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The Whitham-Walkden theocry for the estimation of the strength
of shock waves at ground level from sircraft flying at supersonic
speeds is applied to the case of a typical projected supersonic civil
transport asroplane,

If a figure of 2 1b/sq.ft. (including a factor of 2 for ground
reflection) is teken as an upper limit for the acceptable strength of
the bow wave from such an aircraft it is shown that restrictions on
the climb and £flight plan will be involved. The advantage of the
employment of larger engines with orx without afterburning is discussed,
with reference also to the penalties involved owing bto the increase in
weight of the aircraft and its direct operating costs,

inally it is suggested that an aircraft of given volume could be
designed, by suiteble choice of thickness and 1ift distribution, to
minimise the strength of the shock waves in the far ficld.
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NOTATION

a speed of sound; redius; half width (smaller) of rectangular plate
A area
b half width (larger) of rectangular plate
B ViR
CL 1if% coefficient
d dlstence between shock waves
D flexurel rigidity
i chmg‘s modulus
F(1) Whithem P-function
g acceleration duve to gravity
h thickness of thin plate; altitude
ko= Kp
PEAYY
K’ equivalent total stiffness
1 length of aircraft
L 1ift

M Mach number; total mass

il equivalent total mass

e pressure

Py air pressure at altitude h

pg iy pressure at ground level

AD pressure Jump across shock wave; local load per unit area
R(x)  body radius distribution

s semi-span

S wing area; body cross-sectional area



Notation (Continued)

S eguivalent body arcas

19 Ta? T2 T
t time ; distence aft of nose
T passage time of shock anés
TO (sce %m@’
u vclocity component
w deflection of plate
W static deflection
W; static deflection according to large defle

XYz  co~Ordinates

Z total wing semi~thickness
v ratio of gpecific hoats

on factor

) anplificati
v Poissonts ratio
7 describes the characteristic curves

p density
o material density

m
éx(=z) density difference

qg maximum stress

0 polar angle

w circular frequency
24 ground level

£ front shock wave

r rear shock wave
c centre

Bars dencte guantities made non-dimensional by the

do

ction theory

aircraft length 1

(excopt in Appendix 1). Other symbols are defincd where they occur

in the text,



1s  Introduction

The advent of aircraft flying at supersonic gpecds during the past
decade has brought with it the problem of the supersonic "bangs”, Rarly
experiences showed that for aircraft going supersonic in a dive or
supersonic in straight and level flight some minor damage (or major
demage in some isolated cases for flight at low altitudes) to structures
wes incurred, The damage was usually slight, such as the displacement
of a roof tile or a cracked window pene., In all these cases the aircraft
involved were military alreraft and up to date, the damage mentioned
above has been limited by restricting such fligh¥s to regions over the
sea or over sparsely populated areas,

However in view of the possibility of bringing inbto service in the
near fubure supersonic civil transport aeroplanes, whose flight paths
could not easily be rcsiricted to avoid at least sorme closely populated
areas, it would secem desireble to investigate the strength of the shock
waves from such ailrcraft and to assess the likelihood of theilr causing
damage to structures, such as the cracking of plate glass windows.

It will be shown below that for a typical supersonic civil transport
of about 300,000 1b, all up weight the strength of the shock waves
(including a ground reflection factor of 2) on the ground will be of
the order of 2 1b./sq.ft. during the climb and in level flight at
60,000 £t, Current experiences with smaller aircraft have indicated
that such a sheck pressure can cause very slight damage to buildings.
However 1little or no experience exists of detailed supersonic flights
over heavily populated centres and so it cannot be sald with eny
certainty that shock waves of this intensity or grealer will be acceptable,
It would therefore seem importent at this interim stage to look closely
into the design of supersonic civil eircraft and to sce if there is
any way of reducing the strength of the bow or tail shock waves, or
both, which would at the same time not impair its low drag and lifting
characteristics, These aspects of the problem arc all rather tentatively
discussed below but no firm conclusions are drawn,

It should be pointed out that this report is in the form of a
progress report and is introduced to merely highlight certain aspects
of the problem,



2., Strengths

Whitham (1,2) has developed a theory for the detormination of the
strengths of shock waves at large distences from aircraft or missiles
travelling at stc,“dy supersonic speeds, Whithem's papers deal with
the cases of a body of revolution and a thin symmetrical wing, whereas
Walkden (3) has extended the method o the case of a general winge
body combination provided the body is exi-symmetrical and at zero
incidence,

Whithem's theory is based on the determination of the pressure at
large distances from the boay by lincar theory. The co-ordinates of
the characteristic on which this pressure must act are then found and

from the geometry of the characteristics the paths of the shock waves
are calculated P or non-circular bodles the flow in cach plane
€ = constant is treated separately,

The case of non-uniform motion can be treated in a similer way butb
will not be treated here. (See Ref. L by Rzo),

The calculations for the strongth of the bow wave from a body of
regvolution arce straight ;oxmwra even when the crosse-scctional area is
not an anelytical function of the axial distance., On the other hand,
the calculations for the case of the l:L‘*L:r.rm wing with thickness ar
not so simple, and few numerical results have been obtained,

If however, only the strongths of the shock waves in the vertical
plone below the airceraft cre required the caleculation is no more
difficult than that of the body of revolution provided the 1ift
distribution as well as the thiclmess distribubtion is kﬁffy‘fm It can
be showm that the effects of wing thickness, body thi ;JL‘-«%S and winge
body interference are additive to the 1if tlm' effect of the wing,

3.  dhitham-Valkden Theory

If the overall length of the alrcraft is denoted by 1 its lach
wrber ag M and the uniformanbient pressure as p,, Valkden shows that
e

the pressure jump across the bow shock wave in the vertical plane below
the airveraft (0 = = 7/2) in the far ficld is given by
) . 1
A 1 y M - 2
Ao 17.«” i . 1
Ia} }?I Y (%) INLO o T {2\
—% - L AE [° 5(r, - Das (1)
D ( y «')72_ 2 / 2
E43 + 1 b4 %
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where is the v““f'r,i&:\,l1 digtance below the sireraft contre~line

describes the charscteristic. curves m

h
B mhn'ls \1\‘:2 — “})"m
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. - o - . - i ho)
T_ is the value of Tat which F(r - 7/2) is zero and | O P dr
;

<‘

is a maximum over the length of the body o
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end f (8) - 8(8) + (1) + 2 81(Y)

F(T: "“
(7 - )2

H)

at  (2)

S(t) is the body cross sectional areca

8 (t) is the wing body interference effect which can be of
1

either sign
Sg(t) is the wing thickness effect

Ss(t) is the 1lifting effect
and a prime denotes differentiation with respect to t

The interference effeet is found from

ds
= = LR(x) &z | (3)

where x is the dlistance behind the nose of the aircraft

R(x) is the body radius distribution

and 27 X\ is the wing thickness stribution alor 15 the body
& o
centreline

The wing thickness effect is found from

as, +S
5= = 2 / 7(x, ¥,) & (&)

o &

where s(x) is the local semi-span and

2 z{x, y,) is the totel wing thickness for the gross-wing
(i.e. including that covered by the body)

The wing 1ifting effcct is found from
/ﬁ
.‘Dgx < 2
dy | (5)

s Lywp

where (p(x 5 ,) is the localload per unit arca ocn the wing surface,
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Gguetion (2) can be written
)i

Hr, =) = L | WEenBa2d gy (6)
24 J (T - ..b\?Z
£ e 7 - :é;, /t‘!" j ! z
where g, = 5 (5 51 + SE) (7)

In cquation (6) the contributions to the integral from § , § and
- 1 2

S must be zero upstrecm of the wing leading edge., In what follows
-t

it will be assumed that the origin of the body and the wing are coincident

at x = 0, This corresponds to an integrated layout.

Since the pressure in the far £1¢l1d is given by

P VER(T, =7/2) | (8)
- .
Py (2 )2

on the characteristic given by

( yi 1) M F(T -7 /2) hE (9)
(2 B°)%

it cen be seen that positive values of I(r, - #/2) corrcspond %o regions

of conpression whilst negative valucs of F(7, - 7/2) correspond to

regions of expansion,

The compression and expansion waves which corbine to form the bow
wave in the for ficld are thercfore confined to the region O €7 < T
and the tail wave results from the waves corrcsponding to the region
TO < T <=, The pressure Jump in the far ficld corresponding to the
réaxr shock must be
lalloe)
4 A il
A \P A i‘:’:
T - OB+ |
p- = mmm——— L.-’.’;;,.La J (___) .LﬂkT - 77/2) a (10)
/ =z XL m
h LY 1 he i .Lo )
Whitham has showm that
IQW pe
= 0 (11)

/j ®r,0)ar ao

o O

o’



Thus for a body of revolubion without 1ift,
0
[ wema)ar =0 (12)
0

from which it follows that the faxr field pressurc Jumps across the bow
and stern shock must be the same magnitude,

For slender bodies this rcsult must be a closc approximation cven
when bodies of irregular scction shape arc used, since the veriation in
S £ with 6 should be small, Then the pressurc signal on the ground

must have the characteristic N wave shape associated with the far field
disturbance. (Fig. 1a).

This result cannot be correct for the lifting body, since then the
surface integral of pressurc on the ground must be equal to the total
1ift, Thus, in the lifting case, the pressure signal on the ground
must be of the form shown in Pig, 1b. It follows that, for positive
1ift, the pressurc rise associated with the bow wave nust always be
greater than that associated with the stern wave., The pressure Jump
associated with the bow wave is not nccessarily greater in the case of
a 1ifting configuration thon that arising from the same configuration
at zero 1lift., The whole of the lifting effect can be assoclated with
the region T < t < o in which case the front pressurc Jjunp will be
the same in the 1ifPing and non-lifting cases,

The theory developed by Whitham rclated to en atmosvhere of

niform ambient pressurc Py In Appendix 1 it 1s shown that the

correction factor to Vhitham's resulits, in order to allow for the
increase in ambicnt vressure with decrcase in altitude 1s approximately

\/’ (p,)

@fﬁ (13)

that is, the pressurc Jjurp across the shock wave is proportional to the

WL

square root of the ratic of amblent pressure.

Thus , for anon~homogencous atmosphere the pressure jump across the
front shock at the ground is, from equation (1
? Z E

1 I ' 1
Y on)% L1 e - N
<£}‘Pf‘> = N ( é) ° (Pg Ph>2 / F(T’ - ’]',’/2) ar
g (y+1)2 3 J
0

"(m)



The rear shock pressure jump at the ground, is fron ecuation (10)

1o

\.{—L

y .
e (y+ 1)2 h

() Yoo, (2

Risin

~~

g

L
i

g

&)

l'i“,

a4 “ -

)" (p Py " % [ (=) B(r, ~w/2)ar|
i

= 0

veere (15)

=
Q
<
@
Hy
o]
5
<
it
—
Ll
-

L, The Hesponse of a Thin Panel to an N-wave

is shown in Appendix 2 that for the N-type shock waves from a
gupcrsonic airoroft the pressure distribution ncar the ground is given

(1 - &Y 0 <t <t (46)

o]
t
a3
02
I

0 t > T

i

where pg is the ambient presswre at ground level
Ap 1s the pressure risc across the bow and teil waves

and T is the passage-time for-the bov and tail woves,

From the equation of motion for a thin pancl of thickness h
subjected to the above impulsive Drousuro distribution the rosponse
of the panel can be determined and its moximum deflection and stross
found, It is shown in Appendix 2 tha"s if the mode of wvibrotion is
equal to the static deflection mode for a uniformly distributed load,
the maximum dynamic deflection is roughly twice the static deflection,
This occurs when T £ 5,5, where w is the plate naturel circula
frequency and T is the passage time of the shock waves, Ior other
velues of wT the clyn&mc deflection is reduced but in most practical
cases (typically windows) it would scem that the static deflection is
always excceded,

As a typical example lct us consider the casc of a plate glass
shop window %+ in, thick and having sides 128 in, by QO in, Such a
window was described in Ref, 7 as having been cracked parallel to its
shorter side by an Newave of s‘trung’sh (including gz:‘ouwl reflection)
of 1.75 1b./sq.ft. aporoximately (the report states that the above
pressure was measurced ot another station on the same li ght, but it
was likely thet this pressure was exceceded in the vicinity c:u. the
window) and a passage time between shock wawves of 0,136 sces,
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The height of the aircraft was 25,000 £t, and it was flying at M = 1.22,
If we use the formulae given in Appendix 2 for the rectonguler plate
having the following characteristics, and assume it is simply supported
at the edges,

B = 10° 1b,/£4?
= 5 slugs/ft.
bxa= 53 ft, x 3,75 £t,

h o= /48 £,

<
i
IV

then wl = 2.8

w!
s

& = 1,25

and the maximum stress
o, ~ 1000 1b,/ir? ,

Now for plate glass windows a maximum static working stress of
1000 1b,/ir? is reccommended, This provides a2 nominal faoctor of safety
sf about 10 but since it allows for inhomogeneities and stress concentrations
set up in fixing, the truc factor of safety may be wvery much less.,
Tt should be noted also that the fatigue strength of glass (Ref. 8) is
good and the maximum breaking strcss for impulsive loading excceds that
for static loading by a factor of about 1.2, Nevertheless it would not
appear impossible for such a plate glass window to have bcen damaged
by this shock wave of only moderate strength, :

This exanmple together, with general deductions from the above
theory as applied to structures other than glass windows, confirms the
experience to date on the operation of supcrscenic aircraft over land
that only minor structural damage will result with shock waves of less
than 2 1b./sq.ft. (including ground reflectiom), It would seem that when
damage to a structure has occurrcd the structure was either over-
stressed or on the point of fallure, The present celeulations however
do not give us a lead as to what mesxdimum shock-~wave amplitude can be
accepted without fear of any damage to typical howes and buildings.
Certainly current experience indicetes that a 1 1b,/sq.ft. (J.nclu@:mg
a reflection factor of 2) shock wave would not cause structural uamag,e

#  The possibility of multiple reflecticn of the shock wave in its
passage over closely spaced buildings, such as in a large towm
or city, should not be overlecoked,



at least not of any megnitude. This is not to say, however, that
incidents of a secondary nature would not arise, such as accidents to
people, who are momentorily stertled, of which meany examples could be
enumerated, The upper limit of snock wave amplitude which is acceptable
for no appreciable damage to bulldings can onl v be axvived at by trial
and experiment,

5. Effect of Limiting the Ground Pressurc Rise on the Climb Pa‘th,

In order to investigatc the magnitude of the pressure rises on the
grou:a‘i assoclated with the far ficld disturbances caused by a supersonic
aircraft, the sbove theory has been applied to the tynical slender
eirliner of integrated layout shovm in Fig. 3.

The planform assumed was of 'ogee' shape given by

- ~ AL A ~ --""2 .‘ - “‘% - [ t—-g
y = 0.4615 x - 0., i73x% + 1.509 ~ 1,980 g + 0,7155 x7
— . eov @0 (1?>
vhere (X, ¥) arc measured in terms of the aireraft lensth 1,

Slender wing theory suggests that the distribution of 1ift along

g

such a configuration is proportional to ¥ ;QEZ . This Jeads to the

“

condition that the local chordwise looding is giv n by

Q‘%LEQ, = 36,83 LyMR P, S Cp g(%) ’ (18)
ax : A
vhere
(“ el < fal =2 IS =5 0.0 ':ZE‘ o) 6 3';5
g(%) =( 0.0261 X ~ 0,0838 £~ + 1,0346 X = 2,5045 £ + 9.5796 X }
Coon7me B 3192 B - 12,7503 B+ 2.5505
ond the totel 1ift : = | &£ aF ,
/ a
o]

The thickness distribution ulf*pg the length of the aircreflt was of
Lord V shape (sce Rof, 6) given by

S(E) = 0,032 F(1 =DM -[1-F]H 71 - (19)
Since the aircralt was of very sicender form, S Ls 88 defined by equaticon
(7) was teken to be S(X). The values of F(7, = &) i

as given by equation
r

(6) were calculated over the .Lc,na‘m of the aircraft for voried valus
of B S C.. From the distdibution T, = 7/2) with 7, the valuc of
T ? 2
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for cach value of B 8 CL was evident, and allowed- j 7, -%)d7

o
to be determined for cach case, For a scries of Mach nurbers, the
altitude of the aircraft woas calculated for each value of B 8 CL

and hence the pressure rise across the bow wave cculd be evaluated from
equation (14). TFig. L is a cross plot of thesc resulbts showing the
pressure rise, with ne allowance for ground rcflection, as a function
of the aircraft height, and speed. These results correspond to level
flight at constant speed at each point,

If o value of the pressurc risc, with no ground rcflection factor,
of 1,0 1b,/ft® is accepted as a value not to be excceded, then the
aireraft must not exceed a Mach number of 1,06 at 40,000 £+, altitude
and a Mach number of 1.23 at 50,000 f£t. and can only accelerate from
¥=1.51toM= 2,0 above 5,,000 £, The pressure signal on the
ground at these points, if the aircraft flies at zero 1ift, would be
about 0,5 1b,/ft5 without reflection., A calculation for a slender
configuration of similar welght with an aspect ratio of 1.20 and o wing
loading of 36 1b,/ft%, the length end cross-scctional arce adjusted to
sult, gave a 1,0 1b./f4% boundary very similer to that shown in Fig. k.

The high altitude at which it is nccessary to fly at low supersonic
Mach nurber suggests that this region is likely to correspend to very
low rates of climb and acccleration, Fig, 4 shows the calculated rates
of change of energy height with time available for the cxample aircraft,
The engine size was detcrmined from the optimum cruisc condition., It
is apparvent that, even at meximum all out r,p.m, the aircroft cannct
exceed a Mach number of 1.2 to 1,3 without giving rise to a pressure
increment on the ground greater than 1,0 1b,/ft2 (no reflection foctor).

The available acceleration at low supersonic speeds can be increased
by increasing the size or number of the engines with or without a
docrease in wing area, Both these modifications will lead to an increase
in cross-sectional arca end weight which are likely to increase the
altitude at which supersonic flight is acceptable, It follows that,
since levout, weight and performence are so inter-related, the weight
and dircet operating costs of a supersonic airliner are likely to
increase considerably as a result of imposing a limitadion on the
pressure rise across the bow wave at ground level,

It may be that the most attractive solution is to use gome degree
of afterburning during the supersonic part of the climb, Cortainly the
scheme is attractive if the crulse thrust and fuel consumption are not
affected by the presence of the afterburner.

Some degrec of alleviation of the magnitude of the pressure riscs
in the N wave near the ground can be attained, for a standerd atmospheric
condition, by the aircraft climbing during the low supcrsonic speed
regions., This means that there must be an excess of thrust over drag,
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which in any case is not likely to be large, However, the alleviation
depends upon the refraction of the pressurc disturbance roys which is
very dependent upon the tempereature distribution with altitude and
upon the wind gradient. Consequently the amount of alleviation would
very from dey to day and is not very amenable to precise calculation
even if accurate atmospheric data is availsable,

i

€, The Pressure Signal on the Ground

Whithem (1) has shown that in the fer field, the front shock
pressure rise precedes, and the rear shock pressure rise follows the
Mach line corresponding to the point 7= TO by a distance approximately
equal to

AL
[ G0y E g e
X = 2 (y +1) =3 F(r,0) at (20)
2 J
L B -
where the limits of integration are 0 to To for the front wave and TQ
to infinity for the rear wave, ond ris the distance normal o the flight

path of the aircraft in the plane defined by 0.
-

¥

with the same respective limits of integration as equation (20) it
follows that the distance between the shock waves is epproximately

(-'e!,.x

. ' . . . N
Since the pressure Junp is alsc proportional to F(T,G}dtl

,
aey = & <V‘f‘ 1) fem—y (4P, +4P) (21)
L' g
where AP mﬂ&?r are the front and rear pressure Jumps at o distonce r

from the a

ircraft in the planc defined by ©.

The ground reaction due to the reflected wave, will have the N
type distribution in the x direction and will heve a bressure intensity
twice the far field pressurc signal, '

Since the surface integral of the ground reaction must equal the
1ift the transverse 1lift grading on the ground is given by :

a r LT G D RS o
dy z°* B % (ipg =522 g (22)
(p, P)
h g

where y is the lateral distence along the ground between the plane at
the angle O end the vertical plane containing the airveraft £light path,



The Whithem-Wolkden theory depends upon the assumption that the
pressure distribution in the far field associated with the 1lifting
effect is determined by sin 0F(7,0) and therefore, for the slender
configuration we have considered, dL must very epproximotely as

dy .
gin €, if the aircraft is flying straight and level.

Thus the totel 1ift is given by

d]' e qT
<‘Z’é> / sin6 as
6"—'—' e

on <@"> (23)
\.;‘/ ar

=
it
iR

il

2
Hence from (22) and (23),
1 L 2 -
L = 2% (Yed) B (0P2 -uP2) (24)
Y (B, P)% 0= = Z
h g 2

It follows that once the intensity of the front shock has been
calculated, that of the rear shock con be obtained dircetly from
equation (24). It can be seen that, for a given 1ift the maximum
pressure Jump on the ground decrcascs as Zf\Pr decrcases, If the influence

of the wing can be contained in the region

(TO) £ r < o
zero 1ift
then AP £ will be dependent only upon the thickness distribution. This

suggests that the 1ift should be towards the rear part of the configuration,
It seems probable that, for a given length cnd thickness distribution,
the value of T, will incrcase with L, which mcans that the 1ift rwst

be concentrated in an even smaller longth, Sinece the centres of 1if+%
and gravity must be coincident for trim, there is obviously a limit
to the aft position of the 1lifting region, The further aft the centre
of gravity the higher the 1ift at which Ap p CER be kopt equal to 4p o

with no 1if+t, This suggests another reaon why cngines at the back of
the aircraft are attractive,

It seems probably, that by choosing a suitable thickness digtribution,
the pressurce intensities in the far field can be minimiscd for a given
1ift distribution and a limited range of 1ift,
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7. Conclusiong

(2) The pressure intensities in the far field cam be calculated for an
aircraft with 1ift by adding to the thickness distribution an additicnal
equivelent thickness distribution which is a function of the 1ift
distribution, total 1ift and Mach number,

(b) The effect of 1ift on the pressure intensities in the far ficld can
be of the same order as that due to thickness,

(c) It is probable that, if the maximum pressure rise in the far field
below an aircraft is of the order of 1 1b,/ft. (2 lb‘/f”a. vith reflection),
some large plate glass windows will be damaged, Since the variation of
pressure intensity veries slowly with lateral digtence from the

vertical plane containing the path of the aircraft, such damage

is likely to occur over a wide strip below the aircrai+tts path,

(d) & limitation on the pressure rise on the ground is likely to limit
the height at which la:x:*g,p supersonic aircraft of integrated layout can
accelerate from M = 1,1 t0 1.5 above 45 000 to 55,000 £, respectively.
This is likely to restrict the climb path of such an aircraft to regions
where the available acceleration is small unless the thrust available

and possibly the wing area are increased beyond thet required for other
parts of theflight plan, This must lead to an increase in weight and
therefore aggravate the far fiecld pressure rise problem. It is

probably that some form of afterburning is the best solution, prov:ded
the cruise thrust and s.f.c., are not materially changed,

c) There is some indication that an aircraft could be designed to
minimise the far field pressure rises for a given volume, over limited
ranges of total 1ift, This would involve choosing suitable thickness
and 1ift distributions, A limitation on the method is likely to result

from the necessity to trim the aircraft,
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APPTIDIX 1

On the propagation of shock waves from a

moving body in a non-tmiform atmosphere

The propagation of shock waves towards the ground from aircraft
flying at supersonic speeds at high altitude involves some consideration
of the variation of the atmospheric pressure, density and temperature
with height, In the general theory of Whitham, the attenuation of the
shock waves from the moving body is calculated for the case of propagation
in a uwniform atmosphere, In this eppendixz an approximate estimation will
be made of the correction term to be applied to Whithomts theory for
the propagation in a non-uniform atmosphere,

Tt cen easily be shown (sce Lemb, Ref., 11, p.5L43) that the general
effect of the increasing atmospheric pressure towards the ground is to
increasc the amplitude of the shock wave propagating towards the ground
and this effect is very much greatcr than that associated with the
temperature increase towards the ground. It can also be showm that over
the distances of intercst in practical coses the combined effects of
viscosity and thermal conductivity as well as atmospheric turbulence
in attenuating and distorting the shock wave along its path are negligible
compared with the former effccts, These latter effects would however
need careful consideration for £light at much highex albitudes than
those considered here,

If further products of small quentities are neglected, as well as
the changes in entropy across the shock wave, the equation for the
perturbation density associated with the motion of the shock wave is

92 (8, 5 :
6g) _ .0 (aa %,5% (op)> I gm (4.1)
i

vwhere Op is the difference between the density and the local atmospheric
density, and x is measurcd vertically dovnmwerds in the atmosphere.

This equation is obtained from the equations of continuity and
motion which are respectively ' ‘

- Sp u. apa, opu,
,,,29 oo — o L =+ Py ?;L? K A
5t * 5%, = 0 ; =T o5, U, 5%, +pX, (£,2)

If we subtract the divergence of the sccond of (4,2) from the time
derivative of the first, and noting that in the wndisturbed atmosphere
(ot least in the model we have assumed)

-\ -
8 "2 ‘_@g — apX.
oxy <& ox, ) - (4.3)

XK.
4



with X, = (g , 0, 0) and &® = <%§> s then equation (4.1) immediately
s

follow% o

Since a = a(x) we can write (A1) in the form (writing z for &p)

Qi-.g o2 g2 — a@i\gﬁ A
s (58 B (2.0

In order to simplify the solution of (A.4), but not at the same time
modifying its essential propertics, we will replace o2 Dby an average

da? -
value & and ( g === ) by an average value g ., Thus we have
- &% V?z = - g =z (4.5)

Now at distances far from the body the magnitude of the perturbation
Jdensity would in Vhitham's solution be obtained from

E% - 5 VFPZ = 0 (4,6)
In principle therefore we con find the choange in the amplitude function,
associated with the non-uniform atmospheric conditions, by solving (4.5)
from the knovm solution of (4,6). However it can be shown that this
change in the amplitude function for a general wove motion, is similar
qualitatively to the change in the amplitude of a plane wave propagating
downwards through the atmosphere. It is this speclel case that is
treated below,

The solution of (4.5) with the boundary conditions Lim =z(x,t) = 0 ,
t -0

Lim aé’% = 0 and 2(0,t) = £(t) for t > 0, where the origin of x
%, 0

is taken at the altitude corresponding to the initial formetion of the
shock wave, can easily be found by the method of the Laplace transform,
The initial amplitude function (or density signal) can be of any form
and would be typically an Newave, However for simplicity, we will toke
£(%) = constent cqual to unity, but it should be noted that this
simplification dees not affect the valus of the amplification of the
wave-front amplitude as the wave proceeds growndwords,

The solution of (A.5) for this weak plane shock wave problem is
(sce Carslew and Jacger Ref, 12 p.183)

/ - [T
- & X 2
fx i ANR-(ET) e
Z = eXp (“”'ﬁ*‘”‘é‘”) 1 - == e ek
a o a . K2
2 X/& 2 T2 ( ,E‘:
A a

(L?j
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vhen (% - %/5) %: << 1 , noting that J1 (v) £y/2 2sy- 0, we f£ind
a

that (A,7) becomes

(A.8)

b
1 bct
S |

Z = exp 7, fﬂ+ﬁa/2 - 1
L ,

o8

where 1

1

Hence the increase in amplitude of the wave-front, given by t = %/Z,
as it travels groundwards increases exponentially with x.

In the more general case of pseudo-spherical waves this increase
in emplitude would be more than balonced by the sphericel attenuation
of the waves but these two factors must always be multiplied to find
the perburbation density rise at the wave-front necr the ground, We
sce from (A.8) that the profile of the wave is also chonged,

In the special case of an isothermal atmosphere

) D ox
- =2 = e (5 (£.9)
Px=0 Px=0
vhere (a) is the constant (isothermal) speed of sound, so that the
wave~front amplification factor
exp (n) = | R (£.10)
NB ‘ . ,
x=0

g g .
In the general gas g and &° must be replaced by g and & as defined
above but in mos:ﬁb practical cases the approximation expressed by (4,10)
will be adequate’,

Accordingly Vhitham!s modified formula for the strength of the bow
shock wave from a body of revolution is

e 14 T ’ 1
A P y ( or\Z 0 Nz
jf):e = K ,\[;ﬁ 1 \2;8) < [ F(T}d‘l‘) (A,11)
g TP (y e )E L2 Iy

el P
where pg and Py

respectively and Kr is the ground reflection factor, This relation is

are the pressures at groumd-level and ot altitude

the one used by Rendall (1957) and others,

*: ' '
According to the approximations made ebove

-

{ ~
p a
exp (7) :'\! /% x=0 A ®/p =0 ¢ 2

a
so that when the relation expressed by (4.10) is used generally the
voriation of the speed of sound with altitude, which is admittedly
small, will be neglected,
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The responsc of a plate glass window to an Newave

The equation for the pressurc distribution near the ground across
the shock waves from a supcrsonlc alreraft is

P - P = AD e '2:3 t C <t <T (A-‘!Z)
b g _L
= O t > T

where Pg is the anbient pressure at ground level
bp dis the pressure rise across the bow and toil waves,
T is the passage time for the bow and tail waves.
The equation of motion for the vibration of a thin plate of

thickness h is, if w is the normal deflection, cnd D is the flexural
rigidity of the plate,

9%
o h —= 4 DVy
m ata

i

&p(’le“bT) 0 <t <7

0 P >T

ft

op 000 (-Au’;j>

If we assume a mode of deflection and put W, equal to the central
deflection, then on integrating (4.13) over the area of the plate we
find that

b’

3

C

M %

il

+ k' w, A bp (1 -2ty 0 <y T

= o .b >T ¢ocoae (i!\‘~01b-)

where M’ is the equivalent total mess of plate welghted for the particuler
mode of vibration

XK' is the equivalent total plate stiffness weighted for the
particular mode of vibration

and A is the plate area,

For instence if the plate is circular with vsimply supported cdges and
the mode is that for static deflection under a uniformly distributed load

M= M 7(1 ) (4.15)
35 +v

167K B
34(5 +v)(1 =)

and

K’

I

(£.16)
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where M is the total mess, E is Youngs modulus, andvis Polsson's ratio,

b g, . . .
If m = M/AAp and k =X /iAp and the subsceript on w is

A

dropped the equation of motion (4,.1L) becomes

n¥®¥ + kw 1 - 2t/T 0 <t <7

I

= 0 t > T

seacoe (4.17)
with the boundory conditions

Ow
‘W=‘°8"jg=0 at =0,

If we write the natural freguency of the plate as

oo [E—

7
. ___{\/Qg - \/I;: (5£.18)
. u’

then it con be shown that the solution of (A,17) is

mw® w(t) = 1 - cos(uwt) - -% (0t - sin (wt))

+ Ht =T 1 mcosw(t-1) +E (6 ~1) - sim(+-T))

[ .
“soeve (-A-o-" 9)
where H(t ~ T) is the Heaviside unit function,

It follows that

2 7 2\ ; + ; ] P . -
e I J = — . 1 4 ik 1 ;e A
1 w® w(t) i i \; (1 + I/w ) sin w(t —€) (4.20)
for 0 st <7
where
ton we = ol
2 3
o Y / m
and m w?w(t) = 2 (cos m%) - 2 sin %) | cos Kw’s -~=<f2&->
TCWTY (8£.21)

for t >1T

In the range O < t < T the maximum value of w, written W,y occurs
vhen B
wh o=t @l
= = tan ==
2 - (2
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5
€ fp-

b gon™] (3%) (£,22)

T

Similerly in the renge t > T the maximum value of w occurs when

wt=%§+nqr (n=0,1,2 ...)
ond . W L WT
mow o= 2 cos(‘*i) - == sm(’wé) (A,23)

From (A,22) and (4,23) we sec that the lowest value of ol at
vwhich the meximum deflection occurs is when ol m~ 5,5 and the corresponding
maximum deflection is given by

2

woox 2.2 (A.24)

m w
m

2 o 2
If we put m & v = 6  then O is 2 number of order 2, and

. 8 .S4cLy
W 5 % % K (£.25)

r

. . . . . . AL LA
showing that 6 is the dynamic load mognification factor, since sk
X!

is the static deflection of the plate under the uniformly distributed
load Ap per unit area, If this latter deflection is denoted by g

then
o, = 6 Ty (N.26)
The values of Vg for vorious shapes of plate arc given below,

for convenience, together with the values of the moximum stress,
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g Edge fecrimmam Maximum
Geometry Condition Deflection Stress
Wy D Ip S Ap
Clamped a* /6L, = (Bage)
Circular b
Radius a . .
Simply (é_, +@P,=>% 23 xv)a
Supported 1y /o 8 n?
L4 4 A 2
(22 x 22) Supported ° h?
approx,
. 4 N = AR 2 M2
Rectongular | Simply é};_%am\a 0.07 (}? +v) a%/h
1 Supported an2 LV when = =142 '
Short side 2a pporLec 7 <(“b’) + ’i) a he
Lond side 2b .2 A2
epprox. 0,81 (3 +v) 2% /h
when b/a = 2

It will be shown in general however that the deflection as calculated
from the formulae above will not be small compared with the plate
thickness., The correction to the above results when w s /‘1 s>1, as

given by Timoshenko, for o circular plate with cloamped edges is
(when v = 0.25)

s fo. & 1.2 (n % (4.27)
s * /WS) o

where w c’ is the central deflcction acecording to the more exact large
b=l
deflection theory,

The modified moximum stress for the clamped edge circular plate

iz accordingly 1/
s N2
©.) - 0.L23 <§E_a)m;i} ?
Y hE y,

il

=0
. : (£.28)
) .2 /5 (hof A%
and © ) = -i% Lp == + 0,328 K-ﬁiﬂ‘*ﬁ ~ ~*—““"*)
* o h h 2

at the centre and edge respectively,
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