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Two=-port Network Representations of D. C.
Electro-Mechanical Transducers
- by -

R. J. A. Paul, B.Sc.(Eng.),
A M.I.LE.E., A.M.I. Mech.E.

SUMMARY

Two port network representations are derived for the general linear
magnetic and electric field transducers. The constraints imposed by linearity
requirements are discussed,

It is shown that for the most general form of transducer, the conversion
of energy leads to non-linear relationships, and a method of solving these
equations is suggested. ‘

Tybical applications are included to illustrate the analysis procedure and
in particular the case of the d.c. motor is discussed in detail.
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1. Introduction

The topic was first suggested to the author by S.R.Deards, but it
subsequently appeared that it was treated in 1957 by Rideout and Swift in
papers presented at a conference of the American Institute of Electrical
Engineers. Reference is made to this work, which deals specifically with d. c.
motors, in a later paper by Swift {(Ref. 1), but the papers were not published
in the Transactions. Ag details of this work are not generally available, it is
considered that there may be some virtue in the publication of this note.

Some later work on a similar topic has been the subject of a thesis (Ref. 2)
which, after further work, will form the subject matter of a future paper.

In this note, force or torque and current, are regarded as flow (through)
variables and hence are analogous. Similarly velocity and potential difference
{voltage) are considered as potential (across) variables. The adoption of this
procedure results in topological equivalence in analogous electrical and
mechanical networks and this is considered to be an advantage compared with the
dual analogous systems resulting from the classical force voltage analogy.

The material presented represents a preliminary study into the possibilities
of applying some electrical network concepts, to the solution of generalized

electro-mechanical and mechanical networks. (Ref. 3).

2. The basic d.c. electro-mechanical transducer

The purpose of any electro-mechanical transducer is to convert electrical
energy to mechanical energy or vice versa. The coupling may be magnetic or
electric. In the most general form of transducer there may be n electrical
ports and m mechanical ports.

In this note attention ig confined to the response of the mechanical variables
at one mechanical port to the excitation at one electrical port. The reciprocal
case is also considered.

2.1.Electro-magnetic coupling

{2} Rectilinear motion

1f current i and co-ordinate x are the independent variables, then

Force F_ = - mo. o 2¢ (2.1.1)
ox ox

where ‘Wm is the stored energy in the magnetic field, and ¢ is the flux linkage.

Also, W o= 3 f B.H. dv (2.1.2)
m
volume

where B is the flux density, H is the magnetic force, v is the volume of the field.



We have also

electro-motive force e{t) = % #{i, x) {(2.1.3)
.= 8 {1’ X) -(-1-}.. - (E.g i g_}g.
i.e. eft) —*iw-——-——ai T 4 e (i, x) T {2.1.4)

(b} Angular Motion

If current 1 and co-ordinate ¢ are the independent variables then,

awW
Torque ¥y = —~é—-§} +i§»§« , {2.1.5)
and  e(t) = S ¢(i, 6) (2.1.8)
_Bgli0) di  8gli,6) do 2.1.7)

ai dt 86 dt

2. 2. Electric field coupling

{a) Rectilinear motion

If voltage e and co-ordinate x are the independent variables, then

EWe 8
Force F = = —— + ¢ od . 2.2.1)
: X ox 9%

where We is the energy stored in the electric field and,

W, = %] D.E. dv (2.2.2)
volume

where D is the electric flux density, E is the electric field force, v is the volume
of the field, and g is the total charge.

Also i{t) = ”“‘s@ gle, x) (2.2.3)
. , 8gfe,x) de 8qie,x}' dx
) R Ak ol Gl PR ARt =2 .
and . ift) 5e L + 5 el {2.2.4)

{b) Angular motion

If voltage e and co-ordinate g are the independent variables, then

8We 8
Torque Fﬁ = - ~5~é— + 95% (2.2.5)
and i) =29le.8) de  dgle,p) de (2.2.6)

Se dt 50 = dt



3. Two-port network representations

For these representations to be valid, certain assumptions regarding
parameters, have to be imposed. In other words, the assumptions must be such,
that there is a linear relationship beiween the mechanical variables and the
electrical variables.

3.1.Magnetic coupling

As an example of these constraints consider the case of rectilinear motion.

Let us impose constraints as follows: -

m '
py 0 {3.1.1)
8¢ = k {constani) 3.1.2)
8x m
B¢
zE = .1
Brom 2.1.1
. 8¢ . o
5 2= = ™
¥ x(t} iss km ift} {(3.1.4)
L E) dx
B . 1 . 5
e(t) Py T km wit} {3 )
where wit) = dx | {3.1.8)
dt v
Thus .
r e{s) rkm 4] V wi{s)
= l {3.1.7}
1 . .
L i{s) _; Li} if” i{a)
k-
Two port network represeniation.
i () " (s)
B PRI R SN

e(s) w (3)

Fig. 3.1.1.



3.2.Electric field coupling

Congider again rectilinear motion with imposed constraints.

From (2.2.1)

From (2.2.4)

where

Thus

Note

{(3.2.1)
(3.2.2)

(3.2.35

{3.2.4)

(3.2.5)

{3.2.6)

(3.2.7)

awe
ax =0
aq -
ax km
8q  _
de =0
F ) = e)2d = ke
e 8 m
i — ?-—ci dx = I
i) 3% i km wit)
- dx
wit) e
Ce(s) ] 0 1 wis)
k
m
i(s) | k 0 F_ {s)
= o m o X
e(s) 0 ] [k o [w(s)
. 1
i{s) 1 0 0 -—-i F(s)
L " L k
m
0 1 . .
represents the transmission matrix of a gyrator.
1 4] '

This is necessary in this case, since electrostatic energy is converted inio
electro-magnetic energy.

Network configuration

Fx (s)

()

»a;@%mwa meigﬁz%w-—ﬂ
e(s) |GvRATOR i(s)
B & %]
AN N, /
TRANSDUCER

Fig. 3.2.1



3.3.Mechanically loaded transducer

Consider now that the mechanical port variables are subject to mechanical
constraints. In the general case these will comprise :-

{a) Rectilinear case

Masgs M including mass of transducer
Viscous friction coefficlent { including that of transducer .

Spring constant k.

Total force Fxés} = gM wis) + fwls) + %;-w{s) . {3.3.1) '
.". Mechanical transfer impedance
1
wis) -
‘Zmis) F {s)  sM+f+ L3 3.3.2)
X% s
Mechanical transfer admiitance
Y {s) = sm+f~§»¥« . {3.3.3)
m 8 ;
Thus ~
r’ wﬂx’s) T 1 07} w {s)
= - (3.3.4)
ijs) ) Y, o1 sz(ﬁ} :
Network configuraiion
Fei(s) Fea (5)
> o o »

(j)g /5} im AT (:’5\)
4 .

O
o

Fig. 3.3.1



3.4.Electrical circuif impedance

Consider the series lmpedance of the electrical circuit of transducer
to be Za(s).

The linear transducer may then be represented as shown in Fig. 3.4.1.

ELECTRICAL CIRCUIT TRANSDUCER

OT&'————-‘! © ——&M l& © ) o f;x*<5)o
e, (s 2 (5 w, (5
o “i &) o o a® o o 1 € )a
Fig. 3.4.1
Thus _
e {s) 1 Z k 0 w {s)
! . a m ' .{ (3.4.1)
1
i(s) 0 1 o = F}“(s)J
m

For electro magnetic transducer.
Mow let admittance of electrical circuit be Ya(s)

We have now,

: "y _ TRANSDUCER
R
e (s) 2. (s) w, (& w (s w, (8)
o i ot I ot o o
CiRCUIT

Fig. 3.4.2



Thus
es(s) 1 G 1 ‘[‘a km 0 rw1(s)
, = (2.4.2)
= 1
i 1 2. \
RO Y, 0o 1 0 " F_[(s)
m
. od
- - - 7z . - -
e (s) k a B w {s)
m — 1
k
m
= o ~ {3.4.3}
i%(s) kY HY@ Za F_(s)
me - X4
: k
For electro-mechanical transducer.
Note: The electrical circultl configuration may be more complicated than

that considered above, but such cases may be treated by conventional network
analysis, in the manner illustrated above.

4. Typical rectilinear transducers

Two examples are included to illustrate the application of the techniques
discussed.

4.1, Electrommagnetic loud -speaker

The basic configuration is shown in Fig. 4.1.1.

/.VOQ(ZE COiL.

I
2R000<
| T-MASS M

-[HAGHET VISCOUS FRICTION
COEFFICIENT = f

LEAF SPRING

/ (CONSTANT k)

Fig. 4.1.1.



If B is the flux density,

¢ is the length of wire in coil,
and x is the translational movement,
then ¢ = Béx,

8¢ _

and % Be = km {constant) ,
8¢
also Yl 0.
Thus Fx(t) = B¢ it) = km 1{t)
- - t
e(t) B wlt) k wlt)
Also Za(si = R + sl ,
Y {s) =0
e
k
VY {8)=8M + f + =,
m 8

Thus the network configuration

B,

xi(s)

i (s) L =) ia (s)
e~2;e- ~~~~~ /"m"(j\/\/\r—c c ——0 Te]
TRANSDUCER
5
. e,(s) . eq(s) . o

%

i

by &
wa(S:f

{4.

(4.

(4.

(4.

{4.

(4.
{4.

(4.

(4.

.1}

.2)

.3)

.4)

.5)

.6}
1)
.8)

.9}




We have
e {s} M1 z 1k ol {1 0 " {s)
| a m 2
- (4.1.10)
i(s) 0 1 0 L I“‘Q 1 F_{s)
4 k LI“L -4
m
s za..,‘ -
km o 1 ] wg{s)
m
= {4.1.11}
1 = .
0 i{'—“ Tkm 1 E’xéﬁh
m
3 7 ¥ za {{:“n A E’) 1T ]
=) ot sk
e (s) (km + = } e w8}
m m
. N {4.1.12)
Ym i
11{&& T o FXEQS)
m pye}

m
then
F {s) =0
x, o
Z ¥
and I A a m \ a
efs) = i\hm +— ) w,(s) . {4.1.13}
m

Thus the reciprocal transfer funetion under these conditions is shown in
Fig. 4.1.3.

e, (8) . K+ =

> 2y (s)

Pig., 4.1.3
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za ?m (R + sL)}{sM +f + %::)
And ky ¥ Be+ =7 (4.1.14)
“mn,
’ 1 els) s f 1)k \
.« "éf‘z N ‘w"is) = 1 4 {R + SL) [M;Ji&€2 + T 4 -S-— <M2) (4, 1'15)

B L

B¢

Analogous electrical representation

154 i

" NI 9 °

¢, (%) Cmk i Re bl e, (s)

o é o

Fig. 4.1.4
M 1 £ 1 k

Cop & =3~ = = <y e ® et e {g) = Blwl(s). {4.1.18)
M B2 Ry B Loy B%e? 2 -

4, 2. Capacltor microphone

The baslc configuration is illusirated in Fig. 4.2.1.

FIXED PLATE
_—WiTH VENT HOLES
(VISCOUS FRICTION COEFFsf)

ACOUSTICAL S

x (t)

P
DIAPHRAGM

Y

__ INSULATOR

il ‘ —-—

STIFFNESS CONSTANT OF
AR =k

AN SASIVANAN

Fig. 4.2.1.
Capacitor Microphone
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Assumption

Diaphragm has a translational movement x across whole surface

{i.e. no bowing) when subjected to force Fx'

Stiffness of air assumed constant = k.
From 2.2.1
8We 5g
FX = - '**5‘;{“ +e 5-}—;- .

For this application

©e W =+;«1gf D Edv

volume

s at) gl
"“‘E[ R AdAdx

volume

2
W :-}-%95}2—»—.

%
e e A

BW

8x o)

i

§

(0]

#

H
[

F,(t)

where e, is the permitivity of alr, and A is the area of the plaie,

This is'a non linear equation since We is a function of x.

Also

att)
cit)

- q{t) x{t)

¢ A
o

ef{t] =

where e{i) is the p.d. across the plates.

. eft) _
z{t) = EOAQﬁF = eOA a{t) ,

where o (i) represents the across variable,

I TS R SN
Fx(ﬁ} = = sqit) gt} = Y gty ,

A
o o

where B{t) represents the through variable.

Note positive sign because of network variable convention below.

{4.2.1)

(4.2.2)

{4.2.3)

(4.2.4)

(4.2.5)

{4.2.8)

{4.2.7)

(4.2.8)

{4.2.9)



Network representation

x{t) eDA 0 ‘g O oalt) |
- {4.2.10)
F_(t) 0 _LJ st
x g A
c
Farlt {
' )L; o ol s 10
{ t
x (t) o ol oL (0
Fig. 4.2.2
If we now consider the mechanical constraints,
F =<sm+f+5>s x(s) (4.2.11)
x S
= ¥ {8) x(s} {4.2.12)
m
Y _(s) = (™M + fs + k). (4.2.13)
Fir (s) g (5) A(s)
a i te o o] o)
3 TRANSDUCER .
x(s) i m | |xq () o £(s)

N

Fig. 4.2.3
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x (s) {’1 G'"} [ea o @ (s}

o
= {4.2.14)
P [T, 10 x| |A®
- b 0 fm
EOA 0 OL2(S)
} (4.2.15)
- 1
e y
YmsOA Py ﬁa {8}
o b

Linear incremental relationships

1 we assume small perturbations about fixed values of parameters,
we may determine a linear mathematlical model.

Let gft) = q_+qfit) (4.2.16)
and x(t) = x_+ 3 (4.2.17)

where q, and X, correspond to blas operating point.

From (4.2.5)
W, (qg+q(t))"

w = R LI
F) = 3257 % — & (4.2.18)
o °
2 o 2
) (qo + 29, qflt) +q§(t)}
- 2e A
o
2 A
q q_q{t)
o {4 = o oy .
E‘X{%} 5T R oy {4.2.18)
o o
if qiia}« q,
qa
e = &2
s:xoitli =% - {4.2.20)
o
a, qf{ﬂ
.. incremental force Fg{t} = WE:OA . {4.2.21)
EoﬁaA
Now g =B C =—
O o] O A{O
F (t) = E,a . (4.2.22)
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From {(4.2,86)
git) _ alt) x(t)

eft) = oo - -
o
VS )
- oy +q (= +8(1)
e A
o
I qO&(ﬁ + X qi{t} + qﬁ(t)&(‘c)
€ A
s)
q ¥ty+x gt
- o o Ty
E_+ & {4.2.25)
o
e = B
o o
: qcé‘:(t) x
", 2 1 ) = e
Incremental voltage e (t) it Th q {t)
o o
E_ q (1)
e eft) = — 8(t) + —5— {4.2.27)
“o o
From equation (4.2.22) and (4. 2.27) we have the matrix relationship .
5 (1) *o % e,(t)
B C B
. o o o
Fglt) 0 = q (1
o o
For the complete transducer with mechanical constraints,
o= - o -
&{s) 1 ﬁ»l - i{ff. - % e {g)
i E C B !
- o o o
F_(s) ¥ o1 0 B, q (s)
& m J e 3
oo s e X
o
. - y - -
\ o \
S{s) <~?~ _(— e {s}
ED \ COEO/ t
x ¥\, xY
o M o M o
I”‘é(s) ( 5 <~ C B + ;:“) qq(s)
| _ L o o o o B B
x Y x Y E
_ oM oM o
Fgls) = 5 e’(S) +q1(s} "
o) o o o

{4.2.23)

(4.2, 24)

{4.2.26)

(4.2.28)

(4.2.30)

{4.2.31)
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+ qi(s)

x
5(s) = _Eg e {s) o qfs)
o CE
o o
. xY | E q(s)
_ o™ o !
Fé{s) e E x 6(5) + C
o o
Eo
Fyls) = Y 6(s) +;§;- q {s)
E
- dg d 2
Fa(t) = Mdtz-g»fdt + k& +'}Z‘ q1(t)
o
Finally note that
dg q, qfty E
Rt 2 4 2
EO R dt + sl + C M x 5
o s} o
i.e. dqg qi“} EO
0 =R—g +—g— + 5 O
O (o]
But from 4.2.32 Eo q {t)
. o S
o o
dq
. =
s ei(t) R dt ¢

which is obvious from the circuit configuration.

5, FElectro-magnetic d.c. rotating machines

5,1, Introduction

(4.2.32)

- X Y B
oM +—-9‘! (4.2.33)

C E %
o 0 o

B

{4.2.34)

{4.2.35)

{4.2.36)

{4.2.37)

{4.2.38)

{4.2.39)

These are a special form of electro-magnetic transducer and form the most

important class.

The d. c. machine may be represented by the network shown in Fig. 5.1.1.

&
i

FELD TERMINALS

iq R
@ OO S B i)
TERMINALS |

Fig. 5.1.1

QUTPUT SHAFT
TERMINALS
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From 2.1.5 we have
3w

] T . 1.1
Torque Fy 5% + i 56 . (? 1.1)
é}Wm
In a practical machine, the design is such that YR 0 {(5.1.2)
3g (i, ©) ,
= i ee———— .1
so that Fq L =53 (5.1.3)
Let mean value of 8¢ . ki, ‘ {6.1.4)
8e m f

where km is a constant dependent on the physical dimensions and number of poles
of the machine.

Thus Fglt) km if(t) 1av{i} {5.1.8)
From 2.1.7 :
24 e 8p . . ds L
ea(t) = Bia (if, e)—a? +ae (1‘f,e) el {(5.1.8)
Case I
We assume if independent of ia
.. ea(t) = km 1f wlt) , {5.1.7)
where w{ty = e {(5.1.8)
dt
From {5.1.5) and {5.1.7) we have
EXCE I o | [ww ]
ea(t, o 1f(t) w {t
= (5.1.9)
, 1
la(t} 0 —m Fe{“t)
m f
For if independent of ia'
If we now address the field terminals as the input port we have
N = i .1.10
Fo(o = [k, 1,0] 0 . (5.1.10)
eds) = ils) ZAs) , (5.1.11)

where Zf{s) is the impedance of field circuit.

ea(t) = km ifit) wlt) . (5.1.12)



Case I1
1f(t} = 1a(t) .
In this case
2
Feit) = km ia(t) (5.1.13)
dia
ef(t) = I = + km i wit), {(5.1.14)

where L is the mean value of g—%
a

@ (1)
Fig. 5.1.2
For armature circuit above
2] - - 2 ~14
Thus E‘*e(t} = L’m ia(t) {i.e. non-linear) {5.1.15}
eaét) = km ia(t) wit) . {(6.1.18)
Thus Fe{t)
laﬁ;) = km *;;&')* = km £t} {(5.1.17)
ea{t) = km 1a(t) wit) = km aft). {5.1.18)
a{t) corresponds to the across variable = ia(t) wlt). (5.1.19}
Fy(t)
B {1) corresponds to the through variable = NORE (5.1.20)
a
The above equations may now be expressed as
ea(S) ‘ k 0 ofs)
- {5.1.21)
i - 1
1a£5) 0 . pg(s)
3 m
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Representation of armature across the brushes

From the above consideration we may represent the performance of the
armature shown in 5.1.3 by the following equations

B(t)
ig(t) . e

@q(t) ol @l)

Fig. 5.1.3

e (1 k_ 0 "} & (t)
= i {5.1.22)
i (1) 0 1 0]
]
e, - m D

ea(t) km 1 wlt), if(*:)
e.g. | - Fy (1) (5.1.23)

la(t) 0 I}- if {t)

n

This is the fundamental relationship which will be used in the following
sections.

5.2.8eparately excited field {if = Constant Iff?

From 5.1.23

Ty o,
ea(t) km 0 If w{t)
= F.{t) {(5.2.1.)
) 1 6
la(t) G i.r -—-—afm



Bawn.
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- - L
e ls) kmlf 0 z {— wis)
= i ‘ {(5.2.2)
13\5} i\@ mﬁ FS{S)
=
If Km = km if {5.2.3)
ea(s} ( Km 0 wis}
= N (5.2.4)
1a§s) ] % LFQ(S)
m

If we now include the armature circuit impedance Za{s) and mechanical load

impedance Zm{s) we have the network conflguration shown in Fig. 5,2.1.

ARMATURE MECHANICAL
CIRCUT LOAD
i @ . i F % (5)
¢ g, (s 8
——-0 I\ N0 P -0 0 (s) oo
S0l
< O O Ry O~ [ s
k i
where ¥ (8) = sJ+f+—= = - {5.2.5)
m 8 mes)
{See section 3.3)
Thus :
g\ e (s) 1z ] [x T o] Jus)
4 a I z
= i _ {5.2.6)
i(s) 0 1 o F ¥, 1| e
' m B
Note J is the polar moment of inertia which is analogous to capacitance.

f is the viscous friction coefficient which is analogous to conductance.
1

k is the spring stiffness which is analogous to ——————w—
: t P g THER g inductance



Thus z ¥
e {s) K+ et
m K
m
Ym
11{85 R—M
faz)
s =
With Fei.s) 0
e (s) Z :S?m
— o i
w {8y Ent K
2 m

i

With wa*{s)

0 i,e. standstill condition

Fofs) = K_ i (s).

.. Btandstill torque =

If we now let

K i =k 1.i
Mmoo m £y

Y {8} =83 + 1
m

Z {s}) =R
a a
e {s) R {sJ+1)
1; = K + ......E.....«.,m.m
w {s) m K
2 m
K +Rf+8RJ
. _m a a
K
m
i.e. wz(s} - m
e (s) . R, J
(®: + + 8
“Km +4 ﬁaf){l + 8 TRT
m a
K
m
> @ -%.. i
i.e. ug(s) Km o
eg(s} 1+ STa
- K
i +sT
a
Km RaJ
where K = — - and Ta A
Km + Raa‘. Km + Rai

{5.2.7)

(5.2.8)

(5.2.9)

(5.2.10)

{5.2.11)

(5.2.12)

{5.2.13)

(5.2.14)

{5.2.15)

{5.2.16)

{5.2.17)

Under these conditions the forward transfer function of the motor is given by

5.2.16 and may be represented as shown in Fig. 5.2.2.
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¢ (s) K w, ()

VE"Q" ‘STG

Fig. 5.2.2. Transfer function of armature controlled

d.c. motor

5.3.The d.c. shunt motor

Configuration shown in Fig. 5.3.1

RS W ® PG P
¢ () ¢ £, @ mf £ @
.

Network configuration

i, () I 'a® By ( B, ©
- TARMATURE .
e S L eq(S)|TRANSDUCER | o, (D m &, (s)
O ! O O O O

Fig, 5.3.2



H
so
B
P

i

Zf(s) represents field circuit impedance

Zaﬁs} represents armature circuit impedance
1
Z = 5 m iy
mis) Ym(S} represents mechanical impedance

]

az(t} represents across variable wzit) 10t

See Section 5.1

Fﬁaﬁ}
£ {t) represents through variable = —
2 laﬁ,)
We have
Fe@] T2 o] I 2k, ot o]fats
3 a m 2
) E (5.3.1)
- ; ”},., [ o=
ii{s}‘ Y;T 1] 0 1 ;ﬁ i o L8 (s)
A d L. 7
gt ey el “’ "‘“‘" Za e, s g
’ I
= {5.3.2)
Y (1 +7¢7) 1+ Y B (s}
1 (8) ( fZ ( fZ ) 2
9 k
b s s m ivam e
When ezaés) =0 i.e, standstill condition
za
e {s8) = — B (s) {5.3.3)
1 .4 2
M
Let Z {s) = R {(5.3.4)
a a
Ra
e {g) = — p{s) {5.3.5)
ki k 2
m
y _ R
or ety = Ta pg(t) (5.3.6)
4 Emn 2
n
Ra FS {t)
i.e. eﬂ{w = ) {5.3.7}
m {
km
w o 3 {4
i.e, xaft) Ra 1f("> ei(t} . {5.3.8)

This is the standstill torque equation.
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1f now ei(t) = constant Eq ' {(5.3.9)
ko joul
o 4 1
Feait) R , (5.3.10)
a T
where Rf is the field circuit resistance. {5.3.11)
Now consider case where ﬁz(s} = 0
2& Ym
egis) 5 km+ . >a2(s). {(5.3.12)
i
WithZz (s) = R _and Y (s) ={sJ+ 1), {(5.3.13)
a a m
a,{s) K
232 = , .3, 14
e, {s) 1+ 8T (5.3.14)
a
where K = m and Ta = Ra‘} {(5.3.15)
5" F R T ] :
m a ko + Raf
If now e (i) is a constant value E,3 ,
RE
4
mzis} TrsT {5.3.16)
a i
T,
az{t} = KE1(1 - e } {5.3.17)
E
ag{t} = 1f{t) wait) = ﬁ; wz{t) (5.3.18)
. T,
. w, () = KRf{l -e . {(5.3.19)

This equation indicates a method of speed control i,e. variation of R ¢

Now consider case when «(s) and g {s) are finite
2

and Zm(s) = e Za{s) = Ra (5.3.20)
Ra
eg{s} = kmaa(s) o ﬁa(s). {5.3.21)
m
Now let e{(t) = constant E‘a {5.3.22)
Ra
E‘ = km aa(t)+ o ﬁa(t) {5,3.23)
m
E‘i Ra Fe:a(t)
= km N wz(i) + — R (5.3.24)

¢ km }*;"1 £ |
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" BB
Fazft) = . i E - R, wzmj , {5.3.25)

i.e. torque and speed are no longer time dependent.

ko B k
- Lm s . _m 5.3.26
. %2 R R ( ]_ R wg) ( 3 )
a f f
K \
- __mee ) 5.3.27
Foa F otandstill (1 R, /° (5.3.27)

This is the equation for the normal mechanically unloaded torque-speed
characteristic (steady state conditions).

5.4. The d.ec. series motor

Basic configuration

i, (5) iq (5) B B®
— it
Zm -)
e, (s) efs) (3 o, &
& £
Fig. 5.4.1

Network representation

W (8 Zg(s) iq (s) ﬁs ® B, (s)
Vo o & @——?—.e,-_._@
ARMATURE 7 (5)
¢, () eq (s) TRANSDUCER &, & m®
2
[ £y O o) £ ©

Fig. 5.4.2



- 25 -

We have
eg(s) 1 Za ‘1 F{m 0 1 0 az{s)
B 1
i’(s) 0 1 J {:3 z«{-—-— Ym 1 ,@'2 {(s)
~ 7 I~ Z Y \ . Z \" B ]
a m a
e (s) ( k¥ TR /("12"'/ @, (s)
m m
i.e. =
Ym 1
i(s) (—;») (g—») 5, (s)
. m m
e s e s e P
With «xg(s) = 0 i.e. standstill condition.
ﬁa(s) = kmiiéa) .
ﬁa(t) = km 1a(t)
Fea {t)
Bt AWt

8

_ 2
CF, (0 =k (L)

Consider case

Let

or

if

i.e. standstill torque eguation.

when g {s) = 0
2

Z, ¥,
ei(s} = km + > “é‘c’} .

k
I
Z {s) = B + sL
a a a
Y = {+ 8J
m
k*  +{(R_+sL ){f+sl)
m &, 2
e (s) = a {8)
k] k 2
m .
k! +Rf+s(JR +L f)+s°L J
e {S) = m a a a a « {S)
1 k 2
m
km eﬁs)
a {g) =
2 k¥ +R f+s{(JR +L f)+s*LJ
m a a a a
a (8) = f(s)
2

{1y I f(s)

(5.

{5.
{5.

{5.

{5.

{5.

{5.

(5.

(5.

(5.

(5.

(5.

{5.

.4.1)

4.2)

4.3)
4.4)

4.5)

4.7)

4.8)

4.9)

4.,10)

4.11)

4.12)

4.13)

4.14)

.4.15)
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a {t) = £f{t) {5.4.18)
2
i.e, ia(t) w (t) = i(t) {5.4,17)
o (1) =S4 (5.4.18)
2 i (i)
a i
Now if e {t) = constant E {5.4.19)
3 1 )
k B
m i
LJ
a
2 {s) = JR_ +Lf k. +RI (5-4.20)
& i s a 2 ,_m a
L J L J
a
KEQ3
: . = 5.4.21
i.e. a, {s) ot {6.4.21)
k
where K = f% {5.4.22)
J‘Ra + Laf
a+b = 75 {5.4.23)
)
kjn +Rf
= - .4, 24
ab T3 {5.4.24)
1 bemawt ae;m
° = v W 5, . 25
: “a(t} KEs [ab + ab{a~b) ] (5.4.25)
t) = 1 » L4
with az(,) 1a(t} waﬁ} {5.4.26)
KE 1 bQ "‘at - ae ‘bt oy
- L] —— O ot S 5.4.
wit) = [ab Sy ey i (5.4.27)
a sl
There is the run-up velocity equation for a step input Ei
5.5. The field controlled d.c. motor {Constant armature current).
From {5.1.9)
Fe {t) = km 1a(t) 1f(t) .
The case of main interest is given when ia = constant Ia'
Thus F(t) = k_ift), {(5.5.1)
m f
where K = k 1 . {6.5.2)
m m a

it Zf(s) represents the field circuit impedance ,

then ef(s) = if(s} Zf(s) {5.5.3)
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It is assumed that there is zero mutual coupling between the armature flux
and the field flux,

Thus the motor action in this case is non-reciprocal, in other words we
could not have a generator based on the above constraint iia = Const. }.
If we classify if(t) and Fa{ﬁ} as through variables the motor actlon acts

effectively as an unidirectional "through variable' amplifier having a factor
Km as shown in Fig. 8.5.1,

Fig, 5.5.1

With a mechanical impedance connected across the motor terminals we have
the situation shown in Fig. 5.5.2.

E{( (s} zg (S}
o—-‘w»—-/’\/\/v—-—

e¢ ®

Fig. 5.5.2
i F o{s) =0 , {(5.5.4)
Ba
wis) = F(s) Zmﬁs}. {5.5.5)
wis) = Km §.f{s} Zm{s) {5.5,8)
Zmés)
= Km ef{s) E-;(g}-* {(5.5.,7)
X ef(s)
w(s) = (5.5.8)

B Zf{s) Ym€s} ’
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If Zf(s) = Rf-%-sL-f {5.5.9)
and Y {s)=83 + f {5.5.10)
m
Km ef('s)
wls) = {5.5.11)

{(f + SJ)(Rf + SLT}

Km
Lm y
fRf ef(s,
= {5.5.12)
J Ly
(1 +s8=M1l+s=—=)
f R
f
Kv ef{s)
i.e. wis) = , — {5.5.13)
{1+ STM){I + sTf}
km
where K_ = fm— ond is the velocity constant {5.5.14)
f
Tm = g- and is the mechanical time constant {5.5.15)
Ly
Tf = i and is the fleld time constant . {5.5.18}
. {
Thus

G (5 Ky @ ()
Qes1y) G*&Tm}

A 4

Fig. 5.5.3

Note: Since we have addressed the field terminals as the input port and the
generator action of the armature is considered to have negligible effect on
the armature current, two port network representations are not suitable

in this case.

5.6, Linear incremental relationships

It will be obvious that we may determine linear relationships for all the
motors congidered if we have srall perturbations about fixed operating
conditions. This technigue was used in the analysis of the capacitor microphone,
as a particular example.

For further examples see Electro-mechanical Energy Conversion by
White and Woodson {J. Wiley and Sons).
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6. Conclusions

The general electro-mechanical transducer is essentially a non-linear
device, Linear two port network representations may be determined for all
cases provided that we postulate across variables and through variables, which
in general are combinations of electrical and mechanical variables.

The network approach is considered to give a moere formal procedure to
the analysis of transducers.
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