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SUMMARY 

The efficiency of a process of compression or expansion 

of a gas is commonly defined in terms of the change in energy which 

occurs as compared with the change required in isentropic flow. In 

another method the efficiency may be defined in terms cf the fraction 

of the mechanical work lost in friction and converted into heat. 

Alternatively, if the process is adiabatic, the efficiency may be 

defined in terms of the fraction of the enthalpy increment which is 

re-converted into heat by the frictional effects. This latter method 

is applied here to adiabatic subsonic expansion of a gas in steady 

flow and some simple relationships of a general nature are 

established. The application to simplified flow through a turbine 

nozzle is then considered with particular reference to the choking 

mass flow. 
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NOTATION 

H - 	Quantity of Heat 

J - 	Joule's equivalent 

I' 	

- 	

Density 

g Acceleration due to gravity 

P - 	Pressure (absolute) 	pi 	upstrel 

T 	- 	Temperature (absolute) 	Ti upstream 

Cp, Cv 	- 	Specific heats at constant pressure 
and constant volume respectively 
(per unit mass) 

R 	- 	Gas constant (par unit mass) 

- Stream velocity 

- 2h.thalpy (for unit mass) 

Efficiency facto.,.. ( 0 	1) 

- Each number of streqr.  
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1. Introduction  

Men considering the adiabatic flow of a gas it is common 
practice to allow for the frictional losses by relating the change 
in energy of the gas during the process to the change that would take 
place were it possible to carry it out isentropically. The isentropic 
efficiency, as it is then called, is the ratio of the ideal change of 
energy to the actual change for a compression, and of the actual 
change to the ideal change for a turbine, so that in both cases 
efficiency values aro less than unity. 

This method of reckoning the efficiency has the merit of 
simplicity and practical utility. In the case of expansion through a 
nozzle however it loads us to the erroneous conclusion that the 
maximum flow will occur at a Mach number less than unity depending on 
the value taken for the efficiency thus defined. Only when this 
efficiency is made 100$ will the calculated maximum flow correspond 
with the true choking condition. With efficiencies less than unity 
the flow through the nozzle and the momentum discharge will be over 
estimated. 

These discrepancies were considered some time ego by Noyes (1), 
and HudeonW, and though explained physically by Froseel's experimentsU 
the theoretical difficulties are not entirely resolved.* 

It is of interest to examine other definitions of efficiency 
suitable for one-dimensional adiabatic flow. We seek a simple means 
of allowing for frictional losses over the range of subsonic flow. It 
is not possible to consider in a simple manner the losses incurred once 
speeds are reached at which shock waves are formed in the flow. 

2. Basic equations and definition of efficiency of a compressive  
Adiabatic process  

According to the First Law of Thermodynamics heat and work are 
mutually convertible, and one unit of heat is worth J units of work. 

Consider the effect of an increment of heat added to a 
chemically inert gas flowing steadily between insulating rails. If 
the temperature of the gas increases by J T its heat content is 
increased by an amount Cy ST per lb. The remainder of the heat will 
appear as mechanical work performed by the gas, each unit mass of which 
will expand against the stream pressure, thus doing an increment of 
mechanical work equal to the product of the pressure (P) and increase 
in specific volume 	(1/ 1). 

now part of any mechanical work developed within the 
expanding gas will inevitably be lost in eddies and frictional work 
and will be re-converted into heat. 

This frictional heat, which the gas supplies continuously to 
itself, is thus added to any increment of heat supplied to the gas 
from an external source. 

Writing 	H as the increment of heat supplied externally, 
4 F as the work reconverted into heat, the total heat increment 

(in work units) received by the gas is: 

J ,d3H + 

Of this quantity JCv  r T is accounted for by the temperature 
change. The remainder: 

J 	+ S F 	JCv  4T 

disappears as heat, having been converted into the mechanical work 
done by the gas P S(1/,p). /As a direct .... 
* If the losses are considered in terms of a wall-friction coefficient, 
theory finds the choking condition correctly. See Ref. 6. .9 •Jeia oes .STq.oceaaoo uorq_Tpuoo Suratotio egg. epuTJ Szoetiq. 
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As a direct result of tho First Law, we have thoroforo in 
symbols: 

J SH 	- JCv  T = P S(1//0 ) 

or, in differential form: 

JdH 	dF = JCvdT t Pd(1(zi) 	 (1) 

In an "adiabatic" process dH is zero by definition. 
Equation (1) then reduces to 

dF 	JC dT 	Pd(1/:4 	 ...... 	(2) 

'It is convenient here to introduce thei enthalpy change 
dI (heat units) which is given by the equation: 

dI 	0-13  dT 

JCv  dT 	d(P/if ) 

:Equation (2) may now be re-written as: 

dF 	JdI - dr/71. 

If the adiabatic process were perfectly efficient dig 
would be zero, and the enthalpy change would be exactly equivalent to 
the mechanical work done. 

It is important to note that friction is always positive so 
that care must ba taken to ensure that dF and dl are of the same sign 
for a compression in which the enthalpy content is increased, and of 
opposite sign in an expansion where the enthalpy content is decreased, 
In any case some of the available enthalpy change is wasted. 

In connection with some calculations by Pabsu.L (4)  on the 
efficiency of multi-stage compressors, where the conditions of adiabatic 
flow apply approximately, the fraction of +he enthalpy lost in friction 
is used to define the efficiency of compression 1 . The equation 
used is: 

dF 	(1 - 	) JdI 

Since dI is positive this equation can be satisfied with 
values of 	between zero and unity. 

If we substitute this value for dF in equation (4) and 
also write: 

dI = Op dT 

= P/RT 

CP - Cv R/J 

we obtain the differential equation: 

• dT dP 

If we follow Pabst and regard 	and Y as constants, 
integration from state (1) to state (2) gives: 

P2 	= 	2 

P1 	Ti 
) 

(4 ) 

(5) 

/ The temperature I. • 
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The temperature exponent 	Yle//( 1K- 1) is directly 
comparable with that for a "polytropie process which follows the 
law: 

in which case: 

n 

n  

22 	 T2 n - 1 

P1 	 T1 

Equating the two exponents given by equations (6) and (7) 
gives: 

= 	- n  

n 	1 

 

(8) 

(9; 

  

or 

   

     

      

1 - 	(1 - tt.) 

A curve for n in terms of 'L  is given in the reference (4) 
and the connection between "A and the isentropic efficiency also 
illustrated. 

Since 	is defined in terms of the infinitesimal change 
of state,it is called the "small stage efficiency" and because it 
appears in the "polytropic" exponent as a factor multiplying the 
"ideal" exponent ( X.72/- 1) (see equation 8) it is also called the 
"polytropic efficiency". 

In practical cases of adiabatic or approximately adiabatic 
compression, the efficiency 7.L is usually in the range 0.8) to 0.98 
say. Equation (8) shows that the index n is then greater than ';r-, 
and, therefore, the pressure -.volume curve for adiabatic compression 
is steeper than the ideal isentropic curve, as is well known. 

3. 	An adiabatic expansion  

Adiabatic expansion is characterised by a decreasing enthalpy 
content, i.e. dI is negative. The heat generated internally as the 
result of friction is positive. Following, equation (5) therefore, and 
defining the efficiency )1: in terms of the lost enthalpy, we write: 

dF 	(If- 1) J dI 
/ 

Here if 4 were unity there would be no friction, i.e. the process 
becomes isentropic; and decreasing efficiency corresponds increasing 
(positive) frictional reheat. 

Equation (4), from the First Law, still nolds good. 
Substituting in this equation the above formula for dF, and again. 
treating 4L#  and 	as constants gives: 

IP 	, i; 
(2 -1)  	II I = 	dP + constant 

., so - 	T pc- 

..... (11)  

(2 - 
or 	 P2 = 	i T2 

    

   

(12)  
P1 	iT1 

   

/ By comparing 	,.., 
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4. 	Critical conditions in a nozzle 

Consider the flow through a turbine nozzle. Hare the total 
energy content per lb. of gas in constant; co that with the 
assumption that the flow can be treated one-dimensionally and that 
changes in specific: heat are not important, the total head temperature 
is constant along the nozzle.. If the gas is at rest before it enters 
the nozzle with teperature Ti then the total head temperature 
remains at T1 throughout. Hen3e the temperature at a section where 
the l'ach number in 11 will be given by: 

1-1 
1 4 	 T (1 	.2C-j 	M2) 2   

We now suppose that the flow is adiabatic with constant 
expansion efficency (i.e. 1: as defined in equation (10) is a 
constant). This can only apply approximately and then only up to the 
point where shock disturbances occ,.ir, beyond which the basic assumption 
of a continuous oepansion can no longer hold. 

ITTiation (12) gives the ratio of the pressure (P) at the 
point whore the Vaeh number is K to the upstream pressure P1 in 
the form: 

A tIlirJ reletien between P, T and Il is obtained from the 
centruity 

' A 	 a constant 

where W is the mass flow, A the cross sectional area of the 
streaee, Frz and Ar-  the mean sectional density and velocity 
respeeti-eely. This equation may be written: 

* 
A 	P 	M 	( , eRT ) 

It`T 
1 

A77'M 	g) 	= a constant 
aT J 

Here g lc 	aecaleation due to gravity. 

Fcleetions (19), (20) and (22) are sufficient for the 
calculation of P, T and 7 at all oectionc provided A and 
efficionc 	Ere known. 

For critical conditions M is unity, for then any further 
decrease of downotz)am presEure is no longer able to increase the 
velocity to the throat. From equation (19) we than have the well 
knozi cendition for the critical temperature To  at the throat: 

+ 

* The appearance of g in this formula is due to the common practice 
emcngst propulsion engineers of stating pressure in lb. per unit 
area and density in lb. per unit volume. . 
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The critical pressure Pe  follows from equation (16) : 

(2 - 	)  

Pc 	 - 1 	
( 24) 

Pi 	 + 1 

whence the critical mass flow from equation (22) is: 

We ' AP1 /411/I1 . 	n c  
.-, 

T  1 \
R 	+ 1/ is. 	, 

Any further decrease in the ratio PAi, i.e. reduction in 
downstream pressure below Pc  has no effect on the mass flow. Thus 
W = We  if: 

P i 	.:1\-\% 	)"+ 	1) 

5. 	Condition for maximum mass flow 

/ eriment shows that the critical condition gives maximum 
mass flow‘ 	If, however, equations (19) and (20) are used to 
eliminate M and T from equation (22), the nozzle mass flow is given 
by: 

x 	- x 

	

W= AP 	 75' 	 2 41: L 
1R 

C r i 

	

1 	 k ‘ 	I 
1 

 

(26) 

 

j 

  

where x is the polytropic pressure exponent ( y.- I)/ 	(2 -)1  5 
The maximum value of this expression does not correspond to the true 
critical flow. 

We again treat . and 	as constants, then with fixed 
initial conditions Pi and Ti, W depends only on PA41 . Thon from 
equation (26) VI is a maximum when: 

- x 
x 	(3 - 2 ir  ) Y. + 1 	 (27) 

p1 	
2 --2x 	( 2 - 2 t ) 	+2 

Calling the corresponding throat temperature Tm, we then 
have: 

Tm 	(2 - 2 ,  ) Y + 2  
Ti 	(3 - 2 1') 
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The Mach number at the throat follows from equation (19) 
viz: 1 

(  2 	 Ti 	- = 
\or' - 1 

Tm  

  

( 29) 
„J 

 

1' is less than unity because I 	must be less than 1 
(see Fig. 2 . The temperature drop and pressure drop required to give 
this Mach number will be less than for the true critical flow. Thus it 
appears that the maximum value of W calculated from equation (26) 
fails to agree with the true condition of Mach number unity. A similar 
discrepancy occurs if the expansion effica cy is based on "the ratio 
of the actual to the isentropic heat drop 	and in this respect the 
method of reckoning efficiency given here can claim no advantage. 

6. 	Method of estimating choking mass flow  

In view of the discrepancy found above, the critical or 
"choking" mass flow should be estimated by the method given in paragraph 
(4). Sonic speed at the throat requires the conditions given in 
equations (23) and (24) and the proper mass flow follows from equation 
(25). A value for the efficiency A l  must be assumed from practice 
and also an allowance made in the area A for the boundary layer. 

If the method of paragraph (5) is followed, for the same 
efficiency, a greater mass flow will be predicted, and the pressure 
drop to the throat will be loss than that actually required. With a 
given mass flow, this will lead to an underestimate of the throat area 
of the nozzle and of the rate of momentum discharge. 

The discrepancy arises from inaccuracies introduced by the 
use of simplifying assumptions of one dimensional flow. The continuity 
equation (22) assumes that the velocity across any section is a constant 
thus neglecting the slower moving boundary layers. It is also unlikely 
that the rate of exchange between enthalpy and frictional reheat is 
constant along the flow path. Strictly speaking one should expect a 
variation in 11.  due to Mach number effects near the throat. The peak 
point on the flow curve (Fig. 3) will only agree with the true critical 
for M unity if / approaches 1 near the throat. This cannot be true, 
for one must expect the frictional losses to be proportionately greater 
at the higher speeds. 
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