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ABSTRACT

This work presents an examination of critical issues in damage modelling of materials
with inelastic deformation within the continuum damage mechanics framework. In this
the focus lies on stability issues in continuum damage mechanics models with strain-
softening behaviour. It is well-known that strain-softening behaviour leads to an ill-
posed boundary value problem and with this to a non-unique solution. Additionally, an
application of these models in finite element codes is accompanied by a strong

sensitivity of results on the chosen finite element spatial discretisation.

This work investigates the mathematical and numerical issues arising from continuum
damage mechanics models with strain-softening. A longitudinal wave propagation
problem, which is commonly used in literature in the context of strain-softening, will be
examined in particular. This example is the strain-softening bar. It is simple in its nature
but nevertheless it offers a closed-form analytical solution to a nonlinear problem, is
able to capture the characteristic properties of the strain-softening solution and allows a

comparison between different methods.

The groups of nonlocal and viscous regularisation schemes are investigated in more
detail as they aim to remedy the problem of the ill-posed boundary value problem due
to strain-softening. These methods introduce a characteristic length scale parameter,
explicitly or implicitly, which confines the strain localisation area to a finite size and

keeps the boundary value problem stable.

The scope of the presented works lies in showing that major improvements of damage
modelling can be made by addressing the stability issues of the boundary value
problem due to strain-softening. Firstly, it is shown that the meshless SPH method has
nonlocal properties which can be exploited in the modelling of strain-softening, a use of
SPH (total Lagrange form) which has not been considered previously. Then the
concept of an “Equivalent damage force”, a unique approach at the time, is introduced
which describes the influence of damage as a body force. It is shown analytically that
this approach keeps the boundary value problem stable and leads numerically to mesh
insensitivity of results to the used finite element spatial discretisation. The approach of
an “Equivalent damage force” is extended analytically to fit the needs of materials with
orthotropic material behaviour. This involves the definition of a symmetric and positive-
definite 8" order damage tensor which is not generic and has not been delivered in

literature so far.
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1 Introduction

1.1 Problem Statement

Continuum mechanics is a sound approach to represent macroscopic material
behaviour with constitutive equations using the well-known concepts of stress and
strain. It has been used commonly for engineering applications and is widely used in
finite element applications. However, continuum mechanics does not account for

damaging processes on the microscale due to plastic deformation.

The continuum damage mechanics approach includes micromechanical damage
processes into constitutive equations using averaging techniques. This is done by
using a scalar or tensorial damage variable defined as loss of effective load-carrying
area due to micromechanical damage. These models are not fit to represent objectively
localised material behaviour due to damage and violate material stability in the sense
of Hadamard [41] when the strength of the material is exceeded. This leads to a
behaviour known as strain-softening. Strain-softening results analytically in an ill-posed
boundary value problem and numerically into spurious mesh-sensitivity of results on

the chosen spatial discretisation of the problem.

A number of methods have been introduced which address the issue of objectively
representing the physical deformation localisation due to damage by limiting the
fracture energy dissipated, such as cohesive method and smeared crack method.
However, they have not been successful in solving the mathematical and numerical
instability issues leading to mesh-dependency of results. The group of continuum-
based regularisation methods, such as viscous and nonlocal methods, approaches the
problems due to strain-softening by introducing higher-order terms of time or space
which confines the strain-softening area to a finite size and keeps the boundary value
problem stable. For this however, an additional parameter, namely a characteristic

length parameter, needs to be known.

Regularisation methods are considered in literature to be the only group of methods
able to maintain a stable boundary value problem in the presence of strain-softening.
However, other possibilities of tackling the mathematical and numerical issues
connected to strain-softening might exist. This is worth exploring to add further options

to constitutive modelling in continuum damage mechanics.



1.2 Literature Overview

Composite materials are of increasing interest to aviation and automotive industry due
to their high performance in strength compared to their overall weight. They are built
from two main components, (1) the fibres and (2) a matrix material in which the fibres
are embedded. The overall material achieves superior material properties through
interdependency of fibres and matrix material in comparison to their single components
[35; 55]. The fibres add strength and stiffness to the material. The matrix keeps the
position of the fibres, protects them from external mechanical and deteriorating
influences and distributes stresses evenly over the fibres. Typical fibre materials are
carbon [124; 126], glass [13; 63; 101] and metals [94]. Matrix materials can be resins
[14; 114], concrete [1; 31], ceramics [16; 94] or polymers [13; 122]. This variety of
possible combinations makes composites a versatile material which allows combining

suited material properties for the intended purpose.

However, the fibres have high strength and stiffness only in their longitudinal direction.
Therefore, the overall material behaviour is directional and they are classified as
orthotropic materials. This increases the complexity for the description of mechanical
properties because more constants are needed to describe the material response [35;
55]. The use of finite element methods is wide spread in the development of structures
because it offers the possibility to accelerate the development of concepts and designs

and makes them more cost-efficient. [78]

A common approach to model the material behaviour of composites in finite element
analyses is the use of strength-based failure criteria. These describe the macroscopic
material behaviour as linear elastic up to a defined failure strength at which the
stresses are set to zero instantaneously and the material is considered to have failed.
These criteria are straightforward in their mathematical description and stable in their
finite element representation, even in the case of orthotropy. Therefore, they have been
popular for finite element purposes and a number of criteria have been developed over
the last five decades [46; 55; 57]. Examples of widely used composite failure criteria
are the Maximum Stress criteria [55], the Tsai-Wu critierion [113], the Hashin criteria
[44] and the Chang-Chang criteria [23; 24].

Although the use of failure criteria has been stable for finite element purposes it has
been found that they overly simplify real material behaviour. The behaviour of

composites is not purely linear elastic up to a certain failure strength because during



the deformation process the material’s microstructure experiences damage which leads
to a degeneration of material properties on the macroscale and therefore leads to

nonlinearities in the macroscopic material behaviour of materials. [78; 125]

Continuum damage mechanics accounts for changes of macroscopic material
behaviour due to damage processes on the microscale. The micromechanical damage
processes are introduced into the well-known constitutive equations of continuum
mechanics by the definition of a damage variable which represents the reduction in
effective load-carrying cross-sectional area. This approach was first introduced by
Kachanov [56] who defined an isotropic damage variable, called ‘continuity’, defining
the remaining effective load-carrying area. This approach was further developed by
Rabotnov [98] who defined the isotropic damage variable as the effective surface of
discontinuities. The definition used by Rabotnov is commonly used nowadays in
continuum damage mechanics. Other researchers who have contributed greatly to this
field are Lemaitre [64], Krajcinovic [61; 62], Chaboche [19-21], Murakami [82],
Cordebois and Sidoroff [26] and Voyiadjis [121] among others. Subsequently, the
continuum damage mechanics approach was extended for orthotropic and anisotropic
material behaviour by defining tensorial damage variables of 2" [17; 26] and 4" order

[75; 106] able to capture directional damaging processes.

Continuum damage mechanics represents a more comprehensive description of
macroscopic material behaviour than mere failure criteria due to the consideration of
defects on the microstructure [77; 111]; however, continuum damage mechanics itself
is a simplification of micromechanical influences on material behaviour as it uses
average measures of material degeneration, namely the damage variable. Constitutive
equations of continuum damage mechanics can only be used on a scale sufficiently
large enough to be assumed homogeneous, this is the macroscale. This assumes that
the microscale is homogeneous as well; however, the microstructure itself and damage

processes are heterogeneous [77; 88].

Plastic deformation is dominated by the nucleation, growth and coalescence of voids
and microcracks on the microstructure, eventually leading to material fracture. Figure 1
represents the microscopic damage process in 5 stages. The first stage is the
formation of micro-voids. This stage of plastic deformation is considered as stable
because voids are evenly distributed through the material. Therefore, the material is
considered homogeneous from scales above the microscale. The actual microscopic

localisation process, and with this the onset of instable macroscopic behaviour, starts



when voids grow and consequently accumulate in the critical area. This clustering
leads to merging of voids and formation of cracks, called void coalescence. Once
coalescence has started, the damaging process accelerates in the critical area leading
to localisation of defects on the microscale. Simultaneously, areas outside the
localisation zone, with homogeneously distributed voids, start to unload in an elastic
fashion. Finally, the formed microcracks start to grow and merge themselves leading to
crack propagation. [5; 85; 88; 97]
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Figure 1. Microstructural localisation process [5]

The idea of damaging processes on the microscale is common for different types of
materials, such as metals, concrete and composites. However, the influence which
damage has on the macroscopic material behaviour depends on the type of material.
An example for manifestation of microscopic damage on macroscopic localisation in
metals is necking under tensile loads [15; 51] and cracking in concrete [112] and brittle

failure in composites [36].

The damaging processes on the microscale have a significant impact on the observed
macroscopic inelastic material behaviour resulting in observance of localisation on the
macroscale too. However, on the macroscopic level deformation localisation is
understood as instability in a solid’s inelastic behaviour [15; 67] showing itself as bands
of intense straining which precedes failure. Physical experiments have shown that the
localised straining has a finite size in real materials which depends on the material’'s

microstructure [60; 71].



Although continuum damage mechanics is a simplification of processes on the
microstructure, continuum damage mechanics is capable of modelling linear elasticity,
the influence of initiation and progression of damage on the macrostructure and finally
failure. It represents a favourable approach for the description of macroscopic material
behaviour because constitutive equations are based on the well-known concepts of
stress and strain and continua obey fundamental physical laws. This makes it a
common engineering tool and is widely used due to their computational effectiveness.
Other finite element models considering the micromechanical composition of a material
exist; however, their use is restricted by their practicality. These models tend to have a
large number of elements which require a high amount of computational resources and
require long termination times [51]. That restricts the use of micromechanical models in

finite element methods strongly.

It has been shown that continuum damage mechanics has the issue of mathematical
instabilities when the critical load of the material is exceeded. Continuum damage
mechanics utilises engineering stress-engineering strain relationships which imply a
homogeneously distributed deformation of the specimen. Engineering stress is defined
as load over virgin cross-sectional area and engineering strain expresses the ratio of
change in length and original length. But in the consideration of continuum damage
mechanics damage reduces the effective load-carrying cross-sectional area. This leads
to a negative slope in the engineering stress-engineering strain curve when the
material's strength is exceeded. This behaviour is called strain-softening which is
characterised by a decline of stress with simultaneous increase of strain. A qualitative
example of an engineering stress-engineering strain curve is given in Figure 2. The
negative slope in the stress-strain relationship indicates a loss of positive-definiteness
of the tangent modulus which leads to severe mathematical issues as the material
stability criterion is violated [41; 99]. As a consequence the type of partial differential
equations changes, from elliptic to hyperbolic in static problems and from hyperbolic to
elliptic in dynamic problems, and the boundary value problem is no longer well-posed
and a uniqgue solution cannot be achieved. The implementation of such a model in finite
element methods also leads to severe numerical problems which manifest themselves
as spurious deformation localisation leading to mesh-sensitivity of results on the used
spatial discretisation [103]. This is accompanied by a non-physical deformation
localisation in the softening zone and vanishing energy dissipation upon mesh
refinement. [11; 96; 102; 110]



Engineering stress o

Engineering strain €
Figure 2: Example of stress-strain relationship with strain-softening
Strain localisation behaviour in continuum damage mechanics has been a concern for
many researchers, e.g. Pijaudier-Cabot and Bazant [96], Sluys and de Borst [110],
Rice [99] and Neilsen and Schreyer [86]. Unfortunately, the problem of strain-softening
and localisation is highly nonlinear and analytical solutions to compare numerical
results with are difficult to obtain. Bazant and Belytschko [6] derived as first an
analytical solution for strain-softening for longitudinal wave propagation within a bar.
This approach was adopted by a number of researches for investigations of dynamic
strain-softening in continuum damage mechanics [11; 96; 102; 110]. This example has
been very popular in analytical and numerical investigations of strain-softening
because it has an exact solution of the nonlinear softening problem, uses well-
established wave theory and can be used to compare different methods with each

other.

The issue that continuum damage mechanics cannot represent localisation in a finite
size, leads to non-physical results and severe numerical instabilities has been subject

to extended research.

One of the first models dealing with material failure was the discrete cohesive method
which is closely related to fracture theory [4; 32; 45]. In this method it is assumed that
the localisation with finite size is small enough to be assumed as a line crack. This
zone is modelled with cohesive elements between continuum elements which release
energy during the fracturing process. This method leads to convergence with physical
results due to the limitation of fracture energy; however, the position of the localisation
area needs to be known, the method simplifies the localisation zone to a line crack and
it does not address the issue of an ill-posed boundary value problem due to strain-

softening.



Another method is the smeared crack method, introduced by Bazant and Oh [8], which
brings the cohesive method to the continuum level by smearing the fracture energy
over a band which has the width of an element which represents the localisation zone.
The method estimates the correct amount of dissipated fracture energy if the size of
the crack zone is estimated correctly. Unfortunately, that makes the results subjective
to the used mesh refinement and it still does not address the issue of the ill-posed

boundary value problem.

The Gurson model [40; 84; 115-117] links continuum mechanics with micromechanical
void nucleation, growth and coalescence using a yield function including the void
fraction as a damage parameter. Strain-softening is modelled as a consequence of
increasing void fraction in the material. Although this model is a micromechanically
justified model it lacks the stability of the boundary value problem and leads to spurious

mesh-sensitivity in numerical simulations when strain-softening occurs.

The problems of the continuum damage mechanics approach in modelling the finite
size of the localisation zone and spurious mesh-sensitivity due to the negative tangent
modulus can be avoided when an intrinsic length scale is introduced into constitutive
equations. This can be achieved with regularised continua which are enriched with
higher-order derivatives of space or time and introduce a characteristic internal length
scale. These methods are the viscous method, e.g. [83; 109], nonlocal method, e.g.
[95; 96] and gradient-enhanced method, e.g. [2; 3]. These models have been used with
success in keeping the boundary value problem stable [96]. But these methods depend
on an appropriate choice of viscous parameter or internal length scale, depending on
the method, and might require additional boundary conditions due to the introduction of

higher-order terms.

1.3 Aims and Objectives

This work investigates the representation of damage and strain-softening behaviour
within the continuum damage mechanics framework. The aim is to explore new
methods, other than regularisation methods, which are capable of maintaining a stable
boundary value problem in the presence of strain-softening, thus leading to a unique
solution and an insensitivity of numerical results on the chosen finite element spatial
discretisation. Additionally, this solution should include orthotropy to make it applicable

to a wider range of different material behaviours, such as composites.

To reach this aim a number of objectives were identified:



e Understand the continuum damage mechanics approach and strain-softening
behaviour in an analytical, numerical and physical way.

e Validate available material models of composites finite element modelling,
including failure models and continuum damage mechanics models.

e Evaluate the strain-softening problem in the local continuum damage
mechanics approach regarding their analytical and numerical instabilities.

e Review methods dealing with strain-softening and evaluate existing
regularisation methods which remedy the ill-posed boundary value problem due
to strain-softening.

e Explore and quantify capabilities of the meshless SPH method, in its total
Lagrange form, as nonlocal method, representing a new application of the SPH
method.

o Develop the concept of an “Equivalent damage force”, a unique approach at the
time, in continuum damage mechanics to solve the analytical and numerical
issues of strain-softening material behaviour.

e Test the concept of an “Equivalent damage force” numerically by using an
isotropic material model with a scalar damage variable.

o Extend the concept of an “Equivalent damage force” to orthotropic material

behaviour.

1.4 Outline

Chapter 2 provides the conceptual and mathematical background of continuum
mechanics. The concept of stress and strain, which will be used throughout this work,
will be clarified. The chapter also introduces the mathematics and notation of tensors

which will be used commonly in this work.

Chapter 3 provides the general framework of continuum damage mechanics. Firstly, it
will be explained how heterogeneous damage on the microscale is averaged and
included in the constitutive equations of continuum mechanics through the damage
variable. Then important principles and hypotheses, such as effective stress and strain
equivalence, used for constitutive modelling are introduced. Then the mathematical
background of material instabilities caused by strain-softening behaviour in continuum
damage mechanics will be investigated as basis for further progress in this work. The
chapter will close with the analytical investigation of a one-dimensional strain-softening

problem, namely the strain-softening bar, a common test problem in literature regarding



strain-softening. This problem will be of paramount importance throughout this work as
it allows for a closed-form solution due to its simplicity and illustrates clearly the

characteristics and issues of the strain-softening solution.

Chapter 4 will provide a survey of composite failure and damage models commonly
used in finite element codes. The most commonly used assumptions and theories will
be introduced. Then a numerical analysis in LS-DYNA, using single element tests, will
be conducted to investigate the capabilities of several readily available composite
models. In another step the previously introduced strain-softening bar will be used to
show the numerical instabilities connected to strain-softening in a readily available LS-
DYNA continuum damage mechanics model. These results will be compared to the
analytical solution for strain-softening which was investigated in Chapter 3. Finally, this
chapter will close with a test of available stabilisation methods for numerical instabilities
due to strain-softening which are readily available in the finite element codes LS-DYNA
and ABAQUS. The example of the strain-softening bar will be used to investigate the

characteristic behaviour of these stabilisation methods.

Chapter 5 will give a review on existing methods dealing with strain-softening. First a
review on the cohesive method, smeared crack method and Gurson model will be
given. However, the focus will be the investigation of regularisation methods, namely
nonlocal integral, nonlocal gradient-enhanced and viscous methods, as they are
addressing the issue of an ill-posed boundary value problem. It will be shown
analytically that these methods keep the boundary value problem well-posed by

preventing the change in type of partial differential equations.

Chapter 6 will apply the meshless smoothed particle hydrodynamics (also known as
SPH) approach to strain-softening. SPH uses a smoothing function to define the
interaction of particles. The author of this work presumes that the smoothing function
makes SPH a nonlocal method by nature and that instabilities associated with strain-
softening can be avoided by adjusting the smoothing function. The use of SPH in
improving the nature of the boundary value problem in the presence of strain-softening
has not been addressed in literature previously. Therefore, the characteristic properties
of SPH for CDM models with strain-softening will be observed and quantified in this
chapter. First the main aspects making SPH a nonlocal method will be pointed out.
Then a numerical investigation with the in-house SPH code MCM using the strain-
softening bar example will be carried out which will show clearly how the adjustment of

the SPH smoothing function influences the strain-softening solution. It will be shown



that SPH is indeed acting like a nonlocal method and leads to a unique solution for

strain-softening when the smoothing function is defined appropriately.

Chapter 7 will present the “Equivalent damage force” approach which was developed
by the author of this work and is unique at the time. This approach describes the
influence of damage on the material behaviour as body force. This approach isolates
the influence of damage on the homogeneous part of the equation of motion which
keeps the governing partial differential equations hyperbolic. Therefore the initial
boundary value maintains its well-posedness. This concept will be first demonstrated
analytically for a one-dimensional problem. Then a numerical evaluation of the
approach will be done with an isotropic representation which was implemented in the
DYNAS3D code. The numerical evaluation is carried out first using the strain-softening
bar as it shows clearly the characteristic properties of this approach. A second
validation problem is the investigation of a concrete tension test which allows a
comparison of the “Equivalent damage force” approach to experimental work and
conventional regularisation methods. Finally, the approach of an “Equivalent damage
force” will be extended to orthotropic material behaviour. This requires the definition of
a symmetric and positive-definite 8" order damage tensor. The definition of an 8" order
tensor and the proof of its symmetry and positive-definiteness is not generic and could

not be deducted from present literature.

Chapter 8 provides conclusions and suggestions for future work.
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2 Concepts of Solid Mechanics

Continuum mechanics (CM) focuses on the motion and deformation behaviour of
continua. The microstructure of a material is neglected in CM. Instead a material is
regarded on a scale sufficiently large enough to allow a homogenisation of the material
properties. This scale is at least the mesoscale at which variables are homogenised
over a representative volume element (RVE). However, in general the macroscale is

considered.

CM distinguishes two main fields: solid mechanics and fluid mechanics. Fluid
mechanics studies the physical behaviour of fluids; however, this branch is not part of

the present work. This work focusses on solid mechanics.

Solid mechanics describes the behaviour of solids under the application of external
forces. Solids are understood as continua which have a given resistance against
changes in shape and volume. Solid mechanics distinguishes between a reversible

deformation, regarded as elastic, and an irreversible deformation, regarded as plastic.

This chapter will provide most important background of CM and will introduce a

considerable amount of notation used throughout this work.

2.1 Tensors

Physical quantities used in CM are independent of the used coordinate system. These
guantities are expressed with tensors in mathematics. A tensor is described in a
coordinate system by its components and can be expressed in any other coordinate

system by a transformation of its components without changing its physical quantities.

Laws of CM are expressed with tensor equations. These equations are valid in any
other coordinate system because transformations are linear and homogeneous. This is

called invariance.

This work restricts its attention to Cartesian tensors. These tensors are defined in the

Cartesian coordinate system which is an orthogonal system.

Tensors have a rank, also called order, which depends on the valid transformation law.
The number of components possessed by a tensor is determined by n", where N is the
order of the tensor in n-dimensional space. Many physical quantities are expressed
with tensors of 0™, 15t or 2" order. Tensors of higher order are rather constructs used in

mathematics of CM. Table 2-1 shows commonly used tensors of different quantities.

11



Table 2-1: Examples of common tensor quantities

Sign Order Quantity Example

m (O scalar mass

fi 1st vector force

0ij 2 dyadic stress

Cijia 4t tetradic stiffness tensor

Table 2-1 sets an example for a notation which is commonly used to represent
components of a tensor: index notation. Indices are said to be free indices when they
are not repeated in a term. The number of free indices states the order of a tensor.
Repeated indices in a term are called dummy indices when the summation convention
is used. This convention states that a term is summed up over the full range 1,2, ... n of

the dummy index.
A 2" order tensor is symmetric if an exchange of indices does not change the tensor.

Any tensor can be expressed in matrix form. An exchange of indices would correspond
to the exchange of rows and columns in matrix representation. Therefore, a tensor

written in matrix form is symmetric when its matrix is equal to its transpose.
D11 D12 D13

D=DT"=|Di;; Dy, Dy
D3 Dz3 D33

(2-2)

A 2" order tensor is said to be skew-symmetric if it equals the conjugate’s negative.
D;; = —Dj; (2-3)

The representation of skew-symmetry in matrix form is as shown below. A matrix is

skew-symmetric if it equals the negative of the transpose.

0 Dy  Dy3
D = —DT = _D12 0 D23 (2-4)
—Di3 —Dy3 0
Any tensor can be decomposed in a symmetric and a skew-symmetric part.
1 1 2-5
Di; =§(Dii + Dj;) +§(Di1‘ —Dji) (29)
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Tensors with higher order are said to have minor symmetries when indices in
successive pairs are interchangeable, to have major symmetries when pairs of indices

are interchangeable and super-symmetric when the tensor is symmetric in all indices.

Aijia = Ajik Minor symmetry in i and j, and k and [ (2-6)
Ajjir = Apaij Major symmetry in ij and ki (2-7)
Aijia = Ajie = Aruij Super-symmetry in all indices (2-8)

2.2 Stress Tensor

The stress tensor is a tensor of order two which describes the state of stress in a point
of a continuum. It includes the stress information of three mutually perpendicular
planes in the considered point. Figure 3 represents the stress tensor according to the
given coordinate planes. The stress tensor is written in index notation o;; (i,j = 1,2, 3).
The first index indicates the plane’s normal and the second index indicates the
direction of the stress.

X3

G131 X

X1
Figure 3: Components of the stress tensor with reference to the coordinate planes

The stress tensor is represented by a 3 x 3 matrix:
011 012 013
[ai]-] =021 022 023 (2-9)

031 032 033

The diagonal components (a,1, 0,2, 033) are called normal stresses and are normal to
the plane. The off-diagonal components (oy;, 03,021, 023,031,03,) are called shear

stresses and are tangential to the planes.
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The stress tensor is symmetric which can be proven by determining the moment

equilibrium for the body in Figure 3.

2.3 Deformation and Strain

This section aims to study deformation of a continuum when it moves from an initial
configuration to a new (current) configuration. Deformation is understood as a change

in size and shape of the continuum.

It is assumed in CM that stress at a point within a material depends on the deformation
of this specific point. The deformation of a continuum is described as the gradient of
the displacement field u,. u, expresses the current position, x,, of a point with

reference to its original position, X,.

Figure 4 shows a continuum displaced from its original configuration at t = 0 to a later
configuration at t = t. The position of the point P, is described with the position vector
X I with respect to 0X;X,X; and the later position of it is described with the position
vector x, €, with respect to ox;x,x;. The coordinates X;X,X; are called material
coordinates and the coordinates x;x,x; are called spatial coordinates. The vector by I
locates the origin of the spatial coordinate system with respect to the origin of the
material coordinates. The vector uié, which connects P, and P is called the

displacement vector.

X

Figure 4. Displaced continuum description (adapted from [80])
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The displacement vector can be constructed according to the relationships made in
Figure 4. However, it is sufficient to assume that 0X;X,X; and ox;x,x3 coincide. Then

the displacement vector reduces to:

U = X — Xk (2-11)

During the deformation process the reference point P, changes its position as time
progresses. The route it takes is called the path line. The movement of a continuum’s
particle is described by a mapping between the initial and current configuration. The

mapping from initial to current configuration is known as Lagrangian formulation.
x; = x;(X1, X2, X3,t) (2-12)

The mapping from current to initial configurations is called Eulerian formulation.

X = X;(xq, x5, %3, 1) (2-13)

The Langrangian and Eulerian mappings, (2-12) and (2-13), are inverse to each other
under the conditions that the mapping and its partial derivatives are continuous. This is

true when the Jacobian determinant exists.

axi

(2-14)
7%,| % ©

(7:

The motion of a continuum is described by the gradient of the mapping. This operation
produces a 2" order tensor which is called deformation tensor. If the partial
differentiation is conducted with respect to the initial configuration it is called material

deformation gradient F.

F = 9% (2-15)
oX;

The spatial deformation gradient ! describes the motion with respect to the current

configuration.

- K (2-16)
an
Material and spatial deformation gradient are inverse to each other.
0% 0%; _ 0X; 0% _ (2-17)

0X;0x,  0x; 0X) it
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6k is the Kronecker delta which is defined as:

1if i=k i
0 if i+k

The description of the relative displacement between the points P, and P is given by
the displacement gradient. The displacement gradient is found through a partial
differentiation of the displacement vector in (2-11) which describes the difference
between coordinates. The differentiation with respect to the initial configuration results
in the material displacement gradient du;/0X;. The spatial displacement gradient
du;/0x; is achieved by a differentiation with respect to the current configuration. The
displacement gradient is contained within the deformation gradient as it can be seen
from (2-19) and (2-20).

aui _ axi
ax;, ox; U (2-19)
¥
aui aXi
an Y an
P2

Figure 5 show the change in length between two initial points Py and @, during motion.

The distance is described by dX; in the initial configuration and by dx; in the current

configuration.

X1,x

Figure 5: Description of relative displacement of two points (adapted from [80])
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The differential distance dX; between the neighbouring points P, and @, can be
expressed with reference to the current configuration.

_ i 2-21
dXi - %dx]- ( )

The differential distance dx; between the neighbouring points P and Q can be

expressed with reference to the initial configuration.

0x; 222

dxl- = a—deX]- ( )

The measure of deformation is defined by the change in the squared length of the
differential element dX;: (dx)? — (dX)?. If this difference is equal to zero the continuum

is rigid. The squared lengths of the differential elements are defined as follows:
(dX)? = dX;dX; = 6;;dX;dX; (2-23)
(dx)? = dx;dx; = 6;;dx;dx; (2-24)

The square of the initial distance in (2-23) can be expressed in the current
configuration by using (2-21). The square of the current distance in (2-24) can be

expressed in the initial configuration by using (2-22).

X, 9X,,
X)?2 = —_ . . (2-25)
(dXx) 5%, 9%, dx;dx;
6xk 6xk
2 = Pk Xk 1y a1y (2-26)
(dx) 3%, 3%, ax;dX;

The measure of deformation will be expressed in the Lagrangian framework by a
substitution of (2-23) and (2-26).

6xk 6xk (2_27)
2 _ 2 — 5. dX.
(dx)* — (dX) < 3%, %, 8; ,) dX;dX;

The 2" order tensor contained in (2-27) is the Lagrangian finite strain tensor.

1 <6xk oxy, 5 ) (2-28)

Li:=————=—
voo2\ox;0x; Y

The measure of deformation will be expressed in the Eulerian framework by a
substitution of (2-24) and (2-25).

17



(dx)* — (dX)* = <6ij - —x—> dxl-dx]- (2-29)

1 90Xy 0Xy ]
E; = §<5.. ___> (2-30)

The Lagrangian and Eulerian finite strain tensors can be expressed in terms of the
displacement gradient. This requires a substitution of (2-19) in (2-28) and a substitution
of (2-20) in (2-30).

Yoo2\0X; 0X; 0X; 0X;
g (0w 0% 0w Oue (2-32)
Y 2 an axi axi an

The small deformation theory is an important concept in CM. In this theory it is
assumed that the displacement gradients are small in comparison to unity. Therefore
products of the displacement gradient, as they appear in the Lagrangian and Eulerian
finite strain tensors, are insignificant which leads to a linearisation of the strain tensors.

This results in the definition of the Lagrangian and Eulerian infinitesimal strain tensors.

Loa ou; 0y (2-33)
Yoo 2\0x;  ox;
o (0w, Y (2-34)
Y 2 an axi

The assumption of small displacements and small displacement gradients makes the
difference between material and spatial displacement gradients negligible. The
Lagrangian and Eulerian infinitesimal strain tensors can be approximated to be
equivalent as a consequence.

L = & (2-35)

The result of this linearisation is the linear strain tensor.

1 2.
&j =5 (uij + 1) (2-30)
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€11 &2 &3
[si]-] =|€21 €22 23
€31 &332 €33
Jouy 1 <6u1 N 6u2) 1 <6u1 N 6u3)'
0xq 2\0x, 0x, 2\0x3 0x4 (2-37)
|1 <6u2 N 6u1) du, 1 <6u2 6u3)
2\ox,  ax, dx, 2\ox;  dx,
1 <6u3 6u1) 1 <6u3 6u2) Jus
[2\0x; Oxs 2\0x, 0x3 dx3

It can be easily seen that the linear strain tensor in (2-37) is symmetric.

2.4 Equation of Motion

A continuum with volume V is at any time subjected to two kinds of forces: body forces
b; and surface forces f;. Body forces act on a volume element dV and are expressed
as force per unit mass. They can be expressed as force per unit volume pb; as well. An
example for a body force is gravity. Surface forces act through a surface element dS

defined by the surface normal n;, e.g. contact forces. A system of surface forces is

expressed by the stress vector which is defined by Cauchy’s stress principle.

ti - O'jiTl]' (2'38)

Static equilibrium of dV is achieved when the resultant force of body and surface forces

vanishes.

f ojin; ds +f pb;dV =0 (2-39)
N %4

The application of Gauss’ divergence theorem allows a conversion of a surface integral

to a volume integral. Therefore the equilibrium equation in (2-39) becomes:

fv (01 +pbi)dV =0 (2-40)

The volume of the continuum body is arbitrary and the volume integral can be

neglected. The static equilibrium finally reads:

0ij j + pbl =0 (2-41)
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A continuum in motion is subjected to a velocity field v;.

_ du (2-42)

Vi

The rate of change of the linear momentum equals the resultant force of body and
surface forces according to the principle of linear momentum.
_d (2-43)
(Uij,j + pbl) dv = a pv; dV
14 14
The volume of the continuum body is arbitrary and the volume integral can be

neglected. The equation of motion reads finally:

0ijj + pb; = pv; (2-44)

2.5 Constitutive Equation

The constitutive equation for a linear elastic solid is given by the generalised Hooke’s
law. This law connects the stress tensor in (2-9) linearly with the strain tensor in (2-37).
The connection of those 2™ order tensors can only be achieved through a 4" order

tensor. This tensor is the stiffness tensor C;jy; .

Uij = Cijklgkl (2'45)

Ciji contains 81 independent components which describe the full elastic behaviour of a

solid with their elastic constants. However, the number of independent constants is

reduced to 36 by considering the symmetry of stress and strain tensor.

It is therefore possible to express C;j;; with 36 components in matrix form.

C1111 Ci122 Ci133 Ci123 Ci131 Ci112]
C211 Ca222 C2233 C2223 Ca231 Caz12
(3311 (3322 (3333 (3323 (3331 (3312 (2-46)
Cr311 Cazz2 (2333 C2323 Cr3z1 G312

C3111 C3122 C3133 C3123 C3131 C3112

-C1211 C1222 C1233 C1223 C1231 C1212-
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The constitutive equation in (2-45) will be written in Voigt notation for this purpose.
Voigt notation changes the double index of the stress and strain tensors to a single

valued index.

011 = 01 023 = 032 = 04 11 =& 283 = 2833 = &4

_ — — — — — 2-47
022 = 03 013 — 031 — Og €220 = & 2613 = 231 = &5 ( )
033 — 03 012 = 021 = Og €33 — &3 2e1; = 2851 = &

The number of the stiffness tensor’s indices in (2-45) is therefore reduced from four to

two.
o = Cymey with K,M =1,2,3,4,5,6 (2-48)

The stress and strain tensors are written as column matrices due to the reduction of

indices.
011 [Ci1 Gz Gz G G5 Cigrén
g, Ciz Gy Gz G G5 Cyeile2
03 _ Ciz Gz G33 (3 G35 Czel|é3 (2-49)
Oal |Cia Cou Cau Can Cus Cye|léa
05 Cis G5 G35 Cys Css s |5
06! LCie (6 (36 Cas Csg (el LE6

It is known that the stiffness tensor is symmetric in successive indices, ij = ji and kl =
lk, due to the symmetry of the stress and strain tensor. It can be proven that C;j, is

symmetric with respect to the index pairs ij and kl under certain conditions.

Internal energy is purely mechanical when thermal effects are insignificant. Then the

internal energy is called strain energy du. The strain energy per unit volume is defined
by:

du = aijdgij (2'50)
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A substitution of (2-45) in (2-50) leads to:
du = Cijklgijdgij (2-51)

Integration leads to the strain energy function u*. The existence of this function is

fundamental for the further symmetry of the stiffness tensor.

(2-52)

*

u =5 Gijridijen

The differentiation of the strain energy function with respect to the strain tensor ¢;;

leads to the generalised Hooke’s law.

o _ (2-53)

Subsequent differentiation with respect to gi; results in the stiffness tensor.

ot . (2-54)
asijaskl kL

However, the same holds true when the sequence of indices is changed.

o*u* — (2-55)
asklasi]- klij

It can be seen from (2-54) and (2-55) that the sequence of differentiation is arbitrary.

The stiffness tensor with its 36 components is symmetric in itself as a consequence.

Cijii = Chuij (2-56)

It can be concluded that the most general stiffness tensor has only 21 independent

components. The matrix form is expressed by Ckp.

[Ckm]= (2-57)

C15 CZ 5 C3 5 C45 CS 5 C56
-C16 C26 C36 C4-6 C56 C66-

The stiffness tensor in (2-57) reflects the most general case of linear elasticity and is

commonly known as anisotropy. Anisotropy indicates that the elastic properties are
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directional. Further simplifications of the stiffness tensor can be conducted by exploiting

symmetries of elastic behaviour.

The first simplification can be made by assuming a monoclinic material. A monoclinic
material has one plane of elastic symmetry. The components of the stiffness matrix

reduce to 20. 13 constants are independent if a strain energy function exists.

Cll C12 C13 C16

C12 C22 C23 C26

C13 C23 C33 0 0 C36 -
[Ciw] = (2-58)

A material with a minimum of two planes of elastic symmetry is called an orthotropic
material. The stiffness matrix has only 12 components of which 9 are independent in

presence of a strain energy function.

C11 C12 C13 0 0 0 T
C12 C22 C23 0 0
C13 C23 C33 0 0 (2_59)
[Ckm] =
0 Cas 0 0
0 Co: O

0 0 0 0 0 @ Cl

Transversely isotropic materials have one plane in which the elastic properties are not
directional. This specific plane is isotropic and the direction subscripts are

interchangeable. The stiffness matrix depends on only 5 independent elastic constants.

C11 G Cyy 0 0 0 1
Cio Cyy Gy 0 0 0
[Cor] = Ciz Gz Cyp 0 0 0 (2-60)
KM1 = 0 0 0 (C2 ;C23) 0 0
0 Coe 0
0 0 Coe

If a material's elastic properties possess full symmetry the material is called isotropic.

An isotropic material has only 2 independent elastic constants.
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A+ 2u 2 2
A+ 2u 2

[Cim] = (2-61)

~
+
N
=

O O T O o o

O ® O o o o
T O O o o o

O O O > >~
O O O >

The two constants A and u in (2-61) are called Lamé constants and are defined by the

Young’s modulus E and Poisson’s ratio v. u is also known as shear modulus G.

p=—2 (2-62)
@+ -2v)
E
_ (2-63)
H=G 21 +v)

The generalised Hooke’s law in (2-45) for an isotropic material can be written in index

notation:

0j; = /16ij£kk + ZHSU (2-64)

The generalised Hooke's law in (2-45) can be rearranged in a way that the strain tensor
is expressed in terms of the stress tensor. The elastic behaviour of the solid is then

described by the elastic constants of the compliance tensor S; jy; .

Sl']‘ = Sl']'klo-kl (2'65)

The compliance is inverse to the stiffness tensor: Sijklzcij,%l. Therefore the

compliance matrix of an isotropic material can be derived from (2-61), (2-62) and
(2-63).

1 -V -V 0 0 0
-V 1 -V 0 0 0
[Se] = 11-v -V 1 0 0 0 (2-66)
E 0 2(1+v) 0 0
0 0 2(1+v) 0
0 0 0 2(1 +v).
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2.6 Summary

This chapter presented the basis of linear elasticity and introduced the index notation
which will be used throughout this thesis. The concepts of solid mechanics are of high

importance as they are used to describe material behaviour in FE software.

However, the presented concepts will be proven to be limited in the progress of this
work. In the next chapter the continuum damage approach will be introduced. This
approach enables the inclusion of degenerative processes of the microscale in

constitutive equations which were presented in this chapter.
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3 Continuum Damage Mechanics and Instabilities
Associated with Strain-Softening

The influence of micromechanical damage processes on the macroscopic material
behaviour cannot be described with the general approach of continuum mechanics.
Continuum damage mechanics (CDM) includes the micromechanical damage process
in constitutive equations by assuming a homogeneous distribution in a representative
volume element (RVE). The degeneration of material properties is introduced into
constitutive equations by applying an averaging technique in which material
degeneration is described as loss of effective load-carrying area. This is designated
with a damage variable which can be scalar or tensorial. Therefore, CDM is able to
represent linear elastic material behaviour as well as the influence of initiation and

progression of damage on the macroscopic material behaviour.

However, CDM is said to be a local approach to damage because the development of
stress depends only on the deformation history of a single point x;. The CDM approach
is limited in its mathematical value when materials undergo a behaviour known as
strain-softening. Strain-softening is characterised by a decline of stress with
simultaneously increasing strain caused by progressive damage. In CDM this
behaviour is characterised as a negative slope in the engineering stress-engineering
strain diagram (see Figure 6). Strain-softening behaviour causes the tangent modulus
to lose positive-definiteness which violates the material stability criterion in the sense of
Hadamard [41].

-

o

Infinite strain

— &

Figure 6. General stress-strain diagram for materials with strain-softening

Firstly, this chapter will provide a description of the definitions and principles used in
CDM. These definitions will be the basis for the work presented in this thesis.

Secondly, this chapter will focus on problems of local continua which are associated
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with strain-softening behaviour. The loss of material stability and loss of uniqueness
and its impact on CDM results will be discussed. The characteristic properties of a
material model with strain-softening and the connected stability issues will be
demonstrated analytically with a one-dimensional example of longitudinal wave

propagation in a bar.

3.1 Damage Modelling

3.1.1 Definition of Damage Variables

Kachanov [56] proposed the use of a scalar damage variable first which he called
‘continuity’ ¥ (0 <y < 1), with p =1 as undamaged and ¥ =0 as damaged

configuration.

Later an alternative damage variable w =1—v9 (0<w <1) was proposed by
Rabotnov [98], with w = 0 as undamaged and w = 1 as damaged configuration. The

definition of w is commonly used nowadays.

The general approach, see Figure 7, uses a RVE to derive an expression for damage.
In this RVE damage is defined as the area of discontinuities dS, of the surface dS

intersecting the considered RVE. The RVE is designated by the surface normal n;. The

damage variable w is scalar and represents the effective surface density of

discontinuities.

w(ny) = %{) (3-1)

RVE

X3 “
(]

X1
Figure 7: Damage definition
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The definition of n; might be of importance in case of anisotropic damage as damage

may progress in preferred directions. However, if damage is not directional, the surface
orientation is not significant and the damage process is called isotropic.

_dSp (3-2)

©=ds

Due to damage the original load-carrying area is reduced by the area of discontinuities.
The area remaining can be transformed into a smaller continuous area dS which

represents the effective load-carrying area.
d$ = ds — ds, (3-3)

The transformation between damaged area and effective load-carrying area is done

through the damage variable. The concept is demonstrated in Figure 8. [66]

d$=(1—-w)dS (3-4)
RVE
- —
Azmmcteae- w A . - )
P N L e P 0 —as
PR = .

Figure 8: Transformation from damaged surface to effective load-carrying surface

In reality damage propagates in a preferred direction and damage is not isotropic.
Therefore the use of a scalar damage variable is not suitable to model directional

damage. If the original surface dS with the orientation n; is transformed into a smaller
area dS with a different orientation 7; a higher order damage tensor w;; will be required
to transform the vector n; dS to fi;dS. Assuming that the shape of the considered area
does not change the transformation can be done using a 2" order damage tensor wj;

which will be symmetric with three principal values. [65; 66]
(61']' — wi]-)n]- as = ﬁldg (3-5)

Anisotropic damage requires a representation which contains more information than

the 2" order damage tensor although w;; might be sufficient as an approximation, such

as in cases of orthotropy. In case of anisotropy a reference vector 9, for the geometry
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should be defined in addition to the orientation vector. The transformation of the 2™

order tensor ¥;n; dS into 9;7;dS requires a 4" order damage tensor Q; j;. [66]
(Iijkl — Qijkl)ﬁknl as = ﬁlﬁ]dg (3-6)

Chaboche [22] derived an 8" order damage tensor Q;jumnpq by describing the
mapping from the virgin stiffness tensor Cp,,,, to the damaged stiffness tensor ﬁijkl

through a linear transformation.

(jijkl = (Iijklmnpq - -Qijklmnpq)(:mnpq (3-7)

with the 8™ order unit tensor

1 3-8
Iijklmnpq = Z (6im6jn6kp61q + 6im6jn6kq6lp + 6in6jm6kp61q + 6in6jm6kq6lp) ( )
Cauvin and Testa [18] state that the expression in (3-7) is the most general expression
of damage possible and that it can be applied to anisotropic damage of anisotropic

materials.

The description of damage enhances with increasing tensor order; however, the use of
an 8™ order tensor is impractical because it contains 3% components. Chaboche [22]
stated that Q;jxmnpq Can be reduced to 4" order without sacrificing quality of the
damage description. Chaboche assumed a fixed principal axes system in which the
directions of principal stresses and principal damage are aligned. Therefore, the

damage tensor is diagonal and can be reduced to an effective order of four.

Qijrimnpq = Qijrt8imOmOkpOiq (3-9)

The 4™ order damage tensor, which is the most general expression for anisotropic
damage in an anisotropic material, is defined in (3-10). Cauvin and Testa share this
opinion [18]. According to them the 8™ order damage tensor reduces to 4" order when

the damage tensor is symmetric in pairs of the eight indices.
Cijir = (lijrs = Qjrs ) Crsia (3-10)

3.1.2 Effective Stress Concept and Mechanical Equivalence
Hypotheses

The goal of CDM is the inclusion of damage effects in constitutive equations. Methods

to achieve this are based on the concept of effective load-carrying area from which the
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damage variable is derived. Two concepts can be used to include damage into
constitutive equations: the concept of effective stress and the concept of effective
strain. The former utilises a constitutive equation of the form as in (2-45). This
approach is called strain-based. The latter utilises a constitutive equation of a form as

in (2-65). This approach is called stress-based.

The concept of effective stress is a common approach for the definition of constitutive
equations of a damaged material. The concept of effective stress is commonly used in

conjunction with the hypothesis of strain equivalence or elastic energy equivalence.
In the following the notation D will be used if damage can be of an arbitrary even order.

3.1.2.1 Effective Stress

The CM approach considers a continuous area to carry loads. The introduction of
surface and volume discontinuities into the load-carrying area violates this assumption.
However, the effective stress concept is able to introduce the assumption of a

homogeneous damage induced distribution of discontinuities to constitutive equations.

The idea of an effective stress & is derived from the idea of an effective load-carrying
area dS. It is assumed that the Cauchy stress ¢ has the same consequences for a
damaged configuration as the effective stress & on a configuration using an effective
load-carrying area dS (see Figure 9). The effective load-carrying area is also called

virgin material.
Voyiadjis and Park [121] gave the definition of the effective stress concept as following:

“The effective stress is defined as the stress acting on a hypothetical
undamaged configuration that produces the same elastic strain or elastic strain
energy as the actual state of stress acting on the current damaged configuration

based on the equivalence hypothesis.”
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Figure 9: Effective stress concept
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The mathematical expression can be easily derived from the force equilibrium of a

uniaxial loading case with isotropic damage, odS = &dS, using Equation (3-4).

o (3-11)
l1-w

o=

The effective stress concept for the multiaxial case with isotropic damage is expressed
in analogy with (3-11). The components of the effective stress tensor 6;; are the
components of the stress tensor magnified by the factor 1/(1 — w). Nonetheless, the
direction of the stress tensor is not modified. Therefore, the symmetry of the stress
tensor is preserved.

Oij (3-12)
l1-w

O'l']' -

However, damage cannot be assumed to be isotropic. (3-5) defines a 2™ order tensor.
It is suitable for the representation of orthotropic damage as the directions of principal
stress and principal damage coincide [65]. The damage tensor will be diagonal when
the principal directions of damage are considered. The diagonal entries are the
eigenvalues and are called principal damage [26]. The effective stress tensor will be

asymmetric [66].

N -1 3-13
Gij = ok (8kj — wi;) (3-13)

The general transformation of the stress tensor into the effective configuration is done
by a 4" order tensor which depends on a damage tensor D of any even order. The

mapping is called damage effect tensor M(D); ;.
6;j = M(D)ijr101 (3-14)

3.1.2.2 Equivalence Hypotheses
3.1.2.2.1 Strain Equivalence

The effective stress concept is often coupled with the hypothesis of strain equivalence
to achieve a constitutive equation for the damaged material. It was stated by Lemaitre
in 1971 (cited by Simo and Ju [106]):

“The strain associated with a damaged state under the applied stress is
equivalent to the strain associated with its undamaged state under the effective

stress”.
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This means that the constitutive equation for a damaged material is derived in the
same way as the general CM constitutive equation in (2-45) but the Cauchy stress is

substituted by the effective stress.

Gij = Cijri€rl (3-15)

According to the strain equivalence concept the strain can be expressed using the
virgin and damaged stiffness tensor:
(3-16)

e = 65jCiik = 04;Cijn
The link between the stiffness tensors of the damaged and virgin material can be made
by using the effective stress concept in Equation (3-14):

Cijit = M(D)ijrsCrsi (3-17)
3.1.2.2.2 Elastic Energy Equivalence

Another way of formulating constitutive equations for the damaged material is the
coupling of the effective stress concept with the hypothesis of elastic energy

equivalence. It was stated by Hansen and Schreyer [43] as following:

“The elastic energy of the damaged material is the same in form as that of an

undamaged material except that the stress is replaced by the effective stress.”

This means that the elastic energy equation which utilises the effective stress and the

virgin stiffness tensor

. 1. 1. 3-18
w(a,0) = Eaijcij%zakz (3-19)

will be equivalent to the elastic energy equation which depends on the Cauchy stress

and damaged stiffness tensor.

1 o 3-19
W(o,D) = Eaijcij%zakz (3-19)

The link between the stiffness tensors of the damaged and virgin material can be made

by using the effective stress concept in Equation (3-14):

CD)ijir = M(D) o CogrnM (D)ihi (3-20)
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3.1.3 Symmetrisation

The concept of effective stress was discussed earlier. However, in the case of a
general transformation as in (3-14), the effective stress tensor's symmetry cannot be
guaranteed. A symmetrisation method for the effective stress transformation needs to

be applied to ensure the subsequent analysis to be as simple as possible.

Anisotropy in engineering is mostly orthotropic or can be described with good accuracy
as orthotropic. Therefore a damage tensor of 2" order is sufficient. For this case
Cordebois and Sidoroff [26] proposed two symmetrisation techniques which are
commonly used in literature, such as in Hansen and Schreyer [43] and Carol et al. [17]:
product-type and sum-type symmetrisation. These techniques lead to a 4" order

damage effect tensor as proposed in (3-14).

The expression in (3-21) represents the product-type symmetrisation and the
expression in (3-22) represents the sum-type symmetrisation of the effective stress
tensor.

. _1 - (3-21)
6:; = (B — wix) 20 (81 — wj1) 2

The according damage effect tensors are read from (3-21) and (3-22) directly.
Mijia = i — wik)_%(ajl - wﬂ)_% (3-23)
(3-24)

1 _ _
Mijia =5 [(5k1‘ — i)+ (85— wpc) 1]

The expression for the damage effect tensor can be derived from either the strain-
based, as done in (3-23) and (3-24), or the stress-based representation. In case of the
product-type symmetrisation the damage effect tensors are equivalent: M;;; = Ml-;-,il.
However, equivalence of the damage effect tensor cannot be achieved for the sum-
type symmetrisation: M,y thl-},%l. Therefore the damage effect tensor in (3-23),
derived from product-type symmetrisation, should be preferred. The derivation of
strain- and stress-based damage effect tensors for product- and sum-type
symmetrisation was demonstrated by Carol et al. [17] and is represented in Appendix
A.
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3.2 Local Approach to Damage

This work concerns instabilities occurring in CDM models with strain-softening.
Therefore, it needs to be established how these instabilities occur and which affect they
have on the solutions obtained. This subsection aims to support the understanding of
characteristic strain-softening behaviour and the consequences of strain-softening on
the definition of the mathematical problem and the physical results. Of special interest
will be the case of dynamic strain-softening. First, an overview on longitudinal wave
propagation and its physical justification will be given. Then an analytical solution of the
dynamic strain-softening problem derived by BaZant and Belytschko [6] will be

discussed.

3.2.1 Classification of Partial Differential Equations

PDEs are differential equations which contain two or more independent variables, such
as x and y, and a dependent variable ¢ = ¢(x,y) and its partial derivatives. Therefore,
the rate of change of a variable with respect to a continuous variable can be

expressed. The order of a PDE depends on the highest derivative included.

PDEs of 2" order are most important in this work. Therefore, it will be restricted to
these. A general example of a 2" order PDE with two independent variables is given
as: [48]
2 2 2
0¢+Ba¢+ca¢+ dp 0¢ (3-25)

D—+E—+Fp+G=
0x? d0xdy dy? ox dy $+G=0

The PDE is linear if A, B, ... G depend on x and y. If G = 0 the PDE is homogeneous.

Physical problems are governed by a number of different PDEs. The type of a linear
PDE depends only on the highest order derivatives. It can be determined by analysing
the roots of a quadratic equation defined by the terms of the highest order derivatives.
The PDE in (3-25) will be analysed in the following way: [59]

Ax* +Bx+C=0 (3-26)
The solutions of (3-25) are:
—B ++/B2 —4AC (3-27)

X12 =

24
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The type of a PDE is determined by the number of real solutions of the discriminant in
(3-27). The terminology used in the classification of PDEs is taken from the

classification of conic sections. [47]

elliptic B? — 4AC < 0: no real solution exists
parabolic B? — 4AC = 0: exactly one real solution exists (3-28)
hyperbolic B? — 4AC > 0: two real solutions exists

The classification of PDEs is strongly connected with the characteristics of a PDE.
Characteristics are paths in space-time along which information propagates.

Characteristics can be real or imaginary. [47]

The differential equation of the characteristics is called the characteristic equation. The

characteristic equation corresponding to (3-25) is: [47; 48]

dy\? d ]
(G +5(@)e=o
dx dx

The solutions of (3-29) are the roots of the quadratic equation (3-27).

(dy) _ —B=*xVB?-4AC (3-30)
dx 1,2 - 2A

The discriminant in (3-30) leads to a pair of characteristics due to the = sign. The kind

of characteristics depends on the type of PDE.

elliptic B? — 4AC < 0: imaginary characteristics
parabolic B? — 4AC = 0: real and repeated characteristics (3-31)
hyperbolic B% — 4AC > 0: real and distinct characteristics

PDEs can be physically interpreted based on the information about their
characteristics. PDEs with complex characteristics, such as elliptic PDEs, do not have
time dependence and therefore no preferred paths in space-time exist. Elliptic PDEs
govern equilibrium problems. If any real characteristics exist information travels along
preferred paths in space-time. This means that an explicit dependence on time exists.
The speed with which information travels is the speed of sound and it depends on the
slope of the characteristics. Parabolic and hyperbolic PDEs have real characteristics

and are called propagation problems. [47]
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3.2.2 Loss of Material Stability

The development of localised deformation is caused by a physical process occurring
on the material's microscale. The process is defined by the initiation, growth and
interaction of cracks and voids which finally lead to complete material fracture. In this

investigation a definition of localisation proposed by Rudnicki and Rice [100] is used.

“Localization is defined as instability in the macroscopic constitutive description

of inelastic deformation of the material”.

The instability allows the constitutive equations of an originally homogeneous material
to reach a bifurcation point and become unstable. As a consequence the deformation
localises and becomes non-uniform. Outside this instability zone the material continues
to be stable [100].

A material is considered to be stable and stays in equilibrium when the inner product of
stress-rate ¢;; and strain-rate &;; is positive. This criterion is also called general
bifurcation criterion [86], which is true as long as the stress-strain relationship of the

material has a positive slope.

éijdij >0 (3-32)
In this section only the rate form of constitutive equations is considered to ensure a
piecewise linear relationship between stress-rate and strain-rate. The relationship

between stress-rate and strain-rate is established through the material tangent stiffness

tensor Dijkl'
O"l']' - Dijklékl (3-33)
Therefore, the inequality in (3-32) reads:
(3-34)

&jDijii €1 > 0

The material becomes unstable when the material reaches its limiting point. This point
occurs when the condition in (3-34) is violated. The condition in (3-35) is called

bifurcation criterion.
€ijDiji € = 0 (3-35)

Condition (3-35) is satisfied when the tangent stiffness tensor becomes singular, i.e. is

not positive-definite anymore.
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det(Diikl) =0 (3'36)

3.2.3 Strain Localisation in Dynamic Problems
3.2.3.1 Description of Strain-Softening Bar as Test Problem

It is of high importance throughout this work to observe and analyse strain-softening
phenomena and to evaluate different methods concerning this behaviour, such as
regularisation methods at a later stage of this work. Therefore, a test method is
required which allows a clear observation of characteristic properties of the strain-
softening phenomenon and allows a comparison of different approaches. Additionally,
the test problem should allow these comparisons in an analytical, numerical and

physical sense.

An evaluation of literature showed that strain-softening phenomena and solutions to it
can be examined with tensile tests [50; 79], biaxial tests [30; 123] or bending tests [12;
91] for example. These tests, however, represent normally a more advanced step of
validation to compare solutions obtained for numerical strain-softening models to
experimental results. These tests are more dimensional and solutions might be
approximated with hand calculation but they lack the simple and clear analytical

solution.

The analytical and later numerical investigation of strain-softening will be carried out by
investigating longitudinal wave propagation in a bar (see illustration in Figure 10). This
problem in context with local strain-softening continua was first introduced by BazZant
and Belytschko [6] and became very popular in the field of strain-softening within the
continuum damage mechanics framework and the investigation of regularisation
methods [9; 11; 90; 92; 93; 96; 102; 109; 110].

L L L
D ; N
—Vconst.t i Veonst.t Vconst.t
‘—» X ‘—» X
Variation 1 Variation 2

Figure 10: Strain-softening bar in two variations

Firstly, the problem is one-dimensional which simplifies the resulting strain-softening
effects. It uses well-established theory of longitudinal waves which has been studied

extensively over decades [39; 120] and can be applied as validation to experimental
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investigations, such as the Split Hopkinson pressure or tension bar [39; 69]. The strain-
softening bar has been studied in two variations. One uses the symmetric application of
equal opposite tensile velocities at both ends of the bar which act in opposite direction
with same magnitude [6]. The other variation is the application of a constant tensile
velocity to a fully fixed bar [109]. The used variation of the strain-softening bar is not of
importance as the basic idea is for both types the same. The constant velocities
produce an elastic tensile stress wave which propagates away from the point of load
application. In the first version the waves superpose in the centre of the bar and in the
second version the tensile wave reflects at the fixed boundary. In both cases the
magnitude of the tensile wave doubles instantaneously and material behaviour enters
immediately the strain-softening regimen. Therefore, the time and location of strain-

softening occurrence can be determined precisely using wave theory.

Secondly, the strain-softening bar has a closed-form solution which can be derived
easily with longitudinal wave propagation theory. Analytical solutions to other strain-
softening problems, such as biaxial tests, are rare as strain-softening is nonlinear and
so they are not easily obtained. Therefore, numerical results can be easily checked for
convergence and accurate predictions of issues connected to strain-softening. Using
this problem it can be shown that the strain-softening problem does not depend

continuously on the applied initial conditions and boundary conditions and is unstable

[6].

Strain-softening will occur instantaneously upon superpaosition or reflection of waves.
The wave speed will become imaginary as a consequence of the negative tangent
stiffness associated with strain-softening. Due to this waves in the point of strain-
softening transform to a standing wave and the strain-softening cross-section acts as a
free boundary. This solution is the same for any considered slope of the tangent
modulus in the strain-softening branch and therefore it can be shown that the strain-

softening solution is discontinuous from input data [6].

Lastly, the investigation with a strain-softening bar example ensures that the
deformation localisation in numerical examples is captured precisely in a single row of
elements. Of course, localisation bands can be observed in two- and three dimensional
FE examples too; however, the localisation in a confined band of elements cannot be

guaranteed and the occurrence of diffused localisation is possible [87].
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The example of a strain-softening bar as defined by BaZant and Belytschko [6] is
favourable due to its simplicity and clear demonstration of characteristic properties of
strain-softening. Therefore, this example will be used extensively for evaluation of

analytical and numerical results in this work.

3.2.3.2 General Aspects of Wave Propagation in Bars

The theory of wave propagation is well-established in literature and it is well worth to
study wave propagation as they are of high interest to structural response under impact
loads, such as in aerospace industry. A good example of wave propagation is the
propagation of longitudinal waves in a bar. This is a structure which is rather easy to
understand, especially when it comes to concepts of stress and strain. The wave
equation as an equation of motion is well-established and is valid for elastic as well as

plastic material behaviour:

2% _ 0w L [E (3-37)
c axz—atzwnhc—\ﬂ

with the stiffness E, density p, longitudinal coordinate x, longitudinal displacement u

and wave velocity c.

If the material behaviour is linearly elastic the material behaviour can be described by
Hooke’s law. The connection between the axial stress o and the axial strain ¢ is

established by the Young’s modulus E of the material.

o =E¢ (3-38)
with
s (3-39)
dx

The wave equation as in (3-37) underlies certain simplifications. The material is
assumed to be homogeneous and the cross-section remains parallel and plane. More
importantly the stress is uniaxial which does not imply that the strain is uniaxial too.
However, effects of lateral contraction are neglected in (3-37). Equation (3-37) is
similar to the wave equation as it is known for strings. The difference between bars and
strings lies in the physical aspect. The particle motion in a string is perpendicular to the
direction of wave propagation. Therefore, waves are said to be transversal.
Perpendicular motion is not possible in a bar and particles move along the direction of

wave propagation. The waves are said to be longitudinal. [39]
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Due to the mathematical equivalence of the wave equation for strings and bars the
D’Alembert solution for the wave equation in strings can be transferred to longitudinal

wave propagation.

ux, t) = f(x — cpt) + gl + cet) (3-40)
or
u(x,t) = f (t - Cﬁ) +g (t + Ci) (3-41)

The longitudinal displacement in a bar depends on the location x and time t and
longitudinal waves propagate with the elastic wave speed c,. As time t increases the
displacement u will increase too. Therefore, f represents a distortion propagating in

positive x-direction and g represents a distortion propagating in negative x-direction.

The functions f and g are arbitrary functions which will be determined with initial and
boundary conditions and define the shape of the distortion. Von Karman and Duwez
[120] developed a solution for elastic longitudinal wave propagation in a semi-infinite
bar. They considered an elastic bar which extends from the location x =0 to x = —oo

loaded with velocity v at x = 0, as shown in Figure 11.

Ve
X = —o0 x=20
Figure 11: Semi-infinite bar subjected to velocity v

The boundary conditions for this problem for t = 0 can be easily derived as:

u(x =0,t) = vt (3-42)
u(x = —o0,t) =0

Due to the loading with velocity v a wave is generated which travels in the negative x-

direction. Therefore, the general solution to the wave equation is restricted to:

u(x,t) =g (t + ?) (3-43)

e

The solution for the displacement at x = 0 is:
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t

u(x = 0,¢) = f w(s)ds (3-44)
0

An extension of (3-44) for x # 0 can be found when ¢ is replaced by t + (x/c.). This

solution will be valid for any location x and any time t.

X
t+—e x ]
utet) = [ “u()as=v(e+ ) (3-45)
0 Ce
The velocity of particle motion can be easily determined with the relation
ou (3-46)

v(x, t) = Fn

Assuming that the velocity is constant in Von Karman’s and Duwez'’s consideration, the
stress profile along the bar, using Equation (3-38), will be a step wave which is

rectangular in shape.

Waves produced in a semi-infinite bar will never reach a boundary; however, this is not
feasible in mechanical applications as waves would interact with some kind of
boundary. The two simplest boundary conditions include a fixed and a free end. It is
assumed that an induced displacement pulse interacting with a fixed boundary will lead
to a reflection of the incident stress pulse with doubled value. Interaction with a free
boundary would lead to reflection of the stress pulse with opposite value of the original
magnitude, e.g. compression is reflected as tension and tension as compression. This

is called stress reversal. [39]

So far the wave considerations in a bar have been kept one-dimensional and strictly
analytical. Nevertheless, the analytical considerations of longitudinal waves in bars are
of physical relevance in three-dimensional space. The easiest way to introduce
longitudinal stress waves in a bar is done by impacting it with another solid. The most
popular experiment is the use of the Split Hopkinson pressure bar. The first apparatus
for impact scenarios was used by Hopkinson [49] who exposed a bar to explosive
loads or impact with bullets. Kolsky [58] adopted the idea of wave propagation in a bar
and developed an apparatus where the test specimen is placed between two long steel
bars, the incident and transmitter bar. This set up is nowadays termed Split Hopkinson
pressure bar. In this method longitudinal waves are used to obtain dynamic material
parameters, such as dynamic strength. A picture of a general set up for the Split

Hopkinson pressure bar is shown in Figure 12.
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During the test with the Split Hopkinson pressure bar a rectangular stress pulse is
created in the incident bar through an impact with the striker bar. This loads the test
specimen dynamically. During the test some of the incident waves will be reflected from
the test specimen and others will be transmitted into the transmitter bar. It is assumed
that the incident, reflected and transmitted strain waves (incigent: Erefiectea aNd
Erransmitter) are recorded by the strain gauges. Displacements at the interfaces of the
test specimen are called u; and u,. The waves are recorded with strain gauges to both
sides of the test specimen to determine dynamic material behaviour.

striker bar incident bar test specimen transmitter bar

[ 5 ] [ 5 = {/i\n = 5 |

strain gauges

Eincident
—_—

Ere flected
—

Figure 12: Set up of Split Hopkinson pressure bar

Figure 13 shows typical results for pulses recorded by the strain gauges obtained by a
Split Hopkinson pressure bar experiment by Lindholm [69]. In this experiment the
striker bar is made from the same material and same cross-section as the incident bar
and transmitter bar. The striker bar is accelerated with a sling-shot mechanism. Using
this mechanism a pressure pulse of constant amplitude (see Figure 13) and finite
duration can be achieved in the incident bar. The amplitude of the pressure pulse is
directly proportional to the impact velocity. When the initial compressive pulse in the
incident bar reaches the specimen, a part of it is transmitted through the specimen into
the transmitter bar. Another portion of the initial pressure loading is reflected from the

interface between incident bar and specimen.
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Figure 13: Typical examples of incident, reflected and transmitted strain signals recorded by
strain gauges (strain over time) in a Split Hopkinson pressure bar (presented by [39], adopted
from [69])

Lindholm [69] used the strain gauge recordings for the three pulses to determine the
force and displacement boundary conditions at both ends of the test specimen using

one-dimensional wave propagation theory.

Variations of the Split Hopkinson pressure bar are used for tensile tests. Galvez and
co-workers [34], for example, conducted a spalling test of ceramics where the
transmitter bar is removed to cause tensile waves in the test specimen. Tensile waves
are achieved through reflection of the initial compressive pulse on the free end of the
specimen (see Figure 14). In their test compressive waves are caused in the used steel
incident bar through impact, which are then transmitted into the test specimen. The
compressive pulse is then reflected at the end of the test specimen and returns as

tensile pulse. The tensile waves produced cause failure of the test specimen.

Projectile Incident Bar Specimen bar
] ] = \ |
v / / /
A"
Strain Gauge Contact Free end

Strain Gauge
(only in instrumented tests)

Figure 14: Spalling test of long bars [34]
3.2.3.3 Analytical Results of Wave Propagation in a Strain-Softening Bar
This section concerns the longitudinal wave propagation problem by BaZant and
Belytschko [6] which will be used as example throughout this work to observe
characteristic properties of the strain-softening solution. The test problem is based on

one-dimensional wave propagation theory as it was introduced previously and uses

therefore the well-known framework of wave propagation.
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Figure 15 shows the stress-strain curve of a general softening material considered by
Bazant and Belytschko [6]. The linear elastic area is shown between the points O and
P. The stiffness is given by the Young’'s modulus E. The maximum strength f/ is
reached for the strain ¢,. The curve in the strain-softening area (area between points P
and F) is given by the function F(g). The slope of this curve, F'(¢), is negative for
strains greater than e,,. F(¢) reaches a zero stress value for a finite strain ¢ or an
asymptotic strain € —» o. Unloading (¢ < 0) and reloading(¢ = 0) is considered to be
elastic and occurs parallel to the Young’s modulus E of the linear elastic area.

Y

f; T S — la

= =8
Fle)

F

/D =E,:, €

Figure 15: Material behaviour with strain-softening [6]

The strain-softening bar has a length of 2L and a density p per unit length. The bar is
loaded at both ends with a constant velocity v which acts in opposite directions.
Therefore, tensile waves are generated at the two ends which travel towards the centre
of the bar. The longitudinal coordinate x is measured from the bar's centre. The

geometry and loading conditions are illustrated in Figure 16.

L \ L

< e >

—Vconst.b | > Vconst.t

X
Figure 16: Geometry and Ioéding of strain-softening bar
Two step waves are generated in the bar which travel from the edges towards the bar’s
centre. The two step waves of constant strain travel to the centre of the bar and meet
at x=0 for the time t=L/c,. When the two waves meet the strain doubles
instantaneously at the centre of the bar and the midsection immediately enters the

strain-softening domain.

The equation of motion is the wave equation which is hyperbolic for real wave speeds.

Before the onset of softening the problem is governed by the standard wave equation.

2
e

0%u  d%u (3-47)
“ox2 oz
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with the elastic wave speed.

E i
o= E (3-48)
p

The longitudinal displacement function in the linear elastic domain is derived from

appropriate initial and boundary conditions.

R SN S (3-49)

e e

ulx,t) = vt — ad

where the expressions in the brackets (-) need to be positive-definite.

The related strain function is:

. 6u_£H<t_x+L>+H<t+x—L)] (3-50)

dx ¢, Ce Ce

where H(*) is the Heaviside step function. The stress, caused by deformation, is:

og=Ee¢ (3-51)

When the strain ¢ doubles at the bar’s centre (x = 0) for t = L/c,, two scenarios are
possible. The first scenario would be that the bar remains in the linear elastic area for
L/c, <t <2L/c,. The second scenario would be that the bar's midsection (x = 0)

instantaneously enters the strain-softening regime att = L/c,.

1. case: Strain ¢ = v/c fulfils the condition ¢ < ¢,/2:
In this case the assumption of linear elasticity holds even after the waves meet
at the bar’s midsection. At x = 0 for t = L/c, the strain doubles immediately but
the bar remains in the linear elastic regime (2e <¢,). This is valid until both

waves have travelled the whole length of the bar. The solution for the

transverse displacement u(x, t) in Equation (3-49) holds for t < 2L/c,.

2. case: Strain € = v/c fulfils the condition £,/2 < ¢ < ¢!
In this case the assumption of linear elasticity only holds for t < L/c, because
at x =0 the strain becomes 2¢ > ¢, once the waves reach this point. The
midsection immediately enters the strain-softening regime for t=L/c,.
Therefore the solution for the transverse displacement u(x, t) in Equation (3-49)

holds only for t < L/c,.
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BaZant and Belytschko [6] made three crucial assumptions for the strain-softening
solution:

1. The strain-softening domain is limited to a point.

2. Strain and strain-rate in the strain-softening domain are infinite.

3. Because the strain-rate is infinite stress is considered to vanish at points of

strain-softening.

The inelastic area is governed by the strain-softening domain, therefore the stress-
strain curve has a negative slope: F'(e) < 0. The wave speed will become imaginary
due to this. Therefore, the equation of motion in the softening domain is an elliptic
differential equation.

0%u 0%u F'(e) (3-52)

2 — . 2 —
cc—+—==0 with c* =
0x2 0t?

The mathematical problem will be ill-posed due to the change of the hyperbolic wave
equation to an elliptic type, this is also called Hadamard instability [41; 99]. The solution
of the strain-softening PDE will be a standing wave which cannot propagate outside the
strain-softening point. Stress drops instantaneously to zero. Any parts of the bar
outside x = 0 are still governed by the hyperbolic PDE. The elastic and strain-softening
domain cannot interact with each other due to their different types of PDEs and the
standing wave’s inability to propagate. Therefore the strain-softening domain acts like a
free boundary and tensile waves return as unloading waves instead of superposition as
in the elastic case. After the occurrence of strain-softening the bar will not be able to

consume further energy.

Softening is limited to an area of measure zero around x = 0 and a discontinuity with a
displacement jump develops at x = 0. The difference in magnitude is 4v(t — L/c,).
Strain starts to increase infinitely and stress drops to zero in the softening zone. The

rest of the bar starts to unload in an elastic manner.
Strain in the softening domain can be expressed by the Dirac delta function:
e =4v(t — L/c,)6(x) (3-53)

The solutions for the strain field outside the softening zone, t > L/c, and x <0, is:

£=£ H(t—xc-:L>—H(t—LC_ex>+4(cet—L)6(x) (3-54)
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The solution in 4-7 is symmetric for x > 0.
The displacement function reads for t > L/c, and x < O:

x+L>_v(t_L—x> (3_55)

e e

u=—-v(t—

The solutions in (3-54) and (3-55) are symmetric for x > 0.

The analytical solution by Bazant and Belytschko [6] was used to derive a comparison
between an elastic (¢ < £,/2) and a strain-softening (e,/2 < ¢ < ¢,) wave propagation
problem. The solutions for longitudinal displacement, strain and stress are compared
for the time t = 3/4 - 2L/c, in Figure 17. The internal energy is plotted for the whole
barforO0 <t <2-L/c, in Figure 17.

The elastic solution represents a continuous wave propagation in a linear elastic
manner after superposition of waves with no mesh-sensitivity. The results for the strain-
softening solution clearly show the difficulties related to strain-softening which are the
convergence to physically unreasonable results with vanishing energy dissipation. A
displacement discontinuity develops after the superposition in the localisation zone at
x =0. This zone localises in an area with zero width. The discontinuity cannot
propagate outside this zone as the type of PDEs changed to elliptic. Therefore an
interaction with areas x # 0 which are governed by hyperbolic PDEs is not possible
anymore. Strain reaches infinity, designated by the Dirac delta function &(x), and
cannot propagate outside the localisation zone, also called a standing wave.
Simultaneously, stress drops to zero in the localisation zone. Outside the localisation
zone the bar unloads in a linear elastic manner as the unloading waves travel to the
bar's ends. The waves reflect from the localisation zone similar to a free boundary.
After the onset of strain-softening the bar is not capable of consuming further energy

(see Figure 17).
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Strain-softening solution

Elastic solution
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3/4 -2L/c,, and internal energy over0 <t < 2-L/c,

Figure 17: Analytical solution for normalised longitudinal displacement, strain and stress at t



3.3 Summary

This chapter gave an overview on the essentials of the CDM approach. It provides a
systematic framework for the analysis of damage on a material’'s macroscale. However,
it was shown that this approach is limited if materials with strain-softening behaviour

are considered.

It was shown that the consideration of damage induced strain-softening in constitutive
equations violates the material stability criterion by Hadamard. The condition for the
violation is that the tangent stiffness tensor becomes singular which means it is not
positive-definite anymore. This is characterised as nhegative slope in the strain-
softening stress-strain diagram. Due to this the hyperbolicity in dynamic governing

equation cannot be maintained and the overall boundary value problem is ill-posed.

The characteristic features of a CDM strain-softening solution were demonstrated by
considering a longitudinal wave propagation problem, namely the strain-softening bar.
This problem was first described by BaZant and Belytschko [6] and has been popular in
literature concerning strain-softening problems. This problem allows for an analytical
solution to strain-softening through its simplicity and offers therefore an insight into
strain-softening mathematics. The analytical solution obtained for the strain-softening
problems carries all characteristic properties, such as consequences on the
displacement, strain and stress distribution and the consequences on internal energy. It
was shown that strain-softening behaviour is limited to an area with zero width. The
strain in this area becomes infinite and stress vanishes. The strain-softening domain
acts as a free boundary from which waves with a well-posed hyperbolic PDE reflect as

unloading waves.
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4 Review: Composite Material Modelling, Instabilities
due to Dynamic Strain-Softening in Continuum Damage
Mechanics Models and Strain-Softening Stabilisation

Firstly, this chapter aims to support the understanding of the underlying theory behind
the LS-DYNA composite material models for failure and damage. Of interest are the
models: MAT_022, MAT_054, MAT_055, MAT_058 and MAT_059. Firstly, common
failure and damage theories will be explained. Then an evaluation of failure and
damage models in LS-DYNA will be conducted using a quasi-static single element test.
At the end of this all background theories are clarified and limits and merits of the

available composite models are discussed.

Secondly, the consequences of strain-softening in CDM will be investigated
numerically. This will be done with the longitudinal wave propagation problem, the
strain-softening bar, by BaZant and Belytschko [6] which was presented in Chapter 3.
In Chapter 3 an analytical solution for the strain-softening bar was presented which will
allow for a comparison with FE results. The study is conducted with the composite
CDM model by Matzenmiller et al. [81] which is implemented in LS-DYNA as
MAT_058. It will be shown that numerical results obtained with strain-softening material
models do not have a unigue solution and lead to spurious mesh-sensitivity of results

depending on the used spatial discretisation.

The chapter will close with an investigation of strain-softening stabilisation methods
readily available in commercial FE codes, such as LS-DYNA and ABAQUS. The FE
code LS-DYNA offers a keyword *MAT_NONLOCAL which can be used in conjunction
with a limited number of damage models. The ABAQUS code has a “damage
stabilisation” method implemented which can be used with CDM models. The
properties of these methods will be investigated with the longitudinal wave propagation
problem by BaZant and Belytschko [6] too as it enables the observation in change of

numerical results from local to stabilised solution.

4.1 Failure and Damage Composite Models

4.1.1 Theory

Most composite theories use strength-based failure criteria. These criteria apply mostly
the simplifications of a plane state of stress and homogenisation of material properties

on the macroscopic level. However, a realistic modelling of composite’s mechanical
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behaviour includes degeneration of material properties due to damage. This is
achieved by applying the CDM method as previously explained in Chapter 3.

Figure 18 represents typical stress-strain curves for composite failure and damage
theory. The curve for failure theory shows the linear elastic region up to the point at
which the strength of the material is defined. Stress is set to zero instantaneously when
failure occurs. The curve for damage shows a linear elastic portion too; however,
before reaching the strength of the material the stress-strain relationship becomes

nonlinear due to a reduction of stiffness which results from damage. After reaching the

strength the slope of the stress-strain curve turns negative.
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Figure 18: Representative stress-strain relationships for failure and damage theory
4.1.1.1 Failure

Failure criteria aim to distinguish a safe state of stress from the onset of failure. A
number of different types and approaches were proposed for fibre reinforced
composites. Nonetheless, not a single criterion is generally accepted by research or
industry. This issue was addressed by “The World-Wide Failure Exercise” [46; 57]. In

the following the most common composite failure criteria will be presented.

4.1.1.1.1 Background Theory

4.1.1.1.1.1 Types of Failure Criteria

Two main groups of criteria exist to predict the failure of fibre reinforced composites.
e Failure criteria without failure modes

e Failure criteria with failure modes

The first group does not distinguish between different modes of failure. The second
group takes into account the heterogeneous character of composites. Therefore, failure

modes are considered which depend on the characteristics of the single components of
the composite.
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The group without failure modes uses mathematical representations which are based
on tensorial polynomials. The mathematical expressions are adjusted by curve fitting
processes to experimental test data. With a single polynomial a failure surface is
defined which is a function of the material's strengths defined in the principal axes
system of the lamina. These principal directions are the fibre direction and the direction
transverse to the fibres. Strength in stress-space is represented by the interception of
the defined failure surface with the principal axes of stress. The most popular failure

criterion using a single tensorial polynomial is the Tsai-Wu failure criterion [113].

The use of failure modes takes into account the heterogeneous assembly of a lamina.
Two main modes are distinguished: failure of fibres and failure of the matrix. These
criteria are derived from mathematical, strength-based expressions. The group of
failure criteria which consider failure modes can be divided in two further categories:
non-interactive and interactive failure criteria.

e Non-interactive criteria do not take into account an interaction between stress
components. Individual stress components are compared with the
corresponding material strength values. A common example for non-interactive
failure criteria are the Maximum Stress criteria [55].

¢ Interactive criteria take into account the interaction between stress components.
The most common criteria for fibre reinforced composites are based on the use
of a polynomial. These polynomials describe a failure surface in stress-space
based on the material’s strength. In general, quadratic polynomials are chosen
which allow curve fitting with sufficient accuracy. Commonly used criteria of this
kind are the Hashin [44] and Chang-Chang [23; 24] criteria.

4.1.1.1.1.2 General Simplifications

The commonly used failure criteria stated above have certain simplifications in
common:

e Plane state of stress

e Homogenisation of material properties on the macroscopic level (lamina level)

e Assumption of transverse isotropy as special case of anisotropy (for

unidirectional lamina).

A plane state of stress appears in the case that one principal stress in three-
dimensional space is zero. This case occurs when a free surface of a body is

unloaded. This normally takes place when a structural component has one dimension
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much smaller than the other two. It can be assumed that the principal stress in the
direction of the smaller dimension can be neglected. The remaining two principal
stresses lie in one plane and therefore the 3D problem is reduced to a plane problem.
Loads are distributed uniformly over the thickness of the component and work in the
considered plane. This is in particular true for components made from fibre reinforced

composites which can be assumed as thin plate.

Considering the x;x,-plane as parallel to the plane state of stress and x5 as direction

with zero principal stress, the stress tensor for a point has the following appearance:

011 012 O
[Uij] = [012 022 0] (4-1)
0 0O O

Although the state of stress is plane, the stresses will lead to deformation in the xs-

direction due to lateral contraction. Therefore the strain tensor reads:

&1 &2 0
[Sij] = [512 &2 0 ] (4-2)
0 0 &33

Composite materials are made from a combination of at least two different materials
with different mechanical properties. Therefore a composite built-up is heterogeneous
on the microscale. Failure criteria are used on the macroscopic lamina level. For that
reason the concept of macroscopic homogeneity is applied. This means that the elastic

properties of fibres and matrix are averaged over the lamina’s volume.

The lamina is assumed to be a unidirectional ply. That means that all fibres of the
composite are aligned in one direction. Relationships exist for this kind of ply which
determine the overall elastic properties from the individual elastic properties of the

fibres and matrix.

The averaging process for elastic properties is based on mathematical equations which
are referred as ‘Rules of Mixtures’ [35]. They aim to represent the elastic properties of
a lamina by taking into consideration the properties, quantity and arrangement of the

constituents.

The basic assumption is the use of unidirectional lamina (see Figure 19). Material
properties are directional due to the heterogeneous character of the microstructure.
The mechanical properties of unidirectional laminates are highest in the longitudinal

direction. The properties are at their minimum in transverse direction. Fibres are
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assumed to be uniform, parallel and continuous. The connection between fibres and
matrix is assumed to be ideal. If the unidirectional ply is loaded in longitudinal direction

the strain in fibres and matrix is equivalent. Contraction effects are neglected.

.:'.II'IQ=ELII'.1"'I 1al direction
Figure 19: Built-up of unidirectional ply [35]
Due to the heterogeneous microstructure, composites are anisotropic materials. This
means that the material properties depend on the considered direction; however,
unidirectional composites are assumed to be transversely isotropic which is a special
case of anisotropy and simplifies the material description of composites (see Equation
(2-60)).

The simplification of transverse isotropy is based on the consideration of an orthotropic
material (see (2-59)) which is also a special case of anisotropy. Orthotropic materials
have directional elastic properties without coupling of strain and shear deformation.
Orthotropy is applied if a material has three mutually perpendicular planes of rotational
symmetry. A unidirectional composite possesses three mutually perpendicular planes

of symmetry.

Orthotropy is always used in conjunction with a particular coordinate system. In case of
unidirectional composites this is the principal axis system. Orthotropic materials are
only orthotropic in their symmetry axes. Outside of this particular system orthotropic

materials possess anisotropic behaviour.

For transversely isotropic materials one axis exists around which a rotation of the
material does not lead to a change of the elastic properties. The plane perpendicular to
this axis is called isotropic plane. All planes with other orientations possess directional

properties.
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In unidirectional composites the plane X3 = X2

of transverse isotropy is relative to the ,

axis aligned with the fibres. Figure 20

shows this concept. The unidirectional

ply has rotational symmetry relative to °©° g oo "/

the x,-axis. The rotation of plane x,x; : ° . X2 = X3

around x; does not lead to a change of /
elastic properties. Therefore the x,x3- .
1

plane is isotropic. ) )
Figure 20: Transverse isotropy

The appearance of the transversely isotropic stiffness tensor has been presented in
(2-60). Due to the existing isotropic plane the directional mechanical properties will

reduce as follows:

E,=E; (4-3)
Gi2 = Gy3
V21 = V31
V23 = V32
E;
G =
23 2(1 - V23)

Finally, the full elastic behaviour of a material can be expressed by five independent
mechanical properties in transverse isotropy:

¢ Longitudinal Young’s Modulus: E;

e Transverse Young's Modulus: E,

¢ In-plane Shear Modulus: G,

o Poisson’s ratios: v,; and v,

4.1.1.1.2 Commonly used Failure Criteria

As stated earlier, failure criteria are mathematical expressions based on the concept of
strength. The prediction of failure is commonly based on the plane state of stress. In
this 2D assumption the following five strength values are used:

e Longitudinal tensile strength: X,

e Longitudinal compressive strength: X,

e Transverse tensile strength: Y;
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e Transverse compressive strength: Y,

¢ In-plane shear strength (x;x,-plane): S

The introduction of failure criteria will be limited to the most popular criteria for fibre
reinforced composites.

o Maximum stress criteria

e Tsai-Wu criterion

e Hashin criteria

¢ Chang-Chang criteria

A number of other criteria exist as shown by “The World-Wide Failure Exercise” [46;

57]; however, they do not compete with the popularity of the above mentioned.

4.1.1.1.2.1 Maximum Stress Criteria

The maximum stress criteria are the simplest failure mode criteria. An interaction of
stress components is not taken into account. Acting stresses are simply compared with
the material’s directional strength values. Failure occurs when one of the five
inequalities in (4-4) to (4-8) is met. The kind of failure can be determined if the first four
equations are met. Fibre failure occurs when the longitudinal principal stress ;4
exceeds the fibres’ strength in tension or compression. Matrix failure can be predicted
when the transverse principal stress ag,, goes above the matrix’s strength in tension or
compression. If the shear inequality occurs first, a clear prediction of the failure mode is

not possible. Fibre as well as matrix failure are possible.

Longitudinal tension and compression failure:

011 < X, (4-4)

lo1a| < X, (4-5)
Transverse tension and compression failure:

0 <V (4-6)

lo22] < Y (4-7)
Shear failure:

lo2] < S (4-8)

The maximum stress criteria can be represented by a failure surface in stress-space as
shown in Figure 21. Failure stresses are assumed to be finite which leads to a closed
failure surface. The failure surface is defined by constant lines parallel to the stress
axis. The interception of the failure surface with the principal stress axes is understood

as failure strength.
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Figure 21: Failure surface of Maximum Stress criterion

4.1.1.1.2.2 Tsai-Wu Criterion

The Tsai-Wu failure criterion [113] is based on a single valued quadratic polynomial
with tensorial character which was inspired by Gol'denblat’'s and Kopnov's [37] work:
Fio; + Fjo;o; =1, i,j=1,... It is assumed that the quadratic terms will span an
ellipsoidal failure surface in stress-space which is limited by the material’'s strengths

(see Figure 22).

0'2 A

No failure

Xc

Figure 22: Failure surface for Tsai-Wu Failure criterion

The Tsai-Wu criterion is a general mathematically based failure criterion. It is
characterised by its invariance and the use of symmetry properties similar to the
stiffness tensor. Despite its simplicity, the Tsai-Wu failure criterion does not take into
account the heterogeneous character of composites. Therefore a distinction of failure
modes is not possible.
The full Tsai-Wu criterion for the orthotropic case reads:

(4-9)

2 2 2 _
Fi1011 + Fy05; + F11017 + Fy305, + Fgeo1, + 2F 301105, = 1

The terms F; and F;; can be expressed as following:
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Longitudinal tension and compression term:

1 1 (4-10)
Fl =
Xe  Xc
1 (4-11)
Fii =——
11 tXc
Transversal tension and compression term:
1 1 (4-12)
F=———
Vo Y
1 (4-13)
Fyy = —
22 Yth
Shear term:
1 (4-14)
Fee = S2

Assumption for F,, term:

1
F,=- E\/ Fi1Fy;

4.1.1.1.2.3 Hashin Criteria

(4-15)

The Hashin criteria [44] are based on a quadratic polynomial to describe a closed
failure surface in stress-space. Hashin takes the heterogeneous character of
composites in consideration. Therefore different modes of failure are distinguished. The
failure criteria are limited to unidirectional composites which allow the simplification of a
transversely isotropic material. Hashin’s criteria are applicable to 2D and 3D states. In
the 3D state two shear strength terms need to be considered:

o Axial shear strength: S,

e Transverse shear strength: Sy
The used polynomial depends on stress invariants I; to Is which is enforced by the
existence of transverse isotropy. The polynomial chosen by Hashin is (4-16). As the
polynomial has to be quadratic, invariant /5 is neglected.

ALy + BiI? + Ayl + Byl2 + Ciplyl, + Asly + Agl, = 1 (4-16)

For the approach Hashin identifies two main failure modes in unidirectional composites.
These are the fibre mode along the fibres and the matrix mode normal to the fibre
direction. He assigns two planes to which the failure modes are restricted to occur. For
fibre failure it is the x,x3-plane. For matrix failure the failure plane is oriented along the

fibre direction.

The stress invariants in (4-16) are associated with the components of the stress tensor

g;j. The constants A; and B; are related to the strengths of the material. Due to this

Hashin derived the following failure criteria for the 3D case:
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Longitudinal tension failure 3D:
4-17)
011>2 1, 5 (
—) +—=(0o% +0%) =1
(Xt s2 (012 + 015)

Longitudinal compression failure 3D:

o1 = —Xc (4-18)
Transverse tension failure 3D:
, . 1. 1, X (4-19)
— (022 + 033)* + (053 — 022033) + (0, +03) = 1
Yt ST SA
Transverse compression failure 3D:
(4-20)

11/ Y 2 1 S
Ye <25T> ~ 1 (022 +o35) + @ (02, + 033)* + §(023 — 022033)

1
"'_2(0122 +of3) =1
Sa

In case of plane stress conditions, just the principal stresses g,; and g,, and the axial

shear stress ag;, have an influence. The failure criteria reduce to:

Longitudinal tension failure 2D:

5 5 (4-21)
o
G (&) =
X Sa
Longitudinal compression failure 2D:
011 = —X¢ (4-22)
Transverse tension failure 2D:
G\ 2 2 (4-23)
(ﬁ) + (2) -1
Yt SA
Transverse compression failure 2D:
(4-24)

(2)3 (Yc )2_1 @+(2)2=1
2Sr 2Sr Y. Sa
4.1.1.1.2.4 Chang-Chang Criteria

The 2D failure criteria proposed by Chang and Chang [23; 24] are based on work by
Hashin [44]. They account for fibre and matrix failure modes and take into
consideration the interaction of stress components. The Chang-Chang criteria are

limited to in-plane failure.

The Chang-Chang criteria account for nonlinearities in the relationship between shear

stresses and shear strains. This is done by the introduction of the experimental
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nonlinear shear stress parameter «. All criteria influenced by a shear stress term are

influenced by these nonlinearities.

The implementation of the nonlinear shear stress parameter « to the failure criteria is
done by the introduction of Hahn’s and Tsai's shear stress-shear strain relationship

[42], expressed with engineering constants.

1
E12 = (G_) 012 + aof, (4-25)
12

This relationship is included to the criteria by the fibre-matrix-shearing term :

o2
3
Ji2
_ f0€12012d€12 2G12+ aot (4-26)
T=— > -
fo€12012d512 %12 %aS“

The Chang-Chang criteria for in-plane failure are:

CC1: Tensile fibre mode:

011\?
(_) +E=1 (4-27)
Xt

CC2: Compressive fibre mode:

g (4-28)

CC3: Tensile matrix mode:

0222
(_) +7=1 (4-29)
Yt

CC4: Compressive matrix mode:

T

4.1.1.2 Damage

A CDM composite model was developed by Matzenmiller et al. [81] for anisotropic
damage of composites. The damage initiates after the material exceeds the initial

elastic area. The expression of damage is exponential:

1 [\
di=1-exp [— — <;l1> ] (4-31)
L
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with the Euler's Number e. i is an index which designates the direction of the quantity.
m is the so-called strain-softening parameter which controls the development of the

stress-strain relationship.

The strain at which failure initiates is expressed as following:

T1: Longitudinal threshold failure value

Xt c (4-32)
&1 = —
f1 E1
T2: Transverse threshold failure value
Yee (4-33)
Efp — ——
f E,
T3: Shear threshold failure value
S (4-34)
Ef12 —
127 Gy,

4.1.2 Composite Modelling in LS-DYNA

The LS-DYNA material models are based on well-known 2D failure and CDM models.
However, a lack in confidence in the applicability of these models exists, especially for

3D applications.

Work published by the LS-DYNA User's Manual [70], the LS-DYNA support site [72],
the manual on the public DYNA3D code [68] and Schweizerhof and co-workers
publication [104] offer some insight into the operational mode of LS-DYNA. However,

no certainty can be gained from these sources alone.

Table 4-1 summarises the considered LS-DYNA composite models with the according

type of theory and element type.

Table 4-1: Summary of LS-DYNA composite material models

Material Model behaviour Element type
No Name Failure Damage Shells Solids
22 Composite Damage v - v v
54 Composite Damage with Chang-Chang v - v -
55 Composite Damage with Tsai-Wu v - v -
58 Laminated Composite Fabric - v v -
59 Composite Failure v - v v

The next subsection presents the gathered information of the composite material

models in LS-DYNA. Then the identified failure and damage theories will be presented.
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4.1.2.1 Summary of LS-DYNA Composite Models
4.1.2.1.1 Composite Damage (MAT_022)

The name “damage” for MAT_022 is misleading as it is a composite failure model
based on the theory by Chang and Chang [23; 24]. This theory is defined for 2D cases
and explains therefore the working mode for 2D elements. However, MAT_022 is

implemented for 3D elements too.

This model has two main weaknesses. Firstly, Chang-Chang’'s compressive failure
mode is not implemented and, secondly, information about the working mode in 3D
elements is not clear. However, the DYNA3D code has a material model (see
MAT_022 in DYNA3D [68]) implemented which operates in a similar manner to
MAT_022 in LS-DYNA. The manual states that a delamination criterion is implemented

for 3D elements.

DL1: Delamination criterion MAT_022 in LS-DYNA:
033\%  [(013\* [0O23\?
(ﬁ) + (;3) + (ﬁ) —1 (4-35)
Zt S13 S23

4.1.2.1.2 Composite Damage with Chang-Chang or with Tsai-Wu (MAT_054/055)

The theory of these closely related material models is well stated in the LS-DYNA
manual. Both material models use 2D elements only and are based on the Chang-
Chang theory or partly Chang-Chang theory with addition of the Tsai-Wu failure

criterion for matrix failure.

The representation of the Tsai-Wu criterion in LS-DYNA is limited to tensile and

compressive matrix failure:

TW1: LS-DYNA implementation of Tsai-Wu criterion

03, + (2)2 4 (Y, — ¥)oy, _1 (4-36)
Yth 512 Yth

4.1.2.1.3 Laminated Composite Fabric (MAT_058)

This model is the only implemented composite CDM model in LS-DYNA. Unfortunately,
information in the LS-DYNA User's Manual is limited. However, Schweizerhof et al.
[104] published a conference paper which presents a modification of this material
model. According to Schweizerhof et al. MAT_058 is a material model based on the
anisotropic damage model for fibore composites proposed by Matzenmiller et al. [81].

This model contains a softening parameter which controls the shape of the stress-
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strain curve. This parameter cannot be set in the input card of MAT_058. Therefore, it
must be assumed that this parameter has a constant value. The evaluation of the

damage model in Section 4.1.2.2 will include an investigation of this parameter as well.

4.1.2.1.4 Composite Failure (MAT_059)

MAT_059 is a composite failure model implemented for 2D and 3D elements.
Unfortunately, no reference is provided for this material model. However, the
similarities with its input data and that of MAT_022 are striking. It can be assumed with
confidence that the Chang-Chang theory is implemented for 2D elements as MAT_059
considers a nonlinear shear stress parameter ‘ALP’ which is a speciality of the Chang-
Chang theory. MAT_059 differs from MAT_022 as it considers longitudinal
compressive strength. This leads to the assumption that the full set of Chang-Chang
failure criteria is implemented. The 3D failure theory for solids is not known but the LS-
DYNA support site for composites [73] provides a link to a report by Cheng and
Hallquist [25] which represents a 3D failure theory with striking similarities to the
Chang-Chang failure theory. In Section 4.1.2.2 it will be evaluated if this theory by
Cheng and Hallquist is implemented for 3D elements in MAT_059.

The theory by Cheng and Hallquist [25] is an extension of Chang-Chang’s theory and

includes eight criteria:

CH1: Longitudinal tensile failure with o;; > O:
011\%  [(012\® (013> 4-3
Xe S12 S13
CH2: Transverse tensile failure with g,, > 0:
2 2 2
(2) . (2) . (%) -1 (4-38)
Y S12 S23
CH3: Longitudinal shear failure:
2 2
(&) + (%) =1 (4-39)
Xt S13
CH4: Transverse shear failure:

R
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CH5: Delamination failure:
2 2 2
(%) + (%) + (%) —1
Zt S13 S23
CH6: Longitudinal compressive failure with ¢;; < 0:
() =
XC
CH7: Transverse compressive failure with a,, < O:
2 Y. 2 2 2
s |s) o (6 (&) =
S12 + 823 S12 + 823 Ye S12 S23
CH8: Normal compressive failure with o35 < O:
2 7 2 2 2
75 i) 3 (6 (&) =
S13 + S23 S13 + S23 Zc S13 S23

4.1.2.2 LS-DYNA Composite Model Evaluation

4.1.2.2.1 Method and Setup

(4-41)

(4-42)

(4-43)

(4-44)

To enable a comparison between LS-DYNA composite material models and verify

analytical results, a simple single element test is chosen. 2D (shells) and 3D (solids)

elements are used; however, the chosen element type depends on the element

definition of the considered material model (see Table 4-1).

The single elements have a consistent edge length of lmm. The elements are quasi-

statically loaded with a strain-rate of & = 10‘1§ which results in a loading velocity of

v =10~ in the considered case. The investigated load cases are:

N

e tension
e compression

e shear

for three different orientations:

e 0°
o 45°
e 90°

The loading conditions of 2D elements are shown in Figure 23.

65



F' . A

Y Y Y

Figure 23: Loading conditions of a single 2D element: tension, compression and shear

The loading conditions of 3D elements are shown in Figure 24. The boundary
conditions in the corners of one end are designated with capital letters of the restricted

local direction: X,Y and Z.

v v v v

XY,

%
e L
’

Figure 24: Loading conditions of a single 3D element: tension, compression and shear

For 2D elements five material models, three orientations and three loading cases will
be investigated. This results in a total of 45 individual test cases. Overall just three
simulations will be conducted. Each input file contains 15 elements, each of which tests
one combination of material type and the material orientation (see Figure 25). The
simulations only differ by the considered load case. This approach is more favourable
than running one simulation for each test case because:

¢ the number of input/output files is reduced,

e changes in the LS-DYNA input files can be done easily for 18 elements at a

time, and
o results of different material models and orientations can be compared easily

and directly from the output files.

For 3D elements 2 material models, nine orientations (0°, 45° and 90° in the ab-, ac-
and bc plane) and three loading cases (tension, compression and shear) will be
investigated. This leads into 54 individual test cases. Overall just nine simulations will
be conducted. Three simulations will consider all material models with three material
orientations in the ab-plane, ac-plane and bc-plane. The simulations just differ in the

considered load case (see Figure 26).
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A set of input data for composites, available within the “Crashworthiness, Impact &
Structural Mechanics Group” in Cranfield University, was used for the composite model

evaluation and is presented in Table 4-2.
Table 4-2: Input data for composite models in LS-DYNA

Value Sign Magnitude Unit
Density p 155-107° t/mm3
Young’s modulus, a-direction E, 70800 MPa
Young’s modulus, b-direction E, 42700 MPa
Young’s modulus, c-direction E, 8000 MPa
Poisson’s ratio, ba-plane Ve 0.125 —
Poisson’s ratio, ca-plane Vea 0.037 —
Poisson’s ratio, bc-plane Vpe 0.062 —
Shear modulus, ab-plane Gap 10600 MPa
Shear modulus, ac-plane Gae 4400 MPa
Shear modulus, bc-plane Gy 2600 MPa
Longitudinal tensile strength Xr 1119 MPa
Transverse tensile strength Yr 617 MPa
Normal tensile strength Zr 60 MPa
Longitudinal compressive strength X 768 MPa
Transverse compressive strength Ye 463 MPa
Normal compressive strength Zc 30 MPa
Shear strength, ab-plane Sab 146 MPa
Transverse shear strength, ac-plane Sac 93 MPa
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Value Sign Magnitude Unit
Transverse shear strength, bc-plane She 53 MPa
Critical longitudinal tensile strain &xr = X /E, +0.0158 —
Critical transverse tensile strain & = Yo /E, +0.0145 —
Critical normal tensile strain &gr = Z/Ey +0.0075 —
Critical longitudinal compressive strain &xc = X/E, —0.0109 —
Critical transverse compressive strain &yc = Y /E, —0.0108 —
Critical normal compressive strain &c = Z:JEy —0.00375 —
Critical shear strain, ab-plane Eap = San/Gap +0.0138 —
Critical shear strain, ac-plane Eac = Sacl Gy +0.0211 —
Critical shear strain, bc-plane Epe = Spe/ Gy +0.0204 —

4.1.2.2.2 Results

The results of 2D and 3D single element tests will be compared with analytical
solutions for the failure and damage criteria presented in Section 4.1.1.1.2 and 4.1.2.1.
These comparisons are straightforward in case of load application aligned with
longitudinal, transverse and normal directions. In case of the 45°-orientations
lamination theory needs to be applied to transform the state of stress into the principal

axes system first to evaluate them with failure and damage criteria.

The proposed failure and damage criteria from Section 4.1.1.1.2 and 4.1.2.1 were
evaluated through a comparison of LS-DYNA maximum stress results with analytical
maximum strength results. As well it will be stated which criterion, if possible,

determined failure.

4.1.2.2.2.1 Composite Damage (MAT_022)

MAT_022 follows the 2D failure theory of Chang-Chang in the case of 2D elements.
Figure 27, Figure 29 and Figure 31 represent the results for shell elements in tension,
compression and shear. It can be seen that numerical results for the maximum reached
stress follow this theory well. An exception is the case of compression in longitudinal
direction. MAT_022 lacks the implementation of this failure criterion completely;

therefore, no failure can be detected.

Figure 28, Figure 30 and Figure 32 represent the results for 3D elements in tension,

compression and shear for the ab-plane.

These tests are meant to evaluate the 3D delamination criterion mentioned in the
DYNA3D manual [68]. As it can be seen the analytical results are in excellent

agreement with the LS-DYNA results. Hence, it can be stated with confidence that
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MAT_022 has the Chang-Chang criteria implemented plus a delamination criterion

implemented for 3D elements.

Some issues should be addressed at this point. It can be seen in Figure 30 that no
compressive failure occurred in longitudinal and transverse direction for 3D. The
missing compressive failure was expected for longitudinal and normal direction due to
missing data in the material model card. However, transverse compressive strength is
a part of the MAT_022 input data.

Additionally, it should be pointed out that in-plane LS-DYNA and in-plane analytical
results for shear of the 45°-orientation differ significantly for 2D and 3D elements (see
Figure 31 and Figure 32). However, results are correct although different. It should be
kept in mind that tensile stresses are caused in addition to shear. In cases of shear in

45°-orientation for 2D and 3D the tensile fibre criterion determines failure.

Results for tension, compression and shear in 3D for the ac- and bc-plane are
presented in Appendix B for completeness. As well the accuracy of failure strength,

failure strain and stiffness are compared for all 2D and 3D tests with MAT_022 in

Appendix B.
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Figure 27: Single element test MAT_022: Figure 28: Single element test MAT_022:
tension in 2D elements (00°, 45° and 90°) tension in ab-plane of 3D elements (00°, 45°
and 90°)
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Figure 29: Single element test MAT_022: Figure 30: Single element test MAT_022:
compression in 2D elements (00°, 45° and compression in ab-plane of 3D elements (00°,

90°) 45° and 90°)
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Figure 31: Single element test MAT_022: Figure 32: Single element test MAT_022:
shear in 2D elements (00°, 45° and 90°) shear in ab-plane of 3D elements (00°, 45°
and 90°)

4.1.2.2.2.2 Composite Damage with Chang-Chang/with Tsai-Wu (MAT_054/055)

Figure 33, Figure 35 and Figure 37 show results for material model MAT_054 in
tension, compression and shear. MAT_054 only allows 2D elements and is based on
the Chang-Chang failure theory. Therefore, results similar to MAT_022 for 2D (see
Figure 27, Figure 29 and Figure 31) are expected. In fact, the results show excellent
agreement with the Chang-Chang theory. In difference to MAT_022, compressive
longitudinal failure can be determined with MAT_054 due to full implementation of the

failure criteria in difference to 2D in MAT_022.

MAT_055 is closely related to MAT_054; however, it combines the Chang-Chang
failure criteria with the single valued Tsai-Wu criterion for matrix failure. In
conseguence humerical and analytical results have many similarities with the results of
MAT_054. Nonetheless, the combination of these two theories might add some

difficulty in understanding how failure was determined by LS-DYNA. Figure 34, Figure
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36 and Figure 38 show results for MAT_055. As it can be seen most of the results are
similar to the findings of MAT_054 (see Figure 33, Figure 35 and Figure 37).

The results for 2D elements show that stress is not set to zero after reaching the
material’s strength except when the longitudinal tension criterion is affected. This can
be controlled with the options DFAILx in MAT_054 and MAT_055 which represents

failure strains.

The accuracy of failure strength, failure strain and stiffness are also compared for
MAT_054 and MAT_055 tests in Appendix B.
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Figure 33: Single element test MAT_054: Figure 34: Single element test MAT_055:
tension in 2D elements (00°, 45° and 90°) tension in 2D elements (00°, 45° and 90°)
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Figure 37: Single element test MAT_054: Figure 38: Single element test MAT_055:
shear in 2D elements (00°, 45° and 90°) shear in 2D elements (00°, 45° and 90°)

4.1.2.2.2.3 Laminated Composite Fabric (MAT_058)

MAT_058 is a composite CDM model following the recommendations of Matzenmiller
et al. [81] and, therefore, it differs strongly from the other composite material models.
MAT_058 uses an exponential decay of stress after reaching maximum stress. This is
supposed to represent damage. The onset of damage is determined with the failure

criteria used in Matzenmiller et al.’s theory.

Figure 40 to Figure 42 show the results for tension, compression and shear for
MAT_058. These values agree well with failure stresses of previous material models as
the failure criteria used in the theory by Matzenmiller et al. are a modification of those
used in Hashin’s theory [44], and therefore are strongly related to the Chang-Chang

theory.

In Matzenmiller et al.’'s damage theory the shape of the damage stress-strain curve is
controlled by the strain-softening parameter m. However, MAT_058 does not allow the
control of this parameter. Additionally, a default setting of m is not mentioned in the
manual. Figure 39 shows stress-strain curves for different values of m for longitudinal
tensile loading. The comparison with the stress-strain curve by LS-DYNA shows an
agreement for m = 10 which leads to a quasi-brittle behaviour suiting the needs of

composites.
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The accuracy of failure strength, failure strain and stiffness are compared for MAT_058

in Appendix B.
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shear in 2D elements (00°, 45° and 90°)
4.1.2.2.2.4 Composite Failure (MAT_059)

A reference to the underlying theory of MAT_059 is hard to come by but many
similarities with MAT_022 exist regarding the input data. Therefore, it was assumed
that MAT_022 and MAT_059 share a common theory.

Figure 43, Figure 45 and Figure 49 show results for 2D elements in tension,
compression and shear conducted with MAT_059. The LS-DYNA results were
compared with analytical results of the Chang-Chang failure theory. The results are in
excellent agreement with results of MAT_022 with two exceptions. Firstly, MAT_059
considers the longitudinal compressive strength as input data; therefore, it can be
assumed that Chang-Chang’s compressive fibre mode is implemented. Secondly,
compressive failure of the 45°-orientation occurs earlier in LS-DYNA simulations and
analytical considerations. MAT_059 reacts solely on the shear caused in the 45°-

orientation.

The results for 2D elements show that stress is not set to zero after reaching the

material’s failure criteria. This cannot be controlled for 2D in MAT_059.

Figure 44, Figure 46 and Figure 48 show results for the 3D single element tests in the
ab-plane. The results are in excellent agreement with analytical results derived by the

Cheng and Hallquist theory [25].

Results for tension, compression and shear in the ac- and bc-plane of the solid
elements are presented in Appendix B. As well the accuracy of failure strength, failure

strain and stiffness are compared for 2D and 3D elements of MAT_059.
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Figure 43: Single element test MAT_059: Figure 44: Single element test MAT_059:
tension in 2D elements (00°, 45° and 90°) tension in ab-plane of 3D elements (00°, 45°
and 90°)
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Figure 45: Single element test MAT_059: Figure 46: Single element test MAT_059:
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Figure 47: Single element test MAT_059: Figure 48: Single element test MAT_059:
shear in 2D elements (00°, 45° and 90°) shear in ab-plane of 3D elements (00°, 45°

and 90°)

4.2 Dynamic Strain-Softening

A material’s strain-softening behaviour leads to mathematical difficulties and physically
unreasonable results in a local continuum. Apart from this, when modelled using FE
codes, it will lead to numerical instabilities which express themselves as pronounced
mesh-sensitivity of results. Therefore a numerical investigation of a FE strain-softening
CDM model is performed using BazZant's and Belytschko's [6] test problem of
longitudinal wave propagation which was presented in Chapter 3. The material model
used for the FE investigastion is the LS-DYNA'’s composite CDM model (MAT_058) by

Matzenmiller et al. [81].

Strain-softening manifests itself in the smallest area possible which is a single point in
the analytical solution (see Chapter 3, Section 3.2). In FE analysis this smallest area is
defined by the chosen element size. Therefore, it is assumed that results will strongly

depend on the element size.
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The bar has an overall length of 2L = 200mm. Different element numbers along the
length of the bar are chosen to demonstrate mesh-sensitivity:

e Barl: 11 elements

e Bar2: 31 elements

e Bar 3: 101 elements

The test cases are shown in Figure 49 in comparison with the theoretical setup by
BaZant and Belytschko [6].
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11 Elements ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

Figure 49: Strain-softening bar by Bazant and Belytschko [6] with different mesh discretisations
for numerical testing of strain-softening CDM model

MAT_058 is defined for shell elements. All degrees of freedom outside the x-direction
will be fully restricted to be in agreement with the 1D problem stated by BaZant and

Belytschko.

MAT_058 is a composite damage model. It provides for the definition of different
directional material properties. In this experiment the longitudinal material direction is
aligned with the x-direction. The same composite data as used in the quasi-static
single element tests (see Table 4-2) will be used. The important data for this
experiment is data of the longitudinal direction and is summarised in Table 4-3:

Table 4-3: Input data for composites in longitudinal direction

Value Sign Magnitude Unit
Density o 155-107° t/mm3
Young’s modulus, a-direction E, 70800 MPa
Longitudinal tensile strength X 1119 MPa
Critical longitudinal tensile strain &xr = X /E, +0.0158 —

The elastic wave speed in longitudinal direction for the test problem is determined as:
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E -
¢, = |-%=6758507.18 (4-45)
p s

The determination time of the problem is

L
t=2-—=29592-10"%s (4-46)

Ce

at which stage both waves are supposed to have travelled the whole length of the bar.

The superposition of waves is supposed to happen at

L
t=—=14796-10"° (4-47)

Ce

The constant velocity for the elastic and strain-softening case can be determined with:

e=2 with €< /2 (4-48)

Ce

v €
£ =— with ?p <e<g, (4-49)

Ce

The maximum loading to avoid strain-softening is:
& mm
Umax < ? "Ce = 533927

The minimum and maximum loading which ensures strain-softening at x =0 for t =
L/c, is:

&p mm
Vmin = ? *Co = 533927

mm
Vmax = €p " Ce = 106784T

In the following the elastic test will be run with v,45:ic = 3.5 - 10*mm/s and the strain-
softening test will be run with vs,rrening = 7+ 10* mm/s. The elastic and strain-
softening solutions resulting from (4-48) and (4-49) will be compared for longitudinal
displacement, strain and stress. The time t = 3/4-2L/c, is chosen as example as the
waves from the bar's edges have travelled 3/4 of the bar’s length. At this stage the
area —L/2 < x < L/2 is governed by the strain-softening solution. The areas outside

the strain-softening domain will continue to obey the elastic solution. The internal
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energy will be presented for the overall bar for the full time span of thetest: 0 <t < 2-
L/c,.

Figure 50 and Figure 51 show the stress-strain curves for elastic and strain-softening
tests respectively in the element located at x = 0. It is clearly visible in Figure 50 that
the bar is governed by the elastic solution at all times. Figure 51 shows the typical
strain-softening behaviour in the middle element with declining stress-strain branch due

to softening.

Figure 52 to Figure 61 show the results for longitudinal displacement, strain and stress
for the elastic and strain-softening case at t = 3/4-2L/c,. Figure 62 and Figure 63
show the results for internal energy for elastic and strain-softening between 0 <t < 2-
L/c,. It is clear from the elastic solutions that no mesh-sensitivity exists in the elastic
area and results follow the analytical solution well; however, an increase in accuracy
can be observed with increasing mesh fineness. The strain-softening bars on the
contrary show strong mesh-sensitivity in the strain-softening area —L/2 < x < L/2. It
can be observed that the results follow the analytical solution increasingly accurate with
increasing mesh fineness which proves the point of mesh-sensitivity. Also the area of
strain-softening becomes more refined with increasing mesh fineness. The areas
outside —L/2 < x < L/2 are still governed by the elastic solution in presence of strain-
softening and do not show any mesh-sensitivity at all. The area in which damage
develops (see Figure 55) becomes more refined with increasing element number and is
dictated by the size of the strain-softening element. The solution for longitudinal
displacement in Figure 57 shows strong mesh-sensitivity too and a convergence to the
non-physical strain-softening solution with increasing element number. Bar 3 (101
elements) has a well-developed displacement jump in the middle of the bar which is
stronger pronounced than for bar 1 and 2, which have a lower element number. In
Figure 59 the strain displays the development of a localisation zone for all spatial
discretisations; however, the localisation zone becomes sharper with decreasing
element size and strain results converge to the Dirac delta function. The corresponding
stress profiles are plotted in Figure 61 which show convergence to the strain-softening
solution with increasing element number too. Another critical feature of strain-softening
behaviour is the zero energy dissipation, displayed in Figure 63. The solution for
energy dissipation approaches, with increasing element number, the non-physical

solution which tends to zero.
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Figure 61: Numerical results for longitudinal

stress in strain-softening case at t=3/4-

2L/c,

Figure 60: Numerical results for longitudinal

stress in elastic case at t = 3/4-2L/c,
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Figure 62: Numerical results for internal Figure 63: Numerical results for internal

energy in elastic barfor0<t <2-L/c, energy in strain-softening bar for 0<t<2-
L/c,

Figure 64 shows the development of strain over time in strain-softening bar 3 which is

discretised with 101 elements. It becomes clear that strain localises in the middle of the

bar and grows infinitely in magnitude. The area in which strain localises is clearly

refined and the area coincides with the size of a single element.
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Figure 64: Numerical results for longitudinal strain in strain-softening case over the period 0 <
t <2-L/c, for bar 3 (101 elements)

Figure 65 shows the relative deformation of the strain-softening element clearly. The
deformation becomes more apparent with decreasing element size as for bar 3 with
101 elements. The fringe level represents the strain in the softening element at t =
3/4-2L/c,. The strain is more intense with decreasing element size although the
boundary and loading conditions are equivalent for all bars. Outside the strain-

softening zone the elements are unloaded.
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Figure 65: Strain in strain-softening element at x = 0 for t = 3/4-2L/c, (fringe level:

strain [-])

4.3 Strain-Softening Stabilisation

It was shown in the previous section (Section 4.2) that CDM models with strain-
softening behaviour lead to numerical instabilities and that results do not converge to a
unigue solution. In this section numerical examples of options in LS-DYNA and
ABAQUS will be investigated which appear to be nonlocal and viscous regularisation
methods. LS-DYNA offers a keyword *MAT_NONLOCAL which can be used in
conjunction with different CDM material models. ABAQUS offers a “damage

stabilisation” option of viscous character.

The investigation will be conducted with BaZant and Belytschko’s 1D wave propagation
problem [6] which was presented Chapter 3. The test setup of the simulations for
nonlocal stabilisation in LS-DYNA and damage stabilisation in ABAQUS are following

the exact setup presented in Section 4.2.

4.3.1 Nonlocal Stabilisation

The analysis of nonlocal regularisation will be carried out with the keyword
*MAT_NONLOCAL in LS-DYNA. The LS-DYNA User's Manual [70] states that
*MAT_NONLOCAL is based on the nonlocal theory by Pijaudier-Cabot and BaZant
[95]. Nonlocal theory applies an averaging process to damage and plastic strain values
of neighbouring elements. The weighting function required to do so is stated in the LS-

DYNA manual as:

— . p _q
alr) = a(llx; — &l = []_ + <M) ] (4-50)

The weighting function a in (4-50) depends on the spatial domain spanned by the

distance between points x; and ¢ and the characteristic length [. Additionally, the
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magnitude of the weighting function can be influenced by two exponential parameters p
and g. The LS-DYNA User's Manual [70] provides typical values for the exponential

parameters as the following: p = 8 and q = 2.

The characteristic length needs to be chosen in a way that integration points of
neighbouring particles will be included in the weighting function (4-50). The choice of [
is not straightforward. Here an approach suggested by Schwer [105] will be adopted
which aims to keep the number of neighbouring integration points constant by defining

the characteristic length as:

4-51
l= \/E lelement ( )

Due to the definition in (4-51) the characteristic length depends on the element length

lelement used.

The keyword *MAT_NONLOCAL will be used in conjunction with *MAT_DAMAGE_1
(MAT_104) which is a CDM model. The option FLAG = 0 activates the damage model
developed by Lemaitre [65]. The effective stress is defined according to (3-11) and the

evolution of damage is defined as:

0 forr <rp

o= (4-52)

——1 forr>rpando >0
S(1— w) f b
with the effective plastic strain r, at which strain-softening is initiated, the strain energy

release rate S and the strain energy density release rate Y.

The longitudinal wave propagation problem presented in Chapter 3 will be used as an
example for the nonlocal regularisation. The same material properties (see Table 4-3)
and same initial and boundary conditions are applied as in Section 4.2. The bar will be
analysed with three different mesh discretisations:

e Barl: 11 elements

e Bar2: 31 elements

e Bar 3: 101 elements

*MAT_DAMAGE_1 will be used the following way: rp, = 0 (default), damage material
constant S = 0.54, critical damage at which elements are deleted D, = 1. Strain-
softening is enabled by using the option FLAG = 1. *MAT_NONLOCAL will use the

input data for the exponential parameters p =8 and q = 2 [70] and [ = V2 ljement aS
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the characteristic length suggested by Schwer [105]. Additionally, the parameters to be
averaged need to be specified for nonlocal treatment. These are effective plastic strain
and the damage variable in *MAT_DAMAGE_1 [70].

Figure 66 to Figure 79 present the results for the 1D problem using the local solution
(*MAT_DAMAGE_1) and the nonlocal solution (*MAT_DAMAGE_1 with
*MAT_NONLOCAL) at t = 3/4-2L/c,. The local solutions show the typical features of
strain-softening accompanied by mesh dependence of results on the spatial
discretisation. The results of bar 3 for damage and strain (see Figure 70 and Figure 72)
are designated with asterisks (*). *MAT_DAMAGE_1 deletes the softening element
when damage reaches the critical value D.. This already happened for the softening
element in bar 3 at t = 3/4-2L/c,. These results are designated with a single asterisk
(*). Energy dissipation in the local case is presented in Figure 78 and tends to zero in

the presence of strain-softening.

Figure 67 shows the stress-strain behaviour for the bars which was obtained with LS-
DYNA’'s *MAT_NONLOCAL option. The bars apparently do not undergo strain-
softening anymore and instead have a plastic behaviour. Therefore, it must be
assumed that following results obtained with *MAT_NONLOCAL will not show typical

strain-softening behaviour.

Figure 69 shows the development of damage in the strain-softening element over time.
In comparison to the local results in Figure 68 the damage values are strongly reduced
and the development over time seems to approach a similar trend for all mesh
discretisation. Damage is plotted along the bar in Figure 71 for *MAT_NONLOCAL.
Damage develops in all bars in an area which can be assumed to be equivalent and
the magnitude of damage is similar. This is a very interesting result as damage should
be confined to an area which is dictated by the characteristic length; however, the
characteristic length is defined as I =2 - ljemene @and is therefore different for each

bar.

The results for longitudinal displacement in Figure 73 resemble linear elastic behaviour.
The results do not show a dependence on the used element size but they do not show
a development of a localisation zone either due to damage which is defined by the

characteristic length.
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Figure 75 and Figure 77 show the strain and stress profiles achieved with

*MAT_NONLOCAL. The results show an accumulation of strain and according stress in

the centre of the bars and results do not seem to depend on the mesh discretisation.

Figure 79 shows the internal energy of the bars over time. All results follow the same

path and do not show mesh-sensitivity. Instead the behaviour seems to be rather linear

elastic.
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nonlocal case att = 3/4-2L/c,
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Figure 77: Numerical results for longitudinal

stress in nonlocal case att = 3/4-2L/c,

86

local case att = 3/4-2L/c,

o R g n.M S HM T
L I S 3 5 R
I |
Lt L .WJ_ “ W .
| | | | | | | | | |
. AR SN AN N _
S R IS S S (=1 w O M ! n O e : :
[ [ e I B T — “l s T NN | | | | |
I I ] ] ]
N S _agn 152 )
—_— ) — <t | | | | |
- E 25 g | 23 4 o A
Lo L E S £ a0 N G
L ::“ommmm“ g 25 ,
T —T— - | [ —
BEEE e s g1 8z | Lo
ERER .y T tw 5 h |
= = [ 4 b
N A 88 3 < 8 "T a & 5] @ T o
A I | e2 | | 2@ . .
| I R S = C | o (&) N L L
F—d——t————t—— ———a4—1 B = @O O = = —_ i i |
I R [ i m c | 2 m [ | I
[ T N o = [ 3 3509 Lo
[ R | [ _ S £ L s _ z O .
e R B Zz R = T
| o | | | [ | i e] | | |
b L = L < ]
N N O A _1-.1 8 N~ m - m ~ c e
- " . — [=] [=1 =] =]
RMaTaogTang o8 3 < PR ERES
[ww] awadeds|p ‘Suoq Wu - o 0 [edw] ssaas *Suoq
2.0 L%
L © »
e 8 I ©
o £ o _ h=
o 53 | _ =
[ L 11 1 1w SN | | >
| | | | [ nn _T “ =
] ] I ] ] g g
N\ EEE RIS 2
,f/ R P TN - ! 0= 9
LY | N I B a M | | 8 =N
| i/ [ N I e _ o H H o 3
N e E e | T | &
R\ CUTE v ogs o E | o
C NN oS a2 B £ 23
o .F,/rr .“/. [ -.mu n 5 ®© e ! = g 5N\
[ A T | 3 [ c _ % Q ! T o _ % ™
| N R R [ o el 2] | | M 2
R e o= 8 _ - - -
e e e A B e St B ] ! ! H L =
| R [ -] 2 @ — r 1 ! ] 5 @ 4o
| | | =] @
Lo Lo | 28 | | “ | 20
N T s L @89 L c
I 7 P EE | RERRR i ESQ
] I ] I ] ] ] - — | | | | | =
bde 128 b N | 25
. S8 5 8
| | | | | | | (q\]
L ulr 7m O A\ N o
N e P 4 g2 85 2 4 m oo g o =
S D R mmommwwmmmmm s L
[ww] awadedsip ‘Suoq D 0 -] ulenys ‘8uo o edn] ssaais 'Suoq
Lo rL®

Figure 76: Numerical results for longitudinal

stress in local case att = 3/4-2L/c,



350000

350000

_________ I e | I e
] ] ] ] | | ] ]
] ] ] ] | | ] ]
— 300000 ————————— teme e A [ 4 — 300000 +———————— i S b 4
£ | | | | £ | | | |
E 7777777777 | | .4 ] E __________ | | ] R ’ ]
£ 250000 + 2 + 4 £ 250000 + - - g
e I I I I —_— | | I I
| | I I
& 200000 4-———————— fom oo S A 4 & 200000 e Hmm il 4
= 1) I ]
g : : : g } | | |
@ 150000 -———————~ T e do s 1 w0000 —— S :
E : : : . E | | : :
& 100000 +———————— e N s Lo - s 100000 +———————— e SRS Lo 4
[} I | ] @ | | ] ]
- I e I I L= | S I I
= | s | | = | N7 T | |
= 50000 A ek ! = 50000 ————————— A e 1

i i W | f ¥ 1
0 ) ! ! | 0 J i | el |

0.00E+00 7.40E-06 1.48E-05 2.22E-05 2.96E-05 0.00E+00 7.40E-06 1.48E-05 2.22E-05 2.96E-05
Time [s] Time [s]
——local ===Bar 1 e=—Bar 2 = Bar 3 ——Local =——Bar1 =——Bar 2 =—Bar3
Figure 78: Numerical results for internal Figure 79: Numerical results for internal
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Next the influence of a characteristic length change on results will be investigated. The
bar with 101 elements will be used as example. The analysis will use three different

characteristic lengths:

e Length1: 1, = V2 lyiement
o Length2:1,=2- V2 letement
o Length3:1;=3- V2. letement

The results for the tests with the same spatial FE discretisation and changing
characteristic length are presented in Figure 80 to Figure 86. It was expected that the
results would change for the bar with 101 elements in dependence of the characteristic
length used; however, such dependence cannot be seen in the results. The stress-
strain relationships are shown in Figure 80. They do not show any strain-softening.
Instead they have a plastic material behaviour. The following results for damage,
longitudinal displacement, strain, stress and internal energy can be assumed as
equivalent and do not show any significant change in dependence of the used
characteristic length. Apart from this the observations made for the previous

experiment with *MAT_NONLOCAL are valid for the current experiment as well.
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The experiments done in this subsection were meant to evaluate a readily available
nonlocal regularisation method in LS-DYNA. A CDM material model
(*MAT_DAMAGE_1) was chosen which undergoes strain-softening due to damage.
The results showed a dependence on the spatial discretisation as expected for a strain-

softening model which occurs due to the negative tangent stiffness in strain-softening.

Next, *MAT_NONLOCAL was used in conjunction with *MAT_DAMAGE_1. The LS-
DYNA User's Manual [70] states that *MAT_NONLOCAL applies a nonlocal
regularisation method to the strain-softening problem. In nonlocal theory a
characteristic length is introduced into the constitutive equations which define an area
over which strain-softening results, such as damage and effective plastic strain, are
averaged. Therefore, the localisation process due to damage and the mesh-sensitivity
of results can be controlled by setting an appropriate characteristic length. However,
the results achieved with *MAT_NONLOCAL do not reflect this behaviour. First of all,
the strain-softening area does not undergo strain-softening behaviour at all, instead the
behaviour is plastic. The achieved results do not show mesh-sensitivity but they also
do not show a dependence on the used characteristic length. Also a distinct damage
zone, depending on the characteristic length, could not be observed.
*MAT_NONLOCAL seems to achieve a stabilisation effect by manipulating the stress-
strain curve (instead of averaging the damage and effective plastic strain due to strain-
softening over an area defined by the characteristic length) and prevent the negative
tangent stiffness from becoming negative which is a characteristic of strain-softening.
Therefore, the typical strain-softening behaviour and the sensitivity of the results to the

used spatial discretisation do not occur.
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4.3.2 Viscous Stabilisation

The analysis of a viscous regularisation scheme will be carried out with ABAQUS.
ABAQUS provides a description of failure and damage for fibre-reinforced composites
[107]. In this model damage initiation is determined by the Hashin criteria (see Section
4.1). The model is a CDM model which uses the effective stress concept following the
form in (3-14). The material model undergoes linear strain-softening after the initiation

of damage.

ABAQUS provides a viscous regularisation method, which they call “damage
stabilisation”, to solve the issue of convergence. Due to regularisation the tangent
stiffness tensor is supposed to be positive for sufficiently small time increments in the

softening domain. The regularisation method uses a viscous damage variable [107]:

P T 59
In (4-53), w is the damage variable of the rate-independent material. u is the viscosity
coefficient which describes the relaxation time of the viscous system. The choice of u
has to be smaller than the characteristic time increment to improve results. However,
the choice of the viscosity coefficient is not straightforward as it needs to be chosen in
a way which guaranties convergence of results to a unique solution but ensures

reasonable results at the same time.

The investigation will be conducted with BaZant and Belytschko’s 1D wave propagation
problem [6] which was presented Chapter 3. The bar will be analysed with three
different mesh discretisations:

e Barl: 11 elements

e Bar2: 31 elements

e Bar 3: 101 elements

The material properties which were used are equivalent to the ones used in Table 4-2.
The damage evolution in all examples is specified by G¢, the energy dissipated due to
failure. The value is set to G, =500N/mm. The examples using the regularisation

scheme have a value of u = 3.5+ 107° for the viscosity coefficient.

Figure 87 to Figure 100 compare the results of the local and viscous approach. Figure
87 compares the stress-strain curves obtained for the three examples with the local

approach. All curves represent strain-softening behaviour; however, their softening
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branches differ although the exact same input data was used. This is caused by the
definition of G¢. G° is equivalent for all mesh discretisations; however, it defines the
energy dissipated per unit volume of an element and the size of the softening element
varies for the three examples. The remaining local solutions show the typical features

of strain-softening accompanied by mesh dependence of results.

Figure 88 shows the stress-strain behaviour of the three test bars after application of
the viscous stabilisation scheme in ABAQUS. The curves do not show strain-softening,
characterised by its softening branch with negative slope. Instead the linear elastic
area continues to be valid beyond the failure strength. Therefore it must be assumed
that the result obtained with ABAQUS’ viscous stabilisation scheme will not show

conventional regularised strain-softening behaviour.

Figure 90 shows the damage development over time for the three test bars. Damage is
strongly reduced in comparison to damage in the local configuration (see Figure 89)
and develops for all bars equally. Damage is plotted along the bar in Figure 92. It is
again visible that damage values are strongly reduced and additionally any mesh-

sensitivity of damage results is not present.

The results for longitudinal displacement, strain, stress and internal energy for the
experiment with viscous stabilisation are plotted over the analytical solution for the
strain-softening bar in Figure 94, Figure 96, Figure 98 and Figure 100. It can be easily
seen that the results do not show any mesh-sensitivity and do not follow the non-
physical results of strain-softening. Instead they show a behaviour which is close to
linear elastic wave propagation. This is not surprising as the viscous stabilisation

resulted in a linear elastic stress-strain relationship (see Figure 88).
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energy in viscous barfor0 <t <2-L/c,

Also of interest is how a change in the viscosity coefficient influences results. The bar

with 101 elements will be used as an example which will be investigated with three

different viscosity coefficients:

e Viscosity 1:n =107°

e Viscosity 2:n =10"°>
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e Viscosity 3:n =107*

The results are presented in Figure 101 to Figure 107. It is clear that a change in the
order of magnitude of the viscosity coefficient has a great impact on the results. With
increasing viscosity coefficient the stress-strain relationship approaches a linear elastic
behaviour (see Figure 101). The magnitude of damage decreases with increasing
viscosity parameter until it almost vanishes (see Figure 102). The width of the
damaged area stays equivalent (see Figure 103) with increasing viscosity coefficient;
however, the peak value of damage decreases noticeably. The longitudinal
displacement only changes slightly with increasing viscosity parameter as seen in
Figure 104; however, the longitudinal displacement is for all viscosity parameters
similar to the displacement caused by linear elastic wave propagation. The strain
profile shows dependence on the viscosity parameter too. With increasing magnitude
of the viscosity parameter the peak strain in the softening elements decreases until it
finally approaches a linear elastic strain distribution (see Figure 105). The stress
response in the strain-softening area approaches the linear elastic wave propagation
too with increasing viscosity (see Figure 106). The internal energy results in Figure 107
improve slightly by increasing the viscosity parameter; however, all results show an
internal energy development which would be expected from linear elastic wave
propagation.
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The experiments conducted in this subsection were meant to evaluate a readily
available viscous regularisation scheme in ABAQUS. A composite CDM model is
available in ABAQUS which was tested first and showed strain-softening behaviour.

The results showed non-physical behaviour associated with softening and results were
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dependent on the chosen spatial discretisation. These problems occur due to a

negative stiffness in the strain-softening domain.

In the next step the viscous regularisation scheme in ABAQUS was used in conjunction
with the local composite CDM model. Viscous regularisation schemes keep the tangent
stiffness tensor positive for sufficiently small time increments. Therefore, the
localisation process and the mesh dependency of results can be controlled by setting
an appropriate rate-sensitivity parameter. However, the regularisation scheme over-
stiffens the stress-strain response in a way that keeps its behaviour linear elastic. The
achieved results for damage, displacement, strain, stress and internal energy do not
show mesh-sensitivity of results; however, this was expected from the stress-strain
results which did not show a negative tangent stiffness. The results were similar to
results which would be obtained with linear elastic wave propagation and did not show
a development of a distinct localisation zone in which the size is governed by the

viscous regularisation scheme.

4.4 Summary

This chapter aimed to evaluate LS-DYNA composite material models. The
implemented failure theory for 3D elements was of special interest as well as the
operational mode of the implemented CDM approach in MAT_058. Especially the

default setting of the implemented material softening parameter m was of importance.

This study successfully evaluated the 3D failure criteria of MAT_022 and MAT_059. It
was found that MAT_022 utilises a delamination criterion and MAT_059 is based on an
extensions of Chang-Chang failure criteria to 3D by Cheng and Hallquist [25]. As well it
was found that the capabilities of MAT_022 are limited in 2D and 3D cases in
comparison to MAT_059 because failure criteria for longitudinal compression (in 2D
and 3D), and transverse and normal compression (in 3D) are not implemented.

MAT_059 includes the full set of failure criteria.

The 2D failure criteria MAT_054 and MAT_055 were evaluated too. It was found that
their failure theory is well described in the LS-DYNA User’'s Manual [70] and that the

implementation agrees well with the Chang-Chang criteria and the Tsai-Wu criterion.

It was possible to gain certainty about the CDM theory behind MAT_059. This model is
based on an anisotropic damage model for fibrous compaosites by Matzenmiller et al.

[81]. The maximum stress is defined by a modification of Hashin’s 2D failure criteria.
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The degeneration of strengths is described with an exponential damage law. The
shape of the stress-strain curve of MAT_059 is dominated by a softening parameter m.
This parameter is hardwired in MAT_059 with a value of m = 10 which correlates to a

brittle material behaviour.

Table 4-4 summarises the above stated failure and damage theories identified for the
composite material models implemented in LS-DYNA.

Table 4-4: Summary of implemented failure and damage theory in LS-DYNA composite models
MAT_022, MAT_054/055 and MAT_059

Material Model behaviour 2D 3D

Ne Failure Damage | Matzenmill Chang- Tsai-Wu Delam. Cheng and
eretal. Chang [113] criterion Hallquist

(81] [23; 24] (68] [25]

22 v - - v - v -

54 v - - v - - -

55 v - - v v - -

58 - v v - - - -

59 v - - v - - v

In a next step numerical results for CDM models with strain-softening were evaluated.
The example of longitudinal wave propagation in a bar, first introduced by Bazant and
Belytschko [6] in the context of strain-softening, was evaluated. This example allowed
the comparison of numerical results to the analytical solution obtained for the same
problem in Chapter 3. The anisotropic CDM model by [81], which is implemented as
MAT_058 in the commercial code LS-DYNA, was used for the investigation. It was
shown that strain-softening leads to severe numerical instabilities which result in
spurious mesh-sensitivity of results and non-physical results. The results obtained for
displacement, strain, stress and internal energy followed well the analytical predictions
made by [6].

Lastly, readily available strain-softening stabilisation schemes in LS-DYNA an
ABAQUS were tested. These models address numerical instabilities and non-physical
results due to a negative tangent stiffness during strain-softening. It was expected that
the regularisation schemes would remove mesh-sensitivity due to strain-softening and
would lead to a confined area of damage evolution. The results obtained with the
nonlocal and viscous methods were not sensitive to the spatial discretisation; however,
the methods prevented the stress-strain behaviour from strain-softening in the first
place. The nonlocal option in LS-DYNA kept a plastic material behaviour and the

viscous regularisation scheme in ABAQUS over stiffened the material behaviour.
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5 Regularisation Methods

Strain localisation due to damage is for engineering materials a process leading
ultimately to failure which cannot be neglected. Therefore, there is high demand for
computational methods which are able to model strain localisation properly in a
physical and mathematical sense. However, the correct modelling of the strain

localisation zone proved to be cumbersome as it was shown in Chapter 3 and 4.

Generally, mechanical behaviour of solids is investigated within the continuum
mechanics framework which considers a continuous displacement field on the
macroscopic scale; however, strain-softening is associated with a discontinuous
displacement field. There are two main branches dealing with these discontinuities: the
discrete approach and the continuum approach. The discrete methods are related to
fracture mechanics. The area with discontinuities is modelled by special constitutive
equations capturing the jump in the displacement field while the rest of the material is
modelled with standard continuum constitutive equations. A common example of
discrete methods is the cohesive method. The continuum approach applies the concept
of stress and strain to all parts, with or without discontinuities. The representation of the
discontinuity is achieved either by applying methods in which the strain localisation
zone is defined by specialised constitutive equations or by a characteristic length which
keeps the boundary value problem stable. Typical examples for the group of continuum
approaches are the smeared crack method, Gurson model, nonlocal integral

regularisation, gradient-enhanced regularisation and viscous regularisation.

This chapter will start with a review on cohesive method, smeared crack method and
Gurson damage model. However, this is intended as an overview only as these
methods do not address the issue of an ill-posed boundary value problem due to strain-

softening, which is the focus of this work.

Then regularisation methods, which deal with the ill-posed boundary value problem,
namely nonlocal, gradient-enhanced and viscous method, will be reviewed. These
methods introduce higher-order terms of space and time into constitutive equations
which maintain a well-posed boundary value problem. This property of regularisation
properties is of interest in this work. Therefore, regularisation methods will be dealt with
in more detail. In this the focus lies on the influence of higher-order terms on the

boundary value problem.
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5.1 Overview of Computational Methods Addressing Strain-
Softening

5.1.1 Cohesive Method

The first theories regarding the cohesive method reach back five decades ago when
Barenblatt [4] introduced the concept of a cohesive force for cracks in brittle solids.
Another method now regarded as cohesive method is the strip yield zone model by
Dugdale [32] in which he investigated the size of plastic zones near crack tips in steel
sheets. The cohesive method as it is known now and was brought into connection with
FE was first described by Hillerborg et al. [45] in 1976. This work is based on
Barenblatt’'s work and utilises the concept of cohesive traction and fracture energy

during the crack opening process.

The discrete cohesive zone approach aims to combine fracture mechanics with FE
modelling. The idea is that strain-softening is confined to an area which is much
smaller than the rest of the structure and therefore the strain-softening area can be
simplified as a crack. In this method the process of failure is confined in a zone which is
modelled with interface elements, the cohesive zone, connected to a crack tip. The
cohesive elements are of vanishing thickness and are modelled using cohesive
constitutive laws which relate the so-called cohesive traction to the fracture
displacement. The cohesive traction prevents the crack opening as long as the ultimate
strength of the material has not been reached. Once the ultimate strength of the
material is reached the cohesive traction will gradually decrease and will allow the
crack to grow. The vanishing of the cohesive traction coincides with fracture. The
cohesive zone is embedded between continuum elements and defines the fracture
path. Elements embedding the cohesive zone are modelled with standard continuum

constitutive laws.

7

&y £

Figure 108: Constitutive law of cohesive method
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Two assumptions are necessary for the cohesive method. Firstly, fracture in the
cohesive zone does not start until the ultimate strength f; of the material is reached.
Secondly, after f; is reached the material is damaged but is still capable of transferring
stresses. The stresses in the damage process decreases with increasing crack
opening displacement and the separation work G, also called fracture energy, needed
to open the crack is defined by the area under the stress-strain diagram (see Figure
108).

G. = f odu (5-1)

with o being the stress and u the relative displacement in the fracture zone.

The cohesive method has been applied successfully to investigate the material failure
in softening materials. In these models the nonlinear softening behaviour is restricted to
a narrow area modelled with cohesive elements. The cohesive method is capable of
modelling the failing of a material in a physically manner as a sizing effect is
considered for the crack zone. However, the path of crack propagation and occurrence
of the displacement discontinuity needs to be known beforehand. Another drawback is

that these methods are computationally costly [38].

5.1.2 Smeared Crack Method

The smeared crack method, which is related to the cohesive method, was proposed by
Bazant and Oh [8]. However, it takes the cohesive method from a discrete method to a
continuum method by continuously distributing (smearing) the fracture energy G, over a
band which has the width of a finite element. The width of the element represents the

localisation zone of the crack.
G, = f f ode (x)dx (5-2)

with x being the coordinate which is orthogonal to the crack.

The width of a smeared crack element is designated with w. w can be used to define

the fracture energy by means of the energy dissipation per unit volume g..
GC =wg, (5'3)

with
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gc = f ode (5-4)

The element length w acts as the characteristic length of the crack. The characteristic
length leads to the convergence of results even in the strain-softening area, making it

insensitive to the spatial discretisation.

It has been shown that the smeared crack method achieves convergence of results,
insensitive to the mesh discretisation, and results are physical [27; 28]. However, there
are concerns regarding the objectivity of results due to the problem of mesh
refinement. If the size of the crack zone is estimated wrong the energy dissipated will
be wrong and with this the results will be without physical relevance. Another issue with
this method is that the ill-posedness of the boundary value problem due to strain-

softening is not addressed.

5.1.3 Gurson Model

The Gurson model [40; 84; 115-117] is a micromechanically motivated damage model
first introduced by Gurson [40], and further developed by Needleman and Tvergaard
[84] to the Gurson-Tvergaard-Needleman (GTN) model, for modelling ductile porous
materials. The model considers the nucleation, coalescence and growth of voids as
influence on the constitutive material behaviour, and builds therefore a bridge between
continuum description and micromechanical damage behaviour. The Gurson model
considers macromechanical strain-softening material behaviour as a consequence of

increasing porosity in a material.

The Gurson model incorporates a homogenisation method to derive a pressure
dependent yield function ¢ from a void in a continuum which links micromechanical
void nucleation and growth with the macromechanical plasticity. In this the void volume
fraction f is used as damage parameter.

2

¢ =i§+2f*cosh<%>—(1+(f*2)) =0 (5-5)

O-O 200

in which o, is the macroscopic equivalent Von Mises stress, o, is the microscopic

yield stress of the undamaged material and a,, is the macroscopic mean normal stress.
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f* is a function depending on the void growth fraction f. f*, introduced by Tvergaard
and Needleman [117], is used to take into account the loss of load-carrying capacity

due to void coalescence.

f , for f<f,

f(f) = fr—f (5-6)
fe+ f=f) . for f>f,
fr—fc

in which f, is the critical void fraction for the onset of void coalescence which
accelerates the increase of the void fraction, fr is marking the void fraction at failure

and f,; is the ultimate value of the damage parameter.
The macroscopic plastic strain is found in dependence on the yield function:

. 0o (5-7)

gpl - /’{%
where A is the Lagrange multiplier.

The rate of increase for the void fraction in the Gurson model depends on the growth of
voids as well as on the nucleation of voids. The nucleation is determined by plastic

strain experienced by the material.

. _ . . 5_8
f - fgrowth + fnucleation ( )

The Gurson model builds the bridge between the microstructure and constitutive
equation which is missing in many CDM models; however, the inclusion of void fraction
in the Gurson model leads finally to strain-softening. The implementation of this model
in numerical codes will eventually lead to a loss of material stability and leaves the
boundary value problem ill-posed. Therefore spurious mesh-sensitivity will occur in

numerical simulations.

5.2 Regularisation Methods

5.2.1 Nonlocal Regularisation

In local theory stress only depends on the deformation history of a single point x;.
Nonlocal theory considers additionally the influence of the deformation of surrounding
points ¢; in a RVE. This is done by substituting the local variable n(x;) by a weighted

average 7(x;) of the variable within the point’s spatial neighbourhood.
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Two main groups of nonlocal theory exists: integral methods [10; 52; 108] and gradient-
enhanced methods [54; 93].

5.2.1.1 Integral Method

In nonlocal damage theory a local variable is substituted by a weighted average of the
state variables over a point’s spatial neighbourhood. The elastic area of the material
behaviour is still treated as local and the averaging procedure just applies to variables
which contribute to strain-softening [10]. The mathematical model introduces a so-
called localisation limiter to restrain the softening region to a finite size [108]. The

transformation rule to transform a local field n(x;) into a nonlocal field 7(x;) is:

7(x;) =f a(x;, &In (&) d&; (5-9)
14

a(x;, &) represents a weighting function which determines the average of a local state
variable in the spatial domain V. It only depends on the distance between the points x;
and ¢;. x; is called the “receiver” point and &; the “source” point [53] (see Figure 109).
Using this concept the weighting function will reduce smoothly with decreasing distance

to Xi.

r=|lx; — &l (5-10)

Figure 109: RVE for averaging technique and strain averaging over RVE [7]

The averaging procedure is defined by the distance [ between the local point and its

surrounding. This distance is called the internal length. It is understood as a material
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property which defines the size of heterogeneities on the microscale. The averaging
function a(x;,¢;) can be expressed by the Gaussian function or a quartic function. The

Gauss function is used in general and reads:

e e =Lt (T (5-11)
(X(T) - a(”xl gl”) - (27T)3/2l3 exp 2[2

The Gaussian function allows the interaction between any possible points as no
interaction radius is defined (“unbounded support”). Therefore, the interaction radius
can be assumed to be infinite. The exponential function in (5-11) will decrease rapidly

for values r > 21, thus the weighting function is set to zero in these cases.

5.2.1.2 Gradient-Enhanced Method

The gradient enhanced theory is derived as an approximation of the nonlocal integral

theory. It uses differential operators instead of weighted spatial averages.

Two classes of gradient-enhanced methods are distinguished: explicit [89; 93] and
implicit [92; 93].

e Explicit models: Gradients of local variables are introduced in governing
equations directly. Therefore the stress response depends on the material point
and its vicinity. However, the vicinity can be small.

e Implicit models: Higher-order differential terms are not introduced in governing
equations directly. The differential operators are not applied to the local

variables, they rather define a nonlocal field.

5.2.1.2.1 Explicit models

The gradient-enhanced method expands the local variable n(x;) in the weighted
average in (5-9) through a Taylor expansion. Therefore, a link between nonlocal and
gradient-enhanced theory is established. The expansion is combined with the Gauss
distribution in (5-11) and odd terms are dropped. The expression for the nonlocal

variable 77(x;) reads:

70e) = n(x;) + cV2n(x) + dvin(x) + - (5-12)

Terms higher than two are neglected. The term ¢ in (5-12) is determined by the
weighting function as ¢ = 1/2 - I2.

7(x;) = n(x;) + cV2n(x;) (5-13)
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Although the second gradient introduces a spatial interaction to constitutive models, the
2" order derivative is still a local measure. Hence, the explicit gradient formulation is

local in a mathematical sense.

(5-13) depends on a 2" order derivative which alters the order of the equation of
motion. Therefore an extra boundary conditions needs to be provided. The simplest

way to do so is to use the natural boundary conditions: [92; 93]

on_ 0n _ (5-14)
on 1 ax; 0

5.2.1.2.2 Implicit models

The implicit expression is based on the explicit gradient-enhanced model in (5-13).
(5-13) is differentiated with respect to x and rearranged with respect to the local

variable n(x;). Terms higher than order two are neglected.

n(x;) = 7(x;) — cV2i(x;) (5-15)

Constitutive models including (5-15) depend now on nonlocal measures. As it was the
case for the explicit expression, an additional boundary condition needs to be applied
(see Equation (5-14)).

5.2.2 Viscous Regularisation

The viscous regularisation method is entirely different to the nonlocal regularisation
because higher-order time derivatives, called rate-effects, are included to constitutive

equations. These rate-effects account for the increased strain-rate during failure.

o= f(gcr) + mécr (5'16)

(5-16) represents the connection of a crack model with rate-effects [109]. Rate-effects
are only applied to the crack strain .. and m defines the rate-sensitivity of the material

on &.,. f(g.) is the material's softening function.

According to Sluys and de Borst [109] viscous regularisation introduces implicitly an
internal length scale . The internal length scale is derived from the damping coefficient
a of the system. Sluys and de Borst investigate the dependence of a on the angular
frequency w of the system. They discovered that « reaches a limiting value [~ which

represents the internal length scale.
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2me, (5-17)

lim a(w) =171 with | =

w— 00
where E is the Young's modulus and c, is the elastic speed of sound.

The viscous regularisation method accounts for the increased strain-rate in the
localisation zone. The regularisation effect is based on the viscous model’s capability to
smooth the transition between elastic and inelastic behaviour and keep the tangent

stiffness tensor positive for sufficiently small time increments.

5.3 Influence of Regularisation Methods on the Type of PDEs

This subsection aims to show the effect of regularisation methods on the type of PDEs
in contrast to a local constitutive model. The PDEs in regularised dynamic problems
are supposed to stay hyperbolic in the strain-softening domain to ensure a well-posed

boundary value problem.

The case of longitudinal wave propagation is chosen as an example for dynamic
loading (as presented in Chapter 3). Solutions for the local and nonlocal continua were
discussed by Peerlings and co-workers in [89; 90; 92]. The application of viscous

regularisation in a 1D tension case was demonstrated by Sluys and de Borst [109].
The constitutive equation for quasibrittle damage includes the damage variable w.
oc=(1-w)Es (5-18)

The equation of motion for the dynamic problem is the wave equation. It reads for a 1D

bar wave propagation problem:

9o _ v (5-19)
ox ot

The axial stress is described by o (in x-direction), p is the material density and v is the

velocity.

A kinematic equation is needed to establish a relationship between strain and

displacement. Expressed in rate format the kinematic equation reads:

de 61;:0 (5_20)
Jt  Ox
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Figure 14 shows a qualitative representation of a linear strain-softening law. k is a
history variable which represents deformation history. The strain equal to x; denotes
the limit of the linear elastic region. k. denotes the point at which the material losses its

complete load-carrying capability.

Ke K—K; .
— if ki <K<k

p=JKKeKi (5-21)
1 if K=K,

with the tangent modulus

9o _ (1_D_0_DS)=_ Exi (5-22)
de dx Ke — K
a
E!’Li

0 i
0 Ki Ke £
Figure 110: Local damage stress-strain relationship [89]

The combination of the wave equation (5-19) and the kinematic relation (5-20) leads to
a system of PDEs. Further analysis in terms of eigenvalues gives information about the
type of the PDEs. In a dynamic problem the PDEs need to be hyperbolic to obtain a

well-posed boundary value problem.

Further investigation of the equation of motion gives important information about the
wave propagation behaviour in the softening zone. For the solution of the equation of

motion a single harmonic wave is assumed. i is the amplitude, k is the wave number

and c the phase velocity.
Su = flexp(ik(x — ct)) (5-23)

Wave propagation will be dispersive when the phase velocity ¢ depends on the wave
number k. A dispersive wave speed is needed to enable a transformation of loading

waves in the strain-softening zone.
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5.3.1 Local Method

A scalar valued loading function f needs to be defined when a damage model is used.
This function can have values equal or smaller than zero. A value of zero defines the

materials elastic limit and is needed for damage to propagate.

flek)=c—k (5-24)
The damage criterion is defined by the Kuhn-Tucker conditions:

fKk =0, f<0, k>0 (5-25)
A substitution of (5-18) in the wave equation (5-19) leads to:

( ow )68 lov 0 (5-26)

l—w——e)————=
"ok )ax ot

A combination of (5-26) with the kinematic relation in (5-20) leads to a system of PDEs

which can be investigated in terms of its eigenvalues.

/ lav\ / Jw 65
e —w——s
ox

= (5-27)
dav /
— - 0
\ at / \ dx
The variables for velocity and strain are combined in vector form:
_ (v (5-28)
u= (s)

Therefore, the equation of motion (5-27) can be expressed as in (5-29). This system of
PDEs is nonlinear. As a linear softening law has been used, the system of PDEs can
be assumed to be linear.
Ju u (5_29)
P — 4+ —_— =
P(w) 5, + Qw5 =r(y)

with
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r(u) = (8)

To define the type of the PDE in (5-29) the eigenproblem, defined in (5-30), needs to
be solved. The eigenvalues 4, , of the system define the characteristic directions in the

space-time coordinates.
w(P-0)=0 (5-30)

The local model has two imaginary eigenvalues A and the slope of the characteristic

lines is defined by % = %:

1

Ma==% — (5-31)
Ce /1 —w—F08

In case of the local softening continuum the two eigenvalues are imaginary. Therefore,

the set of PDEs has an elliptic type. Outside the softening domain damage is not
progressing which means that g—i’s is zero in (5-31). Hence, the domains outside the

softening zone stay hyperbolic and the overall boundary value problem is ill-posed. In
case of w =1 outside the softening zone the PDEs have a parabolic type [89]. An
analysis of this problem is not performed because w =1 coincides with complete

fracture of the material.

The equation of motion in (5-29) is normally nonlinear. It is common to linearize it to
enable explicit solutions. Deformation is assumed to be infinitesimal small and the
equation of motion can be assumed homogeneous. The homogeneous equilibrium is

defined by ¢, w, and agy.

Su = u—uo (5:32)
(Su) a(ou) (or _ (5-33)
Q(Eo) ot T g(ﬂo) o <@>0 Su=0

From (5-32) and (5-23) it follows:

fiexp(ik(x — ct)) (—ikcg(go) +ikQ (uo) — <«%> ) =0 (5-34)

=0
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To find a non-trivial solution the determinant of the system needs to be zero. From this

the phase velocity of the wave can be determined.

det <—ikc£(go) + ikQ(gQ) =0 (5-35)

0 -
= C=ce\[l—w0—<£)ogo (5-36)

The wave velocity for the local softening continuum is imaginary for any wave number

because it is non-dispersive. Therefore loading waves cannot propagate in the

softening zone and the perturbation du can grow.

5.3.2 Nonlocal Regularisation Methods
5.3.2.1 Integral Method

Damage evolution in a nonlocal integral continuum depends on the deformation at a
point and on the vicinity of this point. Therefore a weighted average of the local strain is

applied to the damage evolution.
1
T — _ 252 (5-37)
€ sexp( 2k l )

The evolution of the history variable depends on the weighted average of strain:
K(E—Kk) =0, F—k<0, k>0 (5-38)

The inclusion of the weighted average in the constitutive equation (5-18) and wave

equation (5-19) leads to:

A combination of (5-39) with the kinematic relation in (5-20) leads to a system of PDEs:

/_ia_v\ /( _w)ﬁ_ga_wﬁ ——kzlz\ 0
0x Ok O0x _ (5_40)

L)l e

The variables for velocity and strain are combined in vector form:
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= (V) (5-41)

&

The equation of motion can be summarised as follows:

ou ou -
P(w) 5 + Qw5 =r(y) (542

with

dw _lkzlz
Q@=(° —egee )

-1 0

The system has two real linear independent eigenvalues. The system of PDEs stays

hyperbolic with a dispersive phase velocity, even in the softening zone.

3 +1
= -4
12 w 1, (5-43)
Ce 1—w—sﬁexp(—§k l)
0w 1 (5-44)
= —_ —_— ——]2]2
c ce\[l W saxexp< 2kl)

The non-trivial solution of the problem leads to a dispersive velocity which stays real as

long as the wave number k does not go under the critical wave number k..

(5-45)

5.3.2.2 Gradient-Enhanced Method
5.3.2.2.1 Explicit
The differential equation in (5-46) represents the explicit enrichment of the constitutive

equations with higher-order gradient terms of the strain.

1 0% -
E=£+§lzﬁ (5-46)
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The evolution of the history variable is an explicit function of the nonlocal strain €. The

2" order derivative will be a local measure.

K(E—xk) =0, F—k<0, k>0 (5-47)

The inclusion of the enrichment in the constitutive equation (5-18) and wave equation
(5-19) leads to:

de dw 0& 1 v _ (5-48)
O il A P T

The definition of the gradient-enrichment is split to enable an analysis of the equation

of motion.

z=g+%12$ (5-49)
with

p= g_i (5-50)
and

z—gzgzg (5-51)

The combination of (5-48), (5-50), (5-51) and the kinematic equation (5-20) leads to the

following system of PDEs:

CLony [y OwoE 0
Cez ot 0x Ok 0x
de _ov 0
at |4 0x _ (5-52)
1 2 ds F_e
0 2 Ox
ds p
0 0x

The variables for velocity, strain, nonlocal strain and strain derivative are combined in

vector form:
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(5-53)

=
Il
T mlm 9

Therefore, the equation of motion can be summarised in the same way as the local

equation of motion.

ou ou -
P(w) 5, + Qw5 =r(w) (559

with
! 0O 0 O
[~ \
| |
2(2)=| 0 1 0 0I
\0 0O O 0/
0 0O 0 O
0 L dDw 0
/ Y o \
_|l -1 0 0 o |
Q) =| |
\0 0 0 El/
0 1 0 0
0
0
r(u) = T—¢
p

The system has two real linear independent eigenvalues. The system of PDEs stays

hyperbolic with a dispersive phase velocity, even in the softening zone.

M23a = Vo (5-55)

c=ce\[1—w—<g—(:)s<l—%12k2> (5-56)

The non-trivial solution of the problem leads to a dispersive velocity which stays real as

long as the wave number k does not go under the critical wave number k..

1 1-w (5-57)
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5.3.2.2.2 Implicit

The differential equation in (5-58) represents the implicit enrichment of the constitutive

equations with higher gradient terms of strain.

_ 1, 0% (5-58)

The Kuhn-Tucker relations are expressed in dependence on the nonlocal strain:
k@E—K) =0, F-k<0, k=0 (5-59)

The inclusion of the enrichment in the constitutive equation (5-18) and wave equation
(5-19) leads to:

de a(J) de 1 617 (5'60)

The definition of the implicit gradient enrichment is split to enable an analysis of the

equation of motion.

__1,0% (5-61)
— g2 _ -
e-¢ 21 0x2
with
_0¢ (5-62)
1= 0x
and
1.,0% (5-63)
e =_]2__
E—¢ 21 Fp

The combination of (5-60), (5-62), (5-63) and the kinematic equation (5-20) leads to a
system of PDEs.

1 av (1 w)ﬁ _ a_wﬁ 0
at 0x arc 0x
o¢ _ov 0
at |+ 0x _ (5-64)
1 2 Jde =z
0 2 0x
Jde q
0 0x
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The variables for velocity, strain, nonlocal strain and strain derivative are combined in

vector form:

(5-65)

=
Il
_Q M, g

Therefore the equation of motion can be summarised in the same way as the local

equation of motion.

ou ou -
P(w) 5, + Qw5 =r(w) (5:69)

with
1o 0 o
(-2 )
| |
P(w) = | 0 1 0 oI
\o 0 0 0/
0O 0 0 O
0o 1 do
/ @ arcg \|
_ -1 0 0 o |
Q) =| 1|
\o 0 0 El/
0 0 1 0
0
0
r(u) = T—&
q

The system has two real linear independent eigenvalues. The system of PDEs stays

hyperbolic with a dispersive phase velocity, even in the softening zone.

/11'2 - and /13'4, =0 (5'67)

+1
ceNV1—D

(g_(;c)) € (5-68)

C=cCe 1—w——(1_%12i2k2)

The non-trivial solution of the problem leads to a dispersive velocity which stays real as

long as the wave number k does not go under the critical wave number k..
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( w) € (5-69)

ke 2\ 1-5

5.3.3 Viscous Regularisation Method

Sluys and de Borst [109] chose a crack model (see (5-16)) for the demonstration of
viscous regularisation. The softening function f(e,) is linear: f(e.,) = f; + he.y. f; is
the static yield strength and h the softening modulus. The constitutive equation for the

viscous regularisation reads:

g = ft + hgcr + m‘écr (5-70)

A combination of (5-70) with the kinematic relation € = du/dx, the strain-rate &, = € —
&, and Hooke's law ¢, = o/E, differentiation with respect to x and substitution in the
wave equation (5-19) leads to a 3" order PDE which describes the 1D softening bar

under dynamic loading.

1%  d%u ) 62u+(E+h)62u=0 (5-71)
c2 0t3  9x%ot dx? cz  0t?

The determination of the type of the 3™ order PDE in (5-71) is based on the
characteristics of the wave equation. Characteristics of a PDE are based on the highest

order terms in the equation. Therefore only the 3™ order terms in (5-71) are of interest.

A 3" order differential equation in two independent variables can be expressed as
follows: [33]

Aty + Bllyxy + Cllyyy + DUy = F (X, 5, U U, Uy U Uy Uyy) (5-72)
The characteristics of (5-72) can be determined from:
AN +BA2+CA+D =0 (5-73)
with
- (5-74)

dx

According to this the system of PDEs in (5-71) has two real eigenvalues and stays

hyperbolic in the softening zone.
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Mg =%— (5-75)

e

The wave propagation is dispersive in the viscous strain-softening bar. Sluys and de

Borst [110; 110] found the solution for the wave number k to be:*

)2 = pw? ((mM?w? + h? + Eh) + /(m2w? + h2 + ER)? + (mEw)? (5-76)
Y m2w?2 + h2

w is the angular frequency. The phase velocity c in the viscous bar is a function of w:

w
L (5-77)
‘%

5.3.4 Comparison of Regularisation Methods

It was shown in the previous sections that regularisation methods are able to keep the
wave speed real and therefore to keep the mathematical problem stable. The results
for the definition of phase velocities in local and regularised continua are summarised
in Table 5-1.

Table 5-1: Comparison of phase velocity for different local and regularised continua

Continuum I . . . . Type of
D

description Phase velocity in softening domain ispersive PDES
Jw o

Local l-w- ( ) € No elliptic

Nonlocal i Z 122 i

) l-w- s exp - k l Yes hyperbolic

integral

Gradient- 1

enhanced l1-w-— (1 -3 lzkz) Yes hyperbolic

(explicit)

Gradient- ) €

enhanced S Yes hyperbolic

(implicit) l & )

Viscous ¢=Ce Yes hyperbolic

I The equation for k is stated differently in [109]. This is due to an incorrect ‘-* sign. The correct
expression is stated in Equation (5-76).
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The different regularisation methods will be compared for the following example used
by Peerlings and co-workers [89; 90] and Sluys and de Borst [109; 110]: The elastic
wave speed is set to 1000 m/s and softening starts for ¢ = k;. The Young’s Modulus E
is 20000MPa. The nonlocal models use as limiting strain for the linear elastic area k; =
0.0001 and as critical strain k. = 0.0125. The internal length is | = v2mm. The rate-
sensitivity of the viscous model is set to m = 0.2Ns/mm?. The softening modulus is h =
—5000N/mm?.

Figure 111 shows a comparison of the phase velocity and wave number for all used
regularisation methods. The phase velocity is dispersive for all methods.
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1
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0 L
0 k. 0.25 0.5 0.75 1 1.25 1.5 1.75 2

Wave number k [1/mm]

linear elastic nonlocal

gradient (explicit)

gradient (implicit) = == - viscous

Figure 111: Comparison of phase velocity over wave number for different regularisation
methods

The nonlocal models have identical results for small wave numbers. The critical wave
number k. is identical for the peak stress at x;. The wave speed below this critical
value is imaginary and waves cannot propagate. The phase velocities diverge with
increasing wave number. The nonlocal integral and the implicit gradient curve converge
asymptotically to the linear elastic wave speed with increasing wave number. Therefore
the phase velocities are bounded to the elastic wave speed of the material. The explicit
gradient model behaves differently. The phase velocity is not bounded to the linear
elastic wave velocity. With increasing wave number waves can propagate with an
infinite wave speed which is physically unrealistic. Hence, the explicit gradient model

does not seem to be suited for dynamic problems.

119



Waves in the softening zone in the viscous model behave similar to linear elastic
waves. The phase velocity becomes infinite for very small wave numbers. This is not
meaningful in a physical sense. It can be concluded that the regularisation effect is
vanishing for very small wave numbers. The phase velocity is equal to the linear elastic

wave speed for higher wave numbers.

Figure 112 and Figure 113 show the dispersion relationship w =c-k for the
considered regularisation methods. All methods behave similar or nearly equivalent to
the elastic wave speed except for the explicit gradient method. However, all
regularisation methods seem to be inadequate for small wave numbers (k < k).
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0.00E+00
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Wave number k [1/mm]

Linear elastic nonlocal

gradient (explicit)
gradient (implicit) = = viscous

Figure 112: Dispersion relationship for different regularisation methods (0 < k < 2)
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Figure 113: Dispersion relationship for different regularisation methods (0 < k < 1)
The dispersive relationship for the viscous regularisation is shown in more detail in
Figure 114. Waves behave nearly similar to the elastic wave speed as shown in Figure
113. However, if k becomes nearly zero, as in static behaviour, the phase velocity will
be infinite.
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Figure 114: Dispersion relationship for a bar under viscous condition
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5.4 Summary

The aim of this chapter was to investigate available regularisation methods which are
able to keep the boundary value problem well-posed and remove mesh-sensitivity by

introducing an internal length to constitutive equations.

The main branches of regularisation methods, nonlocal and viscous approach, were
investigated in detail. The underlying theory was explained first and then it was shown
with simple wave propagation assumptions that these methods keep the PDEs
hyperbolic in the strain-softening domain. It was found that all methods, except for the
nonlocal approach with explicit gradient-enhancement, are able to keep PDEs
hyperbolic in dynamic problems and enable a continuous wave propagation with a

wave speed similar to the linear elastic one in the localisation zone.

Although regularisation methods are able to overcome mathematical, physical and
numerical issues associated with strain-softening, the user of these methods has to
face the challenge of choosing an appropriate characteristic length in nonlocal methods
and an appropriate viscosity coefficient in viscous methods. These choices are not
straightforward and depend on a balance between convergence of results and real

material behaviour.
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6 SPH as Nonlocal Method

It is well-established by research that the use of a conventional CDM model with strain-
softening has an ill-posed boundary value problem leading to non-physical results and
suffers from mesh-sensitivity in numerical considerations. This has also been

demonstrated in the previous Chapters 3 and 4.

The maintenance of a well-posed boundary value problem is crucial for a stable and
mesh-independent numerical CDM model with strain-softening. The group of
regularisation methods, which are nonlocal integral, gradient-enhanced and viscous
method, are established solutions to the instability issues of conventional strain-
softening models able to maintain a well-posed boundary value problem and confine
damage to a finite area as observed in real materials. The effectiveness of these
methods has been well-established over recent decades and much research effort has

been done in this field.

Research has been focused strongly on the investigation and further development of
regularisation methods over decades and regularisation methods are presented as only
option to deal with an ill-posed boundary value problem due to strain-softening. The
scope of this work is to investigate other ways of dealing with the issue of an instable
boundary value problem and add therefore more options to modelling of strain-

softening behaviour in CDM models.

First the Smoothed particle hydrodynamics (SPH) method is investigated with regards
to strain-softening behaviour. SPH is a meshless particle method. The interaction of
particles is defined by a weighting (smoothing) function, where the smoothing length
(size of the smoothing function domain) defines the range of influence [119]. It is
presumed here that this property makes SPH by nature a nonlocal method capable of
overcoming difficulties due to strain-softening without any additional regularisation
measures. SPH itself is not a regularisation method although it will be shown that it has
nonlocal properties. The use of SPH in improving the nature of the boundary value
problem in the presence of strain-softening has not been addressed in literature
previously. Therefore, the characteristic properties of SPH for CDM models with strain-
softening will be observed and quantified in this chapter. First, the main aspects
making SPH a nonlocal method will be pointed out. Then a numerical study using the
in-house SPH code MCM (“Meshless Continuum Mechanics” code) will be conducted.

The investigation is done by considering the simple longitudinal wave propagation
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problem defined by BaZant and Belytschko [6]. This example was used in Chapter 3
and Chapter 4 already to show analytical and numerical instabilities caused by
standard CDM models with strain-softening. Therefore, the changes to the solution

achieved through the nonlocal character of SPH can be observed.

6.1 Main Aspects of the SPH Method

Smoothed Particle Hydrodynamics (SPH) is a meshless, Lagrangian particle method
where the motion of a continuum is described by the movement of a finite number of
discrete particles which are used in the spatial discretisation of the state variables.
Instead of a grid, SPH uses kernel interpolation to approximate the field variables at
any point in a domain. For instance, an estimate of the value of a function f(x) at the
location x is given in a continuous form by an integral of the product of the function and

a kernel (weighting) function W (|x — x|, h):

(f(x)) = f FOOW(Ix — 2], h)dx (6-1)
Q

where the angle brackets (-) denote a kernel approximation.

h is a parameter that defines the size of the kernel support known as the smoothing

length.
x' is the new independent variable.

The kernel function usually has the following properties:

- Compact support, which means that it is zero everywhere but on a finite domain. In
conventional SPH this domain is taken to be all points within twice the smoothing

length, h, of the centre:
W(x—x'|,h) =0 for |x—x'|>2h (6-2)

- Normalised:

f W(x—x'[,h)dx =1 (6-3)
Q

These requirements, formulated by [76], ensure that the kernel function reduces to the

Dirac delta function when h tends to zero:
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flli_rgW(Ix—x’I,h) =6(x—x'|,h) (6-4)

And therefore, it follows that:
lim(f (x)) = £ (x) (6-5)

If the function f(x) is only known at N discrete points, the integral of equation (6-1) can

be approximated by a summation:

fi=f(x)
Yom (6-6)
~ (f(x) = l FQW(Ix - x|, h)da ~ ]le—]’f(x])W(lxz — x| h)

In the above equation, the subscript I and J denote particle numbers, m; and p; the
mass and the density of particle /, N the number of neighbours of particle I (number of

particles that interact with particle I, i.e. the support of the kernel), m,;/p; is the volume

associated to the point or particle J and W;; = W(|x; — x;|, h).

In SPH literature, the term particles is misleading as these patrticles in fact have to be

thought of as interpolation points rather than mass elements.

Equation (6-6) constitutes the basis of the SPH method. The value of a variable at a
particle, denoted by superscript I, is calculated by summing the contributions from a set
of neighbouring particles (see Figure 115), denoted by superscript J and for which the

kernel function is not zero:

(Fa) = 2L f ()W (|, x| ) (67)
7P
& o o] o] [&] )
< Led o =] o] <
o0 Q o O o
Lo T ] O o
o Q O o
[ 2 [e] L]
> o o fe] o] &)
o o 0 o O o Q
O o o ] o

Figure 115: Set of neighbouring particles
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Using basic properties of the kernel approximation it is not difficult to show that a

discrete form of the spatial derivative approximation is:

ZINEDY ’;l—]’ £ Q) [Tw (|, - x|, )] (6:8)

J

The SPH approximations of field variables and their spatial derivatives represent
weighted averages over the kernel function domain or in its discrete form over a
number of neighbours for a given particle I. The kernel function is the weighting

function. This is the property of SPH that gives the method a nonlocal nature.

In SPH the stress and velocity fields are smoothed according to the used weighting
function which makes it a nonlocal method. The discretisation used in SPH for
conservation equations of mass, momentum and energy are given below. For the

detailed derivations see Vignjevic et al. [118].

N

D m/
(ﬁ> = pIZl p] (v] — vI)VW(|x1 — x]|,h) (6'9)

||MZ

(%)_Zm —v;)(vg - VW) — < )vw(|x1 x| h) 610

’>-——Zm,(v, w)VW(|x, - x|, 1) (6-11)

In addition for each particle a constitutive equation describing material behaviour has to
be integrated. The SPH method does not require the definition of connectivity between
particles. Instead it is only needed to define the initial distribution of particles within the

domain of interest.

6.2 Numerical MCM Experiments

6.2.1 Material Model

The used CDM model has an isotropic material behaviour with isotropic damage. The
damage behaviour is assumed to be linear which leads to a linear strain-softening
branch after the onset of damage. The general stress-strain behaviour is displayed in
Figure 116.
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Figure 116: Material model with strain-softening
The onset of strain-softening occurs when strain reaches the initiation failure strain &;.

Stress reaches its maximum for this strain. Stress will vanish gradually after the onset

of strain-softening until it reaches zero for the critical failure strain ;.

The constitutive equations for the used CDM model are established by using the strain
equivalence hypothesis. The definition of the damaged stiffness tensor C;j,; is then
established by the virgin stiffness tensor C;j,; and damage variable w. The damage

variable will be scalar due to the isotropic nature of the material behaviour and

damage.
Cijia = (1 — @) Cija (6-12)

The damage variable can be easily derived from a 1D example shown in Figure 117. In
this picture E is the Young's modulus and defines the linear elastic behaviour. The
softening branch is defined by E; which is the tangent stiffness. Points of the softening
branch and with this the damage variable can be determined with the secant stiffness
E. In the case of linear elastic material behaviour the secant stiffness is equivalent to
the Young’s modulus. ¢; and & are the initiation and critical failure strains. £* denotes

the current strain.
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Figure 117: Determination of scalar damage variable of linear strain-softening model

The secant stiffness can be defined in terms of the Young’'s modulus and the damage

variable:
F=(-wE (6-13)
The tangent stiffness describes the slope of the strain-softening branch.
g, = L& (6-14)
& — &
A point on the softening branch is defined as:
- . —Eg | (6-15)
Ee'=(1—-w)Ee" =E (¢ — &) = (e — &)
& — &
Therefore the damage variable is determined with:
o= (L (6-16)
£ \& — &

6.2.2 Test Setup

The investigation of strain-softening behaviour will be conducted using Bazant and
Belytschko'’s [6] strain-softening problem as presented in Chapter 3. The bar has an
overall length of 2l = 200mm and a squared cross-section with 10mm edge length.
The origin of the coordinate system lies in the centre of the bar which is located at x =
0. The longitudinal direction is denoted with x. All degrees of freedom except for the

longitudinal direction are restricted in order to ensure uniaxial strain conditions.

The input data used is presented in Table 6-1. Apart from general material properties

as density, Poisson’s ratio and Young’'s modulus only the initiation and critical failure
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strains need to be defined. The maximum strength and damage behaviour follow from
the definitions of these strains.

Table 6-1: Input data for isotropic CDM model with linear strain-softening in MCM

Value Sign Magnitude Unit
Density o 155-107° t/mm?3
Young's modulus E 70800 MPa
Poisson’s ratio v 0.125 -
Initial failure strain & 0.018 -
Critical failure strain & 0.036 -

Due to Equation (3-48) the elastic wave speed can be determined as c, =
6758507.18mm/s. Therefore the minimum applied velocity has to be v,,;, = %f ce. and

the maximum velocity has to be v, =& -c.. A tensile loading of veyps =7

10*mm/s will be used.

It is known that the strain-softening behaviour leads to results dependent on the mesh
discretisation in FE method. It is assumed that this dependence does not occur in SPH
method because of its nonlocal character. To investigate the behaviour of SPH (total
Lagrange form used) the wave propagation problem by BaZant and Belytschko [6] is
used. The bar will be investigated with three different interparticle distances as shown
in Figure 118:

e Ap =200mm/101

e Ap =200mm/151

e Ap =200mm/201

21 =200mm

_ 200mm
P="20
Ap = 200mm
P="151
Ap = 200mm
P =01

Figure 118: Particle discretisation in SPH (MCM) of strain-softening bar

The strain-softening behaviour cannot be influenced in FE; however, this is different in
SPH due to the use of a weighted average to determine the particle interaction. The

weighted average is influenced by the smoothing length h, defined as:
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Ap represents the interparticle spacing in SPH and A is a factor which relates the
interparticle spacing to the smoothing length. The smoothing length in conjunction with
the kernel function defines the range over which the properties of the particles are

smoothed. This range has a radius of 2h and an overall width of 4k in SPH.

The use of the weighting function gives SPH a nonlocal character and the weighting
function can be controlled by the user by defining the smoothing length. Therefore, the

user can control the localisation process by choosing an appropriate smoothing length.

The influence of the smoothing length on results will be investigated with three different

experiments which are summarised in Table 6-2.

The first experiment investigates the influence of the smoothing length on different
particle discretisations. A will be 1.3 which adjusts the smoothing length to the chosen
interparticle distances Ap. In this case h defines a finite number of neighbours for a
particle which will be equivalent for all used Ap. Particles are supposed to be
neighbours if they lie within a spherical domain of radius 2h. As a consequence results
are assumed to be dependent on the chosen interparticle distance during strain-

softening similar to the dependence of results on the spatial discretisation in FE.

The second experiment will assume a fixed interparticle distance (here: Ap =
200mm/201) and a variation of 1. A will have values of 1.25, 225 and 3.25 which
increases the number of neighbouring particles. It is expected for this experiment that
the effects of strain-softening will be averaged over an increasing area as the number
of neighbours is increased. The number of neighbours is determined by the radius 2h.
Therefore, the test with 4 = 1.25 will result in a damage zone of 5 patrticles, 1 = 2.25
will result in a damage zone of 9 particles and 1 = 3.25 will result in a damage zone of
13 patrticles. This experiment will show that the strain-softening process can be indeed

controlled by the user by changing the smoothing length.

The third experiment will apply a fixed physical length of h =25mm to different
interparticle distances. The factor 4 and with this the number of neighbouring particles
will change accordingly to Ap. However, strain-softening effects will be smoothed over
an area equivalent in physical size for all used interparticle distances. This will remove
any sensitivity of results on the used particle discretisation and strain-softening effects

will occur over an area with finite size which can be controlled by the user.
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Table 6-2: Summary of conditions for SPH Experiment 1, 2 and 3 in MCM

. Physical Particles .
Interparticle Support . through Particles Absolute
. . smoothing .
distance Ap domain factor Ena = thickness (y- | through number of
[mm] A[-] A ap) ] and z- length particles
direction)
Experiment 1: Influence of interparticle distance
200/101 260/101 5 101 2525
200/151 1.3 260/151 9 151 12231
200/201 260/201 11 201 24321
Experiment 2: Influence of averaging over several neighbouring particles
1.25 250/201
200/201 2.25 150/67 11 201 24321
3.25 650/201
Experiment 3: Influence of constant smoothing length
200/101 1.2625 5 101 2525
200/151 1.8875 2.5 9 151 12231
200/201 2.5125 11 201 24321

Failure will occur in SPH when damage reaches a value of one: w=1. As a
consequence of failure free surfaces are formed. This means that particles in this area
are not numerically connected anymore and cannot interact with each other except for
the material across this new formed boundary. This is equivalent to fracture in a real
material. In this case stress will drop to zero and a release wave in the form of a

compressive wave will occur.

6.2.3 Results: Strain-Softening in SPH (MCM)

The tests with SPH aim to investigate the influence of a nonlocal solution on the strain-
softening problem. The localisation process in SPH can be controlled by the user by

adjusting the smoothing length h.

The tests are conducted using Bazant and Belytschko’s strain-softening experiment [6].
The solutions for longitudinal displacement, strain and stress will be presented along
the bar for t =2/3-L/c,. The results are taken along the particles which lie in the

middle of the bar.

6.2.3.1.1 Experiment 1

Experiment 1 investigates the behaviour of SPH in the presence of strain-softening
behaviour for different interparticle distances Ap. The smoothing length is defined in
each case as h = 1.3 - Ap. Due to this the physical smoothing length will be different for

all bars; however, due to the scaling factor A = 1.3 the same number of neighbouring
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particles will be in the range of influence. Therefore, it is expected that the SPH results

of experiment 1 show a sensitivity of results due to the used interparticle distance.

Figure 120 shows the stress-strain curves for the three used patrticle discretisations in
the middle particle of the bar. It is obvious that all bars undergo linear strain-softening

behaviour.

Figure 121 shows the development of damage in the midsection of the bar. As
expected, damage does not appear in a single particle alone. Instead damage is
averaged over a number of particles which is defined by the radius 2h. This makes a
total of 5 particles which are the central particle plus a set of two particles to each side.
It can be seen that the width of the damaged area depends on the chosen interparticle

distance as the smoothing length is a function of Ap.

Figure 122, Figure 123 and Figure 124 show the profiles of longitudinal displacement,
strain and stress plotted along the bar’'s length for the three interparticle distances.
They are plotted along the analytical local strain-softening solution. At first it appears
that these results show the non-physical localisation behaviour in the softening particle.
However, this is not true as the damage areas have already failed and formed free
surfaces (see Figure 119). The bond between patrticles is broken and they move apart.
This leads to the displacement and strain profile in Figure 122 and Figure 123. After
failure stress drops to zero and a release wave travels towards the ends of the bar (see
Figure 124).
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Figure 119: Formation of free surfaces after failure (SPH experiment 1)
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Figure 122: Numerical results for longitudinal
displacement in SPH (experiment 1) with
varying interparticle distance att = 3/4- 2L/c,
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Figure 124: Numerical results for longitudinal
stress in SPH (experiment 1) with varying
interparticle distance at t = 3/4-2L/c,
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Figure 121: Numerical results for damage in
SPH (experiment 1) with varying interparticle
distance att = 3/4-2L/c,
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Figure 123: Numerical results for longitudinal
strain in SPH (experiment 1) with varying
interparticle distance at t = 3/4-2L/c,

Figure 125 shows a graphical representation of the damage zone just before failure. It

can be seen that damage is averaged over 5 particles along the length of the bar. This

number is constant for all Ap. It can be seen consequently that the width of the damage

zone depends on the chosen interparticle distance. As the interaction radius is 2h the
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damage zone extends over an area 4h and is the largest for the interparticle distance
Ap = 200mm/101.

Fringe Levels

Ap = 200mm 1.000e+00
p 201 it 0.000e01 M
8.000e-01 _|
7.000e-01 _
Ap = 200mm 6.000e-01 _
p= 151 5.000e-01 _|
4.000e-01 _|
3.000e-01 _
A 200mm 2.000e-01
P 101 1.000e-01 :I
0.000e+00

Figure 125: Localisation of damage within a radius 2k (h = 1.3 - Ap) around the strain-softening
particle before failure (fringe level: damage [-])

6.2.3.1.2 Experiment 2

Experiment 2 is concerned with the impact on results when the smoothing length is
increased for a constant interparticle distance. The bar with the interparticle distance
Ap = 200mm/201 is used as an example and the smoothing length is defined by the
factor A with 4 =1.25,2.25 and 3.25. The three factors 1 lead to three smoothing
lengths which differentiate clearly in size. It is expected that the number of particles

with damage will rise from 5 to 9 and 13 with increasing A.

Again the particles in the centre of the bar clearly undergo strain-softening as it can be

seen from the stress-strain curves in Figure 127.

Figure 128 shows the development of damage in the midsection of the bar. It can be
seen that the increase of the smoothing length indeed has a great impact on the size of
the damage zone. The radius of the damage zone is 2h and with each increase of the
smoothing length the radius 2h envelopes two more rows of particles with considerable

damage values.

Figure 129, Figure 130 and Figure 131 show the profiles of longitudinal displacement,
strain and stress plotted along the bar’'s length for the three interparticle distances.
They are plotted along the analytical local strain-softening solution. Similar to
experiment 1 it appears that the solutions follow the local strain-softening solution with
the formation of a localisation band in the softening particle. However, this is caused by
the formation of free surfaces due to failure (see Figure 126). The results for
displacement and strain improve slightly with increasing smoothing length. Figure 129

shows that the displacement jump decreases as the number of free surfaces increases.
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Therefore, the effect is smoothed out with increasing smoothing length. Stress
vanishes after the occurrence of free surfaces as expected.
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Figure 126: Formation of free surfaces after failure (SPH experiment 2)
11
1500 1 ]- /- -\ -\
A o I J \ %
1250
E / \\ 'T'Zj // [ central \ \\
S 1000 :0.6 // / element \ \\
3 \ ¢ f \
& 750 E 0% /1 '\
g \ 8 o I L
ud 500 03
5 /// 02 /] LA
\ S AN
0 / 0-10 B T75>- B -5 X -2.5 [} 25 N 5 B -7.5- B 10
0 0.01 0.02 0.03 0.04 0.05 Bar length [mm]

Long. strain [-]
——A=125 -8-A=225 -4—A=3.25

—A=1.25 —A\=2.25 —A\=3.25

Figure 127: Numerical results for long. stress- Figure 128: Numerical results for damage in
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Figure 131: Numerical results for longitudinal
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Figure 132 shows the graphical representation of the damage zone just before failure
for experiment 2. The bars have an equivalent interparticle distance Ap = 200mm/201.
However, the factor relating Ap with the smoothing length is varied in a way that the
number of neighbouring particles is increased. Indeed it can be seen that this happens
when the radius 2h increases with increasing A. Therefore, the size of the damage

Zone increases.
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Figure 132: Localisation of damage within a radius 2k (h = A - 200mm/201) around the strain-

softening particle before failure (fringe level: damage [-])
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6.2.3.1.3 Experiment 3

Experiment 3 investigates the behaviour of SPH for different interparticle distances
subjected to a fixed physical smoothing length h = 2.5mm. Due to the fixed smoothing
length properties will be smoothed over a finite range defined by h. It is expected that
the number of neighbouring particles will change according to the used interparticle
distance; however, results should be independent of the interparticle distance due to
the fixed smoothing length. The area of smoothed properties will have a radius of 2h =

5mm and overall width of 4h = 10mm.
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Figure 181 shows the stress-strain curves for the three example bars used. It is

obvious that all bars undergo linear strain-softening behaviour.

Figure 136 shows the development of damage in the midsection of the bar. Also three
different interparticle distances are used and the results show no dependence on Ap. It
is already obvious from these results that SPH works effectively as a nonlocal
regularisation method able to remove dependence on the chosen particle discretisation
and is able to limit the strain-softening area to a finite size which can be controlled by
the SPH user.

Other results, such as longitudinal displacement, strain and stress, as shown in Figure
136, Figure 137 and Figure 138, are equivalent as well and do not show dependence
of results on the chosen discretisation. The development of a distinct displacement
difference in Figure 136 and strain in Figure 137 are not caused by deformation
localisation. Instead the patrticles failed and formed free surfaces as shown in Figure
133. The effects of failure are smoothed out over an increasing number of particles with
increasing interparticle distance in this experiment. Therefore, the fracture zone in
Figure 133 has an equivalent size for all interparticle distances and the displacement
and strain results in Figure 136 and Figure 137 are equivalent. The stress drops to zero

and vanishes after the onset of damage.
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Figure 133: Formation of free surfaces after failure (SPH experiment 3)
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Figure 138: Numerical results for longitudinal
stress in SPH (experiment 3) with varying
interparticle distance at t = 3/4-2L/c,
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Figure 135: Numerical results for damage in
long. strain relationship in SPH (experiment 3) SPH (experiment 3) with varying interparticle

distance att = 3/4-2L/c,
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Figure 137: Numerical results for longitudinal
displacement in SPH (experiment 3) with strain in SPH (experiment 3) with varying
interparticle distance at t = 3/4-2L/c,

Finally, the physical size of the damage area is compared graphically in Figure 186 for

the fixed physical size of the smoothing length and the three interparticle distance
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values used. Depending on the chosen discretisation the number of damage influenced
particles varies; however, the physical size of the damage zone is equivalent for all

used discretisations. The area has the finite size 4h = 10mm.
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Figure 139: Localisation of damage within a radius of 2h (h = 2.5mm) around the strain-
softening particle limiting the damage area to a finite size of 4h independently of the used
interparticle distance Ap before failure (fringe level: damage [-])

6.3 Summary

The aim of this work is to investigate methods other than regularisation methods to
keep the boundary value problem well-posed in the presence of strain-softening. The
study of the meshless SPH method set out to observe and quantify nonlocal properties
of SPH. The patrticle connectivity in SPH is established by using weighted averages of
field variable over a range of particles. The domain over which averaging happens can
be controlled by the user. It was presumed in this work that this property makes SPH a

nonlocal method by nature.

The investigation of SPH in this chapter has shown that SPH has indeed nonlocal
properties and leads to reasonable results with finite damage area. The nonlocal
character in SPH is not coming from the material model, such as in regularisation
methods. Therefore, the strain-softening material model does not need to be altered.
The nonlocal property comes from the use of a weighting function applied to establish
SPH particle connectivity, called smoothing function, which is similar to averaging
functions used in nonlocal theory. The smoothing function and with this the area of
particle interaction is controlled by the smoothing length h which is controlled by the
user. The influence of the smoothing length on the strain-softening process was
investigated with the example of longitudinal wave propagation as described by Bazant
and Belytschko [6]. For the investigation a simple isotropic CDM model with linear

strain-softening branch was implemented in the Cranfield SOE in-house SPH code
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MCM (“Meshless Continuum Mechanics”). The following SPH experiments were
conducted:

e The first experiment investigated the influence of the smoothing length h (h =
A-Ap) on different interparticle distances Ap when the smoothing length
depends on the patrticle distance by a factor of A = 1.3. It was found that strain-
softening effects are averaged over a finite number of neighbouring particles.
The number of neighbours is defined by the radius 2h. Therefore, the results
were dependent on the interparticle distance used.

¢ The second experiment assumed a constant interparticle distance but a change
of the factor A (4 = 1.25, 2.25 and 3.25). Due to the change of 1 the smoothing
length for the three experiments varied considerably in size. It was found that
changing the smoothing length has a big impact on the results obtained. The
radius of influence 2h increases with the factor A and includes a rising number
of neighbouring particles. This experiment showed that the area influenced by
damage can be controlled through h.

e The third experiment applied a fixed physical smoothing length to different
interparticle distances. It was expected that strain-softening effects would be
smoothed over the fixed area 4h and that results would be independent of the
used interparticle discretisation. The application of a fixed smoothing length h
leads to different factors A depending on the interparticle distance Ap. However,
the physical size of the damage area was the same for all interparticle
distances. The results for damage, displacement, strain and stress were
equivalent too. The experiment showed that the dependence of results on the
interparticle distance can be removed successfully by fixing the smoothing

length and with this the radius of influence 2h.

It was shown that SPH is an effective nonlocal method and does not suffer from the
same instabilities as conventional FE CDM models. Sensitivity of results on the spatial
discretisation can be removed in SPH by adjusting the smoothing length appropriately
and without changing the underlying constitutive material model. Therefore, the strain-

softening process can be controlled by the user.
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7 Equivalent Damage Force Approach as Solution to
Strain-Softening Instabilities

It has been well-established in literature, e.g. by Pijaudier-Cabot and BaZzant [96], Sluys
and de Borst [110], Rice [99] and Neilsen and Schreyer [86], that strain-softening CDM
models lead to an ill-posed boundary value problem (which was shown in Chapter 3,
Section 3.2) and leads to numerical instabilities with pronounced mesh-sensitivity of
results to the chosen mesh discretisation and non-physical results (which was shown in
Chapter 4, Section 4.2).

Regularisation methods emerged as group of methods which is able to remedy issues
due to strain-softening. They use higher-order terms of space and time to introduce a
length scale parameter, implicitly or explicitly, into constitutive equations which keeps
the boundary value problem well-posed and confines damage to a finite size.
Considerable research into regularisation methods, namely nonlocal, gradient-
enhanced and viscous methods, has been made for well over two decades, such as by
Bazant [7; 9], Aifantis [2; 3], Needleman [83; 109], Pijaudier-Cabot [95; 96], Sluys [109;
110] and de Borst [28; 29] to name just a few.

Research in maintaining the well-posed character of the boundary value problem has
been focused strongly on the group of regularisation methods. It is found by the author
of this work that research on maintaining the boundary value problem, other than
regularisation methods, is hardly existent or at least underrepresented. Therefore, this
chapter will be concerned with developing a different and new approach. In this new
approach, which will be called the “Equivalent damage force” approach, damage is
modelled as body force in the equation of motion. This approach will be presented in
this thesis for the first time and therefore represents a contribution to knowledge. This
will be first explained with an analytical one-dimensional problem and then
implemented for an isotropic material with scalar damage variable in DYNA3D. It will be
first evaluated for the longitudinal wave propagation problem by BaZant and Belytschko
[6] to observe the change from the characteristic strain-softening solution to the
solution with the “Equivalent damage force” approach. A second validation example is
the modelling of a notched concrete specimen under uniaxial tension. This second test
is conducted to compare results with the “Equivalent damage force” approach against
experimental results as well as against numerical results of a conventional and well-

established regularisation method. These two validation steps are necessary to draw
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conclusions about the limits and merits of the “Equivalent damage force” approach in

its present form.

Isotropy is the simplest material behaviour; however, many engineering materials, such
as composites, have a more complex material behaviour. Therefore, the “Equivalent
damage force” approach is extended to orthotropy. It will be shown in this chapter that
the application of the “Equivalent damage force” approach to orthotropy requires the
definition of a symmetric and positive-definite 8" order damage tensor. The use of 8"
order tensor quantities is not common due to its complexity. Therefore, the derivation of

the symmetric and positive-definite 8" order tensor is a contribution to knowledge itself.

7.1 “Equivalent Damage Force” Concept

The motivation for the development of the “Equivalent damage force” approach is the
lack of alternatives to regularisation methods in dealing with an ill-posed boundary
value problem. Regularisation methods have been investigated and applied by a
multitude of researches over recent decades [2; 3; 7; 10; 28; 29; 83; 95; 96; 109; 110]
to address analytical and numerical instability issues in CDM models with strain-
softening. Regularisation methods have been proven to be effective and the high
number of publications in this field shows the popularity of these methods. It is not the
author’s intention to rival these well-established methods. The purpose is rather to
show that other approaches tackling analytical and numerical instabilities may exist and

that novelty in this field is still possible.

The idea for the “Equivalent damage force” approach is developed from observations
made in Chapter 5 (Section 5.3.1). There it was shown that the consideration of
damage (leading to a negative tangent stiffness) in the homogeneous part of the
equation of motion leads to an imaginary wave speed in dynamic problems and PDEs
change their type from hyperbolic to elliptic. In Chapter 3 (Section 3.2.1) it was stated
that the type of a PDE is determined by its homogeneous parts and that
inhomogeneous parts do not influence its type but are considered in the particular
solution. It is presumed here that the conservation of a hyperbolic PDE type and well-
posed boundary value problem can be achieved by modelling damage as a body force
as this represents an inhomogeneous part of the equation of motion. In this way the
damage influence will be isolated from the homogeneous part of the equation of
motion, which is the part influencing the type of PDEs. If this isolation of damage is

done the material stability criterion would not be violated and the original character of
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the equation of motion, namely the hyperbolic character in dynamic problems, will be
preserved at all times and wave propagation in a linear elastic fashion will be possible.
Consequently, the boundary value problem will be well-posed in the presence of strain-

softening.

The introduction of the “Equivalent damage force” approach will be given through a
one-dimensional example of the wave equation as dynamic equation of motion. The
consideration of one-dimension is used for simplicity; however, it is fully capable of

introducing the concept of an “Equivalent damage force”.

First the linear elastic wave equation without consideration of damage will be

investigated.
ax  Pot

where x is the only space dimension, t is the time of the problem, ¢ is the axial stress

(in x-direction), p is the material density and v the particle velocity.

If material behaviour is considered to be linear elastic the axial stress can be
expressed with Hooke’s law in which the connection between axial stress o and axial

strain ¢ is established through the Young’s modulus E.

og=Ee= Ea—u (7-2)
0x

The speed with which waves propagate in an elastic one-dimensional medium depends

on the density p and Young’s modulus E of the material.

E -

c, = |- (7-3)
p

The particle velocity can be expressed as the rate change of the longitudinal position of

a particle.

_du (7-4)

T

The definition of elastic stress, elastic wave speed and patrticle velocity can be
substituted in (7-1) and lead to another well-known expression of the one-dimensional

wave equation.
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62u 1 62u (7_5)

ox2 2otz
The linear elastic wave equation is a 2" order PDE for which the type of the PDE can
be determined by analysing its eigenvalues (see Chapter 3, Section 3.2.1). In case of
the linear elastic wave equation the eigenvalues are well-known and can be read from
(7-5) directly.

Ao = ii (7-6)
' e
The linear elastic wave equation has two real and distinct eigenvalues and is therefore

a hyperbolic PDE.

In a next step the wave equation is investigated with the inclusion of damage but
without the application of the “Equivalent damage force” concept. The stress used in
the equation of motion is the true stress o. The true stress is expressed with the
effective stress concept introduced in Chapter 3. For the case of uniaxial stress with
isotropic damage it reads:

d (7-7)
l1-w

G =
The effective stress can be expressed in terms of the Young’s modulus E and uniaxial
strain ¢.

o=(1—-w)Es (7-8)
The substitution of the constitutive equation in (7-8) into the wave equation leads to:

d E 62u 7-9
— (1 -w)Ee) —=—= (7-9)
ox (L~ @Ee) 2o
It is assumed that damage is evolving with increasing deformation. Therefore, the chain
rule needs to be applied to (7-9). k is a history variable which represents deformation

history and is equivalent to strain ¢ (see Chapter 5, Section 5.3).

e ( ow ) E 0*u _ (7-10)
c2 otz

The damage influenced part in (7-10) represents the tangent modulus of the strain-

softening branch.
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do
E =(— (7-11)
t <6£>t <0

(39, - (1-0- 229

The eigenvalues of (7-10) can be determined easily. The equation of motion with
general damage has two distinct eigenvalues which are imaginary. Therefore, the wave

equation under influence of damage has an imaginary wave speed and an elliptic PDE

type.

1

A== — (7-13)
Ce /1 —w—Fo8

So far it was assumed that the equation of motion does not take into consideration the

influence of a body force and had only homogeneous parts. Equation (7-14) represents
the standard equation of motion with the influence of a body force.

0°u 190%u 7-14
A i .

The body force f(x,t) is an inhomogeneous part of the equation of motion and is not
taken into consideration for the determination of eigenvalues of a PDE. Therefore, the
eigenvalues for (7-14) are equivalent to the eigenvalues of the linear elastic wave

equation, which are two real and distinct eigenvalues.

P (7-15)

' e
This way the wave equation under consideration of a body force is still hyperbolic in
type and maintains the wave propagation properties of the linear elastic form. The body
force as the inhomogeneous part of the equation of motion becomes part of the

particular solution.

The feature of a body force being an inhomogeneous part of the equation of motion
does not change the hyperbolic type of the PDE. This is of high interest in this work. It
was shown in (7-10) and (7-13) that the inclusion of damage leads to imaginary
eigenvalues of the equation of motion. The type of PDE would be elliptic and a well-

posed boundary value problem could not be achieved. This is avoided when the
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damage influenced parts are made a body force in which evolution of the body force is
defined through the deformation history variable k.

oe 1 0%u 0
9e . 1% _ 0 (7-16)
ot~ g b T g Few)

de 1 0%u de ow
=0 50¢)

—_F e — = — 4+ —
ax~ 2otz ax\? 7 ok ©

Equation (7-16) represents damage influenced terms as a body force in the wave
equation. Due to this the hyperbolicity of the governing equations is preserved and

wave propagation in its original linear elastic fashion will be possible.

It should be noted that the expression in (7-16) has equivalent terms to the local
expression in (7-10) and does not change the properties of the original CDM material
model itself; however, (7-16) does not encounter the same analytical instability issues
as (7-10). It can be assumed here with confidence that the approach of the “Equivalent
damage force” will remove the issue of spurious mesh-sensitivity in numerical
simulations too as these are caused by the loss of well-posedness of the governing
equations. The idea of an “Equivalent damage force” has not been presented in

literature yet and was first developed in this chapter.

The aim of this work is to remove analytical and numerical issues of strain-softening
continua with a method different to regularisation methods. This was achieved here as
modelling damage as a body force does not require the introduction of higher-order
terms. However, it should be noted that the introduction of higher-order terms in
regularisation methods does not only serve the purpose of maintaining a well-posed
boundary value problem. The introduction of additional terms also includes a length
scale parameter which dictates the area in which damage develops and with which
localisation of damage in a finite size is modelled. This was previously shown in
Chapter 6 where SPH was quantified as a nonlocal method and is reflective of the
observed behaviour of real materials. In the “Equivalent damage force” approach the
development of damage will depend on the development of the state variable strain.
Therefore, damage will depend on the strain profile in the considered area. As a
consequence the width of the localisation area in the “Equivalent damage force”

approach will depend on the applied softening branch.

This section presented the explanation of the “Equivalent damage force” approach with

one-dimensional considerations. Nevertheless, this can be applied in a straightforward
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manner for isotropic CDM models with a scalar damage variable because a clear
separation of damage can be achieved. This separation is less obvious for orthotropic
material models with a tensorial damage variable but will be further developed in the

course of this chapter.

7.2 Validation of “Equivalent damage force” Concept

The “Equivalent damage force” approach is a hew concept to maintain the well-posed
boundary value problem while strain-softening behaviour. Therefore, it requires
numerical investigation to determine its characteristic behaviour in the strain-softening
domain and needs to be compared to results of conventional methods, such as
regularisation methods. Following these evaluation conclusions can be drawn

regarding the capabilities and limitations of the “Equivalent damage force” approach.

The first evaluation of the “Equivalent damage force” approach should enable a clear
demonstration of changed behaviour in the strain-softening domain in comparison to a
standard local CDM approach. This can be achieved by using the strain-softening bar
example of BaZzant and Belytschko [6]. This example is a longitudinal wave propagation
problem for which the time and location of strain-softening initiation is well-known as
well as its characteristic strain-softening solution for conventional CDM models (see
Chapter 3, Section 3.2.3 for analytical considerations and Chapter 4, Section 4.2 for

numerical investigation).

A second evaluation is required to establish the suitability and limitations of the
“Equivalent damage force” approach to engineering applications. Therefore, results for
the “Equivalent damage force” approach need to be compared for a real physical
experiment and well-established conventional FE methods for dealing with strain-
softening instabilities in CDM models, such as regularisation methods. To achieve this
a tension test of a concrete specimen is chosen for which experimental results could be
obtained from literature and for which FE results with regularisation methods by other

researchers exist.

7.2.1 Isotropic Material Model with Linear Strain-Softening

The evaluation of the “Equivalent damage force” approach will be carried out with an
isotropic CDM model with linear strain-softening branch. This model in its conventional
local form as well as in its modified form, in the sense of the “Equivalent damage force”

approach, were implemented in the public FE code DYNA3D. These two models are
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essentially the same except for the treatment of damage in the equation of motion.
Therefore, the change in characteristic properties of the solutions obtained can be

observed clearly.

The stress-strain diagram for the isotropic damage material with linear softening law is

shown in Figure 140.

o

EEL'

Figure 140: Material behaviour of simplified material model with strain-softening in DYNA3D

The onset of strain-softening is determined when the initiation strain ¢; for strain-

softening is reached:

(oF
g =— (7-17)

E

where g, is the initial yield strength and E the Young's modulus. Stress vanishes

linearly after initiation of damage until the critical failure strain & is reached.

It is desired to express the isotropic damage variable w in terms of the values of initial
failure and critical failure strain. A clarification of this approach is given in Figure 141.

a

g

EEL'

& & Sf

Figure 141: Determination of damage variable from simplified model with linear strain-softening
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The initial yield strength is expressed in terms of the Young’s modulus and the initial
failure strain: o, = E¢;. E; is the tangent stiffness of the strain-softening branch and £ is
the secant stiffness of the damaged material. Points on the softening branch and
therefore the damage variable can be determined with the help of the secant stiffness.

The secant stiffness is defined in terms of the Young’'s modulus E:
F=(1-wE (7-18)

Using the previous definitions the damage variable can be defined in terms of ¢; and ;.

The tangent modulus is the slope of the strain-softening branch and is therefore

defined as:
E, = —Ee (7-19)
& — &
A point on the softening branch is defined as:
- —E¢;
Ee*=(1—-w)Ee" =E (" — &) = ~(e"—¢) (7-20)
& — &
Therefore the damage variable is determined with:
w=2 <_€ - €i> (7-21)
e \& — &

7.2.2 Validation Problems
7.2.2.1 Validation Problem 1: Strain-Softening Bar

The first validation example is the strain-softening bar by BaZant and Belytschko [6].
This model has been presented at several stages of this work, such as showing
analytically and numerically the problems connected to strain-softening (see Chapter 3,
Section 3.2.3 and Chapter 4, Section 4.2), evaluating strain-softening stabilisation
models in readily available FE software (see Chapter 4, Section 4.3) and quantifying
the nonlocal properties of SPH (see Chapter 6, Section 6.2.3). It will be used for a first
evaluation of the “Equivalent damage force” approach as this example clearly
demonstrates characteristic properties of CDM models with strain-softening and allows
an easy accessible comparison of different methods. Therefore, the change of results
in the strain-softening domain for treatment of damage as body force can be easily

observed.
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A uniaxial bar as described by BaZant and Belytschko [6] in their analytical approach to
the softening problem will be used to investigate the behaviour of the simplified strain-
softening model. The experiment has been previously described in Chapter 3. The bar
has an overall length of 2L = 200mm and squared cross-section of 10mm edge length.
The origin of the coordinate system lies in the centre of the bar (x =0). The
longitudinal direction is denoted with x. All degrees of freedom except for the
longitudinal direction are restricted in order to ensure uniaxial strain conditions. The bar
is loaded at both ends with a constant velocity v which causes waves of constant
stress and strain in the bar. The general setup of the strain-softening bar is shown in
Figure 142.

The following input data is used:

Table 7-1: Input data for isotropic strain-softening model

Value Sign Magnitude Unit
Density p 155-107° t/mm3
Young's Modulus E 70800 MPa
Poisson’s ratio v 0.125 -
Initiation failure strain & 0.018 -
Failure strain & 0.036 -
Softening modulus E, —70800 MPa

The numerical experiments are designed in a way that strain-softening occurs when
the loading waves meet in the centre of the bar. Hence, the bar responds elastically for
t < L/c.. The softening solution will be valid for t = L/c,. The determination time of the

problemist = 2-L/c, at which the waves have travelled the whole length of the bar.

Strain-softening occurs instantaneously at x = 0 when both loading waves meet. The
magnitude of the constant velocity v in the elastic area has to follow BaZant's and

Belytschko’s [6] solution:

T<¥ o
—<—<¢
2 "¢, !

Due to ¢, = /E/p the elastic wave speed can be determined as c, = 6758507.18mm/
s. Therefore the minimum applied velocity has to be v,,;, = %f ce. and the maximum

velocity has to be vy,q, = & - c.. A tensile loading of veonse. = 7 - 10*mm/s will be used.

Strain-softening experiments in FE will be done with different mesh discretisations to

investigate mesh-sensitivity. The setup is shown in Figure 142. Solid elements will be
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used and the element size is consistent throughout the bar. The following
discretisations were chosen:

e Barl: 11 elements

e Bar2: 31 elements

e Bar3: 51 elements

e Bar 4: 101 elements

~Veonst.t Veonst.t

X

o etements || TS R M
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Figure 142: Strain-softening bar by Bazant ahd Belytschko [6] with different mesh
discretisations for numerical testing of modified strain-softening CDM model

In the following the conventional and modified strain-softening solutions will be
compared for longitudinal displacement, strain and stress. The time t = 3/4-2L/c, is
chosen as example as the waves from the bar’s edges have travelled 3/4 of the bar’s
length. At this stage the area —L/2 < x < L/2 is governed by the strain-softening
solution. The areas outside the strain-softening area still obey the elastic solution. The
internal energy will be presented for the overall bar for the full time span of the test 0 <
t <2L/c,.

Figure 143 and Figure 144 show the stress-strain curves for conventional and modified
strain-softening tests respectively in the element located at x = 0. The typical strain-
softening behaviour in the middle element is clearly visible in Figure 143. Figure 144
shows the stress-strain behaviour of the central element for the modified strain-
softening model in which the damage influence is introduced as body force. It is clearly
visible that all spatial discretisation undergo strain-softening. Softening starts for the
defined initiation strain and stress reaches zero for the assigned failure strain. All

curves show an instability right after the onset of strain-softening. This is especially
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obvious for bar 4 with the finest spatial discretisation. The stress-strain behaviour

seems to follow an unloading path first before it continues the softening branch.

Figure 145, Figure 147 and Figure 149 show the development of damage in the
softening element and along the bar in the conventional strain-softening case. It is
visible from Figure 145 and Figure 147 that damage evolution starts for the defined
strain-softening initiation strain ¢; and reaches its maximum value for ¢ and starts at
the time t = L/c,. The area along the bar in which damage accumulates is governed by
the size of the single element at x = 0. Elements outside the strain-softening domain

are not affected by damage.

It is visible from Figure 146 for the modified model, as in the conventional strain-
softening bar, that the damage development starts when the initiation strain g; is
reached and reaches an value of one for the failure strain . The curves can be said to
be equivalent with the curves for the conventional model in Figure 145. However, all
curves of damage over longitudinal strain show an instability which occurs for all bars
at a damage value w = 0.35 before damage continues to grow. This instability
corresponds with the instability observed in the stress-strain diagrams in Figure 144,
Figure 146 shows the development of damage in the softening element over time.
Damage is initiated for t = L/c,, also with a small time delay depending on the spatial
discretisation. The damage development reaches a plateau for the value w =~ 0.35
before it continues to grow. This occurrence of this plateau coincides with the instability
previously observed. Figure 150 shows the development of damage along the bar for
t =3/4-2L/c,. The most important observation is that the area of damage is no longer
confined by the size of the softening element. Instead damage develops in a number of
elements which span an equivalent size for all spatial discretisations except for bar 4. It
can be seen also that the magnitude of damage in the bars with course element
discretisation, especially bar 1, lag behind the bars with finer spatial discretisation. This
is especially visible for the damage value in the softening element. The value for bar 1
is only one third of the value for bar 4, which has already reached the maximum

damage value w = 1.

Figure 151, Figure 153 and Figure 155 show the results for longitudinal displacement,
strain and stress for the conventional strain-softening case at t = 3/4-2L/c,. Figure
157 shows the results for internal energy for the conventional strain-softening between

0<t<?2L/c,. The results show a strong dependence on the chosen mesh
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discretisation in the strain-softening area —L/2 < x < L/2 which is characteristic for
conventional strain-softening. It can be observed that the results follow the analytical
solution increasingly accurate with increasing mesh fineness. Also the area of strain-

softening becomes more refined with increasing mesh fineness.

Figure 152 shows the longitudinal displacement for the modified model. In difference to
the results of the conventional strain-softening model (see Figure 151), all bars show a
consistent development of deformation. It is most important to notice that deformation
is not localised in a single element and, therefore, the characteristic displacement
discontinuity for strain-softening does not occur. A dependence of the displacement
results on the used discretisation does not appear also. It can be noticed that the
results in the area —L/2 < x < L/2, governed by the softening solution, are fluctuating
around a mean value. It is assumed that this is associated with the instability occurring

earlier.

Figure 154 show the strain profiles for the experiments with the modified strain-
softening material model. These results distinguish clearly from the strain profiles of the
conventional model in Figure 153. Most noticeable is that strain is not accumulated in a
single element anymore and does not grow infinitely. Instead strain drops to zero when
the maximum damage value is reached and the bars start to unload. It can be seen
that the profiles for bar 1 and 2 have not dropped to zero at this point in time; however,
damage has not developed its full magnitude for this bars as it can be seen in Figure
150. But in bar 1 and 2 it can been seen clearly too that strain does not localise and

therefore waves still propagate.

Figure 156 shows the stress profiles corresponding to Figure 154. Stress vanishes
when the elements have reached maximum damage and strain vanishes. After the
occurrence of full damage, w = 1, the bar unloads. Stress has not vanished for bar 1
and 2 with course spatial discretisations. However, these bars have not reached

maximum damage at the considered point in time and strain has not vanished either.

Figure 158 shows the consumption of energy in the strain-softening bars for the
modified models. It is clear that the bars can consume further energy even in the strain-
softening zone. The vanishing internal energy during strain-softening was one of the
most crucial difficulties in conventional strain-softening models. Also the results follow a

common path, fluctuations in results are observed.
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The aim of the introduction of an “Equivalent damage force” was to maintain a well-
posed boundary value problem and prevent mesh-sensitivity of numerical results in the
presence of strain-softening. In the presented numerical results is was shown that the
exclusion of damage influenced terms from the homogeneous parts of PDEs and its
introduction as “Equivalent damage force” indeed prevent these unwanted features of
strain-softening. Wave propagation in linear elastic fashion is still possible and results

converge to a unique solution.

The numerical results of the modified strain-softening model showed instabilities in the
development of damage. Additionally, it was observed that results in the domain
influenced by strain-softening undergo fluctuation. The origin of these instabilities is
currently not known but it is assumed that they are caused by an implementation error.

The problem will be further investigated but were not scope of this work.
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7.2.2.2 Validation Problem 2: Concrete Tension Test

So far numerical investigations have been kept one-dimensional with the strain-
softening bar example by BaZant and Belytschko [6]. This was done to show the main
characteristic of the “Equivalent damage force” approach to strain-softening. However,
it is required to compare the solution obtained with more conventional material models,
such as results for regularisation methods, and experimental results to draw
conclusions about suitability and limitations of the “Equivalent damage force” approach

in its current form.

The investigation of damage in a double notched concrete specimen under uniaxial
tension was chosen as test problem. This problem was originally investigated by
Hordijk [50] experimentally and was picked by other researchers as an example for the
evaluation of nonlocal integral FE methods [12; 79] and the gradient-enhanced method
[91]. Therefore, experimental evidence and a basis for comparison with conventional

FE methods is given.

The experimental static softening studies for tension in concrete by Hordijk [50] will be
used as reference study here. He performed deformation-controlled uniaxial tension
tests of concrete specimens with cross-sectional area 60mm -50mm and variable
length (L = 50mm, 125mm and 250mm). A low loading rate of 0.08um/s was applied
incrementally to avoid abrupt failure of concrete. The material data of the concrete
specimens were given with Young’s modulus E = 18000MPa and Poisson’s ratio v =
0.2. A geometric imperfection of two notches, 5mm by 5mm area, at half-length was
incorporated to trigger failure of the concrete specimens in the midsection. Both ends
of the concrete specimens were glued to loading platens to apply uniaxial tension. One
loading platen was fixed and the other platen was loaded with a hydraulic rig. It was
ensured that the loading platens stayed parallel at all times to enable a uniform and
symmetric crack opening in the centre of the concrete specimen. The average
deformation over the failure zone was measured with four pairs of extensometers
which have a gauge length of [;4,4. = 35mm. A schematic representation of the test

rig and placement of extensometers used by Hordijk [50] is shown in Figure 159.
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The results for the three test specimens considered here are presented as average
stress-deformation curves by Hordijk [50] (see Figure 160). The stress is the
engineering stress which is defined as load divided by notched original cross-sectional
area. The deformation is the average deformation measured by the extensometer over

the gauge length ;4,4 = 35mm.

The stress-deformation plots for the different specimen lengths presented in Figure 160
show a smooth ascending branch first until a peak stress is reached. This is a common
behaviour observed in the three considered concrete specimens. After the peak stress
the engineering stress-deformation curve undergoes a steep descending branch
indicating the concrete’s brittle material behaviour. However, after the initial steep drop
the slope levels and results in a long tail, resulting from debonding and fracture on the
microscale [91]. Therefore, concrete does not lose its complete load-carrying capability
upon damage initiation and undergoes a gradual degeneration of material properties
due to softening [91]. It can be observed that the descending branch in Figure 160
undergoes irregularities which smooth out with decreasing specimen length. The
observed irregularities were linked to an asymmetric deformation behaviour of the

concrete specimens in the investigations by Peerlings et al. [91].

It can be seen in Figure 160 that the average curve for the shortest specimen with
50mm length deviates from the curves with specimen length 125mm and 250mm. The
peak stress in the cross-section reached for the two longer specimens can be
determined with ~3.2MPa at 0.08mm average gauge deformation. The peak stress for

the shortest specimen is ~3.4MPa at 0.14mm. The difference in results is contributed
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by Hordijk [50] to the set up of the stiff loading platens which might have a more
significant impact on shorter specimens.
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Figure 160: Average stress-deformation results obtained for the three geometries presented
over 35mm gauge length by Hordijk [50]
The example of a concrete specimen under tension as it was described by Hordijk [50]
was used by a number of researchers as evaluation example in the field of
regularisation methods. One example is the research by Bobinski and Tejchman [12]
who evaluated a nonlocal integral CDM approach by modelling a 125mm x 60mm x
50mm concrete specimen with three mesh discretisations in the gauge area for a plane
stress FE example. They applied an exponential softening law for the evolution of
damage to match the descending branch in the stress-deformation diagram described
in Hordijk’s results [50] as seen in Figure 160. The same damage model was applied to
represent concrete damage behaviour by Peerlings et al. [91] to evaluate their

gradient-enhanced regularisation method.

159



Damage variable evolution:

= D) =1-"2(1—a+a-exp[-Bx - xo)])
with
0
0 Ko K
K. history variable representing strain
I',‘h'n

Ko initial value of damage threshold parameter

B: rate of damage evolution

(1 —a)Ery
0 L
0 Ko

a: limiting factor for min. stress when ¢ — o

Figure 161: Exponent}al softening law used in numerical investigation of uniaxial tension in a
notched concrete specimen by Bobinski and Tejchman [12] and Peerlings et al. [91]

Bobinski and Tejchman [12] achieved mesh-independent results by applying their
nonlocal CDM model to a plane state of stress. They first applied a constant internal
length parameter of [, = 5mm which resulted for all mesh discretisation in a localisation
zone of the width with 22mm (see Figure 163). It can be seen in Figure 163 that
damage originates from the notches which represent a geometric irregularity.
Additionally, it can be seen that damage develops in two branches around the notched
cross-section with little or no damage in the cross-section’s centre depending on the
mesh discretisation used. The stress-deformation curves achieved are presented in
Figure 162. The curves for this example were identical for all mesh discretisations and
matched the experimental results for the 125mm x 60mm x 50mm concrete specimen
well although a deviation from the experimental peak stress was observed which

Bobinski and Tejchman [12] contributed to the lack of hardening.

Bobinski and Tejchman [12] investigated additionally the influence of a varying internal
length scale. It was observed that the peak stress increases with increasing length
scale parameter [, and that the slope of the softening branch is less steep for
increasing length scale parameter [., therefore the modelled material behaves more
ductile. The stress-deformation curves for varying internal length scales are presented
in Figure 164. The size of the localisation zone increased with increasing length scale

parameter as expected (see Figure 165).
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Figure 164 Stress-deformation curves for Figure 165: Damage contours for concrete
125mm x 60mm x 50mm concrete specimen under uniaxial tension for nonlocal FE
specimen with varying internal length method with varying internal length for constant
scale by Bobinski and Tejchman [12] mesh size by BobihAski and Tejchman [12]

The validation study of the “Equivalent damage force” model in this work will be
conducted with a 125mm x 60mm x 50mm concrete specimen as example. This
example was chosen as results with the exact same specimen are available in the form
of experimental results given by Hordijk [50] and nonlocal integral FE results by
Bobinski and Tejchman [12]. Additionally, the results will be compared to the standard
local continuum model for which the modifications required for the “Equivalent damage
force” model were made. This allows a direct comparison of the impact which the

“Equivalent damage force” approach makes on the strain-softening solution.

So far the investigations on strain-softening in this work were made for dynamic
problems in which the ill-posed boundary value problem is caused by the change of
hyperbolic to elliptic type of PDEs. However, the example of concrete failure

considered in this section is a static loading case. Nevertheless, the underlying
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problem, namely the ill-posed boundary value problem due to the negative tangent
stiffness caused by strain-softening, is common for static and dynamic load cases. The
difference is that static problems are governed by elliptic PDEs and change to
hyperbolic type due to strain-softening which leaves the overall mathematical problem
ill-posed and causes mesh-sensitivity of numerical results. The “Equivalent damage
force” approach was developed in Section 7.1 as method to achieve a stable
constitutive material model with strain-softening for dynamic cases. But it can be
applied to static problems without any modifications as the static equation of motion
neglects time-dependent terms and is otherwise equivalent to the dynamic equation of

motion (see Chapter 2, Section 2.4).

The material model used was presented in Section 7.2.1 of this chapter. It is an
isotropic material model with isotropic damage and a linear strain-softening law. The
evolution of the damage variable is defined in terms of the strain at which the material’s
ultimate strength is reached, ¢;, and the strain at which stress vanishes, ¢. The
material input data for the initial linear elastic behaviour was chosen in accordance with
input data by Bobinski and Tejchman [12] and Peerlings et al. [91] who performed
numerical studies with nonlocal integral and gradient-enhanced strain-softening models
for the experiment by Hordijk [50]. These are listed in Table 7-2 and are valid except for
the failure strain &.

Table 7-2: Input data for tension test of concrete specimen

Value Sign Magnitude Unit
Density o 2.30-107° t/mm3
Young's Modulus E 18000 MPa
Poisson’s ratio v 02 —
Initiation failure strain & 21-10* -
Failure strain & 5.0-1073 -

The value & is required for the linear strain-softening law used in the current
“Equivalent damage force” model; however, the value could not be taken from Bobinski
and Tejchman [12] or Peerlings et al. [91] because they used an exponential softening
law (see Figure 161). Therefore, the determination of a feasible failure strain & is done
by comparing the linear softening law for the “Equivalent damage force” approach
against the exponential law with « = 0.96 and 8 = 350 used by Bobinski and Tejchman
[12] and Peerlings et al. [91]. The one-dimensional stress-strain relationships for the
two softening laws are presented in Figure 166. A value of & = 5.0+ 1072 was chosen

which captures the initial brittle concrete behaviour well. Using the failure strain & =
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5.0- 1073 will not lead to an exact representation of concrete behaviour while softening
but this cannot be avoided with the current damage evolution in the “Equivalent
damage force” approach due to its linear propagation.

4

w
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[
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0.0E+00 5.0E-03 1.0E-02 1.5E-02
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Figure 166: Comparison of stress-strain curve of exponential strain-softening law by Bobinski
and Tejchman [12] and Peerlings et al. [91] with linear softening law for “Equivalent damage

force” method with failure strains &, = 50-1073

The concrete specimen is modelled as a three-dimensional structure with the
dimensions 125mm x 60mm % 50mm and two notches with 5mm edge length in the
specimen’s centre. The specimen is meshed with three different solid mesh densities in
the gauge area ljq4. =35mm to investigate if the “Equivalent damage force”
approach shows any mesh-sensitivity due to strain-softening behaviour. The coarsest
mesh has a consistent element length of 5mm resulting in a total of 2980 solid
elements. The medium mesh has a consistent element length of 2.5mm in the gauge
area with a total of 15200 solid elements in the specimen. The third mesh has a
consistent element length of 1.25mm in the specimen’s gauge area and a total of
121600 solid elements in the whole specimen. The three meshed specimens are

shown in Figure 167.
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Figure 167: Three mesh discretisations used to analyse uniaxial tension test for local CDM
model and “Equivalent damage force” model: coarse, medium and fine
One end of the concrete block is fully restrained and the other end allows only
movement in direction of the applied load. These boundary conditions represent the
fixture of the concrete block to loading platens as in Hordijk's experiment. The loading
case for the uniaxial tension test of concrete is static. An implicit time integration
scheme would be most suitable for the numerical calculations. However, the
“Equivalent damage force” material model is implemented in DYNA3D which is an
explicit solver. The displacement applied in Hordijk's work [50] is 0.08um/s which was
required in the physical experiment to avoid triggering an abrupt failure of the
specimen. Nevertheless, the low loading rate used in Hordijk’'s experiment would be
computationally very expensive in DYNA3D’s explicit time integration scheme.
Therefore, the loading applied in the numerical considerations is a constant velocity,
10mm/s, to reduce computational time. The loading of 10mm/s is considered to be low

enough to avoid significant wave propagation effects in the explicit solution.

The material behaviour in the softening domain will be very soft. This leads to the often
observed numerical instability of negative volumes and a premature termination of the
numerical calculations. Therefore, the “selective-reduced 8-point hexahedral element”
DYNAS3D stabilisation is applied to avoid negative volumes during the occurrence of

strain-softening.

The conventional strain-softening CDM model with local behaviour is investigated first.
The results are presented for the linear softening branch with failure strain & = 5.0
103 which are representative for a local softening continuum. Figure 168 shows
clearly that damage accumulates in a single row of elements in the notched area.
Therefore, the size of the damaged area depends on the used mesh discretisation as
expected for a local CDM model. Figure 169 compares the local results for different
mesh discretisations to the recorded stress-deformation diagram in Hordijk's work [50]

and nonlocal integral FE results by Bobinski and Tejchman [12]. The mesh
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dependence of results obtained for the mean deformation in the gauge as well as for
the determined peak stress in the notched cross-section is clearly visible. The stress-
deformation slope in the softening area shows increasingly more brittle material
behaviour upon mesh refinement which leads to a considerable decrease of mean
deformation in the gauge area with finer mesh. The increasing brittleness with
decreasing mesh size goes along with the observed narrowing of the damaged area,
which is common for brittle material behaviour, presented in Figure 168. However, not
only the softening slope indicates the mesh dependency of local CDM results. It can be
observed in Figure 169 that the maximum reached stress in the notched cross-section
decreases as well with finer mesh. This is caused by the increased brittleness of the
material behaviour for the finest mesh. The effects of damage are confined to a very
narrow area in the finest mesh discretisation and because of this damage cannot be

smoothed out and failure occurs more rapid.
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Figure 168: Localised damage in concrete Figure 169: Stress-deformation curves in
specimen for three mesh discretisations in concrete gauge area for three mesh
conventional local CDM model with linear discretisations for conventional local CDM
softening branch (fringe level: damage [-]) model with linear softening branch

The example of the uniaxial static tension concrete tension tests showed clearly that a
physical and mesh-independent result cannot be achieved with a local CDM model.
Therefore, it is difficult to apply such a model and expect meaningful results. Bobinski
and Tejchman [12] showed that the application of a nonlocal integral regularisation
method can improve numerical results significantly and can yield experimental results if
the internal length scale [, is chosen accordingly and an appropriate softening law is
applied. Of interest in the following part of this investigation is if the “Equivalent
damage force” approach, which does not require any additional terms as e.g.
regularisation methods, can yield as well as regularisation methods a reliable and

mesh-independent solution to the tension test of concrete.
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The results for the “Equivalent damage force” approach for the three mesh
discretisations and failure strain at ¢ = 5.0 - 1073 are presented in Figure 170. The first
observation which can be made is that results for the “Equivalent damage force”
approach differ significantly from the results for the conventional strain-softening CDM
model although the two models are equivalent with respect to the terms included in the
constitutive equations. It can be seen from the damage contour plots that the damaged
area is no longer confined in a single row of elements which leads in the local model to
a pronounced mesh sensitivity. Damage is initiated at the specimen’s notches,
representing a geometric imperfection, where stress is concentrated. During the
process damage spreads for all specimens over the whole width of the notched area
and propagates towards the specimen’s centre. The width of the damage band
increases towards the centre with increasing damage level by forming two branches
which propagate away from the notched area. This general description of damage
contours in the uniaxial concrete tension example was presented by Bobinski and
Tejchman [12] and was presented in Figure 163. This process is the same for all three
used mesh discretisations and the width of the damaged zone can be seen as almost
equivalent. However, it can be seen too that the damaged zone is more confined in the
finest mesh discretisation used although this is due to the increased accuracy of the
finer mesh in comparison to the coarser discretisations. Regarding these results it can
be stated with confidence that the representation of damage as body force in the
“Equivalent damage force” approach leads to a well-posed constitutive model and an

improved damage representation in FE in comparison to a local strain-softening model.

Figure 170 includes the diagram for the stress in the notched cross-section over the
average deformation in the gauge area for the “Equivalent damage force” approach.
Firstly, it can be seen that the results do not match the experimental results by Hordijk
[50] as well as the numerical results by Bobinski and Tejchman [12]. However, this was
not expected as the damage law used for the “Equivalent damage force” approach is
not capable of representing the bi-linear material behaviour of concrete. Additionally, it
was rather the goal to show that the “Equivalent damage force” approach will lead to
improvements of local strain-softening behaviour and is a potential solution method to
strain-softening behaviour. With regards to this goal it can be stated that the results
with the “Equivalent damage force” approach lead to a strong improvement of results. It
is obvious that the slope of the softening branch is similar for all mesh discretisations
and does not show increased brittleness for increased mesh fineness as it was

observed in Figure 169.
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Nevertheless, the maximum reached stress in the notched cross-section and the
maximum average deformation in the gauge area seem to depend on the chosen mesh
size as the linear elastic area is left earlier with decreasing mesh size and therefore a
decreased maximum stress is reached in the cross-section. As the other results,
namely damage propagation and slope of softening branch, indicate a well-posed
constitutive model for strain-softening, the issue of mesh-dependent maximum stress
must originate from another source. One source might be the geometric instability
caused by the notches. Figure 170 includes the damage contour plots at damage
initiation and maximum reached stress for the three mesh discretisations. It can be
seen that damage initiates in the notched cross-section in the elements which are
nearest to the notch. After damage development in these elements damage
propagates quickly through the cross-section. The process of damage development in
elements at initiation requires more time with increasing mesh size as the element size
over which state variables are averaged is larger for larger element size. Therefore, the
linear elastic solution is valid longer for the coarse mesh and its validity decreases with

decreasing mesh size.

Another source of the not matching maximum stress values might be the not fully
development symmetry of damage contours over the notched area (see Figure 170). It
can be expected for the presented static tension test that stress and strain develop
symmetrically over the notched area. The development of a symmetric strain would
lead to a symmetric damage profile too as damage in the current implementation of the
“Equivalent damage force” method is calculated from strain in the strain-softening
domain. The reason might lie in the applied explicit time integration scheme which
could not be avoided as the “Equivalent damage force” model is implemented in the
explicit solver DYNA3D. The loading was chosen as constant velocity with 10mm/s to
keep computational efficiency and it was assumed that this would avoid significant
propagation effects. However, propagation effects might be another reason for the not
fully symmetric damage contours and the not matching maximum stress values. An
additional study will be conducted at a later stage of this section to investigate

maximum stress results for fully symmetric damage contours.
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Figure 170: Stress-deformation curves and damage contours (fringe level: damage [-]) for
125mm x 60mm x 50mm concrete specimen under uniaxial tension with coarse, medium and

fine mesh and equivalent failure strain ¢, = 5.0 - 1073
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Apart from the influence of the “Equivalent damage force” approach on the strain-
softening results for different mesh discretisations it is of interest how a change in the
linear strain-softening branch influences the results. Therefore, the slope of the linear
strain-softening branch is varied by adjusting the failure strain &;. The one-dimensional
stress-deformation diagrams for three different failure strains, & = 5.0 1073,1.0-1073
and 3.0-1073, is shown in Figure 171. The failure strain 5.0-1072 leads into a
softening branch which matches the initial brittle behaviour of concrete. The failure
strain & = 1.0-107% matches the point at which a level of low constant stress is
reached which occurs after the strain-softening response has smoothed. The final
considered failure strain & = 3.0- 1072 is chosen to match the point at which the low
constant stress has been hold for a longer period. The increase in failure strain leads to
a less steep slope of the softening branch which leads to a change of brittle material
behaviour to more ductile material behaviour. It is expected that the increase of
material ductility leads to a slowed down development of damage and with this to an
enabled redistribution of strain and stress in the notched cross-section which influences
the maximum reached stress in the notched cross-section as well as the maximum
average deformation in the gauge area. Additionally, it is expected that the width of
damaged area grows and smooths with increasing ductility. Overall, it is expected that
a change of the strain-softening branch in the “Equivalent damage force” approach has
the same consequences on numerical results as a change of internal length scale in
nonlocal integral theory because the strain-softening branches controls the distribution
of strain and with this of damage. It was demonstrated by Bobinski and Tejchman [12]
(see Figure 164) that the internal length scale parameter influences brittleness of

material response as well as the width of the damage band.
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and Tejchman [12] and Peerlings et al. [91] with linear softening law for “Equivalent damage

force” method with varying failure strains &, = 5.0-107°,1.0 - 10~° and 3.0 1073
The investigation of a change of the strain-softening slope in using the “Equivalent
damage force” method will be conducted with the previously used medium mesh
discretisation. This discretisation was chosen as the propagation of damage contours is
sharper than the coarse mesh and because the use of the fine mesh is computationally

expensive.

The results for a changed strain-softening branch for the medium mesh discretisation
are presented in Figure 172. It can be seen clearly that a change of the softening
branch has indeed an influence on the results. It can be seen from the damage contour
plots for the three failure strains that an increase of failure strain leads to a size
increase of the localisation zone with smoothed out damage values. Additionally, it can
be seen in the stress-deformation diagram that the maximum stress in the notched
cross-section and maximum deformation in the gauge area increase with increased
material ductility. This is an observation which was made by Bobinski and Tejchman
[12] as well for a change in internal length scale as presented in their results in Figure
164 and Figure 165.
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Figure 172: Stress-deformation curves and damage contours (fringe level: damage [-]) for
125mm x 60mm x 50mm concrete specimen under uniaxial tension with constant mesh size
(medium) and varying failure strain e = 50+ 1073,1.0- 1072 and 3.0- 1072
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It was observed in the two previous results, namely change of mesh discretisation and
change of strain-softening branch, that the “Equivalent damage force” approach leads
to a well-posed constitutive material model and an improved damage representation in
comparison to the conventional strain-softening model. However, it was observed that
the development of damage contours in Figure 173 and Figure 174 basically follows an
expected pattern of propagation with some degree of symmetry with respect to the
notched area. However, this pattern is not fully symmetric with respect to the plane
spanned by the notched cross-section; however, a symmetric profile of strain and with
this of damage was expected for a static uniaxial tension test and numerical results by
other researchers [12; 91] showed a symmetric damage development over the cross-

section too.

The reason for the not fully developed symmetry of damage contours in the notched
cross-sectional area might lie in the use of an explicit solver for a static problem.
Although the velocity applied was kept small to prevent wave propagation effects it
cannot be fully avoided. Therefore, another two sets of experiments is conducted which
is equivalent to the previous two except that the load is applied to both ends of the
specimens. This modification of initial and boundary conditions applies symmetry of

load conditions but does not change the load case itself.

The results for the three different mesh discretisations with a failure strain & = 5.0

1072 defining the softening branch are presented in Figure 173. It can be seen from the
damage contours that the damage profile develops now fully symmetric over the
notched cross-section. It can be seen too that the damage profile shape matches well
for the three different mesh discretisations and a dependence of the damage profile on

the chosen mesh discretisation cannot be observed.

The effect of the full symmetry of damage development on the stress-deformation
diagram in Figure 173 is of high interest as well. Before it was observed that some
mesh sensitivity exists for the maximum stress reached in the notched cross-section.
This was previously attributed to geometric instabilities. However, in the experiment
with symmetric damage profile the result curves for medium and fine mesh match
almost perfectly although the reached maximum stress is lower than in the previous
experiment. The maximum stress reached with the coarsest mesh does not match with
the other discretisations which indicates that the mesh discretisation is too coarse to
represent a defined damage development. Apart from this the slope of the softening

curves still match very well for all discretisations.
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The results in Figure 174 show the influence of a change in the strain-softening curve
on results for the application of symmetric loading conditions. It can be seen here too
that all damage profiles develop completely symmetric over the notched cross-section.
It can be seen here as well that the change of the failure strain ¢, and with this a
change of strain-softening slope, has a similar effect as a change of internal length
scale in the nonlocal integral approach by Bobinski and Tejchman [12]. An increase of
the failure strain leads to a less steep softening slope, leading to less brittle material
behaviour, and enables a redistribution of stress and strain in the notched cross-
section due to a slower damaging process. Therefore, the damaged area increases in

width and the maximum stress increases.
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Figure 173: Stress-deformation curves and damage contours (fringe level: damage [-]) for
125mm x 60mm x 50mm concrete specimen under uniaxial tension with coarse, medium and
fine mesh and equivalent failure strain e, = 5.0- 10~3, symmetric load application
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Figure 174 Stress-deformation curves and damage contours (fringe level: damage [-]) for
125mm x 60mm x 50mm concrete specimen under uniaxial tension with constant mesh size
(medium) and varying failure strain ¢ = 50+ 1073,1.0- 107 and 3.0 - 10~2, symmetric load
application
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The presented numerical results for the uniaxial tension test of concrete showed clearly
that the application of the “Equivalent damage force” approach leads to a well-posed
constitutive material model. The strong instabilities of a local CDM model, namely an ill-
posed boundary value problem and mesh dependency, are avoided. In difference to a
regularisation method these results with the “Equivalent damage force” approach are
achieved without introducing any additional terms to the constitutive equations. The
development of damage is solely influenced by the development of strain in the
localisation area which is controlled by the softening branch. It was shown too that a
change of the failure strain ¢, which controls the softening branch, controls the width of
the localisation zone as well as the maximum stress in the localisation zone. This is an

effect similar to the effect of an internal length scale in regularisation methods.

7.3 Extension of “Equivalent damage force” to Orthotropic
Material Behaviour

This section will focus on the extension of the “Equivalent damage force” approach
from isotropic to orthotropic materials. This work is cumbersome, as it will be shown,
because orthotropy necessitates a tensorial damage variable to include directional
material properties. The extension is necessary to make the approach applicable to a
wider range of material models. In this work the application of the “Equivalent damage
force” results in the definition of a symmetric and positive-definite 8" order damage
tensor. The definition of the 8™ order tensor for damage is not generic and goes
beyond general text book knowledge. Therefore, it needed to be developed from

scratch during this work.

The main issue which lead to the need for the 8" order damage tensor will be stated
first. Then the orthotropic material model from which the damage tensor was derived is
introduced and the expression for the 8" order damage tensor is derived. Then the
properties of symmetry and positive-definiteness, which is required for the fulfiiment of
the material stability criterion by Hadamard, are verified. Finally the 8" order damage

tensor is simplified to 4™ order to make it usable for future work.

7.3.1 Problem Statement for an 8" Order Damage Tensor

Isotropic material behaviour with a scalar damage variable is the simplest way to
realise a full CDM model as was shown in Chapter 3 (Section 3.1.1). The application of
the “Equivalent damage force” approach can be applied to these models in a

straightforward fashion because the damage variable can be easily isolated.
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0j = (L — 0)Cijuien (7-22)

with

(jijkl = (1 - w)Cmnpq (7-23)

in which Cy,.,4 is the virgin stiffness tensor and ﬁijkl is the damaged stiffness tensor.

A clear separation of damage, as it is possible with the expression in (7-23), is difficult
to achieve for orthotropic material behaviour because tensor quantities are used for the
representation of damage. To achieve the transformation of virgin to damaged stiffness
tensor in orthotropic problems an 8" order tensor is required [22]. But 8" order tensor
quantities are complex mathematical constructs with 3% components and are not

commonly represented in literature.

In order to achieve a clear separation of damage for the application of the “Equivalent
damage force” approach in orthotropy it will be necessary to define two 8" order
tensors: the 8™ order unit tensor I;jxmnpq and the 8™ order damage tensor Q; jximnpq-
According to Cauvin and Testa [18] the definition of Q;jximnpq IS the most general
expression of damage and can represent any damage tensor in CDM models.

Therefore, it is possible to represent the fraction of remaining stiffness in the form of:

A = 7-24
Cijkl - (Iijklmnpq - -Qijklmnpq)(:mnpq ( )

In the further development of the “Equivalent damage force” approach for orthotropic
materials an orthotropic material model is considered which uses the effective stress
and energy equivalence. As a consequence of the energy hypothesis the
transformation between damaged and virgin stiffness is achieved through the use of

the damage effect tensor
CD)ijir = MD) o CogrnM (D)ihs (7-25)

with

1

1 2 7-26
M(wij)i]-kl = (6ix — wi) 2(8j — wyy) 2 (7-26)

To apply the “Equivalent damage force” approach (7-24) and (7-25) have to be
equivalent; however, this equivalence is not intuitive. Literature to support the proof of

equivalence of these two expressions is limited. Firstly, this is because the “Equivalent
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damage force” approach is a new concept first developed in this thesis, and secondly,
it is because the required 8" order tensors is complex. The author of this work is not
claiming that this literature does not exist at all but research resulted only in three
publications of use in this section. The first publication was done by Chaboche [22] who
established an 8" order damage tensor as the most general damage expression and
that this 8" order tensor can be reduced later without sacrificing quality of the damage
expression. The second publication used was made by Cauvin and Testa [18]. They
established (7-24) as expression which can transform any virgin stiffness tensor into
the damaged stiffness tensor using an isolated 8" order damage tensor. This
statement is the basis for the work in this section. The last publication used here was
made by LU and Chen [74]. Their work concerned the issue of reducing an 8" order

tensor to order 4.

The author faced a number of issues in deriving a transformation in the form of (7-24).
The first issue was to expand (7-25). This was required to isolate damage influenced
terms from terms which represent the 8" order unit tensor. This was achieved by
exploiting index notation. The second issue was to prove that the damage tensor will
be symmetric. This is required to ensure that the effective stress will be a symmetric
tensor as well and therefore to avoid the added complexity caused by a non-symmetric
effective stress tensor. Another issue was to show that the Kronecker deltas, used in
Equation (7-26), will form an 8" order unit tensor which is required in (7-24). It is vital to
use a positive-definite damage tensor to guarantee the positive-definiteness of the
stiffness tensor. It was pointed out (see Chapter 3, Section 3.2.2) that a loss of
positive-definiteness leads to an ill-posed boundary value problem. The positive-
definiteness of the damage tensor and with this of the stiffness tensor is paramount as
the focus in this work lies on maintaining a stable boundary value problem. Finally, a
reduction of the 8" order damage tensor to order 4 needs to be done. This is due to the
complexity of 8" order tensors and that 4" order damage tensors are common tensor

guantities in CDM.

7.3.2 Composite CDM Model

The choice of an orthotropic CDM model is the first step in this investigation. The
further steps for the definition of an 8™ order damage tensor will be rather complex and
are not common text book knowledge. Therefore, it should be ensured that at least the
base CDM model is using well-established concepts, such as effective stress and

energy equivalence which were introduced in Chapter 3.
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The CDM model presented here was designed for brittle failure of composites with
orthotropic material behaviour. It assumes that damage will lead to an irreversible
reduction of material stiffness and material strength. This is achieved by using the
effective stress concept in which the transformation of the true stress tensor into the
effective stress tensor is performed by using a 4™ order damage effect tensor (see also
Equation (3-14) in Chapter 3).

Gij = M(D);jxi 0w (7-27)

The mapping of effective and true stress in (7-30) through the damage effect tensor is

a function of a 2" order damage tensor w;;.
M(D)ijkl - M(wij)ijkl (7'28)

which is a diagonal tensor able to represent orthotropic damage due to reduction of

effective load-carrying cross-sectional area:

w, 0 O
wjj = [ 0 (OF) 0 ] (7-29)
0 0 w3

The model utilises energy equivalence hypothesis (as described in Chapter 3, Section

3.1.2) to derive the 4™ order damaged stiffness tensor C;j,; from the 4™ order virgin
stiffness tensor C;j;. The relationship due to energy equivalence is given in (3-20) and

reads:
CD)ijir = M(D) 4 CogrnM (D)t (7-30)

However, the definition in (7-30) does not ensure the symmetry of the effective stress
tensor. Therefore the damage effect tensor in (7-28) is defined by product-type

symmetrisation as in (3-23) [26]:

1

1 1 7-31
M(wij)i]-kl = (6ix — wi) 2(8j — wyy) 2 (7-31)

The damage effect tensor will be written according to (7-29) and (7-28):
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0 0 0 0 0
1—0)1
0 — 0 0 0 0
1—0)2
0 0 — 0 0 0 732
Mij= ’ 1 i
R = = 0 0
1
o 00 0 Teoaes
1
L 0 0 0 0 0 JA-w1)(1-w;y)]
Using (7-30) and (7-32) the damaged stiffness tensor has the following form:
C(D)ukl - M(D)upq pqmnM(D)mnkl (7-33)
Cijkl
[C1(1—01)? Co(1—w)1—w;) C3(1—ws3)(—wy) 0 0 0
Cp2(1 — wy)? Co3(1— w,)(1 — w3) 0 0 0
_ Caa(l — w3)* 0 0 0 (7-34)
Cag (1 — 05) (1 — w3) 0 0
N Y M Css(1 — w)(1 — w3) 0
Cos(1 — 1) (1 — w,)]

7.3.3 Definition of 8" Order Damage Tensor

In a next step it is shown that an 8" order damage tensor can be derived from (7-30)
through multiplication of the two damage effect tensors. This is essential to achieve an
isolation of damage influenced terms. Additionally, it will be shown that this 8" order
tensor will be super-symmetric. The super-symmetry will be derived from the product-
type symmetrisation which was applied to the damage effect tensor in the considered

orthotropic CDM model.

According to the existing composite CDM model the damaged stiffness tensor is

expressed as:

However, to apply the “Equivalent damage force” approach an expression of C; jki in the

form of (7-30) with an 8" order damage tensor is necessary which was stated as the

most general form for anisotropic material behaviour with anisotropic damage [18].

180



7-
Cl]kl (Il]klmnpq - -Ql]klmnpq)(:mnpq ( 36)

The equivalence of (7-35) and (7-36) is not obvious and needs to be derived through

exploitation of index notation.

Due to the product-type symmetrisation in (7-31) the damage effect tensor possesses

major symmetry (see Chapter 2, Section 2.1 for the definition of tensor symmetry):

7-37
M(wll) ]kl (wl])l]kl (wl])kll] ( )
And the definition in (7-35) can be rewritten:

Cijia = Mlnl?qcpqmn kL (7-38)

As index notation is used, (7-38) can be rearranged:

7-39
llkl (Mlqu kl)Cpqmn ( )

Ml]qu w in (7-39) forms an 8" order tensor. The appearance of this 8" order tensor

will be further defined by using the definition of the damage effect tensor in (7-31).

1

(5 VoS — w0 V(S — Yo 1 (7-40)
Cl]kl - (6119 wlp) (6]q w]q) (5mk wmk) ( nl — wnl) pqmn

Next, an isolation of an 8" order unit tensor and 8" order damage tensor needs to be
achieved to arrive at an expression equivalent to (7-36). This will be achieved by

expanding (7-40).

(jijkl = (6ip6jq6mk6nl + WipWjq Wmg Wni — 6ipquwmkwnl -

wiijqwmkwnl - wipquSmkwnl - wipquwmkSnl + 6ip6jqwmkwnl +

6ipqu6mkwnl + 6ipquwmk6nl + wip6jq6mkwnl + wip6jqwmk6nl + (7'41)
WipWijq 6mk6nl - 6ip6jq6mkwnl - 6ip6jqwmk6nl - 6ipqu6mk6nl -

1
wip 6jq 6mk 6nl)2 Cpqmn

It must also be ensured that (7-41) leads to a symmetric expression. This can be
proven by exploiting the minor and major symmetries of the damage effect tensor

=M;jqp =M

which it got from the product-type symmetrisation: M;j,q = Mj; pqij-

Jjirq ijqp

Additionally, the two damage effect tensors in (7-39) are equivalent: M;j,q = M.
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Therefore, any arrangement of the indices i, j, p, q, m, n, k and [ is possible and the

expression in (7-41) is a super-symmetric 8" order tensor.

7.3.3.1 8" Order Unit Tensor

The expression in (7-41) represents a separation of an 8" order unit tensor and 8"
order damage tensor as proposed by Cauvin and Testa [18]. However, it needs to be

proven that the Kronecker delta product 6;,08;48mk 6y is really the 8" order unit tensor

used in:

A — 7-42
Cijkl - (Iijklmnpq - -Qijklmnpq)(:mnpq ( )

Cauvin and Testa [18] stated that (7-42) represents the most general expression of
damage possible and can be applied to anisotropic damage of anisotropic materials.
To recall: C;j; is the virgin stiffness tensor, Eijkl is the damaged stiffness tensor,
Iijkimnpq 1S the 8" order unit tensor and Qijkimnpq 1S the 8" order damage tensor in

(3-7).

Equation (7-41) includes a product of four Kronecker deltas, &;,8;q0:mk8n, Which is
assumed to form the symmetric 8" order unit tensor Ijuumnpq- TO Prove this
equivalence it needs to be shown that §;,6;6mk 6, Maps the 4" order virgin stiffness

tensor on its symmetric part in case of no damage.
ATy — — — 7-4
C(D - O)ijkl - Iijklmnpq Cmnpq - 6ip6jq6mk6nlcmnpq ( 3)

It is known that the virgin stiffness C;j; possesses all minor symmetries: pq = gqp and

mn = nm. Firstly, §;;,6;46mi6n Will be symmetrised with respect to p and q:
1 -
6ip6jq6mk6nl = 2 (6ip6jq6mk6nl + 6iq6jp6mk6nl) (7 44)
Secondly, 8;6;q0mi 0 Will be symmetrised with respect to m and n:

6ip6jq 6mk6nl
. (7-45)
= Z (6ip6jq6mk6nl + 6iq6jp6mk6nl + 6ip6jq6nk6ml + 6iq6jp6nk6ml)

From (3-9) it is known that the 8™ order unit tensor needs to have the following

appearance.

Iijklmnpq = %(Sim6jn6kp61q + 6im6jn6kq6lp + 6in6jm6kp6lq + 6in6jm6kq61p) (7-46)
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Due to the super-symmetry the following is valid: I;jmnpgri = lijkipgmn- Therefore, (7-45)
and (7-48) are equivalent and 6;,8;40mk 6y in (7-41) represents the desired 8" order

unit tensor.

7.3.3.2 Positive-Definite Damage Tensor

It needs to be ensured for the “Equivalent damage force” approach that the boundary
value problem is well-posed at all times. Following Hadamard’s definition of well-
posedness [41] that means a unique solution exists and the solution depends
continuously on the data. A violation of this principle would lead to the occurrence of

instabilities.

To ensure that material stability in the sense of Hadamard is satisfied the stiffness
tensor has to be positive-definite (see Chapter 3, Section 3.2.2) and the boundary
value problem is well-posed. It has to be made sure that the stiffness tensor stays
positive-definite even in the presence of damage to keep the problem well-posed. This
will be the case when the damage effect tensor is also positive-definite. This is the

case if the damage effect tensor is symmetric and all its eigenvalues are positive.

It has been shown that the damage effect tensor is super-symmetric previously. The
last required proof for positive-definiteness is showing that the eigenvalues of the

damage effect tensor are positive.
det(M(D);jxy — Mijiy) =0 (7-47)

The damage effect tensor is diagonal in the present case. Therefore its eigenvalues

can be read directly from its diagonal.

1
-1 0 0 0 0 0
1-w;
1
0 -2 0 0 0 0
1-w,
1
0 0 T—o -1 0 0 0 7.48
— w3 -
1 =0 ( )
0 0 ) 0 0
V@ —w)1 - w3)
1
0 0 0 0 _— 1 0
V@ =01 - w3)
1
0 0 0 0 0 _— 1
\/(1_091)(1_092)

The eigenvalues are:

(1 _10,1_’1) (1 _1w2"1> (1 _1w3—/1)' (7-49)
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1 1 1
- - -1]=0
<\/(1 - wz)(l - w3) A) <\/(1 - wl)(l - w3) A) <\/(1 - wl)(l - wz) A>

All eigenvalues will be positive when:

0 < W1, W3, W3 <1 (7-50)

The condition in (7-50) is essential for the positive-definite character of the damage

effect tensor.

It was shown here that the damage effect tensor used in the considered orthotropic
CDM model is positive-definite. This is crucial for the positive-definiteness of the 8"
order damage tensor. The positive-definite character of the 8" order damage tensor in
(7-41) is necessary to keep the stiffness tensor with damage influence in the
“Equivalent damage force” approach, see Equation (7-16), positive-definite to ensure a

stable boundary value problem.

7.3.4 Simplification of 8" Order Damage Tensor

With (7-41) an expression of the form I;jximnpq — Qijkimnpg Was found; however, in this

case we are dealing with an 8™ order tensors. This makes working cumbersome as it

has 3% components and a simplification to a lower order is desirable.

*

Chaboche [22] stated that an effective 4™ order damage tensor Q; jrs Is sufficient when

the 8™ order tensor is diagonal and defined in a fixed principal axes system. Cauvin

and Testa [18] shared this opinion.

LU and Chen [74] worked on the issue of reducing an 8" order damage tensor to order
4. They state that the 8" order tensor Mi;';qu;l}’Lkl has effectively only order 4 and can
be substituted with:

ipaMmnkr = Mi; 7-51
M;ipaMmnit = MijpqOmicSni (7-51)

Therefore the damaged stiffness tensor reads:

Cijir = (8ipBjqBmi O + Wip®jqSmiOni — Sip®jqOmi St — (7-52)

1
wip 6jq 6mk 6111)2 Cpqmn

The assumption is that the damage tensor of order 4 reads:
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Qijpg = \/wipwiq — Sipwjq — Wipliq
A comparison with the damage effect tensor

1

1 -3
Mijpg = ik — wir) 2(8j —wjy) 2=

leads to
M _ 1
bepa =7 _0..
lijpq = Qijpq
and
-1 _—
Miipq - Iiipq - Qiipq

Due to (7-56), the appearance of the damage tensor is known.

(1) - Qijpq = Jwipqu — Sipwjq — Wipbiq

In matrix form it reads:

(_1) '-Q-iqu
[@1 0O O 0 0 0
|0 w, O 0 0 0
|0 0 ws 0 0 0
10 0 0 —w,—w;+wws 0 0
lo o o 0 —wy — W3 + Wy W3 0
lo o o 0 0 — Wy — Wy + Wy,
7.4 Summary

\/51'1951':1 + WipWjq = OipWjq — WipSjq

(7-53)

(7-54)

(7-55)

(7-56)

(7-57)

(7-58)

During research in the presented work it was recognised that the first and paramount

step in avoiding analytical and numerical strain-softening instabilities is to prevent an ill-

posed boundary value problem. To achieve this it is necessary to prevent the change

of the initial partial differential equation’s type. Currently this is only delivered in

literature by the group of regularisation methods which require the introduction of

higher-order terms of space or time in constitutive equations of the CDM material

model.
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The “Equivalent damage force” approach was developed to address the issue of an ill-
posed boundary value problem due to strain-softening and as alternative to
conventional regularisation methods. The “Equivalent damage force” approach exploits
the fact that inhomogeneous parts of PDEs do not influence the type of it. Therefore,
damage was assumed to be a body force, the so-called “Equivalent damage force”,
and with this was made an inhomogeneous part of the governing PDEs. As a
consequence, the homogeneous PDE part keeps its original linear elastic form and
does not lead to a type change of PDEs and the influence of damage on the solution is
accounted for as inhomogeneous part of the PDE. The “Equivalent damage force”
approach does not require any additional terms in the constitutive equations of a
material model, such as regularisation methods, to maintain a well-posed boundary
value problem. This has not been achieved by any other approach in research on
strain-softening issues and makes the “Equivalent damage force" approach therefore

novel in the field.

To evaluate the “Equivalent damage force” approach two material models were
implemented in DYNA3D: a standard isotropic strain-softening model and the
“Equivalent damage force” modification to this. These two material models include the
exact same terms defining the constitutive material description and the only difference

lies in the treatment of damage.

The two material models were first evaluate for the longitudinal wave propagation
problem by BaZant and Belytschko [6] to investigate the characteristic properties of the
“Equivalent damage force” approach against the standard strain-softening approach.
Although both material models are essentially the same their behaviour in the strain-
softening domain is very different. The standard strain-softening model showed the
same analytical instabilities as observed in Chapter 3 and suffered from mesh-
sensitivity as observed previously in Chapter 4. The “Equivalent damage force”
approach in comparison showed a more physical response. Instead of strain
localisation in a single element damage propagated away from the point of strain-
softening. Additionally, strain and stress vanished when the damage variable reached
its maximum value of one and energy dissipation did not vanish. Additionally, result

sensitivity depending on the FE discretisation could not be determined.

A second validation model, the uniaxial tension test of a notched concrete specimen,
was investigated to compare the performance of the “Equivalent damage force” method

against physical experiments and numerical results of conventional regularisation
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methods. It was found that the application of the “Equivalent damage force” approach
lead into a strong improvement of results in comparison to a conventional CDM model
with strain-softening. It was found too that the size of the localisation area as well as
the magnitude of maximum stress is controlled by the slope of the softening branch.
This is caused by the dependence of damage in the “Equivalent damage force”
approach on the strain distribution in the localisation zone which in turn depends on the
strain-softening branch. Therefore, the change of the softening slope has a similar
impact on the solution as the internal length scale, used in regularisation methods, has

on the width of the localisation zone and stress results.

Finally, the analytical ground work for the extension of the “Equivalent damage force”
approach to orthotropic material behaviour was done to allow for the investigation of
materials with more complex behaviour than isotropic materials. The issue in this was
to achieve a clear separation of damage influenced terms from elastic ones as the

orthotropy necessitates tensorial entities for the representation of the damage variable.
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8 Conclusions and Future Work

8.1 Conclusions

The scope of the presented work was focused on critical issues of damage modelling
within the continuum damage mechanics framework. In this the analytical and
numerical issues arising from an ill-posed boundary value problem due to strain-
softening behaviour was of special interest. The following section will restate and
summarise the issues encountered due to strain-softening behaviour as well as

solution techniques explored in this work.

The eventual failure of materials is preceded by damaging processes on the microscale
which have significant influence on the macroscopic material behaviour. This shows
itself as a highly localised deformation caused by the so-called strain-softening
behaviour. The strain-softening phenomenon is characterised by a reduction of

effective load-carrying area due to damage with increasing deformation.

The strain-softening phenomenon is observed in many engineering materials and a
good phenomenological material description should therefore include the effects of
damage in its description. This is commonly done by using the continuum damage
mechanics approach which is able to represent linear elastic behaviour as well as the
influence of damage on the macroscopic material behaviour with final failure of the
structure. The continuum damage mechanics approach achieves this by introducing an
average measure of material degeneration into well-known constitutive equations of
continuum mechanics. The average measure is called the damage variable, which has
scalar or tensorial character, and represents the loss of effective load-carrying cross-

section due to damage.

Although the continuum damage mechanics approach is able to account for damage it
has been established by research that the representation of strain-softening behaviour
leads to severe instabilities in its analytical and numerical description of material
behaviour. The work presented here was concerned with these critical issues of
damage modelling in the context of continuum damage mechanics arising from strain-

softening behaviour.

This work started with examining existing research on the modelling of strain-softening
in the framework of conventional local continuum damage mechanics. This involved the

investigation of the characteristic analytical and numerical features of the strain-
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softening solution in Chapter 3 and Chapter 4 by examining a longitudinal wave

propagation problem. The following characteristic properties of the strain-softening

solution were established:

The tangent modulus in the area of inelastic deformation ceases to be positive-
definite due to strain-softening behaviour. This is characterised as a negative
slope in the engineering stress-engineering strain diagram. The loss of positive-
definiteness represents a violation of the material stability criterion in the sense
of Hadamard. As a consequence the governing partial differential equations
change their type from elliptic to hyperbolic in static problems and from
hyperbolic to elliptic in dynamic problems. Therefore, a well-posed boundary
value problem cannot be maintained and a unique solution is not achievable.
The strain-softening solution has a characteristic impact on the representation
of material behaviour which is caused by the ill-posed boundary value problem.
When strain-softening occurs the change of type in partial differential equations
happens immediately and the area affected is not able to interact with the rest
of the structure anymore, which is still governed by the appropriate partial
differential equations. All deformation is trapped in a single point, which
represents an area of infinitely small width, due to strain-softening with
simultaneously vanishing stress and energy dissipation. This behaviour is non-
physical.

Numerical results of continuum damage mechanics models show the same
unphysical behaviour as the analytical solution. However, in contrast to the
analytical solution strain-softening cannot occur in an area of infinitesimal small
width because the smallest unit in finite element representation is dictated by
the element size. Therefore, strain-softening accumulates in an area with the
width of the element affected. As a consequence the strain-softening solution is
strongly mesh sensitive in numerical simulations and a consistent solution

cannot be achieved for differing spatial discretisations.

The unwanted features of the strain-softening solution in analytical and numerical

investigations are well-known in research. However, instead of disregarding continuum

damage mechanics models, research has focused on methods which yield physically

reasonable results because the continuum approach is a widely used engineering tool

which uses the well-established concept of stress and strain and its computational

efficiency. Early methods dealing with physically unreasonable strain-softening

solutions in numerics focused on predetermining the fracture energy released during
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the strain-softening process, such as the cohesive and smeared crack methods. But
these methods do not address the issue of the ill-posed boundary value problem due to
strain-softening and the problem of mesh-sensitivity prevails. Another approach to the
strain-softening instabilities is the group of continuum based regularisation methods.
This group splits into three methods. The first one is the nonlocal integral method which
introduces weighted averages of a state variable, such as plastic strain, into the
constitutive equations. The second one is the gradient-enhanced method, which is
closely related to nonlocal methods and uses higher-order derivatives of a state
variable. The last model is the viscous method which uses rate-effects to regularise
strain-softening continua. Although the regularisation mechanism depends on the
specific method used regularisation methods have one aspect in common. This is the
introduction of an internal length scale parameter, implicitly or explicitly, into
constitutive equations. Existing regularisation methods were reviewed in Chapter 5 for
dynamic problems and the two main aspects were found for the regularisation success
in strain-softening models:

e Firstly and most importantly in this work is the introduction of higher-order terms
of space or time in the homogeneous parts of the governing partial differential
equations. This successfully prevents the change of the initial type of the partial
differential equations due to the negative tangent modulus. Therefore, the well-
posed character of the boundary value problem is preserved in the presence of
strain-softening. Consequently, the feature of localisation of deformation in the
smallest area possible, as in conventional continuum damage mechanics
models, is prevented.

o Secondly, the internal length scale parameter used in regularisation methods
confines the area of strain-softening to a finite area. This length scale
parameter is related to the size of major microscopic heterogeneities of the
considered material and if chosen correctly a localisation zone as observed in

real material behaviour can be achieved.

It was concluded from the initial research on the strain-softening issue and
regularisation methods that maintaining the problem’s initial boundary value is crucial
for a good continuum damage mechanics model. As well as this, it was found that only
regularisation methods successfully deliver this at the time and alternatives to

regularisation methods hardly exist.
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Therefore, the research question in this work was if methods, other than
regularisation methods, could maintain the problem’s initial boundary value problem as
well and therefore lead to an improved continuum damage mechanics representation.
Based on the work presented in this thesis the indications are that the answer to this
guestion is yes. Two methods were presented which are capable of maintaining the
initial boundary value problem successfully without using the approach of a
conventional regularisation method.
e Smoothed particle hydrodynamics (SPH):
The study of the particle method SPH in context of strain-softening has
demonstrated for the first time that SPH has nonlocal properties although SPH
itself is not a nonlocal method. The nonlocal effect in SPH comes from the
kernel interpolation used to approximate field variables. This is in contrast to
conventional nonlocal models in which the nonlocality is part of the constitutive
material model. SPH establishes particle connectivity through the smoothing
function which is equivalent to a nonlocal weighting function. The size of the
smoothing function’s support domain is defined by the smoothing length, a
quantity which is controlled by the user, which is equivalent to the internal
length scale parameter in nonlocal methods. Therefore, the damage process
can be controlled by the SPH user and result's sensitivity on the particle
discretisation used is avoided.
The study of SPH presented in Chapter 6 is the first study reporting the
beneficial properties of SPH in the context of strain-softening issues. Therefore,
it represents an innovative application of a pre-existing method.
¢ “Equivalent damage force” method:
The incentive in developing the “Equivalent damage force” method was to
circumvent the issues arising from an ill-posed boundary value problem due to
damage from the beginning and without the introduction of additional terms into
constitutive equations of the material model.
After investigating how strain-softening issues due to damage arise it became
clear that the homogeneous parts of the partial differential equations are
responsible for the ill-posed boundary value problem. It also became apparent
that inhomogeneous parts of a partial differential equation are not capable of
changing its type. It is known from work in this study that damage is part of the
homogenous solution. And so the goal of this work was to investigate whether

damage could be accounted for as an inhomogeneous term to maintain the
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initial boundary value problem. To achieve this, damage was assumed to be
termed a body force, the “Equivalent damage force”. In doing so the
homogeneous parts of the partial differential equation are not changed by
damage and the linear elastic solution for the equations remains valid. Using
this approach damage no longer causes the type change of partial differential
equations and the initial boundary value problem is maintained.

This negates the need to change the constitutive material model used, as would
be required with regularisation methods, in order to keep the boundary value
problem stable. With this approach the issues previously observed in
conventional strain-softening no longer occur.

This “Equivalent damage force” approach was implemented numerically in
order to confirm that it is as useful numerically as it is analytically. The results
showed that the numerical instabilities arising by strain-softening, namely mesh-
sensitivity, were also avoided. Additionally, it was shown that the localisation
zone due to strain-softening can be controlled by the user through adjusting the
slope of the strain-softening branch. Therefore, an equal effect as the internal
length scale has on the width of the localisation zone and maximum stress
results in regularisation methods can be achieved with the “Equivalent damage
force” approach. The “Equivalent damage force” approach takes a completely
new approach, presented in Chapter 7, to tackle strain-softening instabilities in
continuum damage mechanics. Therefore, it is a novel method dealing with
strain-softening instabilities adding to the options available in the modelling
of strain-softening.

Symmetric and positive-definite 8" order damage tensor:

This work was part of the “Equivalent damage force” approach and aimed to
extend the method to orthotropic material behaviour so that it could be applied
to a wider range of materials.

The “Equivalent damage force” approach requires that damage influenced parts
in the equation of motion can be clearly distinguished from the linear elastic
parts. Otherwise the “Equivalent damage force” cannot be formed as an
inhomogeneous part. Unfortunately, orthotropic damage requires a tensorial
representation which complicates the application of the “Equivalent damage
force” approach. The study presented investigated the problem analytically and
presented the formation of a damage tensor with 8" order as transformation

from virgin to damaged stiffness tensor. It was ensured that the tensor was
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symmetric and positive-definite to maintain a well-posed boundary value
problem for orthotropic material behaviour.

The 8™ order damage tensor concept was developed as part of the “Equivalent
damage force” method in Chapter 7. The use of an 8" order damage tensor
was found to be necessary but unfortunately 8" order tensor quantities are not
commonly used and described in literature. Therefore, the development of a
symmetric and positive-definite damage tensor for the “Equivalent damage
force” approach was conducted from scratch and represents a contribution to

knowledge in itself.

The study of SPH’s nonlocality and the “Equivalent damage force” approach lead to a
paramount implication. Additional terms in the material's constitutive equations of a
continuum damage mechanics model with strain-softening, as in regularisation
methods, are not necessarily required to keep the boundary value problem stable and
avoid strain-softening instabilities. In this insight lies a strong benefit for users of
strain-softening models. Currently, the user needs to be aware that conventional
strain-softening models lead to non-physical and mesh-sensitive numerical results, and
that users are required to use regularisation methods to achieve reasonable results.
However, with the options studied in this work the user is not required to determine
additional regularising terms for the material model and does not require a deeper

understanding of the strain-softening issue to achieve mesh-independent results.

8.1 Future Work

The aim of this work was to examine critical issues of damage modelling within the
continuum damage mechanics framework. More specifically, it was the goal to explore
methods, other than conventional regularisation methods, which could maintain the
well-posed character of the initially applied boundary value problem to circumvent
critical issue of strain-softening behaviour commonly observed in continuum damage
mechanics models, such as violation of the material stability criterion in analytical

considerations and mesh-sensitivity of numerical results.

This work was successful in presenting two methods, namely the particle method SPH
and the “Equivalent damage force” approach, which can achieve a well-posed
boundary value problem and therefore contain the most crucial aspect of a good and
reliable continuum damage mechanics model with strain-softening. However, some

areas for improvement were determined:
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The “Equivalent damage force” approach was extended analytically to fit the
more complex material behaviour of orthotropy. These analytical considerations
lead to the definition of a symmetric and positive-definite 8" order tensor for the
transformation of the stiffness tensor to its damaged configuration. However,
these considerations were kept purely analytical and need to be tested for their
suitability to numeric applications as a validation step.

The “Equivalent damage force” approach was applied numerically for an
isotropic material model with linear softening law which represents the simplest
way of implementing a continuum damage mechanics model with strain-
softening. This representation was sufficient for the purpose of investigating the
characteristic properties and feasibility of the “Equivalent damage force”
approach in this work. However, it was acknowledged that the linear softening
law is not the most accurate model for real material behaviour. Therefore, it is
recommended to add further softening laws, e.g. bi-linear or exponential, to

achieve more realistic material behaviour in the strain-softening domain.
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APPENDICES

Appendix A Product- and Sum-Type Symmetrisation

A.l Product-Type Symmetrisation

Product-type symmetrisation was proposed by Cordebois and Sidoroff [26] and is

frequently applied in literature, e.g. Carol et al. [17]. The symmetric damage effect

tensor can be developed in terms of stress or strain and will be fully equivalent: M;j,;, =

-1
M-

The representation of the effective stress using the product-type symmetrisation is

known from Equation (3-21).

1 _1
6:; = (B — wix) 20 (81 — wj;) 2

It reads expanded in matrix notation as:

T 0 0
—w,
011 012 Oi3 1 011 012
O1 0Oy Op3| = 0 1-o 0 021 032
031 O3y O3z 2 1 031 03
0 0
1—0)37
011 012
l1-w; \/1—(4)1\/1—(4)2
_ 021 022
“1-w/1-w, 1-w;
031 032
V1-wif1-w; J1-w,/1-w;

0 0
1-w,;
013 1
033 0 0
033 1—0)2 L
0 0
1- W3]
013 ]
JI—w/1-w;
023
J1—wy/1— w3
033
1 — W3

The symmetric damage effect tensor is found by applying Voigt notation:
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0 0 0 0 0
1 —_ (Ul
1
0 0 0 0 0
1— 0)2
1
0 0 0 0 0
1 —0)3
M; ., = 1
kL 0 0 0 0 0
V@ - 0)(@ - ;)
1
0 0 0 0 0
»\/(1 - wl)(l - 0)3)
1
0 0 0 0 0
V@ =-0)A - )]

The representation of the effective strain using the product-type symmetrisation is as

following:

1 1
& = (6ix — wi)2€11 (81 — wj1)?

It reads expanded in matrix notation as:

€11 €12 &3 1-o, 0 0 &1 &12 &3 1-w 0 0

521 522 523 = 0 1- [(OP) 0 €21 €22 &23 0 1- [(OP) 0

g1 f2 & 0 0 T—w,) &1 %2 &l 0 1w,
g1(1—wy) 1231 — w1/1-w, &13¢/1 — w1,/1 — w;]

=lepl—wi1—w, &,(1—wy) &3~/ 1 — wyy/1 — w5

»531\/1_001\/1_003 532\/1_002\/1_“’3 €33(1 — w3)

The symmetric inverse damage effect tensor is found by applying Voigt notation:

1-w, 0 0 0 0 0 .
0 1-w, O 0 0 0
0 0 1-uw, 0 0 0
-1
M =| o 0 0 JA-w)(-w,) 0 0
0 0 0 0 VA - 0)(1 - ws) 0
0 0 0 0 0 V@ - 0)(1 - w,)]

The damage effect tensors developed through product-type symmetrisation of effective

stress and effective strain are equivalent: M; ;;; = Mi},%l.

206



A.2 Sum-Type Symmetrisation

Sum-type symmetrisation was proposed by Murakami [82] and is frequently applied in
literature, e.g. Carol et al. [17]. The symmetric damage effect tensor can be developed

in terms of stress or strain but will not be equivalent: M;j,; # Mi}iz-

The representation of the effective stress using the sum-type symmetrisation is known
from Equation (3-22).

. 1 -1 -1
Gij =5 [Uik(5kj —wj)  + (8 — wpr) Uki]
It reads expanded in matrix notation as:

021 032 0323

[011 012 O3
031 032 033

( - 0 o | [-2 0 o | )
[1-w; | 11-w,; |
1 |[011 12 O13]| 1 | | 1 |[[F11 012 013
=3 021 Oz Oa3|| 0 1= o |+] o 1= 0 ||o21 022 03
i 031 03 O3l @2 1 [ @2 1 oz, 032 033 i
k l 0 0 1—w3J l 0 0 1—w3J J
011 1 1 1 1 1 1
_012< ) _013< )
1-w, 2 l-w; l1-w, 2 l-w; 1-w;3
11 ( 1 . 1 ) 052 1 ( 1 . 1 )
122100, " 1-w, 1-w, 272 \1-w, 1-w,
1 ( 1 . 1 ) 1 ( 1 . 1 ) 033
2%1\1-0, 1-w,) 272\1-0w, 1-w, 1— s

The symmetric damage effect tensor is found by applying Voigt notation:
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M;ji

1 -
0 0 0 0 0
1—0)1
1
0 0 0 0 0
1—0)2
1
0 0 0 0 0
_ 1—0)3
- 1 1 1
0 0 0 —( + ) 0 0
2 1—0.)2 1—0)3
1 1 1
0 0 0 0 —( + ) 0
2 1—0.)1 1—0)3
1 1 1
0 0 0 0 0 —( + )
2\1-w; 1-w,/]

The representation of the effective strain using the product-type symmetrisation is as

following:

1 - -
&j=5 [Sik(5kj —wi) (8 — wii) lgki]

It reads expanded in matrix notation as:

021 032 033
031 032 033

[011 012 O3

1([E11 €1z Es|[l—awy 0 0 1-—w, 0 0 &1 &2 &3
= > &1 &3 &3 0 1-w, 0 + 0 1-w, 0 &1 &2 &3
w3

£31 &3 £33 0 0 1- 0 0 1—-w3llé1 €32 &33

|

The symmetric damage effect tensor is found by applying Voigt notation:

1
521((1_001)"' (1_002)) £22(1— w,) 5523((1—w2)+(1_w3))|

1
531((1 —w)+(A- w3)) 5532((1 —wy)+(1- w3)) £33(1 — w3)

RPN~

1 1
[ g1(1— wq) 5512 ((1 —w)+(1- wz)) 5513 ((1 —w)+(1- w3))-|
2
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-1
Mijia

l-w, O 0 0 0 0

0 1-w, O 0 0 0

0 0 l-ws 0 0 0

1
_| O 0 0 E((1—a)2)+(1—<u3)) 0 0
1
0 0 0 0 E((l —w)+(1—wy) 0
1
0 0 0 0 0 5(A—w)+ (- wy))]

The damage effect tensors developed through sum-type symmetrisation of effective

stress and effective strain are not equivalent: M; ;; # Ml-;-,il.
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Appendix B Single Element Test Validation

This appendix presents additional results from the LS-DYNA single element test
presented in Chapter 4. Appendix B.1 and B.4 present out-of-plane results which were
obtained with 3D elements in MAT_022 and MAT_059. These were not presented in
Chapter 4 directly for the sake of space. Additionally, results for all materials obtained
for the single element tests for strength, stiffness and failure strain are compared to LS-
DYNA material input data and analytical data if available. This is meant to evaluate the

accuracy of the material models. The determined failure criterion is stated as well.

The single element test was used to evaluate composite material models in LS-DYNA.
e MAT_022: Composite Damage
o MAT_054: Composite Damage with Chang-Chang
e MAT_055: Composite Damage with Tsai-Wu
e MAT_058: Laminated Composite Fabric
e MAT_059: Composite Failure

The single element test in Chapter 4 (Section 4.1.2.2.) was used to investigated and
compare different composite material models in LS-DYNA. The single elements used

had a consistent edge length of 1mm and where quasi-statically loaded with the strain-

rate £'=10‘1§. Separate tests were conducted for three load cases (tension,

compression, shear) and three different orientations (0, 45" and 90").
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B.1 Composite Damage (MAT_022)
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Figure 175: Single element test MAT_022: Figure 176: Single element test MAT_022:
tension in ac-plane of 3D elements (00°, 45° tension in bc-plane of 3D elements (00°, 45°
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Figure 177: Single element test MAT_022: Figure 178: Single element test MAT_022:
compression in ac-plane of 3D elements (00°, compression in bc-plane of 3D elements (00°,

o o o o
45° and 90°) 45° and 90°)
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Figure 179: Single element test MAT_022: Figure 180: Single element test MAT_022:
shear in ac-plane of 3D elements (00°, 45° shear in bc-plane of 3D elements (00°, 45°
and 90°) and 90°)
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Table 0-1: Comparison of failure strengths for MAT_022 (2D and 3D elements)
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Table 0-2: Comparison of failure strains for MAT_022 (2D and 3D elements)
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Table 0-3: Comparison of stiffness for MAT_022 (2D and 3D elements)

Shells MAT_022 Solids ab-plane MAT_022
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B.2 Composite Damage with Chang-Chang/with Tsai-Wu

(MAT_054/055)
Table 0-4: Comparison of failure strengths for MAT_054 and MAT_055 (2D elements)
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qg_ 45° -322 -322.8 0.2 CC4 qg_ 45° -322 -322.8 0.2 TW1
1S 1S
8 90° -463 -463 0.0 cc4 8 90° -463 -463 0.0 TW1
00° 146 142 2.7 CC3 00° 146 146 0.0 TW1
T T
Q2 45° 560 558.9 0.2 shear Q2 45° 560 558.9 0.2 shear
B B
90° 146 142.1 2.7 CC3 90° 146 146.1 0.1 TW1
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Table 0-5: Comparison of failure strains for MAT_054 and MAT_055 (2D elements)

Shells MAT 054 Shells MAT 055
= c = <
s & 2 2 s & 3 2
2 23— E£= = 3 2 32— £= = 3
s & =& T 5 s <& <& T 5
S Z= £ 9 @ S Z= £= 9 o
3 Z 2 2 = g 3 z 2 2 ¢ o
5 o o L = 5 o o L 2
o 7 b = o 7y % 3
— — L — —I L
00° 00158 00159 06 | CCl 00° 00158 00159 06 | CCl
c c
o o
2 | 45° 00089 00089 00  CC3 2 | 45° 00089 00089 00 = TWi1
& &
90° 00145 00146 07  CC3 90° | 00145 00146 0.7 = TWI1
S | 00° 00109 00108 09  CC2 S | 00° 00109 00108 09  CC2
‘n ‘n
w w
£ | 45 00102 00101 10 | Cc4 £ | 45 00102 00101 10 = TWI
£ £
S | o | 00108 00108 00 | CC4 S | 9 00108 00108 00 = Twi
00° 00138 0018 304 & CC3 00° 00138 00188 362 = TW1
T T
2 | 45  N/A 00316 N/A  shear | 2 | 45  N/A 00316 N/A | shear
w w
90° 00138 00179 297  CC3 90° 00138 00185 341 = TW1
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Table 0-6: Comparison of stiffness for MAT _054 and MAT_055 (2D elements)

Shells MAT_054

Shells MAT_055

| 2 | 8 5 - 5

o +— o —_— o= o = o —_— o

£ 3% £fw & 8 £ 3% =% & 2

8 <2 <o = 5 8 <2 Sa = 5

g 22 £2 B8 o g z2 £2 B8 o

5 o o L = 5 0 2 L 2

°© 5 2 = R S 4 3

— — LL — — L

00° | 70800 70245 08 | CCl 00° | 70800 70245 08 | CCl
c c
(@] o

2 | 45 31684 31933 08 | CC3 2 | 45 31684 31933 08 @ TWil
2 2

90° | 42700 42253 10 | CC3 90° 42700 42253 10 | TW1

S | 00° | 70800 71111 @ 04 | CC2 S | o00° | 70800 71111 @ 04 | CC2
‘D ‘D
w w

© | 45 31684 31960 09 = CC4 S | 45 31684 31960 09 @ TWL
£ £

S | o90° | 42700 42700 00 | cC4 S | 90° 42700 42700 00 | TWi

00° | 10600 7889 & 256 | CC3 00° | 10600 7766 = 267 = TWi1
< S

@ | 45° | N/A 17687 @ N/A | shear @ | 45° | N/A 17687 @ N/A | shear
wn wn

90° | 10600 7939 = 251 | CC3 90° 10600 7897 = 255 | TW1
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B.3 Laminated Composite Fabric (MAT_058)

Table 0-7: Comparison of failure strengths and failure strains for MAT_058 (2D elements)

Strength: Shells MAT_058

= c

s 3 B S

= c. - 5. ¥ 5]

= =T 0T = £

8 <ol o = 5

& £2 22 8 o

= o) A L S

(@) 172} 1 =

= a3 &

00° 1119 11189 0.0 T1
S

2 | 45 284 2841 00 T2
2@

90° 617 | 6169 = 0.0 T2

S | o0c  -768 -767.9 0.0 T1
‘n
w

£ | 45 32 2673 170 @ T2
1S
o

S | 90°  -463 | -4629 = 0.0 T2

00° 146 = 1427 = 23 T3
&

S | 45 560 | 5592 0.1 T1
w

90° 146 | 1427 23 T3
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B.4 Composite Failure (MAT_059)
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Figure 181: Single element test MAT_059: Figure 182: Single element test MAT_059:
tension in ac-plane of 3D elements (00°, 45° tension in bc-plane of 3D elements (00°, 45°

o o
and 90°) and 90°)
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Figure 183: Single element test MAT_059: Figure 184: Single element test MAT_059:
compression in ac -plane of 3D elements (00°, compression in bc -plane of 3D elements (00°,

45° and 90°) 45° and 90°)
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Figure 185: Single element test MAT_059: Figure 186: Single element test MAT_059:
shear in ac -plane of 3D elements (00°, 45° shear in bc -plane of 3D elements (00°, 45°
and 90°) and 90°)
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Table 0-8: Comparison of failure strengths for MAT 059 (2D and 3D elements)
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Table 0-9: Comparison of failure strains for MAT_059 (2D and 3D elements)

Shells MAT_059

Solids AB MAT_059

c & 3 5 c 3 @ % 5
o +— o —_— o= o ey o —_— o
= S € - 2 [T} 2 S — c — 5 3]
= Ow: T © &= = = SIS ~ © = =
= < o < o . S = < < o . S
& 22 £2 ¢ o 5 22 £2 8 o
5 a o I E; 5 a o I E;
& ! 3 & ! T
— L — L
00° 00158 00159 0.6 @ CCl 00° 00158 00159 @ 06 = CHI
c c
(@] (@]
2 | 45° 00089 00091 22 @ CC3 2 | 45° 00089 00089 00  CH2
2 2
90° | 0.0145 00146 07 | CC3 90° | 00145 00145 0.0 = CH2
S | 00° 00109 00108 09 | cC4 S | 00° @ 00109 00108 09  CH6
‘n ‘n
w w
£ | 45° 00102 00092 9.8 | shear S | 45° 00102 00125 225  CH7
£ £
Q Q
S | 90° | 00108 00108 00 | CC4 S | 90° | 00108 00108 00 | CH7
00° 00138 00184 333 & CC3 00° | 00138 00166 @ 20.3 = CH2
T T
2 | 45°  N/A 00317 N/A | CCL 2 | 45 N/A | 00272 N/A | CHL
w w
90° | 00138 00184 333 = CC3 90° 00138 & 00156 130 = CH1
Solids AC_MAT 059 Solids BC MAT_059
c & 3 5 c 3 | % 5
o +— o —_— o= o ey o —_— o
= S— € - 2 [T} 2 S — c — 5 3]
= O 'w: T ©! = = = SIS ~ © = =
= < o < o . S = < < o . S
5 zZ2 £2 8 o 5 Z2 £z ¢ o
5 a o I E; 5 a o I E;
& ! 3 & ! T
— L — L
00° | 0.0158 00159 0.6 . CH1 00° | 00075 00075 00  CH5
c c
(@] (@]
2 | 45° | 0007 0009 286 @ CH5 2 | 45° 00093 0011 = 183  CH5
2 2
90° | 0.0075  0.0075 00 | CH5 90° | 00145 00145 @ 00 = CH2
S | 00° 00109 00108 09 = CHé S | 00° 000375 000374 03  CHS
‘n ‘n
w w
S | 45° 00129 00049 620 = CHS £ | 45° 00127 00063 504  CHS
£ £
Q Q
S | 90° | 00036 00037 03  CHS S | 90° | 00108 00108 00 = CH7
00° | 0.0211 00179 152 = CH5 00° | 00204 00228 118  CH5
T T
2 | 45°  N/A 00275 N/A | CHS 2 | 45°  N/A | 00145 N/A | CH5
w w
90° | 0.0211  0.0224 62 | CH5 90° | 00204 00209 25 = CH5
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Table 0-10: Comparison of stiffness for MAT _059 (2D and 3D elements)

Shells MAT_059

Solids AB MAT_059

S 5_ 8 = k5 S 5_ 8 = 5

g I8 <& = 5 g 28 <& = 5

g z2z2 £2 ¢ o g 22 £=2 ¢ o

5 o o L = 5 0 2 L 2

S 9 % E © 3 % 3

—1 Lo — LL

00° | 70800 @ 70377 0.6 ccl 00° 70800 @ 70377 | 0.6 CH1
c c
o o

2 45° 31684 | 32444 | 2.4 cc3 2 45° 31684 31933 | 0.8 CH2
A A

90° 42700 | 42260 i 1.0 cc3 90° 42700 42552 | 0.3 CH2

S 00° 70800 & 71111 | 0.4 cc4 S 00° 70800 @ 71102 | 0.4 CH6
K7 K7
wn wn

S | 45° | 31684 31739 02 | shear S | 45 31684 31832 05 CH7
S S

8 90° 42700 | 42870 | 0.4 cc4 8 90° 42700 42870 | 0.4 CH7

00° 10600 . 7929 | 252 | CC3 00° 10600 @ 8464 | 202 = CH2
@ @

2 45° N/A 17640  N/A ccl 2 45° N/A | 19051 @ N/A  CH1
w w

90° 10600 | 7929 | 252  CC3 90° 10600 9160 : 136 = CH1

Solids AC_MAT 059 Solids BC MAT_059

g 5_ .. = k5 g 5_ 8. = 5

g I8 <& = 5 g 28 <& = 5

g z2z2 £2 ¢ o g 22 £=2 ¢ o

5 a o L = 5 0 2 L 2

. & 2 = R S 4 3

—1 — Lo — — LL

00° 70800 . 70377 | 0.6 CH1 00° 8000 = 8000 0.0 CH5
c c
(@) o

2 45° 14407 | 11289 | 216 | CH5 2 45° 8799 | 7473 151 = CH5
A A

90° 8000 | 8000 0.0 CH5 90° 42700 42700 i 0.0 CH2

S 00° 70800 . 71102 | 0.4 CH6 S 00° 8000 | 2778 CH8
K7 K7
wn wn

£ | 45° 14407 11163 225  CHS £ | a5 8799 | 7730 121 = CH8
S S
(@} (@}

o 90° 8000 | 8108 1.4 CH8 o 90° 42700 42870 | 0.4 CH7

00° 4400 2844 @ 354 | CH5 00° 2600 | 2395 7.9 CH5
@ @

2 45° N/A | 18051  N/A  CH8 2 45° N/A | 2538  N/A  CH5
w w

90° 4400 4045 8.1 CH5 90° 2600 | 1967 @ 243  CH5
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Appendix C One-Dimensional Wave Propagation:

Solution for Several Time Instances

This appendix includes analytical wave propagation results obtained for a standard

local CDM model presented in Chapter 3 (Section 3.2).The longitudinal wave

propagation problem used was described originally by BaZzant and Belytschko [6] and

consists of a bar which is loaded at both ends with a constant velocity. This model was

introduced in Chapter 3 to observe and analyse strain-softening phenomena and to

evaluate different methods concerning this behaviour. The results presented here were

derived analytically for different time instances of the probem and are presented for the

sake of completeness.
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Figure 187: Analytical solution for normalised longitudinal displacement, strain and stress at t

1/2 - L/c,
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Strain-softening solution

Elastic solution
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Figure 188: Analytical solution for normalised longitudinal displacement, strain and stress at t



Strain-softening solution

Elastic solution
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Figure 189: Analytical solution for normalised longitudinal displacement, strain and stress at t



Strain-softening solution
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Elastic solution
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Figure 190: Analytical solution for normalised longitudinal displacement, strain and stress at t

2-L/c,
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