mp denotes the payload translatory inertia and L\, L2 and a are the length of 
Linkl and Link2 and the distance of G from the end of Link2. But since the angular 
acceleration is chosen so as if a torque T was applied at (locked) Jointl, we can write

(4 ,9 )

Inserting equation (4.19) into (4.18), F simplifies to

f  = Y  (4.20)

The (linearised) rigid body deflections y i r and y 2r of the links at O2 and O3 due to the 
joint stiffnesses A,\ and À2 (see figure 4.1) are for Linkl

^ir -  A  ( 4 .2 1 )Al

and for Link2 y2r = ~~ ^  + ^  ̂ 2 (4.22)

The elastic deflections yie and y2e of the links at O2 and O3 due to F are ([45]) for 
Linkl

F Ü
(4-23)

F Üand for Link2 y2 = -----   (4.24)
3EI2

Finally, the elastic deflections yiM and y2M of the links due to the moment caused by F 
times the actual offset from the link ends are ([45]) for Linkl

1

and for Link2
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(4.26)

The sum y of the partial deflections is then

y -yh + yir + yie + + ym + yiu (4.27)

It is noted that the deflection of Link2 at O3 due to the slope of Linkl at O2 is not 
taken into account in the above calculations.
Inserting Z4 = 6.37 m, Lj = 8.93 m, a = 1.5 m, T = 1298 Nm and Mp = 20000 kg 
yields yz = 2.92 cm. Taking into account that the payload rotary inertia and the 
deflection of Link2 due to the slope of Linkl at O2 have been neglected and that G is 
offset from O3 by a, this result confirms the previous figures, especially their 
dimensions.

4.5 SUMMARY

This section applies the determinant method to the double flexible link system, which 
yields the exact analytical natural frequencies and mode shapes. The determinant 
elements are derived with the assumption that the base of the RMS is fixed, which is 
comparable to an RMS operating on an attitude controlled Shuttle or a very large 
space station, or to an RMS in the ground test bed with low friction bearings. It is 
found that the higher frequencies obtained by the determinant can be wrong in certain 
configurations, which is due to the complexity of the determinant expression. It is 
however proven that the lower frequencies, which are of sole interest for this thesis, 
are always calculated correctly. Chapter 6.4 will analyse numerical problems when 
using the determinant method.
It is stressed that an analysis of a double flexible link system with various boundary 
conditions for the links can apparently not be found in the available literature. 
Performing some typical dynamic response analyses shows that the most important 
aspect of the system is the limiting of the torques at the joints. Since the exciting 
force of an elastic coordinate qt in the equations of motion is the product of inertias 
and accelerations, and since on the other hand the accelerations depend on the 
maximum torques and the inertias, the exciting force depends almost only on the 
maximum torques (except for the payload rotary inertia, which is different for 
different payload sizes).
Assuming sensible values for the maximum torques, for example the SRMS 
maximum torques ([3]), the elastic deflections are relatively small in general. The 
simulation of a space station angular acceleration so that the RMS is accelerated as if 
the maximum torque was applied at Jointl yields vibration amplitudes of G of about
4.3 cm, if both joints are locked. It is noted however that in reality the space station is 
not capable of such an angular acceleration.
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CHAPTER 5: DOUBLE LINK WITH FIXED BASED AND END EFFECTOR

This section applies the determinant method to the double flexible link system with 
fixed base and articulated end effector. The system represents the fully developed 
RMS as examined here, comparable to the Shuttle Remote Manipulator System 
(SRMS). Assuming system properties similar to those of the SRMS, the end effector 
can be taken as rigid due to its relatively stiff and short structure ([3]). The aim is to 
determine the variation of the natural frequencies and mode shapes for a range of 62  

and The system is shown in figure 5.1.

#  : G e a r  b o x  in e r t ia  Ig Q  

o r  j o i n t  s t i f f n e s s  X Qx
E n d

e f f e c t o r

L i n k l

Figure 5.1: Sketch of the double flexible link system with articulated end effector

In figure 5.1, yi(xi,f) and yifaJ)  denote the elastic deflections of Linkl and Link2, (h 
is the angle of Link2 relative to Linkl at O2, and #3 is the angle of the end effector 
relative to Link2 at O3 in the undeformed configuration. The figure represents the 
ground based test set up with an inertially fixed base and low friction bearings ([3]).

5.1 DETERMINATION OF NATURAL FREQUENCIES AND MODE SHAPES

5.1.1 EXACT SOLUTION FOR NATURAL FREQUENCIES

To obtain the exact natural frequencies of the system we apply the determinant 
method. The mode shape of link / ( Z = 1, 2) is given by equations (4.1) and (4.2), and 
after collecting the terms with respect to A/,/, Bi u Q j  and Z)/ z, the eigenvalue equation 
for the general case becomes equation (4.3), and the arising determinant for the 
general case is given by equation (4.4).
Equation (4.1) is solved by taking into account the boundary conditions at jq = 0 and 
xi = Li. To obtain the necessary boundary conditions for the present configuration, we 
consider figure 5.2, which sketches the various acceleration components of the 
payload centre of mass G.
In figure 5.2 a\, <221 and <232 denote the translatory accelerations of O2 relative to 0\, 
of O 3  relative to O 2  and of G relative to O 3 .
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The boundary conditions are derived by formulating the payload inertia forces and 
moments at the end of the links and by formulating the kinematic boundary 
conditions. The joints can be locked or unlocked, causing the presence of either joints 
stiffnesses or gear box inertias.

0  : Gear box inertia Ig Q  
or joint stiffness A Qv

«1 = ÿi(M o3
4 ^ 2.0

Figure 5.2: Acceleration components of the payload centre of mass G

Using again equations (2.10), (2.28) and (2.29) and the relations (2.13) together with 
the method of separation of variables as shown in chapter 2.2.1, the boundary 
conditions of Linkl at = 0 for a locked Jointl are

Wl (0) = 0 (5.1)

and ^ w /( 0) = E z ^ ; ( 0) (5.2)

To obtain the boundary conditions of Linkl at x\ = L\, we calculate the total moment 
about O2 and the total force perpendicular to Linkl at O2 . From figure 5.2 the total 
angular acceleration ÿ  about the payload centre of mass G is

(5.3)

where A 6 3 is the acceleration of the angular motion A0S of the end effector and the 
payload relative to Link2 at O3 due to the joint stiffness A3 , which is given by

A
(5.4)

The total translatory acceleration Um of G perpendicular to Link2 is

M'lM = ÿ l ( 4 ,0 COS + 3̂2 (L2 » t) + ( 4 , t) [L2 + (L3 +ti)cos<93] +
' [y2 {L2 ,t) + A03 ](L3 + a)cos03

(5.5)
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In equation (5.5) and the following equations it is assumed that the angular 
deflections of the links and the end effector at the joints due the joint stiffnesses is 
small, so that the angles Gz and #3 of the undeformed configuration can be taken as 
constant while applying the cosine function.
The bending moment of Linkl at Oz must be equal to the total moment about Oz due 
to the various inertias, thus using equations (5.3) and (5.5) and the usual method of 
separation of variables

The integrals in equations (5.6) and (5.7) represent the inertia moment of the 
distributed mass of Link2 about O2.
The shear force of Linkl at O2 must be equal to the total force perpendicular to Linkl 
due to the various inertias, thus with M2 being the mass of Link2,

if Joint2 is locked with joint stiffness Xz.
The boundary conditions at X2 = Lz are obtained by considering the various inertia 
forces at O 3 . The translatory acceleration w2M of G perpendicular to the end effector is

With the usual method and equations (5.3) and (5.10), moment equilibrium at O3 is

£7, < ( £ , )  = / ,  co2 [<(L1)+W2'(Z,2)+ A 03]+

M p û) 2 \W2 {L2 ) +Wj (Lj )cos 02 + Wj (Lj )(L2 + (L3 + a)cos ^3) +
(5.6)

jm62 co2 [W2 + Wx (Lx)cos02 + W/(L^)x 2 \x2 àx2

0

El, WfiL, ) = {Mp + M 2 )(0 2 W, (Lj)+ jmb2 0 ) 2 (W2 + « I ,  ))cos 02 dx2 +
0

(5.7)

M p O) 2 [W2 (L2)+W1'(L1 )(L2 + (Lj + a)cos6>3 )]cos 02

The boundary conditions of Link2 at xz = 0 are given by

W2(0) = 0 (5.8)

and A2W2'(0) = £ / 2« 0) (5.9)

“2M = ÿi (A . t)cos (02 + 03) + {y2 (L2 ,t)+&0 3 )(L3 + a)+  
^(AJ+^i'C aH A  + (A  +a)cos03)cos93

(5.10)

EI2 W'{L2) = Ip co2 [wi'{L1) + w;(L2 )+ A 0 3 ]+ M p m2 ( a ) c o s ( 0 2 + e 3 ) +

(w2'(L2)+ A ë 3) ( A + a ) + k 2 (Z,2)+W1'(a)(L2 + (A  +a)cose3)]cose3](A + a )  
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The shear force of Link2 at O3 must be equal to all the inertia force components 
perpendicular to Link2 at O3 , thus

-  E /, ^ ( 4  ) = (4  )cos^  +W, (E, )+

î V2 ( 2̂ ) ^^3 )(L3 + ti)cos 0 3 + Wx (Lj )(L2 + (L3 + ût)cos 93 )]
(5.12)

Applying the boundary conditions and collecting all terms with respect to Ay, By, 
Cy, A y, B2jZ, and C2,/, equation (4.3) reduces to

dn 1̂2 d \ 3 1̂4 1̂5 1̂6 A /
^21 ^2 2 d 23 d2A 2̂5 2̂6
3̂1 d 32 ^33 d3A 3̂5 3̂6 Cy

d4l 4̂2 dA3 4̂4 4̂5 4̂6 A,-
5̂1 5̂2 ^53 ^ 5 4 5̂5 5̂6 A ,

_̂ 61 6̂2 6̂3 6̂4 6̂5 6̂6 _ c 2,_

=  0 (5.13)

which is solved if

Ai A 2 A 3 A 4 As Aô

Ai ^2 2 d23 A 4 As Ae
Ai d 32 A 3 A 4 As 3̂6
Ai A 2 4̂3 A* As 4̂6
Ai A 2 A 3 A 4 As A ô

Ai 6̂2 6̂3 A 4 As 6̂6

=  0 (5.14)

With the notation C%= cos (k\L\), S\ = sin (kiL\), Ch\ = cosh (&1L1), = sinh (k\Li),
C2 = cos ( ^ 2), S2 = sin ( ^ 2), C/z2 = cosh ( ^ 2), Sh2 = sinh (Æ2L2), and neglecting 
the integrals in equations (5.6) and (5.7), the elements dnm in equation (5.14) are given 
as

dn — d l3 = kl Â ',dl2 — 2EIl \dlA — d l5 — d l6 = 0 

2̂1 = K {lp + M p (L2 +(a + L3 )cos 03 )2 )co2 Cl +

Sl (e/ 1 k 2 + M p (L2 +(a + L3 )cos03 )co2 cos02 ) 

d 22 = M p co2 cos02 (L2 + (<3 + L3 )cos03 )(c i — Cĥ  + E/j k 2 (c  ̂+ Cĥ  ))— (5.15)

I p co2 (i51 + S h ^ -M p kx co2 (jL2 + (tz + L3)cosB3) (5̂  + Sĥ )

d 23 =  kx (lp +  M p (L2 + ( cl + L3 )cos 03 f  )ty2 -

(E/i k 2 -  M p (L2 +(a + L3 )cos03 )co2 cos02 )
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<̂ 24 — ®  p (-^2 +  (<2 +  L 3 )C0S Q ^ S 2 +  /p  k 2 C2 )  +

< y 2 f - +  ^ ( «  +  4  K  C O S 0 3 ( i 2 +  ( a  +  Z ,  ) c o s e 3 )(c2 -  ^ - )  

2̂5 p (L2 + (a + L3 ) c o s ) (c2 -  C&2 )) +

6,2 f - I p k 2( s 2 + Sh2 + j j  -

(M2 ^ M p k 2 cosy ,  (a +  L 3 ) ( L 2 +  (a +  L 3 ) c o s 0 3 ) ^ S 2 +  S A 2 +  ^ - ^ ( ^ 2 + ^ 2 )  j j

2̂6 = (^p (-̂ 2 + (fl + -̂ 3)cos93 )Sh2 + 1 p k2 C/i2)+

<y2 f  '^ 2f 2^  + £2 (a + Z,3 )M p c o s  y3 (Lj + (a + £3)cos e3)(c/i2 +jg ' 2 \ ' 3 / p -----3 \  2 ■ ' 3-/ ----------3 / \ ' - " ‘2 ' ^

d3l = Q ( - EIX kl + M p co2 cos92 (L2 + (a + L3 ^cos0 3 ^jj+{Mp + M^co2 

d32 = (Mp + M 2 )ù) 2 (Q - ) +  El, kl [S, - S h , ) -  

k, M p co2 cosd2 (L2 + (a + L3) c o s ) ( 5 '1 + Sh,) 

d33 = A:1 (El, k 2 + M p co2 cosd2 [L2 + (a + L3)cos<93))+(M p + M 2 )<y2 5/^

d34 = -—— ( - kl [a + L3)M p c o s [02 + 0 3 ) { - /l3 C2 + £72 A:2 52))+
K2 A3

co2 cos6 2 M p S2 

d33 = 6y2 M p cos ̂ 2 (C2 — Ch2 ) —

<u2 (fc2(a + £ 3)M(, cos (y2 + y3 )(s2 + Sh2 + EI2 k2

dx = ~j~ÿ~ W  ia + Li )M p cos(y, + y3)(23 C/i2 +EI2 k2 Sh2))+

co2 cos ̂ 2 M p Sh2 

d4l = d ^2 = g?43 = O;̂ /̂  = J46 = k2 À2 \dA5 — 2 El2 k2 ;

^5i =  <y2 ( fp  Q  +  (<2 +  L 3 ) M p C, c o s  03 (L 2  +  (a  +  L 3 ) c o s  ) ) +

<y2 ((a + L3 )M p C, cos{92 + 03 )Sl ) 

d 52 = co2 (a + L3 )M p C, cos (^2 + 93 )(C1 — Ch )̂ — co2 1p k, (S, + 57̂  ) — 

co2 k, (a +  L3)M p cos93 (L 2  + ( a  + L3 )cos9 3)(5 '1 +SH,) 

d53 = co2 (lp k, Ch, + ̂  (a + L3 )M p Ch, cos03 (L2 + ( a  + L3 )cos 93 ))+ 

co2 ((a + L3 )M p C, cos(02 i-G^Sh,) 

d5A = El2 kl S2 + co2 [a + L3 )M p cos93 S2 + 1p k2 (c2 - EI2 k2 ^ -|+  

k ^ a  + L j  M p m2 {c2 - E I 2 k2 S- ^

y

(5.15)
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d55 = EI2 kl (C2 + Ch2 ) + ct) 2 ^ ( < 2  + L3 )M p c o s  03 (C2 -  Ch2 ) +

d 6l - M p co2 (klCl (L2 + (a + L3 ) c o s  <93 ) + cos 02 )

d 62 = M  p (0 2 (Sl + )(L2 +(a + L3 )cos 03 ) + cos 02 (Cj -  Chi ))

d 6 3 = M pû) 2 (kiChi (L2 +(a + L3 )cos03) + cos02 Sfy)

6̂4 = El 2 k 32 C2 -\-M p co2 (52 + k 2(a + L3 )cos 03 (c2 -  EI2 k2 (5.15)

d 65 — El2 k2 (5'2 Sh2 ) +

If Jointl is unlocked, equation (5.2) becomes Igl co2 1^/(0) = - E  71 W^O), and the 
elements du and du in equation (5.15) are then given by

where Igi is the rotary inertia due to the gear box at Jointl. Similar, for an unlocked 
Joint2, equation (5.9) becomes Ig2 co2 Wl(0) = - E I 2 W2 (0) , and the elements du  and 
du  in equation (5.15) are then

where Ig2 is the rotary inertia due to the gear box at Joint2. The rotatory and 
translatory inertia of the end effector and the gear box inertia for unlocked Joints can 
be included in the payload, but are negligible small.
For the actual system, eight different joint states are possible. The following tables
5.1 through 5.8 show the variation of the first non-zero natural frequency with 0z and 
O3 for each joint configuration. It is noted that if Joints is unlocked, a very small 
figure is inserted into the determinant (A3 = 10"3 Nm/rad). Inserting zero is not 
allowed since A3 appears in the denominators in equation (5.15). The system 
properties are chosen identical to the SRMS ([3]), thus L\ = 6.37 m, Lz = 7.05 m, L3 = 
1.88 m, mb\ = 3.9 kg/m, mb2 = 3.4 kg/m, Eli = 3.9786xl06 Nm2 and EIz = 2.334xl06 
Nm2. The joints properties are Ai = 106 Nm/rad or Igi = 1188 kgm2, A% = 106 Nm/rad 
or Igz = 556 kgm2 and A3 = 2.4xl05 Nm/rad or Igs = 191 kgm2 respectively if the 
actual joint is locked or unlocked. The payload is chosen to be Mp = 30000 kg, Ip =

dn -  d l3 — Igl ki co (5.16)

du = dA6 = - tg l  k 2 0 )2 (5.17)
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400000 kgm2 and a = 2m. From now on this will be the standard data set (B).

0 2l  03~> 0° 30° 60° 90°
0° 34.04 19.49 19.29 19.26

30° 31.21 30.13 27.86 27.18
60° 31.20 30.19 29.65 29.18
90° 31.19 30.40 29.30 28.90

Table 5.1: Variation of first non-zero frequency of double flexible 
link with end effector with 6% and for all three joints unlocked

0 l i  03 * 0° 30° 60° 90°
0° 6.04 1.95 1.62 1.42

30° 1.29 1.33 1.24 1.08
60° 1.15 1.17 1.07 0.91
90° 1.14 1.09 0.96 0.78

Table 5.2: Joint 1 and Joint! unlocked, Joint3 locked

0 i i  03—» 0° 30° 60° 90°
0° 20.44 4.37 3.08 2.69

30° 2.15 1.97 1.82 1.61
60° 1.21 1.30 1.24 1.06
90° 0.94 1.02 0.94 0.78

Table 5.3: Joint 1 and Joint3 unlocked, Joint! locked

0 l i  03 * 0° 30° 60° 90°
0° 0.83 0.65 0.47 0.41
30° 0.76 0.52 0.40 0.37
60° 0.61 0.43 0.35 0.35
90° 0.50 0.37 0.33 0.34

Table 5.4: Jointl unlocked, Joint! and Joint3 locked

02i 03~> 0° 30° 60° 90°
0° 13.33 2.06 1.44 1.34
30° 1.46 0.94 0.86 0.84
60° 0.84 0.67 0.66 0.66
90° 0.73 0.61 0.60 0.61

Table 5.5: Jointl locked, Joint! and Joint3 unlocked



Oli 03—> 0° 30° 60° 90°
0° 1.02 0.78 0.54 0.45

30° 0.98 0.62 0.45 0.39
60° 0.82 0.53 0.41 0.38
90° 0.73 0.52 0.43 0.40

Table 5.6: Jointl and Joints locked, Joint2 unlocked

^2!  93-» 0° 30° 60° 90°
0° 0.40 0.33 0.27 0.27

30° 0.40 0.31 0.26 0.27
60° 0.42 0.32 0.28 0.30
90° 0.48 0.35 0.31 0.34

Table 5.7: Jointl and Joint! locked, Joints unlocked

O il 03—» 0° 30° 60° 90°
0° 0.17 0.18 0.20 0.24

30° 0.18 0.19 0.21 0.26
60° 0.19 0.20 0.23 0.28
90° 0.20 0.22 0.25 0.32

Table 5.8: All three joints locked

It is seen from the previous tables that the first non-zero frequency can change 
considerably with varying angles Gi and It is stressed however that a very big 
change of the fundamental frequency does not automatically correspond to big 
changes in the elastic deflections or the mode shapes. Note finally that for 
configurations with one or more joints unlocked, there are as many zero frequency or 
rigid body modes as there are unlocked joints.

5.1.2 EXACT SOLUTION FOR MODE SHAPES

The exact mode shapes are computed following the method described in 2.2.2 and the 
previous chapters 3 and 4. The following figures 5.3 through 5.6 show the first non- 
rigid system mode shape WsiC*) for all joint configurations when at least two joints 
are locked. It is found that the mode shapes do practically not change with varying 
angles of 9i and 9$ in the joint configurations that lead to non-negligible elastic 
deflections of the RMS and that are analysed in the following chapters in open and 
closed loop dynamic responses. Therefore the mode shapes computed for the straight 
RMS for one joint configuration can be used for simulations with time varying joint 
angles without loss of accuracy when using tangent frame formulation.
This statement will be proven in chapter 7.
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Wsl(x)

Figure 5.3: First system mode shape Wsi(x) for configuration 
Jointl unlocked, Jointl and Joints locked for <% = #3 = 0°

Figure 5.4: First system mode shape Ŵ iCx) for configuration 
Jointl and Joints locked, Jointl unlocked for ^  ^  = 0°

a) =  0 . 4 0  r a d /s

>  x

Figure 5.5: First system mode shape Wsi(x) for configuration 
Jointl and Jointl locked, Joints unlocked for 6% = 6% = 0°

6) =  0 .1 7  r a d /s

>  x

Figure 5.6: First system mode shape Wsi(x) for 
configuration all three joints locked for 2̂ = ^  = 0°
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5.2 VALIDATION OF THE DETERMINANT RESULTS

The determinant elements are verified in the way established before, that is 
comparison to the various natural frequencies obtained from previous determinants 
and from the double rigid pendulum, and by comparison with an assumed mode shape 
expansion using BEAM and SIMPACK.

5.2.1 REPRODUCTION OF FLEXIBLE LINK WITHOUT END EFFECTOR

At first we reproduce the standard single link system by inserting Li = L2 = 7 m, L3 = 
0 m, m b \  =  r r i b i  -  3.9786 kg/m, EI\ = EI2 =  3xl06 Nm2, /I2 = /I3 = 1010 Nm/rad, 0 2  =  6 3  

= 0°, Mp = 10000 kg, Ip = 37500 kgm2, a = 1.5 m, and Ig\ = 1188 kgm2 for Jointl 
unlocked or = 106 Nm/rad for Jointl locked. The natural frequencies for this 
system are given in table 5.9.

freq. [rad/s] unlocked locked
COi 4.56 0.39
% 25.34 5.19

Table 5.9: First two natural frequencies of double flexible link 
system with end effector, when the single link system is reproduced

The comparison of table 2.1 with 5.9 proves that the eigenvalue determinant, equation 
(5.14), has been verified.
Like the 6x6 determinant for the double flexible link system without end effector, the 
actual 6x6 determinant can produce wrong higher frequencies in certain 
configurations, for example if the inserted physical properties are very big or very 
small figures. That is the reason why, as for the previous 6x6 determinant, table 5.9 
only gives the first two natural frequencies for both configurations. As stated before, 
it is assumed that the errors occur due to ill-conditioning of the determinant, and it is 
noted that the expression for the ty-dependent determinant is about 30 pages long.
It is noted that an analytical examination of beam systems with the presented degree 
of complexity can apparently not be found in the related literature. It is also noted that 
the development of the double flexible link system with rigid end effector throughout 
the previous sections show that the determinant system can also be applied to the 
multi-link or beam case, and the necessary mathematical routines may be improved 
devising or using stronger algorithms. With increasing determinant complexity, the 
results for the higher modes should be checked against with the various 
approximation methods. The problem of numerical limits when using the determinant 
method for complex beam systems will be addressed in chapter 6.4, as mentioned in 
the previous chapters.

5.2.2 REPRODUCTION OF FLEXIBLE LINK WITH END EFFECTOR

For the next validation, the single flexible link with rigid end effector from chapter 3
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is reproduced for the case Jointl and Joint2 locked. Thus L\ = 12.12 m, L2 = 1.88 m, 
L3 = 0 m, mw = 3.9786 kg/m, mM = 10"3, Eh = 3x10s Nm2, EI2 = 1010 Nm2, A, = 10s 
Nm/rad, X2 = 2.4xl05 Nm/rad, A3 = 1010 Nm/rad, = 5000 kg, Ip = 5417 kgm2 and a 
= 1 m.
The results for various Oi {6 ) are given in Table 5.10, together with the original 
values from table 3.4, which are calculated with the 3x3 determinant for the single 
flexible link with rigid end effector.

02 (0 ) [deg] method Oh [rad/s] Oh [rad/s] Oh [rad/s] Ok [rad/s]

0
3x3 det. 0.56 7.89 77.77 256.74
6x6 det. 0.56 7.89 77.77 256.72

50
3x3 det. 0.60 3.16 77.10 256.22
6x6 det. 0.60 3.16 77.10 256.22

90
3x3 det. 0.72 2.12 77.03 256.18
6x6 det. 0.72 2.12 77.03 256.18

Table 5.10: Verification of 6x6 determinant by comparison with results 
from 3x3 determinant for single flexible link with rigid end effector

Except for one deviation, table 5.10 shows perfect agreement of the various 
frequencies, thus validating the elements in equation (5.15).

5.2.3 RIGID LINK ANALYSIS

A reproduction of the double rigid pendulum yields the results given in table 5.11, 
where “dp” and “dfle” denote the natural frequencies of the original rigid double 
pendulum and of the actual determinant for the double flexible link system with end 
effector.
The properties are L\ -  12.12 m, L2 = 1.88 m, L3 = 0 m, m̂ i = m 2̂ = 3.9786 kg/m, EI\ 
= Eh = 1010 Nm2, X\ = 106 Nm/rad, /l2 = 2.4xl05 Nm/rad, A-s = 1010 Nm/rad, = 0°, 
Mp = 10000 kg, Ip -  37500 kgm2 and a -  1.5 m.

02 (0 ) [deg] Oh dp [rad/s] Oh dfle [rad/s] Oh dp [rad/s] Oh dfle [rad/s]
0 0.87 0.87 8.80 8.79

50 0.94 0.94 3.50 3.50
90 1.12 1.12 2.36 2.36

Table 5.11: Two natural frequencies of rigid double pendulum and first two natural 
frequencies of double flexible link system for identical properties with Eh = 1010 Nm2

Table 5.11 shows that the results obtained by the actual determinant are in almost 
exact agreement with the rigid double pendulum frequencies, thus verifying the 
proposed determinants.
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5.2.4 COMPARISON WITH BEAM AND SIMPACK

As mentioned above, the final results for the fundamental natural frequency of the 
triple articulated RMS ŷith SRMS properties, which is the only one of interest for 
this thesis, are checked against with professional software. The pre-processor BEAM 
is used to create a data set for the two flexible links for implementation into 
SIMPACK. For each link ten mode shapes for pinned-free boundary conditions are 
chosen, therefore the SIMPACK solution is an approximation. Table 5.12 compares 
the fundamental natural frequencies from the determinant with the SIMPACK 
solution for the three cases a) Jointl unlocked, b) Joint2 unlocked and c) Joints 
unlocked for the above data and for 6̂  = $  = 0° (the agreement for other joint 
configurations is similar).
Table 5.12 shows very good agreement between the approximate SIMPACK solution 
and the determinant, thus validating the presented determinant and its elements.

case determinant SIMPACK
a) 0.83 0.87
b) 1.02 1.06
c) 0.40 0.47

Table 5.12: Comparison of SIMPACK using assumed mode shapes and 
of fundamental frequencies of determinant for three joint configurations

It is noted that even with the use of ten assumed mode shapes (which is already a 
relatively high number) for each flexible link, the fundamental frequency does not 
converge to the determinant result, so that in order to achieve the convergence, still 
more modes are necessary. Extensive experimental work shows that the 
computational burden during simulations is roughly a cubical function of the number 
of mode shapes used ([66], [67], [68]). Thus the determinant method provides a 
strong tool to get exact natural frequencies and mode shapes, which can reduce the 
system complexity and thus the computation time enormously.

5.3 SUMMARY

This section applies the determinant method to the double flexible link system with 
articulated end effector. The system represents the fully developed space manipulator 
as examined in this thesis and is comparable to the SRMS. As usually, the 
determinant elements are derived assuming that the RMS base is fixed, which is true 
for the RMS in the ground test bed or approximately true for an RMS on a large space 
station.
The proposed determinant is validated in the usual way, that is comparison to the 
results ofdhe previous determinants and to the natural frequencies of the double rigid 
pendulum. Like the determinant presented in the previous chapter for the double 
flexible link system without end effector, it is found that due to the increasing 
complexity of the determinant expression, the higher frequencies can be wrong in 
certain configurations. However, for the fundamental or the lower modes the results
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are always checked against assumed multi-mode approximations with existing 
software, and the proposed determinant is proven to always work correctly for those 
frequencies. Again it is stressed that an analysis of a flexible beam or link system 
with the presented complexity can apparently not be found in the related literature. 
As mentioned in the previous chapters, the problem of numerical limits when using 
the determinant method will be addressed in chapter 6.4.
Using SRMS properties the results of the determinant show that the fundamental 
frequency can change extremely with changing joint angles.
The determinant is also used to compute the exact analytical mode shapes. These 
mode shapes are applied in the following sections for open-loop and closed-loop 
dynamic response analysis of the RMS, and it is found that the mode shapes do 
practically not vary with changing joint angles in the analysed joint configurations. 
This will also be shown in the following chapters.
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CHAPTER 6: DOUBLE LINK WITH FREE BASE AND END EFFECTOR

The previous sections developed the determinant method for the double flexible link 
system with rigid end effector, assuming an inertially fixed base, which is the case in 
the ground test bed or if the Shuttle is attitude controlled while operating the RMS or 
if the RMS is operating on a space station, so that the payload mass is very much 
smaller than the mass of the space station.
For the general case, the free motion of the Shuttle and thus the RMS base must be 
taken account of. This section gives the boundary conditions of the double flexible 
link system with a free floating Shuttle. Note that the boundary conditions of the left 
hand side of the first link are similar to those of a single free-free beam with large end 
masses and additional torsion springs as analysed in [82].

6.1 DETERMINATION OF NATURAL FREQUENCIES AND MODE SHAPES

6.1.1 EXACT SOLUTION FOR NATURAL FREQUENCIES

The determinant method is used to calculate the natural frequencies of the double 
flexible link system with rigid end effector and free RMS base (= Shuttle). Again we 
use equations (4.1) through (4.4) for the general case of a system with two flexible 
links. For the derivation of the boundary conditions of the actual system, consider 
figure 6.1, where the usual notation is used.

@  : Gear box inertia Ig Q  
or joint stiffness A Q \

Ay

Figure 6.1: Acceleration components of the double 
flexible link system with end effector and free base

It is seen from figure 6.1 that the boundary conditions of Link2 and of Linkl at x\ = 
Li are identical to those of the double flexible link system with end effector with 
fixed a base, equations (5.6), (5.7), (5.8), (5.9), (5.11) and (5.12). Only the boundary 
conditions of Linkl at xi = 0 change. They are analogous to the boundary conditions 
of the single flexible link with fixed base and articulated end effector at x = L.
Since the angular deflection A6̂  + y[(0,f) at %% = 0 due to the joint stiffness and the 
beam motion is small, 6 i can be taken as constant. With the usual notations, the 
angular deflection A#i due to the joint stiffness /li is
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Taking account of the sign convention the bending moment and shear force boundary 
conditions of Linkl at = 0 for a locked joint are thus (again using the method of 
separation of variables and equations (2.10), (2.28) and (2.29) and relations (2.13))

£ /, W'(0) = -7 S tu2 (<(0) -  ASi } - A y M s (o2 [iV, (0)cos5, + Ay ( « 0 )  -  A9i )j (6.2) 

and EIy W”(0) = M s w 2 [w, (0) + Ay (wj'CO) -  a5 i ) cos 0, j (6.3)

where Ay is the offset of the Shuttle centre of mass CMs from the RMS base 0\  in y, 
and where Ms and Is are the mass and rotary inertia of the Shuttle about its centre of 
mass. It is seen that by contrast to the determinants for a fixed RMS base, the above 
boundary conditions will lead to a determinant which is a function also of 6 \.
For the boundary conditions of Linkl at x\ = Li and for Link2 at = 0 and %% = Li, 
we use equations (5.6), (5.7), (5.8), (5.9), (5.11) and (5.12), as mentioned before. 
Using the boundary conditions (6.2) and (6.3) for the various systems presented in the 
previous chapters, the respective determinant dimensions are increased by 1, since at 
0 \ there is no longer a revolute joint which allows for a reduction of the matrix and 
thus determinant. Therefore in the present case, by contrast to equation (5.13), 
equation (4.3) reduces only to a 7x7 system given by

d u dyi d u d\4 d\s d\e d\n "A,"
^21 d u d 23 d-24 dis die dm B u

Ai d 32 d'i'b <^34 d^s die dm cu
d 41 d  A2 4̂3 d u d^s d^e d A1 Du
d 5l d$2 dss ds4 dss dse dsn A,-
6̂1 dei de3 6̂4 des dee den B 2A

dni d'il d 17> du dns dje dnn _

and the associated determinant is

d\\ du dn d l4 dis die dm
d2i du du di4 dis die d2n
du du du di4 dis die dm
d 4\ d 42 dA3 d 44 4̂5 4̂6 d 4n
d5l dsi dss ds4 dss dse dsn
dei dei de3 de4 des dee den
dm dm d73 d74 d7s d7e d7n
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Neglecting ' the integral terms in equations (5.6) and (5.7) and using the usual 
notations, the elements dnm in equation (6.5) are

— 1̂3 — (̂ 5 ^ Ay m  s )ty

d l2 = EIX k* 1 + j  + C0 2 Ay M s cos0l

du = EIX k 2 1 -  1 + a) 2 Ay M s cosGl
\  j

1̂5 “ 1̂6 “ 1̂7 ” 0
d2l = EIX kl +co1 kl AyM s cos^

r
2 k f  Ay El x c o s e , |

 ̂ JV

J 23 =  - E T j  f c f  +  < y 2  ^  M 5  c o s  ^  ( 6 . 6 )

5  
4

^  kx Ay E lx cos 9 ^

d 25 =  d 26 = d 21 = 0

d 3i ~ ki i?p ^ M p {L2 +(ci + L 3) c o s 0 3) )<y C i +

(e/j A:2 + M p (L2 + (a + L3 )cos^3)^y2 cos02 )

J 32 — C*! (m p (ü2 cosQ2 (L2 + (<2 + L3)cos^3)+ £ / 1 A;2) - A?2 / p £, -

692 Af ̂  (L2 + (a + L3 )cos Q2 ) 5'1

6?33 =^j (/p + M p (L2 + (<2 + L3)cosQ2 )2)ty2 C/ij -

5/îj [e^ k 2 - M p(L2 +(a + L3 )cos03 )co2 cos02) 

du = C&i (Mp 692 cos02 (L2 + (a + L3 )cos03 ) -E I l k 2)+ co2 1p kx Sĥ  + 

m2 M p kx (L2 +(a + L3 )cos0 3 )2 %  

d 35 = ®  { m  p (L2  +(<z + Z/3 )cOS^3 )5 , 2  + / p ^ 2  C2)+

^2 p 2 2 +^2 (a + L3) M p cos^3 (L2 +(a + L3)cos(93)(c2 -  2̂ 2 2 j 

d 36 = to (m p {L2 + (a + L3 ) cos ) (C2 — Ch2 ))+

m2 p k2 cos53 (a + L3)(L1 +(a + L3)cos<93) | s 2 + S/i2 

d 31 — co2 [m p (L2 4*(flH-L3 ) c o s ) iS,/z2 + / p C/z2)+

(U2 f - Z i ^ l + Jfc2 (a + L3)M p cos93 ( l 2 +(a + Z.3)cos03)(c/z2
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dAl = kx Cl (- EIX k? + M p co2 cos 02 (L2 + (a + L3 )cos /93 ))+ (Mp + M2 )o) 2 

d 42 =coz (m p + M 2 )Cj + S i - k i M p co2 cos 02 (L2 + (« + L3 )cos 03)Si 

d 43 = kx Chi (Eli ki + M p co2 cos<92 (L2 + (a + L3)cos^3 ))+ (Mp + M 2 )co2 

du =co2 (Mp + M 2)chi + Eli kl 57̂  + ^  M p <y2 cos0 2 (L2 + (a + L3)cos03

J45 = ( - ^2 (a + L3)M p c o s {e2 + 0 3){~ A3 C2 + EI2 k2 S2))+
k2 a3

co2 c o s 0 2 M p S2 

d46 =co2 M p cos 02 (C2 -  Œ 2 ) -

<y2 (*2 (a + ̂ K  cos (02 + S3 )(s2 + Sh2 + £ /2 Æ2 ^ 1))

d„  = {kl {a + Li )M p cos(S2 + S3)(^  C/^ + EI2 k2 Sh2))+
k2 a3

CD2 c o s 0 2 M p Sh2

d5i = d52 = d53 = 5̂4 = 0

5̂5 = 5̂7 = k2 ^ 2  (6.6)
5̂6 = 2 El2 k%
d 6l = co2 (lp kx Ci + k i ( a  + L3 ) M p Cx cos 03 (L2 + (a + L3 ) c o s ^ 3 ))+ 

co2 ((a + L3)M p Cj c o s (^2 + )51 )

dei = 0)2 i(a + L3) M p Ci cos(02 + )~ ) -

fcj (ti + L3) M p cos03 (L 2 +  (a  +  L 3 ) c o s ^ 3 ) 5 1 

6̂3 = 0 )2  (lp K Chi +ki(a + L3 )M p Chi cos03 (L2 +{a + L3 )cos0 3))+

CO2 ( (a  + L3)M p Ci cos(02 + 03)Shi) 

d ( A  = 0 ) 2  ((« + L 3 ) M p  C 1 cos (6>2 + (93 )+  / p ^ 5 / ^ ) +

<y2 ^  {a + L3) M p cos0 3 (L2 +  (a  +  L3) c o s ) 5 / z 1

<5 = 2 4  *2 S2 +<u2 ((a + L3 )M (, cosS3 S2 + /p k2 (c2 -  EI2 k2 ̂ -|+
Æ2(a + L3)2M(,œ2(c2-£/2Æ2ÿ

d66 = E l2 k l  (C2 + Œ 2) + 6y2 (a + L3) M p cos^3 (C2 - C/i2) + 

to2 /„  Æ2 (s2 + SZ!2 + E l2 k2 ^ 1 )+

*2 (a + L3 )2 M p <y2 [S2 + Sh2 + EI2 k2 ^ l )

d61 =a>2 [{a + Li ) M p cosS3 Sh2 + 1p k2 [ch2 + EI2 k2 ^ - ) ) - EI21 2 Sh2 +

k2 (a + L2)2M p <u2 (cft2 + E/2 jt2
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d lx = M p O)2 [klCl (L2 +  (a +  L3) c o s <93) + cos0 2

d12 = M p co2 ( -  kY (L2 + (a + L3 ) co s )S1 + cos02 Q )

d13 =  <y2 (L2 +  (a +  L3 ) c o s 0 3 ) + c o s 0 2 SI  ̂)

du = M p co2 (â:1 (L2 +  (a  +  L3 ) c o s ^ 3 ) ^  +  cos 02 )

d15 = -E I2 k l C 2 + M  p co2 ^  + k 2(a-\- L3 )cos 03 (c2 -  EI2 k2 ^

d76 = El2k2 (S2 — Sh2 ) +

(6.6)

For an unlocked Jointl, Ai is set to a very small value (zero is not allowed, since it 
appears in denominators), and equation (6.2) becomes

For an unlocked Joint2, Ai is set to a very small value, and equation (5.9) becomes

It is seen that the present system can have eight different joint configurations 
depending on whether the three joints are locked or unlocked, like the double flexible 
link system with fixed base and end effector. In the previous sections the variation of 
the first non-zero frequency with varying joint angles is always given, but in the 
present case due to the huge number of possibilities even for joint angle steps of say 
30°, we only consider the straight RMS for each joint configuration, which will give 
the very lowest frequency possible for the case all joints locked.
Table 6.1 gives the first non-zero frequency in rad/s of the double flexible RMS with 
end effector in the straight configuration ((% = 9$ = 0°) for the free base determinant
with Mp = 30000 kg, lp -  4x l05 kgm2, 9\ -  90°, Ay -  14 m, -  70000 kg and 1$ =

and Joint2 unlocked. Note that from now on this will be the standard data set (C).

(6.7)

Then the elements d\\, dn, dn and du  in equation (6.6) become

1̂1 — 1̂3 — Igi K ® 
d u = —d 12 = fs/j Æj

(6.8)

- E / 2W;(0) = / , 2w % (0) (6.9)

and the elements J55 and dsi in equation (6.6) become

(6 .10)

106 kgm2 for various joint configuration, which are indicated using 1 for a locked 
joint and 0 for a free joint. Thus 1-0-1 for example means Jointl and Joint3 locked
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joint config. free base
0 - 0 - 0 30.94

0 1 0 1 5.11
0 - 1 - 0 18.37
1 - 0 - 0 10.59
0 - 1 - 1 0.84
1 - 0 - 1 1.05
1 - 1 - 0 0.46
1 - 1 - 1 0.25

Table 6.1: First non-zero frequency in [rad/s] of double 
flexible link system with end effector and free base

6.1.2 EXACT SOLUTION FOR MODE SHAPES

We apply the usual procedure described in the previous chapters to obtain the exact 
mode shapes for the two flexible links. The following figures 6.2 through 6.5 show 
the first non-rigid system mode shape Wsi(X) for all joint configurations when at least 
two joints are locked, that is 0 - 1 - 1 , 1 - 0 - 1 , 1 - 1 - 0  and 1 - 1 - 1  when 6 \ = 90° 
and £% = $  = 0° (see table 6.1 above).
Note that figures 6.2 through 6.5 correspond to the respective system mode shapes for 
the fixed base system with otherwise identical data, figures 5.3 through 5.6. From a 
visual comparison it can be seen that the mode shapes of each individual flexible link 
do hardly change when the manipulator base is free to float instead of being fixed. 
This will be proven to be true with table 6.2 further down.

O  CMS

co =  0 . 8 4  r a d /s

• G

Figure 6.2: First system mode shape Wsi(x) for configuration Jointl 
unlocked, Joint2 and Joints locked ( 0 - 1 - 1 )  for 6 i = 90° and 0 2 = 03 = 0°
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Wsl(x)

û)=  1 .0 5  r a d /s

•  G

Figure 6.3: First system mode shape %(%) for configuration Jointl and 
Joint3 locked, Joint2 unlocked ( 1 - 0 - 1 )  for &i = 90° and ^  ^  = 0°

Wsl(x)

< y =  0 .4 6  r a d /s

Figure 6.4: First system mode shape Wsi(x) for configuration Jointl and 
Joint2 locked, Joints unlocked ( 1 - 1 - 0 )  for 6 i = 90° and 6 2 = 63 = 0 °

W51(x)

CM,

to =  0 .2 5  r a d /s

Figure 6.5: First system mode shape Wsi(x) for configuration 
all three joints locked ( 1 - 1 - 1 )  for 01 = 90° and ^  = 0°
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To analyse the influence of a free RMS base on the mode shapes, we insert the mode 
shapes for the fixed (figures 5.3 through 5.6) and the free RMS base (figures 6.2 
through 6.5) for the configurations with at least two joints locked for the straight 
RMS {6 \ = 90°, #2 = #3 = 0°) into equations of motion that allow for the Shuttle 
motion (free base). We then compute the first non-zero eigenfrequency using 
equation (2.50) and compare it with the first non-zero frequency obtained with the 
determinant. The results are given in table 6.2, where “eom (fix)” and “eom (free)” 
denote the results obtained with the equations of motion using equation (2.50) on 
inserting the mode shapes for the fixed or free base, and where “det” indicate the 
determinant results. All results are given in [rad/s].

joint config. eom (fix) eom (free) det
0 - 1 - 1 0.84 0.84 0.84
1 - 0 - 1 1.10 1.05 1.05
1 - 1 - 0 0.46 0.47 0.46
1 - 1 - 1 0.31 0.30 0.25

Table 6.2: First non-zero frequencies in [rad/s] for RMS with free base, using the 
exact mode shapes for fixed and free base in free base equations of motion, 

compared with the exact values obtained from the free base determinant

Table 6.2 shows that all the results are in very good agreement, verifying equation 
(6.6). It is noted that only for the joint configuration 1 -  1 -  1, the determinant gives a 
slightly different result than equation (2.50) on inserting the exact mode shapes for 
the links. Comparing the various results, it is therefore assumed that although the 
mode shapes are obviously computed correctly on re-inserting 0.25 rad/s into 
equation (6.4) to compute the mode shapes, the determinant results are wrong by 
about 0.05 rad/s. Chapter 6.4 addresses the problem of numerical limits when using 
the determinant method.
Comparing the results obtained by using mode shapes for the fixed case with results 
obtained by using mode shapes for the free case in table 6.2, it becomes obvious that 
the mode shapes change only slightly or not at all when changing from the fixed to 
the free base. It is however noted that small changes in the mode shapes do not 
automatically allow for the assumption of small changes in the elastic deflections in 
dynamic response analyses, when the system itself changes ([47], [66], [67], [68]).

6.2 VALIDATION OF THE DETERMINANT RESULTS

6.2.1 REPRODUCTION OF PREVIOUS RESULTS

For very large values of Ms and Is, the results obtained by the various determinants 
should be identical to the results of the corresponding determinants with fixed base. 
This is found to be true for the single flexible link system and the single flexible link 
with articulated end effector, whereas for the double flexible link system without end 
effector, only frequencies below 10 rad/s are reproduced correctly. This is by far 
sufficient to compute the frequencies and mode shapes of interest.
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However, applying the above boundary conditions to the double flexible link system 
with end effector it turns out that only those low frequencies are exactly reproduced, 
which lead to elastic deflections that are not negligibly small. As mentioned before it 
is inferred that the reason is ill-conditioning of the determinant, and to give an idea of 
the complexity it is noted that the expression of the determinant is about 50 pages 
long, involving hundreds of trigonometric and hyperbolic functions.
Table 6.3 gives the first non-zero frequencies in rad/s of the double flexible RMS 
with end effector in the straight configuration for the fixed and the free base 
determinant with Mp = 30000 kg, Ip = 4x l05 kgm2, 6\ = 90°, Ay -  14 m, Ms = 1010 kg 
and Is = 1010 kgm for various joint configuration, which are indicated using the 
system introduced in table 6.2 above. The very large values for Ms and Is effectively 
yield a fixed RMS base for comparison.

joint config. free base fixed base
0 - 0 - 0 30.65 34.04

1oIo

5.11 6.04

0 1 1—1
 1 o 18.38 20.44

1 - 0 - 0 10.59 13.33
0 - 1 - 1 0.83 0.83
1 - 0 - 1 1.02 1.02
1 - 1 - 0 0.40 0.40
1 - 1 - 1 0.17 0.17

Table 6.3: First non-zero frequency in rad/s of double flexible link 
system with end effector for fixed and free base using Ms = 1010 kg 

and Is = 1010 kgm2 for the free base to represent a fixed base

Table 6.3 shows the aforementioned deviation of the results for a fixed and a free 
base with Ms = 1010 kg and Is = 1010 kgm2 to reproduce a fixed base for frequencies 
in excess of about 5 rad/s. For the computation of higher frequencies with the 
proposed determinant it is therefore better to compute the changes in the frequencies 
when changing from Ms, is 00 to the real values, and adding these differences to 
the frequencies obtained from the determinant for a fixed base for the actual joint 
configuration.
However, various simulations and the figures given in the previous chapters show 
that only those joint configurations with at least two joints locked yield non- 
negligible elastic RMS deflections in dynamic response analyses, which will also be 
proven in the following chapters. Table 6.3 shows that for these configurations the 
first non-zero frequencies are reproduced correctly.

6.2.2 COMPARISON WITH BEAM AND SIMPACK

The following table 6.4 compares the first non-zero frequency obtained from the 
determinant for the free base inserting the real values for Ms and Is (70000 kg and 106 
kgm2) and the SIMPACK results, using three assumed mode shapes of a cantilever
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beam for each flexible link created with BEAM, for the joint configurations with at 
least two joints locked. The results are given in [rad/s].

joint config. determinant SIMPACK
0 - 1 - 1 0.84 0.87
1 - 0 - 1 1.05 1.08
1 - 1 - 0 0.46 0.52
1 - 1 - 1 0.25 0.31

Table 6.4: First non-zero frequency in [rad/s] of the free base determinant 
and SIMPACK, using the real values for Ms and Is (70000 kg and 106 kgm2)

Table 6.4 shows that although there is reasonable agreement between the approximate 
SIMPACK and the determinant results, inserting one exact mode shape for each link 
still yields better results than inserting three mode shapes of a cantilever beam. Again 
it is stressed that the exact mode shapes, in securing instant agreement with the exact 
natural frequencies, can reduce the computational burden drastically.
With table 6.2 it was proven that the mode shapes change only slightly when 
changing form a fixed to a free RMS base. Comparing the first non-zero frequency 
for the configurations with at least two joints locked for the free base in table 6.4 with 
the corresponding first non-zero frequency for the fixed base as given in tables 5.4,
5.6, 5.7 and 5.8 for the case £% = 6% = 0°, it can also be seen that the first non-zero 
frequency changes only slightly when changing from a fixed to a free RMS base. 
Note that in the present case these changes are worst, since the change is still smaller 
for payloads smaller than the maximum of 30000 kg. However, note also that small 
changes in the natural frequencies do not automatically correspond to small changes 
in the elastic deflections in dynamic responses, if the dynamic system itself is 
changing from a fixed to a free base. This will be shown in the following chapter 7.

6.2.3 SIMPLIFIED CHECK CALCULATION

The reason for the small changes of the first non-zero frequency when changing from 
a fixed to a free base is the offset Ay, producing a very large effective inertia 
(1.472xl07 kgm2) about Oi, which only allows for very small rotations of the Shuttle 
and the big Shuttle mass. For a verification, we examine the change of the first non­
zero frequency of a simple single flexible link RMS with payload, once with a fixed 
base and once with a base that is free to move perpendicular to the RMS, see figure
6.6. Using the usual notation and taking the same assumed mode shape W(%) (for 
example the mode shape given by equation (2.69)) for the fixed and the free base (a 
practice justified with table 6.4), the natural frequencies obtained with equation (2.50) 
are

L

(Mp + ) a  + { £/ J[W'<»]2 dc)

£Ufc ~ MsMpW(LŸ +2aMSMpW(L)WXL) + [lp(Mp +Ms) + a2Mî Mp]W'(L)2
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L

A + jE /J lW 'W d *
and QJ ̂  — U_________________________

fiœi Mp W(L)2 +2aMp W(L)W'(L) + (/, + a2 Mp) W'(L)2

from which we obtain the ratio Æ of the frequencies as

(6.13)

It is sufficient now to insert values for Mp and Ms into equation (6.13) to obtain the 
ratio R.

For the worst case with Ms = 70000 kg and Mp = 30000 kg, equation (6.13) yields R = 
0.853 (the ratio of the exact determinant values for the first non-zero frequency for 
this case is 0.775). It is noted that for Ms = MP = 30000 kg, the ratio is still R = 0.740. 
This simple calculation verifies the small changes in the natural frequencies for the 
double flexible link with end effector, since the effective inertia of the Shuttle about 
the base of the RMS is very large also for small Shuttle masses, due to the 
aforementioned offset Ay. Note that the ratio approaches 1 when the payload gets 
smaller.

6.3 INFLUENCE OF ANGLE OF JOINT1

To give an idea of the influence of 0i on the first non-zero frequency, table 6.5 shows 
the change for the straight RMS (02= 03 = 0°) in [rad/s] for data set (C ), if 0\ changes 
from 90° to 0°.

Figure 6.6: Single flexible link with payload 
and joint stiffness with fixed and free base
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joint config. change
0 - 1 - 1 + 0.10
1 - 0 - 1 -0.15
1 - 1 - 0 - 0.10
1 - 1 - 1 - 0.01

Table 6.5: Change of first non-zero frequency 
in [rad/s] for 6\ changing from 90° to 0°

Table 6.5 shows that the relative changes are generally small, but not negligible. 
However, it is noted that a reasonable mechanical work range of Jointl would most 
probably not allow for handling a maximum payload up to 90°, and that for smaller 
payloads, the changes are smaller.

6.4 NUMERICAL PROBLEMS WHEN USING THE DETERMINANT METHOD

At this point the problem of numerical limits imposed on the determinant method 
should be analysed. To this end recall chapter 2.5 where it was mentioned that the 
magnitude of the off-diagonal elements in the mass matrix M in equation (2.49) are 
an indicator for the numerical accuracy when using exact mode shapes. To show the 
power of the determinant method for the single flexible link as presented in chapter 2, 
table 6.6 gives the mass matrix M when 10 exact mode shapes in the form of equation
(2.17) of the unlocked joint system for data set (A) are inserted into the equations of 
motion. Note that the off-diagonal elements are only given by their respective 
exponent when the factor has one place left of the decimal point (example: 
5.6453xl0*7 => mass matrix entry 10'7), a method used for the rest of this section.

1 1 0 " 16 1 0 " 15 1 0 ' 13 1 0 ' 12 1 0 - 1 ° 1 0 " 9 1 0 ' 8 1 0 " 6 1 0 " 6

1 0 " 16 1 1 0 " 15 1 0 ' 13 1 0 " 12
1 0 - 1 ° l O ' i o 1 0 " 8 1 0 ' 7 lO "4

1 0 " 15 1 0 " 15 1 1 0 " 13 1 0 " 13
IQ-IO

1 0 " 10 1 0 ' 8 1 0 ' 6 10" 4

1 0 " 13 1 0 " 13 1 0 " 13 1 1 0 " 13 1 0 " 1 0 ' 10 1 0 " 8 1 0 ' 7 1 0 ' 5

1 0 " 12 1 0 " 12 1 0 ' 13 1 0 " 13 1 1 0 ' " 1 0 ' " 1 0 " 9 1 0 ' 7 1 0 " 5
1 0 - 1 ° 1 0 - 1 ° 1 0 -1 ° 1 0 " 11 1 0 ' n 1 1 0 ' " 1 0 ' 9 1 0 ' 7 1 0 " 6

10 " 9 1 0 - 1 ° 1 0 -1 ° IQ-IO 1 0 " 1 0 ' " , 1 1 0 ' 9 1 0 " 8 1 0 " 6

1 0 " 8 10 " 8 1 0 " 8 1 0 ' 8 1 0 ' 9 1 0 ' 9 1 0 ' 9 1 1 0 ' 7 1 0 ' 7

1 0  s 10"7 10"6 1 0 " 7 1 0 ' 7 1 0 ' 7 1 0 ' 8 1 0 ' 7 1 1 0 ' 6

10 " 6 10"4 10 " 4 1 0 " 5 1 0 5 10" 6 1 0 ' 6 1 0 ' 7 1 0 ' 6 1

Table 6.6: Mass matrix M for unlocked single flexible link, data set (A), when using 
10 exact mode shapes (off-diagonal elements only given by their exponents)

From table 6.6 it can be seen that using the exact mode shapes in the form of equation
(2.17), the off-diagonal elements of the corresponding mass matrix are very small 
even for 10 inserted mode shapes, thus indicating a very high numerical accuracy 
when using the proposed determinant method. Note that the accuracy is the same for 
other payload properties and is also comparable for the locked joint and the single
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flexible link with end effector for the various joints locked or unlocked.
N

When using the standard polynomial fit (%) = ' ĵ anxn as proposed in chapter 2.8
n=l

instead of the exact mode shapes in the form of equation (2.17) to reduce 
computational burden, the mass matrix M looks as shown in table 6.7 for 5 mode 
shapes of the unlocked single flexible link for data set (A).

1 10"8 10"5 10"1 10
10"8 1 10"5 10"2 10bT—

1 10"5 1 10"4 10
10"' 10"2 10"4 1 10
10"1 10"1 10"1 10"2 1

Table 6.7: Mass matrix M for unlocked single flexible link, data set (A), using 5 
approximate mode shapes as proposed in chapter 2.8 to reduce computational burden

Table 6.7 shows that although the errors are enormous when using a certain number 
of polynomial approximations for the exact mode shapes, the first three modes can be 
reproduced very exactly, allowing for their use in dynamic response analyses. The 
reader is reminded of the fact that due to al the previous analyses, only the first non­
zero mode for configurations with all joints locked was found to give rise to flexible 
deformations that are significant.
An increase of the system complexity will however have a negative influence on 
numerical accuracy, and to show this table 6.8 gives the mass matrix M for the 
double flexible link system with free base and end effector for data set (C).

1 10'5 10'3
10"5 1 10*2
10"3 10'2 1

Table 6.8: Mass matrix M for double flexible link system with free 
base and end effector, data set (C), using 3 exact mode shapes

From table 6.8 it can be seen that the numerical accuracy is bad when using more 
than say, 3 mode shapes in dynamical simulations. Note however that only the 
fundamental mode was found to be relevant for dynamic response analyses when the 
focus is on the magnitude of elastic deformations. Note also that formulation of the 
equations of motion using the tangent frame as proposed in this thesis and setting up 
the equations of motion using Lagrange’s equation (2.48) can, to a certain degree, 
smoothen out numerical errors as shown here. This is because the system frequencies 
and system mode shapes can be computed not only with the determinant but also with 
equation (2.50), as mentioned several times before, if the inserted mode shapes for the 
flexible links are exact or very close to the exact ones. But a deviation of the 
determinant results from the exact frequency value by say 5% does practically not 
change the mode shapes computed by re-insertion of that frequency into the 
respective equation systems as shown before. Thus although the computed frequency 
might be out for example by 5%, this would practically not change the computed
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mode shapes, and if they are very accurate, equation (2.50) can be used to compute 
maybe more accurate system frequencies and mode shapes. Note that this happened 
in table 6.2 above, where although the determinant would give a result of 0.25 rad/s 
for the first non-zero frequency of the double flexible link system with free base and 
end effector for data set (C), insertion of the computed mode shapes for each flexible 
link and using equation (2.50) yields 0.30 rad/s, in very good agreement with the 
corresponding SIMPACK result in table 6.4. Note that due to these explanations it is 
from now on assumed that for the case at hand the correct frequency is 0.30 rad/s, as 
mentioned before.
Thus it is finally concluded that the determinant can be used to compute the first few 
natural frequencies and mode shapes of quite complex systems, when careful 
checking and validation of the results are applied as done in this thesis.

6.5 SUMMARY

The present chapter gives the analytical determinant solution for the double flexible 
link RMS with rigid end effector and free base (= Shuttle). It is found that the very 
large effective rotary inertia of the Shuttle (1.472xl07 kgm2) about the RMS shoulder 
joint due to the distance of the RMS base from the Shuttle centre of mass (14 m) only 
allows for very small rotations of the Shuttle in the vibration modes. However, this 
small Shuttle rotation must be taken account of, especially when computing the exact 
mode shapes and the natural frequencies.
It is also found that due to the considerable complexity of the determinant expression, 
which is about 50 pages long and contains hundreds of trigonometric and hyperbolic 
functions, the first non-zero frequencies, being the only ones of interest for this thesis, 
computed with the presented determinant for the various joint configurations do not 
always agree perfectly with the results obtained from the determinant with fixed RMS 
base on inserting a very large value for the Shuttle mass to imitate a fixed base, when 
the frequencies are higher than about 5 rad/s.
In order to get the best results for frequencies in excess of 5 rad/s, the difference 
between the first non-zero frequencies obtained by inserting a very large value for the 
Shuttle mass to reproduce a fixed base and the frequencies obtained by inserting the 
real Shuttle mass into the proposed determinant are computed. Those differences are 
generally found to be very small, and they are in very close agreement with the 
differences of a fixed and free base computed with SIMPACK, using ten mode shapes 
of a pinned-free beam or three mode shapes of a cantilever beam for each flexible 
link.
It is inferred that the exact analytical values for those higher first non-zero 
frequencies are the sum of the first non-zero frequencies obtained by the determinant 
for the fixed base plus the aforementioned differences computed with the determinant 
for the free base.
Due to the very small changes in the first non-zero frequencies, the mode shapes are 
also found to change only slightly when changing form a fixed to a free base. For 
typical joint configurations, mode shapes for the fixed and the free base are inserted 
into Lagrange’s equation of motion that allow for the Shuttle motion. Computing the
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first non-zero frequencies with equation (2.50) when inserting the two different sets 
of mode shapes gives close agreement with each other and with the exact values.
Since the boundary conditions of Linkl at Jointl depend also on the position of the 
Shuttle centre of mass relative to the undeformed axis of Linkl, the presented 
determinant is also a function of the angle 0\ of Jointl, unlike all the previous 
determinants. Assuming a reasonable mechanical work range for Jointl of 45°, the 
changes of the natural frequencies are very small with typical values of 0.09 rad/s. 
Finally this chapter addresses the problem of numerical limits when using the 
determinant method. By analysing the off-diagonal elements of the mass matrix for 
the single flexible link and the double flexible link with free base and end effector 
when using exact mode shapes in the equations of motion, it is found that the 
determinant can be used to compute the first few natural frequencies and mode shapes 
of quite complex systems, but careful checking of the results should be applied.
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CHAPTER 7: RMS OPEN-LOOP DYNAMIC RESPONSE ANALYSIS

Eight configurations of joint states are possible for the triple articulated RMS. This 
section gives some example simulations of the open-loop system to provide estimates 
of the worst case elastic deflections. The examples compare the results for a free 
RMS base with the results for a fixed RMS base (computed with Mathematica), and 
with SIMPACK results. As mentioned before, the fixed base case apply for the 
attitude controlled Shuttle, for the space station whose mass is much larger than the 
payload mass, and for the ground test bed.
In SIMPACK always three mode shapes of a cantilever beam for each elastic link are 
used. In Mathematica, all mode shapes up to the first non-rigid mode shape are used 
for each flexible link / (/ = 1, 2), that is for a locked joint at O/, or Wz,i(x/) = x
(rigid-body mode) plus Wifai) for an unlocked joint at <9/.
Note that for the following simulations the tangent frame formulation is used to set up 
the kinetic energy expressions with Mathematica. In this approach the kinematics of 
any body within the chain of bodies of the dynamical system are always formulated 
relative to the previous body in the chain. Therefore a correction has to be made to 
the non-rigid mode shapes of the first flexible link due to the following reason. The 
functions W i/xi) in their present form contain also the rotatory and translatory 
motion of the Shuttle in the actual vibration mode. But for further use in the following 
dynamic response analyses, the functions must only represent the deflection of Linkl 
relative to the Shuttle. Therefore, since all deflections are linearised, the corrected
mode shape for Linkl is obtained by letting Wu C0ITect (x, ) = Wu (x1 ) -  Wu (o) + A0i x1,

where A0i is given by equation (6.1) and is known after applying the aforementioned 
method of re-inserting a known a* into the respective equation systems to obtain the
mode shapes. For an unlocked Jointl, the A0i term in the above equation is waived, 
since in that case rotational motions are not transmitted through Jointl.
The advantage of using the tangent frame formulation is the following. Since the 
kinematics of any body are expressed relative to the previous body, a motion for 
example of the end effector about 03 changes nothing in the formulation of all 
previous bodies in the chain, that is of the whole rest of the system. Another example 
is the step from a fixed RMS base in chapter 5 to a free base in chapter 6. As the 
tangent frame was also used to set up the boundary conditions for the flexible links 
when using the determinant method, only the boundary conditions of Linkl at jq = 0 
had to be modified to allow for a free floating Shuttle, whereas all the other equations 
representing the other boundary conditions could remain unchanged. Now since the 
mode shapes of the two flexible links are always computed for only one moment in 
time, they could basically not be used for dynamic simulations with time-varying 
states. Using the tangent frame however, dynamic simulations can be carried out by 
always using the same mode shapes for the whole simulation, provided that in reality 
the mode shapes do not change significantly with a changing configuration. The 
following table 7.1 is given for a proof. The table gives the first non-zero frequency 
computed with the determinant for data set (B) for the double flexible link system 
with fixed base and end effector as presented in chapter 5 for the configuration Jointl 
and JointS locked and Joint2 unlocked with 03 = 0° (see also table 5.6) for various 0z, 
and compares this frequency with the first non-zero frequency computed with
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equation (2.50) for varying when for Linkl only the first exact mode shape 
computed with the determinant for ^  ^  = 0° and for Link2 the rigid-body and the
first exact flexible mode shape computed with the determinant for 6̂  = $  = 0° are 
inserted into Lagrange’s equation (2.48). The respective frequencies are denoted ciMet 
and &tag.

02 0° 30° 60° 90°
ûket [rad/s] 1.02 0.98 0.82 0.73
CQLaz [rad/s] 1.02 0.98 0.82 0.73

Table 7.1: First non-zero frequency û^et of determinant for chapter 5 system 
and &Lag of equation (2.50) for one fixed set of mode shapes for the links

Table 7.1 clearly proves the aforementioned benefit of using the tangent frame, since 
the mode shapes do practically not change with changing 6%. Thus only one set of 
mode shapes is sufficient for dynamic analyses with time varying configurations.
The following table 7.2 makes the same comparison for the configuration Jointl and 
Joint2 locked and Joints unlocked (see also table 5.7). Again, for Lagrange’s equation 
the mode shapes of the flexible links were computed for 6  ̂= $  = 0°.

05 0° 30° 60° 90°
Cûüet [rad/s] 0.40 0.33 0.27 0.27
ûJLae [rad/s] 0.40 0.34 0.29 0.27

Table 7.2: First non-zero frequency ftfoet of determinant for chapter 5 system 
and C0u§ of equation (2.50) for one fixed set of mode shapes for the links

Like table 7.1, table 7.2 proves the power of the tangent frame formulation.
One side effect when using the tangent frame formulation must however be noted. 
Since a modal decomposition due to time varying configurations is not possible, the 
system obtained with Lagrange’s equation (2.48) will have more than only the one 
natural frequency for which the inserted mode shapes were computed. Consider the 
following example. One mode shape for each flexible link for the configuration all 
joints locked is computed with the determinant method and inserted into equations of 
motion obtained with the tangent frame formulation. Now if the system has an end 
effector and a fixed base, equation (2.50) will give three natural frequencies and thus 
three mode shapes due to three degrees of freedom: a rigid body rotation of the end 
effector, a flexible motion of Link2 and a flexible motion of Linkl. Originally 
however, the mode shapes belonged to only one system mode. The influence of these 
additional modes arising from the tangent frame formulation must be carefully 
checked to make sure that they do not significantly change the results. In the 
following simulations however this problem does not arise since for worst case 
analyses of the elastic deflections only one moment in time must be considered and 
thus a modal decomposition is possible again. Note that a modal decomposition for 
the very first mode of a system set up with the tangent frame formulation as described 
must give the original mode again for which the inserted mode shapes of the flexible
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links were originally computed. However, due to numerical inaccuracies adding up 
through the various stages of computation the results for example of the first 
frequency after modal decomposition can slightly differ from thé original frequency 
for which the inserted mode shapes were computed. This will be the case a few times 
in the following simulations.
Note finally that for simplicity, the first exact non-rigid mode shapes of Linkl and 
Link2 computed with the free or fixed base determinant for the various configurations 
are denoted Wi(xi) and Wife) in the following dynamic response analyses. They 
always have the generalised coordinates q\(t) and qiit), and for rigid-body modes of 
the end effector and the flexible links if their joints are unlocked the generalised 
coordinates pz(t), p ît) and so on are used. The Shuttle rigid body modes are the 
generalised coordinates psit), peif) and so on.

7.1 SHUTTLE THRUSTER FIRING

We first consider the case of all joints locked and a payload exciting force due to 
Shuttle acceleration / deceleration from thruster firings. In space construction as with 
the Shuttle following payload slewing say with the RMS perpendicular to the Shuttle 
bay, thruster firing is used to translate the payload to the vicinity of the target area. 
This will be a bang-bang manoeuvre using the longitudinal Vernier thrusters and all 
RMS joints will obviously be locked with brakes applied. Clearly this procedure will 
cause transients oscillations of the payload / Shuttle system. Figure 7.1 shows the 
system velocity components.

Inertia l fram e

Thruster
fir in g

S hu ttle

Figure 7.1: Velocity components for RMS dynamic response to Shuttle thruster firing

From figure 7.1 the translatory velocity vG of the payload centre of mass G relative to 
the RMS base at 0\  is the sum of the velocities vi, v2i and v32 of Linkl relative to the
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Shuttle, Link2 relative to Linkl and the payload centre of mass G relative to Link2. 
The RMS base is offset from the Shuttle centre of mass CMs in y by Ay. Note that the 
line of action of Fr in figure 7.1 is assumed to go through CMs (dashed line).
The 6 generalised coordinates are q\, q2 for elastic deflections of Linkl, Link2, p3 for 
rigid body rotation of Link3 against A3, and p4, p5, p 6 for Shuttle linear motion in y, z 
and rotation about x (= as). Thus in the present case the generalised coordinates 
vector is p(f) = [q\(t), q2(t), p 3(t), p4(t), p5(t), p6(0]T- The velocities v% and v2i are

v , = f t W ! ( A )  ( 7 . D

V 2 , = 9 2W2(L2) +  9 , < ( A ) 7 - 2  ( 7 . 2 )

Since the end effector is rigid, its deflection shape is simply W3{x2) - x ,  thus V32 is

V32 = [p3 +42<(T-2)+9, W .tz J ta  +a) (7.3)

The shuttle velocity components are

V Sy =  Pi.  V s  =  P s -  0 ) S =  Pi  ( 7 . 4 )

Thus the payload translatory and angular velocities % and (Do are given by

û>c = P6 + ^ { L l ) + q 2W^L2) + p ,  (7.5)
and

^  | W i  ( 4  ) + < ( 4  )  ( 4 + 4  +  a ) ] + 4 1 4  ( 4  )+ [^ 3  +  4  K  ( 4  ) ]  ( 4  +  a )  ( 7 . 6 )

As in previous chapters the distributed masses mu of the two flexible links I are
replaced by Mi, given by ([41]) M t - \ m bl Lz, and the joint masses, negligibly small
for the present case of maximum payload, can be included in M\ and M2.
In the inertia frame y and z components, the kinetic system energy is thus

T = \ M p [ p ^ - p 6 Ay sin p 6 -  p 6 (Lj +L2 +L3 +a)  cos p 6 -  

(vj +v21 +v32)cosp6]2 +

\ M p [p5 + p 6 Ay cos p 6 -  p 6 (^  +L2 +L3 + a) sin p 6 -  

(v1+v21+v32)sinp6]2 +

\ M  2[p4 -  p 6 Ay sin p 6 -  peiL  ̂+ L2)cos p 6 -(Vj +v21)cosp6]2 + (7-7)

\ M 2[Ps+p6 Ay cos p 6 -  p 6 (L, + L2 ) sin p 6 -  (^ + v21 ) sin p6 ]2 + 

\ M d P 4 - p 6 Ay sin Pe ~ Pô 4  cosp 6 - v l cosp6]2 +
{Mj [p5 + p 6 Ay cos p 6 -  p 6 Lj sinp6 -  ̂  sin p6]2 +

i M s [pi  + P 5] + I 7p Mg + i 4  Pi
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Applying Lagrange’s equation yields the equations of motion with the 6x6 mass 
matrix M containing the elements Mnm

M n = M l Wl {Ll f + I p W f a  )2 + M  p [(L2 + L z + a j w f a  ) + W, (Z, )]2 +

m 2 [l2< ( l, )+ w1(l1)]2 ;
M a  = M 21 = M 2W2{L2)[L2Wi'(Ll )+ W l (Lt ) ]+Ip W1'{L!)w ; (L2) +

M p [(L2 + Z ,+ a X ( L 1)+W 1(Z1)][(-L3 + a)W '{L 1) + W2{L2)]

M a = M 31 = M p (L, +a)W,{Li) + W;{Li )[lp +(L3 +a)(L2 +L3 + a ) M f ]

= M n  -  -[(Mp + M 2 + M 1)wi (L1)+[(L2 + L3 + a ) M p +L2M2]W1/(LI)]cosas 

M i s = M si = p + M 2 +M 1)wi (L1) + [(L2 +£3 + a)M p +L2M 2 ] ̂ '(Li )]sin a $ 

^16 = ^61 =[(^2 +^3 +L2M 2 +Ll (mi + M 2 + M pJwi {Ll )+

p + L \ M 2 + { t 2 + Z-3 +a) M p +L, [ l 2M 2 + (Lz +L3 + a )M (,)]wi'(Z1) 

M 22 = M 2W2(L2)2 + / pW2,(L2)2 + M ,, [(L3 + a K ( L 2)+W 2(z,2)]2

M23 = M 32 = M p (Lj + 0)W2 (Z,2 )+ < ( L 2 ) [/, + (L3 + a)2 M J  

Af24 = M 42 = ~[{m p + M  2)w 2(L2)+(L3 + a ) M p W2{L2% o s a s 

M 25 = M 52 =-[(M p +M 2)w2(L2)+(Z3 + a)M p

= M ei = [(A  + L 2) M 2 + {L1+ L 2 + L 3 + a )M p]w2(£2)+

+ (“2 +£3 (A + A  + L s)+a{Li + L 2 + 2 L 2))mp]w2(L2)

M 33 = I p +(L3 + a f  M p

M34 = M43 = -coscif5 (L3 + a)M p 
M35 = M53 = -  sin Ofs (L3 + a)Mp

M 36 - M 63 = / p +[a2 + L3 (Lz +L2 +L3)+ti(L1 +L2 +2L 3)]Mp 
M u = M p + M s + M 2 + M l

M A5 -  M 5A = 0

^ 4 6  = ^ 6 4  =  [ ^ 2 - ^ 2  +  ( t i  +  -^2 +  -^3 p  +  A  ( ^ 1  + ^ 2  + ^ p ) ] COSOf5 -

zfy (Mj + M2 + M  p )sin a s 
M55 = M s + M 2 + M x

M 56 = M 65 = 4 y { M l + M 2 + M p)cosas -
\l,2 M 2 + (a + L2 + L3 )M p + Lj (mj + M 2 + M p )]sin ccs 

m 66 = i p + i s +(^y2 +Lf)(M1 + m 2)+ 2L 1 l 2m 2 + l \ m 2 +

[Ay2 + (Lj + L2 +L3+ «)]Mp
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The elements of the 6x6 stiffness matrix K due to joint stiffnesses (& = 1, 2, 3) and 
flexural stiffnesses Eli are

K a = £/, jlwfr; )P d* + A, [<(0)]2

= £ /2 J[< (^ 2)]2dx + A2 k ' ( 0)]2 (7.9)
0

^33 “ 3̂ 
K nm = °  else

With F r  = -  Fm, see figure 7.1, the 6x1 generalised force vector P is

P = {0,0,0, Fr cos p 6, Fr sin p 6,0}T (7.10)

where FR is the accelerating or decelerating reaction force from the Vernier thrusters. 
The six natural frequencies çü/l of the system, of which three are zero (representing 
the rigid body motion of the Shuttle / RMS system in y, z, and about x), are calculated 
by solving equation (2.50).
The first non-zero natural frequency is the fundamental frequency as computed with 
the determinant for this system configuration, and the other two vibration frequencies 
arising from using the tangent frame formulation do not have to be identical to the 
second and third exact natural frequency from the determinant for this case, as 
mentioned in the introduction to this chapter. Since the worst case analyses only 
consider one point in time, a modal decomposition for the first mode is performed.
If coj is the frequency of mode j  and if evy is the 6x 1 corresponding eigenvector, the 
modal decomposition gives

where mj, kj and fj are the y-th modal mass, stiffness and exciting force. Note that 
since in the present simulations the response in the higher modes is negligibly small, 
as was shown in the previous chapters, steps (7.1) through (7.11) are only performed 
for the first exact (in this case non-rigid) mode shapes of Linkl and Link2.
The RMS excitation does not only depend on the thruster force, but also on the 
payload mass since it is the acceleration of Mp which produces the exciting force. We 
therefore consider the worst case with Mp = 30000 kg, Ip = 400000 kgm2 and a = b!2 
= 2 m, according to data sets (B) or (C) respectively for a fixed or free RMS base. 
Since the RMS is straight, = £%=£% = 0°. The longitudinal Vernier control 
thrusters produce a maximum force of ([60]) FTh = 6x107 N = 642 N. Figure 7.2 
shows the time history of FR = - Fm-

(7.11)
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Fr (0 [AG

642

Figure 7.2: Time history of F#

Free base results

Setting up the mass and stiffness matrix according to equations (7.8) and (7.9) and 
computing the natural frequencies and eigenvectors with equation (2.50) the first non­
zero frequency should be identical to the exact fundamental frequency of the 
determinant solution for this case, = 0.25 rad/s, but from table 6.4 &tag = 0.31 
rad/s. As mentioned in chapter 6, it is assumed that for this single case the 
determinant results are too low by about 0.05 rad/s.
Figure 7.3 shows the time history of the deflection yc of the payload centre of mass G 
relative to the Shuttle for an FR as shown in figure 7.2. The system mode shape is 
shown in figure 6.5.

yci*) M
0.15

0.125

0.075

0.05

0. 025

10 20 30 40 50

Figure 7.3: Time history of y g

From figure 7.3 the vibration amplitude of yo is 7.68 cm. The SIMPACK result for 
the present case is 7.81 cm.

Results for linearly driven base

For the worst case we assume a non-rotating base accelerated perpendicularly to the 
straight RMS. This situation applies to ground bed testing, where the RMS shoulder
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joint at 0 \  could be attached to a trolley construction having the mass of the Shuttle to 
be driven along a track to simulate thruster induced acceleration / deceleration. Also 
the situation applies to a RMS base that is attached to a frame driven along a track on 
a large space station to extend the work range of the RMS, or to an attitude controlled 
Shuttle.
To get the correct mode shapes for this case, the determinant for the free base is used, 
setting Is = 1020 kgm2 in equation (6.6) so as to approach infinity and to allow only 
for translatory motion of the RMS base. However it is found that due to the immense 
effective rotary inertia of l,472xl07 kgm2 of the Shuttle about 0\  due the offset Ay, 
the mode shapes remain practically unchanged, so that the mode shapes for the fixed 
base or the free base with the real Is value could also be used.
The equations of motion for this case are given by deleting the fifth and sixth column 
and row in the mass and stiffness matrices M and K, equations (7.8) and (7.9), and 
the fifth and sixth element of the generalised force vector P, equation (7.10). Finally 
the Shuttle rotation % about x  is set to zero.
Whichever mode shapes are chosen, the fundamental frequency obtained with 
equation (2.50) is û^ag = 0.20 rad/s, which is in exact agreement with the free base 
determinant result for the case Is = 1020 kgm2, co&ti = 0.20 rad/s. Figure 7.4 shows the 
time history of y G for the present case for F r  as shown in figure 12.  The 
corresponding first system mode shape %(%) is shown in figure 7.5.
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Figure 7.4: Time history of yG

(O =  0 .2 0  r a d /s

Figure 7.5: First system mode shape W î(x) for linearly moving base (= Shuttle)
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In figure 7.4 the vibration amplitude of the payload centre of mass G relative to the 
Shuttle is 18.84 cm. In SIMPACK, this deflection is computed to be 18.38 cm.
This result is verified using a quasi-static deflection as follows. The Shuttle 
acceleration as creates an inertia force Fp at the payload centre of mass G (and at the 
links due to the distributed beam mass, but these forces are negligible). Then Fp is 
given by

(7 ' 12)

Fp creates shear forces Ft and moments Mob at the joints Ob (b = 1, 2, 3). They are

(7.13)
Mox = Fp + L2 + L3 + a) (7.14)

M o 2 = Fp (L2 + L3 + a) (7.15)
M o 3 = Fp (L3 + a )  (7.16)

The deflections ypi and y mi of the two flexible links with length Li and flexural 
stiffness Eli G = 1, 2) due to Fi+i and Moi+i at the tip are ([45])

y" (7-i7)  

and y“i= M ï i t  (7-i8)

The rigid body deflection 6ji of the two flexible links due to joint stiffness A/ is

9 , , = ^  (7.19)
A z

The rotations Ofi and 6Mi of Link I at its tip due to Fm  and Moi+i at the tip are ([45])

( 7 ' 2 o )

and 0m |=^ A  (7.21)

The deflections y%, yz and yg of G due to the various elasticities of Linkl, Link2 and 
the end effector are
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^ 1  y  M l  ^  @JI  A  i @ F l  @ M \  Q j l  ) ( ^ 2  +  -^ 3  +  ^ )

y  2 ~  y  F2  ■*■ y  M 2  L 2 +  { @F 2  ^  @ M 2  ^ 2 )  ( -^ 3  ^ " <2)

F
^ 3 == y  J3 = - f - ( L 3 + a ) 2 

3

and the static deflection yo of G is

7c = + 72 + 7s (7.25)

Inserting the data into equations (7.12) through (7.25) yields a static deflection yG = 
18.95 cm, which is in very close agreement to the dynamic result. The deviations can 
occur due to numerical inaccuracies and the fact that for the simulation only the 
fundamental mode shape is used. This also proves that the influence of all modes 
higher than the fundamental in the deflection of G is very small.
It is noted that the present configuration yields a maximum RMS response, since all 
joints are locked and the excitation of the RMS due to Shuttle acceleration is 
maximum.
For comparison, the analytical solution above yields a vibration amplitude of 3.49 cm 
for a payload with Mp = 5000 kg, Ip = 3333 kgm2 and a = b!2 = 1 m, which shows 
that the payload size has to be relatively large to give non-negligible dynamic 
responses.

7.2 RMS SLEW MANOEUVRES

This section gives some examples of worst case RMS responses to slew manoeuvres 
due to joint torques. For most of the simulations the results for the free and the fixed 
RMS base are compared with each other and the SIMPACK results.

7.2.1 SLEW ABOUT ALL JOINTS

For this case and the following case only the fixed base result is given because the 
fixed base results must always be larger than the free base results, and the fixed base 
figures are already negligibly small. Note that in practice for manual RMS slewing by 
an astronaut it is expected that only one joint is as actuated at a time with the other 
two locked. Automatic slew however may actuate two or all joints simultaneously. 
The actual system is shown in figure 7.6, where the Tb (b = 1 ,2 , 3) are the driving 
torques at the joints Ob.
With p(r) = q 2( t \  p3(r), p A( f ) ,  p s { t ) f ,  the velocities vh v2i and v32 of 0 2 relative
to Ou of Os relative to 0 2 and of G relative to O3 are for a fixed base

v1 = q l W1(Ll ) + p 3 Ll (7.26)
V21 =  W 2{L2 ) + p 4 L 2 +  [ q ,  w f a ) + p 3] L 2 (7.27)

v 32 = P s  ( L 3 + t i Û +  t e l K ( 4 ) +  P 4 + 4 i  < ( A ) + P 3](L3 + a )  (7.28)

(7.22)
(7.23)

(7.24)
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where p 3 = 0 l , p A = 0 2 and p 5 = 0 3 .

P a y lo a d

Figure 7.6: Double flexible link system with articulated end effector and fixed base

Since all joints are unlocked and thus free to drive, the rigid body coordinates ps and 
P4 have to be included in Lagrange’s equation. The kinetic energy T is obtained from 
figure 7.6, and using the Pythagoras theorem (see right hand side in figure 7.6) is 
given by

T = \ M p (vf + Vgi + V32 + 2 Vi v21 cos#2 + 2 Vj v32 cos{02 + 63) + 2 v 2l v32 cos03)+

^Ml v2 + |M 2(v2 + v 2 1 + 2 v 1 v21 cos<92)+ |/^ 1[g1tT1/(0)+p3]2 + (7.29)

Î I S2 k +<?2 < (o)]2 + i / ,  {w '{l2)+ p 4 + < (£ ,)  + p3 + p3)2

The equations of motion are derived with Lagrange’s equation, yielding the 5x5 time- 
varying mass matrix M with elements Mnm

M n = (m, + M 2 +M  J[w, (L,)]2 + / 8l [ < ( 0)]2 + 2 [ l2(m2 + M ,)cose2 +

{l 3 + o)m p c o s  (02 +  e 3 )]w i (A  ) < ( A  ) + [ < ( A  )]2 ( a  + 4 * f P +

<32 M p + I?2M 2 + 2 a L 3 M p + L2 M p + 2 a L 2 M p cos03 +

2 L2 A  M p cos03)
m 12 = m 21= m 2w 2 ( a  )[cosy2 w, (A ) + A  < ( A  )]+< ( A  X  (A ) A +

w ^ A ) ^  +(« + a )=osA K ( a )+
W'(L2)(L3 +a)(cosd. A  + A  +«)] + MpW71 (a)[cosS2W2( a )  +
(A +a)cos(A  +03)W2'(A)]
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^ 1 3  -  ^ 3 1  ~  ( A  ) [ A  ( ^ 1  +  ^ 2  +  ) +  ^ 2  ( ^ 2  jc O S  ^ 2 +

M ^cos(^ + ^ ) (A  + ^ ] + A i^ ( o )  + K ( A ) k  + 4 ( ^ 2  + M ,)+
a 2 M p + 2aL3 M p + L3 Mp + L{ L2 cos02 (m2 + M p)+
2L2M p cos 03 (L3 + a )+  LxM p c o s  (02 + 03 )(L3 + <2)]

M u = M 41 = W| ( l J | l 2 (m2 + M p)cos02 + M p cos(02 + 03){L3 +a)J+

< ( A ) [ ^ + 4 K  + 2aL 3M f, + (7.30)
2L2M p cos (L3 + a)]

M 15 = M 5l = K (A  )A + (A + [Wl (A )C0S K  + ̂  ) +
(cos 03 L2 + L3 + a) Wx (jLj )]

M22 = (m2 + M p )[W2 (L2 )]2 + 7s2 [ <  (O f + [W2 (I , f  [/„ + a 2 M,, +

2aL3 M p + L2 M J+ W 2 ( l 2)W2 (L2)(Z.3 + a)2M p cos03 
M 23 = M32 = M 2 (cos g2 1, + 1,2 ) W2 ( l 2 ) + 7P W2 ( l 2 ) + Mp W; (7  ̂)[cos g2 + 7,2 +

(L3 +<2)cOS^3] +
M pW2(L2)(L3 + a ) ^  cos {02 + 0 3) + L2 cos 03 +L3 +a)

M ,, = M 42 = M 2i 2w2(z,2) + ^ 2w ; ( o ) + ^ w ; ( i2)+
M p \W2 (L2 )(L2 + cos03 (L3 + a)) + W2 (L2 )(L3 + a)(L2 c o s  03+L3+ a)] 

M 2 5 =  M 52 = M p  ( A  +  a ) w 2 { L 2 ) c o s 0 3 +W2 (L2)[ip +  (L3 +  a)2 M p \

M 33 = I gl+1 p + Ll M l + M 2( l2 + L22 + 2 L { L2 c o s  02)+ M p [lI + L22 +

(L3 +a)2 + 2  Lj L2 c o s  02 + 2 L 2 (L3 + a)cos 03 +
2 Lx (L3 + ti)cos (02 + 03 )]

M34 = M 43 = / p + M 2 L2 ( c o s 02 Lj + L2) + M p [l22 +(L3 +a)2 +cos02 A A  +
2L2 (L3 + a)cos 03 + Lx (L3 + fl)cos (02 + 03 )]

M 35 = M 53 = I p + M p [(L3 +a)(cos(02 +<93)A + cos03L2 +L3 +a)]

M u = Ig2 +1 p + 1}2 M 2 + M p \ü2 + (L3 + a)2 + 2 L2 (L3 + <z)cos 03 J 
M45 = M54 = I p + M p (L3 + a) (cos 03 L2 +L3 + a)

The gear box inertia at Joints can be included in the payload rotary inertia. The two 
flexible beams yield the 5x5 stiffness matrix K with elements Knm

f , ,= E 7 , { [W T k fd z
0
4

K 12=EI1 \W;{x2)Yàx (7.31)
0

K nm = 0 else
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Since torques are not backcoupled through joints, the 5x1 vector of the generalised 
forces P is

p = {r,<(o)+(r2 +r3)<(A),r2w2'(o)+r3w2,(L2),r1 +r3 +r2,r2 +r3,r3}T (7.32)

For the straight RMS with 62 = = 0° the first non-zero natural frequency obtained
from equation (2.50) is cô ag = 33.14 rad/s, the exact fundamental frequency for this 
system is co&tt = 34.04 rad/s. The deviation is due to ill-conditioned matrices as 
explained in the introduction to this chapter. The decomposition for the first mode is 
performed using equation (7.11).
For the simulation data set (B) is used, and the maximum torques Tb of the SRMS at 
all three joints, T\ = 1298 Nm, T2 = 888 Nm and T3 = 389 Nm, are applied 
simultaneously at all three joints. Figure 7.7 shows the time history of Ti, T2 and Ts, 
and figure 7.8 shows the corresponding time history of yg.

T b {t) [Vm]

7, = 1298

T3 = 389

Figure 7.7: Time history of of 7j, T2 and r3

,-6-no '

Figure 7.8: Time history of yg

In figure 7.8 the amplitude of vibration of y g  relative to the base is less than 1/100 
mm. The deflections of the tips of the two flexible links, which are not shown in the 
figures, are less than 4 mm in the fundamental mode. The basic reason for these small 
elastic responses is that the unlocked links have very high pinned-pinned natural 
frequencies.
These figures prove that if all joints are unlocked, the deflections are negligibly small
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and allow for the assumption of rigid bodies. This finding gives rise to another aspect: 
for an active damping control using the joint motors, the joints must obviously be 
unlocked, a configuration which yields, as can be seen here, negligibly small 
deflections. For RMS designed similarly to the SRMS the control methods proposed 
for example in [5] and [9] therefore appear to be unnecessary.

7.2.2 SLEW ABOUT TWO JOINTS

For a simultaneous slew about two RMS joints, as before, only the result for a fixed 
RMS base is used. For the worst case scenario we choose a slew about Jointl and 
Joint2 applying the maximum torques and maximum payload.
Since the only difference to the previous case is the fact that in the present case no 
torque T 3  is applied at O 3 ,  the equations for the velocity components are identical, as 
well as the kinetic energy expression and the equations for the mass matrix elements. 
Thus the velocity components are given with equations (7.26) through (7.28), the 
kinetic energy expression is given by equation (7.29), and the elements of the 5x5 
mass matrix M are given with equations (7.30). Note that the mode shape functions 
WiCq) and Wate) used in the present case differ from those used in the previous 
simulation (and hence also their derivatives), since in the previous case the exact first 
non-rigid mode shapes for the configuration all joints unlocked were used, whereas 
now the exact first non-rigid mode shapes for the case only Joints locked are used. 
Since Joints is locked, the 5x5 stiffness matrix K with elements Knm differs from the 
stiffness matrix of the previous simulation and is given by

A
Ku =£7, ]■[<(*, )]2d*

0

Kn =EI1 \ \ w ’{x1)]2àx (7.33)
0

* 55=^3 
Kn,„ = 0 else

The 5x1 generalised force vector P is

P = <(o)+r2 <(£,),£, w,' (o),r, +r2,r2,o}T (7.34)
Using equation (7.11), a modal decomposition for the fundamental mode is 
performed for the straight RMS with 6̂  = <% = 0°. With equation (2.50), the 
fundamental frequency obtained with equation (2.50) yields cô g = 6.54 rad/s, the 
exact fundamental frequency from the determinant for the fixed base is 6%et = 6.05 
rad/s. The difference is again due to ill-conditioned matrices as explained.
For the time history of Ti and T2 consider figure 7.7, where in the present case T3 is 
zero for all time t. For this force input, figure 7.9 shows the vibration yG of G relative 
to the base, whose amplitude is less than 1/30 mm. Note that for other joint 
configurations, a slew about two joints gives similar results.
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Figure 7.9: Time history of yc

7.2.3 SLEW ABOUT JOINT1

Consider a slew of the straight ( 6 2  = 05 = 0°) RMS about an unlocked Jointl as shown 
in figure 7.10. For this and the following simulations also the RMS with free base (= 
Shuttle) is considered. This leads to system with seven degrees of freedom.

C M ,

I n e r t i a l  f r a m e

Figure 7.10: Slew of straight RMS about Jointl with free base (= Shuttle)

In figure 7.10, 0i = p* is the rigid body rotation of Linkl relative the Shuttle z axis zs 
due to TV The generalised coordinates are q\, q2 for the elastic deflections of Linkl
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and Link2, p 3 and for the rigid body deflection of LinkS and Linkl, and ps, pe, pi 
for the Shuttle rigid body motions in y, z and about x (= %), thus p(r) = [q\{t), q2(t), 
PsV), P4(t), ps(t), pe{t), pi(t )f .  The velocities vi, v2\ and v22 relative to the Shuttle are

V, = 9 1W1(A) + / ’4A (7.35)
v21 = q2 W2 (Z.2 ) + [g, < ( A  )+ P t }L2 (7.36)

V32 = k  + g 2 < (7 -2) + 9 ,< (A )+ P 4 ](A  +«) (7-37)

The payload angular velocity cûg for a fixed base is

<uc = 9, < ( A  ) + 92 <  ( A  ) + P3 + 7-4 (7.38)

With figure 7.10 and the Shuttle rigid body motions = p 5, vSz = p 6, cos = p 7, the 
system kinetic energy in y and z components of the inertia frame is thus

T = \ M p [p5 - p 1 Ay sin a  s -

[Vi +v21 +v32 + p 7 % +L2 +L3 +ti)]cos(p4 + p 7)]2 + 

p [p6 + p 7 Ay cos p 7 -  

[Vi + v21 + v32 + p 7 m  + L2 + L3 + a)]sin (p4 + p 7 )]2 +

\ M 2[p5 - p 1 Ay sin p 7 -  [v1 + v21 + p7 {Lx + L2)]cos (p4 + p7)]2 + (7.39)

\ M 2[p6 + p 1 Ay cos p n -  [Vj + v21 + p 7 % + L2 )] sin (p4 + p7 )]2 +

[p5 -  p 7 Ay sin p 7 - { v l A-p1Ll) cos (p4 + p 7 )]2 +

{M i [p6 + p 7 Ay cos p 7 -  (Vj + p 1Ll) sin (p4 + p 7)]2 +

\ M S [p] + p 2] + { / p (<yG + p 7)2 + \ l s p 7 + { / gi bi W1/(0)+p4]2

The equations of motion yield a 7x7 time-varying mass matrix M  with elements Mnm

M n = Mi k  (Li)]2 + / gi [< (0)]2 + / p k '(L i)]2 +M 2 k  (Li)+L2k ( L ,)]2 + 

M , k ( L i )  +  ( L 2 + L 3 + a ) k ( L i ) ] 2

M i 2 = M 2 i = M 2 w 2 ( L 2 ) k ( A ) + 4 K ( A ) ] + K ( 4 ) K ( 4 ) 4  +

M j W i k ) + ( L 2 + ^ + ^ M z , ) ] k ( 4 ) + ( 4 + ^ K ( 4 ) ]

M l ,  = M 3 1 = M ^  + a k  ( L i )  +  W / ( L i ) ^  + M ^ ,  ( l ,  + ^ ( 4 + 1 ,  + a ) J

M u = M4j =W i(L ,)|l2(m2 + M p)+ M p (L3+a) + Ll (M1 + m 2 + m JJ+

W / ( 0 ) Z ^1  +  K k ) [ z ,  +  Z , : ( M 2  +  M J +  Z , Z , 2  ( M 2  +  M  J +  6Z2 M ^  +

al^Mp + 2 a M p (L2 +L3) + Ll L3 M p + 2L2 L3 M p +L2 M p\
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M\ 5 = M 5X =-cos{dl +ûf5)[(M1 + M 2 +Mp)wi{Li) + [fJ2M2 +(L2 +L3 +  ) j

Mi6 = M 6l = -sin (^1 +ors )[(Mj +M 2 +M p)wi(Z1) + (L2M2 +(L2 +L3 +<2)M/,)vT1/( l1)J 
M n ~  M n =W1(Ll )[Ll (Ml + M 2 + M p)+L2 {M2 + M p)+(L3 + a ) M p -

/lysine, (#1 +M 2 + M j]+ w /(A )k  + ^ 4 ( 4  + 4 ) +
M p (L2 +L3+ a)2 + M p L, (L2 + L3 + a ) -  

Ay sin 9l (m  p (h2 + L3 +fl) + M2L2)]

= W 4 ) P  k  +M (l ,  + ^ 2( 4 K ( Z ,2) +

M,, =M 32 = M ^ 2( l 2)( l3+ ^  + ̂ ( l 2) ^ + ( l 3 + a )= M j  
M,, =M ,2 =(Z, + +

(L , +  L 2 +  L 3 +  t i ) M p [w 2 (L 2 ) +  (L 3 +  a)W2(L2 )]

^25 =^52 = -co s(e , + a 5)[(M2 +M p)vr2(L2) + (L3 + a)M p ^ 2(L2)J
^26 =M ,2 = - s i n ( e ,+ ( % J k + M j w 2( l2)+ ( l3 + a )M ^ ;(z ,2)J
M 21 = M 72 = W2(L2)[Mp (L, +L2 +L3 +a) + M 2 (L, + L 2)~ Ay sin 0, (M2 +M p)J+

W2(L2)[m p (L3 +ti[)2 + M p (L3 +a)(L1+L2)-4ysin<91 (L3 + a)M p]

^33 = h  + M P ( 4  +<3)2
M 34 = M 43= I p + M p (L3 + ti)(L1 + 4  + 4  + ti) (7.40)
^35 -  ^53 = -008(0, +Of5)Mp (L3 +ti)
M 36 = M 63 = - s m ( 0 l + a s )M p (L3 +a)

M 31 = M 13 —Ip + M p {L3 + tif)(L, + L2 + L3 + <2) — zly sin 0, M p {b3 + a)

^44  = i g\ + ip + Mi  ( 4  + 4)2 + 42̂ 1 + (4 + 4+4  +<3)2 M p
M45 = M 5A — — cos(0, +ccs ) \ l i M 1 + (L, + L2 + L3 + cijMp + M 2 (L, + L2)J 
M 46 = M 6A= -sin  (0, + )[L, M l +(Ll + L2 +L3 + a)M p + M 2(Ll + L2)\

M 41 = M74 = Ip +1^ M 1 + M p (L, +L2 +L3 +ti)2 -
zfy sin 0, [/>, A/, + (Z,, + L2 + L3 + a)Mp + M 2 (L, + Z,2 )]

M55 = M 1+ M 2 + M p + M s

M 56 = M 65=°
M 51 = M 15 — —Ay cos (0, + Ofs ) [l, M 1 + (L, + Z/2 + L3 + a)M p + AZ2 (L, + L2 )J—

4y sinOf̂  (m , +M 2 +M p)
m 66= m 1+ m 2 + m p + m s

M 61 = M76 = —zfy sin(0, + Of5 )[l, M, + (L, + L2 + L3 + a) Mp + M 2 (L, + L2)j+ 

z/y cosOf5 (m, + M 2 + M p)
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M77 = Is + I p + M l [dy2 +L 2l - 2 A y L l sm0l ] + M 2 [dy2 + (^  +L2f  -

- 2 Ay{Lx + L2 )sin6 ^ + M p [(ẑ  +L2 +L3 + a)cos{Ox +ccs )+ (7.40) 

Ay sin a s ]2 + M p [- (Lx + L 2 +L3 + <2) sin (0X + a s )+Ay  cos a s f

Note that this seven-degrees-of-freedom modelling allows for coupling between the 
RMS rigid and flexible motion and the Shuttle rigid body motion. The elements of the 
7x7 stiffness matrix K due to joint stiffnesses Ab (b = I, 2, 3) and flexural stiffnesses 
Eli G = 1, 2) are

*„ = £7, JfartOr dx
0

*22 = EI2 J[<k )]2 dx + A2 [w;{o)Y (7 41)
0

3̂3 =y 3̂
K nm = 0 else

Since no joint torque backcoupling exists the generalised force vector P is now

P = {7; < ( 0), 0,0,7;, 0,0,7; }T (7.42)

We use the standard data sets (B) and (C) for the fixed and free base case, and choose 
the torque T\ to be a step function input with 1298 Nm as shown in figure 7.11.

Tb(t)[Nm]

r, = 1298

Figure 7.11: Time history of of Ti

Free base results

The fundamental frequency calculated with equation (2.50) for 0i = 0° is &tag = 0.84 
rad/s, which is in exact agreement with the free base determinant result. Figure 7.12 
shows the vibration yo of G relative to the Shuttle. The system mode shape is shown 
in figure 6.2.
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Figure 7.12: Time history of y g

From figure 7.12 the amplitude of vibration of yc is 2.8 mm. The corresponding 
SIMPACK result is 1.8 mm.

Fixed base results

To obtain the equations of motion for the fixed base, the fifth, sixth and seventh row 
and column in the system matrices M and K, equations (7.45) and (7.46) are deleted 
with the fifth, sixth and seventh element of the force vector P, equation (7.47). The 
generalised coordinates of the Shuttle, #5, qe and qj, are set to zero, together with their 
time derivatives.
The fundamental frequency for the fixed base using (2.50) for 61 = 0° is &Lag = 0.84 
rad/s and thus in very close agreement with the exact frequency from the fixed base 
determinant, which is ü&t = 0.83 rad/s. Figure 7.13 shows the time history of the 
vibration yo of G.

0 . 0 0 4

0 . 0 0 3

0 . 0 0 2

0 . 0 0 1

5 1 0  1 5

Figure 7.13: Time history of yg
20

From figure 7.13 the amplitude of vibration y g of G relative to the base is 2.0 mm. 
For the present case the corresponding SIMPACK result is 1.8 mm and thus in very 
good agreement. The system mode shape for the present case is shown in figure 5.3.
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7.2.4 SLEW ABOUT JOINT2

Next we consider a slew about Joint2 for the straight RMS perpendicular to the 
Shuttle longitudinal axis with Jointl and Joints locked. The situation is similar to that 
shown in figure 7.9, but now Jointl is locked in the direction of the Shuttle z axis zs- 
9z = pa is measured against the extension of Linkl at its tip. The generalised 
coordinates are qi and q2 for the elastic deflection of Linkl and Link2, ps and pa for 
the rigid body deflection of LinkS and Link2, and ps, pe, pi  for Shuttle rigid body 
motion in y, z and about x (= as), or p(r) = [q\(t), q2(t), p 3(t), pA(t), psif), p6(t), pi(t)f.  
Using the usual notation, the various velocities relative to the Shuttle are

where p 4 L2 allows for the rigid body rotation at Joint2. The payload angular velocity 
relative to the Shuttle is

Taking the Shuttle motion into account, the total kinetic energy expression is

T = \ M p [p5 - p 1 Ay sin p 1 -  (p7 Lx + v jcos p 7 -

(V21 +V32 + Pi [ 2̂ + 3̂ +«])COS(p4 + p 7 )]2 +

\ M p [P 6 + Pi dy  cos p 7 -  (p7 sin p 7 -

(v2i + v32 + Pi Ĉ2 + L3 + a])sin (p4 + p 7 )]2 +
\ M 2[p5 - p i  Ay sin p 7 -  {p7 ^  + v j  cos p 7 -

(v2i + p 7 L2)cos(p4 + p 7)]2 + (7.47)

\ M 2[p6 + p 7 Ay cos p 7 -  (p7 + v l) sin p 7 -

(v2i + p 7L2) sin (p4 + p 7)]2 +

\ M l [p5 - p 7 Ay sin p 7 - { p 1Ll + v l ) cos p7 ]2 +

\ M l [p6 Jr p 1 Ay cos p 7 - ( p 7 + v 1)s inp7]2 +

In the present case the equations of motion yield a 7x7 mass matrix M with elements 
Mnm given by

M u = {m i + M 2 + M p )[W, (L,)]2 + 2 [ l 2(m 2 + M p)+

(L3 + a ) M p ]cos02 W, (Lj) < (£ ,)+  )]2 [lp + L 22M p + (7.48)

(L2 + L 3 + a ) 2M p}

V21 = 92 W2(L2) + p t L2 + q l W'ib )L2 
v 32 = Pa (-^ 3  + a ) + [9 2 ' ^ 2 ( ^ 2 ) +  Pa + 9 i  ^ i t A  ) ] ( ^ 3  + a )

(7.43)
(7.44)
(7.45)

= 9i W,'( A ) + 92 K  (L2 ) + Pa +  P 4 (7.46)
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^ i 2 ~ M 2i -  cos02 Wl )\w2 (L2)[M2 + M p)+W;{L2)Mp (L3 +<z)J+
)[z,, M , + (jL, + 1, + ẑ)M J w , (A, ) +

K ( 4  ) k  + ( 4  + ^ )(4  + 4  + K  ( 4  )
Mn ~ M 2\ =cos62W1(L1)M p (L3+ a ) + [ l p +(L3 +a)(L2 +L3 +a)M plw^L^)
M u = M41 = Wl (l1)cos02 [L2 {M2 + M p)+ M p {L3 + ti)J+

2 L 2 M p  (4 +a)]
M i5 = M 5i = - c o s a s W1(Ll)(M1 + M 2 + M p)~

cos(<92 + 0's )Wl'(Ll )[(L3 + a ) M p +(m 2 + M p)L2]
M l6 = M 61 = - s in a s Wi {Ll )(Ml + M 2 + M p)~

sin(^ + )K (4  )[(4 + + K  + M Jz^]
Mn = M n =W1(Ll )[Ll (mi + M 2 + M p)+[Mp (L2 + L3 +a) + L2M2Jcos^2]+

^ itA )[4  + l i .M 2 + M p (L2 + 4  + a)2 ~ 4ysind2 [m p (L2 + 4  + <3) +
L2 Af 2 ] + Z/j [aẐ , (L2 + L3 + a) + L2M 2 ]cos^2 ]

M ,, = (M2 + )[W2 ( 4  )]= + [W; (Ẑ  )]= ^  + (Z, + a)' M J+

w2 (i, K  (4  )(4 + + ẑ 2 [ir; (o)f
M,, = M32 = W2 ( l ,  )M̂ , (Ẑ  + a)+W; ( 4  )[ẑ  + (Z, + a)' M J
M 2a - M A2 = W2 (L2)\m p (L3 +a) + L2 (M2 + M p)\+

K  ( 4  ) k  + (4  + ̂ ) ( 4 + 4  + J + z ,2 K  (0)
M 25 = AZ52 =-cos(<92 + a s )[w2 (L2)(m2 + M p)+W2{L2)(L3 +a )M p\ (7.48)
^ 2 6  =M ,2 =-sin(^ +^)|W 2(Z,2)(M2 +M j+^(Z^)(Z^ + a )M j  
M 21= M 12= W2(L2)[Mp (L2 +L3 + o) + L2M 2 +L1 (M2 + M p )cos02 -

(M2 +M J ]+ ^ ( 4 ) |Z , ( l , +
M p (L3 + <3 )  (cos 02Ll +L2) -  Ay sin 02M p (L3 + a)]

M 33 = Ip +M p (L3 + a)2

M u - M A3 = I p + M p [(L3 +a)2 +(L3 +<2)4 ]
M 35 = M 53 = -cos {02 + a s )Mp (L3 + a)

M 36 = M 63 = -sin {e 2 + a s )M p (4 + a )

M 3i ~ M 13 = I p  + M p  [(4 +tf)2 +(4 + «)(cosd2 4  + L2)J-sin 0 2 A y M p ( 4  + a)

M u = Ig2 +1 p + M 2L22 +(L2 + L3 + a)2 M p

M A5 = M sa -  -  cos(4 + a s )\L2M 2 +(4 +4 + a ) ^ PJ 
M = M 6A = -  sin (4  + a 5)[4  M2 +(4 +4 + a )-^pJ
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M A1 — M74 — I p + j32M 2 Jr (L2 + L3 + a)2 M p +

\l 2 M 2 + (L2 +L3 + ti)Mp ](cos 02 L: -  sin ̂ 2 Ay)
M 55 = M l + M 2 + M p + M S

^56 =^65 = 0
M57 = M75 = (Mj + M 2 + M p)(-cosûfs -  sin ^ ) -  

[ l2M ,+ (L 2 + L3 + a)Af p ]cos (02 + a 5 )
M66= (7.48)
M67 = M76 = (M1 + M 2 + M p )(cos a s Ay -  sin a s L ^ -  

[l 2 M 2 + (L2 + L3 + ti)Mp]sin (^2 + )

^ 7 7  =  I p + h  + ( ^ 1  + ^ 2  + ^ p ) ( ^ 3 ;2 + ^ 1  ) + ^2 ^ 2  + ( ^ 2  + ^ 3  +  t i )2 +

2 [ l2 M 2 + (L2 +L3 + ti)Mp ](cos 02 L{ -  sin 02 Ay)

The elements Knm of the 7x7 stiffness matrix K are

^ = E / , | [ ^ k ) ] 2d% + ̂ ^ ( 0 ) ] 2
o

K22= £ /2 |[< (.x2)]2ck; (7.49)
0

3̂3 = 3̂
= 0 else

and the 7x1 generalised force vector P is

p = {r2 w .tz jr ,  w2/(o),o,r2,o,o,r2}T (7.50)

The usual data sets (B) and (C) are applied. T2 is chosen to be 888 Nm according to 
figure 7.14.

T b ( t)  [ N m ]

T 2 =  888

0

Figure 7.14: Time history of T2
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Free base results

The first non-zero natural frequency calculated with equation (2.50) is ftlag = 1.06 
rad/s, which is in very close agreement with the exact fundamental frequency for the 
actual system &het = 1.05 rad/s. Figure 7.15 shows the time history of the vibration y g 
of G. The corresponding system mode shape is shown in figure 6.3.
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Figure 7.15: Time history of yc

In figure 7.15 the amplitude of the vibration yo is 2.8 mm. The SIMPACK result for 
this case is 1.1 mm.

Fixed base results

As before, the equations of motion for a fixed RMS base are obtained from the free 
base equations by cancelling the Shuttle degrees of freedom in the system matrices 
and vectors and by setting them to zero if they appear in the remaining terms.
For the fixed base, the fundamental frequency computed with equation (2.50) is also 
in perfect agreement with the analytical value, &tag = 1.02 rad/s. For this case figure 
7.16 shows the time history of yo- Figure 5.4 shows the actual system mode shape.

VgO) M
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Figure 7.16: Time history of y  g
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In figure 7.16 the amplitude of vibration of yG is 1.2 mm and thus in perfect 
agreement with the corresponding SIMPACK result.

7.2.5 SLEW ABOUT JOINTS

As the last example of open-loop RMS slew manoeuvres we consider an articulation 
of the rigid end effector about Joints with Jointl and Joint2 locked. Again the RMS is 
straight and perpendicular to the Shuttle longitudinal axis, and $  = /?3 is measured 
relative to the extension of Link2 at its tip. The generalised coordinates are and g2 
for the elastic deflections of Linkl and Link2, p3 for the rigid body motion of LinkS, 
and p 4 , ps, pe for the Shuttle rigid body motions in y, z and about x (= as), and thus 
the vector of generalised coordinates is p(f) = q2{t), p3(0, P4(f), p5(t), p6(r)]T.
Using the usual notations, the velocities v%, v2i and v32 relative to the Shuttle are

V1 = 9 lWl(A ) 
v2l= q 2W2{L2) + q1W1'{Ll)L2

V32 =l>3+9, Wi  (L2 )](L3 + a)

(7.51)
(7.52)
(7.53)

and the payload angular velocity relative to the Shuttle is

‘» c = 4 l Wl,{Ll) + q 2W'{L2) + p 3 (7.54)

With the Shuttle motions, the total kinetic energy is

T = p [p4 -  p6Aysmp6 - ( p 6 (L1+L2) + v1 +v2l)cosp6 -

[v32 + P6 (L3 +ti)]cos(p3 + p 6)]2 + 
i M p\.P5 +P 6 4ycosp6 ~ ( p6 (L, +L2) + v 1 + v21)sin p 6 -

l>32 + P6 ( L 3 + «)]sin(p3 + P 6)]2 +
2 [ p 4 - p 6 z1y sin p 6 - ( p 6 ( L i + L 2) + v1 + v 21) c o s p 6]2 + 7̂'55^

}M 2 [p5 + p6 zly cos p 6 -  (p6 (Lj +L2) + v 1 + v 21)  sin p 6]2 + 

\ ^ i l P 4 - P 6  ^ysinPô ~(P6 L\ +v1)cosp6]2 +
VPs + Pe dy cos p 6 -  (p6 Lj + ̂ ) sin p6]2 +

\ M s[Pl  + Ps  ̂+ 1 1 p (#G + Pe)2 + \ Is Pô

In the present case this yields a 6x6 mass matrix M with elements Mnm

M p [cosccs [c o s a s L2 + (L3 + a)cos(as + G2 )]2 + (7.56)

M p [sina s W1 (1 )̂ + [sina s L2 + (L3 + a)sin(as + 02) ] )]2
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m 12 = m 21 = w, ( A ) k  ( i2)(m2 + m p ) + w ' {l 1)m p ( l ,  + a)cos03]+
W,'(L,)[z,2 (M2 + M ,)+ (L 3 +a)M p cose3K  (L2)+ 

w;{Ll)[lp +{Ll +a)2M p +Lï {Ll + a ) M pCOs8,]w'{L1)

M,3 = M31 = cosS3 W, (Lt ) M p ( l 3 + a )+ /p  +Wr1'(Z1)(Z,3 + a ) 2M p +

cos6>3
M14 = M 41 = -  cos« s W, (L1)[m i + M 2 + M p)-W 1'(Z1)(M2 + M p)L2 cosûfs -

K ( A ) ( 4  + a)M p cos(g3 
M i5 = M5i = - s in a s W, (lJIm , +M 2 + M p) - W l'{L1) (M2 + M p)L2 s m a s -  

Wi'(Ll )(Li + a ) M p sm{03 + a s )

M K = M 6i = w i {l i )[l \ [Mi + M 2 + M  p ) + L 2 {m 2 + M  p ) + M  p ( i 3 +a)cos03J+ 

w;{L,)[lp + M p (i,3 + o f  + L 2 {m 2 + M p)(L, + L2)]+

W.tL, ) M p (L, + a)(i, + 2 Z.2)cos 63 -  -dy sin 63 M p (L3 + a)]

K+Mp )[W2 (L, )]2 + [w; (L, )]2 [/p +(L3+a)2MpJ+
W2(L2)W2'(L2)(L3 +a)2M pcosy3 

M23 = M32 =^2 ( 4  +a)cosg3 +W2( l 2)|zp +(L3 + a)2 M p\
M 24 = M a  = -M7, (L2)(M2 + Mp) e o s - W 2 (Z,2) ( l3 + a)M p cos(6»3 + a s ) 
M 2 5 = M 52 = - W 2(L2)(mi +AZp)sin a s - W 2( l z ) ( l 3 +a )M p sm(0y + a s )

M 26 =  M 62 = W 2 ( L 2 ) [ { M 2 + M  p ) { L l + L 2 ) + M  p (Z .3 +  a )c O S  é 1;, j +

^ { l 2)[i p + M p {L3 + a f + M p ( i 3 +a)(L1 +Z.2)cos03] -  (7.56)
W2z(L2 )z/y sin #3 M p (L3 + a)

^ 33=  + ^ p  (-̂ 3 +fl)2
M34 = M43 = - C0S(^ 3 + ^ )M p (4  + fl)
M35 = M 53 = - sin K  + )^ p  ( 4  + a)

M 36 = M 63 = I p + M p (L 3 + a f  + M p iL 3 + ti)(A + A ) c o s 6 , 3  “ S in^ A y M p (L3 +a)  
M  ̂  + M  2 + M  p + M  s

M 45 =  M 54 =  0

^ 4 6  = M 64 = - c o s a s [l 2 [M2 + M ^ + 1 ^  [Ml + M 2 + M p ) \ -

(L3 + a ) M p cos(#3 +df5) - s i n / d j ( m i + M2 + M p)
m 55= m 1+ m 2 + m p + m s

M 5 6 = M 6 5 =(M i + M 2 + M p )cosof5 Jy -  sin [ẑ  Mj + (L: + L2)[M2 + M p ) \ -

sin (03 + a s )(L3 + a ) M  p 

M 66 = I p + I S + (m, + M 2 + M p)(z/};2 +L2)+L2 (m2 + M p)+
2(Li + L2)(m 2 + M p)+(L3 + a ) M p [(L3 + a)+2(L 1 +L2)cos03] -  
2 sin 03 z/y (L3 +a)M p
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and the 6x6 stiffness matrix K with elements Knm

k
K n =£7, j l w ' i x J à x  + ̂ w M

0
k

K * =  Eli f[W2*(x2)]2dx + A2[w; (7.57)

^  = 0  else

The 6x1 generalised force vector P is

p = {r3 <(£, ), r3 K (l2 ), r3, o, o, r3}’ (7.58)

The system is described with data sets (B) and (C) for the fixed and free RMS base, 
and the time history of Tg is shown in figure 7.17.

Tb(t)[Nm]

T,  =  389

Figure 7.17: Time history of Ig

Free base results

For the free base, the fundamental frequency obtained from equation (2.50) is &tag =
0.53 rad/s, which is in close agreement with the exact frequency computed with the 
free base determinant, 6%% = 0.46 rad/s. Figure 7.18 shows the time history of the 
vibration yc of G. The corresponding system mode shape is shown in figure 6.4.

y  a it) [m]
10 15 20

- 0 . 0 0 5

- 0 . 0 1

- 0 . 0 1 5

- 0 . 0 2

Figure 7.18: Time history of yG

► t
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From figure 7.18 the amplitude of y g is 10.5 mm. The SIMPACK result for this case 
is 3.5 mm. This is the only case where the Mathematica and the SIMPACK results are 
not in close agreement, and the reason for this deviation of the two results could not 
be established. However, in view of the fact that the difference between the free and 
the fixed base results for the various simulations are always very small, it is inferred 
that Mathematica is more accurate than SIMPACK in this case.

Fixed base results

As usual, the equations of motion for the fixed base are obtained by cancelling the 
Shuttle degrees of freedom in the system matrices and vectors and by setting the 
Shuttle states to zero in the remaining equations. Applying equation (2.50) yields &tag 
= 0.40 rad/s and is identical with the exact first frequency of the fixed base 
determinant. The system mode shape is shown in figure 5.5, and figure 7.19 shows 
the time history of y  a.

yG(f> M

-0 .005

-o.oi

-0 .0 15

- 0.02

Figure 7.19: Time history of y  g

In figure 7.19 the amplitude of y G is 11.3 mm in the fundamental mode and is thus in 
very good agreement with the SIMPACK result of 12.0 mm.

7.3 BUCKLING LOAD ESTIMATION FOR FLEXIBLE LINKS

Finally we consider a payload deployment from the Shuttle. It is assumed that 
payload deployments are performed with computer calculated RMS motions. We 
consider the general case of all joints driven and thus unlocked. As was shown before, 
the elastic deflections are negligibly small for this case, and the RMS can be taken as 
rigid. However, a typical deployment manoeuvre will load the links not only laterally, 
but also axially, and the magnitude of these forces should be examined.
Figure 7.20 shows a typical deployment manoeuvre as described in [3] where the Tb 
(6 = 1, 2, 3) are the driving torques at the joints Although Tg is necessary to keep 
the payload upright, it will not be used for the analyses. Note that for simplification, 
we assume that Linkl has the same length L as Link2, thus Li = L2 = L, where L is the 
average of the lengths of the two links.
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t
Payload

Figure 7.20:Typical payload deployment RMS manoeuvre

Figure 7.20 shows that the acceleration of the payload along a vertical line causes the 
inertia force Fp. This force produces an axial force Fa in Linkl and Link2. The 
following calculations give the maximum magnitude of Fa.
The maximum acceleration a depends on the maximum torques T\ and T2 at Joint 1 
and Joint2. The forces F\ and F2 at O2 and O3 due to the torques at 0\  and O2 are

" . 4

(7.59)

(7.60)

and to produce a vertical acceleration a

and

F2=Fl

ë 2 = el

(7.61)

(7.62)

It is seen that the smaller of the two torques determines the maximum acceleration a. 
Let the smaller torque be T, thus T=T\  = T2. Then from figure 7.20 it is seen that

2TF = F1 cos 0 + F2 c o s  0 = — cos 0 (7.63)

and the axial force Fa in both links is
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2 T
Fa = Fp sin Q - — cos 6 sin 9 (7.64)

which is maximum for 0 = ^ ( l± 2 n )  n = 0,1,2,3... (7.65)

Thus ' ^ = 1  (7.66)

With the SRMS properties T is the smaller of the two torques T\ and T2 , thus T = 888 
Nm, and the average length of the two SRMS links is L = 6.71 m. Thus equation 
(7.66) yields Fti,max = 132 N.
To check if this force significantly changes the flexural stiffness of the beams, we 
consider the partial differential equation of free vibration of a Bernoulli beam with 
time constant axial force N, which is [41]

El  / v + N{x)  y" + mÿ = 0 (7.67)

In the present case, the boundary conditions of the links are pinned-pinned. The 
natural frequencies of a pinned-pinned Bernoulli beam without axial forces (MX) = 0) 
are

l E M U  (M S,
V m

where El is the flexural stiffness of the link, m its mass per unit length and L its 
length. The natural frequencies for the case N(x) > 0 (compression) and N(x) = const. 
Are

m
NL2 1 
E l n 2 i2

(7.69)

From equations (7.68) and (7.69) it is seen that the compressive axial force N  lowers 
the natural frequencies of the link by the factor/, which is

and/is maximum for the first mode with i = 1. Inserting the above data into equation 
(7.70) and the smaller El  value of the SRMS, Eh = 2.334xl06 Nm2, yields/ =  0.026% 
for the first mode. This shows that the flexural stiffness of the links is practically not 
affected by the expected axial forces and thus the danger of buckling does not exist.
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7.4 RMS TORSION

The effects of RMS longitudinal torsion with an out-of-plane motion of the payload is 
examined here to get an idea of the magnitude of deflections.
A full analysis of coupled beam bending and torsion is not performed, but a 
simplified calculation yields the fundamental torsion frequency for the worst case of a 
straight RMS, holding the maximum payload. This system is modeled by taking the 
two flexible links of the RMS as two revolute springs with constant spring stiffness as 
shown in figure 7.21.

X  <

Figure 7.21 : Model for RMS torsion analysis

Since the related literature about the SRMS does not report torsional joint stiffness, 
the whole system consists of only two revolute springs and the payload inertia about 
the straight RMS axis. The torsional stiffness ki of link 1(1=1,  2) is given by

k, = 9 iI l (7.71)
4

where Gi denotes the shear modulus, // the area polar moment of inertia and L/ the 
length of link /. The two torsional stiffnesses of the flexible RMS links are in series, 
thus the total torsional stiffness K  of the RMS with fixed base is

K =  k' kl (7.72)
K + k 2

It is noted that vibrations only occur if the payload centre of mass G does not coincide 
with the RMS axis. The effective payload inertia about the RMS axis is

(7.73)

where Ip and Mp are the payload rotatory and translatory inertia and where d is the 
offset of the RMS axis from G.
The fundamental frequency co of torsional vibration of the RMS is then
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a>= —  (7.74)

According to [2], the torsional stiffnesses GJi for the two SRMS links are GJi = 
2.067x10 Nm2 and GJ2 = 1.522xl06 Nm2. The lengths of the SRMS links are Li = 
6.37 m and L2 = 7.05 m.
For a worst case configuration we assume Mp = 30000 kg, Ip = 400000 kgm2 and d = 
1 m. Inserting these data into equations (9.35) through (9.38) yields co= 0.55 rad/s. 
The angular deflection a  of the payload due to a moment M about the RMS axis is

Ma  = —  (7.75)
K

To further develop the worst case scenario we let M  = 196.2 Nm. This is the moment 
that would occur if the Shuttle thrusters are fired perpendicular to the straight RMS, 
causing an inertia force Fp = 192.6 N at the payload centre of mass G (see equation
(7.12)), and if <7 = 1 m.
Inserting this M  into equation (7.75) yields a quasi static angular rotation a  = 
1.51345xl0"3 rad. Assuming that the edge of the payload is 5 m offset from the end 
effector, this yields a maximum out-of plane deflection of the payload of 7.567 mm. 
The presented examples are checked using the finite element method programme 
NASTRAN, and the results for the fundamental frequency and the angular deflection 
are in perfect agreement with the figures above.
Due to this worst case analyses it is assumed that the torsional RMS vibrations are 
generally negligibly small. The SRMS related literature does not report analyses of 
torsional vibrations, and it is therefore inferred that the torsional effects are non­
significant, which agrees with the results above.

7.5 SUMMARY

This section shows the results for some representative example simulations of RMS 
dynamic response analysis for the double flexible link system with end effector. For 
all configurations the according system mass and stiffness matrices are derived. The 
simulations are set up by using Lagrange’s equation to obtain the equations of motion 
and by inserting the exact mode shapes for the fundamental frequency for the two 
flexible links for each configuration and a rigid body mode shape for links connected 
to an unlocked joint. This is because for the kinematics the tangent frame formulation 
is used. All simulations are performed using SRMS properties and assuming worst 
case configurations to give estimates of the maximum elastic deflections of the RMS, 
and the results are checked against with SIMPACK simulations, using three mode 
shapes of a cantilever beam for each flexible link.
The results are mostly in very close agreement, and all the simulations confirm that 
the magnitude of elastic deflections in dynamic response analyses is very small with 
typical values in the dimension of millimetres or less. The maximum dynamic 
response with typical values in the dimension of centimetres occurs if the Shuttle
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thrusters are fired, assuming that all joints are locked. This is also stated in [5], but 
without any justification or explanation. Since it is very likely that the Shuttle is able 
to produce more acceleration along its longitudinal (roll) axis than about it, it is 
assumed that the introduction of a spatial 3d formulation of the equations of motion 
does not yield dynamic responses bigger than those presented here. If one or more 
joints are unlocked the elastic deflections due to torques at the RMS joints are proven 
to be negligibly small, allowing for the assumption of rigid bodies.
Due to the present results it is therefore assumed that only if all RMS joints are 
locked and if the Shuttle thrusters are fired, the deflections make an active damping 
control necessary. For manipulators with properties similar to the SRMS it is inferred 
that damping control schemes using the joint motors themselves as actuators, as for 
example proposed in [5], [9] and [69], are superfluous because they can only be 
applied to unlocked joints, and joint configurations with unlocked joints yield elastic 
deflections that are much smaller than the positioning accuracy of the SRMS, which 
is ± 5.08 cm ([3]). It is believed that the result of the study referred to in [9], stating 
that the time waiting for SRMS tip motions to damp down to a sensible magnitude are 
about 10 hours over 15 space station assembly missions, is mainly due to Shuttle 
thruster firings and not due to SRMS slew manoeuvres. It is noted that even without 
active damping control, an overall structural damping coefficient of about 1% can be 
assumed for the SRMS ([!]). Together with the typical natural frequencies this seems 
to be sufficient to deal with the deflections due to SRMS slew manoeuvres.
This chapter also examines the effects of axial loads during a typical payload 
deployment manoeuvre on the flexible links. For a worst case scenario the effects are 
negligibly small, so that axial loads do not have to be taken account of in further 
simulations.
Finally the effects of RMS torsion are estimated using a simplified model. For a worst 
case scenario this model yields torsional deformations of the two flexible links that 
are negligibly small, thus confirming that RMS torsion does not have to be taken into 
account with complex coupled beam bending and torsion equations when setting up 
flexible RMS models.
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CHAPTER 8: RIGID BODY RMS CONTROL

This section develops the equations of motion of the triple articulated rigid body 
RMS with free and fixed base and possible control algorithms. Although motion 
control of the RMS is not a main purpose of this thesis, a control scheme using 
Lyapunov stability theory will be developed. The proposed control schemes compute 
the forces necessary to produce a desired RMS motion, and if the resulting elastic 
deflections are desired, the computed control forces can be re-inserted into equations 
of motion that account for the link flexibility, given in the previous chapter. However, 
the elastic deflections due to RMS slew manoeuvres were shown to be very small.

8.1 EQUATIONS OF MOTION

In this sections we only consider the general case of a slew manoeuvre with all three 
links driven. For other joint configurations the equations of motion are given in the 
previous chapter. To derive the Shuttle / rigid RMS equations of motion using 
Lagrange’s equation, we consider figure 8.1, where apart from the usual notations of 
chapter 7, FSy, Fsz and Ts are the Shuttle control forces and torques (Mi and M% are the 
substitute point masses for the distributed beam masses and mti from chapter 7).

In e r t ia l

fr a m e

Figure 8.1: Shuttle / rigid RMS velocity components

Again using the notation of chapter 7 for the generalised coordinates, they are# = pi, 
&i = P2 and 03 = P3 for the rigid body rotations of Linkl , Link2 and Link3, and p4, ps 
and pe for Shuttle linear motion in y, z and rotation about x (= as). Thus the 
generalised coordinates vector is p ( f )  = [pi(t), p 2(t), p 3 ( 0 ,  p4(t), p 5(t), P6(t)f. Note that 
since the RMS is rigid here, no gear box effects arise and thus lgb = 0 (b = 1,2 , 3). 
With figure 8.1, the usual velocities vi, v2i and V32 relative to the Shuttle are

1
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n = Pi A
V21 = { P 2 + P l ) L2 

vn = { P i + P 2 + P i ) { h + a )

(8.1)
(8.2)
(8.3)

where the velocity of G relative to the Shuttle is vg= vi + vn + V32.
The shuttle velocity components are

vs, = Pi,  vsz = Pi, a)s=P( ,  (8.4)

The payload angular velocity coo relative to the Shuttle is

= À  + P2 + P3 (8.5)

With the Shuttle rigid body motions the system kinetic energy in y  and z components 
of the inertia frame is

r  M ,, [P-t -  P e  ^  s in  P 6 -  ( v i +  P 6 A  ) c o s  ( P i  +  P 6 )  ~

(v2i + P6 A ) C0S(Pi + P2 + P « )-
(v32 + P6 (A + «)) cos (p, + p2 + f>3 + p6 )]2 +

1 44 ,  [p, + p6 dy cos p6 -  (v, + p6 L, ) sin (p, + p6 ) -  

(v21 + P6 A)sin(p, + P2 + p6) -  
(v32 + P«(A +u))sin (p, + p2 + p3 + p6)]2 +

{ Af2 [p4 -  p6 dysinp6 - (v, + p6 A )cos(p , + p6) -  (8.6)
(v21 + p6 A  ) cos (p, + p 2 + p6 )]2 +

|M 2[p5 + p6 dycosp6 - (Vj + p6 A ) sin(p, + p 6)p, -

(v2i + P6 A> ) sin (P[ + P2 + p6 )]2 + 
yMi [p4 -  p6 dy sin p6 -(v , + p6 A )cos(p , + p 6)]2 +

|4 4 i [p5 + p6 dy cosp6 - (v, + p6 A ) sin (p3 +p^))2 +

|4 4 s [p4 + P ;] + j A  +P«]2 + { A  Ps

Neglecting Coriolis and centrifugal effects as usually, the application of Lagrange’s 
equation (2.48) to p(r) = [pi(r), piit), ps(t), p^i), p5(f), pe{t)Ÿ in equation (8.6) yields a 
6x6 symmetric mass matrix M with elements Mnm given by

= M p [l  ̂+ Z,2 + (Lj + fl)2 j+ (Mj + M 2 ) + L2 M 2 +
2Lj L2 (m 2 + M p)cos02 + 2 L 2 (L3 +a)M p cos<93 + (8.7)
2(L3 + a)Lx M p c o s (û 2 + 03 )
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M 12 — M 21 — M p [û, + (L3 + J + L2 Af 2 L2 ( m 2 + Af p )cos 62 +
2 L2 (L3 + <z)Af p cos ̂ 3 + (L3 + Af p cos(#2 + 03 )

Af 13 = Af 31 = M p (L3 + a) + L2 (L3 + a)M p cos03 + Lj (L3 + cl)M p cos{02 + ^3 )
Af 14 = Af 41 = —Lj (Af j + Af 2 + M p Jcos + G?s ) — L2 (Af 2 + Af p Jcos (^ + 02 + Gf5 ) —

(L3 + a)M p COS (̂ j + 02 + 03 + )
Af 15 = Af 51 = —Lj (Af j + Af 2 + M  p Jsin (0, + Gf s ) — L2 (Af 2 + Af p Jsin (^ + d2 + ĝ 5 ) — 

(L3 + a)Mp sin (0% + 02 + 3̂ ^5 )

1̂6 = ̂ 61 = ki + ̂ 2 + (̂ 3 + û)2 J+ ̂ 1 (̂ 1 + ̂ 2)+ -̂2 -̂ 2 +
2L1L2{m  2 + M p )cos 62 + 2 L2 (L3 + a)Af p cos 03 +
2 (L3 + a ) M  p cos (02 + 03 )— /dy Z/j (Af j + Af 2 + M p jsin 0% —
Jy L2 (m2 + Afp)sin(01 + 02) -  zly (L3 + tf)Afp sin(0i + 02 + 03 )

Af 22 = M p [Z/2 + (L3 + <2) ] + Z/2 Af 2 + 2L2 (L3 + a)Mp cos03

Af 23 — Af 32 = Afp (L3 + ûi) + L2 (L3 + ü)M p cos 03
Af 24 — M q = —Z/2 (Af 2 + M p Jcos (0j + 02 + Gf5 ) — (L3 + ajM p cos (0% + 02 + 03 + ccs ) 
Af 25 = Af 52 = —Z/2 (Af 2 + M p Jsin (01 + 02 + Gf ̂  j — (z,3 + a)M p sin (0j + 02 + 03 + Gf5 )

Af 26 = Af 62 = Af p [Lj + (Ls + a)2 ]+ L2 Af 2 + Lj L2 (Af 2 + Af p Jcos 02 +
2L2 (L3 + a) Afp cos 03 + (Z3 + M p cos (02 + 03) -
zly L2 (Af 2 + Af p Jsin(0, + 02)-ziy  (Z3 + a)M p sin(0  ̂+ 02 + 03)

^ 33-  I p + iL3 + a )Z M p (8.7)
Af 34 = Af 43 = —(z,3 + ajM p cos (0t + 02 + 03 + Gf5 )
M 35 = M 53= ~(L3 + tijAfp sin (0: + 02 + 03 + )

M 36 = M 63 = I p + M p (L3 + a)2 + L2 (L3 + «)M p C0S 3̂ +
(L3 + <z)L, Afp cos(02 + 03) - / î y  (L3 + ajAfp sin(0  ̂+ 02 + 03 )

Af 44 = Af1 + M 2 + Afp + M s

M A5 = M 5a= 0
M46 = M64 = “L1 (M1+Af2 +Afpjcos(01 + « 5) - L 2 (Mj + Afp Jcos (0! + 0 2 +Gf5J-  

(L3 + ajM p cos (0j + 02 + 03 + Gf5 ) — zfy (Af 1 + Af 2 + Af p Jsin ocs 
M 55 = M l + M 2 + M p + M s
M 56 = M 65 = L\ [M i +Af2 + Afp Jsin (0, + a s ) - L 2{fd2 + Afp Jsin (^ + 02 +ür5) -  

(Zi3 + ajM p sin (0̂  + 02 + 03 + Gf5 )+ z/y (Af j + Af 2 + Af p Jcos Gfs 

M gg =  / ,  +  k  +  z fy  '  )(AZ, +  M 2 +  M p  ) +  Z,2 ( M 2 +  AZp ) +  (Z,3 +  a ) 2 M  p +

2 Lj L2 (m2 + M p Jcos 02 + 2 L2 (L3 + <z)Mp cos03 +
2 (L3 + a)Lj Mp cos(02 + 03) — 2 zfy Lj (mj + M2 + Mp Jsin 0j —
2Ay L2 (m2 +Mp Jsin(0j + 02) -  2 Jy (L3 + a j Mp sin(0j + 0 2 + 03)
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Note that although the Coriolis and centrifugal terms are always neglected in this 
thesis due to the very small angular velocities involved and due to the analysis in 
chapter 2.4, the following control methods could also be applied if these effects are 
taken account of.
Since the system is without potential restrictions (V = 0), no stiffness matrix arises 
and the equations of motion of the triple articulated rigid RMS are thus

M(p) p = P (8.8)

with P = [Tl +T2 +T3,T2 +T3,T3,FSy,FSz,TS +Tl +T1 +T3]T since there is no torque 
backcoupling due the high ratio gear trains.

8.2 INVERSE DYNAMICS METHOD

The control of the RMS system expressed by equation (8.8) is an interesting task 
since the mass matrix is clearly state-variant due to variation of configuration, or M = 
M(p). Therefore the desired torques to move the RMS from an arbitrary initial to an 
arbitrary final state are non-symmetric in the general case, which means that the 
accelerating and the decelerating torque profiles differ.
The first possibility to create the necessary torques for a desired RMS motion is to 
use the common method of inverse dynamics, which makes use of the fact that the 
equations of motion are already explicitly solved in equation (8.8). It is now possible 
to give any desired acceleration profile, and inserting this profile will automatically 
yield the required torques, or P = M p . But although the theory is simple, realisation 
requires practical considerations.
First it can be seen from the above equation that depending on the inserted p , the 
generalised forces P can grow arbitrarily large. But since in reality the maximum 
torques are restricted, they must be taken account of.
This is essentially a problem of scaling. Restricting the desired accelerations in a 
proper way will make sure that the real maximum control torques will not be 
exceeded. In order to do so one has to find the global worst case of desired control 
torques, which is shown in figure 8.2.

•  G

Figure 8.2: Global worst case of desired control torques

From figure 8.2 it is seen that the worst case for the RMS control torques arises when 
all links are driven or accelerated into the same direction, starting from the straight
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position with Q\ = &2 = (h = 0°. This is because in that case the reaction forces at the 
tip of link / ( / = ! ,  2) due to a torque 7/+i are maximum so that the reaction forces 
drive link I to the opposite of the desired direction. In other words, the off-diagonal 
coupling elements in the mass matrix M are maximum for this situation.
Thus inserting p i =  p i =  f 3 = 0 (that is = $2 = = 0°) and any initial position of the
Shuttle p4, ps and ps (for simplicity also let pA = p5 = p 6 = 0) into M will give Mo for 
the worst case of RMS control torques. This however does not solve the problem of 
restricted control torques completely, since we still have to choose the vector p . Note 
that in the present case we are only concerned with RMS slew manoeuvres and thus 
want the Shuttle to keep its position in space. Therefore in all the following 
simulations p 4 = p 5 = p 6 = 0.
As was said, once p is known it can always be scaled to give the P smaller than or 
equal to the maximum joint torques. But the ratios of the elements of p must be 
defined beforehand. Since the possibilities are infinite, we let the ratios of the 
accelerations equal the ratios of the maximum joint velocities. This will lead to the 
effect that all joints will reach their maximum joint velocity at the same time, if the 
maximum joint velocities are taken account of. Thus we first calculate some initial 
values Po of the generalised forces P by letting

P0 = M 0p0 (8.9)

where p0 = y[<9l rmx, 02 max, 03 max, 0, 0, 0]T. The factor 1 adapts the velocities to the 

accelerations, and the 0b max (b = 1, 2, 3) denote the maximum allowed joint velocities 
of the RMS.
Now the Po must be scaled to fit the maximum allowed torques Tb,max (& = 1, 2 , 3) of 
the RMS. This is done by multplying p0 with a scaling factor /, thus p ^ x = p 0/ . 
This scaling factor must be equal to the smallest of the ratios T̂ max / 7&,o or

/  = min(ri,,„I /r M) (6 = 1,2,3) (8.10)

where the T̂ .o are computed from Po by recalling the generalised forces vector above, 
thus r3)o = P3,0? r2,o = P2,0 -  73,0, T'i.o = Pi,0 -  r3)o -  72,0 and so on.
It is noted that the above procedure has to be performed for every individual payload, 
but this can be done with a computer yielding the result practically immediately.
The fact that the maximum torques may not be fully utilised in any situations other 
than the worst case situation shown in figure 8.2 if we insert the global worst case 
accelerations p ^ x obtained with the above method does not significantly lower the
performance of the RMS, since the maximum angular velocities are so small that, 
compared to the time of a typical slew manoeuvre, it makes little difference if the 
angular velocity is reached some seconds sooner or later.
If the maximum angular accelerations are known, the time history of the accelerations 
of a desired slew has to be created. The symmetric acceleration/deceleration profile 
for the rigid link Z? (Z> = 1, 2 , 3) is shown in figure 8.3, where 0b jmx = p b max For the 
present case we only consider bang-bang accelerations.
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Figure 8.3: First possibility of symmetric acceleration/deceleration profile

There are in principal two possibilities for the acceleration/deceleration profile, if the 
maximum allowed joint velocities 4 ,max (& = 1, 2, 3) are taken into account. The first

possibility is shown in figure 8.3, where Ôb m̂  is not exceeded if the maximum joint 

acceleration 06 max = p6 max as calculated above is applied until t\ =

The second possibility is shown in figure 8.4. Here the joint velocity ^ jinid would be 

larger than the allowed maximum joint velocity 06 max, if 6b nax = p b imx were applied 

until fmid. Therefore in that case 06 max = p btXua must be switched off before as 
shown in the figure.

ŷmd ^Lmax__\i>

+ t [s]

Figure 8.4: Second possibility of symmetric acceleration/deceleration profile

In order to find out which one of the two cases applies, we first check if the maximum 
angular velocity would be exceeded if the acceleration switching occurs at fmid.
For a constant angular acceleration 4 ,max °f Joint b, the velocity ÔbMd at fmid is

^ 6 , mid ^ 6 , max ^mid (8.11)

where fmid is the time at mid-slew. The angle 6b nid at mid-slew due to the constant 
acceleration is

a  -  ] _ n  t i
6 ,mid 2 6 ,max mid (8.12)

where 0bMd is
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96.™d = } y6,d=s (8.13)

where ObtùBS is the desired relative angular motion. Solving equations (8.11) and
(8.12) for fmid and inserting one equation into the other we can write

(8.14)

Then the velocity ^  ^  at mid-slew is

A ,,m id  —  ^ 6 , des ^ 6 , max (8.15)

If %,mid < 4 ,max » see figure 8.3, the acceleration switching times are

_rmid -  (8.16)
6 ,max

and t2 = 2 j p & -  = 2 t l = 2 t ^  (8.17)
6 ,max

The acceleration/deceleration profile is then given by

Ôb = ,̂max [cy(^)-2a(r-r1) + G(r-r2)] (8.18)

where g denotes the unit-step function, see figure 8.3.
If #6,mid > 4 ,max ’ sce figure 8.4, the switching times have to be calculated 
accordingly. Time ti is given by

= S = -  (8.19)
0b,TD3X

The angle (96 acc that the actual robot link rotates through during the acceleration 
phase between r = 0 and t\ is given by

%.acc=T%.max  ̂ (8.20)

The angle 0b Q through which the actual robot link rotates without acceleration, that is
the rotation between t\ and (see figure 8.4), is
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e b,a =  9 e,d=s - 26ll,,a« = 06,d=s *1 (8-21)

Since we know that the actual robot link rotates through angle db Q with 6 b̂ x, the
time tfjfi between the accelerating and decelerating phase, that is the time between t\ 
and is

0bQ
(8.22)

6 ,max

Then t2 and t3 are given by r2 =  ̂+ ̂  0 (8.23)

and t3 = t 2 + r1 (8.24)

The acceleration profile for Link b is now given by

= 0 b m  (8.25)

as shown in figure 8.4.
Performing the previous calculations for each link gives the necessary acceleration 
profiles. The profiles are now integrated twice to give the time-history of the angles. 
With the known time-history for every link, the time-history of the mass matrix M in 
equation (8.8) is also known. Using equation (8.8) with the known accelerations and 
mass matrix yields the time-history of the necessary torques.
To validate the method, the calculated torques can be re-inserted into the original 
equation (8.8), thus

p = M _1 P (8.26)

Solving the differential equations (8.26) must give the same results as the procedure 
leading to the equation. This was checked for one example RMS slew manoeuvre.

8.3 LYAPUNOV’S DIRECT METHOD

The second control scheme uses Lyapunov stability theory to control the RMS 
motions. A brief summary of Lyapunov’s direct method is given subsequently. More 
detailed information is given in [61] and [62].
To illustrate the basic idea in Lyapunov’s direct method, we first define the term of 
neighbourhood B5. The state vector x = [p,p]T is in the neighbourhood Bs (xr(0) of 
the reference state xr(r) if

(8.27)

It is noted that the norm used in equation (8.27) is the Euclidian norm. Therefore a 
certain neighbourhood can be visualised as a three-dimensional spherical region of
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radius S around the state xT(t).
The next step is to formulate a positive (negative) definite function. A function L(x) is 
said to be locally positive (negative) definite about a reference state xr if for

x = xr => L(x) = 0 (8.28)

and if there exists a region 0 so that

V x6 Bs (x t )=> L(x)>0  ( l ( x ) <  O) (8.29)

excluding x = xr. If equation (8.28) holds true for any state vector x, that is if S = 
then L(x) is globally positive (negative) definite.
Equations (8.28) and (8.29) guarantee that L(x) has a unique local or global minimum 
(maximum) at xr. Since it is known that dynamical systems tend to a state of 
minimum total energy, the concept becomes clear. In the case of a negative definite 
function L(x), one simply changes the sign, so that -L(x) is positive definite.
Similarly, positive (negative) semi-definite functions are defined. A function L(x) is 
said to be locally positive (negative) semi-definite about a reference state xr if

excluding x = xr. If equation (8.31) holds true for any state vector x, that is if S = °°, 
then L(x) is globally positive (negative) semi-definite.
We see that a semi-definite function can have extremas other than the desired target 
state.
Following the concept above, a matrix A is positive or negative (semi-) definite if for 
every x excluding x = xr

x = xr => L(x) = 0 (8.30)

and if there exists a 0 so that

V x e (x J  => L(x) > 0 ( l ( x )  <  0) (8.31)

> 0 => positive definite
T . > 0 => positive semi - definite

x Ax ='<
< 0 => negative definite

(8.32)

< 0 => negative semi - definite

To prove a dynamical system to be stable, Lyapunov functions are created.
A function L(x) is a Lyapunov function if it is continuous and there exists a 0 so
that for any x e  Bs (xr )

1. L(x) is a positive definite function
2. L(x) has continuous partial derivatives
3. L(x) is negative semi-definite

(8.33)
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It is noted that although L(x) explicitly only depends on x, the Lyapunov function is 
time varying since x is time varying.
Writing the dynamical system in state space form as

x = f(x) (8.34)

the time derivative of L(x) is found to be

Hence with all the previous definitions we can define Lyapunov stability.

Lyapunov Stability:
If a Lyapunov function L(x) exists for the dynamical system x = f  (x), then this system 
is stable about the origin.
Note that if this condition is not fulfilled, we cannot conclude that the system is 
unstable. Another theorem or Lyapunov function may be found to prove stability or 
instability for this case.

Asymptotic stability:
IfL(x) is a Lyapunov function for the dynamical system x = f(x), then this system is 
asymptotically stable if

1. the system is stable
2. L(x) is negative definite

Exponential stability:
If L(x) is a Lyapunov junction for the dynamical system x = f (x), and if this system is 
asymptotically stable, then the system is exponentially stable if there exist scalar 
constants C2 '>c\ > 0  and À> 0, k>  0 so that

1. L < - A L

2. c j x f  < L (x )< c2||xf

To illustrate the method, we examine the stability of a simple spring-mass system in 
the sense of Lyapunov as follows,

m p  + k p  = 0 (8.36)

To obtain a convenient Lyapunov function we take the sum of the system total kinetic
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and potential energy about the states p = 0 and p = 0.  Therefore the proposed 
Lyapunov function is

L{x) = L{p,p) = \ m p 2 + \ k p :t (8.37)

It is seen that L(x) = L(p,p)  satisfies all three criteria of the definition (8.33). In the 
present case #  = <=,, so that any stability will be global.
The derivative of L is given by

L{p,p) = {mp + k p ) p  (8.38)

where the dynamical system can be substituted, so that

L{p,p) = 0 (8.39)

and thus in equation (8.32) the fourth case applies. In the present example L is only 
negative semi-definite, therefore the system is only stable in Lyapunov’s sense, but 
not asymptotically stable. Indeed, we know that the undamped oscillator is stable 
about its equilibrium state p = p = 0 , but will never reach it from a disturbed state. 
Applying Lyapunov’s direct method to the triple link rigid RMS, we have to define a 
proper Lyapunov function, which has to take account of both the orientation of the
links and their velocities, so that a desired state should be reached and the velocities
become zero. Therefore we have to formulate a Lyapunov function in terms of the 
states x and x . [62] states that Lyapunov functions can be linearly combined, so that 
it is possible to define a position-based function and a velocity-based one.
Prior to the following analyses it is however noted that for a given dynamical system 
there may exist an infinite number of possible Lyapunov functions, and finding an 
optimal Lyapunov control law can be a very challenging task ([62]).
The RMS equations of motion are given in equation (8.8). A possible velocity-based 
Lyapunov-function for any dynamical system is the total kinetic energy ([62]). Since 
in the present case the target velocities are zero, we define

L(p) = } p TM p  (8.40)

where M = M(p). The time derivative of L is

L = } p TM p  + } p TM p  + } p TM p ,  (8.41)

Since M is symmetric, we can write

L  =pT M p + j p TM p = pT(M p + -l-M p) (8.42)

Substituting the equations of motion (8.8), equation (8.42) yields
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L = pT(p + } M p ) (8.43)

We use the identity ([62])

pTM p  = 2 ; p j (pTM pj p) = pT p̂TM p p) (8.44)
7=1

where and M p denote the partial derivatives of M with respect to pj and p.
Since Coriolis and centrifugal effects are neglected, equation (8.44) is zero in the 
present case. Thus equation (8.43) simplifies to

L = pTP (8.45)

To guarantee that L is negative definite, we define the control torque

P = - c p  (8.46)

where c is a positive scalar feedback gain. The control law (8.46) is well-known from 
standard control analysis, leading to an asymptotically stable system.
It is shown in [62] that another control law can be obtained by making the feedback 
gains time dependent. This is achieved with

P = - c M p  (8.47)

with c being a positive scalar feedback gain. The configuration dependent matrix M = 
M(p) in control law (8.47) acts as variable feedback gains, which improve the 
performance.
One of the benefits of control law (8.47) over (8.46) is its exponential stability, which 
is proven in [61].
The position dependent Lyapunov function is found in a similar way. We formulate L 
as

L ( p )  = { A T B  A  (8.48)

where A  denotes the position error vector p actuai - Pdesired, and where B  is a matrix of 
position feedback gains similar to imaginary springs. In the present case B  is a 
diagonal matrix, since the position error of one of the joints must not influence the 
desired target position of the other joints.
Performing the analyses given in equations (8.40) through (8.47) for the attitude 
dependent Lyapunov function L finally yields the control law

P = -cA  (8.49)

or, similar to the velocity control law, the improved form
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P = —cM A (8.50)

where c is again a positive feedback scalar. The velocity and position based control 
laws, equations (8.47) and (8.50), can now be linearly combined to give

P = - c 1M p - c 2MA (8.51)

where ci and C2 are the velocity and position feedback gains respectively. Equation 
(8.51) is further simplified to

P = - M ( c ,p  + c2A) = -M C  (8.52)

It is seen from equation (8.52) that depending on the position error A, the feedback 
gains can theoretically grow arbitrarily large, whereas the maximum velocity errors 
are identical to the actual maximum allowed velocities. However, in practice the 
position errors of the RMS joints can only be tt since the motions are rotations. 
Inserting the maximum possible position errors and the maximum velocity errors into 
equation (8.52) together with the worst case configuration Mo of the mass matrix M, 
see figure 8.2 and text, yields the maximum magnitudes of the control vector 
elements. This allows for computation of ci and C2 so that the maximum allowed 
torques are never exceeded.
Similar to the inverse dynamics method, the feedback gains have to be computed for
each payload and can be optimised by computation for each individual slew
manoeuvre.
As mentioned before, we only consider RMS slew manoeuvres here and therefore 
wish the Shuttle to keep its position in space. Thus taking into account the maximum 
allowed joint velocities, the elements Q  of the control vector C in equation (8.52) 
finally become

c i Pj + c2 {Pj  -  P ; ,* ,  )’ i f  |P ;  | <  P ,.™ ,

ci Pj  +  c2 {Pj ~ Pj*. I if sign [c, pj  + c2 {Pj -  P j ^  )] # -sign [p; ]
0, for any other case

for j  = b = 1,2,3 and Cy = 0 for j  =4,5,6.

The second condition in equation (8.53) checks if the velocity would be decelerated 
or still accelerated, if the unrestricted control law (8.52) is fed back.
If the control law allows the joint torque motors to become saturated, it is said to be 
Lyapunov optimal.
A Lyapunov optimal control law is not desirable here due to the following reason. If 
we assume SRMS properties and allow the maximum joint torques to be fully 
utilised, it is possible to create configurations where one joint torque is completely 
overridden by the reaction forces of another joint torque, so that although the 
maximum torque is already applied, the joint is actually driven in the opposite 
direction. This is clearly not desired for SRMS manoeuvres. Therefore the method of 
restricted feedback gains is preferred.

159



8.4 EXAMPLE RMS SLEW MANOEUVRE

With the described inverse dynamics and Lyapunov’s direct methods we wish to 
obtain the torques to perform the following rigid triple articulated RMS manoeuvre. 
From the straight configuration 0i = ^  = $  = 0°, we require the first, the second and 
the third link to rotate through relative angles 6 \^  = ^ des = $des = 30°, when the 
RMS is carrying a payload. Figure 8.5 shows the desired manoeuvre.
The SRMS system properties are 7%,max = 1298 Nm, r2,max = 888 Nm, 7;,max = 389 
Nm, l̂ max = 0.004 rad/s, 6?2 max =0.0056 rad/s, 4 ,max = 0.0083 rad/s, L\ = 6.37 m, L2 =
7.05 m, L\ = 1.88 m, M\ = 25.48 kg, M2 = 28.2 kg, and since the joints are rigid and 
unlocked, also Ig\ = Ig2 = /g3 = 0 and /li = /l2 = /I3 = 0. The payload is chosen Mp = 
10000 kg,Ip = 37500kgm2, and a - b l l -  1.5 m.

F inal
c o n fi­

guration

3des

S hu ttie

Ides Initial
con figu ration

Figure 8.5: Example of a desired RMS manoeuvre

8.4.1 RESULTS WITH INVERSE DYNAMICS METHOD 

Fixed RMS base

As before, the equations of motion for the fixed base are obtained from the equations 
of motion for the free Shuttle, equations (8.7) and (8.8), by striking the Shuttle 
degrees of freedom in the system matrices and vectors and by setting them to zero.
For the present case/is calculated with equations (8.9) and (8.10) to be / =  0.066325, 
giving the maximum necessary torques 7% = 650 Nm, 72 = 719 Nm and 73 = 389 Nm 
for the worst case (straight RMS and all links accelerated in the same direction).
The necessary torques for the desired manoeuvre are computed with equation (8.8) 
after the accelerations are computed with equations (8.11) through (8.25) and
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integrated twice to give the time histories of the velocities and angles, as described. 
The torques are given in figures 8.6 through 8.8, and the joint angles, velocities and 
accelerations are shown in figures 8.9 through 8.11.

T x [ N m ]  

▲
T2 [ N m ]  

A

600

400

200

25 50 \_ji "> t
LzT

Figures 8.6 and 8.7: Computed torques T\ and Ti

It is noted that the worst case torques are only utilised if all links are accelerated in 
the same direction from the straight configuration. Figure 8.6 shows that a desired 
bang-bang acceleration does not automatically require a bang-bang torque due to the 
time-varying mass matrix.
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Figures 8.8 and 8.9: Computed torque T3 and time-history of joint angles
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Figures 8.10 and 8.11: Time-history of joint velocities and accelerations

As can be seen from figures 8.9 and 8.10, the desired angular motions are performed 
accurately, while the maximum angular velocities are not exceeded.
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Free RMS base

As mentioned before, we want the Shuttle to keep its position in space while 
operating the RMS. This effectively yields a fixed base, so that the time history of the 
RMS joint torques, angles and velocities is identical to the respective time histories 
for the fixed base, figures 8.6 through 8.11.
However, using the equations of motion for the free base yields the necessary control 
forces to perform the desired motion, here to keep position. Figures 8.12 through 8.14 
show the necessary Shuttle control forces FSy and FSz in y and z and the control
moment Ts about x.

Fs,  [ N ]  Fsz [N ]
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-1 0
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-80

-1 0 0

Figures 8.12 and 8.13: Shuttle control forces FSy and Fsz 
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Figure 8.14: Shuttle control moment Ts

It is noted here that due to lack of information it is not known whether the Shuttle is 
capable of producing the desired control forces as indicated in figures 8.12 through 
8.14, and if not, the factor /  has to be re-computed with the described procedure to 
yield results that do not exceed the maximum Shuttle control forces.

8.4.2 RESULTS WITH LYAPUNOV’S DIRECT METHOD 

Fixed and free RMS base

Analogue to the results obtained from the inverse dynamics method, the joint torques, 
angles and velocities are identical for the free and fixed RMS base case, when the
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Shuttle is desired to keep its position in space, thus effectively producing a fixed base. 
ci is computed analogous to the scaling factor/from the inverse dynamics method by 
inserting some initial value C2,o of C2 into the worst case configuration Mo of M and 
then finding the smallest of the ratios T̂ max / %6,o, see equations (8.9) and (8.10) and 
text. This procedure yields C2 = 6.47831 xlO"4 and gives T3 identical to the worst case 
torque Tg for the inverse dynamics method, that is 389 Nm. To be able to compare the 
different control methods c\ is chosen so that no overshoot occurs at the target state, 
which by experiment gives c\ = 0.045.
To illustrate the different results using the two different control schemes, figures 8.15 
and 8.16 show the time history of torque T\ and the joint angles, and figures 8.17 and 
8.18 show the joint velocities and accelerations. From these figures it is seen that the 
desired motions are performed accurately, while the maximum joint velocities are not 
exceeded, like when using the inverse dynamics method.
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Figures 8.15 and 8.16: Computed torque T\ and time-history of joint angles
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Figures 8.17 and 8.18: Time-history of joint velocities and accelerations

8.4.3 COMPARISON OF INVERSE DYNAMICS AND LYAPUNOV METHOD

The following figures 8.19 and 8.20 show the comparison of the results obtained from 
the two different methods for the joint angle 6\ and the associated joint torque T\.
The figures reveal that the performance of the Lyapunov method is poor compared to 
the inverse dynamics method. This is due to the fact that the time history of the mass 
matrix and the angles is known a priori with the inverse dynamics method, while the 
Lyapunov control law has to adopt to the actual states and cannot look into the future.
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Figures 8.19 and 8.20: Time-history of 61 and T\ 
for inverse dynamics and Lyapunov method

It is seen that the inverse dynamics method fulfils the desired manoeuvre in about 145 
seconds, while the proposed Lyapunov control law needs about 280 seconds.
A remarkable difference between the inverse dynamics method and Lyapunov’s 
method is that with Lyapunov’s method all states are brought to the desired target at 
the same point of time, see figure 8.16. For example, if Linkl has to rotate through a 
very large angle to the target state and Link2 through a very small angle, Link2 does 
not reach its final state earlier than Linkl, but together with Linkl. By contrast, if the 
RMS slew is calculated with the inverse dynamics method, every link reaches its final 
state independent from the others, see figure 8.9.
Another important difference between the two methods is that the inverse dynamics 
method always utilises the maximum accelerations as set prior to the manoeuvre, for 
the acceleration as well as the deceleration phase, whereas the control law obtained 
with Lyapunov’s method has configuration dependent angular accelerations.
Using Lyapunov’s control law, the target states are approached more or less slowly, 
depending on the chosen velocity and position feedback gains. Therefore the torque 
profiles of the closed-loop control law for a desired manoeuvre are much smoother 
than the profiles of the open-loop control law, yielding smaller vibration amplitudes 
in dynamic response analyses than bang-bang accelerations.

The advantages of the inverse dynamics method are:
- fast computation (linear algebraic equations)
- the differential equations of motion do not have to be solved
- no overshoot at the desired final positions

The disadvantages are:
- the maximum torques may not be fully utilised with the proposed method, but 

more sophisticated algorithms to compute the maximum angular accelerations can 
be invented

- the inverse dynamic method only gives the necessary torques for a desired 
manoeuvre, a real-time control of the RMS attitude is not possible (open-loop 
control).
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The advantages of the Lyapunov method are:
- the control algorithm can be used for closed-loop real-time control
- a control law obtained by Lyapunov’s direct method is robust to modelling errors
- the equations of motion do not have to be solved to obtain the control law

The disadvantage is:
- slow computation (non-linear differential equations).

8.5 SUMMARY

This section introduces two methods of rigid body motion control of the triple 
articulated RMS / Shuttle system. The two methods are derived using Lagrange’s 
equation to obtain the equations of motion for this system.
The first method presented is commonly known as the inverse dynamics method, 
which makes use of the fact that the equations of motion, once set up, are already 
explicitly solved for the generalised forces. Thus by inserting the desired 
accelerations, the equations of motion automatically yield the necessary generalised 
forces to produce those accelerations. In practice the application of this method can 
be complicated by taking into account certain boundary conditions such as maximum 
allowed generalised velocities, generalised forces or accelerations. The inverse 
dynamics method can only be used for open-loop control of the RMS.
The second method derives a control law using Lyapunov’s direct method, which is a 
very sophisticated way to derive control laws for dynamical systems without having 
to solve the equations of motion.
Similar to the first control law, this control law is formulated to allow for boundary 
conditions like maximum velocities and forces. The control law can be used for 
closed-loop attitude control of the RMS.
The two control laws are compared by the performance of an example slew 
manoeuvre. The results show that a desired manoeuvre is performed faster using the 
inverse dynamics control law, since with this method the time-history of the 
accelerations and thus motions and thus the configuration dependent mass matrix is 
known a priori, whereas the closed-loop control law has to adopt to the actual 
configuration without being able to look into the future.
With the open-loop control law, each link is brought to its target state independent 
from the other links, whereas the closed-loop control law brings the links to their 
targets at the same time.
Furthermore, the open-loop control law always utilises the maximum allowed angular 
accelerations, for the acceleration and deceleration. By contrast, the closed-loop 
control law approaches the target state more or less slowly, depending on the chosen 
damping coefficient. Therefore the torque profiles of the closed-loop control law for a 
desired manoeuvre are much smoother than the profiles of the open-loop control law. 
If the equations of motion allow for the Shuttle motion, as is the case in the presented 
example, the Shuttle control forces to perform a desired motion or to keep its position 
in space while operating the RMS, can also be obtained from the two control 
methods. Thus a computer controlling the RMS motions can be linked to the Shuttle 
control system to also give a desired Shuttle motion.
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CHAPTER 9: FLEXIBLE RMS WITH PASSIVE AND ACTIVE DAMPING

The previous chapters 2 to 7 of this thesis have concentrated on undamped, open-loop 
dynamic response analysis of planar vibrations of flexible RMS with varying number 
of links. It has been shown that slewing with one or more joints free to re volute leads 
to very small amplitudes of vibration with typical magnitudes of millimetres or less. 
Significant amplitudes of vibration only occur due to Shuttle thruster firing with all 
joints locked or for example with only the wrist joint unlocked and perpendicular to 
the straight RMS, as well as in the case of a sudden application of the joint brakes 
(emergency braking), and only if the payload mass is sufficiently large.
As discussed in the introduction, long periods of time waiting for payload / RMS 
vibrations to decay are a great disadvantage in space construction and make some 
form of improved damping desirable, for example using active damping control 
systems. A literature search reveals very few papers dealing with active damping 
control of the Space Shuttle Remote Manipulator System (SRMS), for example [5] 
and [9]. [70] examines means to enhance the passive structural damping of the 
SRMS, using additional viscoelastic layers on the SRMS links.
The usually proposed control method using the high gear ratio SRMS joint motors to 
actively damp out vibrations, as proposed in [5] and [9], seem to be superfluous, since 
with the joints unlocked, as they must obviously be to use the joint motor for active 
damping control, the dynamic responses have been shown to be negligibly small, and 
there is no point in considering this method. Besides it is assumed that this method 
would rapidly cause wear and fatigue in the gear boxes, and gear backlash and other 
nonlinearities present additional problems. Finally the question arises how deflections 
with smaller vibration amplitudes than the SRMS end effector positioning precision 
itself, which is ± 5.08 cm ([3]), can be actively damped out with the existing joint 
drives.
However, all the proposed control methods have, to the author’s knowledge, not been 
used in current Shuttle missions, and it seems that works like [13], [14], [15], [19], 
[24], [59] and many others are not applicable to manipulators similar to the SRMS. 
Although the application was shown to be at least somewhat problematic in chapter 2, 
just as an example we consider again the use of reaction wheels (RW), one on each 
main RMS arm, with collocated sensors providing velocity feedback to damp out the 
predominant lowest frequency mode of vibration. Only very few references exist on 
using reaction wheels or other inertia actuators for active damping control of flexible 
manipulators, for example [20] and [51], but for space manipulators similar to the 
SRMS, [8] also proposes additional collocated sensors / actuators for active damping 
control instead of using the joint motors.
As mentioned in chapter 2, the main disadvantage here is that additional hardware has 
to be installed on the SRMS. In particular the mass of the reaction wheels is expected 
to be comparable to that of the unloaded SRMS, as well as being fairly bulky, if the 
reaction wheels are to provide significant damping ratios.
It is proposed to use active damping only for the joint configurations mentioned 
above, for example with all joints locked and the RMS / payload raised from the 
Shuttle payload bay, when the Shuttle thrusters are fired for payload positioning, and 
when the payload mass is sufficiently large.
Since vibration amplitudes are small during slew manoeuvres with free joints it is not 
considered important to damp out these vibrations during a slew with active damping
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control, and the structural damping, which can be assumed to provide an overall 
damping ratio of at least 1% ([1], [70]) for all joint configurations, is assumed to be 
sufficient. An example will show this subsequently.
The prime aim is to place the reaction wheel on each link to provide damping torques 
proportional to structural velocity and to give significant damping ratios for the 
fundamental mode, say 2% - 5%, for the mentioned joint configurations.
RMS elastic velocities can be measured using accelerometers and integrators or by 
strain gauges, collocated with the wheels. Unwanted noise arising from higher modes 
should be filtered out to clean up the feedback signals. If the sensors / actuators are 
collocated and the actuators are capable of giving quasi-instantaneous response, as is 
the case for the fundamental mode, then the system is automatically stable ([61], [62], 
[65]), which will be proved subsequently.
Since the dynamic analysis considered up to this point concerns only planar 
vibrations, the reaction wheels are assumed to apply corresponding damping torques, 
in the same plane. However out of plane oscillations may also arise in certain 
configuration and one possibility is to have the ability of rotating the wheel about the 
arms to provide damping torques in various planes. Of course this raises much more 
complex issues.
One practical point of importance is that installation of fairly bulky reaction wheels 
should not impede the slewing and stowage of the RMS. The proposed system is 
shown in figure 9.1, where the reaction wheels are located on Linkl near to the elbow 
joint and near to the end effector on Link2. In principal the wheel torques should be 
applied at a location where the elastic slope of the links is a maximum, so as to 
provide the greatest damping effect, which for the fundamental mode is shown in 
figure 9.1.

R W ,

R W ,

f l e x i b l e

Figure 9.1: Location of reaction wheels on the flexible RMS
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9.1 EQUATIONS OF MOTION

The equations of motion of the Shuttle / RMS system in matrix form are always

Mp + Kp = P (9.1)

where M = M(p), K = const, and where the vector of the generalised coordinates p 
represents the elastic deflections of Linkl and Link2 (and their rigid body motions for 
unlocked joints), the rigid body motion of Link3, and the rigid body motions of the 
Shuttle. For various joint configurations and degrees of freedom, the elements of the 
system matrices and vectors M, K, P and p are given in chapter 7.
In the presence of damping, equation (9.2) becomes

X
Mp + D p + K p = P  (9.2)

where D is the damping matrix, containing the damping coefficients. For the 
following explanations Mnm, Knm and Dnm denote the element in the rc-th row and m-th 
column of the matrices M, K and D. If the a-th and 6-th degree of freedom in 
equation (9.2) represent the flexibility of Linkl and Link2 and the c-th degree of 
freedom the rigid body deflection of Link3 against the joint stiffness of Joint3 and 
assuming that the Shuttle motions are neither passively nor actively damped, the 
elements Dnm of D are

Dm = 2/3l j M m Km

Du = 2/?2 q

DCC= 2 P ^ M CCK CC

Dm = 0 else

where f t ,  f t  and f t  are the damping ratios of Linkl, Link2 and Link3. To get an 
estimate of the modal damping coefficient achieved with these damping ratios for the 
various degrees of freedom of the RMS, equation (7.11) can be used. Then absolute 
value of the modal damping coefficient di for mode i is approximately

m « e v T D  ev, (9.4)

where evz is the eigenvector of the undamped system for mode i calculated by 
equation (2.50). Note that although the actual eigenvalues are complex since damping 
is existent, equation (9.4) is a very good approximation for small damping ratios f t ,  
f t  and f t ,  see also the following paragraph.
For the following simulations, the exact mode shapes for the actual joint 
configurations are used in the equations of motion. Although these mode shapes are 
calculated without damping, it is known that the relation of the natural frequency Cûu 
of an undamped single degree of freedom system to the corresponding natural 
frequency CDd of a damped system is ([41])
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tod = tou y j l - f i 2 (9.5)

where P  is the damping ratio. With 5% damping ratio, equation (9.5) yields % = 
0.9995 (Ou, and it is seen that the fundamental frequency and thus the first mode 
shapes of the flexible links do practically not change for small damping ratios, as 
confirmed by BEAM and SIMPACK.

9.2 STABILITY ANALYSIS

For a stability analysis of the actively damped RMS system, we use Lyapunov 
functions as defined in chapter 8 and introduce one additional theorem.

Theorem:
Let L(p) be a Lyapunov function for the dynamical system x = /(x )  (x = [p,p]T ) and 
£2 be the non-empty set of state vectors so that x e ft => L(x) = 0.
Then if the first k -1  derivatives ofL(x), if evaluated on the set ft, are zero,

= 0 V x g  ft i = 1,2,...,£- 1
dx'

and the k-th derivative is negative definite on the set

d> < 0 V x e f i  
dx

then the system x(f) is asymptotically stable ifk is an odd number ([61], [62], [65]).

To show that the stability analyses hold true also in the presence of Coriolis and 
centrifugal and other second order effects we write the general standard equations of 
motion for a natural system with stiffnesses and damping in the absence of external 
forces (for example at the end of a RMS or Shuttle manoeuvre) as ([61])

Mp + M p + } p TM p p + Dp + Kp = 0 (9.6)

where M p is the derivative of M with respect to p. We use the total kinetic and 
potential energy as a radially unbounded Lyapunov function, thus

L = i p TM p  + i p TK p  (9.7)

Since M and K are symmetrical, and K = 0, the time derivative of L is

L =pT M p + j p T M p + pT K p (9.8)
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or L = p T(Mp + Kp + } M p ) (9.9)

Recalling that pT M p = (j)T M p. p )= p T(jpTM p p), see equation (8.44) and 

text, and substituting the equations of motion, equation (9.9) finally yields

L = p T(-D p)  (9.10)

It is seen that L is only negative semi-definite, which allows only for the conclusion 
of Lyapunov stability at this point. With the theorem introduced above, we investigate 
the higher order time derivatives of L to prove asymptotical stability. The set of states 

where L = 0 is ft = {(p,p)|p = o}.
Since D is symmetrical and D = 0 , the second time derivative of L is given as

L = - 2 p T D p (9.11)

Inserting the equations of motion, equation (9.11) becomes

L  = 2pT d ( m _1 Dp + M '1 Kp)= 2pT DM -1 (D p + Kp) (9.12)

where M -1 is the inverse of M. L is zero on the set f t . The third derivative of L is

L = 2pT D M 1 (Dp + Kp) + 2pT D M 1 (Dp + Kp) (9.13)

Inserting the equations of motion, we obtain

L = -2 (m -‘ (Dp + Kp))T DM"1 (Dp + Kp) + 2pT DM"1 (Dp + Kp) (9.14) 

Evaluating equation (9.14) on the set f t , it reduces to

L = -2 ( m "‘ K p f  DM"1 Kp < 0 (9.15)

which is negative definite for the state vector p. As the first non-zero higher order
derivative of L is of odd order, the system is globally asymptotically stable. This
result agrees with the findings of [61] for a single-degree-of-freedom system.
From this stability analysis it can be seen that if the state vector p is used as a 
feedback input, the system remains (or becomes) stable ([62], [65]). This however 
assumes instantaneous response, but for the fundamental mode in joint configurations 
where active damping is necessary, this assumption is justified due to the very low 
frequencies involved.

171



9.3 RELEVANT RMS CONFIGFURATIONS

At this point we briefly summarise the RMS configurations that are relevant for 
active damping control. Basically there are only three cases where the elastic 
deflections can reach a magnitude that make active damping control desirable, (1) 
Shuttle thruster firing, (2) payload capturing and (3) emergency braking during slew 
manoeuvres (see next chapter).
For Shuttle thruster firing only two joint configurations have to be taken into account, 
all joints locked and wrist joint locked or unlocked with end effector perpendicular to 
the RMS. Figure 9.2 shows the two cases.

Figure 9.2: RMS joint configurations relevant for active damping for thruster firing

From figure 9.2 it is clear that the RMS links can be in any position within their 
mechanical work range, and the vibration amplitudes are smaller for non-straight 
RMS configurations, since the effective cantilever length gets smaller.
It is obvious that the payload mass also determines the dynamic responses due to 
Shuttle thruster firing. In chapter 7.1, the vibration amplitude of the payload centre of 
mass G relative to the Shuttle for the case of a Shuttle accelerating linearly and 
perpendicularly to the straight RMS with all joints locked, was shown to be 18.84 cm 
for the maximum payload size. This figure is the very worst case deflection for a step- 
input acceleration
Since the reaction force on the RMS due to the payload inertia is a linear function of 
the payload mass, see equation (7.12), we can easily calculate the necessary payload 
mass to cause a minimum vibration amplitude. If for simplicity we only consider 
amplitudes larger than about 2 cm, then the payload mass must at least be about 10% 
of the maximum payload mass, thus 3000 kg. This is already a relatively large 
payload and covers many common payload masses such as equipment tools or small 
satellites.
In practice, the decision whether active damping is used in addition to structural 
damping can be left to a computer, which would process the incoming data from the 
sensors, and which would activate the collocated actuators if the measured vibration 
amplitudes exceeded a given magnitude, say 1 or 2 cm or so.
Programming the computer so as to deactivate active damping control if the vibration 
amplitudes become smaller than a given magnitude would furthermore avoid 
chattering of the actuators around the target state for small vibration amplitudes.
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9.4 EXAMPLES FOR PASSIVE AND ACTIVE DAMPING

To examine the effects of damping, one example of structurally damped vibrations 
caused by a RMS slew manoeuvre, and one example of actively damped vibrations 
arising from Shuttle thruster firing is given.

9.4.1 PASSIVE DAMPING

We consider a slew manoeuvre about Joint2 through 90° with Jointl and Joints 
locked, starting from the straight RMS position, with the base inertially fixed and 
with the maximum payload Mp = 30000 kg for a worst case scenario.
The simulation is carried out using the equations of motion given in chapter 7.2.4 for 
the fixed RMS base.
With [1] and [70], a minimum overall RMS passive damping ratio of 1% is assumed, 
thus we let =/% = /% = 0.01 in equation (9.3) (the rigid body motion of Link2 is 
undamped). Figures 9.3 and 9.4 show the time history of Gz (to prove that the desired 
manoeuvre is performed correctly) and the deflection of Link3 relative to the 
tangential extension of Link2 at O3 for the data set (B).
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Figures 9.3 and 9.4: 90° slew about Joint2 and passively damped deflection yzz

The figures show how with a passive damping ratio of only 1%, the vibrations arising 
from RMS slew manoeuvres are damped out. Figure 9.4 for example shows that it 
only takes about 120 seconds to reduce a vibration amplitude of about 1 cm of the tip 
of Link3 to 2 mm.
For the present slew example, the maximum elastic deflection of the payload centre 
of mass G relative to the undeformed configuration is about 1.2 mm, and with 
structural damping is damped quickly to practically zero.

9.4.2 ACTIVE DAMPING USING REACTION WHHHT .S

The second example considers the case of a straight RMS and the Shuttle accelerated 
linearly and perpendicularly to the RMS holding the maximum payload. As shown in 
chapter 7.1, this configuration gives the very maximum elastic vibration amplitudes 
of the link tips and the payload centre of mass.
For the calculation of the reaction wheel power requirements the maximum response
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of the generalised coordinates must be calculated. To get the worst case response the 
small damping ratios are neglected and using equation (7.11), the modal form of 
equation (9.1) for mode i is thus

A +&, P, = f , (9.16)

Assuming a step function inputyXf), the solution to equation (9.16) is given by

f
p, = - ^ - ( l - C 0 S 6 > , . / ) (9.17)

where A (9.18)

From equation (9.17) the maximum p/,max of the modal coordinate p, is

2/,
Pi,max. k..

(9.19)

and the maximum velocity p i rmx of the generalised velocity p i is obtained from 
differentiating equation (9.17) to give

A n r n x  =
£l
k;

(9.20)

Reversing the modal decomposition with

P  i,max P i,m ax ^ i (9.21)

yields the maxima of the generalised velocities pl max... pn max for mode i.
Let the m-th degree of freedom be the flexibility of link 1(1=1,  2) and let Wz (xl ) and 
Wl\x l ) be the exact first mode shape and its first derivative with respect to xi. Then 
using the principles derived in equations (2.71) through (2.81), the feedback gain gm 
for a constant damping ratio /? and for a reaction wheel axis close to the link tip is

8 m  =
2co, P  

< ( A )
(9.22)

The RW damping torque is

M w =  8 rn  P m (9.23)
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Due to the harmonic motion of the RW, the maximum inertia torque is equal to the 
maximum damping torque, thus

(9.24)

where Im is the RW moment of inertia and 6m the amplitude of oscillatory motion in 
[rad]. Let mm be the mass of the solid RWm and dm its diameter, then Im is

Equations (9.24) and (9.25) are used to calculate 6m. The maximum power 
consumption dW/df is

From the previous equations it is seen that Mw is a linear function of /?. 6m is a linear 
function of mm and and a quadratic function of dm. The maximum power 
consumption dW/dt is a linear function of min and a quadratic function of (5 and dm. 
Given two reaction wheels with specific physical data, one can either define a desired 
damping ratio and calculate the necessary power consumption, or define a maximum 
allowed power consumption and calculate the possible damping ratio for each wheel. 
It is noted that a damping ratio of say 5% for the three links does not lead to a 
damping ratio of 5% for RMS configurations with free base (= Shuttle), since the 
Shuttle motions are not damped. In this case the modal damping ratio for mode i is

where \dt\ is given by equation (9.4) and mz- and are given by equation (7.11).
Now the simulation described in chapter 7.1 for the RMS with linearly moving base 
or Shuttle is reproduced, taking into account damping. The equations of motion are 
given in chapter 7.1, and the chosen step input function for the Shuttle thrusters is 
shown in figure 7.2. All data are taken from data set (C).
To be able to compare the results for this worst case scenario of elastic deflections for 
a passively damped RMS with an actively damped RMS, the simulations are 
performed once letting A  = A  = A  = 0.01 in equation (9.3) (passive damping) and 
once letting let A  = A  = 0.05 and A  = 0.01 (active damping). The reason why A  = 
0.01 even when active damping is present is because the two reaction wheels can only 
enhance the damping ratios of Linkl and Link2, but not of the rigid body motion of 
Link3 against the joint stiffness A3.
Figure 9.5 shows the deflection yc of G around the static offset of 18.84 cm relative 
to the Shuttle for the passive damping case, and figure 9.6 shows the results for the 
case of active damping.

(9.25)

dW , X (max) = M
dt w,max (9.26)
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Figures 9.5 and 9.6: yo for passive and active damping

The decay of a damped vibration is given by ([41])

A(f) = A(0)g-f"' (9.28)

where A(t) and A(0) denote the vibration amplitude at t  and at f = 0, and where /? and 
G) are the damping ratio and vibration frequency. The time t  to damp a vibration from 
A(0) down to A(0)/x is thus

; = —  (9.29)
fico

With equations (9.28) and (9.29) the time to damp down the vibration shown in figure
9.5 to an amplitude of 1 cm is 1859 seconds, and for figure 9.6 the time is 387 
seconds.
Although equation (9.29) shows that the damp out time is an inversely linear function 
of the damping ratio, the two results above are not perfectly in the ratio 1 /5  because 
Link3 is always damped with only 1% structural damping, as mentioned before, 
therefore the modal damping ratio as obtained with equation (9.28) for the active 
damping case is not perfectly 5 times the damping ratio for the case of only structural 
damping.
Equation (9.29) also shows that the time to damp a vibration from A(0) down to 
A(0)/x is a logarithmic function of the fraction x. Assuming a worst case of total 
addition of the four step input responses due to one complete Shuttle acceleration / 
deceleration manoeuvre, that is acceleration start and stop and deceleration start and 
stop, the initial vibration amplitude is 4x18.84 cm in the present case, if the damping 
only starts after the last step input. With 5% link damping ratio, the time to damp the 
amplitude down to 1 cm is 570 seconds.
Using equations (9.16) through (9.26), it is possible to give estimates of the necessary 
power consumption for a given wheel size.
We choose two identical wheels of mass m = 200 kg and diameter d = I m, and 
assuming a heavy material like iron, equation (2.84) yields a thickness of the wheels 
of 3.19 cm.
It is noted that the additional reaction wheel masses can be included in Mi and Mi in 
the equations of motion. Doing so however yields a difference of only 0.3 mm or 
0.16% in the deflection of G for the present example.
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For the chosen wheel data and the present example, the desired additional damping 
ratio of 4% for Linkl and Link2 leads to a maximum power consumption of 7021 W 
for RWi and 733 W for RW2.
Restricting the maximum allowed power consumption for example to 500 W for each 
RW, Linkl can be damped with an additional minimum damping ratio of 1.07% and 
Link2 with a minimum of 3.30%.
It is stressed here that the terms “maximum power consumption” and “minimum 
damping ratio” are used because the maximum power consumption for a desired 
damping ratio only occurs at the very beginning of the active damping phase, and, 
similar to the vibration amplitude, the decay of the sinusoidal power consumption 
amplitude with time is

P(t) = P(Q)e~pm (9.30)

where P(t) and P(0) denote the amplitude at t and at f = 0, thus P(0) = Pmax- For 
improved damping the reaction wheel feedback gains can be made time dependent, fo 
and (h. of Linkl and Link2 in equation (9.3) are then given by

A=A.«A" and (9.31)
where in the exponents is given by equation (9.27) for f = 0 and where /?io and [ho 
are the damping ratios at f = 0, which are identical with the damping ratios above, 
1.07% and 3.30%, and it becomes clear now why they were called “minimum 
damping ratios”. With equation (9.31) the peaks of the sinusoidal power consumption 
are constant, so that the maximum allowed power consumption is always fully 
utilised.
Figures 9.7 and 9.8 show yc for the case where the damping ratios of the two 
reaction wheels are computed with equation (9.32) and the corresponding damping 
ratio P\ for Linkl. Note that only by coincidence the results in figures 9.6 and 9.7 are 
almost identical.
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Figures 9.7 and 9.8: yc and /?i for time dependent feedback gains (= damping ratios)

In the present configuration it takes 370 seconds to damp the vibration amplitude 
down to 1 cm, thus the vibrations are damped out faster than with 5% constant 
damping for the two links, see figure 9.6, while the maximum allowed power
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consumption is not exceeded.
In practice the feedback gains can be computed on-line so as not to exceed the 
maximum allowed power consumption.
It is seen from the above results that with relatively small reaction wheels and a 
moderate power consumption, the damp out time for the present example is reduced 
by a factor 5.02, when using the time dependent feedback gains. The additional size 
of the reaction wheels can still be reduced for example by mounting two identical 
discs on one axis on either side of the two main SRMS links, which would also avoid 
asymmetry, and by making them thicker but with smaller diameter (note that the 
example RW thickness is only 3.19 cm). Thus the additional size could be optimised. 
The additional mass of the reaction wheels does not affect the SRMS performance, 
and the change in the dynamic responses due to the additional RW masses is 
negligibly small with 0.16% in the present case, as mentioned.
However in practice the SRMS would oscillate also out-of-plane, giving rise to the 
necessity of mounting yet another reaction wheel on each flexible link tip whose axis 
is perpendicular to that of the first so as to be able to damp out vibrations in all 
directions. Thus with increasing complexity and space taken up by such an active 
control system in the SRMS payload bay, the implementation of such a system is less 
and less practical. The best active control systems would probably use piezoelectric 
strain gauges that are light and do practically not take up any space.
With the results above we are now able to assess the method of improved passive 
damping by using constrained viscoelastic layers on the SRMS main links as 
proposed in [70]. The authors state that the achievable additional damping ratio for 
the low- frequency modes is about 2.2% for the whole SRMS system. According to 
[70] the total weight increase due to the additional layers is only 2.47% of the 
momentary SRMS weight, and considering the other advantages like power 
independence and practically no increase in size, this method seems to be feasible, 
simple, easily realisable and of great benefit.
A maximum increased damping ratio could be achieved by using an active damping 
system together with the constrained layer method. This is also proposed in [70].

9.5 SUMMARY

The present section examines the feasibility of active damping using reaction wheels 
(RW) and collocated sensors. A literature search reveals that although there exist 
many papers dealing with active damping control of flexible manipulators, such as 
[13], [14], [15], [16], [19], [24], [56], [58], [59] and many more, most of the works 
only deal with single link systems, and most of the works propose control schemes 
using the joint drives themselves to damp out elastic vibrations. Apparently only very 
few works deal with the use of reaction wheels or other inertia actuators for active 
damping control of flexible manipulators, for example [20] and [51].
In view of the results presented in chapter 7 however, it becomes clear that in the case 
of the SRMS the dynamic response to SRMS slew manoeuvres is very small for all 
joint configurations and payloads, and assuming a minimum SRMS damping ratio of 
1% with [1] and [70], active damping control seems to be unnecessary for these cases. 
Only the configuration with all joints locked or with only the wrist joint unlocked and 
the end effector perpendicular to the straight SRMS, see figure 9.2, lead to elastic
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vibration amplitudes that make active damping control desirable, when the Shuttle 
control thrusters are fired.
Therefore control schemes for the SRMS as proposed for example in [5], [9] or [69] 
seem to be superfluous. Also the question arises how elastic vibrations with an 
amplitude smaller than the end effector positioning precision of the SRMS, being ± 
5.08 cm ([3]), can be actively damped out with the existing SRMS joint drives. 
Furthermore it is assumed that the proposed control schemes would rapidly cause 
wear and fatigue of the joint gear boxes, bearings and so on, and gear backlash and 
other nonlinearities would probably present additional problems, and this control 
method has apparently not been used in current Shuttle missions. For active damping 
control of space manipulators comparable to the SRMS, [8] also proposes the use of 
collocated actuators / sensors instead of the joint drives.
Another method to improve damping ratios of the SRMS is to use additional 
constrained viscoelastic layers , attached to the two SRMS main links. This method is 
presented in [70], and the given figures indicate that the method is feasible, simple, 
easily realisable, probably cheap, not affecting the present size of the SRMS, and of 
considerable benefit. Furthermore the layer method would be power independent, and 
the additional weight, according to the authors, would only be 2.47% of the present 
SRMS weight. However, the layer method alone may not assumed to be sufficient, 
but it can be used together with an active damping control system, as proposed by the 
authors.
For the proposed method of using collocated reaction wheels and sensors to provide 
velocity feedback, the SRMS / Shuttle system is proven to be stable, in agreement 
with the findings of [61], [62] and [65]. An example shows that the structural SRMS 
damping, which is assumed to be a minimum of 1% ([1], [70]), is sufficient to quickly 
damp out the typical elastic vibrations due to a SRMS slew manoeuvre. For the worst 
case of Shuttle thruster firing and the SRMS in the straight configuration with all 
joints locked and with the maximum payload, the second example shows that the 
waiting time for the vibrations to damp down to a vibration amplitude of 1 cm is 
about 30 minutes with only structural damping.
The application of reaction wheels with constant feedback gains lead to temporarily 
very high power consumption of the reaction wheels, if additional damping ratios of 
4% or more for the two SRMS main links are desired. The best way is to make the 
feedback gains time dependent, which leads to a better utilisation of a maximum 
allowed power consumption. With this method and using two relatively small 
reaction wheels and allowing for a moderate power consumption, the damping ratios 
of the two main links can be improved so that for the presented worst case example 
the damp out time can be reduced by a factor 5.024, which is a considerable 
improvement. The design of the reaction wheels can be optimised in view of desired 
damping ratios, weight and size. The additional masses of the RW do not affect the 
performance of the SRMS and change its dynamic responses only to a negligibly 
small degree. However, the proposed method would make the installation of 
additional hardware and software necessary, and if vibrations of the SRMS in all 
directions is considered, as in reality, another reaction wheel would have to be 
mounted at each flexible link tip, with its axis perpendicular to the axis of the first 
wheel. Thus the problems with this control scheme seem to become very large, and 
other actuators like piezoelectric strain gauges seem preferable.
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CHAPTER 10: PAYLOAD CAPTURING AND EMERGENCY BRAKING

A literature survey sheds little light on the problem of payload capturing or the 
consequences of an emergency braking with a sudden application of the joint locks of 
the SRMS while holding a payload. Of all the available literature on space 
manipulators similar to the SRMS apparently only [69] deals with the simulation of a 
payload capturing sequence of a flexible RMS with rigid or flexible payloads.
This chapter presents some simulations and a simple method of estimating the elastic 
deflections of the RMS due to payload capturing or emergency braking.

10.1 END EFFECTOR DESIGN

Here we only consider the design of the Shuttle Remote Manipulator System, since 
literature on possible end effector designs other than that of the SRMS can apparently 
not be found.
Picture 10.1 shows the SRMS end effector design together with some designations.

END EFFECTOR 
ELECTRONICS U N IT

SNARE CABLES

SINGLE MOTOR 
AND COMMUTATOR

RETRACTING
CARRIAGE

Figure 10.1: Cut away view of the SRMS end effector ([3])

The function of the end effector is to grapple the payload and to secure it to the 
SRMS. To this end the payload has a so-called standard grapple shaft, which is 
basically a short bar with a head. When the payload shaft is surrounded by the end 
effector, its three snare cables close like the aperture of a camera, and the head on the 
shaft prevents its sliding back. Once the snare cables have closed around the shaft, 
they are pulled back into the end effector until the base plate of the shaft has full 
contact with the end effector.
It is noted that the SRMS literature does not report any flexibility between the end 
effector and the payload, and the connection is commonly taken as rigid.
Figure 10.2 shows the capturing and “rigidising” sequence of the SRMS end effector.
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Figure 10.2: Capturing and “rigidising” sequence of the SRMS end effector ([3])

From figures 10.1 and 10.2 and the previous explanations it is clear that capturing a 
payload with the SRMS standard end effector takes some time and the payload will 
not be rigidised to the SRMS instantly, but the available data give no idea of how 
long the sequence shown above may take in practice.
It becomes clear however that the relative velocity between the payload and the end 
effector must be very small, otherwise it is probably impossible to perform the 
sequence shown above with the necessary accuracy or in time before the payload 
bounces off or the grapple shaft is in a position which makes rigidising impossible.

10.2 PAYLOAD CAPTURING SCENARIO

Since the Shuttle / SRMS system and the payload are free to move in space, the 
velocity vector of the payload relative to the Shuttle at the beginning of the capturing 
sequence can theoretically have an infinite number of directions and magnitudes. 
However, in practice the directions and especially the magnitudes of the relative 
velocity vector will be restricted to avoid overload of the SRMS and to prevent a 
collision of the payload with the Shuttle.
Also the joints of the SRMS can either be locked or unlocked. Unlocked joints will 
lead to negligibly small elastic deflections of the SRMS and allow for utilisation of 
the joint motors and the natural joint friction to dynamically decelerate the payload to 
a standstill. On the other hand unlocked joints give rise to the risk that the payload 
can not be decelerated quickly enough, thus driving one or more SRMS links to a 
mechanical stop or even causing collision with the Shuttle.
No information can be found in the literature about this aspect, and it is therefore 
assumed that in order to create a maximum of safety, the joints are always locked 
while capturing a payload. This assumption automatically yields worst case scenarios 
in view of the elastic deflections of the RMS.

182



Since it is not assumed feasible to model the complete payload capturing sequence of 
the end effector, the grappling sequence will be taken as instantaneous. This agrees 
with the assumption of [69], apparently the only paper available on capturing 
dynamics with flexible links.
Figure 10.3 shows two possible initial configurations for a payload capturing 
simulation.

Payload

End
effectorLinkl Link2

Figure 10.3: Two possible initial configurations for payload capturing simulation

We consider (1) the payload flying perpendicular to the straight RMS with an initial 
velocity vgu crossing the end effector, and (2) the payload initially rotating at angular 
velocity about its centre of mass G with zero translation when being grappled.

10.3 VARIOUS METHODS OF COMPUTING THE DYNAMIC RESPONSE

Obviously the simplest way to perform a payload capturing simulation is to insert a 
new joint between the end effector tip and the payload. With this joint, the payload 
can then be given its desired initial rotatory and translatory velocities, and the 
grappling can be simulated either by locking the joint degrees of freedom or by using 
very stiff springs so as to effectively produce a rigid connection between the payload 
and the end effector, when the distance between the payload surface and the end 
effector is zero. The method of stiff springs, with high damping ratio to avoid 
unnecessary computational burdens, is used for the SIMPACK model, with which the 
reference results are calculated for the following simulations.
By contrast, [69] uses the conservation law of generalised momenta to substitute the 
unknown impact forces due to the payload initial velocities and thus to compute the 
payload velocities after the impact. In view of the number of necessary calculations to 
finally obtain the desired results it is questionable if the proposed method is 
preferable to an additional joint. [69] also proposes a control scheme using the joint 
motors to damp out the vibrations arising from the capture impact. The impracticality 
of such control schemes was discussed earlier.
It is noted however that due to the complexity even in SIMPACK, only two of the ten 
available integration methods are stable when performing the present simulations 
with the described method of using stiff springs. Thus to have a quick and safe tool 
for estimating the dynamic response, the following method is introduced.
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10.4 MAXIMUM RESPONSE ESTIMATION METHOD

The following method to estimate maximum responses is presented here to have some 
reference to results obtained with professional software.
The method is based on the fact that the total energy of the system is conserved. Thus 
the inertial kinetic energy of the payload is transformed into kinetic and potential 
energy of the whole Shuttle / SRMS / payload system.
It is also noted that if we let the system eigenmodes vibrate with a certain amount of 
energy, that is if the sum of the potential and kinetic energy is one fixed value for 
each mode, then the elastic deflections, or the deflections of the masses, is maximum 
in the fundamental mode, second greatest in the second mode and so on.
The idea is now to let the fundamental mode vibrate with the whole energy initially 
provided by the payload initial rotatory and translatory velocity, giving an upper limit 
for the elastic deflections of the RMS in response to payload capture. This is 
equivalent to the assumption that the whole initial payload kinetic energy is converted 
into vibrations in the fundamental mode.
The payload initial kinetic energy Eq is given by

=\ Mp V G 0  + } ^  ^ G O  ( 1 0 - 1 )

Equations (7.8) and (7.9) give the system matrices M and K for an RMS with all 
joints locked and free floating base or Shuttle. For a fixed RMS base the system 
matrices are obtained by deleting the rows and columns representing the Shuttle 
degrees of freedom in equations (7.8) and (7.9). Using equation (7.11) and the 
notation of previous chapters, a modal decomposition for the first non-zero mode in 
the absence of external forces and damping yields

m\ Pi + &i Pi = 0  (10.2)

with mi and k\ being the generalised mass and stiffness of the first vibration mode. 
The system kinetic and potential energy Es in the fundamental mode is

E s = \ m \ P 2 + \ k i P 2 (10.3)

From equation (10.3) it is clear that the maximum modal coordinate pi = pi,mzx, 
occurs when p(t) = 0 . Thus since

ES=E0 (10.4)

(10.5)

Using the kinematics of the double flexible link RMS system with end effector and 
with fixed or free base or Shuttle as derived in chapters 5 and 6, in the present case of

we have p l m  =
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a straight RMS the deflection yc of G relative to the free Shuttle or the fixed RMS 
base is

fc  = Pi K4 + 4  + + % ) + (jL, + a )M % ) + 1^(ZJ +
( 4  + fl) + A^j (Lj + L2 + L3 + <2 )]

(10.6)

where W{ ) and W2(x2) are the first exact mode shape for Linkl and Link2 and 
where A^ and A02 are given in chapters 5 and 6 and can be calculated with the 
respective determinants for each mode. Insertion of the maximum of the generalised 
modal coordinate from equation (10.5) gives

As stated before, equations (10.1) through (10.7) always give an upper limit for yo- It 
will be shown subsequently that except for the case of a fixed RMS base and a 
payload initial rotary velocity, equation (10.7) gives good estimates of the elastic 
deflections.

10.5 EXAMPLE SIMULATIONS OF PAYLOAD CAPTURING

The following examples consider the RMS elastic deflections due to sudden 
grappling of a payload. To give ideas of the upper limits of the deflections, we always 
consider the worst case of the straight RMS with all joints locked and with the 
maximum SRMS payload for the data in data sets (B) and (C) from chapters 5 and 6 
are used for the fix and free RMS base.
It is noted that the figures used may be too large, especially the payload initial rotary 
velocity, which in reality could prevent a proper payload grappling. Smaller initial 
payload velocities yield smaller vibration amplitudes, and an unlocked joint also 
yields very small vibration amplitudes comparable to the dynamic responses due to a 
RMS slew manoeuvre as presented in chapter 7. Note also that the assumption of an 
instant payload grappling probably yields bigger dynamic responses than the real 
rigidising sequence shown in figure 10.2.

10.5.1 LINEARLY MOVING PAYLOAD

We consider the case of a linearly moving payload, suddenly being grappled by the 
straight RMS as shown in figure 10.3. The initial payload velocity is estimated to be 
vgo = 0.02 m/s, since [7] states that the maximum allowed velocity of a 15000 kg 
payload relative to the Shuttle is 0.03 m/s prior to capturing.

Pljnax. (10.7)
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Free base results

For the free Shuttle, SIMPACK yields an elastic vibration amplitude of 4.67 cm of 
the payload centre of mass G relative to the Shuttle. The upper limit calculation using 
equations (10.1) through (10.8) yields 4.43 cm.
As explained before, the maximum response estimation method gives always results 
that are equal or bigger than the real results. The reason why in the present case the 
SIMPACK results are bigger is due to the fact that in SMIPACK three mode shapes 
of a cantilever beam are used for each of the two flexible links. Although the 
convergence of the fundamental frequency towards the exact value is very good, see 
table 6.4, it is known that for assumed mode shapes the elastic deflections can still 
deviate from the real values even if the natural frequencies are already close to the 
exact values ([62], [65], [66], [67], [68]), as mentioned in chapter 2.8.2. It is inferred 
that here such a deviation due to assumed mode shapes is the reason for the difference 
in the two results. However, the dimension of the result is clearly confirmed.

Fixed base results

For a RMS with fixed base the SIMPACK simulation yields a vibration amplitude yc 
of 10.06 cm, by contrast to the maximum response estimation method result of 10.84 
cm. Again the results are in reasonable agreement, confirming the dimension of the 
deflections.
The good agreement between the SIMPACK and the maximum response method 
results for both the fixed and the free RMS base indicates that in the present example 
the biggest part of the initial payload kinetic energy is transformed into kinetic and 
potential energy in the fundamental mode.

10.5.2 ROTATING PAYLOAD

Now we consider the case of a payload rotating stationary with an angular velocity 
cogq when suddenly being grappled by the straight RMS with all joints locked, see 
figure 10.3. The payload initial angular velocity is chosen to be coqq = 0.008333 
rad/s, a figure used in [69]. This value corresponds to 0.5 revolutions per minute.

Free base results

In the case of a RMS with free base or Shuttle, SIMPACK gives a vibration 
amplitude for y g of 6.72 cm. The result obtained with the maximum response 
estimation method is 6.74 cm, and thus in very close agreement.

Fixed base results

For the fixed base RMS the simulation with SIMPACK gives a yG vibration with an
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amplitude of 5.93 cm. The corresponding result obtained with the maximum response 
method is 16.49 cm.
It is seen that only for this case the two results are not in good agreement. The reason 
is that only in this case the response of the second mode is considerable, compared 
with the response in the first mode. Therefore the result obtained with the maximum 
response method is far too great. Assuming however that the SIMPACK result is 
approximately exact, one can compute a correction factor to allow for the fact that 
only a part of the initial payload kinetic energy is transformed into vibrations in the 
fundamental mode. In the present example the correction factor would be 5.93 / 16.49 
= 0.36.
Computing the correction factor for a couple of payload mass cases would allow for 
setting up an interpolation curve covering the whole range of payload masses.

10.6 EMERGENCY BRAKING OF RMS

Finally we consider the case of an emergency braking of the RMS while slewing a 
payload. In a Lagrangian formulation, the simulation can be performed using springs 
with very high stiffness At (b = 1, 2, 3) with typical values of 1010 Nm/rad or so and 
high damping to reduce the computation time between the links. These springs would 
be activated if the angle between the links reach a desired value. This is analogous to 
the method mentioned before for the payload / end effector connection for payload 
grappling simulations.
For the worst case we assume that the two flexible main links and the rigid end 
effector are moving with the maximum allowed joint velocities, that all brakes are 
applied simultaneously when the RMS is straight, and that the RMS is holding the 
maximum payload, using the data from data sets (B) and (C).
The simulation in SIMPACK is identical to the simulation of a payload grappling, 
only that the payload initial velocities are different in the present case.
According to [7], the translatory and angular maximum velocities of the SRMS are 3 
cm/s and 0.238 deg/s respectively for a 30000 kg payload. Using these figures for the 
payload initial velocities we have vgo = 0.03 m/s and cogq = 0.004154 rad/s, and for 
the maximum response estimation method the payload initial kinetic energy 
computed with equation (10.1) is Eq = 17 Nm.

Free base results

For the RMS with free base or Shuttle, the emergency braking simulation performed 
with SIMPACK yields a vibration amplitude yc of the payload centre of mass G 
relative to the Shuttle of 9.20 cm. The maximum response estimation method yields a 
vibration with an amplitude of 7.46 cm.
Similar to the simulation of the grappling of a linearly moving payload with free 
RMS base, see section 10.5.1 above, SIMPACK gives a slightly bigger vibration 
amplitude than the maximum response estimation method. As explained before, this 
is due to the fact that in SIMPACK the assumed mode shape approximation is used, 
which does not allow for an exact a priori assessment of the convergence of the
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elastic deflections. It is found that other mode shapes, for example those of a pinned- 
pinned beam, and other numbers of mode shapes yield different results, although the 
convergence of the natural frequencies is always very good.
However, the dimension of the result is clearly confirmed.

Fixed base results

For the fixed base RMS the SIMPACK result is 15.08 cm for the vibration amplitude 
of the payload centre of mass relative to the base, and the maximum response 
estimation method gives 18.25 cm. The results are in reasonable agreement, thus 
confirming that in the present case the payload initial kinetic energy is mainly 
transformed into vibrations in the fundamental mode.
It is seen that the case of emergency braking yields dynamic responses that are 
comparable to those arising due to Shuttle thruster firing. Thus these two scenarios 
produce the biggest RMS vibration amplitudes.
It is noted that the SRMS is designed with the ability to stop the end effector within 
0.6 m from the maximum allowed speed under all payload conditions ([7]). Therefore 
it is inferred that the cases in which emergency braking is the only possibility are very 
rare, and the SRMS related literature does not report that the emergency braking 
mode has ever been used!
For the present case, which gives the biggest vibration amplitudes, the results for a 
small payload are given for comparison. Therefore we let Mp = 1000 kg, Ip = 166.667 
kgm2 and a = b!2 = 0.5 m. The other data are as above. Using [7], the maximum 
initial translatory and rotatory velocities of the payload are estimated to be vgo = 0.1 
m/s and (Oqo = 0.0174533 rad/s, which using equation (10.1) gives an initial kinetic 
energy of Eq = 5.03 Nm.
With these data, the maximum response estimation method gives a vibration 
amplitude of the payload centre of mass G relative to the base of 8.63 cm, and the 
corresponding SIMPACK result is 8.11 cm. This shows that with decreasing payload 
mass, the absolute and relative error between the SIMPACK result, which is assumed 
to be fairly accurate, and the maximum response estimation method also decreases.

10.7 SUMMARY

This chapter deals with the problem of RMS payload grappling and the dynamic 
response to a sudden application of the joint brakes in the case of emergency braking 
during a slew manoeuvre. The problem of emergency braking is apparently not 
addressed in the SRMS related literature, and only [69] deals with the problem of 
payload grappling. Since the whole sequence of “rigidising” the payload to the end 
effector, see figure 10.2, cannot be modelled sufficiently accurate, the grappling is 
assumed to take place instantaneously, in agreement with [69]. This assumption does 
not devalue the results, since it gives dynamic responses that are at least equal or 
greater than reality, thus providing a worst case scenario.
An additional joint between the end effector and payload in a Lagrangian formulation 
allows for an initial payload rotary and / or translatory velocity relative to the end
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effector or RMS. The rigid connection between the end effector and the payload can 
be modelled using very stiff springs (typical value 1010) and very high damping ratios 
to reduce the computational burden. These springs would be activated when the 
payload has the desired distance to the end effector, which in the present case is zero. 
This method of using stiff and highly damped springs to imitate time or state 
dependent rigid connections is known from extended use of professional software 
packages ([66], [67], [68]).
It turns out that MATHEMATICA cannot be used for the simulations, since the 
integration step size becomes so small at the beginning of the simulation that the 
computation times are unacceptable with the provided hardware. Also of the ten 
integrators available in SIMPACK, only two are stable and sufficiently efficient to 
obtain results in a reasonable amount of time.
To obtain an idea of the maximum dynamic response due to payload grappling or 
emergency braking an estimation method is introduced that will give dynamic 
response results that are always bigger than in reality, thus providing an upper limit 
for elastic deflections.
The basis of the maximum response method is to consider only the dominant 
fundamental mode vibration with an energy equivalent to the payload initial kinetic 
energy. Thus contributions of the higher modes to the maximum response as 
discussed in earlier chapters are considered negligibly small. Since in reality also the 
modes higher than the fundamental will always be excited, albeit to a minute degree, 
this will give the aforementioned upper limit for the elastic deflections.
It is found that except for the case of a fixed RMS base and only an initial rotatory 
payload velocity, the maximum response method gives results in good agreement 
with the SIMPACK simulations. The reason why only for the aforementioned case 
the maximum response result can be up to three times greater than the SIMPACK 
result, depending on the payload case, is the fact that only for this case the second 
mode is excited to a non-negligible degree, thus leading to elastic deflections 
considerably smaller than obtained with the maximum response method.
To get better estimates for this RMS configuration, correction factors can be 
computed, and a series of correction factors would allow for setting up of an 
interpolation curve giving the necessary correction factors for the whole payload 
range.
Using the SRMS data and initial payload translatory and rotatory velocities vgo and 
cogq at its centre of mass G of 0.02 m/s and 0.008333 rad/s (corresponding to 0.5 
revolutions per minute, a figure proposed in [69]), the amplitudes of vibration of G 
relative to the Shuttle or fixed RMS base for the worst case of maximum payload 
mass and straight RMS are typically smaller than 10 cm.
The worst case scenario for an emergency braking is the simultaneous application of 
all RMS joint brakes while slewing the maximum payload mass with the maximum 
allowed rotatory and translatory velocities when the RMS is straight. With the SRMS 
data, this scenario yields vibration amplitudes of G relative to the Shuttle or the fixed 
base of about 8 cm and 16 cm, respectively.
The main advantage of the maximum response estimation method is its very fast 
computation, since the differential equations of motion do not have to be solved, but 
the result can be obtained purely analytically with very few calculation steps.
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In view of the achievable agreement with the SIMPACK results, which are assumed 
to be close to the exact values, and the ratio of computation times needed by 
SIMPACK and the maximum response estimation method, the proposed method 
appears to be very efficient and sufficiently accurate.
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CHAPTER 11: SPACE STATION / MRMS INTERACTION

The assembly and maintenance of the International Space Station (ISS) after 
completion will be performed using the Mobile Remote Manipulator System 
(MRMS) and its Mobile Transporter (MT). Figure 11.1 shows the ISS in its 
completed state and the xyz reference frame used in this section.

Figure 11.1: The International Space Station

Payloads of 15000 kg and more can be manoeuvred about the two main articulated 
joints of the robot as well as translated along the main truss beam. The MT track is 
along the main truss of the ISS, facing the reader, in figure 11.1. Thus for large 
payloads and different locations on the truss and different configurations of the robot 
arms, a wide range of moments of inertia for the space station can exist. This aspect 
alone poses many problems involving multi-body interaction of concern for the space 
station control system design. The interaction of vibration modes is also of concern. 
The interaction problem has been considered by [74], taking account of a rigid space 
station structure and rigid robot manipulator. Numerous papers on control of a rigid 
space station using control momentum gyros (CMG) exist, for instance [75].
The effect of flexural modes on the main truss and solar panels for example has 
received much less attention, being a much more complex problem, which has been 
addressed by [76]. It is shown that there are many appendage and framework modes 
below 12.6 rad/s (2 Hz), in particular a solar array mode at 0.63 rad/s (0.1 Hz) exists 
with negligible main truss motion and the fundamental main truss mode occurs at
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1.26 rad/s (0.2 Hz). In [76] the dynamics of the ISS are represented by 101 elastic 
modes and 6 rigid-body modes. A three axis attitude control system using CMG’s 
with attitude and rate signals was used to orientate the station in [76]. To attenuate the 
effect of low frequency elastic mode feedback, low pass first order lag filters were 
used in the compensated control system. A simultaneous command of attitude change 
of 1° about each axis was studied. The uncompensated closed-loop control system 
gave a flexural response at the outer solar array tip of about ± 4 m, being reduced to 
about 1 m when compensation was included. The most prominent modes to be 
excited were at 0.63 rad/s (0.1 Hz) and 4.59 rad/s (0.73 Hz), the former being 
antisymmetric solar array modes and the second being due to torsion of the main 
truss. Thus [76] illustrates the importance of minimising flexural mode response due 
to attitude changes from say, thrusters, Shuttle docking or CMG torques. Such 
vibrations may be detrimental to experiments involving micro-gravity, crystal growth 
or biology, and dynamic response, of say the solar arrays, could lead to structural 
damage and fatigue.
The influence of flexural modes on the attitude stability of a generic space station 
main truss, with its local axis along the local horizon, has been studied in [77] and
[78].
It is therefore concluded that the effect of a translating, slewing robotic manipulator, 
either rigid or flexible on a flexible space station has not been reported in the open 
literature. On the completed ISS it may still be necessary to manoeuvre the MRMS 
along the main truss with various payloads, thereby creating rigid body and flexural 
motion. Clearly a rigorous study of the complete problem is extremely complex and 
could be investigated by various flexible multi-body computer programmes.
Motion of the MRMS along the main truss in a fixed configuration, say perpendicular 
to the truss will produce time varying moments of inertia of the space station. Here 
the shoulder joint is expected to be locked with brakes on, leading to flexible joints. 
During acceleration and deceleration of the MT transient forces on the flexible robot 
arm with payload, will lead to rigid body and flexural motion of the truss.
A similar result will arise for a stationary MT with the robot arm performing various 
slews with say the shoulder joint free and the elbow locked. Since the back torque 
from the slew torque motor will be negligibly small, due to the high reduction gear 
ratio, it will be the reaction force on the truss that causes vibration, particularly when 
the robot arm is nearly parallel to the boom.
In view of the complexity of a space station with six rigid body degrees of freedom 
and many elastic modes, solution with the coupled robot arm, rigid or flexible, is a 
formidable problem. Therefore considerable simplification is required to gain insight 
on the influence of MRMS motion on space station dynamics.
[74] shows that the MT performs bang-bang accelerations of 2.2X10"4 m/s2, which is 
expected to produce very small torques on the supporting main truss. Such small 
vibrations will not lead to structural problems but could have detrimental effects on 
micro-gravity experiments. For this reason alone such vibrations are worthy of study. 
Note that the following analyses neglect any damping of the MRMS and the space 
station, which would not significantly reduce the initial maximum vibration levels 
due to the step input excitations, but which would minimise their effect over time. 
Also note that in the following, the offset of the MRMS base from the main truss 
centre axis due to the physical size of the truss and MT is neglected.
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11.1 SIMPLIFIED DYNAMIC MODEL OF FLEXIBLE SPACE STATION

To simplify the actual ISS configuration in figure 11.1 we consider two approximate 
dynamic models (1) and (2) shown in figures 11.2 and 11.3.

y

Figure 11.2: Simplified dynamic model (1)
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Figure 11.3: Simplified dynamic model (2)

Vibration of the main truss is modelled by the elastic degrees of freedom p 3 Wt (x)

and p 4Wt(x), allowing for the first symmetric and anti-symmetric truss vibration
modes. The mode shape of each half of the truss is assumed to be identical despite the 
fact that due to the MRMS being positioned on one side of the truss, the masses and 
rotary inertias on the two truss halves are different. With the MRMS perpendicular to 
the truss, its payload mass Ms and effective rotary inertia about its root are directly 
transferred to the truss at distance ds from O. However, the choice of one degree of 
freedom for each half of the truss should allow for the mass asymmetry. Since the two 
truss halves are cantilevered relative to the central cluster, the mode shape defined by 
equation (2.69) is used. The truss halves of length L have a flexural stiffness EIt.
[21] states that the MRMS is of similar design to the SRMS and that the two 
articulated MRMS arms have a total length of 17 m. Therefore we use the SRMS 
properties given in the previous chapters together with the desired payload properties 
Ms and Is and perform a modal decomposition for the fundamental mode, yielding 
amongst others the modal stiffness &m0d and exact modal mode shape Wm0d (x).
The simpler model (1) in figure 11.2 assumes that the solar arrays are rigid, having 
masses MPi and moments of inertia IPi. The five degrees of freedom of this model are:

- pp. rigid body translation of station central cluster with mass Mc in Oy direction
- p 2’ rigid body rotation of central cluster with rotary inertia Ic about Oz direction
- ps and pp  elastic deflections of the two main truss halves in Oy direction
- pp  elastic deflection of MRMS in the fundamental mode.
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Model (2) in figure 11.3 allows for the two extra degrees of freedom and pi due to 
solar array flexibility, thus giving a total of seven degrees of freedom. The two halves 
of each solar array are modelled for simplicity as single cantilever beams fixed to the 
outer booms at the centre of the four arrays with flexural stiffness EIP. Therefore the 
mode shape of each half of one solar array is also approximated using the mode shape 
in equation (2.69), where L is replaced by Lp, the length of one half of one solar array 
as shown in figure 11.3. Noting that the distributed mass m of a flexible cantilever
beam can be represented by at its tip ([41]), see also equation (7.7) in chapter 7.1,
we choose the tip mass of each half of one solar array to be one third of half the total
array mass, or pi pi, and since in both models the mass and moment of
inertia of the solar arrays at the main truss ends should be equal we choose the masses
at the main truss ends to be j M pi with moments of inertia ZF-. Note also that since we
only allow for one flexible degree of freedom for each complete solar array, the two 
identical halves of each solar array effectively yield a factor 2 in the kinetic and 
potential energy expressions for the respective degrees of freedom.
Note that the mobile transporter (MT) traverses along the truss in a crab-like manner 
with constant acceleration / deceleration over each truss section of length d t ([74]). 
This is to avoid excessive build up of velocity, which could be dangerous if the MT 
brakes failed. Thus a bang-bang acceleration ± as{t) gives a velocity profile vs(t) = 
as(t) t, which increases linearly to a maximum at the mid-point of a truss section and 
then decreases linearly to zero at the end of the section. The time tm to section mid­
point is thus tm =  *Jdt / a s ( t ) . Thus the function of the MT position ds(t) during the

acceleration phase (0 < r <  tm) is given by d s (f) =  d Q ± ^ a s ( t ) t 2 , and during the

deceleration phase (tm < t  < 2  tm) by d s (f) = d 0 ± ^ d t + \ a s (t) { t - t m )2J. With these
equations the time histories of vs(t)  and dsif)  can be computed and inserted into the 
kinetic energy expression for Lagrange’s equation. Collecting the terms with respect 
to the MT velocity vs{t) and formally differentiating vs(t) with respect to time, which 
yields <2s(f), will furthermore give the exciting force coefficients, which are multiplied 
by as(t)  to give the elements of the generalised force vector. This however assumes a 
prescribed motion of the MT along the main truss without any coupling with the 
various vibrations (in particular those of the MRMS), which may be approximately 
the case if the MT is driven for example by high reduction gear systems, but available 
literature does not give details of the MT drive system. With ds = ds(i)  for brevity and 
neglecting the distributed masses of the main truss and the MRMS, the total kinetic 
energy expression for model (2) for a MT translation simulation is

T = l M c Pi + 1 ^  P i + \ M pi[pi+ P2L+ Pi Wf (L)] + \ l pl [p2 + p 3 #/(£)] +

X , ,  I p . + p . L + p . W . i ^ + p , W p(z ,J2 + ,2 [p, - ,P2 i- + p t W,(L)]2 +

X  Ipi + h L + P *  W,(L)+ p 7 w , {l p )]2 +  l / p2 [p2 -  p 4 w ; { l$  +  (1 1 .1 )

X  [p .  -  P2 d s +  P ,  W, ( d s )]2 + l l s l p 2 - p i  w ' ( d s ) -  p 5 < od ( 4  )]2 +

Ï M s \p5Wma{Ls ) - p 2Ls + p i wXds )Ls + v s (t)} ,
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where the first Ms term gives the payload velocity components in y and the second in 
x. Applying Lagrange’s equation yields the equations of motion for model (2) with 
the 7x7 mass matrix elements Mnm, where for sake of brevity we let again ds = dsif).

M u -  M c + M  p l + M  p2+ M s

M 1 2 = M 21 = L (M pl  - M p 2 ) - d S M S

M 13= M 31= M plW,(Z.)

M , i = M a = M s W,{ds ) + M p t W,{L)

M = M 5l = 0 

M u = M 6l = \ M plWp{Lp)

M l l = M n = \ M plWp{L p)

M22 = / , + / , !  + ^ 2  + 4  + ^  Wpl +A^ p 2 )+ fe  + d f ) M s

M-& = M n = L M  plW,(L,)+1 pi W'(l )

M u  = M 42 = - d s M s W, (ds ) - L M p2 W, (l ) - ( i s + L) M s )w ;{ds ) - I p2 W ,'(l)

M 25 = M 52 = - I s W L (Ls ) - L s M s Wmod(Ls )

m 26= m 62= \ l m p1w p {l p)

M  22 = = 2 L M plW p (Lp ')

M33= Mpl[w ,(L)i+/plk ( L ) i
M34 = M43 = 0

M 2 5 = M 5 2 = °  ( 1 1 . 2 )  

M36= M 63= lM plWp(LpK ( d
M 37= M 73=0

M u  = M s [w, {ds )]2 + Af , 2 k  (^)]Z + {is + L 2s M s )]2 + Ip2 M

M 45 = M 54 = ) [ / , VC,(Ls )+  Ls M s Wmod{Ls )]

M A6 = ^ 6 4  = 0

m 47= m 74= i m p2iv, ( lJ w;(l )

M55 = Ms [Wmod (Ls )]2 + I s (Ls )]2

M 5 6 = M 65 =0
M S1 = m 75 = 0

« « = ■  ï ^ P, k ( ^ ) ] 2
M 6 1 = M 1 6 = 0

M77= TMp2k k ) ] 2
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The elements of the 7x7 stiffness matrix K for model (2) due to flexural stiffnesses 
EIt of the main truss halves, EIP of the solar panel arrays and the MRMS are

= K i 4 = El, jk 'W ]2 dx (trass)
0

* 55= ^  (MRMS)

K m = Kn = 2E1P (solararrays)
0

= 0 else

where kmo& denotes the modal stiffness in the fundamental mode of the straight RMS 
with the desired payload, all joints locked and fixed base.
The generalised force vector is obtained by collecting the terms remaining after 
applying Lagrange’s equation to the kinetic energy with respect to the MT bang-bang 
acceleration as(t), which gives the 7x1 generalised force vector P as

P  =  ( t){ o ,-L s M s ,0 ,Ls M s w f a  (t)),Ms {hs ) ,0 ,o f  (11.4)

To obtain the equations of motion for model (1) for a MT translation the sixth and 
seventh rows and columns, corresponding to the flexible degrees of freedom of the 
two solar arrays, are deleted in the mass and stiffness matrices M and K in equations 
(11.2) and (11.3), together with the sixth and seventh element in the generalised force 
vector P in equation (11.4)
For the simulation of the rotational or slew manoeuvre about the shoulder joint with 
ds = constant, we note that due to the previous analyses of the RMS it can be assumed 
that the flexible dynamic response of the similar MRMS is negligibly small with an 
unlocked shoulder joint and allows for the assumption of a rigid MRMS. Also note 
that torques are not transmitted through unlocked joints, so that the effective rotary 
inertia of the MRMS and the payload about the MRMS root on the main truss has no 
influence on the other space station degrees of freedom. Thus for the slew manoeuvre 
the MRMS elastic degree of freedom can be deleted, and the equations of motion for 
model (1) and (2) are obtained by taking the respective equations of motion for the 
MT translation, striking the fifth row and column in the mass and stiffness matrices 
and letting /5 = Ls = 0 in the mass matrix. Note that ds is now a constant. To obtain 
the generalised force we assume the worst scenario of a slew about the MRMS 
shoulder joint with the straight MRMS initially parallel to the main truss, so that the 
reaction force Fq is perpendicular to the truss, hence

Fo= 0 L s M s =™°+L̂ ^  (11.5)

where 0 is the MRMS angular acceleration due to the shoulder joint torque Mq. Since 
the MRMS design is similar to the SRMS, the reaction torques at a driven and thus 
unlocked joint are negligibly small due to the high gear ratios. Thus the generalised
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force vector for model (2) for the slew manoeuvre simulation is

P = {o, 0,0, F0 W, (<zs )cos 0,0, o}T (11.6)

where, according to the above explanations, P has only six elements since the MRMS 
elastic degree of freedom is deleted, and where 6 is the MRMS angle relative to the 
truss. For model (1), the generalised force vector is obtained from equation (11.6) by 
deleting the fifth and sixth element, which after deleting the MRMS degree of 
freedom correspond to the elastic degrees of freedom of the two solar panel arrays.

11.2 RESULTS

The necessary data for the simulations are taken from or estimated using [76] and
[80] and are as follows.
(Solar panels) Mp\ = Mni = 2.1xl04 kg , T,i = IP2 -  7x l06 kgm2, Lp = 31.6 m, (central 
cluster) Mc = 1.48x10 kg, Ic = 2.28x10 kgm2, and L = 40 m. With these data, the 
total rotary inertia of the space station (without the RMS and payload) about the axis 
Oz of the rigid body degree of freedom q2 is 1.04xl08 kgm2, thus being in exact 
agreement with the corresponding value given in [76]. Elt and EIP are computed to 
give a fundamental frequency of 0.63 rad/s mainly due to solar array bending modes, 
and also so as to give a fundamental truss natural frequency of 1.26 rad/s, in exact 
agreement with the corresponding values in [76]. Thus EIt = 6.8x10s Nm2 and EIP = 
1.4xl07 Nm2.

MT translation

Figure 11.4 shows the bang-bang acceleration / deceleration profile of the MT over 
one main truss bay as given in [74].

as [m/s2]

t
2.2x10"

300

0 150

-2.2x10"4

Figure 11.4: MT acceleration / deceleration profile over one bay ([74])

With the MT kinematic equations given in the text above, the length of one bay can 
be calculated from figure 11.4 to be ^  = 5 m. For the worst case we assume a MRMS 
payload with Ms = 30000 kg, Is = 4x l05 kgm2 (about G), and Ls = 17.5 m, which 
could represent a large component of a new space structure to be stored temporarily 
on the ISS prior to construction, say a Mars mission vehicle component. Also, since 
the dynamic response of the main truss will be maximum for a torque input at the 
maximum slope, we let do = 35 m, which is as close to the left hand truss extremity as
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possible with the data given in [76] and [80]. Note that due to the sign convention of 
the mode shapes, the acceleration as(t) has a positive sign, but the MT motion is 
subtracted from do. Figures 11.5 and 11.6 show the time history of p l , the rigid body 
translatory acceleration of the central cluster, for model (1) and model (2).

p x [m /s2] P\ [m/s2]
0.00004

0.00002

-  0.00002

0.00001

Figure 11.5: p x for Figure 11.6: p x for
model (1) MT translation model (2) MT translation

Figures 11.5 and 11.6 show that the higher modes are also excited to a visible level. 
The maximum absolute value in model (1) occurs at f = 169.01 s and is plmax =
1.33479xl0"5 m/s2, and in model (2) the maximum occurs for example at f = 268.95 s 
with pl max = 4.03868xl0*5 m/s2. Noting that g = 9.81 m/s2, the maximum translatory
accelerations of the central cluster of the space station in model (1) and model (2) are 
1.36 pg and 4.12 jug, respectively.
For a relatively small and probably more realistic payload with Ms = 1000 kg, Is = 
166.67 kgm2, and Ls = 16 m, the maximum absolute accelerations for model (1) and 
model (2) are 0.84 pg  and 2.76 pg, respectively.

MT emergency braking

For the simulation of a MT emergency braking the equations of motion are identical 
to those for the simulation of a normal MT translation, but the MT acceleration / 
deceleration profile differs from that shown in figure 11.4 in that the deceleration 
takes place in a shorter period of time but with greater magnitude. Assuming that in 
case of an emergency .braking the deceleration phase lasts 1 second instead of 150, we 
have a deceleration of -0.033 m/s2 instead of -2.2xl0'4 m/s2. Figure 11.7 shows the 
profile.

as [m/s2]

<<
))

<<:

2.2x10-4

151

0 150 

-0.033 1

Figure 11.7: MT acceleration / deceleration profile for emergency braking case
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Figures 11.8 and 11.9 show the time history of p l for model (1) and model (2) for Ms 
= 30000 kg, Is = 4x l05 kgm2, and Ls -  17.5 m.
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0 .00005

0.00002 5

75^~ioo j
-  0 .00002 5

P i  [ m / s 2]  
▲

-> t

0.0001
0.00008

0.00006

0.00004

0.00002

-  0.00002
-> t

Figure 11.8: p l for model (1) 
MT emergency braking

Figure 11.9: p l for model (2) 
MT emergency braking

The absolute maxima for model (1) and model (2) are 13.78 pg  and 60.25 pg, 
respectively.
For the 1000 kg payload case, the respective figures are 45.35 pg  and 29.57 pg.

MRMS slew

For the simulation of the MRMS slew manoeuvre we calculate the generalised force 
in the generalised force vector P according to equation (11.5), where we assume an 
application of the maximum RMS shoulder joint torque with Mo = 1298 Nm. For the 
case Ms = 30000 kg, Is = 4x l05 kgm2, and Ls = 17.5 m equation (11.5) then yields Fo 
= 71 N. This value is inserted into equation (11.6), where ds = 35 m is now a 
constant, as already stated. Taking account of the maximum allowed shoulder joint 
velocity of the SRMS, figure 11.10 shows the MRMS angular acceleration profile for 
the actual configuration for a 90° slew manoeuvre of the straight MRMS being 
initially parallel to the main truss.

6  [ r a d / s 2]

3 9 2 .6 7  4 2 2 .2 2

2 9 .5 5

-1 .3 5 3 8 4 6 x 1 0 - 4

Figure 11.10: MRMS angular acceleration for maximum payload case

Note that the force F0 in equation (11.6) has to be switched on and off, respectively, 
according to the acceleration as shown in figure 11.10. Figures 11.11 and 11.12 show 
the time histories of p x for model (1) and (2).
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Figure 11.11: p l for Figure 11.12: p1 for
model (1) MRMS 90° slew model (2) MRMS 90° slew

Figure 11.11 shows that in model (1), only one mode is dominant, whereas in model
(2) at least two modes are visible. The maximum absolute value in model (1) is 29.75 
fig, and in model (2) 47.47 fig.
For the small payload case with Ms = 1000 kg, Is = 166.67 kgm2, and Ls = 16 m, the 
MRMS angular acceleration / deceleration profile differs from that for the maximum 
payload case shown in figure 11.10 due to the different total moment of inertia of the 
payload about the MRMS shoulder joint, and equation (11.5) now yields Fq= 81 N to 
be inserted into equation (11.6). The profile is shown in figure 11.13, where the 
maximum allowed joint velocity of the RMS is again taken account of.
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Figure 11.13: MRMS angular acceleration for small payload case

For the small payload, the maximum absolute values for the translatory acceleration 
of the space station central cluster in model (1) and in model (2) are 23.99 fig and 
22.05 fig, respectively.
All the above results are of the same magnitude as those given in [79], but it is noted 
that in [79] the robot payload was very much smaller, whereas on the other hand the 
robot accelerations were much larger. Also the robot position was assumed stationary 
within the laboratory cluster. Thus due to a lack of further information, it is 
impossible at this point to evaluate the quality of the results presented above.
To give an idea of an acceleration of say, IfiG, we refer to [79], in which it is claimed 
that an astronaut pushing off a wall in the space station causes disturbances of about 
18//G, and using the treadmill, the astronaut causes disturbances of about 750//G.
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11.3 SUMMARY

This chapter investigates the magnitudes of possible interactions of a space station 
and a manipulator, assuming properties similar to the International Space Station 
(ISS) and its Mobile Remote Manipulator System (MRMS).
Since the available literature on the ISS does not allow for a detailed modelling, and 
since this is assumed to be impossible within the boundaries of this thesis, two very 
much simplified dynamic models are set up to allow some initial assessments of the 
vibration levels to be expected. The two models differ in that in model (1) the solar 
panel arrays are modelled to be point masses at the end of the main truss, whereas in 
model (2) they are modelled as a pair of cantilever beams at the ends of the main 
truss.
With the simplified models, the translatory accelerations of the ISS central cluster 
with the laboratories and other facilities due to a MRMS normal bay to bay motion 
along the ISS main truss as described in [74] and due to an emergency braking during 
the MRMS bay to bay motion are computed for two payload cases with 30000 kg and 
1000 kg, respectively. For the normal MRMS motion along one bay, the values for 
the central cluster acceleration in both models and with both payloads are between 1 
fig and 4 fig. In the emergency braking case, the absolute maximum accelerations in 
model (1) for the big and small payload are about 13 fig and 45 fig, and in model (2) 
about 60 fig and 30 fig.
A 90° slew manoeuvre of the MRMS about the shoulder joint with the MRMS being 
as close to one main truss end as possible causes disturbances of typically about 26 
fig in model (1) for both payload cases, and about 48 fig and 22 fig in model (2) for 
the big and small payload, respectively.
The magnitude of these results agree with the magnitude of the results given in [79], 
but it is noted that in [79] the robot is assumed to be stationary in the central cluster, 
holding a much smaller payload but accelerating much faster, so that the results can 
not directly be compared.
Due to a lack of more detailed information, the validation of the present results can 
not be made, but a qualitative comparison with [79] indicates that they are probably 
of the correct order of magnitude.
The above analyses neglect any damping of the MRMS or the ISS, which would not 
significantly reduce the initial maximum vibration levels due to the step input 
excitations, but which would in reality ensure that the vibrations amplitudes reduce to 
zero in time.
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CHAPTER 12: SUMMARY. DISCUSSION AND RECOMMENDATIONS

Method: This thesis investigates the vibration response of a flexible space 
manipulator modelled on the Shuttle Remote Manipulator System (SRMS) for motion 
of its two main flexible links and the rigid end effector coupled to a large rigid 
payload, and a wide range of payloads and link configurations is considered. In 
contrast to research into multi-link earth based rigid robots the study of the vibration 
of articulated flexible space robotic systems due to rotation manoeuvres about the 
joints and positioning of the payload by Shuttle thruster induced motion, has not been 
reported widely in the literature. Also interaction effects of a slewing payload with 
the Space Shuttle rigid body motion does not appear in published work.
The thesis is restricted to planar motions of the SRMS in the plane of symmetry. 
However, the influence of a rigid straight SRMS slew on Shuttle out of plane motion 
in roll and surge and the influence of a Shuttle being free to move in all spatial 
degrees of freedom on the lateral acceleration of the payload in the inertia frame is 
studied.
The major contribution of this thesis consists of obtaining an exact analytical solution 
to the vibration modes and natural frequencies of a three-link system with two 
flexible links and one rigid end effector / payload, for various cases of joints locked 
or free. Allowance for joint flexibility and interaction with the Shuttle motion is also 
considered and the feasibility of using reaction wheel dampers is examined. The exact 
solution of the two articulated flexible beam eigenvalue problem is obtained by 
solving the Bernoulli beam partial differential equation for both beams using the 
appropriate boundary conditions at the three joints, allowing for any configuration of 
the SRMS. For dynamic response analyses the modelling of the SRMS / payload 
using the exact mode shapes has considerable advantage over the use of many 
assumed modes, which are necessary to get a good convergence towards the exact 
fundamental frequency, since inclusion of a relatively large number of assumed 
modes creates a large order dynamic model with increasing complexity and 
computational burden.
A chapter on numerical accuracy when using the proposed determinant method shows 
the limits of the method when the system complexity grows very large. Thus ill- 
conditioning of the eigenvalue determinant caused problems of incorrectly computed 
natural frequencies for the higher modes for the very complex systems. The 
difficulties appear to be due to the steepness of the determinant at the zero crossing 
points and due to some of the terms in the determinant dominating the others. 
However, since in practice only the first mode of systems with a very low 
fundamental frequency yields non-negligible dynamic responses, the described 
problems do not affect the analyses in this thesis. In this respect the accuracy of the 
method is rigorously validated for all the presented results and natural frequencies.
In the last chapters of this thesis, additional aspects that are rarely mentioned in other 
publications are addressed, namely the problem of SRMS dynamic response when 
capturing a satellite with relative velocity and the interaction of the MRMS with a 
reduced order flexible model of the ISS.

Results: One of the most important findings of this thesis is the fact that when the 
kinematic and dynamical boundary conditions for the SRMS flexible links and end
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effector, as far as they are known and/or published, are correctly taken into account 
for dynamic response analyses, the vibration levels are very small with typical 
amplitudes of millimeters or less when one or more joints are unlocked. Only the 
situation all joints locked with the SRMS straight and perpendicular to the Shuttle 
yields vibration levels in the magnitude of centimeters or decimeters when the Shuttle 
thrusters are fired. This result seems to invalidate the analyses of previous 
researchers, because they all propose control schemes using the joint motors 
themselves to damp out flexible vibrations. But if the joint motors are free to 
revolute, as they must obviously be to act as damping actuators, the vibration levels 
are negligibly small, as mentioned.
In this respect the backdriveability of the SRMS joint gear trains from the output side 
is found to be the most important dynamical aspect for a correct formulation of the 
boundary conditions for the flexible links. This is because if a joint is free to revolute 
its backdriveability essentially leads to pinned-free boundary conditions for the 
flexible link connected to its output side, giving rise to only small levels of flexible 
vibration. It is inferred that previous researchers did not account for these facts, and, 
in agreement with other authors, assumed boundary conditions of a cantilever beam 
for the flexible links. This might be the explanation why in these papers the control 
aspect is stressed so much whereas the present thesis shows that except for one or two 
worst case scenarios, the elastic vibration levels are practically negligible.
Due to these findings it becomes clear that when an active damping control is desired, 
the use of additional actuators is necessary. The analyses show that the use of reaction 
wheels is impractical mainly due to the space taken up by the wheels in the payload 
bay and during operation, and piezoelectric elements would be preferable.
However, in view of the vibration levels to be generally expected it is possible that 
the advantage of an active damping control system (less waiting time for vibrations to 
damp down to an acceptable level for precision positioning) does not necessarily 
match the disadvantages (available space in the Shuttle cargo bay, additional 
hardware and software and thus increased probability of failure, increased costs, ...), 
and these reasons probably explain why NASA has not employed active damping on 
the SRMS or the Mobile Remote Manipulator System (MRMS) on the ISS.

Future work: It is recommended that the presented aspects of SRMS vibration 
response be the subject of future research, using simplified dynamic modelling as in 
this thesis for comparison with multi-body computer programmes.
Also, the problem of ill-conditioning of determinants arising from systems with very 
large masses and inertias constituting the dynamical boundary conditions of a slender 
link system is proposed for future work.

Conclusion: In conclusion this thesis presents a unique method of vibration analysis 
of a two-link flexible space manipulator with a third rigid link, coupled to the Space 
Shuttle. The aim has been an attempt to simplify the analyses and explain the basic 
dynamics of the system so as to be able to realistically interpret and explain the 
results of more complex and comprehensive multi-body programmes. It is believed 
that all research of this nature should follow this simplifying approach wherever 
possible without losing the most important features of the system.
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