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1. INTRODUCTION

Stochastic modeling within a Monte Carlo method
[1–10] has recently found wide application in the study
of coherent phenomena associated with the propagation
of light in randomly inhomogeneous media. These phe-
nomena (coherent backscattering, spatial and time cor-
relations of intensity) are attributed to the wave nature
of light and, in spite of the multiple scattering regime,
are observed in a wide variety of dielectric systems
[11], such as colloidal suspensions, liquid crystals, and
biological tissues.

The standard modeling technique for radiation in a
random medium is based on the concept of intensity
transfer. The phase relations between the fields that
contribute to the intensity remain outside the frame-
work of this modeling; one needs a special approach to
take into account these relations.

The theory of multiple scattering in random media,
including the theory of coherent and interference phe-
nomena, is based on the Bethe–Salpeter equation
(see [12]). In the present paper, we juxtapose a stochas-
tic Monte Carlo method [13] with a theoretic method
that is based on the representation of the solution to the
Bethe-Salpeter equation as a series in scattering orders
to demonstrate how the standard Monte Carlo method
is generalized to a unified approach to the numerical
simulation of the time correlation function of intensity,
coherent backscattering, and other coherent phenom-
ena that require the consideration of phase shifts.

Due to the multiple scattering, polarized light is
completely depolarized; this fact allows one to restrict
the consideration to a scalar field. However, in the case
of backscattering, the scattered light remains partially
polarized due to the contributions of lower order scat-

tering terms. Experiments point to a significant role of
polarization in backscattering [14–16].

In [17–22], the problem of multiple scattering by
point, Rayleigh, particles was solved by generalizing
the Milne solution to the case of electromagnetic
waves. In [17. 18], a vector transport equation was
solved for strictly backward scattering with regard to
the interference component, and, in [19, 20], the angu-
lar dependence of the backscattering peak was calcu-
lated with regard to polarization. In [21], a solution for
the time correlation function was obtained. In [22], this
solution was generalized to the case of finite-size scat-
terers.

In [2], a Monte Carlo procedure was applied to the
calculation of the intensity of coherent backscattering,
including a coherent component; for Rayleigh scatter-
ing, the peak of coherent backscattering proved to be
much less than the enhancement predicted by the exact
solution [19, 22]. In [23], the authors also simulated
backscattering of electromagnetic waves; they calcu-
lated the rate of depolarization of linearly polarized
light as a function of the number of scattering events.
For Rayleigh scattering, the function obtained coin-
cides with that predicted in [24], which was obtained
within a diffusive approximation; however, as the
anisotropy of the single-scattering cross section
increases, the result of numerical simulation apprecia-
bly differs from theoretical results.

In the present paper, we develop a method for sto-
chastic modeling of coherent phenomena with regard to
the polarization of an electromagnetic field. For Ray-
leigh scattering, the numerical results obtained are in
agreement with the theoretical results. This fact sug-
gests that the data obtained in the general case of aniso-
tropic scattering cross section are reliable.
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We consider the case, most frequently used in theo-
retical investigations, of the scattering of radiation in a
medium that occupies a half-space with a plane bound-
ary. To facilitate the account of the method, we consider
the normal incidence and scattering close to the back-
ward scattering.

In Section 2, we present general expressions for the
time correlation function and the interference compo-
nent of backscattering. In Section 3, we compare the
methods of summation of ladder diagrams with a
Monte Carlo method and present the results of simula-
tion for the time correlation function and coherent
backscattering for a scalar field. In Section 4, we con-
sider the results of simulation for linearly polarized
light. In the Conclusion, we discuss the results.

2. TRANSFER OF FIELD CORRELATIONS
Suppose that a medium occupies the half-space 
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 >
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is the Cartesian coordinate normal to the
boundary of the medium and 
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 are the wave vec-
tors of the incident and scattered plane waves.

The transfer of field correlations in an inhomoge-
neous dispersion medium with random space–time
fluctuations of dielectric constant is described by the
Bethe–Salpeter integral equation
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the real and imaginary parts of 
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, respectively; the
imaginary part 
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 defines the photon mean free path
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. The quantity

defines the wave vector between the 
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th and 

 

j

 

th scatter-

ing events. The fourth-rank tensor (
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),

(2.2)
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represents a direct product of the complex-conjugate
pair of Green’s functions of the Maxwell wave equation
in the far-field region and describes the transformation
of a pair of fields with polarizations µ and ν into a pair
of fields with polarizations α and β in a single scatter-
ing event.

In the weak scattering approximation (λ � l), which
is usually valid in the dielectric systems under consid-

eration, (q, t) represents the Fourier image of the cor-
relation function of space–time fluctuations of the
dielectric constant:

(2.3)

A key role in the problems of multiple scattering is
played by the optical theorem, which relates the single-
scattering cross section to the scattering length ls . For
an electromagnetic field, the optical theorem in the
approximation of weak scattering, or the Born approx-
imation, is expressed as

(2.4)

Here, (q) = (q, t) is the Fourier image of the static
correlation function of fluctuations of the dielectric

constant, ΓR = 2(1 + )–1 is the Rayleigh factor,
and

is the squared cosine, averaged over the single-scatter-
ing cross section, of the scattering angle between the
wave vectors ki and ks .

The photon mean free path l and the scattering
length ls are related by the formula

(2.5)

where la is the characteristic length of the absorption
due to inelastic scattering. For the media considered
here, la � l and the ratio l/ls is close to unity.

Let us define a normalized correlation function of
fluctuations of the dielectric constant:

(2.6)

For t = 0, this function coincides with the phase func-
tion p0(ki – ks) = p(ki – ks, 0), which describes the cross
section of single scattering.
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Iterating the Bethe–Salpeter equation and applying
the optical theorem, we obtain the series

(2.7)

which is usually represented as a series of ladder dia-
grams.

Let us define a binary correlation function of a field
that is observed at a large distance r from the scattering
medium as

(2.8)

where (t|ks, ki) is a contribution of ladder diagrams
that describes a noncoherent component, while

(t|ks, ki) is the interference component that is
observed in the backscattered wave.

In the case of normal incidence and scattering close
to the backward scattering, the ladder and interference
components of the time correlation function of a field
are given by

(2.9)

and

(2.10)

respectively, where the subscript “⊥ ” denotes the com-
ponent perpendicular to the boundary of the medium. It
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Ĉ
E( )

t ks ki,( )

=  Ĉ
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Ĉ
L( )

Ĉ
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is easily seen that, for backward scattering, when ks =
−ki , the polarized component of the interference contri-

bution (t|ks, ki) coincides with the polarization
component of the main, noncoherent, contribution

(t|ks, ki) before subtracting the contribution of sin-
gle scattering, while the depolarized components do not
coincide.

The noncoherent component defines the time corre-
lation function of a field

(2.11)

Disregarding non-Gaussian long-range components,
we can represent the intensity correlation function as a
square of the field correlation function: g2(t) = 1 +

(t).

For t = 0, the interference component (2.10)
describes the peak of coherent backscattering

(2.12)

and its angular dependence.

3. SIMULATION OF A SERIES
IN SCATTERING ORDERS: A SCALAR FIELD

Let us juxtapose the procedure of analytic summa-
tion of a series of ladder diagrams with a Monte Carlo
method that combines the calculation scheme of sto-
chastic trajectories with the application of statistical
weights [26, 27]. First, consider a scalar field. When

passing to the case of a scalar field, the tensor (R) is
replaced by the scalar function Λ0(R) = R–2exp(–R/l),
and the Rayleigh factor ΓR is replaced by unity. The first
term of the iterative series describes single scattering,
the second describes double scattering, etc.

A Monte Carlo method describes the radiation prop-
agation as a random process that consists of one, two,
…, n scattering events. The addition of one link of the
ladder Λ(Rjj – 1)p0(kj – kj – 1) in the theoretical descrip-
tion is realized in the numerical experiment by a path R
traversed by a photon (a packet of photons) up to the
next scattering event. The random photon mean free
path R between two successive scattering events is
defined by the Poisson distribution [13]:

(3.1)

This distribution implies that R = –llnξ, where ξ is the
probability of the fact that the mean free path is greater
than R; the value of ξ is chosen by a random number
generator from the interval [0, 1]. The propagation

Ĉ
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Ĉ
L( )

g1 t( )
C L( ) t ki– ki,( )
C L( ) 0 ki– ki,( )
-------------------------------------.=

g1
2

ICBS θs( )
C V( ) 0 ks ki,( )

0 ki– ki,( )
---------------------------------=

Λ̂

f R( ) l 1– R/l–( ).exp=
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direction of a photon packet in each event of elastic
scattering is defined randomly with regard to the phase
function (2.6). As a result, one obtains a stochastic tra-
jectory of a photon that is emitted at the point R0 = RS ,
experienced n collisions at the points R1, …, Rn , and
detected on the surface at the point Rn + 1 = RD; this tra-
jectory randomly simulates the nth-order term in the
above-mentioned iterative series (Fig. 1).

Let Wi be the statistical weight of the ith photon that
reaches a detector. Then, the sum of these weights
defines, in arbitrary units, the intensity of scattered
radiation at the detection point,

In the case of isotropic scattering, Wi = 1/Nph, where Nph
is the sample size; in the case of anisotropic scattering,
this quantity is multiplied by a product of phase func-
tions.

The complexity of analytic calculations is associ-
ated with the fact that the integrals over Ri cannot be
uncoupled because the phase functions depend on the
mutual disposition of scattering particles. The numeri-
cal simulation uncouples this chain and, at each step,
randomly defines the direction and the magnitude of the
mean free path of a photon packet.

By virtue of the normalization condition for the
phase function,

(3.2)

the statistical weight of a photon packet is not changed
after each scattering event. In theoretical description,
the conservation of the weight of a packet is fulfilled
according to the optical theorem. Indeed, since

the expansion parameter of iterative series (2.7) is given
by

(3.3)

Let us show that it is the form of the propagator Λ0(R)
that leads to distribution (3.1). In the absence of absorp-

tion, the quantity  is exactly equal to unity, which
points to the conservation of the weight of the photon
packet. In analytic calculations, it is the condition

 = 1 that makes the method of successive approxi-
mations inapplicable to solving the Bethe–Salpeter
equation.

A photon contributes to the detected signal provided
that it intersects the boundary of the medium at a given
angle at the detection point. Then, the trajectory of the
next photon is modeled. The sample size of incident

I ΣiWi.=

p0 ki ks–( ) Ωd∫ 1,=

Λ0 R( ) Rd∫ 4πl,=

ls
1– Ωn Ri 1+ Λ0 Ri 1+ Ri–( ) p0 ki 1+ ki–( )d∫d∫  = ls

1– l.

ls
1– l

ls
1– l

photons varied from 105 to 107. The modeling of a pho-
ton trajectory terminated when the number of scattering
events became greater than 104. When the statistical
weight of a photon became less than 10–3, we also
ceased to follow up the trajectory of the photon.
According to our estimates, the detection probability of
such a photon on the surface is no greater than 10–2;
therefore, our approach leads to error of at most 10–5.
We controlled the accuracy of calculated parameters by
the stability of their numerical values under increasing
sample size. For a sample size of 105, the intensity is
stable up to at least four digits.

As the phase function, we used the Henyey–Green-
stein function (see [28]). In [2, 29], the authors used the
Rayleigh–Gans function.

When a fraction of scattered photons possessing the
required properties (for example, phonons scattered
into a narrow solid angle when modeling coherent
backscattering) is small, the time it takes to accumulate
reliable statistics may prove to be extremely large in the
above-described standard modeling technique.

To improve the statistics, we applied a semianalytic
method of modeling [30], which is also known as a
method of local estimation [31], in which each photon
contributes to the scattered radiation. Suppose that a
trajectory contains N scattering events. The weight of

the ith photon after n (n < N) scattering events is .
The contribution of all trajectories with the number of
scattering events n is simulated by the term of iterative
series (2.7) that describes n-tuple scattering in the lad-
der component (2.9):

where  is the distance from the point of the last, nth
scattering event to the boundary of the medium. Thus,
in this approach, each photon contributes to the
detected radiation. The accuracy of modeling is easily

Wn
i( )

C L( ) ΣiWn
i( ) zn

i( )/l–( ),exp∼

zn
i( )

RS RD

RnRl

ki
ks

Rj

θj

kj + ljkjj – l

xy

z

Fig. 1. Trajectory of random walks of a photon from the
input point RS to the output point RD; R1 and Rn are the
points of the first and the last, nth, scattering events; kjj – 1
and kj + 1j are the wave vectors before and after the jth scat-
tering event; and θj is the angle between the above wave
vectors.
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monitored by comparing with analytic results, which
can be obtained for lower orders of scattering. For
example, in the case of isotropic scattering, the contri-
butions of single and double scattering to the intensity
are given by

Using the method described, we reproduced these
theoretical results by simulation with a high degree of
accuracy.

The analysis involving the juxtaposition of the theo-
retical approach based on the Bethe–Salpeter equation
with the Monte Carlo method allows us to generalize
the latter method for modeling coherent multiple scat-
tering phenomena.

The difference between the calculation of the time
correlation function and the calculation of intensity lies
in the fact that the direction of a scattered photon packet
is determined by a generalized phase function p(kj –
kj − 1, t), which depends on the time shift t, rather than
by the phase function itself. In the major part of known
applications [15, 32], the authors investigate a diffusion
mechanism of the time evolution of irregularities, when

Isingle l 1– z1 R2δ R2 R1–( )
z1 z2+

l
---------------– 

 exp
1
2
---,=dd∫=

Idouble 4π( ) 1– l 2– z1 R2Λ0 R2 R1–( )d∫d∫=

×
z1 z2+

l
---------------– 

 exp 2ln 0.346…= =

the time correlation function of the intensity fluctua-
tions can be represented as a product of a static correla-
tion function and an exponential function:

(3.4)

where Ds is the coefficient of self-diffusion. Thus, the
time correlation function is calculated in the Monte
Carlo method as

(3.5)

where τ = (Dsk2)–1 is the characteristic time of Brown-
ian diffusion of a scatterer to a distance λ and θj is the
scattering angle in the jth scattering event. The results
remains virtually unchanged if we replace the sample
average by the average over the phase function

in agreement with the diffusive approximation.
In the isotropic case, there is an exact Milne solution

that allows one to control the results of simulation. The
exact solution gives the following value for the ratio of
the intensity of the total backscattered radiation to the
intensity of single scattering: I/Isingle = 8.455…
(see [12]). The method of simulation described repro-
duces this value with an accuracy of at least four digits
for a sample size on the order of 105. To reduce the sim-
ulation time, we calculated, within the diffusive
approximation, the contribution of photons for which
the distance between the input and output points is sev-
eral dozens of times greater than the mean free path l,
whereas the contribution of photons that are emitted at
a distance less than l is calculated by the simulation
scheme described.

Figure 2 represents the results of simulation for the
time correlation function of field for three scattering
media with different values of the anisotropy factor

 = 0, 0.5, and 0.9. We chose the value l = 33 µm,
which corresponds to the values of the transport length

l* = l(1 – )–1 ranging from 33µm for the isotropic
case to 333 µm for the case of strong anisotropy

(  = 0.9). In terms of , the correlation function
is practically universal and does not depend on the
anisotropy of single scattering. Note also that these
results are in good agreement with experimental data
[15, 16]. The obtained time correlation function of field
is well described by the formula

(3.6)

which was proposed in [15].

p q t,( ) p0 q( ) Dsq
2t–( ),exp≈

g1 t( ) Wi 2
t
τ
--ni 1

1
ni

---- θ jcos
j

ni

∑–
 
 
 

–
 
 
 

,exp
i 1=

Nph

∑=

1
ni

---- θ j θcoscos
j

ni

∑
ΩsG̃0 ks ki–( ) θscosd∫

ΩsG̃0 ks ki–( )d∫
------------------------------------------------------,=

θcos

θcos

θcos t/τ

g1 t( ) γ 6t/τ–( ),exp∝

0.40 0.8 1.2 1.6 2.0
t τ0⁄

10–2

10–1

1
g1

1

2

Fig. 2. The time correlation function of a field scattered
backward by (1) a semi-infinite medium and (2) a layer of

thickness L = l* as a function of the time argument  for

three values of the anisotropy parameter  = 0 (�),
0.5 (�), and 0.9 (�); the dashed curve represents approxi-
mation by function (3.6) with γ = 2.

t/τ
θcos



27

The deviation from a linear decay for very small
times is attributed to insufficient statistics at large dis-
tances. As time increases, the contribution of long opti-
cal paths decreases, thus weakening the requirements
on the statistical sample size.

Strictly speaking, the linear dependence on  is
realized only for the scattering from a semi-infinite
medium. In the case of scattering from a layer of finite
thickness, the time correlation function decreases lin-
early with time t. However, even for layers with a thick-
ness on the order of the transport mean free path, the

time correlation function in terms of  weakly

depends on the anisotropy parameter .

The decay rate of the correlation function, which
weakly depends on the specific character of a medium
in dimensionless terms t/τ, depends rather strongly on
the geometry of the experiment. The table presents the
values of the slope ratio γ for isotropic scattering that
are calculated in the diffusive approximation with the
use of the Milne solution and obtained by simulation.

One can see that, in the case of a point source or a
point detector, the decay rate of correlations is less than
that in the case of plane waves. As pointed out in [15],
this is associated with the fact that, in the case of plane
waves, the relative contribution of longer optical paths
increases and leads to a faster decay of the correlation
function.

Note that, compared with the expression for the
intensity of a noncoherent component, the expression
for the intensity of the interference component of back-
scattering (see (2.10)) contains an additional factor
exp(iq⊥  · (R1 – R2)⊥ ). Taking into account the transla-
tional invariance with respect to the coordinates R⊥ , we
can replace this factor by cos(q⊥  · (R1 – R2)⊥ ). When
calculating the intensity of the coherent component of
backscattering, we should multiply the weight of the ith
photon arriving at the interface with vector ks at dis-

tance |(RS – )⊥ | from the input point RS by the factor

cos(q⊥ (RS – )⊥ ) and sum over all photons. As a

t/τ

t/τ
θcos

RD
i( )

RD
i( )

result, we obtain the following expression for the peak
of coherent backscattering:

The height, or enhancement, of the peak of back-
scattering is given by

where I is the intensity of the noncoherent component.
We obtained hCBS = 1.87 for isotropic scattering, which

is in good agreement with the value  = 1.88 [2]
obtained on the basis of the Milne generalized solution.

For  = 0.9, we obtained hCBS = 1.99, which also

agrees with the expected theoretical value  = 2 for

  1.
Just as in the case of time correlations, the angular

dependence of the peak of coherent backscattering cal-
culated in the dimensionless variables  = kl*sinθs is
close to the universal one (Fig. 3) and is sufficiently
well described by the formula

with γ = 2. Note that this dependence differs signifi-
cantly from the dependence predicted by the diffusive
approximation [24]:

for kl*sinθs � 1, where z* = 0.71… is the Milne extrap-
olation parameter. The values of the slope ratio given by
this formula for the isotropic scattering and the strongly
isotropic scattering differ by a factor of three: γ(diff) =

2.3 for  = 0, and γ(diff) = 0.71 for   1
(see [18]). Note that the results of simulation also show

ICBS θs( ) Wi q⊥ RS RD
i–( )⊥⋅( ) Isingle.–cos

i

∑=

hCBS 2I Isingle–
I

-----------------------,=

htheor
CBS

θcos

htheor
CBS

θcos

q̃

ICBS θs( ) γkl* θssin–( )exp∝

Idiff
CBS 1 2

l z*l*+( )2

l 2z*l*+
-------------------------k θssin–∝

θcos θcos

The slope ratio γ of the time correlation function of field in a medium with isotropic scattering cross section: Theoretical pre-
dictions and results of simulation

Incident radiation Scattered radiation Diffusive approximation Milne solution Monte Carlo method

Plane wave Plane wave 2 [12, 22] ≈2

Plane wave Point detector 1 + z* ≈1.53 [22] ≈1.53

Point source Total scattered radiation z* ≈1.2

Note: The Milne parameter is z* ≈ 0.71.

2
1 z*+( )2

1 2z*+
----------------------



28

that the decay rate of the peak of coherent backscatter-

ing decreases as the anisotropy parameter 
increases in the region of very small scattering angles,
kl*sinθs ≤ 0.1.

4. CORRELATION EFFECTS 
FOR LINEARLY POLARIZED LIGHT

In the case of an electromagnetic wave, one should
additionally follow up the variation in the direction of
the field, characterized by a polarization vector, along a
random trajectory of a photon. According to (2.2), to
this end, one should calculate the result of the action of
the chain of operators [24]

(4.1)

on the incident field.
Suppose that, just as in the case of a scalar field, the

weight of each incident photon is 1/Nph. In the electro-
magnetic field, one defines, in addition to the weight,
the initial polarization of the photon field; in the general
case, it is defined by three Cartesian coordinates. Sup-
pose that the polarization of each incident photon is
defined by a set of three numbers: P(in) = (1; 0; 0). This
vector of initial polarization indicates that the incident
field is polarized along the x axis.

The polarization of a field is changed under scatter-
ing. In addition to the standard procedure of the sto-

θcos

Î R j 1+ R j–( ) R j 1+ R j–( ) R j 1+ R j– 2–⊗–( )
j 1=

n

∏

chastic determination of the direction of a photon after
a collision and finding the weight function by the phase
function, one should calculate a new vector of polariza-
tion Pj + 1 by the preceding vector Pj for each scattering
event:

Suppose that a photon experiences n scattering
events. Then, after the last, nth scattering event, a pho-
ton arrives at the observation point RD with the polar-
ization vector

(4.2)

Let Wi be the statistical weight of a “scalar” ith pho-
ton that arrives at the point RD. Then, summing over all
Nph detected photons, we obtain the following expres-
sions for the polarized and depolarized components
(for short, we omit the index “out”):

(4.3)

In the case of backward scattering, there is no z com-
ponent. Note that these formulas describe the nonco-
herent contribution of ladder diagrams, Iβα =

(0|ks, ki).

In the case of an electromagnetic field, the polariza-
tion vector strongly fluctuates even for very large (on
the order of 105) statistical sample sizes. In [24], the
authors analyzed the rate of depolarization as a function
of the number n of scattering events in the diffusive
approximation. According to [24], in the case of isotro-
pic single-scattering cross section, the residual depolar-
ization after n scattering events is given by

Figure 4 represents the calculated function P(n). Note
that the number of scattering events is actually propor-
tional to the length of the optical path; since the length
of the path is proportional to the flight time, the func-
tion P(n) illustrates the spreading of a light impulse in
a strongly inhomogeneous medium. One can see that
the depolarization indeed decays exponentially as the
optical path increases; however, the decay rate differs

Pj 1+  = Î Rj 1+ Rj–( ) Rj 1+ Rj–( ) Rj 1+ Rj– 2–⊗–( )Pj.

P out( ) Î R j 1+ R j–( ) R j 1+ R j–( )⊗–(
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Fig. 3. Peak of coherent backscattering as a function of

kl*sinθs; λ = 0.6 µm; l = 33 µm; and  = 0 (�), 0.5 (�),
and 0.9 (�); (1) approximation by exp(–2kl*sinθs) and
(2) function of the form 1 – 2kl*sinθs. The inset shows the
initial regions that demonstrate the deviation from univer-
sality.
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from that predicted by the diffusive approximation. As
the anisotropy increases, the characteristic length of
depolarization increases, because, for large values of

, a photon must experience (1 – )–1 times
greater number of collisions compared with the isotro-
pic case to appreciably change its direction and, hence,
the polarization. For n > 30, the results are quite unsta-
ble. This is associated with the fact that the products of
an odd number of components of the polarization vec-
tor directed along the boundary of the medium are
equal to zero theoretically, whereas the stochastic result
strongly fluctuates.

The calculations are performed as follows. For tra-
jectories with a number of scattering events less than a
certain number n0, which varied from 20 to 50, the cal-
culation was performed by the above-described
scheme. We assumed that, for n > n0, the polarized and
depolarized components are equal and, hence, can be
calculated as half the intensity calculated for a scalar
field:

To control the process, we compared the results of
simulation in the case of point scatterers with the
known exact theoretical results.

In the case of Rayleigh scattering for the normal
incidence and scattering at an angle of 180°, the exact
solution [21, 22] obtained within a generalization of the
Milne solution for an electromagnetic field yields a
value of Ipol/Idepol ≈ 1.92 for the ratio of polarized to
depolarized components of the noncoherent compo-
nent. The numerical simulation yields Ipol/Idepol ≈ 1.94.
The known value of the ratio of the polarized compo-
nent of scattered radiation to the depolarized compo-
nent allows one to determine the residual polarization
of the noncoherent component of backscattering. The
generalized Milne solution yields [19, 21, 22]

while numerical simulation yields 0.326. A close value
of 0.33 was obtained in [23].

Let us define the height of the peak of the polarized
component of coherent backscattering as

The theoretical value [19, 21, 22] is  ≈ 1.75. The
analysis of simulation data obtained in [2] yields a

value of  ≈ 1.4, which is far from the theoretically
predicted result. In [29], the authors obtained a value of

θcos θcos
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------------------------ 0.31,≈

hpol
CBS 2Ipol Isingle–

Ipol
----------------------------.=

hpol
CBS
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CBS

 ≈ 1.69. The value  ≈ 1.746 calculated by us
much better agrees with theory.

We calculated the time correlation function for the
polarized and depolarized components of backscattered
light by numerical simulation.

To calculate the time correlation functions of an
electromagnetic field, we used the following formulas:

(4.4)

where Piα is the polarization vector of the ith photon
with polarization α that arises under the action of a
sequence of ni tensor operators of the form (4.2) and θj

is the scattering angle of the jth scattering event.
Figure 5 represents the results of simulation of the

time correlation function of field for the polarized and
depolarized components for the Rayleigh scattering,
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tem with the indicatrix stretched forward,  = 0.9.
One can see that, in the case of linearly polarized light,
the decay rate of the time correlation function in the
units of τ appreciably depends on the anisotropy

parameter , in contrast to nonpolarized light.

The diffusive character of light propagation in the
multiple scattering regime is responsible for the linear
decay of the field time correlation function of the
form [15]

where γ is the slope ratio that determines the decay rate
of the time correlation function. Note that, according
to (3.5), the initial small parameter in time is (t/τ)(1 –

). In the case of a strongly anisotropic scattering
cross section, this quantity remains small for suffi-
ciently large values of the parameter t/τ for which the

dependence of g(1)(t) on  may strongly differ from
a linear function.

In the case of Rayleigh scattering, the theory pre-
dicts [19, 22] the following slope ratios for the polar-
ized and depolarized components: γpol ≈ 1.44 and
γdepol ≈ 2.75. The analysis within the diffusive approxi-
mation yields [16] γpol ≈ 1.6 and γdepol ≈ 2.7, which are
close to the experimental data γpol ≈ 1.6 ± 0.1 and
γdepol ≈ 2.8 ± 0.2. These experimental data were
obtained for a suspension of latex particles with a diam-
eter of D = 0.091 µm, which is much less than the wave-

θcos

θcos

g 1( ) t( ) 1 γ 6t/τ ,–∼

θcos

t/τ

length; i.e., the scattering is close to the Rayleigh scat-
tering.

Note that, just as in a real experiment [15], one can-
not eliminate the nonlinear region for very small values
of time, which is attributed to the finiteness of the aper-
ture and the finiteness of the number of scattering
events considered; the theoretically predicted linear
region with the slope ratios γpol ≈ 1.42 and γdepol ≈ 2.68

starts at  = 0.15. As the anisotropy parameter
increases, the decay rates of the polarized and depolar-
ized components approach each other. The sum of the
polarized and depolarized components, i.e., the time
correlation function of nonpolarized light is described
by a curve close to the curve obtained during the simu-
lation of the time correlation function of a scalar field.

CONCLUSION

In the theory of coherent and correlation phenomena
of multiple scattering, both the cyclic diagrams that
describe the interference component of backscattering
[33, 24] and the diagrams that describe the field corre-
lations [34] can be reduced to ladder diagrams. This
allows one to describe the above phenomena within the
framework of the relevant Bethe–Salpeter equation.
The formal difference from the original ladder dia-
grams that describe the transfer of the main, noncoher-
ent, component of scattered radiation consists in the
introduction of additional coefficients to the vertices of
ladder diagrams. These coefficients describe the phase
shift between the fields that appear in the definition of
the propagator of the Bethe–Salpeter equation. In the
present paper, by juxtaposing the representation of the
Bethe–Salpeter equation as a ladder diagram series
with the modeling of random trajectories, we have
shown that the consideration of phase relations in sto-
chastic modeling also reduces to the addition of appro-
priate coefficients in each scattering event experienced
by a photon as it moves along a random trajectory.

The semianalytic Monte Carlo method developed
allows one to compare numerical results with theoreti-
cal predictions at each step of simulation. The possibil-
ity of such a comparison allows one to significantly
reduce the simulation time by using analytic results
instead of numerical ones at large distances between
the input and output points of radiation, where theoret-
ical predictions are certainly correct.

The analysis carried out has shown that scattering is
indeed of multiple character only in the case of a non-
absorbing semi-infinite medium. In all other cases,
each scattering event gives rise to coefficients of the

form Ds t = 2(t/τ)(l/l*) when simulating the time cor-
relation functions with diffusive decay of fluctuations
or klsinθs for coherent backscattering; these coeffi-
cients lead to a rapid decay of a wave packet. The decay
rate of coherent phenomena is determined by the
parameters (t/τ) and kl*sinθs , which may be substan-
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Fig.5. The time correlation function of a scattered field: 

(�), (�); 1 and 3 −  medium with the isotropic scattering,  

θcos = 0; 2 and 4 −  anisotropic, cosθ = 0.9. The dashed lines 
show the slops γpol ≈ 1.42 and γdepol ≈ 2.68 for isotropic case.
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tially greater than the original parameters (t/τ)(l/l*) and
klsinθs in the case of a strongly anisotropic phase func-

tion, 1 –  � 1.

The simulation error is primarily determined by the
sample size, i.e., by the number Nph of emitted photons
and by the maximal number n(max) of the scattering
events taken into consideration. We continued to follow
up the trajectory of a photon up to 104 scattering events.
In this case, the results become stable to within a per-
cent even for about 1000 emitted photons; for Nph ~ 105,
the relative error in the scattering intensity is on the
order of 10–4. However, in view of the diffusive charac-
ter of the propagation of radiation in an unbounded
medium, the contributions of the scattering events of
extremely high orders still continue to contribute when
one simulates the intensity. Therefore, the statistics of
photons with high-order scattering proves to be insuffi-
cient at large distances from the input point, and the
result depends on the choice of the number n(max). Com-
paring, in the isotropic case, numerical results with the
theoretical results that follow from the Milne solution
and its generalizations, we have obtained that the
above-mentioned restriction on the number of scatter-
ing events gives an understated result for the intensity
of scattered radiation: on the order of 2% for a scalar
field and on the order of 5% for an electromagnetic
field, even for sample sizes of up to several millions. It
is this circumstance why we complement stochastic
modeling with analytic calculations, applying analytic
calculations within the diffusive approximation instead
of modeling in the case of large distances between the
input and output points (or when the number of scatter-
ing events exceeds a certain fixed number); the accu-
racy of these analytic calculations are easily controlled
by increasing the above-mention fixed parameter.

In the case of modeling the time correlation function
or the peak of coherent backscattering for the parame-
ters (t/τ)(l/l*) and kl*sinθs on the order of 0.01 and
greater, an additional contribution (combined with the
use of analytic calculations) of scattering events of
extremely high orders virtually does not influence the
result. In the range of large values of (t/τ)(l/l*) and
kl*sinθs on the order of unity, the relative contribution
increases again; however, in this range of parameters,
the very physical model and, in particular, the ladder
approximation cease to be valid.

The description of multiple scattering, including
coherent phenomena, in terms of ladder diagram series
is valid up to the parameter λ/l. Thus, when the time
correlation function decreases as time increases or the
peak of coherent backscattering decreases as the scat-
tering angle increases by a factor greater than l/λ, the
phenomena described here cease to be observable in a
real experiment against the background of the contribu-
tions of “nonladder” diagrams that take into account the
phase shifts of fields during multiple rescattering pro-
cesses.

θscos

Usually, multiple scattering, including coherent
phenomena, is described in terms of a scalar field. Our
results show that, for the backward scattering, the con-
sideration of the electromagnetic nature of light leads to
an essentially different quantitative description com-
pared with that in the case of a scalar field because a
considerable part of backward scattered radiation con-
sists of low-order contributions. For example, the decay
rate of the time correlation function of the polarized
component is much less, while that of the depolarized
component is much greater, than the decay rate in the
case of nonpolarized light; the latter decay rate virtually
coincides with that in the scalar case. The polarized
component of backscattered light is almost twice as
large as the depolarized component.

The method of numerical simulation developed
allows one to judge the number of scattering events
experienced by light transmitted through a layer of
strongly inhomogeneous opaque medium by the value
of residual polarization. This information is additional
to that obtained from the measurements of attenuation
of nonpolarized light, from which one derives the trans-
port mean free path. The comparative analysis carried
out allows one to significantly simplify the simulation
of radiative transfer and coherent phenomena in ran-
domly inhomogeneous strongly scattering media, such
as liquid crystals, biological tissues, etc., and to signif-
icantly extend the application domain of these methods.

The results obtained allow one to extend the appli-
cability domain of the methods based on the coherent
and correlation properties of diffusely scattered light.
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