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SUMMARY

The efficiency of & process of compression or exparasion
of a gas is commonly defined in terms of the change in energy which
occurs as compared with the change required in isentropic flow. In
another method the efficiency may be defined in terms of the fraction
of the mechanical work lost in friction and converted into heat.
Alternatively, if the process is adiabatic, the efficiency may be
defined in terms of the fraction of the enthalpy increment which is
re-converted into heat by the frictional effects. This latter method
is applied here to adisbatic subsonic expansion of a gas in ctesdy
flow and some simple relationships of a general naturs sre
established. The application to simplified flow through a burbine
nozzle is then considered with particular refersnce to the choking

mass flow.
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Quantity of Heat
Joule's equivalent
Density

Acceleration due to gravity

Pressure (absolute) Pi  upstresn
Temperature (absolute) Ty upstream

Specific heats at constant pressure
and constent volume respectively
(per unit mass)

Gas constant (per unit mase)

Stream veloecity

Enthalpy (for unit mass)

BEfficiency factor ( O é* '5"';.. :?;, 1)

lMach number of stresm velociiy

Cp/0
(2-1)¥/l¥- 1)
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L% Intrcduction

Yhen considering the sadisabatic flow of a gae it is common
practice to allow for the frictional losses by relating the change
in energy of the gas during the process to the change that would tske
place were it possible to carry it out isentropically. The isentropic
efficiency, ag it is then called, is the ratio of the ideal change of
enoergy to the actusl change for a compression, and of the actual
change to the ideal change for a turbine, so that in both cases
efficiency values arc less than unity.

This mothod of reckoning the efficiency has the merit of
simplicity and practical utility. In the case of oxpansion through o
nozzle however it leads us to the erroneous conclusion that the
maximum flow will occur st & Mach number less than unity depending on
the value taken for the efficiency thus defined. Only when this
officiency is made 100% will the caleulstod maximum flow correspond
with the true choking condition. With efficiencios less than unity
the flow through the nozzlec and the momentum dischargo will bo ovor
estimated.

hese discrepancies were considorod some time asgo by Moyes (1),
and Hudson d}, and though explained physically by Frossel's expsriments(B)
the theoretical difficulties are not entirely resolved.¥

It is of interest to exsmine other definitiong of efficiency
suitable for one-dimensional adiabatic flow. We seek a simple means
of allowing for frictional losses over the range of subsonic flow. It
is not possible to consider in a simple manner the losses incurred once
speeds are reached at which shock waves are formed in the flow.

L Basgic egquations and definition of efficiency of & compressive
adiabstic proceas

According to the First Lew of Thermodynsmics heat and work are
mutually convertible, and onse unit of hoat is worth J units of work.

Consider the effoct of an increment of heat added to =
chemically inert gas flowing steadily between insulating walls. If
the tomporaturc of the gas increasss by & T its hoat contont is
inereased by an amount Cvy ST per 1lb. The remsinder of tho hoat will
appear as mechanical work performod by tho gas, cach unit mass of which
will expend against the stream pressure, thus doing an increment of
mechanical work equal to the product of the pressure (P) and increase
in specific volume §'(1/f?).

Iow part of any mechanicsal work developed within the
expanding gas will inevitsably be lost in eddies ond frictional work
end will be re-converted into heat.

This frictional hest, which the gas supplies continuously to
itself, is thus added to any increment of hesat supplied to the gas
from an externsl source.

Writing & H as the increment of heat supplied externally,
& F as the work reconverted into hest, the total heat increment
(in work units) received by the gas is:

J &H + &F

Of this quantity JC, & T is accounted for by the tempserature
change. The remainder:

J §8 + §F - Jo, 47T

disappears as heat, having been converted into the mechaniecal work
done by the gas P §(1/# ). /As & direct ....

* If the losses are considered in terms of a wall-friction coefficient,
theory finds the choking condition correctly. See Ref. 6.
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As & direct roesult of tho First Law, we have thorefore in
symbols:
J 8H + &F - JCyéT = P 5(1/},;:)
or, in differential form:

JaH + dF = JCWT + Pd(1/=)

In an "adiabatic" process dH is zero by definition.

Hpuation (1) then reduces to

dF = LI R A

JC aT + Pd(w;,{;)

"It is convenient here to introduce the/ enthalpy change
(heat units) which is given by the equation: -~

Gp dT

= JOy a1 + a(B/e)

al
dl =
Equation (2) may now be re-written as:

dff = JdI - dEéﬁ

If the adiabatic process were perfectly efficient dF
would be zero, and the enthalpy change would be erxactly equivalent to
the mechanical work done.

It is important to note that friction is always positive so
that care must be taken to ensure that dF and dI are of the ssme sign
for a compression in which the enthalpy content is incrsased, and of
opposite sign in sn expansion where the enthalpy content is decreased.
In any case some of the availasble enthalpy change is wssted.

In connection with somes caleulations by P&bst(4) on the
efficiency of multi-stage compressors, where the conditions of adisbatic
flow apply approximately, the fraction of the enthalpy lost in friction
is uged to define the efficiency of compression.'qv « The equation
used is:

aF = (1 - *LJ Jaz

Sinece dI is positive this equation can be gatisfied with
values of "ﬁh between zero and unity.

If we substitute this value for dF in equation (4) and

also write:

dl

Cp 4T
P/RT
R/J

N

G - Oy

we obtain the differential equation:

i

i ¥ - 4ar = ap
q_ -1 T P

If we follow Pabst and regard #_ and ¥ as constenis,

integration from state (1) to state (2) gives:
. F oy &

LR R )

/ The temperature
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(5)

(6)




The tempersture exponent Y/(F- 1) is directly
comparable with that for a "polytropic" process which follows the

law:
Pm;,ﬂn

in which case:

i
=3
o
&
1

P>

1 T
Equating the two exponents given by equations (6) and (7)
gives:
Ff{ = é}/" 1 . el e
Y n - 1

1 - 27 (1= 'rL)

fa ]
u

or

A curve for n in terms of % is given in the reference (4)
and the connection between " and the isentropic efficiency also
illustrated. - -

Since " is defined in terms of the infinitesimal change
of state,it is called the "small stage efficiency" and because it
eppears in the "polytropic" exponent as a factor multiplying the
"ideal" exponent (¥ /¥~ 1) (see equation 8) it is also called the
"polytropic efficiency".

In practical cases of adiabatic or spproximately adiabatic
compression, the efficiency ¥ is usually in the range 0.85 to 0,98
say. HEquation (8) shows that the index n is then greater than 3~ ,
and, therefors, the pressure - volume curve for adiabatic compredggion
is steeper than the ideal isentropic curve, as is well known.

i " An adisbatic expansion

Adiabatic expansion ie characterised by a decreasing enthalpy
content, i.e. dI is negative. The heat genersted internally as the
result of friction is positive. Following equation (5} therefore, and
defining the efficiency 31f in terms of the lost enthalpy, we write:

dF = (‘1["‘1JJdI eveoccunoe

i
Here if ?t were unity there would be no friction, i.e. the process
becomes isentropic; and decrsasing efficiency corresponds increasing
(positive) frictional rehesat.

Equetion (4), from the Pirst law, still nholds good.
Substituting in this egquation the above formmla for dF, and again
treating Y and ¥" as constants gives:

(2 -—fL] aj‘ .d__iI:- = j Q ¥ COI’!St{‘_‘Ob 8 8 E s
X =1 T @f L
£ -
/ (2 - %) ¥
or ?.g. - ;’Eg\ { T{?’_l - B N )

/ By comparing ¢

(7)

(8)

(9)

{0
\“r,}‘.

(11)

(12)
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4. Critical corditions in & nozzle

jongider the flow through & turbine nozzle. Hare the total
encrgy content per l1lb. of gas ia constant; g0 that wilh the
assumption that the flow can be ireated one-dimensionally and that
changes in specific heat are not important, the total head temperature
is constent along the nozzle. If 1he gas is at rest before it enters
the nozsle with temperature T4 then the total heasd temperature
remains at T througnout. Honce theo Lempersture at a section where
the Mach number ig M will be given by:

o= T {1+ ¥-1 W)

2
140 : W 3 1
¥ = f 2 19 _4})2
-7 (7

We now puppose thet the flow is adisbatic with constant
expansion efficiency (i.e. ?/ as defined in equation (10) is a
constant). Thie cen only apply approximately end then only up to the
point where shock disturbancas oecur, beyond which the basic assumption
of a continucus expansion can no longer hold.

Tation (12) gives the ratio of the pressure (P) at the
point whore the lach number is M o the upstream piressure Py in
the form:

{2-1) ¢

E( % 4

F— = III— ¥ e 88 s
0 T

A Lhird relation betwoen P, T and i is obltained from the

continuity condizion:
W - oA G o s - . R
= A 2 = o consbtant PR,

where W ig the mass flow, A +tho cross sectional arsa of the
gstreas, # nd V" tho mean sectional density snd velocity

i
respectively. Thls egration may be written:

‘ ES
M (¥ gRT)

'L‘FT = !L - F‘E "
W
L
.JP 3 -L’
= AT i ___{}.?_\ 2 = a constant TP sser e
T
B )

L

Here g 1¢ the gocelevation due to gravity.

Fouations (19), (20) and (22) are sufficient for the
caleulation of P, T and 17 at all gections provided ‘A and
efficiency ere known.

LS

For eriticel conditions M is unity, for then any further
decrease of decwnsirsam presgure 1s no longer able to incresse the
velocity to the throst. From equation (19) we then have the well
known ccndition for tho critical temperature T, at the throat:

a8 %880

/ The critical ....

% The appearsnce of g din this forumla iz due to the common practics

amongst propuleicn engineers of stating pressure in lb. per unit
aven and deasity in 1b. per unit volume.,

(20)

(21)

(22)
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The critical pressure P, follows from equation (16)

5

(2-31'))"‘
2 ¥ =A

Pc = LA LY
Pq ¥ o+ 1

whence the critical mass flow from equation (22) is:

B L3 -27)+ 1]
T— R k o+ t} P

J1
P/P{, i.e. reduction in

=

1y

h‘"‘*-...

Any further decrease in the ratio
downstream pressure below Pe has no effect on the mass flow. Thus
W = W, if:

¢
Bog.} Y
- .,,,?1_1
2 <’\ 2 |
P ™ (ﬁ ¥4
S Condition for maximum mass flow

(g§periment shows that the critical condition gives maximum
mass flow'Z’'., If, however, squations (19) and (20) are used to
eliminate M and T from equation (22), the nozzle mass flow is given
By

= / 4 '%f l-x r "o 1
W APy (%g *xj—fj l\i/} 2 {\g}) —1}

A\

where x is the polytropic pressurs exponent | Y-1)/4 ¥ (2 - ﬁf)% ;
The meximum value of this expreesion does not correspond to the trus
critical flow,

Wo sgain treat ¥ and 1. as constants, then with fixed

initial conditions Py and Ty, W depends only on P/Py . Thon from

equation (26) W is & meximum when:

ONE

Calling the corresponding throat temperature Ty, we then

It

2 - x
2 - 2x

13-24) ¥
(2 - Q“Tf} Y

+ 1
+ 2

have:

LU B A Y

/ The Mach ....

(24)

(25)

(26)

(27)

(28)
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The Mach number at the throat follows from equation (19)

viz:
j z 7
e —
v L5
I "-“%-
= J'r 1 E L LI B (29)

X (1—*12")+1 i

My is less than unity because 1?’ mist be less than 1
(see Fig. 2). The temperature drop and pressure drop required to give
this Mach number will be less than for the true criticsl flow. Thus it
appears that the maximum value of W calculated from equation (26)
fails to agree with the true condition of Mach number unity. A similar
discrepancy occurs if the expansion effic%??cy is based on"the ratio
of the actual to the isentropic heat drop and in this respect the
method of reckoning efficiency given here can claim no advantage.

6o Method of estimating choking mass flow

In view of the discrepancy found above, the critical or
"choking" mass flow should bs estimeted by the method given in paragrsph
(4). Sonic speed at the throat requires the conditions given in
equations (23) and (24) and the proper mass flow follows from equation
(25). A value for the efficiency 7’ must be assumed from practice
and also an allowanco made in the aréa A for the boundary layer.

If the method of paragraph (5) is followed, for the ssme
efficiency, a greater mass flow will be predicted, and the pressure
drop to the throat will be less than that actually required. With a
given mass flow, this will lead to an underestimate of the throat area
of the nozzle and of the rate of momentum discharge.

The discrepancy arises from insccurascies introduced by the
use of simplifying assumptions of one dimensional flow. The continuity
equation (22) assumes that the veloeity across any section is s constent
thus neglecting the slower moving boundary layers. It is also unlikely
that the rate of exchange between enthalpy and frictional reheat is
constant along the flow path. Strictly speeking one should expect a
variation in #  due to Mach number effects near the throst. The peak
point on the flow curve (Fig. 3) will only agree with the true critical
for M wunity if @ approaches 1 near the throat. This cannot be trus,
for one must expect the frictional losses to be proportionately gresater
at the higher speeds.
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Comparison of Efficiencies for Adiabatic Expansion.

Throat Mach Imber for Maximum Mlow.

Flow Function and HMach [famber.
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