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Abstract

This paper proposes a nonlinear disturbance observer (NDO) based sliding mode control (SMC) method to the

problem of stall flutter suppression for a revised Leishman/Beddoes (L/B) model. To capture accurate aerodynamic

characteristics whilst reducing the plant model mismatch, the dynamics of the separation point and the shift of the

aerodynamic centre are analysed to improve the structure of the L/B model. Based on this revised L/B model, an

active flutter suppression problem which includes aerodynamic disturbances and actuator dynamics is addressed. The

inclusion of the actuator dynamics means that the aerodynamic disturbance from the flow separation, induced by the

revised L/B model, is considered as an ‘unmatched’ disturbance. To counteract the effect of unmatched disturbances,

an NDO-based sliding mode control scheme is applied to suppress stall flutter and to ensure rapid reference tracking

performance in both steady and unsteady flow conditions. Simulation results show the improvements of the proposed

revised L/B model via a comparative analysis. In addition, the efficacy of the proposed stall flutter suppression scheme

is demonstrated.

1 Introduction

Stall flutter is a nonlinear, dynamic aeroelastic instability with self-excited Limit Cycle Oscillations (LCOs) [Li et al.,

2016]. Stall flutter LCOs result from the coupling between dynamic stall and wing torsional mode whereby flow

periodically detaches from the wing and reattaches [Niel et al., 2017], generally as a result of large incidence angles.

The onset of this phenomenon is usually marked by the flutter speed, which is one of the most important criteria for

aircraft safety and performance [Sun et al., 2015]. Traditionally, stall flutter is avoided by stiffening the structure,

which invokes a weight penalty [Sun et al., 2015, Doggett and Townsend, 1976], but the drive towards more efficient

aircraft by reducing weight and increasing wing aspect ratio means that wings are becoming more flexible [Fagley

et al., 2015] and are subject to larger deformations. Indeed, with very flexible wings, such as the NASA HALE Helios

vehicle [Fagley et al., 2015], the large deformations mean that the incidence angles on the wingtips can be large even

when undergoing lateral maneuvers. Consequently aeroelastic instability is of increasing importance and Active Flutter

Suppression (AFS) has received much attention [Livne, 2018].

One challenge of AFS control design is the modelling of unsteady aerodynamic loads [Borglund and Kuttenkuler,

2002]. Stall flutter behaviour can be described with an aerodynamic model coupled with an elastic structural model.
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A noted case is the Leishman/Beddoes (L/B) model which is used to model unsteady loads for an airfoil undergoing

dynamic stall [Leishman and Beddoes, 1989]. However, since the L/B model was originally developed for helicopter

blades at Mach numbers higher than 0.3, it requires certain modifications for incompressible cases [Sheng et al.,

2006]. Hence a modified L/B model was proposed [Boutet et al., 2020] for both low Reynolds number and low Mach

number cases. However, there exist noticeable model-plant mismatches. To capture more accurately the unsteady loads

undergoing dynamic stall, a revised L/B model is proposed here and applied to a NACA 0012 airfoil. This model

constructs the dynamics of the separation point and the shift of the aerodynamic centre, and is capable of representing

large disturbances from the air flow.

Model-based control approaches have been widely used to suppress stall flutter. One of the earliest schemes was

applied to an aileron flutter suppression problem and used root locus analysis and an inverse notch filter with a narrow

pass band to compensate adverse zero locations inside the frequency range near flutter [Waszak and Srinathkumar,

1995]. H∞-based linear parameter varying or gain-scheduled control laws have been developed to increase the critical

flutter speed [Borglund and Kuttenkuler, 2002, Theis et al., 2016]. Another, H2-norm-based, AFS method managed to

expand the flutter envelope by 31% [Sun et al., 2015]. An adaptive control method was proposed that asymptotically

stabilised both translational and torsional modes in stall flutter via feeding the pitch rate and the vertical speed of

foil section back to a time-varying controller [Li et al., 2016]. More recently, AFS solutions have been successfully

validated via hardware-in-the-loop tests and flight tests [Luspay et al., 2019, Takarics et al., 2020].

It is well known that sliding mode control (SMC) has inherent robustness against matched uncertainty [Utkin, 1992,

Edwards and Spurgeon, 1998]. This robustness property has been exploited to ensure asymptotic and simultaneous

convergence of both translational and torsional modes in LCOs [Ramos-Pedroza et al., 2015]. However, dynamic

stall was not considered in the work. Furthermore, existing AFS schemes do not include the actuator dynamics. Due

to the presence of the actuator dynamics, the aerodynamic disturbance in the AFS problem will be formulated as

unmatched disturbance. Actuator dynamics reduce the performance of feedback control; their presence causes the

external disturbances to be unmatched. To overcome this, Yang et al. [2013] developed an SMC scheme that is based

on a nonlinear disturbance observer (NDO) that can compensate for the unmatched disturbance. This method is the

basis for the approach proposed here. Most notably, uncertain linear actuator dynamics are included in the model.

In this paper, two-dimensional wing-section flutter is considered and a time-domain aeroelastic model for the stall

flutter analysis and controller design is developed. To capture more accurately the unsteady loads undergoing dynamic

stall, a novel modification of the L/B model is proposed and applied for a NACA 0012 airfoil. Numerical simulation

and analysis are performed to demonstrate the onset of stall flutter and LCOs. For flutter suppression, an observer-

based sliding mode control scheme is proposed to handle unmatched disturbances due to the existence of the actuator

dynamics. In this scheme, an NDO is proposed to estimate unmatched disturbances, which is used to construct the

sliding surface. The simulation results show that the controller provides fast, stable, and robust closed-loop responses.

The main contributions of this paper are to establish a modified L/B nonlinear airfoil model, and to apply an NDO to

suppress the stall flutter in the presence of unmatched uncertainty. Compared with the NDO proposed in Yang et al.

[2013] in which the observer gains are constant values, a NDO with state dependent observer gains are created in this

paper. This structure is well posed for the situation in which the unmatched uncertainty (induced by actuator dynamics

in this paper) affect the channels involving the nonlinear functions/dynamics. The application of an NDO-based control

for flutter suppression appears to be new.

In the next section, the modelling of the stall flutter is discussed and a formulation of the modified L/B model is

derived. The NDO-based control design is described in Section 3 and the closed-loop stability is proven. In Section

4, some comparative results for the proposed aerodynamics model are given, along with simulation results of the

closed-loop system. Finally, some conclusions are provided.

2 Modelling of Stall Flutter

A spring-restrained rigid two-dimensional wing section model is shown in Fig. 1. The elevator surface deflection is

considered as the control input for pitch and plunge. In the usual manner, two reference frames are contained in the

model [Li et al., 2016, Sun et al., 2015, Beedy et al., 2003, Yang et al., 2010, Peiró et al., 2010]. The aerodynamic

reference frame has normal force, 𝑁 , positive upwards and perpendicular to the chord line and pitch moment, 𝑀 ,

positive nose-up; these act at the aerodynamic centre point (AC). Under attached flow conditions, AC is assumed to

be located at the quarter chord, the half-chord is denoted by 𝑏. The kinematic frame has plunge distance, 𝑧, positive

downwards measured at the elastic axis origin (EA). The dimensionless parameter 𝑎 denotes the relative distance of the
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Fig. 1. Two-dimensional foil section.

point EA from the half-chord. The location of the center of gravity (CG) is defined by the dimensionless parameter ℎ.

The elevator surface deflection is given by 𝜂, the pitch is 𝜃 and the pitch rate is given by 𝑞 =
¤𝜃. The plunge rate is

𝑣 = ¤𝑧 and the air-flow is horizontal with a speed 𝑈. The plunge rate and airflow combine to give an inflow at an angle

𝛾 with the horizontal. The resulting angle of attack (AoA) is given by 𝛼 = 𝜃 − 𝛾.

2.1 Aerodynamic Model

Assuming that for the attached flow condition the wing section aerodynamics model is linear, the normal force coefficient

is given by

(𝐶N)lin = 𝐶N𝛼
𝛼 + 𝐶N ¤𝛼

¤𝛼
2𝑏

𝑈
+ 𝐶N𝜂

𝜂 (1)

where 𝐶N𝛼
, 𝐶N ¤𝛼

, and 𝐶N𝜂
are constant derivatives quantifying the contributions from circulatory lift, impulsive loads,

and the control surface respectively.

To model the separated flow condition, the relative position of the trailing-edge flow separation point along the

chord is denoted by a non-dimensional state variable 𝑆 which satisfies

𝜏1
¤𝑆 + 𝑆 =

1

2
(1 − tanh (𝜆1 (|𝛼 − 𝜏2 ¤𝛼 | − 𝛼∗))) (2)

where the time constants 𝜏1 and 𝜏2 represent transient and quasi-steady aerodynamic effects respectively, 𝜆1 is a

parameter that defines the static stall characteristics of the wing section and 𝛼∗ represents the AoA corresponding to

𝑆0 =

1

2
(1 − tanh (𝜆1 (|𝛼 | − 𝛼∗))) = 0.5 (3)

where 𝑆0 is the separation point under static (steady-state) conditions [Pontillo et al., 2020].

As the trailing edge separation process evolves, the normal force coefficient is defined as

𝐶N = (𝐶N)lin
(

1 − 𝛿(1 − 𝑆)
)

+ 𝐶N𝑆
(1 − 𝑆)𝑘 (4)

where the parameter 𝛿 is the ratio of the loss to (𝐶N)lin, 𝐶N𝑆
is a constant parameter and 𝑘 is the nonlinear aerodynamic

factor defined as

𝑘 = tanh (𝜆2𝛼) exp (− |𝜏4 ¤𝛼 |
𝑛) (5)

where the parameter 𝜆2 defines the range where the constant part decays, the time constant 𝜏4 defines the AoA rate

condition and 𝑛 is a shaping index. The quantity tanh (𝜆2𝛼) captures the characteristics so that the constant 𝐶N𝑆
will

dominate at high AoA and the term exp (− |𝜏4 ¤𝛼 |
𝑛) allows the constant part to occur when AoA rate is low.
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Under the attached flow condition, AC lies on the quarter chord, and it moves downstream as the separation

progresses. The non-dimensional distance, 𝐺, of AC from the quarter chord with respect to the chord length is

formulated as [Leishman and Beddoes, 1989]

𝜏3
¤𝐺 + 𝐺 = (1 − 𝑆0) (𝐺𝑆 + 𝐺𝛼 |𝛼 |) (6)

where 𝜏3 defines the lag between 𝐺 and AC displacement under steady conditions and 𝐺𝑆 and 𝐺𝛼 are coefficients to fit

the AC displacement distribution in separation flow. Since the wing section is symmetric, it is assumed that the zero-lift

moment is zero. The moment derivative of the control surface, 𝐶M𝜂
, can be assumed constant [Niel et al., 2017], then

𝐶M = 𝐶N𝐺 + 𝐶M𝜂
𝜂 (7)

Defining 𝑙 = 1
2
+ 𝑎 as the relative distance between AC and EA, then it follows

𝑀 = 2𝜌𝑏2𝑈2𝐶M + 𝑙𝑏𝑁 (8)

where 𝑀 is aerodynamic moment per unit wing span about the EA and 𝑁 is the normal force per unit wing span defined

as

𝑁 = 𝜌𝑏𝑈2𝐶N (9)

where 𝜌 denotes the air density.

2.2 Full Aeroelastic Model

The equation of motion of a spring-restrained wing-section can be written as

[

𝑚 𝑚𝑟𝑏

𝑚𝑟𝑏 𝐼p

] [

¤𝑣

¤𝑞

]

+

[

𝑐𝑧 0

0 𝑐𝜃

] [

𝑣

𝑞

]

+

[

𝑘𝑧 0

0 𝑘 𝜃

] [

𝑧

𝜃

]

=

[

−𝑁 cos 𝜃

𝑀

]

(10)

where 𝑘𝑧 and 𝑘 𝜃 denote the translational and rotational stiffness coefficients respectively, 𝑐𝑧 and 𝑐𝜃 denote the

translational and rotational damping coefficients respectively, 𝑚 and 𝐼p denote the mass per unit wing span and the

inertial per unit wing span about EA respectively, and the non-dimensional distance between EA and CG is defined as

𝑟 = 𝑎 − ℎ.

The relationships between the kinematic and aerodynamic parameters are established as

𝛼 = 𝜃 + arctan
𝑣

𝑈
¤𝛼 = 𝑞 +

¤𝑣𝑈

𝑣2 +𝑈2
(11)

From the definitions of 𝑁 and 𝑀 given in (8) and (9)

¤𝑣 = 𝑓𝑣 (𝑧, 𝑣, 𝜃, 𝑞, 𝑆, 𝐺,𝑈)

¤𝑞 = 𝑓𝑞 (𝑧, 𝑣, 𝜃, 𝑞, 𝑆, 𝐺,𝑈)
(12)

when 𝜂 = 0. Define a state variable vector x =

[

𝑧, 𝑣, 𝜃, 𝑞
]T

and let the disturbance vector d =

[

1 − 𝑆, 𝐺
]T

capture the

unknown state variables 𝑆 and 𝐺. Then for a given 𝑈, (10) can be written as

¤x = f (x) + g(x)𝜂 + e(x, 𝑡)d (13)

where f =
[

𝑣, 𝑓𝑣 , 𝑞, 𝑓𝑞
]T

, g =

[

0, 𝑔𝑣 , 0, 𝑔𝑞
]T

, e =

[

0, 𝑒𝑣 , 0, 𝑒𝑞
]T

. The variables 𝑔𝑣 , 𝑔𝑞 , 𝑒𝑣 and 𝑒𝑞 represent compatible

vector functions.

Since g(x) is of full column rank, and without loss of generality the uncertainty term in (13) can be rewritten as

e(x, 𝑡)d = g(x)𝜉 + ẽ(x, 𝑡)d̃, where ẽ(x, 𝑡) has the form of
[

0, 𝑒𝑣 , 0, 0
]T

. Since d̃ does not affect the pitch rate, ¤𝜃, directly,

it can be simply ignored when designing the pitch angle reference tracking control. Therefore, (13) can be simplified as

¤x = f (x) + g(x)𝜂 + g(x)𝜉 (14)

where 𝜉 ∈ R is a scalar disturbance.

Now the problem is to ensure a stable and fast tracking control of the pitch angle of a foil section undergoing

dynamic stall, which will be addressed in the next section.
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3 Observer Based Sliding Mode Control

Consider a nonlinear state-dependent system as in (14) in the presence of external disturbance:

¤x = f (x) + g(x)ua + g(x)𝜉

¤ua = −(𝚪 + 𝚫)ua + (𝚪 + 𝚫)u
(15)

where x ∈ R𝑛𝑥 is the plant state vector, ua ∈ R
𝑛𝑢 is the actuator state vector, u ∈ R𝑛𝑢 is the system input vector, 𝝃 ∈ R𝑛𝑢

is the external disturbance, f (x) and g(x) are known real functions of appropriate dimensions and they are assumed to

be differentiable. In particular g(x) is supposed to be a full column matrix function. The diagonal matrix 𝚪 ∈ R
𝑛𝑢×𝑛𝑢
+

represents the known actuator time constants and the diagonal matrix 𝚫 ∈ R𝑛𝑢×𝑛𝑢 captures bounded uncertainties. Here

it is assumed that 𝚪+𝚫 is positive definite and 𝚫𝚪
−1 ≈ 0. It is also assumed that 𝝃 is differentiable and satisfies ∥𝝃∥ ≤ 𝜉

where the scalar 𝜉 is known.

The following technical assumptions are required.

Assumption 1. The system in (15) is stabilizable.

Assumption 2. The derivatives of the disturbance 𝝃 are bounded and satisfy lim𝑡→∞





 ¤𝝃






= 0.

Rearranging (15) yields

[

¤x

¤ua

]

=

[

f (x) + g(x)ua

−𝚪ua

]

+

[

0

𝚪

]

u +

[

g(x)

0

]

𝝃 +

[

0

𝚫(−ua + u)

]

(16)

Due to the actuator dynamics, the disturbance 𝝃 in (15) becomes ‘unmatched’ in (16) since the control input u does not

appear in the input channel as 𝝃.

In this paper, an NDO [Yang et al., 2013, Chen, 2003, 2004] is applied to estimate the unmatched disturbance 𝝃 in

(16)

¤s = −w(x)g(x)s − w(x)
(

g(x)p(x) + f (x) + g(x)ua

)

𝝃̂ = s + p(x)
(17)

where s ∈ R𝑛𝑑 is the observer vector, p(x) ∈ R𝑛𝑥 → R𝑛𝑢 is a nonlinear function to be designed and 𝝃̂ represents the

disturbance estimate. The observer gain w(x) is defined as

w(x) =
𝜕p(x)

𝜕x
. (18)

Lemma 1. [Chen, 2003] Under Assumption 2, the disturbance estimate 𝝃̂ of the NDO (17) can asymptotically track 𝝃

of the system given by (16) if the observer gain w(x) is chosen such that for all x, w(x)g(x) is Hurwitz, which implies

that the system

¤e𝜉 = −w(x)g(x)e𝜉 (19)

is globally exponentially stable for all x ∈ R𝑛𝑥 , where e𝜉 = 𝝃 − 𝝃̂ is the estimation error.

From Lemma 1, the disturbance estimation error e𝜉 is bounded and satisfies

e𝜉 ≤ ē𝜉 (𝑡) = ē𝜉 (0)e
−𝑡/𝜏𝑒 (20)

where ē𝜉 (0) is a known itemwise-positive vector and 𝜏𝑒 is a time constant.

As in Yang et al. [2013], a sliding surface is developed for (16) in the presence of unmatched disturbances, given

by:

𝝈 = Kx + ua + 𝝃̂ (21)

where 𝝈 ∈ R𝑛𝑢 is the switching function, K ∈ R𝑛𝑢×𝑛𝑥 is a controller gain matrix to be designed, and 𝝃̂ represents the

disturbance estimate from Equation (17).

During sliding 𝝈 = ¤𝝈 = 0, from (21) it follows ua = −Kx − 𝝃̂ and therefore

¤x = f (x) − g(x)Kx + g(x)e𝜉 (22)
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Here it is assumed that K is selected to ensure the matrix A(x) is Hurwitz for all x ∈ R𝑛𝑥 , where

A(x) =
𝜕f (x)

𝜕x
− g(x)K (23)

which is possible under Assumption 1. Then the sliding motion is exponentially stable and subject to an exponentially

decaying disturbance.

Remark 1. The controller gain K can be calculated by rewriting the dynamic model

¤x =

(

𝜕f (x)

𝜕x
− g(x)K

)

x (24)

as a convex sum of linear ones, where nonlinearities are captured in functions that hold the convex sum property. The

gain K can be solved by solving a set of Linear Matrix Inequalities (LMIs) [Tapia et al., 2017].

Define the NDO-based SMC law as

u = −𝚪−1
(

K
(

f (x) + g(x)ua + g(x)𝝃̂
)

+ 𝚪 sign𝝈
)

+ ua (25)

where 𝚪 ∈ R𝑛𝑢×𝑛𝑢 is a positive definite diagonal gain matrix to be designed.

Theorem 1. Under Assumptions 1 and 2, the control law given by (25) will ensure a finite time convergence of 𝝈 if the

observer gain w(x), and the gain 𝚪 are designed as follows:

• the matrix −w(x)g(x) is Hurwitz for all x ∈ R𝑛𝑥 ;

• for all x ∈ R𝑛𝑥 , the following inequality holds:

𝜆min(𝚪) ≥






[

K + w(x)
]

g(x)ē𝜉 (0)




 + 𝜂0, (26)

where 𝜂0 is a small positive scalar and 𝜆min(𝚪) represents the minimal eigenvalue of the real diagonal matrix 𝚪.

Proof. Define a Lyapunov candidate 𝑉 =
1
2
𝝈T𝝈, then

¤𝑉 = 𝝈T ¤𝝈 = 𝝈T (K¤x + ¤ua +
¤̂𝝃) (27)

From (16)–(18), it can be derived that

¤̂𝝃 = ¤s + w(x) ¤x = w(x)g(x) (𝝃 − 𝝃̂) (28)

Substituting (15) and (28) into (27) yields

¤𝑉 = 𝝈T (K
(

f (x) + g(x)ua + g(x)𝝃
)

+ (𝚪 + 𝚫) (−ua + u) + w(x)g(x)e𝜉 ) (29)

= 𝝈T (𝚪u + K(f (x) + g(x)ua + g(x)𝝃̂)

− 𝚪ua +
(

K + w(x)
)

g(x)e𝜉 + 𝚫(−ua + u)) (30)

Substituting the control law in (25) into (29) and using the fact that 𝚫𝚪−1 ≈ 0, (29) can be written as

¤𝑉 ≈ 𝝈T(−𝚪 sign𝝈 +
(

K + w(x)
)

g(x)e𝜉 ) (31)

≤ −𝜆min (𝚪) ∥𝝈∥ + ∥𝝈∥






(

K + w(x)
)

g(x)










e𝜉





 (32)

Using (20) it follows
¤𝑉 ≤ −𝜆min (𝚪) ∥𝝈∥ + ∥𝝈∥







(

K + w(x)
)

g(x)




 ē𝜉 (0) (33)

By selecting the modulation gain as (26)
¤𝑉 ≤ −𝜂0 ∥𝝈∥ = −𝜂0𝑉

1/2 (34)

and therefore 𝝈 → 0 in finite time. □
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4 Simulation and Results

4.1 Aerodynamic model simulation

Simulation results associated with the proposed revised aerodynamics model of the NACA 0012 airfoil are presented

here. The experimental data and the conventional L/B model representations are taken from Sánchez Martínez et al.

[2019].

Fig. 2. Comparison between separation point distribution in static stall experiments and its representations from L/B

model and the revised model.

Fig. 2 shows a comparison between the predictions of the conventional L/B model (solid line), the modified model

proposed in this paper (dashed line) and one from the experimental data (dotted line). Compared to the piece-wise

approximation of the conventional L/B model [Leishman and Beddoes, 1989], the proposed model is continuous.

There are two major differences between the estimates from the proposed model and the experimental data. In

the low AoA region, the laminar separation bubble near the leading edge [Leishman and Beddoes, 1989] is ignored in

both the conventional L/B model and the revised model, since it is trailing edge separation that plays a significant role

in the onset of dynamic stall [Leishman and Beddoes, 1989]. The discrepancy in the high AOA region is caused by

inaccuracy of the experimental data, because the separation point cannot be measured directly in experiments, but is

usually calculated by inverting the relation of normal force to separation point defined in the conventional L/B model.

Note that the conventional L/B model does not allow 𝑆 to be less than 0.04, which restricts the prediction performance

at high AoA, while the revised model does not have this restriction. Fig. 2 also shows the symmetric representation of

the proposed model.

The normal force coefficient variations in static (solid and dashed lines) and dynamic stall (dash-dotted and dotted

lines) are plotted in Fig. 3. In the dynamic stall experiment, the normal force has a large overshoot before detachment

occurs because of the large hysteresis of the separation point. Then it falls to the value that matches the static stall

experiment data as the AoA increases to its maximal value in the oscillation period. The proposed model explains this

by the fact that the nonlinear factor given by (5) is large since the AoA rate is small and the flow is separated with high

AoA, so the 𝐶N𝑆
term in (4) dominates. However, when the wing section is pitching down, the normal force drops more

than in static stall, because as the AoA rate goes up, the weight on 𝐶N𝑆
decays. Finally, in the reattachment process, no

overshoot is observed, because the effect of 𝐶N𝑆
disappears at low AoA.

Clearly from Fig. 4, the proposed model has better predictions. These show that the L/B model fails to consider the

constant part so that its static normal force estimate is not accurate at high AoA [Boutet et al., 2020].

7



Fig. 3. Comparison between normal force coefficient distribution in static stall experiment and dynamic stall experiment.

Fig. 4. Comparison between normal force coefficient distribution in static stall experiment and its representations from

the L/B model and the revised model.

Figures 5a and 5b show the normal force distributions in dynamic stall with frequencies of 2.5 Hz and 1 Hz. Both the

revised model and the L/B model delay the time when 𝐶N reaches its peak. In the conventional L/B model prediction,

there is an unexpected notch in the detachment procedure marked as “unwanted dynamics” on the plots. This results

from the undifferentiable point of the static 𝑆-fitting. Data consistency was verified by measuring the L2-norm of error

between estimates and experiment data listed in Table 1, which shows that the revised model provides better estimation
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(a) Frequency of 2.5 Hz (b) Frequency of 1 Hz

Fig. 5. Comparison between normal force coefficient distribution in dynamics stall experiment and its representations

from the L/B model and the revised model.

for 𝐶N.

Fig. 6. Comparison of AC displacement distribution in static stall experiment and its representations from the L/B

model and the revised model.

The representation of AC displacement given by the revised model, compared with that given by the conventional

L/B model, is shown in Fig. 6. Similarly, the mismatch in the low AoA region results from ignorance of the leading

edge laminar bubble. Apart from this, the prediction from the proposed model is generally better the that from the

conventional L/B model. The moment coefficient with respect to the quarter chord changes during the separation

process due to AC displacement, as illustrated in Fig. 7. Both model predictions match the experimental data well.

Fig. 8 clearly illustrates the time lag of the AC displacement, which is much shorter than that of the separation point.

This implies that 𝐺 is not a function of 𝑆 as Leishman and Beddoes [1989] suggest. There must be an independent state

variable to represent the time lag. Although the conventional L/B model has excellent prediction for static moment

coefficient, Figures 9a and 9b show that the performance of the conventional L/B model for dynamic moment coefficient

prediction is poor, whereas the revised model gives much better results. An error comparison is also listed in Table 1.
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Fig. 7. Comparison between moment coefficient distribution in static stall experiment and its representations from the

L/B model and the revised model.

Fig. 8. Comparison between moment coefficient distribution in static stall experiment and dynamic stall experiment.
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(a) Frequency of 2.5 Hz (b) Frequency of 1 Hz

Fig. 9. Comparison between moment coefficient distribution in dynamics stall experiment and its representations from

the L/B model and the revised model.

Item Setting (Hz) Revised model L/B model

𝐶N 2.5a 0.148 0.242

𝐶N 2.5b 0.068 0.124

𝐶M 2.5a 0.135 0.442

𝐶M 2.5b 0.217 0.141

𝐶N 1.0a 0.103 0.153

𝐶N 1.0b 0.111 0.276

𝐶M 1.0a 0.094 0.606

𝐶M 1.0b 0.180 0.426

Table 1. The L2-norm errors between predictions from different models and experiment results. In the “setting”

column, the number indicates the frequency (Hz) of dynamic stall; the character “a” represents increasing AoA,

whereas “b” decreasing AoA.
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(a) Pitch response (b) Plunge response

Fig. 10. Aeroelastic responses to small disturbance.

4.2 Open-loop Simulation

This subsection investigates the aeroelastic response undergoing stall flutter with respect to the incoming flow speed.

The model parameters are given in Table 2. The half-chord, 𝑏, is from Sánchez Martínez et al. [2019] and the air

density 𝜌 is taken at sea-level. The mass and inertia parameters are assumed.

The static aerodynamic parameters, 𝐶N𝛼
, 𝛿 and 𝛼∗ are tuned so that the static stall matches the experimental data.

Similarly, the dynamic aerodynamic derivatives, 𝐶N ¤𝛼
and 𝐶N𝑆

, and the dynamic model parameters 𝜆1, 𝜆2, 𝑛, 𝜏1, 𝜏2, 𝜏3

and 𝜏4 are tuned so that the dynamic stall matches the experimental data. The elevator aerodynamic coefficients, 𝐶N𝜂

and 𝐶M𝜂
, are assumed based on the geometry. The aerodynamic centre model parameters, 𝐺𝑆 and 𝐺𝛼 are obtained by

fitting the AC displacement. The aeroelastic parameters 𝑘𝑧 , 𝑘 𝜃 , 𝑐𝑧 and 𝑐𝜃 are tuned to yield a stall flutter at speed of

7.5 m s−1 to match that of Martinez’s experiment [Sánchez Martínez et al., 2019], as are the CG and EA centers, ℎ and

𝑎. Some further details are given in ?.

Parameter Value Parameter Value

𝐶N𝛼
4.50 𝐶N ¤𝛼

0.41

𝐶N𝜂
0.90 𝐶N𝑆

0.45

𝛿 0.75 𝐶M𝜂
-0.45

𝜆1 20 𝜆2 10

𝛼∗ 𝜋/18 rad 𝑛 4

𝐺𝑆 -0.08 𝐺𝛼 -0.032

𝜏1 0.025 s 𝜏2 0.051 s

𝜏3 0.005 s 𝜏4 0.25 s

𝑚 0.077 kg m−1 𝐼p 2.3 × 10−4 kg m

𝑏 0.019 m 𝜌 1.225 kg m−3

ℎ 0.167 𝑎 0.167

𝑘𝑧 3.85 N m−2 𝑘 𝜃 0.069 N rad−1

𝑐𝑧 0.0038 N s m−2 𝑐𝜃 0.0023 N s rad−1

Table 2. Wing-section model parameters

Apart from the equilibrium at zero AoA resulting from the symmetry of the wing-section, all other static equilibrium

points are functions of incoming flow speed 𝑈 by letting ¤𝑧 ≡ 0, which implies 𝛼 = 𝜃. The static solutions of the

equilibrium implies that the critical air speed is about 6.74 m/s. With a larger air speed, the open loop system becomes

unstable. At a speed of about 7.24 m/s, the unstable mode becomes significant.

The aeroelastic responses at a flow speed of 𝑈 = 7.5 m/s are exemplified in Fig. 10 to show that LCOs will result

following a perturbation. A small doublet input with amplitude of 0.01 rad and time interval of 0.1 s is used as the input

excitation. The pitch and plunge responses are shown in Fig. 10, where it can be seen that the nonlinear model response

deviates from the linear model after the dynamic stall commences.

4.3 Closed-loop Simulation

In this subsection, the closed-loop simulation results are presented to show the effectiveness of the observer based

controller. The controller proposed in Section 3 is applied to the model. Assumption 1 is easily checked from the
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(a) Closed-loop response to bi-directional step reference (b) Closed-loop response to time-varying reference

Fig. 11. Closed-loop responses at speed of 6.8 m/s.

(a) Closed-loop response to bi-directional step reference (b) Closed-loop response to time-varying reference

Fig. 12. Closed-loop responses at speed of 7.5 m/s.

model. Since the control surface generates pitch moment, state variable 𝑞 and hence 𝜃 can be controlled. Because the

lift is dependent on 𝜃, state variable 𝑤 and hence 𝑧 are also controllable and the system is thus stabilizable. Assumption

2 is satisfied because the disturbance, 𝜉, is introduced by flow separation in dynamic stall, so that the bound of 𝜉 is

limited by the aerodynamics. As the system is stabilized, the separation point is fixed and the disturbance becomes

constant, which means ¤𝜉 approaches zero.

Simulation results associated with flow speeds of 6.8 m/s, 7.5 m/s, 8.5 m/s are shown in Figures 11, 12, and 13

respectively. The control signals at the 7.5 m/s flow speed are shown in Fig. 14. In addition, a simulation response for

a large flow speed of 9.5 m/s is shown in Fig. 15.

The controller gain matrix K ∈ R5 is designed as

K =

[

0.6731 −0.8279 −6.7351 −0.9515 17.3205
]

(35)

(a) Closed-loop response to bi-directional step reference (b) Closed-loop response to time-varying reference

Fig. 13. Closed-loop responses at speed of 8.5 m/s.
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The observer nonlinear function is given by:

𝑝(𝑥) = −𝑧 − 𝑣 − 𝜃 − 𝑞 (36)

and the gain 𝚪 = 5. Assume that the time constant of the actuator is approximately 0.1 s, then 𝚪 = 10. The uncertainty

𝚫 is 10% of 𝚪.

To demonstrate the effectiveness of the proposed control scheme, a nominal closed-loop performance, generated by

applying a linear control law to a model linearised at zero AoA, is introduced here. Furthermore the linear feedback

control is applied to the full nonlinear model and its closed-loop responses, labelled “Linear controller” in the following

figures, are also used for comparison.

As can be seen from Figures 11 to 13, the proposed control scheme (labelled “Nonlinear controller”) achieves a

performance close to the nominal, and is much better than the response of the nonlinear model under the linear controller

with large unmatched disturbances resulting from the dynamic stall (as the AoA approaches 9◦) and from the actuator

dynamics.

Figure 14 shows the control effector demand and elevator responses with a flow speed of 7.5 m/s. The effect of

the actuator lag dynamics, modelled by a first order lag, can be seen. It should be noted that the elevator deflection

for the time-varying reference, shown in Figure 14b, is infeasibly large. Elevator deflections are typically restricted to

a maximum magnitude of about 20◦, this is significantly exceeded. Thus, in practice, the elevator requires resizing to

cope with the large pitch angle requirements of the reference.

(a) Closed-loop control signal for bi-directional step reference (b) Closed-loop control signal for time-varying reference

Fig. 14. Closed-loop control signal at speed of 7.5 m/s.

(a) Closed-loop response to bi-directional step reference (b) Closed-loop response to time-varying reference

Fig. 15. Closed-loop responses at speed of 9.5 m/s.

When the flow speed is 9.5 m/s, as can be seen from Fig. 15, the linear controller cannot ensure stability and large

oscillations appear. The performance of the proposed controller under the attached flow condition is also shown in

Fig. 15. The results are good and show that the amplitude and frequency of oscillations are successfully suppressed.

The simulation results and analysis demonstrate that the controller proposed in this paper is able to suppress stall

flutter and obtain a fast, stable, and robust reference tracking for pitch angle.

5 Conclusion

In this paper, an aeroelastic model for stall flutter of a two-dimensional wing-section was developed and a nonlinear

disturbance observer based sliding mode controller was developed as a solution of the active flutter suppression
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problem. The novel stall flutter model improved the modelling of a two-dimensional wing section aeroelastics with

small Reynolds number and Mach number. The disturbance observer based sliding mode controller is capable of

mitigating the degradation of the performance caused by unmatched disturbances. Simulation results show the efficacy

of the method and good pitch tracking performance was ensured.

The work has several limitations. The model has not been validated beyond the data in the references. Improvements

to the aeroelastic model are required and various wing-section scales and flow conditions considered. In particular, the

aerodynamics of the elevator have not been accurately modelled, and the elevator size is not large enough to achieve the

time varying reference demand. Wind tunnel tests to determine the elevator aerodynamic coefficients and non-linear

flow effects are required for future work. Implementation in a wind tunnel of the closed-loop scheme is also needed to

validate the controller.

Data Availability Statement

Some or all data, models, or code that support the findings of this study are available from the corresponding author

upon reasonable request.
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