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Abstract

The quest for reductions in fuel consumption and CO2 emissions in transport has been a powerful
driving force for scientific research into methods that might underpin drag-reducing technologies
for a variety of vehicular transport on roads, by rail, in the air, and on or in the water. In
civil aviation, skin-friction drag accounts for around 50% of the total drag in cruise conditions,
thus being a preferential target for research. With laminar conditions excluded, skin friction is
intimately linked to the turbulence physics in the fluid layer closest to the skin. Hence, research
into drag reduction has focused on methods to depress the turbulence activity near the surface. The
most effective method of doing so is to exercise active control on the near-wall layer by subjecting
the drag-producing flow in this layer to an unsteady and/or spatially varying cross-flow component,
either by the action of transverse wall oscillations, by embedding rotating discs into the surface
or by plasma-producing electrodes that accelerate the near-wall fluid in the transverse direction.
In ideal conditions, drag-reduction margins of order of 50% can thereby be achieved. The present
article provides a near-exhaustive review of research into the response of turbulent near-wall layers
to the imposition of unsteady and wavy transverse motion. The review encompasses experiments,
simulation, analysis and modelling, mainly in channel flows and boundary layers. It covers issues
such as the drag-reduction margin in a variety of actuation scenarios and for a wide range of
actuation parameters, the underlying physical phenomena that contribute to the interpretation of
the origin of the drag reduction, the dependence of the drag reduction on the Reynolds number,
passive control methods that are inspired by active control, and a forward look towards possible future
research and practical realizations. The authors hope that this review, by far the most extensive of its
kind for this subject, will be judged as a useful foundation for future research targeting friction-drag
reduction.
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1 Introduction

Fuel consumption is amongst the most important issues exercising civil-aviation operators and is
often critical to aircraft-procurement decisions. From a societal and environmental perspective, the
principal concern about fuel consumption in aviation revolves around CO2 emissions and its impact
on global warming, as amply demonstrated by the many reports issued by the Intergovernmental
Panel on Climate Change (IPCC, e.g., Aviation and the Global Atmosphere, Penner et al. [1999]).
In cruise conditions, fuel consumption is almost linearly dependent on the aerodynamic drag, and
this correlation explains the quest for innovative, technologically realizable approaches to flow control
that achieve a reduction in drag. Indeed, drag reduction is regarded by many as the holy grail of
aerodynamics in civil aviation, especially in the context of long-haul flights utilizing large aircraft.

There are numerous statistics on the future sectorial distribution of CO2 emissions, and figures
vary from one set of statistics to another, depending on the different scenarios of how the various
sectors will evolve over the next decade or two. Nevertheless, there is a fair consensus that the present
contribution of civil aviation is around 3% of the total emission, relative to around 20% of the total
emitted by road transport as a whole. We remark that, due to the current pandemic, the discussed
extrapolated statistics are based on data available until the end of 2019. Studies on future trends are,
unavoidably, highly speculative, but suggest that the contribution of aviation to total emissions rises
rapidly and could even reach 25% and more by 2050 [Graver et al., 2019]. In fact, the proportion
of emission due to aviation may well be substantially higher because the road-transport emission
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is bound to decrease due to the accelerated replacement of internal-combustion engines by electric
propulsion. According to a report by QinetiQ [Horton, 2006], commissioned by the UK Department
of Trade and Industry and leaning on potential technology-driven efficiency-gain figures adopted by
the IPCC, it is estimated that global aviation-produced CO2 emissions will rise from 500 Mtonnes
in 2002 to 970 − 1600 Mtonnes by 2030, depending on economic circumstances and technological
changes. This figure now appears to be seriously adrift, as the most recent report by the International
Council on Clean Transportation [Graver et al., 2019] states that the emissions by civil aviation in 2018
already amounts to approximately 918 Mtonnes. In the same vein, estimates by the International Civil
Aviation Organisation Group on International Aviation and Climate Change [2009] indicate increases
in fuel-burn by a factor of 4−8 by 2050, the multiplier value depending upon the level of technological
innovation. These estimates pose a major challenge to civil aeronautics, and they put aviation at the
centre of the debate on environmental damage by technological activity.

The pressure to reduce fuel consumption and emissions has led the Advisory Council for Aeronau-
tics Research in Europe (ACARE) to adopt extremely ambitious savings targets by 2050 (http://
www.acare4europe.org/documents/latest-acare-documents/acare-flightpath-2050). Specifi-
cally in relation to CO2, the ACARE’s Flightpath 2050 initiative envisions a 75% reduction of CO2

per passenger-mile, relative to the 2000 level, to be procured from both operational and technological
advances. From a technological perspective, it is very difficult to imagine how even a modest propor-
tion of this margin can be achieved without recourse to highly innovative, unconventional approaches.
Statistics covering the years between 1960 and 2000 [Albritton et al., 1997] demonstrate that the fuel-
burn per passenger-mile reduced by approximately 60% in that time interval (reliable and accurate
statistics are difficult to obtain), the main driver being jet-engine efficiency improvements. It is clear
that the rate of reduction in fuel-burn has however substantially slowed to roughly 1% in 10 years
[Kharina and Rutherford, 2015], with further positive increments requiring very high bypass-ratio (and
thus large-diameter) engines.

It is a popular assumption that weight savings due to the extensive use of composite materials
are set to result in the next major downward trend in fuel-burn per passenger [Harris et al., 2001],
and both Boeing and Airbus are engaged in major efforts to replace metal components by composites
[Marsh, 2015], with the aim of reducing the empty-aircraft weight. It is difficult to find explicit and
trustworthy statements on weight reductions achieved with composites in the civil-aviation sector. A
rare quantitative estimate of the weight reduction achievable with composites in large civilian aircraft is
20%, a figure given in the book “Manufacturing Processes for Advanced Composites” [Campbell, 2003].
However, at the time of writing, composite components are limited by low tolerance to impact damage
and sudden post-elastic failure at close to maximum tolerable load, both limitations requiring high
safety factors and thicker, and thus heavier, components. Other problems with composite wings and
bodies include high scrappage rates, and thus high production costs, anisotropic material properties,
extreme difficulties with local-damage repair, and intolerance to physically intrusive control sensors
and actuators being embedded into the skin. Anecdotal evidence suggests that the only promising
route to significant weight savings would involve the introduction of active load-alleviation control,
which would reduce the need to over-dimension wings and wing roots, the latter being especially
problematic for composites, in response to rare extreme-load events at the edge of the flight envelope.

From an aerodynamic perspective, reductions in drag translate directly to reductions in fuel-burn.
Specifically, at cruise conditions in long-haul flight, a 1% reduction in drag results, conservatively, in
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Figure 1: Breakdown of the contributions to the total drag for a commercial aircraft flying in cruise
conditions and the potential drag-reduction levels that could be achieved by various flow-control
strategies. Taken from Abbas et al. [2017] with permission from Springer Nature.

a 0.75% reduction in fuel-burn. A single trans-continental B747 flight produces roughly 400 tonnes of
CO2. Hence, a 1% reduction in drag will save, roughly, 2−3 tonnes of CO2 per flight. If applied across
all civil-aviation flights, this reduction would translate to approximately 10 Mtonnes per year (at year
2000 traffic level). Also, in cruise conditions, 50 − 60% of the total drag is due to viscous friction,
mostly induced by turbulent boundary layers on the skin of the aircraft, the remainder combining
shape, induced, trim, and wave drag. The breakdown of the contributions to the total drag for a
commercial aircraft flying in cruise conditions is shown in Fig. 1. Hence, friction drag offers, by a
substantial margin, the greatest potential for drag reduction.

A relevant question underlying the present review is, therefore, whether the drag-reduction methods
discussed in this paper can be more than academically interesting and form the foundation for, or
assist the creation of, realizable technologies that could contribute to a reduced level of fuel-burn.

There are two main routes to achieving friction-drag reduction: a delay in transition – i.e., ex-
tending the low-drag laminar portion of the boundary layer – and a reduction in the turbulent drag.
Delaying laminar-to-turbulent transition – for example through the suppression of Tollmien-Schlichting
waves – is a well-trodden path, but one that is still vigorously pursued. Passive approaches, for which
no external energy is supplied for the flow control, often involve shape optimisation to suppress ad-
verse pressure gradients and the strategic placement of micro-grooves or micro-roughness elements,
e.g., Saric et al. [2003]. Alternatively, active control may be applied via suction, which reduces the
thickness of the boundary layer and makes it more stable, or plasma actuators, which locally accelerate
the boundary layer [Arnal et al., 1997, Joslin, 1998, Moreau, 2007], thus rendering it less prone to
separation.

Once a boundary layer has become fully turbulent, flow-control strategies often aim at reducing
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Figure 2: Turbulent ejections and sweeps close to the wall, within a spanwise layer of thickness y+ =
yuτ/ν = 100, derived from direct numerical simulations of a channel flow at Reτ = uτh/ν = 500. The
image shows a transverse cut normal to the mean-flow direction. Colours indicate streamwise-velocity
excess/defect relative to the mean level: blue indicates regions of lower velocity, yellow indicates regions
of higher velocity. Note that the spanwise length scale separating regions of high/low streamwise
velocity is of order z+ = 100. Adapted from [Touber and Leschziner, 2012].

the mixing of streamwise momentum across the near-wall layer, illustrated in Fig. 2. This objective
is essentially achieved by reducing the wall-normal turbulent fluctuations, thereby enhancing the
contribution of viscous transport over a thicker near-wall layer than that in the uncontrolled state.
The reduction of wall-normal fluctuations results, in a time-averaged sense, in a lower turbulent shear
stress, and hence in a lower skin-friction drag due to a reduced velocity gradient at the wall.

One theoretically interesting approach to turbulent-drag reduction is “opposition control” [Choi
et al., 1994, Fukagata and Kasagi, 2003]. This strategy involves the detection of wall-normal motions at
a given height, or their wall-pressure signature, followed by a local and dynamically varying application
of an opposing injection, via suction or body-force-induced opposing momentum. While this method
demonstrates that the damping of wall-normal fluctuations, and thus the turbulent shear stress, is
an effective means of reducing the drag, it is not practically realizable. A passive technique that is
demonstrably effective is to use flow-aligned riblets of various shapes having a height and inter-crest
distance of the order of the thickness of the viscous sublayer. Riblet-shaped surfaces yield, in ideal
laboratory conditions, a maximum friction-drag reduction of about 8%. The fundamental physical
mechanism by which these riblets affect drag is not well understood, although several explanations
– based on trapped streamwise vortices, the inapplicability of the conventional Stokes law and the
formation of quasi two-dimensional spanwise vortices – have been advanced in the literature [Choi
et al., 1993]. A significant problem with the practical implementation of riblets is the need to maintain
a high level of geometric fidelity and freedom from contamination, especially with respect to the
sharpness on the riblet crests, a major challenge when the riblet height and inter-riblet distance are
fractions of a millimetre. Other passive approaches, investigated by computational methods (direct
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numerical simulations, DNS) and/or experimental means, include skewed wavy surfaces [Ghebali et al.,
2017a] and circular or tear-shaped dimples [Lienhart et al., 2008, Tay et al., 2017, Tay and Lim, 2018].
These surfaces have yielded either no drag reduction at all or very modest levels of order of a few
percents, the highest values pertaining to carefully configured tear-drop shaped dimples.

Given that a selective control of the flow within specific layers above the wall – for example, by
Lorentz forcing – is not a realistic proposition, what is left is to attempt to influence the near-wall
turbulence by wall motion. While some attempts have been made to use active dimples [Dearing et al.,
2007] to induce vortical motions into the near-wall region that would disrupt the streaky structure,
most efforts in this area have been directed towards the imposition of wall-parallel oscillatory motion,
either by spanwise oscillations of the wall [Jung et al., 1992], streamwise-traveling waves of spanwise
wall velocity [Quadrio et al., 2009b], or plasma-induced near-wall forcing [Jukes and Choi, 2009].

The implementation of any of these methods in aviation poses formidable engineering challenges,
which may or may not be overcome, whatever the pressure on fuel-burn savings may become in
the future. Moreover, it is well understood [Frohnapfel et al., 2012] that the balance between the
cost associated with actuation and the drag reduction is very subtle and depends strongly on many
factors, such as the actuation parameters, the Reynolds number of the actuated boundary layer and
the turbulence state in non-equilibrium conditions provoked by strong pressure gradients, separation
and reattachment. Nevertheless, it is important that all scientific means are engaged to gain an
understanding of the fundamental physics involved, so as to develop a clear view of what the most
promising engineering options are. This reasoning is the rationale that underpins the present review.

The present article provides a wide-ranging overview of the numerous experimental, computa-
tional, and modelling studies that deal with the effects of temporally and/or spatially varying in-plane
spanwise (transverse) wall motion on turbulent wall-bounded flows. The review includes a variety of
forcing scenarios, oscillatory as well as unidirectional in transient conditions, in which the baseline
wall-bounded turbulent flows are either statistically streamwise-homogeneous, as in a fully-developed
channel or pipe flows, or spatially developing, as in free-stream boundary layers. The primary empha-
sis is on the drag-reducing effect of the forcing, but much attention is also devoted to the interpretation
of the physical processes that are associated with the drag reduction as the forcing provokes major
alterations in the strain and turbulence properties of the near-wall layer – principally, the viscous
sublayer and the buffer layer.

Excluded from the review are internal flows in which the drag reduction is caused by curvature
strain (for example, drag reduction in flows over spanwise-convex surfaces [Rao and Keshavan, 1972])
or system rotation, either in cylindrical geometries (spinning pipes [White, 1964] or annular flows [Jung
and Sung, 2006]) or in rectilinear geometries (rotating channel flows [Johnston et al., 1972, Oberlack
et al., 2006] or Couette flows [Komminaho et al., 1996]). In all these cases, the drag reduction or drag
increase is caused by mechanisms that are entirely different from those in which the near-wall layer
is perturbed by near-wall spanwise straining. Specifically, rotation gives rise to extra strains or body
forces that act in combination with other terms (e.g., Reynolds-stress components) to yield negative
or positive source or sink terms, depending on the sign of the curvature strain relative to other strains
in the equations governing the Reynolds stresses. This mechanism causes the Reynolds stresses to
be either damped or amplified. A particular example is a channel flow subject to orthogonal-mode
rotation (the angular-speed vector being normal to the flow direction and parallel to the walls), an
idealised representation of a turbomachine-rotor passage. In this case, the friction on the suction side
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decreases, while that on the pressure side increases, which is solely due to the angular rotation of
the entire flow configuration. The exclusion of scenarios in which the bulk flow is forced reflects the
explicitly stated focus of the review, and is rooted in the premise that any reduction in frictional drag
in an aeronautical context will have to target the near-wall region. Also excluded from the review
are fully-developed flows subjected to unidirectional spanwise forcing, in which case the friction drag
either increases monotonically in flows in cylindrical geometries, or remains unchanged in flows in
planar geometries, after the flow has readjusted to the uniform forcing following the end of the initial
temporal transient.

The review aims to provide the reader with a comprehensive appreciation of the state of the art,
focusing on

• the early observations inspiring the investigation of oscillatory wall motion as a means of con-
trolling drag;

• the physical interactions that are deemed responsible for drag reduction;

• the energy balance involving the power saved thanks to the altered turbulent flow and the power
utilized for the actuation;

• the influence of the Reynolds number and the associated structural properties of the controlled
boundary layer;

• alternative control methodologies that have been inspired by oscillatory wall actuation;

• future research directions and realizability prospects.

As might be expected, any survey of substantial research extending over a period of more than
thirty years follows a number of reviews that have discussed turbulent drag reduction by spanwise
wall forcing. Notable earlier reviews are those of Choi [2000], Karniadakis and Choi [2003], Quadrio
[2011] and Abdulbari et al. [2013]. The nature, emphasis and extent of coverage of these surveys
vary substantially. The review of Choi [2000] gives a broad account of drag-reduction research in
Europe up to 1998, and includes a short section on experimental and computational studies on wall
oscillation in boundary layers, channels and pipes. The review by Karniadakis and Choi [2003] covers
a selection of research studies on riblets, wall oscillation and travelling waves induced by near-wall
body-forcing, with particular emphasis on the possible physical mechanisms behind the drag-reduction
effect. The review of Quadrio [2011] is devoted entirely to drag reduction by wall motion and mostly
covers computational studies on spanwise oscillation and spanwise- and streamwise-travelling waves.
It addresses selective topics that pertain to the effect of the Reynolds number, the important issue
of scaling for a meaningful physical interpretation of the results, and the energy balance. Finally
the review by Abdulbari et al. [2013] provides a broad, multi-topic coverage on drag reduction by
riblets, dimples, oscillating walls, compliant surfaces and micro-bubbles. The discussion of spanwise
wall motion is brief, covering some major observations derived from DNS studies on the optimum
choice of actuation parameters, and power-saving issues. More recent reviews on flow control that
discuss spanwise wall oscillations are by Asidin et al. [2019] and Zhang et al. [2020]. In addition, a
few books on turbulence and flow control contain chapters devoted to the oscillating-wall technique,
e.g., Fan and Dong [2016], Soldati and Monti [2014], Tardu [2017].
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Our review starts with an introduction to the basic ideas behind spanwise forcing in Section
2. Overviews of experimental and numerical investigations are given in Section 3 and Section 4,
respectively. Section 5 includes discussions on the physical mechanisms, while Section 6 presents the
dependence of the drag reduction and the flow physics on the Reynolds number. The results obtained
via modelling the drag-reduction flows are discussed in Section 7 and Section 8 is devoted to flows
where the spanwise forcing is induced by other means, such as body forces, rotating discs or riblets,
and to transitional and compressible flows. In Section 9 some ideas regarding future research directions
and technological applications are presented.

The authors hope that the present review, with its emphasis on a comprehensive coverage of wall-
turbulence altered by oscillatory near-wall transverse actuation, will be a valuable contribution to the
literature within the general area of flow control.

2 Basic ideas

The preceding introduction set out the general context within which the friction drag reduction by
spanwise wall motion is reviewed herein. The purpose of the present section is to provide some basic
facts, definitions and qualitative explanations intended to give readers some insight into the principal
physical and phenomenological aspects that pertain to the control methods being reviewed.

In the simplest actuated configuration, the entire wall oscillates purely in time in the spanwise
direction according to:

Ww(t) = Wm cos

(
2πt

T

)
. (1)

The key consequence of the wall oscillation (1) is the formation of an unsteady spanwise shear layer
– a “Stokes layer” – that perturbs the wall turbulence sustained by the mean streamwise strain, so as
to produce a reduction in the turbulence intensity. This attenuation of turbulent activity is the cause
of the decrease in wall-friction drag. At a given Reynolds number, the magnitude of the reduction
depends on the two forcing parameters Wm and T , i.e., the amplitude of the wall velocity and the
period of oscillation, respectively. To be more precise, the governing parameters are the respective
non-dimensional, wall-scaled amplitude and period,

W+
m =

Wm

uτ
and T+ =

Tu2τ
ν

, (2)

where uτ =
√

τw/ρ is the wall-friction velocity, τw is the space- and time-averaged wall-shear stress,
ρ is the density of the fluid, and ν is the kinematic viscosity of the fluid. A related parameter is the
peak-to-peak wall displacement D+

m = W+
mT+/π.

Any reference made herein to “drag reduction” requires this quantity to be defined. Unless other-
wise stated, it is the gross aerodynamic friction-drag reduction, i.e., the reduction of the stream-
wise wall-shear stress caused by the wall actuation. If the skin-friction coefficient is defined as
Cf = 2τw/ρU

2
b in channel and pipe flows, where Ub is the streamwise mean (bulk) velocity, the

percentage skin-friction drag reduction is defined as:

9



R(%) = 100 · Cf,0 − Cf

Cf,0
, (3)

where Cf,0 is the skin-friction coefficient in the canonical case. In the case of unconfined, statistically
two-dimensional boundary layers, the free-stream velocity U∞ is used in lieu of Ub in the definition
of Cf , and the drag reduction R depends on the streamwise direction. It is appropriate to point out
here that a skin-friction drag reduction may not necessarily translate to an overall drag reduction as
the form drag may be adversely altered by the control strategy.

The power saved as a consequence of the reduction in drag is counteracted by the need to expend
power on moving the wall. This actuation power Pz can be expressed as a percentage of Px, the power
spent on driving the fluid along the streamwise direction,

Pz(%) =
100µ

Px(tf − ti)
·
∫ tf

ti

∫

S
Ww

∂W

∂y

∣∣∣
y=0

dSdt, (4)

where y is the wall-normal coordinate measured from the wall, Ww is defined in (1), W is the in-
stantaneous and local spanwise velocity, µ is the dynamic viscosity of the fluid, ti and tf are the
initial and final time values for the temporal averaging, and S is the surface area. For a channel flow,
the power to push the fluid along the streamwise direction is Px = 2τwUb. The power (4) ignores
any power loss below the surface due to mechanical and electrical systems used for the actuation.
For constant-mass-flow-rate conditions, the drag reduction in (3) coincides with the percentage power
saved for propelling the fluid along the streamwise direction, and therefore the net power saved is:

Pnet(%) = R−Pz. (5)

It is observed, mostly as an outcome of DNS of turbulent channel flows, that the drag reduces
monotonically as Wm increases, while the drag-reduction margin reaches a maximum for T+ close to
100. For this period, the thickness of the unsteady transverse Stokes layer is y+ = yuτ/ν ≈ 15 − 20,
i.e., the strain in this layer is confined to the viscous sublayer and, at most, to the lower portion of the
buffer layer. The maximum drag-reduction levels are about R = 40% at T+ = 100. If T+ is increased
beyond 100, the Stokes layer penetrates into the buffer layer, eventually propagating into the fully
turbulent layer. In this case, the Stokes layer enhances the production of turbulence above the viscous
sublayer, thus counteracting the beneficial effects in the viscous sublayer. Indeed, no drag reduction
occurs at all for T+ > 400, and for sufficiently high values (T+ ≈ 1000), i.e., when approaching a
steady, unidirectional actuation – the drag increases by 5 − 10%. The physical interactions that are
(or presumed to be) responsible for the observed reductions in the turbulent activity and drag are
discussed in Section 5.

Several studies have revealed that, with the exception of low values of Wm, for which Pnet ≈ 10%,
the actuation power required to oscillate the wall according to equation (1) exceeds the power saved
by the drag-reduction margin, leading to a negative net energy balance. Hence, although this simple
mode of actuation provides a useful foundation for analysing the fundamentals of the interaction, as it
transpires in the physical interpretation discussed in Section 5, it is not a viable basis for a technology
targeting practical drag reduction.

As the Stokes layer is (or should be) confined to the viscous sublayer where the turbulent fluctua-
tions are low, it is instructive to study the corresponding simplified case that arises when the flow is
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Figure 3: Profiles of the Stokes layer generated by the wall motion (1) and given by equation (6)
scaled in inner units of a turbulent channel flow with Reynolds number Reτ = uτh/ν = 350 and
period T+ = 125.

purely laminar. In this case, the spanwise motion flow is decoupled from the streamwise flow and can
be considered in isolation. When the wall oscillates according to (1) below an unbounded still fluid,
the laminar-flow solution, due to Stokes [1851], is:

W (y, t) = Wme−y
√

π/νT cos

(
2πt

T
− y

√
π

νT

)
. (6)

The maximum amplitude decays exponentially from the wall and the phase of the oscillation changes
with height. Fig. 3 shows profiles of the Stokes layer, where the wall-normal coordinate is scaled in
inner viscous units. For relevant drag-reducing cases, these profiles agree very well with the turbulent
profiles averaged along the homogeneous spatial directions and over the oscillation phases. This
assumption has been shown to hold remarkably well for periods of oscillations smaller or comparable
with the optimal value [Choi et al., 2002, Quadrio and Sibilla, 2000], for a wide range of streamwise-
flow Reynolds numbers and especially in the very proximity of the wall [Yao et al., 2019]. This match
occurs because the spanwise Reynolds-stress term involving vw, where v and w are the turbulent
velocity fluctuations in the wall-normal and spanwise directions, respectively [Ricco and Quadrio,
2008], is much smaller than the corresponding viscous term (it can be shown that vw declines as
O(y3) close to the wall). As a result of this agreement, the laminar solutions can be, and have been,
used to compute the power spent to generate the spanwise motion and hence the net energy balance
with excellent accuracy.

Solution (6) also gives an accurate estimate of the thickness δz of the spanwise shear layer at which
the maximum velocity decays to a specified maximum velocity Wδ, often expressed as a percentage
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of the bulk velocity Ub or set equal to a representative value for the near-wall spanwise turbulent
fluctuations,

δz = ln

(
Wm

Wδ

)√
νT

π
. (7)

Formula (7) gives the explicit dependence of the Stokes-layer thickness on T and thus on the drag
reduction, as δz has been shown to be linearly related to the drag-reduction margin as long as the
Stokes layer is confined within the viscous sublayer [Quadrio and Ricco, 2011]. Formulae (6) and
(7) are also valid for the unsteady layers produced by the wall motion (1) in the laminar Poiseuille
channel and pipe flows, as long as T is sufficiently small for the Stokes layer to be much thinner
than the channel height or the pipe radius. These cases are of interest because they feature large
drag-reduction levels.

A more complicated form of actuation than that given by the wall-motion (1) involves streamwise-
travelling waves of spanwise wall velocity, first studied by Quadrio et al. [2009b]. This actuation is
described by:

Ww(x, t) = Wm cos(κxx− ωt). (8)

At a fixed Reynolds number, the drag reduction thus depends on the streamwise wavenumber κx and
the frequency ω. The flow reduces to the spanwise-uniform case when κx = 0 and to the steady-wave
case, first investigated by Viotti et al. [2009] and Yakeno et al. [2009], when ω = 0. The solutions of
the laminar flow produced by the wall motion (8) can be found in Ricco and Hicks [2018]. At low
Reynolds numbers, the streamwise-wavy wall motion (8) performs better than the spanwise-uniform
wall oscillation (1), yielding higher gross drag-reduction margins, i.e., up to R ≈ 45%, as well as
net energy savings as large as Pnet ≈ 20% for waves travelling forward with a small phase speed.
Backward-travelling waves always lead to drag reduction, while forward-travelling waves with a phase
speed that is comparable with the so-called convection velocity of the near-wall turbulent structures
[Quadrio and Luchini, 2003] produce an increase of drag of the order of 20%. A key result that
highlights the time-space analogy of the turbulence response to the wall motion (8) is that at ω = 0
the optimal wavelength is λ+

x = 2π/κ+x = O(1000). In a Lagrangian frame of reference fixed with
the near-wall turbulence, this wavelength indeed corresponds to the optimal period T+ = O(100) for
the purely temporal motion (1) because the convection velocity in the viscous sublayer and the buffer
layer, where the low-streaks occur, is U+

c ≈ 10.
We conclude this section with a few comments intended to clarify a distinction between two con-

straints adopted when simulating drag-reduction scenarios in statistically streamwise-homogeneous
flows: the “constant mass-flow-rate” (CFR) and “constant pressure-gradient” (CPG) conditions.
In simulations of channel and pipe flow, which must inevitably be restricted to a finite segment,
streamwise-homogeneity allows having identical outlet and inlet conditions, i.e., data at inlet and
outlet planes coincide. This condition however poses the problem that the flow needs to be driven
along the segment by an appropriate constraint – the two options being to fix the flow rate (CFR) or
the pressure gradient (CPR). When a baseline flow at a given Reynolds number is subjected to some
drag-reduction actuation, the CFR condition yields, as an output of the simulation, a reduction in
wall-shear stress and streamwise pressure gradient. The drag reduction is thus simply characterized
by the reduction in wall-shear stress at the given Reynolds number. This approach is the most natural
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to adopt, and it is also the only one that is applicable to free flows, in which case the flow rate in the
boundary layer is fixed by the outer stream. A disadvantage of the CFR approach is that the physical
(turbulent) state of the baseline and actuated near-wall layer is dictated by the friction Reynolds num-
ber Reτ (based on the wall-friction velocity and the channel half height or the pipe radius) and not by
the bulk Reynolds number Reb (based on the bulk velocity and the channel height or pipe diameter).
In a strict physical sense, therefore, the two flows are not entirely equivalent, as any universal represen-
tation of near-wall turbulence (e.g., the log-law) is based on scaling with the wall-shear stress. When,
in contrast, the CPR condition is imposed, the consequence is that the flow in the passage adjusts
itself to a higher flow rate and thus higher bulk Reynolds number. However, a clear advantage is that
the canonical state of the near-wall layer in the two flows is retained and the inner-viscous-unit scaling
is invariant because the wall-shear stress does not change. This scaling allows meaningful comparisons
between the near-wall canonical and actuated flows. The drag reduction is implicitly given by the
increase of the bulk Reynolds number and can be quantified by comparing the difference in power
between the actuated and unactuated flows for the fixed head loss (i.e., pressure gradient). The CPG
condition is also pertinent to experimental studies of water channel or pipe flows, where a head loss
between two large reservoirs is maintained fixed. The reduced drag then leads to a higher discharge
given by the higher mass-flow rate. A novel condition has been advanced by Frohnapfel et al. [2012],
for which the combined power required for driving the fluid along the streamwise direction and for
activating the wall motion is maintained constant, i.e., “constant power input” (CPI). When the flow
is subjected to a successful drag-reduction technique, the systems benefits from both an increased
mass-flow rate and a reduced wall-shear stress.

3 Experiments

The need to impose a transverse wall motion, or some equivalent forcing condition very close to the sur-
face, added to the requirement of accurately quantifying relatively small drag-reduction margins, poses
major challenges to any experimental exploration of drag reduction by wall motion. Experiments are,
generally, far more challenging than numerical simulations, except for Reynolds-number constraints
that the latter face. Practical constraints render the experimental investigation of fully-developed
turbulent channel flows almost impossible, while this geometry, in contrast, is instead frequently used
in DNS studies, targeting the quantification of drag reduction for a wide range of wall-actuation pa-
rameters. The large majority of experimental studies have, therefore, been undertaken on spatially
evolving turbulent boundary layers and pipe flows, the former entailing a wall section that is laterally
oscillated by mechanical or electro-magnetic means, or, in one case, by an electro-active foil forming
the actuated wall. The attraction of pipe flows arises from the possibility of imposing the spanwise-
homogeneous wall motion by means of streamwise-sequential pipe segments that rotate in a steady or
oscillatory fashion. In turbulent boundary layers an additional complication arises from the necessity
to measure the wall-shear stress through the mean-flow gradient at the wall, while in pressure-driven
channel and pipe flows the friction drag can be found from the mean streamwise pressure gradient un-
der CFR conditions. Confined flows are also attractive because, under CPG conditions, the increased
bulk velocity can be used to quantify the beneficial effects of the control.

This section reviews the large majority of published experimental studies on turbulent flows altered
by spanwise wall motion. These studies are summarized in Table 1. Other experimental studies on

13



wall-bounded flows modified by techniques inspired by the wall motion are discussed in Section 8.

3.1 Early experimental studies of flows with spanwise actuation

Interest in the effects of spanwise wall motion on streamwise wall-bounded turbulent flows can be
traced back to the experimental efforts by Furuya et al. [1966], Lohmann [1976], Bissonnette and
Mellor [1974], Driver and Hebbar [1987], and Hebbar and Driver [1987] (Higuchi and Rubesin [1979]
reported tests of turbulence models on some of these experimental results), in which turbulent flows
along the axial direction of a cylinder were subjected to a spinning section of the cylinder. Although the
accuracy of the wall-shear-stress measurements might have been low, due to the indirect estimation of
the stress, a consistent outcome of these studies was that the spinning surface enhanced the turbulence
intensity and thus the Reynolds stresses. Lohmann [1976], whilst reporting a drag increase when the
forcing was applied, also recorded, confusingly, that the mean axial velocity decreased near the wall.
This effect intensified at larger rotational velocity of the cylinder (refer to their figure 6 on page 358),
thus suggesting drag reduction.

It is important to clarify at this juncture that, in the present context of spanwise forcing where the
bulk-flow streamlines remain aligned along the streamwise direction, a reduction in drag can only be
achieved if the near-wall layer and the turbulent structures within this layer – the low-speed streaks,
in particular – are subjected to a spanwise strain that varies in time and/or along the streamwise
direction. In contrast, the application of a homogeneous and steady spanwise straining inevitably
results in a rise in the turbulence intensity and drag, following a transient decay immediately after
the start of the forcing. It is for this reason that a periodically varying and/or streamwise wavy
spanwise wall motion is imposed for achieving large and sustained drag-reduction margins in most
investigations.

The wind-tunnel study by Bradshaw and Pontikos [1985] was the first to report the effective drag-
reducing action of a near-wall spanwise shear on a nominally two-dimensional turbulent boundary
layer. The aim of that study was to reproduce and extend the earlier experimental campaign by
Van den Berg et al. [1975], in which the turbulent wall-shear stress over a swept wing was reduced
with respect to the two-dimensional value by the spanwise flow induced by the sweep. Bradshaw and
Pontikos [1985] used suction slots inclined at 35 degrees relative to the spanwise direction in an effort
to emulate the spanwise shear produced on a swept wing. Remarkably, Bradshaw and Pontikos [1985]
recognized that it is the rate of change of the spanwise mean-velocity gradient, dW/dy (in space in their
case), not simply the gradient itself, that is the cause for the sensitive response of the intensity of the
tilted near-wall eddy structures (and the low-speed streaks) to the spanwise strain and thus ultimately
for the drag reduction. This result is, therefore, the first confirmation of the statement made above
about the crucial importance of the rate of change of the spanwise strain. Bradshaw and Pontikos
[1985] realized that the spanwise shear had to vary in space to obtain a sustained drag-reduction
effect and avoid an asymptotic realignment of the flow to a two-dimensional state. These insightful
observations by Bradshaw and Pontikos [1985] were arguably the principal source of inspiration for
subsequent work on forcing by spanwise-wall motion, where the rate of change of the spanwise-velocity
gradient is provoked by temporal and/or streamwise-sinusoidal wall oscillations.
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3.2 Experimental studies of planar flows with streamwise-uniform forcing

The first experimental study to investigate the effect of spanwise-sinusoidal wall oscillations on a
turbulent boundary layer was conducted by Laadhari et al. [1994], with the aim of verifying the DNS
results by Jung et al. [1992] for a forced turbulent channel flow. Laadhari et al. [1994]’s Physics of
Fluids publication only provides a condensed extract of the subsequent Ph.D. thesis by Skandaji [1997],
which contains a wealth of results unpublished in the archival literature. In their wind tunnel, they
studied turbulent boundary layers in the range of momentum-thickness Reynolds numbers, Reθ =
770− 1600 (only the data for Reθ = 950 were published in Laadhari et al. [1994]), flowing over a rigid
plate that was oscillated transversally by a crank-shaft mechanism. They measured the flow with the
aid of three-dimensional hot-wire probes and found that the wall-shear stress reduced by a maximum
of R = 36%. Reductions as large as 50% in the Reynolds stress uv and in the root-mean-square values
of the three velocity components were also recorded (u and v denote the streamwise and wall-normal
velocity fluctuations).

The wind-tunnel study by Raskob and Sanderson [1997] (private communication, courtesy of Dr
Raskob) has not been published, but includes the first reference to the interesting result that a minimal
distance ∆z+ ≈ 80 of the maximum spanwise displacement is required for drag reduction, a result
later confirmed through a scaling-factor analysis by Quadrio and Ricco [2004] and in a DNS study of
a channel flow modified by streamwise-travelling waves by Quadrio and Ricco [2011]. For the optimal
period of oscillation, T+ = 100, this displacement is comparable to the spacing of the near-wall
low-speed streaks, λ+

z ≈ 100, and induces spanwise-velocity oscillations in the buffer layer that are
comparable with the root-mean-square of the spanwise turbulent fluctuations, suggesting that the wall
turbulence, and thus the wall-shear stress, are unaffected when the imposed spanwise velocity is lower
than that representing the spanwise-velocity fluctuations.

The results by Laadhari et al. [1994] were confirmed by Trujillo et al. [1997], who carried out an
experimental study of a turbulent boundary layer flowing in a water flume and modified by spanwise
wall oscillations. A crank-slider mechanism produced the wall oscillation beneath the boundary layer
at Reθ = 1400, and a maximum wall velocity, W+

m = 17, was reached. By employing laser Doppler
velocimetry (LDV) and how-wire probes, Trujillo et al. [1997] measured a maximum drag-reduction
margin of R = 27%, later corrected to R = 35% in the Ph.D. thesis of Trujillo [1999] to account for
the initially neglected cooling effect of the Stokes layer on the hot-wire film. For the first time, Trujillo
et al. [1997] also measured the optimal oscillation frequency at a fixed maximum wall displacement,
although this result was not reported as significant because the change in the drag-reduction margin
at the maximum value was judged to be within the experimental uncertainty. The drag reduction was
thus thought to scale with the maximum wall velocity, irrespectively of the frequency.

The wind-tunnel study of a turbulent boundary layer at Reθ = 1190 by Choi et al. [1998] and
Choi and Clayton [2001] reported the first images of the tilting of the streaks due to the oscillatory
wall motion and the highest measured drag-reduction level by spanwise wall oscillations, at R = 45%.
The wall motion was generated by a crank-shaft mechanism using a flywheel and a set of counter
balances. Choi [2002] also reported a reduction in the turbulent fluctuations, an increased frequency
of sweeping motions at y+ = 2, and phase-averaged spanwise velocity profiles that resembled the
laminar Stokes-layer profiles. Di Cicca et al. [2002] and Iuso et al. [2003] carried out experiments in
the Hydra water flume at Politecnico di Torino on flows at Reynolds numbers that were very similar
to Choi et al. [1998]’s and focussed on the flow modifications produced by the oscillations, quantifying
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the altered strength, spacing, and width of the low-speed streaks.
Trujillo et al. [1997]’s water flume was also used by Wu [2000], Ricco [2000], Ricco and Wu [2004],

and Ricco [2004]. The M.Sc. thesis by Wu [2000] presents drag-reduction results at the highest
maximum spanwise wall velocity ever imposed in a laboratory, namely, W+

m = 56. This velocity
was achieved by increasing the actuation frequency at a fixed maximum displacement. Wu [2000]
reported an initial increase in the drag-reduction margin with increasing W+

m , followed by constant
drag-reduction values at higher wall velocities. This result is fully consistent with the drag-reduction
map of figure 1 in [Quadrio and Ricco, 2004] (also shown in Fig. 6 of this review): along a hyperbola
of constant maximum wall displacement, the drag-reduction margin increases up to the optimum
period at fixed displacement as the period decreases, but at lower periods the drag-reduction value
remains almost constant, because the effects of increasing maximum spanwise velocity and decreasing
period balance each other. Wu [2000]’s maximum velocity was not large enough to detect a drop in
the drag-reduction margin, as predicted by Quadrio and Ricco [2004] at vanishingly low periods of
oscillation for fixed wall displacement. Ricco and Wu [2004] computed the drag reduction by directly
measuring the mean velocity in the viscous sublayer by LDV and hot-film anemometry. They reported
the streamwise evolution of the drag reduction along the oscillating wall and downstream of the end of
the actuated surface, showing that the flow readjusted to the unforced conditions at a short distance
downstream of the plate, while a longer distance was needed by the flow to fully establish to the
drag-reduction condition downstream of the start of the plate.

As regards to the effects of the spanwise motion on the flow structures, Ricco [2004] recorded flow
visualizations of a turbulent boundary layer at Reθ = 1400 from the top and the end of the water flume,
using hydrogen bubbles generated by multiple platinum wires. These flow visualizations brought out
the spanwise tilting of the low-speed streaks, their reduced length and increased spanwise spacing,
as well as their relative spanwise motion with respect of the vortical structures present in the buffer
layer. A simple model, based on the Stokes-layer displacement and the turbulent convection velocity,
was shown to accurately predict the inclination angle of the streaks. As the visualized streaks were
dragged laterally by the wall oscillation, the number and intensity of the ejections were significantly
reduced, and the turbulence-induced momentum exchange close to wall thus dropped accordingly.
Ricco [2004] also observed that, downstream of the oscillating wall, the scenario was reversed, as
the oscillatory motion of the streaks penetrated upward to the quasi-streamwise vortices by viscous
diffusion. There is reason to believe that this upward transfer of oscillatory motion from the wall was
the cause of the drag increase, as computed by Skote et al. [2019] downstream of the drag-reduction
decay region measured by Ricco and Wu [2004]. Further flow visualizations were carried out by Ricco
[2000] by means of fluorescent dye injected into the turbulent boundary layer through a thin spanwise
slit located at the wall. The low-speed streaks were observed distinctly in the fixed-wall conditions,
although the flow altered by the wall motion could only be visualized when the wall oscillated in the
spanwise direction at low speeds because the dye was ejected laterally at high speeds, hence disrupting
the flow.

The reduced length and inclination of the streaks observed by Ricco [2000, 2004] confirmed the
findings of the water-flume study of Kiesow and Plesniak [1998, 2001, 2003], in which a turbulent
boundary layer was sheared along the spanwise direction by a belt running at constant speed, depicted
in Fig. 4 (left). Kiesow and Plesniak [2003] did not measure the friction drag, but notable differences
relative to the oscillating-wall flow were observed, such as the enhanced turbulence intensity and the
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→ flow

Figure 4: Alternative method for the imposition of wall motion. Left: schematic of the wind-tunnel
apparatus used by Kiesow and Plesniak [1998, 2001, 2003] to study the effect of continuous spanwise
wall motion on a turbulent boundary layer; right: schematic of the wall motion of a Kagome lattice
employed by Bird et al. [2018b] for generating the wall waves studied numerically by Quadrio et al.
[2009b]. The blue and red regions represent the velocity of the wall in opposite directions. Taken from
Kiesow and Plesniak [2003], with permission from Cambridge University Press (CUP) (left) and by
courtesy of J. Morrison (right).

insensibility of the streak spacing to the actuation. These latter results observed by Kiesow and
Plesniak [2003] match those of turbulent flows along the axial direction of unidirectionally spinning
cylinders, confirming that a spanwise strain that alternates in time and/or along the streamwise
direction is a key factor for drag reduction.

The study of Gouder et al. [2013] of an actuated wind-tunnel boundary layer demonstrated that
it is possible to impose spanwise oscillatory wall motion by means of an electroactive polymer sheet
and an electromagnetic actuator. Both methods allowed measurements of the turbulent fluctuations
at wall-normal locations as low as y+ = 4.5. A maximum local wall-shear-stress reduction of R = 16%
was estimated from the near-wall mean-velocity gradient, and a global drag reduction over the entire
oscillating plate was measured for the first time by a drag balance.

Gatti et al. [2015] reported the only experimental study in which spanwise wall oscillations were
imposed on a turbulent air flow in a duct having a 12:1 width-to-height aspect ratio. This work is
also the first one to demonstrate that drag reduction can be achieved despite challenging practical
constraints, such as the unevenness and limited extent of the activated surface and the presence of
small gaps. The wall motion was achieved by an electroactive polymeric surface and a maximum drag-
reduction margin of R = 2.4% was measured. Gatti et al. [2015] also performed DNS of a channel flow
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at a similar Reynolds number and identical oscillation parameters as in the experiments. By reducing
the dimensions of the oscillating segment in the DNS, they showed that these geometrical restrictions
could partially explain the low value of the drag reduction in the experiments. Additional factors such
as the influence of the side walls, that were excluded in the DNS, were also deemed responsible for
the low drag-reduction levels in the experiments. Particle Image Velocimetry was successfully used for
the first time by Kempaiah et al. [2020] to measure the reduction in wall-shear stress in a wind-tunnel
turbulent flow forced by spanwise wall oscillations. A maximum reduction of R = 15% was computed
for T+ = 94 and W+

m = 3.34, in very good agreement with the channel-flow DNS data of Quadrio and
Ricco [2004].

3.3 Experimental studies of pipe flows with circumferential wall oscillations

Only two experimental studies have tested spanwise wall oscillations in turbulent pipe flows. Choi and
Graham [1998] provided the first verification of turbulent drag reduction by imposing spatially uniform
circumferential oscillations in pipe flows at a maximum bulk Reynolds numbers ReD = 36300, based
on the pipe diameter and the mean velocity. They observed a plateau in the pressure drop (equivalent
to the maximum drag-reduction margin) as the oscillation period was varied. They were not able to
conclusively confirm the existence of an optimal period because the differences of the drag-reduction
values around the maximum were within the experimental uncertainty.

Auteri et al. [2010] proved experimentally for the first time that the streamwise-travelling waves of
spanwise wall velocity given by equation (8) and studied earlier numerically by Quadrio et al. [2009b],
leads to levels of drag reduction that are even higher than those achieved with uniform spanwise oscil-
lations. A sophisticated mechanical system of pipe sections spinning and oscillating in synchronized
fashion was built to generate the waves. The measured drag reduction was lower than that numeri-
cally computed. This discrepancy was attributed to the discrete form of the actuation, as well as to
the differences in the geometries and the influence of the spatial transient in the experiment. The
existence of an optimum period of oscillation for maximum drag reduction was proved experimentally
for the first time, in satisfactory agreement with the DNS results.

3.4 Experimental studies of flows altered by travelling waves of spanwise wall

velocity

As discussed in Section 3.3, Auteri et al. [2010] were the first to experimentally demonstrate the drag
reduction via the travelling waves given by equation (8). The only other experimental realization of
this travelling-wave actuation was carried out by Bird et al. [2018b]. A turbulent boundary layer on
a flat plate at Reτ = 1125 was forced by forward- and backward-travelling waves of spanwise wall
displacement using a Kagome lattice covered with a thin smooth layer of silicon rubber, as shown
in Fig. 4 (right) and described in Bird et al. [2015, 2018a]. A maximum drag-reduction level of
R = 21.5% was measured for backward-travelling waves, matching the DNS results of Quadrio et al.
[2009b] and confirming that these waves are more effective in reducing the wall-shear stress than
streamwise-uniform oscillations. A low drag-reduction value of R = 2.6% was reported for waves
travelling forward at a phase speed close to one of the two phase speeds that give loci of zero drag
reduction on either side of the drag-increase “blue valley” region in figure 2 of Quadrio et al. [2009b]
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(also shown in Fig. 9 of this review), again in very good agreement with Quadrio et al. [2009b]’s
numerical results.

4 Numerical simulations

In this section the discussion focuses on the numerical procedures together with an overview on the
computational studies in channel, pipe and boundary-layer flows.

4.1 Computational aspects

4.1.1 Navier-Stokes solvers

Since the effect of wall oscillations on the skin friction involves intricate changes to the turbulent
regeneration process, only DNS can predict the drag reduction with a high degree of accuracy, although
wall-resolved Large Eddy Simulations (LES) can provide qualitatively credible results. The most
efficient numerical methodology adopted for DNS studies of channel flow is based on spectral schemes,
and a substantial proportion of studies reviewed herein are of this type. Quadrio and Ricco and their
many co-workers have used a pseudo-spectral DNS code based on mixed discretisation, combining
Fourier expansions for the homogeneous (streamwise and spanwise) directions with a fourth-order
accurate, compact, finite-difference scheme over a non-uniform wall-normal mesh. Other researchers
have used fully spectral methods, with Chebyshev polynomials in the wall-normal direction, in order to
preferentially cluster collocation points near the walls. Second-order and fourth-order finite-difference
and finite-volume methods have also been used in a number of studies. For pipe flow, the spectral-
element method has been preferred because it avoids numerical instabilities caused by excessively
fine grid clustering near the singularity at the centre of the pipe, arising from the use of regular
cylindrical-polar grids.

For boundary-layer flows, various studies have used finite-volume methods [Lardeau and Leschziner,
2013], spectral schemes (Skote and co-workers in Table 6) and finite-difference approximations [Kan-
nepalli and Piomelli, 2000]). Care must be taken to ensure that the reference boundary layer is
correctly represented upstream of the onset of the wall forcing, whether the simulation includes the
transitional upstream flow or fully turbulent inflow conditions are used. The requirements placed on
simulations and possible pitfalls arising therefrom have been discussed by, among others, Schlatter
and Örlü [2010].

As regards to time-advancement, semi-implicit schemes, combining the explicit third-order Runge-
Kutta method for the convection terms with the Crank-Nicolson implicit method for the viscous terms,
have been popular. A second widely used approach is the fractional-step method, in which either
the implicit Crank-Nicolson or an explicit discretisation has been implemented for the diffusion and
convective terms. The mesh-resolution requirements vary significantly across the range of numerical
schemes used. Conventional finite-difference and finite-volume schemes, especially low-order ones,
require significantly finer grids than spectral methods to achieve a similar level of accuracy. In addition,
the distribution of solution points in the wall-normal direction varies substantially from one scheme
to another. Hence, the number of numerical and computational parameters is too large for a fair
comparison in respect of accuracy and efficiency. When adopting a spectral-element method, the
accuracy is also dependent on the order of the approximating polynomials. Hence, in view of the
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Study Lx R(%)

Jung et al. [1992] 5.03 40

Quadrio and Ricco [2004] 21.0 32.8

Quadrio et al. [2009b] 18.85 34 (at T+
opt = 106)

Ricco et al. [2012] (CPG) 18.85 33 (at T+
opt = 70)

Touber and Leschziner [2012] 12.57 38.5

Gatti and Quadrio [2013] 6.28 38.4

Hurst et al. [2014] 12.57 36.4

Gatti and Quadrio [2016] 5.0 37.4

Yao et al. [2019] 12.57 35.3

Yuan et al. [2019] 21.0 35.0

Table 2: Drag reduction in channel flow at Reτ = 200 with
W+

m = 12 and T+ = 100 (purely temporal oscillations). Lx is the
length of the computational box in the streamwise direction.
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Figure 5: drag-reduction margin
versus Lx for the ten cases in Table
2.

many mesh-related parameters at play, it is very difficult to attach any significance to the stated node
numbers used in simulations, and they are therefore excluded from the tables.

Ideally, exhaustive mesh- and domain-independence studies should be conducted for the whole
set of parameters. This goal is however often impossible because of computing-resource and cost
limitations. In the specific case of channel flow, the width and length of the simulation domain rarely
exceed 2πh and 4πh, respectively, where h is the channel half-height. The domain-size challenge is
illustrated by a DNS at Reτ = 1000 (corresponding to a Reynolds number based on the channel height
and the bulk velocity of about 40000), using a computational box of dimensions 6h×12h, requiring in
excess of half a billion points when a fourth-order finite-difference or finite-volume scheme is employed.

4.1.2 Computational requirements

The dimension of the computational box that has been varied most extensively in simulations of
channel flows with wall oscillations is its length Lx, the smallest one being Lx = 1.193h used by
Gatti and Quadrio [2013] and the largest one being Lx = 36.7h used by Quadrio et al. [2009a]. The
choice of the small box in the former case was motivated by the desire to examine, at tenable resource
requirements, flows at the large Reynolds number Reτ = 2108 over a range of actuation parameters,
while the latter size was required to accommodate travelling-wave actuation with a large wavelength.

In Table 2, nine simulations of channel flow under the CFR constraint with identical Reynolds
number, Reτ = 200, and (almost identical) oscillation parameters, W+

m = 12 and T+ = 100, are
presented. A tenth simulation by Ricco et al. [2012], subject to the CPG constraint, is also included.
The numerical method, order of accuracy and mesh resolution vary between the simulations. The only
major variable among the flows that can be correlated to the drag-reduction margin is the size of the
computational box, and in particular its length Lx. In Fig. 5, the drag reduction values are plotted
as a function of Lx for the ten cases (although the width also varies). The influence of the box length
was investigated by Gatti and Quadrio [2013], who found that the skin-friction coefficient did not vary
greatly with LxLz/h

2 at Reτ = 200, unless the dimensions were very low. The simulation results

21



presented in Fig. 5 however indicate a qualitative, but distinct dependence of the drag-reduction
margin on Lx. Gatti and Quadrio [2013] also observed that the sensitivity of the drag-reduction
margin on Lx is highest when the forcing parameters are near the optimal values for drag reduction,
which applies to the conditions of Table 2.

The extension of the purely temporal wall forcing to streamwise-travelling waves given by equation
(8) with three parameters to optimize (frequency, wavelength, amplitude) has constrained the range
of simulations that could be performed at any but modest Reynolds-number values. In recent years,
however, simulations have slowly progressed towards larger values (refer to further details in Section
6). Apart from the steeply rising resolution requirements as the Reynolds number increases, another
challenge posed by such simulations is the large number of time steps and/or large streamwise box
size needed to ensure that a sufficient number of actuation periods or wavelengths is included in the
simulation, so as to secure the reliability of the statistical analysis. Gatti and Quadrio [2013, 2016] met
this challenge by using very small computational domains when performing simulations at Reτ up to
2108. They argued that the box size had a limited effect on the drag-reduction margin mainly because
the influence of the computational domain was confined to optimal drag-reduction cases. Nevertheless,
Fig. 5 suggests that a truly domain-size-independent result for the drag-reduction margin at close-
to-optimum parameter values requires large domains and that any reported maximum drag-reduction
value needs to be viewed with caution.

4.1.3 Numerical issues related to the geometry

Differently from experimental studies, the geometry of choice for numerical investigations is often the
infinitely long channel and, to a lesser extent, the pipe. The reason for preferring these geometrically
streamwise-constant internal flows is that the boundary conditions are easier to handle numerically,
both in the wall-normal direction (no-slip walls) and in the wall-parallel directions (periodicity). Con-
verged turbulence statistics in channels and pipes are much easier to obtain because of the statistical
homogeneity in two coordinate directions (in most cases), compared with external boundary layers
for which only the spanwise direction is statistically homogeneous. It follows that for boundary-layer
flows the duration of the simulation is typically much longer than for channel and pipe flows in order
to obtain fully converged statistics.

The more rapid convergence of the statistics in channel flow has allowed researchers to produce
maps that show the dependence of the drag-reduction margin on the oscillation parameters. Fur-
thermore, the analysis of the drag-reduction levels and their dependence on the Reynolds number is
facilitated by the channel half-height being an unambiguous outer length scale and the flow being sta-
tistically homogeneous in the streamwise direction. The same studies are more difficult to undertake
in boundary-layer flows because of the spatially varying thickness of the shear layer. Furthermore,
spatial transients raise additional questions about the drag-reduction development, which can only be
answered subject to extremely large computational domains.

Fortunately, the basic physical mechanisms and their dependence on the wall-forcing parame-
ters depend only weakly on whether or not the flow is internal or external. Hence, the extensive
channel-flow investigations presented in the literature are pertinent to, and valuable for, efforts to-
wards practical implementations in external-flow applications. With this commonality acknowledged,
it is nevertheless important to bring out and carefully discuss the unique characteristics of internal
and external flows and their control.
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4.2 Numerical studies of internal flows

In this section, the numerical simulations of internal flows with spatially-uniform spanwise wall forcing
are discussed, with a focus on the drag-reduction margin, the influence of the oscillation parameters,
the flow geometry and the flow conditions (CFR, CPG, CPI). Channel flows with spanwise oscillations
are presented in Section 4.2.1 and pipe flows with circumferential oscillations are discussed in Section
4.2.2. Channel flows altered by streamwise-travelling or standing waves of spanwise wall velocity are
considered in Section 4.2.3.

4.2.1 Numerical studies of channel flows with streamwise-homogeneous wall oscillations

This section reviews the studies on the effects of purely temporal, streamwise-homogeneous oscillations
in channel flows. Table 3 summarized these studies. Not all papers listed in the table are reviewed in
detail; some articles that are specifically devoted to elucidating the physical interactions are further
discussed in Section 5.

The first DNS studies of turbulent channel flows over an oscillating wall were performed by Jung
et al. [1992], Akhavan et al. [1993a], and Akhavan et al. [1993b]. Inspiration for this study came from
earlier experiments [Bradshaw and Pontikos, 1985, Driver and Hebbar, 1987] and simulations [Moin
et al., 1990] of three-dimensional wall-bounded flows in which the onset of spanwise flow resulted in
a temporary drag reduction. Jung et al. [1992] examined the consequences of imposing an oscillatory
spanwise cross-flow for a range of T+ values, and compared the effects of this forcing to those given
by oscillating the wall. Only one case was reported for the wall motion, at T+ = 100, from which
Jung et al. [1992] concluded that the results of the two forcing methods were essentially identical.
The results reported by Jung et al. [1992] included a rough estimate of the optimal oscillation period,
T+ = 100, for which the maximum drag-reduction margin was R = 40%, and the observation that
the percentage drop in the magnitude of the spanwise and wall-normal turbulent fluctuations was
larger than that of the streamwise fluctuation. At the lowest frequency, T+ = 500, drag increase was
observed.

Baron and Quadrio [1996] reported results from a DNS of a channel flow at Reτ = 200 subjected
to spanwise wall oscillations with a period T+ = 100 and wall velocities between W+

m = 4 and 17. The
main observation was that the actuation caused a shift of all turbulent quantities away from the wall
towards the interior of the channel, signifying a thickening of the viscous sublayer. Other effects were
the reductions of all the turbulence-budget terms in the near-wall region and of the level of dissipation
at the wall. The maximum drag reduction was R = 40% and the optimal oscillation amplitude in
terms of the overall energy balance, including the power spent on actuating the wall, was found to be
at their lowest wall velocity, W+

m = 4.
Miyake et al. [1997] performed DNS of channel flow at Reτ = 150 with one oscillating wall at

T+ = 100 and W+
m = 12. The transient flow development from the start of the oscillation was tracked

and, after five oscillation periods, a drag-reduction margin of R = 35% was reached over the moving
wall. They claimed that the simulations were carried out under CPG conditions, but both a decrease
of the wall-shear stress and an increase of the bulk velocity were reported as effects of the wall motion.
This result suggests that, for the first time, a constant streamwise power input, Px = 2τwUb, might
have instead been the constraint because the fully-developed friction reduction, averaged over the two
walls, was about 17%, i.e., of very similar magnitude of the increase of the wall-normal integral of the
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mean velocity profile. This simulation thus appears to be more akin to the CPI simulation discussed
at the end of Section 2, although the constant power fixed by Frohnapfel et al. [2012] under the CPI
constraint also included the power used to move the wall. In Table 3, we have labelled the simulation
of Miyake et al. [1997] with a tentative “CPI?”.

Choi et al. [2002] also performed DNS of channel flow, covering the ranges T+ = 1 − 200 and
W+

m = 1 − 20 for Reτ = 100, 200 and 400. At T+ = 100 and maximum amplitude W+
m = 20, the

maximum drag reduction recorded were 44.5%, 39.2% and 34.1% for the three Reynolds numbers,
respectively. For Reτ = 100 the optimal period shifted to T+ = 150, for which the drag-reduction
margin reached 45.4%. A major outcome of this study was an empirical correlation that links the
drag-reduction margin to a parameter that combines the friction Reynolds number, the wall-scaled
amplitude, depth of penetration of the Stokes layer, and acceleration of the Stokes layer at y+ = 5.

Quadrio and Ricco [2003] conducted DNS of channel flow at Reτ = 200 and W+
m = 3 − 27 and

analysed the transient behaviour in the first few wall-oscillation cycles, recording a maximum drag-
reduction level in excess of 50%. They noted that the spanwise velocity profile closely followed the
analytical laminar solution even during the first oscillation period following the start of the actuation.
The streamwise shear stress instead adjusted much more slowly, the duration of its transient depend-
ing on the wall-velocity magnitude. The streamwise stress was found to exhibit a non-monotonic
development in time, with a pronounced minimum prior to approaching the fully developed condition.

In a later paper Quadrio and Ricco [2004] reviewed much of the earlier DNS and experimental work
published at that time, and reported results for 37 new simulations at Reτ = 200 with wall-velocity
amplitudes in the range W+

m = 0− 27, in an effort to derive a definitive statement on the dependence
of the drag reduction on the oscillation parameters. The misconception of the independence of the
drag-reduction margin on T+ at fixed W+

m was attributed to differences in the Reynolds number, the
influence of transients and the non-optimality of the actuation parameters. A monotonic increase in
the drag-reduction margin with W+

m was found, but at a progressively declining rate, suggesting a
saturation level, as shown in Fig. 6. The maximum computed drag reduction was R = 45% and the
scaling parameter first proposed by Choi et al. [2002] was shown to predict the drag-reduction margin
very well for periods smaller than the optimum.

The drag-reduction map shown in Fig. 6 clarifies that the optimum period at fixed W+
m is within

the range T+ = 100−125 for the entire range of wall velocity at the prescribed low Reynolds number.
Quadrio and Ricco [2004] noted that the wall oscillation becomes decoupled from the near-wall tur-
bulence dynamics at high T+ values. When T+ is larger than the optimum, which coincides with the
double of a pseudo-Lagrangian time scale representing a typical survival time of the longest-lived and
statistically significant turbulent structures [Quadrio and Luchini, 2003], the near-wall streaks have
enough time to develop their inner dynamics between successive sweeps of the Stokes layer. During this
time interval, the near-wall turbulence tends to readapt to its natural equilibrium state and to restore
the unperturbed value of friction drag. When instead T+ is close to the optimum, the forcing time
matches the characteristic time of the streak dynamics and this mechanism is effective in disrupting
the streaks, which do not have sufficient time to readjust to their natural life cycle. The near-wall flow
is therefore more homogeneous and the near-wall turbulence intensity is attenuated. This paradigm of-
fered an explanation for the existence of the optimum period. The study also examined the net-energy
savings when the actuation power is taken into account. A net saving was only attained at low veloc-
ity amplitudes and the maximum net saving was about Pnet = 7% at W+

m = 4.5, at which the gross
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Figure 6: Drag-reduction margin as a function of W+
m and T+ at Reτ = 200 . The size of the circles is

proportional to the drag-reduction margin. The hyperbolas represent constant maximum displacement
D+

m. The dashed curve represents the optimum T+ at a fixed D+
m. Taken from Quadrio and Ricco

[2004], with permission from Cambridge University Press (CUP).

drag reduction was R = 17% at best. Quadrio and Ricco [2004] further explained that the optimal
period at fixed W+

m typically emerges from numerical investigations where the actuation parameters
can be varied independently, while another optimal period was reported when D+

m was fixed, the usual
constraint in experiments. The latter optimal period was found to be lower than the nearly constant
optimum period at fixed W+

m and to depend on the maximum displacement itself. The dashed line in
Fig. 6 shows the optimum T+ at fixed D+

m and was obtained from an implicit expression derived from
the scaling parameter used for the drag-reduction estimation. The drag reduction was found to be
almost independent of T+ near the optimum at fixed D+

m. For this reason, experimental campaigns,
conducted at constant D+

m, only reported the monotonic increase of the drag-reduction margin with
T+ and failed to capture this optimum. The almost constant drag reduction occurs because of the
competing effect between lowering T+, which gives low drag reduction, and increasing W+

m , which is
instead beneficial.

Ricco and Quadrio [2008] extended the study of Quadrio and Ricco [2004] to further elucidate
the differences between the two optimal oscillation periods, at constant W+

m and at constant D+
m.

Simulations with D+
m fixed at Reτ = 200 and 400 were performed to better predict the optimum T+

at fixed D+
m. They further exploited the scaling parameter used in Quadrio and Ricco [2004] to predict

the power spent and the net energy saved with good accuracy.
Xu and Huang [2005] performed a channel-flow DNS at Reτ = 173, W+

m = 15 and T+ = 90, and
reported a drag-reduction margin of 36%. The Reynolds-stress budgets were analysed during the first
two oscillation cycles to elucidate how the transfer of turbulent kinetic energy was inhibited by the
oscillating wall, leading to drag reduction.

Zhou and Ball [2006] and Zhou and Ball [2008] reported simulation results of a channel flow sub-
jected to wall oscillations under CPG and CFR conditions at Reτ = 180. With oscillation parameters
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set at W+
m = 12.48 and T+ = 100, the drag-reduction margin was R = 29.9% and R = 27.2% for

CFR and CPG, respectively, with the difference attributed to the change in Reynolds number. Both
drag-reduction values were lower than the value of R = 33% obtained by Quadrio and Ricco [2004].
They explored a large range of values of wall velocity and oscillation periods. The optimal oscillation
periods were estimated to be T+ = 100 and T+ = 50 for the CFR and CPG configuration, respectively,
with the difference explained by the altered flow structures in the two different flows, in particular
a smaller thickness of the Stokes layer required in the CPG case. They revisited the scaling of the
drag-reduction margin with the maximum wall velocity and computed cases with values as high as
W+

m = 70, finding that an asymptotic drag-reduction level was attained beyond W+
m ≈ 20, within the

range of actuation periods T+ = 10− 143, under the CFR condition. When the CPG constraint was
used, the drag reduction continued to increase until almost R = 90%, but this finding was undoubt-
edly due to relaminarization at such low levels of friction Reynolds number. Zhou and Ball [2008] also
moved the wall obliquely with respect to the streamwise direction, concluding that purely spanwise
forcing gives the best performance in terms of drag reduction. Saturation occurred at the inclination
angle of 60◦, beyond which the drag-reduction margin matched the value given by purely spanwise
oscillations.

A further set of simulations were performed by Ricco et al. [2012] for channel flow at Reτ = 200
under the CPG constraint. The optimum period at W+

m = 12 was found to be T+ = 70, i.e., lower than
T+ = 100− 125, accepted as the optimum under the CFR constraint. A second objective pursued by
Ricco et al. [2012] was to examine the turbulence phenomena provoked by the actuation and identify
the fundamental origin of the drag reduction. Using the CPG data for the case with W+

m = 12 and
T+ = 100, resulting in R = 31%, Ricco et al. [2012] examined the energy budgets to elucidate the
role of, and changes in, the turbulence dissipation rate. The physical mechanism is described in more
detail in Section 5.6.

Touber and Leschziner [2012] performed DNS in a channel flow at Reτ = 500 and W+
m = 12 for

T+ = 50, 100, 200, 400 and 1000, and also reported results from wall-resolved large-eddy simulations
(LES) at Reτ = 1000. The accuracy of the LES, at least in terms of the drag-reduction level, was
confirmed by comparing the LES result to the DNS result at T+ = 100, the difference being 2%. The
primary purpose of this study was not, however, to quantify the drag-reduction margins (R = 32% at
Reτ = 500 and R = 27% at Reτ = 1000), but to undertake a wide-ranging analysis of the turbulence
statistics at Reτ = 500 to gain a better view of the root causes of the drag reduction. To this
end, Touber and Leschziner [2012] decomposed all velocity components into the mean, periodic and
purely stochastic parts to examine the turbulence statistics and the visualized fields. By conducting
phase-wise averaging, the contributions of the phase fluctuations to the total fluctuations were shown
to be small for the streamwise component and non-existent for the wall-normal component. They
noted that the streamwise Reynolds stress near the wall was lower for T+ = 200 than for the optimal
period T+ = 100, while the spanwise Reynolds stress increased and rose above the nominal level
for T+ = 200. One interesting observation derived from the visualization is that the streaks were
not simply realigned periodically in response to the actuation, but they weakened substantially when
the Stokes strain changed rapidly, and strengthened again when the Stokes strain changed at a low
rate. This behaviour was due to the strain variations in the buffer layer, which contributed to the
production-rate of turbulence, implying that the production of the stresses in the buffer region was the
main driver of the drag-reduction mechanism. The Reynolds number was sufficiently high to bring to
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light distinctive large-scale footprints of the energetic outer log-layer structures – or “super-streaks”
– imprinted onto the small-scale near-wall structures. A decomposition of the large- and small-scale
motions was included to identify the effects of the former on the skin friction.

Agostini et al. [2014], following on from the previous study by Touber and Leschziner [2012], focused
on the mechanisms underpinning drag oscillations at the non-optimal actuation period T+ = 200 and
Reτ = 1020. For this condition, the drag experienced significant periodic fluctuations, synchronised
with the actuation. Such fluctuations were instead insignificant at the near-optimum value T+ = 100.
The behaviour at T+ = 200 motivated Agostini et al. [2014] to examine a wide range of phase-locked
statistics, including Reynolds-stress budgets during the drag-increase and drag-decrease portions of
the actuation cycle in an effort to pin down cause-and-effect processes that drive both drag decrease
and drag increase.

Yakeno et al. [2014] varied the actuation period in the range T+ = 16 − 500 in a DNS study of
channel flow under the CPG constraint at Reτ = 150 and found that a period T+ = 75 produced a
larger drag-reduction level than T+ = 100, in accordance with the results of Ricco et al. [2012]. The
main purpose of the study was, however, to further investigate the turbulence mechanisms responsible
for the drag reduction by conditionally averaging events that contribute to the wall-shear stress. One
outcome of their analysis was an empirical model that correlated the drag reduction linearly to the
spanwise shear at two different wall-normal positions, one where streamwise vortices interacted with
the wall (y+ = 10) and the other where streamwise vortices were spanwise-tilted by the spanwise shear
(y+ = 15). The model reproduced the DNS-recorded response of the increased bulk velocity in the
range W+

m = 3− 12 at Reτ = 150 and 200.
Hasegawa et al. [2014] performed channel-flow DNS with wall oscillation at Reτ = 200, using the

CPI constraint. They introduced a parameter γ that quantified how much of the total available power
was consumed by the control. Hasegawa et al. [2014] concluded that the optimum allocation of power
from pumping to the control mechanism was R = 10% (γ = 0.1), which yielded a 3% increased flow
rate.

Channel-flow simulations at Reτ = 200 with wall oscillation at W+
m = 3.6 and T+ = 53 were

compared with duct-flow measurements by Gatti et al. [2015]. The DNS with the complete wall
in oscillation produced a drag-reduction margin of 10%, while the drag-reduction levels declined to
R = 8.3% and R = 6.3% for an oscillating segment with reduced length and width, respectively. For
the former restriction of the oscillating segment, the spatial evolution of the drag reduction downstream
of the moving wall was compared with results in the literature, and good agreement with previous
numerical and experimental data was achieved, in particular with those measured by Ricco and Wu
[2004] and those computed via DNS by Skote [2012]. Although the flow conditions among the datasets
were different, the meaningful comparison was possible by normalizing the available data by the
respective fully-developed drag-reduction margins.

In a study by Gatti et al. [2018a], a channel-flow DNS with wall oscillation at Reτ = 200 with
W+

m = 4.47 and T+ = 125.5 was performed under CPI conditions to investigate the energy-flux balance
and to compare the oscillatory and opposition control methods. The underlying assumption was that
two flows with identical CPI constraints should also have the same total energy dissipation rate. The
streamwise pressure gradient (i.e., the pumping power) was therefore adjusted according to the value
of the control power, such that the sum remained equal. The conclusion was that the two dissipation
components, associated with the mean flow and the turbulence field, respectively, could not, on their
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own, characterize the success of the control. By introducing a decomposition of the mean velocity into
the laminar profile and a deviation from it, together with an extended energy box, Gatti et al. [2018a]
showed that the factors determining the success of the control strategy were the pumping power used
for producing the turbulence and the total power dissipated by turbulence through viscous effects.

Yao et al. [2019] reported the results of wall oscillations in channel flow up to Reτ = 2000 and
showed that the optimal period decreased from T+ = 100 at Reτ = 200 to T+ = 90 at Reτ = 1000 and
to T+ = 79 at Reτ = 2000. The maximum drag reduction obtained at Reτ = 2000 was R = 23.2%,
i.e., marginally lower than the value of R = 24% obtained by Gatti and Quadrio [2013] at Reτ = 2100,
as discussed in Section 4.2.3. Yao et al. [2019] however pointed out that the simulations of Gatti and
Quadrio [2013] were performed with a small computational box, which, according to them, tends to
result in excessive drag-reduction levels.

Channel-flow simulations at Reτ = 200 with 12 combinations of W+
m and T+ were performed by

Yuan et al. [2019]. The results compared successfully with those of Quadrio and Ricco [2004]. To
analyse the link between drag reduction and the turbulence mechanisms during the oscillation of the
wall, Yuan et al. [2019] used the relationship between the transport of vorticity and the Reynolds shear
stress, concluding that the drag reduction was linked to the increase in turbulence-energy dissipation.

Yang and Hwang [2019] performed one DNS of channel flow at Reτ = 800 with W+
m = 12 and

T+ = 100, resulting in a drag-reduction margin of 25%. The oscillation parameters were varied for a
number of simulations of “exact coherent states”, as a model of turbulence at larger Reynolds numbers
in order to understand the impact of the wall oscillation on the turbulence structures.

The most recent study of a turbulent channel flow by Dong et al. [2019], based on the LES WALE
model, confirmed previous known drag-reduction results and showed for the first time that the pressure
fluctuations are also attenuated alongside the velocity fluctuations when the wall oscillates.

4.2.2 Numerical studies of pipe flows with circumferential wall oscillations

In this section, numerical investigations pertaining to pipe flows forced by purely temporal oscillations
are reviewed and summarized in Table 4. The number of pipe-flow studies is far lower than those for
the channel-flow geometry. In pipe flows, the drag-reduction margins and their dependence on the
oscillation parameters and the Reynolds number are similar to those obtained in channel flow. As
in Section 4.2.1, articles predominantly devoted to elucidating the physical interactions are further
discussed in Section 5.

The DNS performed by Quadrio and Sibilla [2000] at Reτ = 172 with W+
m = 14 and T+ = 100

demonstrated a wall-normal displacement of the low-speed streaks relative to the quasi-streamwise
vortices, in line with the earlier observations by Baron and Quadrio [1996] for channel flows. The
effects of the wall oscillations on the flow structures were especially evident in the viscous sublayer
and in the near-wall buffer layer. Based on their observations, Quadrio and Sibilla [2000] proposed
a phenomenological set of interactions between the quasi-streamwise vortices and the streamwise-
velocity fluctuations, leading to a qualitative explanation for the drag reduction. Their results were
compared with the experimental data of Choi and Graham [1998], and the conclusion was that the
lower drag-reduction margin obtained in the experiments was due to the non-optimal oscillation-
period used. Quadrio and Sibilla [2000] also noted that the spanwise velocity profile closely followed
the Stokes-layer solution (6).
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Another DNS investigation of an oscillating pipe flow was conducted by Nikitin [2000] atReτ = 133.
A drag-reduction margin of R = 20% for T+ = 105 and W+

m = 9 was obtained, but the computations
with larger oscillation periods did not yield an increase in drag, in contrast to the channel-flow results
by Jung et al. [1992]. He attributed this difference to the centrifugal forces present in the pipe, hence
explaining a key difference between the two geometries.

Choi et al. [2002] performed DNS of pipe flow at Reτ = 150, with T+ = 5− 200 and W+
m = 5− 20.

At T+ = 100, the maximum drag reduction was R = 35% for W+
m = 10, while relaminarization

occurred at large periods and wall velocities. Based on a conditional statistical analysis of the quasi-
streamwise vortices, Choi et al. [2002] offered a phenomenological interpretation for the mechanism
responsible for drag reduction that was very similar to the conceptual model of Quadrio and Sibilla
[2000].

Duggleby et al. [2007] performed simulations of a pipe flow subjected to circumferential oscillations
under CPG condition to maintain a constant friction Reynolds number, Reτ = 150. The actuation
parameters, W+

m = 20 and T+ = 50, were chosen such that a maximum drag reduction (without
relaminarization) was achieved. They remarked that this T+ value was much lower than that identified
by Quadrio and Ricco [2004] to yield the maximum drag reduction for channel flow at Reτ = 200 under
CFR condition (T+ = 100 − 125), possibly due to the CPG constraint. This result is also consistent
with the findings by Zhou and Ball [2008] who estimated that the optimal oscillation periods were
T+ = 100 and T+ = 50 for the CFR and CPG configuration, respectively. Duggleby et al. [2007]
reported a 27% increase in mean velocity, which corresponds to a drag reduction of R = 38%. Coxe
et al. [2019] performed DNS of a pipe flow under CPG conditions at Reτ = 170 and 360 with W+

m = 10
and T+ = 100, and explained that the wall-shear stress was reduced because the oscillating wall
affected the near-wall streamwise vortex pairs asymmetrically. The flow changes reported by Duggleby
et al. [2007] and Coxe et al. [2019] are discussed further in Section 5.

4.2.3 Numerical studies of flows altered by travelling waves of spanwise wall velocity

Investigations on flows forced by streamwise-travelling waves of spanwise wall velocity, given by equa-
tion (8), are reviewed in this section and summarized in Table 5. Over recent years, the number of
studies of this type of forcing has surpassed those of flows altered by purely temporal oscillations,
arguably because of the larger drag-reduction and, more important, the net power-saving margins
that can be obtained by the wavy wall motion given by equation (8).

The particular case of spanwise standing-wave forcing given by equation (8), with ω = 0, was
investigated by Viotti et al. [2009] in a channel flow and by Skote [2011] for a boundary-layer flow,
both at the same Reynolds number, Reτ = 200. The simulations by Viotti et al. [2009] covered the
range λ+

x = 2π/κ+x = 200− 3000 and the optimal value was found to be λ+
x = 1200. A drag-reduction

margin R = 45% was reached for W+
m = 12, i.e., significantly larger than the maximum value achieved

with purely temporal actuation at the same W+
m value. The maximum drag-reduction margin was

R = 52% at W+
m = 20, which is about 30% larger than that attained via temporal forcing. For

W+
m = 6, for which R = 33%, a much improved net energy saving was obtained, namely Pnet = 22%,

again in excess of Pnet = 7% obtained by temporal oscillations. The actuation power computed from
the DNS showed excellent agreement with that computed by the analytical solution of the laminar
spatial Stokes layer. Viotti et al. [2009] also demonstrated that the optimal λ+

x = 1200 was related to
the optimal period for the temporal forcing (T+ = 100−125) through the convective velocity U+

c = 10
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Figure 7: Net power saved as a function of the streamwise wavelength for different forcing amplitudes.
The temporal forcing case is denoted by TSL, for which the period of oscillation is converted to the
wavelength via the convection velocity U+

c = 10. A+ = W+
m . Taken from Viotti et al. [2009], with

permission from AIP Publishing.

of the turbulent structures in the buffer layer. The improved energy budget is illustrated in Fig. 7,
where the spatial forcing is compared with the temporal one.

Yakeno et al. [2009] used DNS results for channel flow under CFR condition at Reτ = 150 to
construct the drag-reduction maps shown in Fig. 8 for purely spatial and purely temporal forcing.
The juxtaposition of the two graphs of Fig. 8 brings to light the striking correspondence between
the temporal period and the streamwise wavelength, supporting the proposition that the equivalence
between the two modes of actuation are linked by the convective velocity U+

c = 10 in the buffer layer.
As expected, the maximum drag-reduction levels, R = 35% and R = 45% for the temporal and spatial
forcing, respectively, were obtained for T+ = 100 in the former case and for λ+

x ≈ 1000 in the latter.
To exclude the Reynolds-number effects, Yakeno et al. [2009] imposed a constant pressure gradient
(CPG) for two simulations with purely temporal and purely spatial oscillations with W+

m = 7, and
T+ = 125, λ+

x = 1178, respectively. The comparison between the two types of forcing revealed that
the phase change of the Reynolds shear stress is larger in the spatial forcing.

The combination of temporal and spatial forcing, given by (8), has been extensively investigated
since it was first studied by Quadrio et al. [2009b] and is now understood to offer, for particular
combinations of period and wavelength, the maximum drag-reduction margins for a given wall-velocity
amplitude. Quadrio et al. [2009b] used DNS to investigate a channel flow at Reτ = 200 with W+

m = 12
and a wide range of frequency and wavelength values. The often-dubbed “Quadrio map”, shown
in Fig. 9, emerged from this investigation, which entailed 250 simulations. The maximum drag-
reduction achieved was R = 48% at T+ ≈ 350 and λ+

x ≈ 750, which is larger than the maxima
R = 34% for purely temporal oscillations with T+ ≈ 106 and R = 45% for standing streamwise
waves with λ+

x ≈ 1257. Although the increase in gross drag reduction relative to the steady-forcing
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Figure 8: Maps of drag-reduction margin at Reτ = 150 versus amplitude (W+
0 = W+

m) obtained by
forcing the flow via (8) and (a) forcing period for purely temporal forcing (κx = 0); (b) wavelength
for purely spatial forcing (standing wave, ω = 0). Taken from Yakeno et al. [2009], with permission
from the authors.

case was modest at W+
m = 12, the net power saved was substantially larger, namely Pnet = 18%,

obtained for T+ ≈ 352 and λ+
x ≈ 1257, while Pnet = 5% was computed in the steady-forcing case.

Although this point in the period-wavelength plane was not identical to the conditions at which the
gross drag reduction reached its maximum, it lay within the fairly flat region around the maximum.
Hence, the travelling-wave actuation was distinguished by the close proximity of the maximum gross
and maximum net power saved at W+

m = 12, whereas these two powers were distinguished in the
case of purely spatial actuation. Quadrio et al. [2009b] also showed that the drag-reduction margin
increased monotonically withW+

m , while the net energy gain increased to Pnet = 26% near the optimum
conditions for the lower wall-velocity W+

m = 6, for which R = 37%. Quadrio et al. [2009b] defined a
time scale T + during which near-wall turbulent structures cover a distance of one forcing-wavelength
(λ+

x ) at the relative velocity |U+
t − U+

c |, where U+
t = ω+/κ+ is the phase speed of the travelling

wave. Hence, T + ≡ |λ+
x /(U

+
t − U+

c )| is an equivalent oscillation period experienced by an observer
travelling at the velocity of the turbulent fluctuations. Quadrio et al. [2009b] also discovered a region
in the parameter space that led to a significant drag increase for forward-travelling waves, shown in
blue colour in the map of Fig. 9. This region is confined by two lines in the ω − κx space for which
the phase speed is constant and the maximum drag-increase margin of about R = −20% occurs when
the wall waves travel at about U+

t = 10, i.e., at the convection velocity of the near-wall turbulent
structures. On the contrary, backward-travelling waves led to drag reduction at any wave speed.

Upon deriving a solution for the generalized laminar Stokes-layer generated by the wall waves (8),
Quadrio and Ricco [2011] correlated the drag-reduction margin and the thickness of the Stokes layer,
δ+l , based on the noted agreement between the laminar solution and the averaged spanwise velocity
profile. As shown in Fig. 10, by plotting R vs. δ+l , a linear relationship emerged up to R = 35%
and δ+l = 4, subject to two conditions: (i) the wave phase speed was sufficiently different from the
convection velocity of the near-wall turbulent fluctuations, i.e., |U+

t − U+
c | ≫ 0; and (ii) the time

interval between two instants at which a near-wall structure passed over the wave at the same phase
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Figure 9: Drag-reduction margin as a function of period and wavelength of the streamwise-travelling
wave given by (8). The frequency and wavenumber are scaled with the maximum Poiseuille velocity
(Up) and channel half-height (h). Taken from Quadrio et al. [2009b] with permission from CUP.

was shorter than the life-time of the structure, i.e., T + ≪ 120. A minimal δ+l = 1 is required to
obtain drag reduction and the maximum drag-reduction margin was obtained for δ+l = 6.5. By using
the equivalent forcing period T + found by Quadrio et al. [2009b], Quadrio and Ricco [2011] created a
schematic diagram to distinguish four distinct drag-reduction behaviours. When U+

t was comparable
to U+

c , a lock-in effect occurs so that the spanwise laminar solution failed to represent the spanwise
turbulent flow and the friction drag increased.

Gatti and Quadrio [2013] increased the Reynolds number for DNS of channel flows with travel-
ling waves to Reτ = 2100. Very small computational boxes, namely 1.19h × 0.59h, were employed,
although the authors argued that the errors were small because both the actuated and the baseline
simulations were affected by similar accuracy limitations. The drag-reduction margin declined with
the Reynolds number, with the most severe reductions occurring when the forcing parameters were
optimal. As the Reynolds number increased, the optimal parameters shifted towards larger frequen-
cies and wavenumbers. For purely temporal oscillations the drag-reduction margin decreased from
R = 39% at Reτ = 200 to R = 29% at Reτ = 1000, and to R = 24% at Reτ = 2100, as the optimal
T+ decreased to 90. For a fixed wavelength λ+

x = 1250, zero frequency (standing-wave actuation) was
optimal at Reτ = 1000 (R = 37%) and Reτ = 2100 (R = 29%), whereas at Reτ = 200 the optimum
forcing was a travelling wave with T+ = 105 for which the maximum was R = 49%.

Hurst et al. [2014] simulated a channel flow with travelling waves at Reτ = 200, 400 and 800 with
W+

m = 12, T+ = 35 − 628 and λ+
x = 393 − 3142. The maximum drag-reduction margin attained for

Reτ = 200 was R = 50% at T+ = 300 and λ+
x = 800, a level that decreased to R = 40% for Reτ = 800,
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Figure 10: Drag-reduction data as function of δ+l for CFR (squares) and CPG (circles) simulations.
The oblique straight line shows the linear correlation. The arrows indicate the minimal condition for
drag reduction, δ+l ≈ 1 = δ+min, and the optimal Stokes-layer thickness, δ+l ≈ 6.5 = δ+opt. Taken from
Quadrio and Ricco [2011], with permission from CUP.

with the optimum parameters shifting modestly. In the case of purely temporal forcing, the optimal
period decreased with the Reynolds number, and Hurst et al. [2014] concluded that the Reynolds
number effect was stronger for the purely temporal forcing compared to the purely spatial actuation,
in marked contrast to the findings by Gatti and Quadrio [2013]. They explored the possibility of
whether the drag-reduction margin could be correlated as R ∝ Re−α

τ , and observed this scaling to
be non-trivial, with α varying between 0.1 and 0.44, depending upon the combination of actuation
parameters. The issue of Reynolds-number dependence is the subject of Section 6.

In Gatti and Quadrio [2016], the travelling-wave forcing in channel flows was compared at Reτ =
200 and Reτ = 1000 for a wide range of frequencies (ω+ = −0.5 − 1.0, i.e., reaching periods as low
as T+ = 2π and including backward travelling waves with T+ = 4π), wavenumbers (κ+x = 0 − 0.05,
i.e., including the standing wave and reaching the smallest wavelength of λ+

x = 126) and amplitudes
(W+

m = 2− 20), thus creating an extensive sweep of the actuation-parameter space. A more detailed
study of the effects of varying the period and wavelength at amplitude W+

m = 12 revealed that the
maximum drag reduction for Reτ = 200 wasR = 50% at T+ = 320 and λ+

x = 997, while at Reτ = 1000
it decreased to R = 39% for T+ = 125 and λ+

x = 322, in agreement with the maximum R = 40%
reported by Hurst et al. [2014] at Reτ = 800 and confirming the result by Gatti and Quadrio [2013].
For purely temporal oscillations the drag-reduction margin decreased from R = 37% at Reτ = 200 to
R = 28% at Reτ = 1000, as the optimal T+ reduced to 75. By interpolating the data between the
discrete amplitudes, Gatti and Quadrio [2016] created a drag-reduction map at constant W+

m = 12,
scaled with the actual friction velocity. The maximum drag-reduction margin turned out to be lower,
R = 45%, compared to R = 50% at the corresponding condition scaled with the reference friction
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velocity. The effect of Reynolds number on the drag reduction and the shift of the location of maximum
to larger frequencies and wavenumbers remained the same with the two scaling options, with the shift
being less pronounced than in the actual wall-friction scaling. Gatti and Quadrio [2016] thus concluded
that the scaling of the actuation-parameters based on the actual friction velocity should be adopted
when comparing results at different Reynolds numbers. The relatively small computational domains
used for the 4020 simulations were compared with 20 simulations performed with larger domains, as
well as under CPG condition, to validate the conclusions. Their results are further discussed in Section
6.

Gatti et al. [2018b] compared the travelling-wave forcing (W+
m = 7, T+ = 263, λ+

x = 628) in a
channel flow at Reτ = 1000 with another strategy in the form of “opposition control”, i.e., a body-
force control designed to strongly attenuate the wall-normal fluctuations up to a specified height above
the wall. The vertical upward shift (∆B+) of the logarithmic part of the velocity profile, signifying the
drag-reduction level, was utilized to create a model that predicted the turbulent spectra in channels
where the flow control is confined to the near-wall region. The model was based on the observation
that the turbulence in the outer layer was only influenced by the near-wall control through ∆U+.
The changes in the turbulent spectra were similar above the buffer layer in the two control strategies.
Hence, the effect of the near-wall control on the outer flow could be predicted by combining a turbulent
field at a lower Reynolds number (due to the shift ∆U+ acting as a virtual wall) with a laminar flow
added below the turbulent bulk flow.

The only numerical studies of pipe flows altered by travelling waves were by Biggi [2012] under
CFR conditions and Xie [2014] under CPI conditions, both at Reτ = 200. It was found that the
travelling-wave forcing performed better in pipe flow than in channel flow, with relaminarization more
likely to occur at Reτ = 200.

Turbulent drag reduction by spanwise wall velocities that are modulated in time and along the
spanwise direction itself,

Ww(z, t) = Wm cos(κzz − ωt), (9)

was first studied by Zhao et al. [2004], and subsequently by Xie [2014], who showed that the maximum
drag-reduction margin given by the forcing (9) occurs for κz = 0.

4.3 Numerical studies of external flows

This section discusses the numerical studies of free-stream boundary layers over oscillating walls,
summarized in Table 6. A common feature of all simulations is that they were all performed over a
streamwise-restricted segment within which the wall oscillates, analogous to experimental campaigns.
The drag-reduction margin rises from zero at the onset of the oscillations and reaches its maximum
value within 3−5 boundary-layer thicknesses, followed by a slightly faster readjustment to the canon-
ical state downstream of the actuated surface. In comparison with channel flow at a corresponding
Reynolds number, the maximum drag-reduction margin for the boundary layer is, in general, slightly
lower. Due to the higher computational cost required for simulating spatially developing boundary
layers, wide-ranging actuation-parameter studies, as carried out for channel flows, have not been con-
ducted, and the optimum actuation conditions are therefore not well established. As in channel flows,
a monotonic increase of the drag-reduction level with forcing amplitude W+

m occurs and an optimal
period T+ at fixed wall velocity exists. Furthermore, the difference in performance between purely
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temporal and purely spatial forcing is similar to that in channel flow. The travelling-wave forcing has
been shown (albeit for one case only) to yield similar results to those in channel flow. The most im-
portant difference between channel and boundary-layer flows is the spatial development of the latter,
which greatly influences the net energy savings, as discussed in Section 4.3.3.

Unlike channel flows, the reference boundary layer develops downstream with a decreasing friction
velocity. When specifying the oscillation parameters (wall velocity, oscillation period, wavenumber)
in viscous units, the friction velocity at the streamwise position where the oscillating segment starts
in the simulations is normally used for scaling. In most simulations, as the flow evolves downstream
the oscillation parameters are kept constant in physical units. Therefore, in reference viscous units,
W+

m increases downstream, while T+ decreases. The drag-reduction margin may grow downstream
compared to a forcing with a constant W+

m , since the drag-reduction margin increases with W+
m ,

while the decreasing T+ has a limited effect if the oscillation period is chosen around its optimum
value. At the same time, the Reynolds number based on the friction velocity and boundary-layer
thickness slightly increases downstream, which has a very mild adverse impact on the drag-reduction
effect. Also, as observed earlier for channel flow, the optimal T+ decreases as the Reynolds number
increases. This effect may occur in open turbulent boundary layers as well, the consequence being
that the drag-reduction margin is affected favourably if the period T is unvaried downstream. For
most of the boundary layers investigated, by both DNS and experiments, the variation of the Reynolds
number and friction velocity over the limited streamwise length of the oscillating wall has however
not resulted in large variations in the oscillation parameters. Therefore, the effects of the spatially
changing conditions on the drag reduction have not been quantified. When plotted as a function of the
streamwise coordinate, the drag-reduction margin initially rapidly increases from zero to the maximum
value, while further downstream it shows a very mild decline. In view of the above considerations,
either the average friction velocity over the region of approximately constant drag reduction or the
maximum value has been used to quantify the drag-reduction margin.

4.3.1 Numerical studies of free-stream boundary layers

Yudhistira and Skote [2011] performed the first DNS of a turbulent boundary layer over a temporally
oscillating wall, showing that the spatial development of the drag-reduction margin was similar to
that observed in the experiments by Ricco and Wu [2004], although the Reynolds number in the DNS
(Reθ = 532) was almost three times lower than in the experiments (Reθ = 1400). The sensitivity
of the Reynolds shear-stress profile to the sampling period over which the turbulence statistics were
derived was investigated. In earlier experimental studies [Trujillo et al., 1997, Ricco and Wu, 2004,
Laadhari et al., 1994], the Reynolds-stress profiles were observed to exhibit a pronounced second peak
between the maximum value and the free stream, while this peculiar peak was absent in the DNS
results. By reducing the time-period over which the statistics were computed, a peak also occurred
in the simulation, which suggested that the peak in the experimental data was arguably due to an
insufficiently long sampling time period. The empirical parameter that was used by Ricco and Quadrio
[2008] to successfully link the drag reduction to properties of the Stokes layer in channel flows was
also shown by Yudhistira and Skote [2011] to yield very good prediction in the boundary-layer case.

The steady streamwise-varying forcing, described by equation (8) with ω = 0, was found by Skote
[2011] to yield a maximum drag-reduction margin of R = 46%, while the net power savings was
negative at Pnet = −19% with W+

m = 17 and λ+
x = 1320. The spanwise velocity profile was shown to
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Figure 11: Instantaneous velocity fields in a plane parallel to the wall at y+ = 11 for the reference
boundary layer (top) and the oscillating case (middle) forced with the wall-velocity distribution (bot-
tom). The dark grey areas indicates low-speed regions and lighter shades indicate high-speed patches.
In viscous units, the part shown is 770 wide and 2500 long. The flow is from left to right. Taken from
Skote [2011], with permission from AIP Publishing.

follow the laminar solution given by Viotti et al. [2009]. The DNS was performed at the same Reynolds
number, Reθ = 532, as the temporal-oscillation cases studied by Yudhistira and Skote [2011], who
obtained a maximum of R = 37% for the same wall velocity W+

m = 17 and a oscillation period of
T+ = 118. Skote [2011] found that the drag-reduction level exhibited an oscillatory variation with
a wavelength that was half that of the wall-actuation wave. The maximum drag reduction occurred
where the wall velocity was at its maximum and the minimum drag reduction correlated with the
positions where the wall velocity was zero. These results can be linked to the maximum weakening of
the streaks, which occurred at the maximum wall velocity, as shown by the flow visualizations of Fig.
11.

In the simulations of Skote [2012] for boundary layers with purely temporal forcing, two wall-
velocity amplitudes were used, W+

m = 6 and 12, both with oscillation period T+ = 132. The lower
amplitude was chosen to investigate whether a positive net-energy balance could be obtained, in
contrast to the negative value reported by Yudhistira and Skote [2011] and Skote [2011]. Similar
to the channel-flow case investigated by Quadrio and Ricco [2004], a positive net energy was indeed
obtained for the smaller amplitude. Skote [2012] also performed a simulation at identical oscillation
parameters, T+ = 67 and W+

m = 11.3, as those used in the experiment of Ricco and Wu [2004]. The
length of the oscillation segment in the DNS was similar to that in experimental setup. The drag
reduction obtained, at 28.6%, was larger than the value of 23% recorded in the experiment, possibly
because of the substantially lower Reynolds number in the DNS (Reθ = 505 relative to Reθ = 1400 in
the experiments). Indeed, in a later study, Skote et al. [2019] conducted the DNS at the same Reynolds
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number as that used in Ricco and Wu [2004] and obtained drag-reduction margins that matched the
experimental values.

By comparing the boundary-layer results with those of Quadrio and Ricco [2004] for channel flow,
and by taking the different Reynolds numbers into account, Skote [2012] concluded that the drag-
reduction margin for the boundary layer was slightly lower than that for the channel flow. Scaling
of the Reynolds stresses with the actual friction velocity produced a wall-normal stress profile that
was virtually unaffected compared to the reference profile, a shear-stress profile that was modestly
reduced, and a longitudinal-normal stress that was reduced significantly. The results were in qualitative
agreement with those of the CPG channel-flow investigation by Ricco et al. [2012]. Skote [2012] further
noted that the longitudinal Reynolds-stress peak was located inside the Stokes layer, while the wall-
normal and shear-stress peaks were further away from the wall. Furthermore, an analysis of the
initial response, following the start of actuation, analogous to the one presented by Quadrio and Ricco
[2003] for a channel flow, revealed a very similar development of both flows, with the exception of
the streamwise shear-stress, which did not follow the non-monotonic development observed in channel
flow. In particular, the complicated variations of the spanwise Reynolds-stresses during the first period
of the wall oscillation were shown to be almost identical to those in the channel-flow case.

Direct numerical simulations of boundary layers over an oscillating wall with W+
m = 12 and periods

T+ = 80, 100, 120, 200 were conducted by Lardeau and Leschziner [2013]. The focus of their study
was on the transient flow following the onset of the actuation as the flow evolved in the downstream
direction. The phase-averaged statistics revealed a rapid decline in drag towards the low-drag state in
the form of a wave-like propagation with an amplitude that decayed downstream. Only for the case
with T+ = 200 did the undershoot in skin friction surpass the long-term low-drag value. Lardeau and
Leschziner [2013] speculated that the drag-reduction margin for the boundary layer may be 5%− 7%
lower than in the equivalent channel flow, while the optimal period was probably considerably lower
at T+ = 60 − 70, because their drag reduction at T+ = 80 was larger than that at T+ = 100. Skote
[2012] instead observed that the drag reduction is similar for T+ = 67 and T+ = 132, in agreement
with the observation of Quadrio and Ricco [2004] that the drag reduction in channel flow was fairly
uniform over this range of periods, as shown in Fig. 6. There is, however, no contradiction in these
seemingly different observations since the simulation by Lardeau and Leschziner [2013] was performed
at a higher Reynolds number. This difference has the proven effect of shifting the optimum towards
shorter periods (the optimum period is T+ ≈ 75 at Reτ = 1000, Gatti and Quadrio [2016]).

Skote [2013] compared results for two boundary layers at Reθ = 505 subjected to purely temporal
and purely spatial wall oscillations, both with W+

m = 12. In the spatial case λ+
x = 1320, while in the

temporal case T+ = 132, the two quantities related by the convective velocity U+
c = 10, following the

time-space analogy of Quadrio et al. [2009b]. The drag-reduction margins for the two forcing types
are shown in Fig. 12 (blue-dotted and green-dashed for spatial and temporal forcing, respectively),
excluding the readjustment after the oscillating wall segment. The comparison revealed that only
the spanwise component of the Reynolds stress exhibited major differences between the two forcing
scenarios. This result allowed Skote [2013] to explain the improved energy budget for the steady
actuation relative to the temporal oscillation via the turbulence production of the spanwise Reynolds
stress,

P33 = Pvw + Puw = −2vw
∂W

∂y
− 2uw

∂W

∂x
, (10)
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Figure 12: Drag reduction as a function of streamwise distance for boundary layers with wall velocity
W+

m = 12. The streamwise coordinate x is scaled with the displacement thickness of the laminar
boundary layer at the inflow location (x = 0). The boundary layer is fully turbulent at x = 150, and
the wall motion starts at x = 250 (which corresponds to Reθ = 505). Green dashed line: temporal
forcing with T+ = 132 [Skote, 2012]; blue dotted line: spatial forcing with λ+

x = 1320 [Skote, 2013];
red solid line: forcing in the form of a travelling-wave with T+ = 176 and λ+

x = 384 [Skote et al.,
2015b]. Adapted from Skote et al. [2015b].

where u, v and w are the streamwise, wall-normal and spanwise velocity fluctuations, respectively.
Both Pvw and Puw are zero for the unforced boundary layer, the latter is zero in the temporal-forcing
case, and both terms are non-zero for the spatial-forcing case. Contrarily to the channel-flow case of
Quadrio and Ricco [2003], Touber and Leschziner [2012] showed that, by reference to phase-averaged
statistics, P33 was non-zero for temporally forced channel flow. In a similar phase-locked statistical
analysis for a spatially-actuated boundary layer flow, Skote [2013] showed that Pvw was positive,
while Puw was negative. Hence, the latter term caused P33 to be smaller in the spatial forcing case,
contributing significantly to the drag reduction. Similar to the behaviour observed in the channel-flow
simulations by Viotti et al. [2009], the net energy saving was larger in the low-amplitude case, W+

m = 6,
than in the high-amplitude case, W+

m = 12, although the actual drag-reduction margin was lower in
the former case.

Skote [2014] developed a theory that explained the progressive increase in the log-law slope observed
in Fig. 13, as the drag-reduction margin increased in boundary-layer flows subjected to increasingly
intense forcing. The velocity profiles in the figure were taken from earlier simulations of boundary
layers with both temporal and spatial forcing, and these profiles were obtained by averaging over
the streamwise stretch of approximately constant drag reduction, after discarding the initial spatial
development. The theory is based on the assumption of a non-uniform adjustment of the inner and
outer portions of the log-law layer to the actuation. While the near-wall part of the velocity profile
was assumed to adjust rapidly to the new low-drag state (governed by the actual friction velocity),
the outer part adjusted more slowly, being influenced by the outer part of the baseline boundary
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Figure 13: Velocity profiles scaled with actual friction velocity. Thick lines from DNS data taken
from a number of simulations with varying degree of drag-reduction margin (18%-46%) from purely

temporal (· · · ) or purely spatial (− −) wall oscillations. The slope is predicted by
(
κ
√

1−R/100
)−1

(the thin lines). The black solid line is the reference case. DR = drag reduction. Taken from Skote
[2014], with permission from Elsevier.

layer (governed the reference friction velocity). As a result, the velocity profile is governed by both
the drag-adjusted actual velocity scale and the velocity scale associated with the canonical state for
which the log-law slope was 1/κ. In this non-equilibrium state of the boundary layer, the inverse
slope of the logarithmic part of the velocity profile was theoretically derived to be κ

√
1−R/100.

Fig. 13 illustrates how the mixed velocity scaling manifests itself through changes of the slope of the
velocity profile for different drag-reduction levels. The theory predicted that, further downstream (or
equivalently, after a sufficient amount of time has elapsed in the channel flow), where the outer part of
the boundary layer has also adjusted to the new wall friction, the slope of the logarithmic part would
revert to its canonical value 1/κ. In this latter fully developed flow, the sole velocity scale can be
assumed to be the actual friction velocity. The slope of the log layer can therefore serve as a measure
of how adjusted is the flow to the actuation. None of the boundary-layer simulations were over a
long enough actuated streamwise region to provide evidence for a full readjustment. As evident from
Fig. 13, Skote [2014] demonstrated that the theory was equally applicable to both steady streamwise-
varying and temporal streamwise-constant forcing, i.e., the only factor determining the slope was the
drag-reduction margin.

The simulation by Skote et al. [2015a] (also presented in Skote et al. [2016]) involved a relatively
long oscillating wall-segment and was primarily conducted to investigate the Reynolds-number depen-
dence of the drag reduction, further discussed in Section 6. The very slowly adjustment towards an
equilibrium, as conjectured above, was confirmed by this long simulation.

Skote et al. [2015b] presented the only case, at the time of writing, of a boundary layer forced by the
travelling-wave wall motion given by equation (8). The oscillation parameters, T+ = 176, λ+

x = 384

43



and W+
m = 12, were chosen from a practical implementation point of view, since the DNS results

were intended for comparisons with future experimental data. The maximum drag-reduction margin
was R = 42%, marginally lower than R = 44% obtained for channel flow by Quadrio et al. [2009b]
with ω = 0.3 and κx = 3.3 at approximately the same Reynolds number. The drag reduction slightly
decreased downstream, similar to the behaviour in the earlier purely temporal- and purely spatial-
forcing simulations, shown in Fig. 12. As in earlier simulations, the oscillation parameters were kept
constant in the downstream direction in physical coordinates, and therefore they varied in viscous units
when scaled with the local skin friction. Since the simulation box was small, the Reynolds-number
variation over the streamwise length was however limited, and the oscillation parameters remained
within their near-optimal range.

Skote et al. [2019] performed a simulation with purely temporal wall oscillations at Reθ = 1400
with T+ = 67 and W+

m = 11.3, which were identical to those used in the experimental study by Ricco
and Wu [2004]. Again, the oscillation parameters were kept constant in the downstream direction in
dimensional terms (as in experiments), and therefore they varied in viscous units when scaled locally.
The variation of the friction velocity was however minor over the oscillating region, and the amplitude
calculated at the end of the oscillating segment wasW+

m = 11.6 and T+ = 64 when scaled with the local
friction velocity. Hence, the influence of the downstream variation of the locally scaled parameters, as
well as the Reynolds number, on the drag-reduction margin was insignificant. As shown in Fig. 14, the
DNS and experimental results for the drag-reduction level show a very good agreement. Also included
in the figure are DNS results at two lower Reynolds numbers, further discussed in Section 4.3.3. The
scaling analysis performed in Skote [2014] was verified by using the indicator-function y+du+/dy+,
representing the inverse of the von Kármán constant in the log-law. Skote et al. [2019] noted that the
distance from the onset of the oscillation to the point where the maximum drag reduction is reached
(the spatial transient) is detrimental from an energy-saving point of view, since energy is spent on
moving the wall while the benefit of the drag reduction is limited to the spatial transient. Additional
simulations at Reθ = 505 with T+ = 30 and T+ = 176 showed that a linear relationship exists between
T+ and the distance from the onset of the oscillations to the point where the maximum drag reduction
occurred.

4.3.2 The maximum drag-reduction margin in boundary layers

In this section the only existing simulations with the same oscillation parameters at different Reynolds
numbers are used to show that the maximum drag reduction obtained in a boundary-layer flow de-
creases with increasing Reynolds number in a manner similar to that in channel flow, although the
drag-reduction margin is slightly larger in the latter case, as discussed earlier. The maximum drag-
reduction values are shown as circles in Fig. 15 for the three simulations at Reθ = 375 (green),
Reθ = 505 (blue) and Reθ = 1400 (red), taken from Skote et al. [2019]. All three cases were forced
by identical oscillations (T+ = 67 and A+ = 11.3). The trend of the maximum drag reduction with
increasing Reynolds number, identified by the black line in Fig. 15, followed R ∝ Re−0.153

θ , the
exponent having been obtained from the three boundary-layer simulations considered. To compare
with channel-flow results, the relation R ∝ Re−α

τ , which is discussed in Section 6, was used by Skote
et al. [2019]. Hurst et al. [2014] and Yao et al. [2019] found that α varies between 0.1 and 0.46 in
channel flow, depending on the Reynolds number and oscillation parameters. At T+ = 67, α was
however confined between 0.15 and 0.17, as observed from figure 4b in Yao et al. [2019]. The exponent
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Figure 14: The drag reduction as a function of streamwise distance for boundary layers at three
Reynolds numbers with identical forcing parameters, T+ = 67 and A+ = 11.3. The streamwise
coordinate x is scaled by the boundary thickness δ, given by the height at which the streamwise velocity
is 99% of the free-stream velocity. (−) DNS results at Reθ = 1400 as compared to experimental results
(o) from Ricco and Wu [2004] and (�) from Trujillo et al. [1997]. The two broken lines represent DNS
results at Reθ = 375 (· · · ) and Reθ = 505 (− −). Adapted from figure 2 in Skote et al. [2019].

−0.153 obtained from the boundary layer simulations (as described above) can be compared with the
corresponding channel flow estimations, which yielded an exponent between −0.14 and −0.16 when
using the conversion Reτ ∝ Re0.923θ [Eitel-Amor et al., 2014]. Hence, the decline of the maximum
drag-reduction in boundary-layer flow (indicated by the black line in Fig. 15) was very similar to that
derived from channel-flow simulations at a similar oscillation period. This finding highlights, once
again, the equivalence between the two geometries when comparing the maximum drag-reduction in
the boundary layer with the single drag-reduction margin obtained from channel flow, at least for the
range of Reynolds numbers hitherto considered.

4.3.3 Spatial development of drag reduction in boundary layers

This section discusses four aspects of the spatial development of the drag-reduction level as the bound-
ary layer evolves in the streamwise direction. The first is the propagation of disturbances upstream
of the start of the actuation, observed in the experiments of Choi et al. [1998]. Neither the numerical
simulations nor later experiments by Ricco and Wu [2004] however support this observation, leading
to the conclusion that the upstream influence is insignificant.

A second aspect is the spatial variation of the boundary layer downstream of the end-point of the
actuation, within a stretch in which the drag reduction declines quickly, as exemplified in Fig. 14. The
figure however also suggests the occurrence of a change of sign of the averaged wall-shear stress, i.e., a
drag increase relative to the canonical value, once the influence of the oscillation has ceased. This drag
increase has also been observed in other simulations of turbulent boundary layers over oscillating walls
[Lardeau and Leschziner, 2013, figure 2(a)], as well as with forcing by opposition control [Qian-Jin
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Figure 15: The local drag reduction for boundary layers at three Reynolds numbers with identical
forcing parameters T+ = 67 and A+ = 11.3. The circles represent the maximum drag-reduction
margin. Coloured lines are as in Fig. 14. The straight black line represents Re−0.153

θ and is illustrating
the decline of the maximum drag-reduction margin with increasing Reynolds number. The cross (×)
is channel-flow value from Quadrio and Ricco [2004] for identical forcing parameters. Adapted from
figure 10 in Skote et al. [2019].

et al., 2015, figure 7]. The overshoot observed downstream of the oscillating segment was explained, at
least partially, by both Lardeau and Leschziner [2013] and Skote et al. [2019], by the difference in the
boundary-layer thickness, and hence Reynolds number, between the reference and the controlled flows
at the same streamwise position. Even if this difference in the boundary-layer thickness is taken into
account, there is still a small region of actual drag increase a short distance from the end-point of the
oscillating segment. This may be related to an upward diffusion process observed in the experiments
by Ricco [2004] and discussed in Section 3.2.

The third aspect pertaining to the spatial development concerns the drag reduction between the
beginning of the oscillating wall to the point where the maximum drag-reduction margin occurs. This
region, over which the drag reduction rises rapidly to the maximum level, constitutes a short spatial
transient and has been shown by Skote [2012] to be similar to the initial temporal transients discussed
by Quadrio and Ricco [2003]. A more complicated phase-wise development was however presented
by Lardeau and Leschziner [2013], in which a distinctive oscillatory response was reported based on
phase-locked statistics. Nevertheless, the maximum drag reduction is invariably reached within 4− 5
boundary-layer thicknesses, as also revealed by the experimental data of Ricco and Wu [2004], shown
in Fig. 14.

The drag reduction from the position of its maximum to the end of the oscillating wall-segment
constitutes the fourth aspect peculiar to boundary layers. Fig. 15 shows the dependence of the drag
reduction on the Reynolds number as the boundary layer evolves downstream. The results shown in
the figure are for the three boundary layers also considered in Fig. 14, plotted in logarithmic scale,
but without the sections in which the drag reduction rises to its maximum level and declines after
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the termination of the actuation. As shown in Fig. 15, the local drag reduction downstream of the
position of the maximum drag-reduction margin, within the actuated segment, decreases more rapidly
with increasing Reynolds number than the variation pertaining to the maximum value (indicated by
the straight black line). A definitive explanation for this decline has not been offered to date and
its quantification is, at present, hindered by the need for very long computational boxes and for the
very high-resource requirements that such boxes demand. Whether the decreasing trend reflects a
persistent transient or is an effect that continues further downstream can only be determined with
much longer simulation boxes than those used so far. While a simulation by Skote et al. [2015a] for a
fairly long domain did not provide a definite answer, it suggested that the rate of decline diminishes
downstream. In contrast to channel flow, where the Reynolds shear stress dictates the drag reduction
as given by equation (15), the convection and spatial development have an impact on the skin-friction
reduction in boundary layers, which may clarify the origin of the decline of the drag reduction shown
in Fig. 15. The influence of the oscillation period (and wavelength) on the downstream development
also needs to be elucidated.

The persistent decline in drag reduction with downstream distance, shown in Fig. 15, was further
investigated by Skote et al. [2019], and the conclusion was that they were the cause for the lower
power savings than those derived from channel-flow simulations. The effects were aggravated by the
local actuation power increasing downstream because the forcing amplitude Wm was kept constant,
thus resulting in a rise of W+

m . When a simulation with constant W+
m was performed, by adjusting

Wm as the boundary layer developed, the local power required was found to be constant. In channel
flow, where both W+

m and T+ are constant, the actuation power instead decreases with the Reynolds
number. The two effects of the local drag-reduction margin decreasing downstream and the local
actuation power increasing combine to render the net power saving less favourable than in an ideal
case with no spatial transients and homogeneous streamwise flow.

Although the net power saving under ideal conditions increased with the Reynolds number, as
shown by Skote et al. [2019], it was argued that a positive balance would not be found unless the
oscillation parameters – the most important one being the wall-velocity amplitude – were judiciously
chosen and dynamically adjusted in the downstream direction. By re-analysing a simulation performed
by Skote [2012] with the relatively low amplitude, W+

m = 6, for which a positive net energy saving was
obtained, Skote et al. [2019] showed that increasing the length of the oscillating segment had a negative
impact on the net energy balance. Hence, shorter actuated segments, spaced at optimal intervals and
actuated optimally in accordance with local boundary-layer conditions, would be preferable in practical
scenarios.

4.4 Flows subjected to non-sinusoidal periodic forcing and in non-canonical ge-

ometries

All previously reviewed studies imposed sinusoidally varying temporal and/or spatial forcing on chan-
nel, pipe and boundary-layer flows. This section discusses investigations where non-sinusoidal forcing
was used in these standard geometries or sinusoidal oscillations were applied to non-canonical flows.
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Figure 16: Alternative temporal waveforms used in actuated flows. Taken from Cimarelli et al. [2013],
with permission from AIP Publishing.

4.4.1 Flows with non-sinusoidal periodic forcing

The study by Cimarelli et al. [2013] explored different temporal waveforms, as shown in Fig. 16, using
three periods, T+ = 62.5, 125, 250, and three amplitudes, W+

m = 2.25, 4.5, 9. The profile (b) was found
to outperform the sinusoidal actuation in terms of drag-reduction margin, but not in respect of net
energy savings. All waveforms gave maxima of the net energy saving at W+

m = 4.5 and T+ = 125,
except (c) and (f), for which the optimum conditions were not in the tested parameter range. At the
optimum parameters, W+

m = 4.5 and T+ = 125, the sinusoidal waveform led to the best net energy
savings, at Pnet = 7.8%, in agreement with Quadrio and Ricco [2004], who reported Pnet = 7.3%.
Cimarelli et al. [2013] also developed a predictive model that allowed the net energy saving to be
estimated for any waveform. The model links the drag reduction with an effective penetration depth
of the laminar Stokes layer, based on the distance from the wall where the induced velocity variance
is lower than some threshold value. For a generic wave form decomposed as a Fourier series, the
threshold value was calculated numerically through a sum over the harmonics. Under the constraint
that the first harmonic was the most energetic, an analytical expression could be derived. With this
model, a new waveform was designed for the low wall-velocity amplitude, W+

m = 2.25, which proved
to yield a larger net energy saving, Pnet = 6%, than the simple sinusoidal forcing with Pnet = 5%.
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The previously discussed difficulties in obtaining a positive net energy budget in boundary layers led
Mishra and Skote [2015] to investigate spatial wall forcing in the form of a square wave, implemented
by short moving segments. Only the positive part of the square-wave was enforced, thus arranging the
wall as a series of alternating forced and unforced segments. The use of a smooth step function, so as
to remove discontinuities in the forcing, was found to avoid oscillatory features at the step changes of
the actuation velocity. An optimal set of wall oscillation parameters yielded Pnet = 18%.

4.4.2 Non-canonical flows subjected to oscillatory forcing

Straub et al. [2017] performed simulations of a forced duct flow at Reτ = 180, with a 3:1 width-
to-height aspect ratio, in which the control was applied to the lower and upper walls. Oscillatory
actuation was applied either over the entire surface of the walls or only to restricted segments. Due to
the secondary motions in the duct flow, the oscillating-wall technique was much less successful than
in channel flow. For example, by actuating the full extent of the walls at W+

m = 12 and T+ = 125,
Straub et al. [2017] obtained a drag increase of almost 10%, with all four walls contributing to the
increase. The use of a lower forcing amplitude (W+

m = 4.5) and a restriction of the oscillating section
to the middle part of the walls (with half of the surface oscillating) yielded R = 4.5%.

In the study of Zhao et al. [2019c], the turbulent flow along the outer surface of a cylinder was
altered by streamwise-travelling waves of wall circumferential velocity. This flow geometry was mo-
tivated by the cylindrical geometry of many flying objects (e.g., aircraft fuselages and missiles) and
by their direction of motion being broadly aligned with the axis of symmetry. In this case the flow
was however constrained by an outer cylinder, treated as an impermeable shear-free boundary, and
driven by a pressure gradient along the gap. Hence, the flow was streamwise homogeneous, in contrast
to the spinning cylinder flow discussed in Section 3.1. The friction Reynolds number, based on the
radial width between the inner and outer cylinders, was Reτ = 272, while the gap-to-inner-radius
ratio was three. The drag reduction was investigated as a function of the period and the wavelength
for W+

m = 16. The maximum drag-reduction level was R = 48.4%, comparable to the channel-flow
value. For steady streamwise oscillations, the optimal wavelength, λ+

x ≈ 425, was shorter than the
corresponding optimum value in channel flow, λ+

x ≈ 1250. This result was traced to the influence of
centrifugal instabilities due to the curvature of the moving wall, as was also verified by a simulation
with smaller curvature, yielding a larger optimum for λ+

x ≈ 842. The maximum drag increase obtained
was around R = −48%, i.e., much larger than for channel flow (R = −23%). This disagreement was
explained by the rotation-induced vortices contributing to the increase in drag.

Li et al. [2019a] performed DNS of channel flow at Reτ = 180 with a porous layer over the
oscillating wall, using a Lattice Boltzmann method. Although the drag-reduction margin was lower
than in the impermeable-wall case, the net energy savings, Pnet = 13% for W+

m = 4.5 and T+ = 125,
increased above the corresponding value for a smooth wall, Pnet = 9%, for certain values of the Darcy
number. This result was explained by the tendency of the fluid inside the porous medium to promote
the oscillating motion during the decelerating phase, hence lowering the energy required for actuating
the wall.

The DNS study by Banchetti et al. [2020] of a channel flow at Reτ = 200 with a bump on one of the
walls showed that streamwise-traveling waves of spanwise wall velocity are also effective in reducing
the drag of turbulent flows over smooth bumps and exhibiting mild separation.
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4.5 Flows subjected to non-periodic forcing

This section considers three-dimensional flows, which are suddenly perturbed and in a transient non-
equilibrium state. The discussion is confined to studies that specifically explore drag reduction in such
flows.

The investigation by Moin et al. [1990] of a channel flow subjected to a suddenly imposed span-
wise pressure gradient revealed a reduction in the Reynolds shear stress, as well as a misalignment
between the Reynolds-stress vector and the mean-velocity-gradient vector. They noted that their flow
resembled, in terms of its response to the pressure gradient, the swept-wing experiments by Bradshaw
and Pontikos [1985], with the distinction that the simulation by Moin et al. [1990] was streamwise-
homogeneous, hence not involving the skewing that occurred in the experimental boundary layer of
Bradshaw and Pontikos [1985]. Moin et al. [1990] concluded that the decrease in turbulent kinetic en-
ergy was due to a lower production, which itself resulted from a drop in the pressure-strain correlation
(Durbin [1993] developed a turbulence model to reproduce these results).

Coleman et al. [1996a] investigated the impact of a suddenly imposed movement of the wall in
a turbulent channel flow by DNS. They noted that the forcing in this case was equivalent to the
imposed pressure gradient studied by Moin et al. [1990] since the strain imposed close to the wall
and flow response were the same, whether the fluid moved by a spanwise pressure gradient or by the
motion of the wall. To avoid a singularity in the wall-normal direction created by a sudden start of
the actuation, Coleman et al. [1996a] imposed a thin Stokes layer at an early stage of its evolution
as the initial spanwise velocity profile. By investigating the enstrophy profiles, they argued that the
drop in turbulent kinetic energy was due to the increased dissipation. Moreover, they noted that the
largest drag-reduction margin occurred when the spanwise shear was applied in the region y+ = 5−15,
qualitatively consistent with the conditions that arise in the oscillating-wall case at the optimal period.
Coleman et al. [1996a] also reported that the near-wall streaks were modified by the moving wall and
that the interaction with the quasi-streamwise vortices was altered, although the vortices were not
directly affected by the imposed spanwise shear.

In follow-up studies, Coleman et al. [1996b] and Coleman et al. [2000] emulated swept-wing bound-
ary layers with channel-flow DNS simulations. They applied irrotational temporal deformations to a
channel flow by rotating the mean spanwise vorticity, hence creating a spanwise shear throughout the
channel. The straining deformation generated a mean cross flow in the channel. They distinguished
between the shear-driven and pressure-driven three-dimensional flow, with the former always experi-
encing reduced Reynolds shear stresses and drag, while the response of the latter depended on the
streamwise pressure gradient. Although Moin et al. [1990] imposed a spanwise pressure gradient, their
flow qualified as a shear-driven case because the sole function of the pressure gradient was to create a
skewed shear layer close to the wall.

Le et al. [2000] studied the near-wall turbulence structures in a channel flow subjected to a
spanwise-moving wall. A conditional quadrant analysis of the DNS data indicated that positive and
negative streamwise vortices were affected differently, and hence the spanwise symmetry of the struc-
tures was significantly altered. The asymmetry developed due to changes in the vortical structures,
while the streak length was reduced due to the different alignment of the vortices.

Kannepalli and Piomelli [2000] performed a LES of a flow similar to that in the experiments by
Kiesow and Plesniak [2003], i.e., a turbulent boundary layer subjected to a moving section of the wall,
as shown in Fig. 17(a). The analysis of the budget for the turbulent kinetic energy revealed that a
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(a)

(b)

Figure 17: LES of Kannepalli and Piomelli; (a) Computational setup (compare with the experimental
setup in Fig. 4): in Box I the initial laminar flow undergoes transition; a time sequence of turbulent
data is used as inflow for the main computation in Box II; in the buffer region at the end of the
computational box, the governing equations are parabolized; (b) Low-speed streaks in a flow altered
by a constant wall velocity in the segment 73 ≤ x/δ∗r ≤ 178, where δ∗r is the displacement thickness at
the inflow of Box I (compare with the spatially oscillating wall velocity case in Fig. 11). Taken from
Kannepalli and Piomelli [2000], with permission of CUP.

reduced level of production of the kinetic energy was the cause for the decline. The low-speed streaks
were observed to shorten and realign to the direction of the mean shear, as shown in Fig. 17(b).
The region of reduced streamwise skin friction was located immediately downstream of the upstream
end of the moving plate, where the low-speed streaks were weakened the most. The streamwise drag
subsequently increased above its nominal level further downstream, before being marginally reduced
again at the end of the moving section.

Howard and Sandham [2000] performed a simulation of a channel where both walls suddenly moved
in the same spanwise direction at a constant velocity, using an initial spanwise-velocity profile that was
identical to that used by Coleman et al. [1996a]. The near-wall quasi-streamwise vortices were reduced
in strength and moved closer to the wall. The turbulence level and the drag decreased during the
transient phase in which the flow adjusted to the forced state. The inability of turbulence models to
capture the reduction in mean turbulence kinetic energy was demonstrated, and several modifications
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of the models were suggested.
A three-dimensional boundary layer at Reθ = 1200 subjected to streamwise-varying spanwise

pressure gradients was investigated by Bentaleb and Leschziner [2013] using DNS. The motivation
was to create a database for comparison with turbulence-model predictions. The forcing consisted
of three concurrent streamwise segments of positive, zero, and negative spanwise pressure gradients.
Only a very small decline in the streamwise wall-shear stress occurred at the beginning of the first
segment, while it increased above the nominal boundary value in the second segment before decreasing
again in the third segment. The turbulent kinetic energy and most of the Reynolds stress components,
however, dropped below the levels of the reference boundary layer. The exception was the spanwise
normal and spanwise shear stresses that arose due to the increased spanwise shear strain. The decline
in the wall-normal Reynolds stress caused a drop in the streamwise Reynolds shear stress and indicated
that the near-wall streaks and the regeneration mechanism of the near-wall turbulence were disrupted
by the spanwise pressure gradient.

In the study of He et al. [2018], the initial response of a channel flow to a sudden imposition of a
spanwise pressure gradient was investigated. The channel flow, at a Reynolds number up to Reτ = 934,
was subjected to a constant spanwise pressure gradient, thus producing a developing Stokes flow. The
spanwise flow was in agreement with the solution of the extended Stokes first problem. The Stokes
layer first yielded a lower streamwise skin friction, followed a buffeted laminar boundary layer that
underwent bypass transition. As the flow was turbulent from the beginning, the term “turbulent-
turbulent transition” was used to characterize the flow.

Lozano-Durán et al. [2020] adopted the same conditions investigated by Moin et al. [1990], but at
the higher Reynolds number of Reτ = 1000. The reduction in the Reynolds shear stress progressed
together with the growth of the spanwise shear layer. By performing a numerical experiment in which
a free-slip boundary condition was applied in the spanwise direction, they showed that the spanwise
acceleration by the spanwise pressure gradient alone did not reduce the Reynolds shear stress. Hence,
the spanwise shear layer was responsible for the reduction, not the pressure gradient per se. By their
multiscale analysis, Lozano-Durán et al. [2020] concluded that larger eddies were more sensitive to
the spanwise pressure gradient than the smaller ones. Based on these observations, they developed a
model for the structural properties, after scrutinizing previous models [refer to the review by Johnston
and Flack, 1996].

5 Flow physical mechanisms and interactions

The foregoing sections gave ample evidence that the focus of most research on drag reduction by
spanwise motion has been on the quantification of the drag-reduction margin for a broad range of
actuation scenarios and parameters. Studies that instead primarily aim to interpret the basic physical
mechanisms responsible for the flow alteration and the drag reduction are rarer.

It is fair to state that there is no unambiguous, or indeed generally accepted, paradigm that explains
the physical mechanisms behind drag reduction in a fully satisfactory and convincing manner. When
faced with disparate interpretations, the reader will hopefully accept that there are some reasonably
credible propositions, mostly advanced on the basis of the analysis of flows altered by the streamwise-
uniform actuation (1), rather than by the wavy wall motion (8). The existing conjectures – some
mutually supportive, others competing, or even conflicting – have attributed the drag reduction to
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Figure 18: Log-law mean velocity profiles for unactuated and actuated channel flow at Reτ = 1000.
Actuation is by spanwise-homogeneous oscillatory transverse wall motion without streamwise waves.
Taken from Agostini et al. [2014], with permission from CUP.

one or the combination of the following phenomena: (i) a reduced turbulence production; (ii) a rising
dissipation; (iii) interactions of the Stokes layer with, and directional distortions in, the turbulent
enstrophy components; (iv) hysteresis effects during the actuation cycle; (v) a reduction of sweep and
ejection events; and (vi) structural features associated with vortical near-wall motions. A main route
to explaining the physical processes has entailed the interpretation of statistical quantities, either
time-averaged, phase-averaged, or conditionally averaged. Physical insight has also been gained by
studying the stability of the near-wall streaks by use of the linearized Navier-Stokes equations, as
further discussed in Section 7.

5.1 Mean-flow behaviour

An observation put forward in many studies in which drag is reduced by some wall-based control,
passive or active, is that the mean-flow velocity U , when scaled with the friction velocity of the
actuated flow, shows the logarithmic behaviour typical of unactuated flows, i.e.,

U
+
=

1

κ
ln y+ +B, (11)

where κ is the von Kármán constant and B is the additive constant. In drag-reducing conditions,
the additive constant B increases as the profile shifts upward relatively to the canonical case, while
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the buffer layer thickens, extending to larger y+ values. These results are illustrated in Fig. 18 by
the mean channel-flow profiles at Reτ = 1000 in the fixed-wall configuration and with spanwise wall
motion at two frequencies [Agostini and Leschziner, 2014a]. The plot provides an indication that the
slope of the logarithmic portion may not be constant. This point was also made in the light of a
recent DNS study by Yao et al. [2019] on a channel flow and a theoretical analysis by Skote [2014] on a
boundary layer, the latter albeit including the observation that the slope of the log-portion is restored
to its canonical value if the flow has completely adjusted to the forcing. Nevertheless, there is little
doubt that the main feature is the upward shift in the logarithmic law. Hurst et al. [2014], Chung
et al. [2016] reported two sets of DNS-derived log-law distributions for two actuation conditions at two
near-optimum oscillating period and suggested that the upward shift in the log-law tended to become
constant as the Reynolds number increased, while the other actuation parameters remained invariant.
Gatti and Quadrio [2016] proposed that the lower limit beyond which this upward shift is essentially
constant was Reτ ≈ 1000.

Even if the relevant issue of the variability in the log-law slope is set aside, the observation of
constancy of the upward log-law shift needs to be viewed with caution, because it is only based on
two Reynolds-number values, Reτ=800 and 1600. Further related evidence was provided by Gatti and
Quadrio [2016], who reported a large number of results for Reτ in the range 200-1000. They argued
that the von Kármán constant was close to 0.39 for all Reynolds numbers, but it must be pointed out
that the y+-range over which the slope is approximately constant is very limited at such low Reynolds
numbers.

Simulations for spatially developing boundary layers by Skote [2014] and Skote et al. [2015a]
similarly showed a distinctive upward shift in the log-law in response to the wall actuation. While
this shift has been used by the authors to investigate the Reynolds-number dependence of the drag
reduction, this investigation needs to be viewed with caution because the maximum friction Reynolds
number reached at the end of the simulation domain was below 700. The question is, thus, whether
a constant, Reynolds-number-independent, shift in the log-law is a sound assumption. This point is
further discussed in Section 6.3.

5.2 Time history of the wall-friction drag

The time histories of the drag reduction, illustrated in Fig. 19 for a channel flow at Reτ = 1000,
show the presence of two types of fluctuations following the initial transient phase after the actuation
commences. The fluctuations showing a well-defined frequency of oscillations are directly related to
the wall motion, while the larger, more irregular, fluctuations have time scales that are much larger
than the oscillating period. At the near-optimum condition, T+ = 100, the drag reaches the lowest
value (R ≈ 30%) and the oscillations that are linked directly to the wall actuation are insignificant
compared with the average drag-reduction margin. As the oscillating period increases from the optimal
value, the drag reduction declines and the direct influence of the forcing becomes more evident through
the larger drag fluctuations. The period of the fluctuations is induced directly by the wall motion
and its value is half of the wall-oscillating period. In the fixed-wall case, no time modulation of the
spatially-averaged wall-shear stress should occur for a sufficiently large computational box. However,
in the moving-wall case, it remains to be verified whether the slower-scale drag fluctuations, also
clearly illustrated in Fig. 19, are caused by a nonlinear interaction between the oscillating Stokes
strain and the long structures appearing the log-law layer, especially at larger Reynolds number, as
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Figure 19: Temporal variation of wall-averaged drag reduction (DR) following a sudden start of
actuation in a channel flow with purely spanwise actuation, Reτ = 1000. Reproduced from Agostini
et al. [2014], with permission from CUP.

discussed in Section 6.4, or whether they are a consequence of the finite computational box. Careful
tests on the influence of the domain size on these time modulations will clarify this point.

The differences between the two time histories are due to the Stokes-layer thickness and to the
variation of the Stokes strain, i.e., the wall-normal derivative of the spanwise velocity. For periods
smaller than and close to the optimum period, the unsteady Stokes strain is confined in the viscous
sublayer and in the lower part of the buffer layer, i.e., y+ < 15, and the phase- and space-averaged
spanwise profiles show excellent agreement with the Stokes-layer laminar solution (6). This scenario
was confirmed by the water-channel experiments of Ricco [2004], i.e., the optimal condition for drag
reduction occurs when the low-speed streaks, populating the viscous sublayer, are cyclically dragged
and smeared laterally being fully embedded in the Stokes layer, while the quasi-streamwise vortices,
mostly present in the buffer layer, are not directly sheared along the span.

As the period increases from the optimal value, the enhanced amplitude of the oscillation is indica-
tive of the penetration of the Stokes layer in the upper portion of the buffer layer and of the increased
strain-induced turbulence production. The space-averaged spanwise profiles differ from the laminar
solution because the additional Reynolds stresses, given by the cross-flow correlation vw, modify the
mean spanwise profile [Ricco and Quadrio, 2008]. The total strain rate increases and decreases pe-
riodically at locations from the wall where most of the turbulent kinetic energy is generated. The
shear-induced turbulence generation is thus cyclically affected by the spanwise Stokes layer, therefore
causing a distinct temporal modulation of the wall drag. For T+ ≈ 1000, the penetration of the
Stokes strain into the upper layer is sufficiently large to cause a 6% mean-drag increase relative to the
fixed-wall value. These observations do not, however, explain the processes responsible for the drag
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Figure 20: Root-mean-square of the streamwise velocity fluctuations measured in a water-channel
turbulent flow altered by spanwise wall oscillations [Ricco and Wu, 2004]. The white circles and the
white squares indicate the reference values (black symbols and line are for validation with earlier
experiments and DNS), while the other white symbols denote the values in the oscillating-wall case.
Left: scaling by the reference wall-friction velocity; right: scaling by the drag-reduced wall-friction
velocity. Taken from Ricco and Wu [2004], with permission from Elsevier.

reduction. The quest for an exhaustive explanation of the drag-reduction mechanism has branched
into many different paths, discussed in the following sections.

5.3 Statistics of the velocity and vorticity fluctuations

The study of near-wall turbulence statistics is key to understanding the physical changes brought
about by the wall motion. Two different velocity scales can be used for the inner scaling of the
turbulence statistics in a channel flow under CFR conditions. Scaling with the friction velocity of the
reference flow brings out the absolute changes of the quantities, while scaling with the actual friction
velocity leads to the correct non-dimensionalisation of the mean flow near the wall, and thus allows
for a comparison between the near-wall drag-reduced statistics and the statistics of the unactuated
turbulent flow at the same friction Reynolds number. Under CPG conditions, the inner velocity scaling
is unique because the mean wall-shear stress is constant.

As shown in Fig. 20 for a turbulent boundary layer, the root-mean-square of the streamwise velocity
fluctuations is strongly affected by the actuation. When the scaling with the reference friction velocity
is adopted, as in Fig. 20 (left), the peak is attenuated and shifted away from the wall by the wall
oscillation. The wall-normal velocity fluctuations are also strongly damped. When the drag-reduced
wall-unit scaling is used, as in Fig. 20 (right), the wall-normal velocity profiles agree more closely to the
reference profile than when scaled with the reference friction velocity, showing an excellent match for
y+ > 20. Closer to the wall, the reduction in streamwise-velocity fluctuations is proportionally larger
than the reduction of the mean-flow streamwise velocity. This non-dimensionalization reveals that the
wall oscillation, besides reducing the wall-shear stress and thus the Reynolds number, significantly
alters the character of the turbulent flow up to the buffer region.

The experimental results of the streamwise velocity by Ricco and Wu [2004] in Fig. 20 were
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Figure 21: Wall-normal profiles of Reynolds normal stresses in a channel flow at Reτ = 500 and two
periods of oscillation, T+ = 100 and 200: (a) outer-scale units; (b) inner-scale units. Taken from
Touber and Leschziner [2012], with permission from CUP.

confirmed by the numerical results of Touber and Leschziner [2012], shown in Fig. 21. The stresses
are purely stochastic in nature, i.e., they exclude any contributions that arise from actuation-induced
periodic (deterministic) perturbations. The periodic oscillations associated with the wall forcing must
be removed to obtain the stochastic velocity fluctuations, which is especially important for the spanwise
velocity component that includes the large Stokes-layer oscillations [Quadrio and Ricco, 2011, Touber
and Leschziner, 2012]. In Fig. 21, the wall-normal velocity component is attenuated drastically,
indicating that the ejections and sweeps are significantly damped near the wall. The behaviour of the
spanwise component is more complex and depends on T+. At near-optimum conditions, T+ = 100,
this component also reduces, but non-optimum actuation at T+ = 200 enhances the generation of
the spanwise component, which thus increases, as shown in Fig. 21. Increased peak values of the
transverse velocity fluctuations have also been observed in a channel flow with oscillating walls under
CPG conditions [Ricco et al., 2012] and in a boundary layer forced by a standing wave [Skote, 2013].

There is unambiguous evidence that the spanwise actuation causes the near-wall Reynolds shear
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Figure 22: Wall-normal profiles in a channel flow at Reτ = 500 and two periods of oscillation,
T+ = 100 and 200. Left: Reynolds shear stresses; right: Budget of the terms governing the streamwise
stress (prod=production, diss=dissipation, tdif=turbulent diffusion, pvel=pressure-velocity interac-
tion). Reproduced from Touber and Leschziner [2012], with permission from CUP.

stresses uv and turbulent kinetic energy to decline along with the reduction in drag. The attenuation
of the Reynolds stresses is shown in Fig. 22 (left). The joint probability density function contracts
substantially [Zhou and Ball, 2008, Touber and Leschziner, 2012, Yuan et al., 2019], revealing a drastic
reduction in the streamwise and wall-normal turbulent fluctuations and the shear stress.

Touber and Leschziner [2012] analysed the effect of the wall motion on the transport equation for
the streamwise stress uu. Fig. 22 (right) shows the profiles of the production, dissipation, turbulent
diffusion, viscous diffusion, and pressure-velocity interaction of uu. The production in the buffer layer
and the dissipation in the viscous sublayer are dramatically reduced.

The correlations of the vorticity fluctuations are relevant because they provide information about
the vortex dynamics, which is relevant to turbulent mixing. The streamwise component is linked
to the quasi-streamwise vortices, while the wall-normal and spanwise components near the wall are
related to the intensity and regeneration of the low-speed streaks, respectively.

Under CFR conditions, Touber and Leschziner [2012] reported the phase-averaged correlations of
the vorticity fluctuations for a drag-reduction case, shown in Fig. 23. As the actuation is close to
the optimum condition, the variations about the time-averaged profiles are modest. The spanwise
vorticity correlation, ωzωz, are attenuated the most. As the intensity of the low-speed streaks is
reduced, so is the wall-normal vorticity correlation, ωyωy, because this quantity is representative of the
energy of the near-wall streaks. The streamwise component, ωxωx, indicative of the quasi-streamwise
vortices and of the intensity of the uplift ejections/sweeps that give rise to the low-speed streaks,
also diminishes, but its reduction is somewhat weaker than the other components. This disparity
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Figure 23: Profiles of enstrophy and of its contributions for Reτ = 500 and T+ = 100, phase-averaged
over fifty periods of oscillation. Taken from Touber and Leschziner [2012], with permission from CUP.

is surprising, as the wall oscillation is expected to disrupt and attenuate the low-speed streaks, the
wall-normal fluctuations and the quasi-streamwise vortices in roughly equal measure. This suggests
that the drag-reducing mechanisms are more involved than simply the direct damping action on all
the near-wall structures. Quadrio and Ricco [2011] also reported the turbulent vorticity components,
altered by streamwise-travelling waves in a channel flow under CPG conditions. The streamwise
vorticity component increases near the wall in the forced case. The wall-normal and spanwise vorticity
components are respectively enhanced and attenuated up to the viscous sublayer, while the opposite
occurs at larger distances. This counter-intuitive increase of vorticity fluctuations is explained in
Section 5.6 in terms of the increased turbulent dissipation that occurs under CPG conditions. The
study of vorticity is also relevant because the square of the amplitude of the vorticity vector is the
enstrophy, linked to the dissipation rate, as discussed further in Section 5.6.

5.4 Effect of the wall oscillation on the near-wall vortical motions

The observation that the reduction in drag is accompanied by a reduction in the intensity of the
turbulent velocity and vorticity fluctuations near the wall has stimulated the interest in the physical
changes of the vortical motions induced by the wall oscillation. Therefore, while Section 5.3 discusses
the changes of the turbulence statistics brought about by the wall motion, the present section presents
the results on the alteration of the vortical structures near the wall.

Some of the earliest papers on the effect of wall motion on the turbulent flows refer back to the
study of Sendstad and Moin [1991] on the structural changes of a transient three-dimensional flow
to gain insight on how the near-wall turbulent structures are altered (the simulation results for this
analysis were taken from the DNS by Moin et al. [1990]). Sendstad and Moin [1991] noticed that, when
a spanwise mean flow develops, the quasi-streamwise vortices shift in the spanwise direction relatively
to the near-wall streaky structures, weakening the streaks. They also observed that the vortices with
the same sign as the longitudinal mean-flow vorticity became weaker. Their conclusion regarding the
cause for the drag reduction is contrary to numerous subsequent studies, however. Sendstad and Moin
[1991] claim that the streak attenuation, and thus the drag reduction, is caused by the spanwise shear
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pumping high-speed fluid down towards the low-speed streaks and upward from the high-speed streaks,
both processes being typically associated with an increase of the wall-shear stress via an intensification
of the Reynolds stresses.

The analysis of the flow structures by Akhavan et al. [1993a], derived from the simulations of Jung
et al. [1992], first suggested that the suppression of turbulence was caused by a weakening of the low-
speed streaks and by a decrease in the number and intensity of turbulent bursts in the oscillated flow
compared to the unperturbed flow. A central observation was the continuous shift of the near-wall
streamwise vortices, located above y+=15, relative to their associated streaks, located below y+ = 15,
later confirmed by the water-channel flow visualizations of Ricco [2000] and Ricco [2004], as illustrated
in Fig. 24. Akhavan et al. [1993a] also speculated that similar energy-efficient methods for disrupting
the near-wall turbulence could be developed by either passive methods, such as guiding vanes or
surface grooves, or active methods, such as alternative spanwise-forcing actuators or wall jets. These
interesting suggestions have been pursued by several researchers, as amply discussed in Section 8.

Laadhari et al. [1994] agreed with the physical paradigm proposed by Sendstad and Moin [1991],
in that the effect of the streamwise vorticity induced by the spanwise mean velocity gradient is to alter
the quasi-streamwise vortices and the low-speed streaks, which leads to a reduction of the burst-sweep
activity, an increase of near-wall viscous dissipation, and thus drag reduction.

The explanation for the drag reduction proposed by Akhavan et al. [1993a] and Laadhari et al.
[1994], rooted in the disruption of the interactions between the vortices and the streaks, was elaborated
by Baron and Quadrio [1996], based on the argument that the Stokes layer must embed as many low-
speed streaks as possible without influencing the quasi-streamwise vortices. This optimal forcing
scenario allows the maximum relative spanwise displacement between the streaks and the vortices.
Baron and Quadrio [1996] also estimated the optimal period of oscillation at T+ ≈ 100 with the aid
of the penetration depth of the Stokes-layer, calculated from equation (6).

Although Akhavan et al. [1993a] described the shift of the near-wall vortices by the oscillating flow
driven by a spanwise pressure gradient, while Baron and Quadrio [1996] and subsequent investigators
discussed the streaks as being moved by the induced shear caused by the oscillating wall, in both
cases the consequence is the broken interaction due to the shift in the relative position of turbulence
structures, which weakens the streaks. The relative displacement is visualized by the end-view flow
visualizations of Ricco [2004] in Fig. 24b, where the (much fewer) low-speed streaks are no longer
correlated with the streamwise vortices when the wall oscillates.

The central idea that the lateral movement of the surface causes the low-speed streaks to move
relatively to the streamwise vortices was further supported by the water-channel experimental study
of Trujillo et al. [1997]. Their measurements proved that the wall motion decreased the frequency
and duration of bursts and sweeps near the wall. The stronger bursts and sweeps, i.e., with larger uv
magnitude, were suppressed significantly more than the weaker ones. Along the same lines, Choi et al.
[1998] argued that the near-wall turbulence cycle is disturbed if the wall moves spanwise by a distance
larger than the typical length of the spanwise correlation of the streamwise velocity fluctuations, i.e.,
about 50 wall units, thereby leading to a reduction in the turbulent energy production. In other words,
the spatial coherence between the longitudinal vortices and low-speed streaks has to be disrupted to
obtain drag reduction. This paradigm is in full agreement with the concept of the minimal spanwise
displacement for drag reduction, advanced by Quadrio and Ricco [2011] and discussed in Section 4.2.3.

Choi et al. [1998], Choi and Clayton [2001], and Choi [2002] argued that the effect of the spanwise
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Figure 24: Flow visualization of the near-wall turbulent structures by hydrogen bubbles generated by
platinum wires at y+ = 5 and 45 [Ricco, 2004]. The views are from the end of the channel with the
wall at the bottom of the pictures. The time between each frame (the images go from top to bottom)
is t+=5.4, while the width of the frames is z+=900. The fixed-wall flow is shown in images A and
the flow alterated by the oscillating plate is shown in images B. The circled regions indicate examples
of the flow structures and their interactions, the former defined according to the criteria specified in
Ricco [2004]. The quasi-streamwise vortices are located above the streaks and in B the streaks are
fewer and shifted in the spanwise direction compared to the vortices. Taken from Ricco [2004], with
permission from Taylor & Francis.
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motion is to reduce the mean spanwise vorticity by tilting the vorticity vector (or, as stated the authors,
the “vorticity sheet”) during both the positive and negative half-cycles of the actuation. This process
induces a mean negative spanwise vorticity, related directly to the drag reduction. They also claim
that the spanwise vorticity reduces the stretching of the longitudinal vortices in the viscous sublayer,
thus decreasing their streamwise vorticity. As a result, the near-wall burst activity, which is associated
with the downwash of high-momentum fluid near the wall, is weakened, causing the reduction in skin-
friction drag. Fig. 25 shows the flow visualizations of the near-wall vortical structures by Choi et al.
[1998]. These structures inclined cyclically with respect to the streamwise direction as they were
dragged laterally by the Stokes layer.

The earliest explanations for the drag reduction offered by Laadhari et al. [1994], based on the
relative displacement of the quasi-streamwise vortical structures and low-speed streaks, was criticized
by Nikitin [2000] who maintained that the vortices and streaks were wrongly treated as separate
entities by Laadhari et al. [1994]. Nikitin [2000] instead argued that the vortices were directly affected
by the wall oscillation, rather than being simply displaced, a view that contradicts the interpretation
of Quadrio and Sibilla [2000], as well as the flow visualizations by Ricco [2004], shown in Fig. 20.

Miyake et al. [1997] presented an analysis that focused on the effects of the oscillatory spanwise wall
motion on the production of different turbulent-vorticity components in a channel flow. The drag fell
monotonically as the log-law layer virtually disappeared. They examined the transport equation for the
streamwise turbulent vorticity, which contains production terms associated with vortex “stretching”
(in the streamwise direction), “tilting” and “twisting” (in the wall-normal direction). The actuation
reduced all the production terms. They concluded that the extra terms associated with the spanwise
strain are not directly responsible for the drag reduction, instead stating that the cause of drag
reduction is the difference between the stretching and tilting production terms. Strong streamwise
vortices, most closely associated with high-intensity turbulence and drag, were affected primarily by
the vortex stretching, which tended to decline, relatively to the unforced case, especially when the
Stokes strain varied rapidly.

Leaning on arguments by Orlandi and Jiménez [1994] and Dhanak and Si [1999], Quadrio and
Sibilla [2000] proposed a phenomenological explanation based on the effect of the spanwise motion
on the quasi-streamwise vortices and low-speed streaks in a circumferentially oscillating pipe flow.
Focusing on the scenario where the vorticity of a streamwise vortex has the same sign as the vorticity
in the Stokes layer, Quadrio and Sibilla [2000] argued that the spanwise motion drags high-speed fluid
beneath low-speed fluid within and below the buffer layer, thus enhancing the wall-normal gradient of
the streamwise fluctuations in the viscous sublayer. This mechanism should therefore increase the drag.
As the half-cycle continues and the wall slows down but still moves in the same direction, Quadrio and
Sibilla [2000] claimed that the high streamwise fluctuations close to the wall are eventually transported
away from the wall by the ejection component of the streamwise vortex, generating a counter-gradient
Reynolds stress, “smoothing” the streamwise velocity gradient and diminishing the shear at the wall.
Even though this sequence of processes is accepted, the question must however be posed as to why
the exact opposite does not apply when the signs of the vorticity of the streamwise vortex and the
Stokes layer are opposite, rather than the same. In other words, why should there be an asymmetry
for vortices that rotate in different direction?

A set of arguments that appear congruent with those of Quadrio and Sibilla [2000] was advanced
by Choi et al. [2002]. They considered the implications of DNS-derived conditionally averaged quasi-
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Figure 25: Smoke flow visualization of the near-wall turbulent structures by Choi et al. [1998]. The
flow is from left to right with the leading edge of the oscillating plate visible near the center of the
pictures. The plate is moving upwards in the upper panel and downwards in the lower panel. The
arrow indicates the vorticity vector tilted in the spanwise direction. The vorticity vector is tilted to
the upward direction in both cycles of the oscillation, hence creating a net spanwise vorticity in the
flow, modifying the streamwise velocity profile. Taken from Choi et al. [1998], with permission from
AIAA.
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streamwise vortices around the buffer layer in a circumferentially oscillating pipe, and the interaction
of the vortices with high- and low-speed regions on either side of the vortices. Choi et al. [2002] argued
that the Stokes layer, when having the same vorticity sign as the vortices, drags high-speed fluid below
the vortices towards the wall. When the wall reverses its direction, there is a tendency for low-speed
fluid to be dragged towards the wall, but the effect is much less pronounced than in the first half of
the cycle. They claim that this asymmetry explains the reduction in drag. As with the explanation
of Quadrio and Sibilla [2000], it can be argued, however, that for every streamwise vortex with one
vorticity sign, there is another one with the opposite vorticity. Hence, it is unclear why there should
be a net drag-reduction effect.

Coxe et al. [2019] performed phase-wise analysis of vorticity statistics of their CPG pipe flow, and
demonstrated that the vorticity skewness depends on the phase angle. This dependence, in turn, causes
a skewness in the induced velocity fluctuations in the radial-azimuthal plane. These observations led
to the conclusion that the oscillating wall affects the near-wall streamwise counter-rotating vortex
pairs unequally. Instead of two equally-sized counter-rotating vortices pumping fluid upward as in the
unactuated flow, the two unequal sized vortices in the controlled flow lifted fluid in the wall-normal
direction at an angle, hence reducing the momentum transferred upward and inhibiting the ejection
and sweep events.

In their minimal channel-flow DNS, Jiménez and Pinelli [1997] advected the streaks in the spanwise
direction directly and in an oscillatory manner, without moving the wall or affecting the streamwise
vortices. They obtained decaying streaks by disrupting their structural coherence with the rest of the
flow.

5.5 Effect of the Stokes strain on the time modulation of the wall turbulence

The distinctive periodic modulation of the near-wall turbulence has prompted researchers to examine
the response of the viscous and buffer layers to the unsteadiness of the actuation cycle. Touber
and Leschziner [2012] focused on the low-speed streaks as they are representative of the transport of
streamwise momentum across the near-wall layer because they are regions of depressed and elevated
streamwise-velocity fluctuations, corresponding to wall-normal sweeps and ejections, respectively. In
fully agreement with the flow visualizations of Choi et al. [1998] in Fig. 25 and Skote [2011] in Fig. 11,
Touber and Leschziner [2012] observed, especially for T+ = 200, that the low-speed streaks oriented
at an angle dictated by the ratio between the streamwise and the spanwise strain, in visual agreement
with the hydrogen-bubble sheet utilized in the water-channel experiments of Ricco [2004], discussed
in Section 3.2. An intense weakening of the streak strength was detected during the phase of the
forcing cycle in which the Stokes strain in the buffer layer varied at a high temporal rate. The low-
streaks instead tended to re-establish themselves when the Stokes strain changed rather slowly. These
observations led Touber and Leschziner [2012] to conclude that a major mechanism at play is the time-
dependent re-orientation of the shear-strain vector that inhibits the streak-generation mechanism.

Agostini et al. [2014] examined the response of the near-wall turbulence to the actuation cycle
during the drag-decrease and drag-increase phases that occurred at the non-optimal period T+ = 200,
intentionally chosen because of the marked temporal modulation of the near-wall flow, observed in
Fig. 19. Attention was focused on the phase-averaged properties to improve the understanding
of the periodic reduction and increase in drag. This analysis was carried out using maps of the
Stokes strain, the phase-averaged stress components, and their production rates in phase/wall-normal-
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(a)

(b)

Figure 26: Contours of spanwise strain rate as function of phase during the actuation cycle (top) and
corresponding contours of phase-averaged streamwise stress relative to time-averaged field (bottom)
at Reτ = 1000, T+ = 200; black curved dashed lines indicate spanwise strain; gray curved lines are
loci of maximum Stokes strain; magenta lines indicate skewness ∂θ/∂y. Reproduced from Agostini
et al. [2014], with permission from CUP.
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distance planes. Fig. 26(a) shows contours of the spanwise strain rate and the phase locations at
which the skin friction attains its maximum and minimum values. Fig. 26(b) shows contours of the
phase-averaged streamwise stress relative to the time-averaged field, where the black dashed lines are
iso-Stokes-strain values, the grey lines identify loci of maximum Stokes strain, and the magenta dashed
lines represent the flow skewness – namely ∂θ/∂y, where θ is the flow angle relative to the streamwise
direction.

Through these statistical results, Agostini et al. [2014] concluded that the observations of Touber
and Leschziner [2012] on the relationship between the Stokes strain and the generation rate in the
buffer layer were correct. Agostini et al. [2014] however remarked that another influential mechanism
occurring much closer to the wall had to be considered, i.e., the substantial damping of turbulent
stresses in the viscous and buffer layers caused by the high amplitude and temporal rate of change of
the flow skewness, shown by the magenta lines in Fig. 26. They also explained that this modulation
was the cause of a hysteresis (or asymmetry) in the phase-wise rate of reduction in the skin friction
relative to the rate of increase, illustrated by the sequence Cf,max - Cf,min - Cf,max in Fig. 26. Yuan
et al. [2019] adopted the same phase/wall-normal-distance maps used by Agostini et al. [2014] to
display the phase-dependence of the turbulent transport term in the turbulence-energy budget and
some vorticity-related properties, but at Reτ = 200, rather than at Reτ = 1000 as in Agostini et al.
[2014].

While the above discussion addresses the drag response to the Stokes strain via the relationship of
the latter with the turbulent stresses, there remain the questions as to what drives the drag towards
its low-valued state and why the actuation-induced drag fluctuations around the low-drag state are
relatively weak, especially at the optimum actuation period T+ = 100. In other words: why is it that,
once the drag is depressed during some part of the actuation cycle, does it not rise back to the original
level during the remaining portion of the cycle? A possible answer to this question lies in the fact that
the regeneration time scale of the streaks is about t+ = 50 [Ricco, 2004, Blesbois et al., 2013]. At the
optimal period of oscillation T+ = 100, the streaks do not have time to form again before the wall
starts moving in the opposite direction every t+ = 50. Agostini et al. [2014] suggested that a further
potential contributor to the failure of the drag to recover was the skewness ∂θ/∂y, shown in Fig. 26
(dashed magenta line), which causes a hysteresis in the drag-decline and drag-increase phases, with
the former more prolonged than the latter.

5.6 Changes in production, enstrophy, and dissipation

The study by Miyake et al. [1997], reviewed earlier, made a valiant attempt to identify the reason for
the reduction in the streamwise enstrophy fluctuation by examining the vorticity-production terms
and related them to the actuation during the transient drag-reduction phase, following the start of
the actuation. The study by Agostini et al. [2014] also considered the enstrophy components, but
in different conditions and at higher Reynolds number, focusing on the non-optimal actuation case,
T+ = 200, for which the surface-averaged drag was oscillatory, as shown in Fig. 19. Although Agostini
et al. [2014] observed the enstrophy (in line with dissipation) to experience only modest phase-wise
variations, as evidenced in Fig. 28, the individual components of the turbulent enstrophy tensor, ωiωj

showed substantial variations that were also phase shifted. Motivated by the link between the shear
stress and the turbulent vorticity components, i.e.,
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− ∂uv+
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= vωz

+ − wωy
+, (12)

in a turbulent channel flow under CFR conditions with spanwise wall oscillations, Agostini et al. [2015]
examined the phase-averaged variations of the enstrophy components, their production rates and the
variations of the right-hand-side correlations in equation (12), with the objective of gaining yet another
perspective on the drag-reduction mechanism. The wall-normal and spanwise enstrophy components,
as well as their respective production rates, were phase-shifted by a quarter of an actuation period,
and a reduction in the wall-normal component in the buffer layer, ωyωy, progressed hand-in-hand with
an increase in the spanwise component ωzωz close to the wall. This observation, alongside others, led
Agostini et al. [2015] to propose a scenario, summarised in Fig. 27, in which an actuation-induced
spamwise tilting of wall-normal vorticity provoked a strong increase in the skewness near the wall,
leading to the reduction in the shear stress and wall-normal vorticity, the latter closely linked to the
strength of the streaks and thus the drag (a second scenario pertaining to the increase in drag in the
actuation phase following the decrease during the periodic drag variation can be found in Agostini
et al. [2014]). The increase in the spanwise enstrophy component in the viscous sublayer above y+ ≈ 5
coincides with the minima of the wall-shear stress and the wall-normal enstrophy. This agreement
appears to support, prima facie, Ricco et al. [2012]’s proposition, already mentioned earlier, that the
drag reduction is driven by increased dissipation. Indeed, in the layer y+ = 5 − 15, Fig. 28 also
shows the dissipation to rise with decreasing friction. The main effect is, however, a reduction in
turbulence production and in turbulent dissipation. Moreover, below y+ = 5, the variation of the
spanwise enstrophy is in phase with Cf , as also observed in Fig. 28.

The study by Yuan et al. [2019], also conducted under CFR conditions, is also pertinent to the
vorticity-based paradigm of Agostini et al. [2015]. The study reported phase-space maps of the en-
strophy components and the right-hand-side terms of equation (12), also considered by Agostini et al.
[2015]. Both studies showed that the streamwise and normal enstrophy components were shifted by
T/4, which was explained by Agostini et al. [2015] using a reference to the production of the respective
components. The shear-stress variations were shown to be driven primarily by the spanwise transport
of the wall-normal vorticity wωy

+, a result consistent with the paradigm of Agostini et al. [2015].
Agostini et al. [2014] further examined the relative role of production and dissipation in dictating

the drag behaviour during the drag-decrease and drag-increase phases. This mechanism is exemplified
by Fig. 28, which shows profiles of the phase-averaged contributions to the budget of the streamwise
stress, starting from the red lines for the Cf,max state and moving progressively towards the blue lines
corresponding to the Cf,min state. The uppermost curves relate to production and the lowest curves to
dissipation. These budgets show, consistently with other results, that the principal mechanism is the
change of the production rate, while variations in the dissipation rate are of subordinate importance.
The decline in production leads to a weakening in the streaks, reflecting the detrimental influence of
the rapidly varying strain on a sustained turbulence re-generation process. Agostini et al. [2014] also
showed that dissipation and enstrophy are closely co-related and that both tend to decrease in the
lower part of the viscous sublayer in harmony with the decrease in production in the buffer layer.

Yuan et al. [2019] confirmed the intense reduction in turbulence production to be a distinctive
feature of the drag-reduction behaviour, but also reported, seemingly in contrast with Touber and
Leschziner [2012], an increase in enstrophy very close to the wall, implying a corresponding increase
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Figure 27: Paradigm of interactions during the drag-reduction interval of the actuation cycle, proposed
by Agostini et al. [2014]; (a) influence of Stokes motion (strain) on the tilting of wall-normal vortices,
amplifying spanwise vorticity very close to the wall and weakening the wall-normal vorticity higher up
(representative of streak strength); (b) interaction between weakening wall-normal vorticity (streak
strength) and reduction in sweeps/ejections (streamwise vorticity); (c) result of declining wall-normal
vorticity and spanwise fluctuations (sketch (a)), leading to decline in shear-stress gradient (for detailed
interpretation, refer to Agostini et al. [2015]). Taken from Agostini et al. [2015], with permission from
Elsevier.
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Figure 28: Phase-wise variation of budget contributions for the streamwise stress at Reτ = 1000,
T+ = 200, during the drag-reduction phase, starting from red curves at Cf,max down to blue curves
at Cf,min; uppermost curves are for production; lowest curves are for dissipation. Reproduced from
Agostini et al. [2014], with permission from CUP.

in dissipation. Further analysis is therefore required on this point, i.e., to elucidate when and how an
increase of enstrophy near the wall is linked to the drag reduction and to discern whether and how
the local enstrophy differs from the local dissipation in such a highly sheared flow, recalling that the
two quantities coincide when volume-averaged.

These studies all agree that, under CFR conditions and in fully-established drag-reduced condi-
tions, the volume-averaged and time-averaged turbulent enstrophy, which coincides with the total
turbulent dissipation, decreases with respect to the reference fixed-wall case.

Ricco et al. [2012] used DNS to investigate a channel flow with spanwise oscillating walls under
CPG conditions and focussed on the mean and turbulent kinetic energies and on the turbulent enstro-
phy dynamics. As the power Px used along the streamwise direction increased because of the larger
bulk velocity when the walls moved, both the mean streamwise dissipation and the total turbulent dis-
sipation increased, while the mean spanwise-flow dissipation almost balanced the power Pz needed to
move the walls because the Stokes layer agreed with the laminar solution (6) very well. By an analysis
of the transport equation of the turbulent enstrophy, they demonstrated that the increase of turbu-
lent enstrophy was mainly caused by a production term of the turbulent enstrophy, ωzωy

+∂W
+
/∂y+,

where ωz and ωy are the spanwise and wall-normal vorticity fluctuations. This enstrophy production
term was shown to have a maximum at about y+ = 6, and it was interpreted physically as the in-
tensification of turbulent enstrophy due to the action of the Stokes layer on the turbulence structures
located at the interface between the low-speed streaks and high-velocity regions. Ricco et al. [2012]

69



Figure 29: Turbulent kinetic energy balance for CPG flow at Reτ = 200. Triangles and squares
represent the streamwise and spanwise production terms, respectively, while circles represent the total
dissipation. Thick lines for the oscillating case and thin lines for the fixed-wall case. Taken from Ricco
et al. [2012], with permission from CUP.

also showed that the time-averaged volume integral of this production term was linearly proportional
to the drag reduction and also revealed a new physical interpretation of the drag-reduction scaling
parameter used by Quadrio and Ricco [2004], as further discussed in Section 7.

Ge and Jin [2017] repeated the simulation under CPG conditions by Ricco et al. [2012] at the lower
Reynolds number of Reτ = 180. Their oscillation parameters, W+

m = 12 and T+ = 100, resulted in
R = 31%. They analysed the transient increment of dissipation from the start of the wall movement
and corroborated the results by Ricco et al. [2012]. With the help of the enstrophy transport equation,
Ge and Jin [2017] connected the subsequent decline of the dissipation to the response of the vorticity
components to the wall oscillation.

An apparent contradiction emerges when comparing the changes of the global turbulent enstrophy
reported by Touber and Leschziner [2012], Agostini et al. [2014], and Yuan et al. [2019] under CFR
conditions, with those computed by Zhou and Ball [2008], Ricco et al. [2012], Yakeno et al. [2014],
and Ge and Jin [2017] under CPG conditions. In the former studies, the enstrophy decreases, while
the latter present an increase of enstrophy. Fig. 29 indeed shows that the intensities of the turbulent
production and turbulent enstrophy, obtained by Ricco et al. [2012], increase when the walls are in
motion. These results also match with the ones of Zhou and Ball [2008], shown in Fig. 30. In the
top graph, the turbulent production and dissipation under CPG conditions are fully consistent with
the profiles of Ricco et al. [2012] in Fig. 29 (note that logarithmic scale in the latter): the dissipation
decreases in the viscous sublayer, but it is larger than in the fixed-wall case from y+ = 5 up to y+ = 90,
which implies that the volume integral increases when the walls oscillate. The bottom graph of Fig.
30 instead reports that the turbulent production and dissipation decrease under CFR condition for
the whole extent of the channel, results that agree with those of Agostini et al. [2014].

The different physical constraints, the CFR and CPG conditions, lead to this apparent controversy.
To explain this point, we use the numbers in Table 7, where φM is the total dissipation due to the
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Figure 30: Total production and dissipation in the CPG case (upper panel) and the CFR case (lower
panel). Taken from Zhou and Ball [2008], with permission from IJE Transactions.
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Flow Walls Reb Reτ U+
b P+

x φ+
M (%) φ+

T (%) φ+
M φ+

T

1 Fixed 3176 200 15.9 31.7 59 41 18.8 12.9

2 Oscillating 3875 200 19.4 38.7 62 38 24.0 14.7

3 Fixed 3875 238 19.4 54.8 55 45 30.1 24.6

Table 7: Contributions to the total dissipation from φM and φT for the three flows described in the
text. Wall-scaling is obtained using the friction velocity of flows 1 and 2.

streamwise mean flow and φT is the total dissipation due to the turbulent fluctuations. The “+”
symbol denotes scaling with the wall-friction velocity of flows 1 and 2. Flow 1 is the fixed-wall
reference flow studied by Ricco et al. [2012], flow 2 is the optimal drag-reduction flow studied by Ricco
et al. [2012], and flow 3 is the fixed-wall turbulent flow that has the same bulk velocity as flow 2. For
flow 2, the spanwise mean-flow velocity profile matches the laminar flow solution 6 very well and thus
the dissipation due to the spanwise mean flow is balanced accurately by the work spent by moving
the walls. It follows that the total dissipation is given by the sum of φM and φT .

For flow 2, the bulk velocity increases by 22% and therefore a larger bulk Reynolds number ensues,
while the friction Reynolds number of flow 2 is the same as flow 1 because the streamwise mean
pressure gradient is the same in the two flows. More power Px must be used to drive flow 2 along the
streamwise direction because the bulk velocity increases. The additional power must be dissipated
by both φM and φT , i.e., they both must increase in absolute terms with respect to the fixed-wall
reference case 1.

A first observation is that φM for flow 2 accounts for a larger percentage of the total dissipation
than in flow 1, indicating that flow 2 is closer to a laminar flow (for which φT = 0) than flow 1.
The second observation is that one must judge the energetic performance of flow 2 in terms of the
power spent along the streamwise direction by comparing flow 2 with the fixed-wall flow 3, which
has the same bulk velocity as flow 2 but a larger friction Reynolds number because the wall-shear
stress is larger. The output of flow 3 is the same of flow 2, i.e., the same increased mass flow rate is
obtained, but less power is used to propel flow 2 than flow 3 along the streamwise direction because
the wall-shear stress of flow 3 is larger. This result is the advantage brought about by the motion
of the wall. Furthermore, the turbulence dissipates in percentage more power than the mean flow in
case 3 than in case 2, i.e., the oscillating-wall flow has a less turbulent dissipative nature than flow 3,
which is consistent with the observation of a lower turbulent dissipation when the wall moves under
CFR conditions.

Ricco et al. [2012] studied the time-evolution of the terms in the enstrophy equation and showed
that, due to the increased production term, the dissipation was initially enhanced, which in turn caused
the turbulent kinetic energy and the Reynolds stresses to decline. The temporary enhancement of the
volume-averaged enstrophy (which coincided with the total turbulent dissipation) was due to the
enstrophy production term discussed above. The initial growth of the enstrophy was demonstrated
by the production term growing significantly and at the same time of the peak of the turbulent
enstrophy. The temporary enhancement of dissipation causes the turbulent activity to weaken. As
a consequence, the vorticity and the production term decreased after this initial phase. By use of
the volume-integrated momentum equation, Ricco et al. [2012] proved that the streamwise mean
flow accelerated because the turbulent kinetic energy decreased. This transient process continued
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Figure 31: Paradigm of the transient process leading to drag reduction under CPG conditions. Quan-
tities are scaled in viscous units, the symbol˜denotes averaging over the homogeneous directions x
and z, DT denotes the total dissipation and TKE denotes the turbulent kinetic energy. Taken from
Ricco et al. [2012], with permission from CUP.

because the dissipation was larger than the production. This paradigm was confirmed by the numerical
calculations of Ge and Jin [2017] and is illustrated in Fig. 31. The initial drop of the wall-shear stress
due to the transient increase of dissipation also occurs under CFR conditions, as proved by Zhou and
Ball [2008] when they showed that the time evolutions of the space-averaged wall-shear stress under
CFR and CPG coincided during the initial transients. It follows that, under CPG conditions, the bulk
flow reacts to the imposed constraint after the initial interval, and specifically after the space-averaged
wall-shear stress has reached its instantaneous minimum.

Further support that the initial transient interval is equivalent under CFR and CPG conditions
was given by the DNS of the transient flow by Agostini and Leschziner [2014b] under CFR conditions.
They documented, like Ricco et al. [2012], the increase of turbulent enstrophy after the start of the
oscillation phase. The temporary increase was however not given the physical significance assigned by
Ricco et al. [2012], which therefore represents an interesting open point for future research.

5.7 Other proposed mechanisms

Another mechanism, in which the pressure-strain process is claimed to be the key drag-reduction
driver, was proposed by Xu and Huang [2005]. The process was represented by correlations between
pressure and turbulent-strain fluctuations in the stress-transport equations. Their role was to drive
turbulence towards a state of isotropy by transferring energy from the elevated streamwise stress to
other, lower, normal stresses and, simultaneously, depressed the shear stress. The proposed mechanism
was derived from observations of the budgets for the wall-normal stress, v2, and shear stress, uv, during
the transient drag reduction that occurred within the first actuation cycle at Reτ = 170 and T+ = 90.
Xu and Huang [2005] argued, in particular, that the onset of actuation provoked a reduction in v2

through a decrease in energy transfer from u2 by the pressure-strain term. This finding then led to
a decline in the production of uv and thus a reduction in drag. This chain of events is similar to the
description of the transient drag reduction in three-dimensional flow forced by a impulsively imposed
spanwise pressure gradient by Moin et al. [1990]. It could however be argued that the reduction in the
pressure-strain term is a consequence of a reduction in the production of u′2 and of a commensurate
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decline in the streamwise stress itself, which then inevitably leads to a diminution of the energy-
redistribution process. These scenarios illustrate the difficulty of resolving the “chicken-and-egg”
conundrum, in which the majority of the contributors to the budgets of the stresses decline together
as the actuation progresses.

As already mentioned in Section 4.2.2, Duggleby et al. [2007] studied a turbulent pipe flow altered
by circumferential wall oscillations and examined the flow statistical properties to gain insight into the
drag-reduction mechanism. To explain the physical origin of drag reduction, Duggleby et al. [2007]
resorted to the Karhunen-Loéve mode decomposition, which brought to the fore the energy modes that
represent coherent regions of vorticity. For the first time, a dynamical-system model was used to study
the physics of drag reduction, leading to the explanation that the dimensions of the chaotic attractor
describing turbulence are reduced when the pipe oscillates. They focused on the eigenvalues and
eigenvectors of the spatially integrated two-point correlation tensor to extract information on how the
energy of different modes is changed by the wall forcing. The modes, representing coherent motions,
were classified as “propagating” and “non-propagating”, the former identifying travelling waves with
a finite streamwise wavelength, while the latter had an infinite wavelength. The oscillation resulted in
a significant reduction in the energy of the major propagating mode – the “wall mode” – which has a
streamwise wavelength larger than the azimuthal wavelength. The flow structures were shifted away
from the wall, hence attaining a higher convection velocity and having less time to interact with the
streamwise vortices. This process was argued to shorten the bursting period, i.e., the duration of a
stable state separated by unstable, intermittent, disruptions, thus leading to a reduction in turbulence
intensity. The propagating modes were, therefore, less effective in interacting with the roll modes to
produce Reynolds stresses, thus leading to drag reduction.

Yakeno et al. [2014] applied a creative conditional sampling technique which yielded a statistical
representation of the quasi-streamwise vortices of which sweeps and ejections were constituents. This
analysis allowed them to examine the properties of the vortices across the range of actuation periods,
including the distribution of the Reynolds stresses linked with the sweeps and ejections, the enstrophy
and its production. The low drag occurred together with an increased enstrophy in the viscous
sublayer. This increase, or rather the increased dissipation, was thus deemed responsible for the
reduction in drag. This interpretation chimes with the results of Ricco et al. [2012].

Yang and Hwang [2019] varied the oscillation parameters in simulations of wall-normal localised
“exact coherent states” at various Reynolds numbers, motivated by the conjecture that the extracted
coherent structures generate a large portion of the skin friction. They concluded that the study of the
modulation of the turbulent structures given by the wall control at high Reynolds numbers can give
insights into the drag-reduction mechanism.

6 Effect of Reynolds number

Although it is now well established that the drag-reduction margin declines as the Reynolds num-
ber increases, the challenges related to numerical simulations and experiments of controlled flows at
Reynolds numbers higher than Reτ ≈ 500 has made it difficult to arrive at clear-cut conclusions about
the rate of decline. The decrease of the drag-reduction level is not only observed in flows where the
spanwise forcing is confined in the very proximity of the wall, as in the wall-motion cases, but also
when the spanwise forcing targets flow structures existing in the buffer layer and beyond, as in the
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body-force cases studied by Canton et al. [2016a], Canton et al. [2016b], and Yao et al. [2017].
Moreover, as it transpires in Section 6.1, it is likely that Reynolds-number effects will become

increasingly profound at values well in excess of those studied so far by means of DNS and experi-
ments. The purpose of this section is, therefore, to report the research path through and the state
of the art of the effects of the Reynolds number on the drag behaviour of flows subject to spanwise
forcing. In Section 6.1, we first present computational and experimental issues arising from increasing
the Reynolds number, expanding the discussion in Section 4.1.2 on computational requirements. In
Sections 6.2 and 6.3, we summarize previous studies on two alternative view points on how the drag is
affected by the Reynolds number, and in Section 6.4 we present some aspects of the physical changes
of the controlled flows as the Reynolds number grows.

6.1 Issues related to studies at high Reynolds number

As discussed in previous sections, there is ample and unambiguous evidence from DNS studies of
channel and boundary-layer flows that an oscillatory spanwise wall motion yields gross drag-reduction
levels approaching R = 50% and may yield net levels of power saved of the order of Pnet = 20%,
depending upon the parameters of the actuation. The bulk of the drag-reduction data derived from
DNS are for low Reynolds-number values, which, however, are not pertinent to realistic operational
conditions. The reason is simple: the computational costs of DNS rise approximately in proportion
to Re3τ , given a constant domain size, because the length scale of the turbulent eddies that need to be

resolved at the dissipative end of the eddy-size spectrum diminishes in proportion to Re
3/4
τ .

A case in point, illustrating the predominance of low-Reynolds-number data, is the much-referenced
“Quadrio map” [Quadrio et al., 2009b], shown in Fig. 9 and discussed in Section 4.2.3. The map
was derived by covering the frequency/wavenumber domain with hundreds of DNS computations
for the streamwise-travelling waves given by equation (8), all at Reτ = 200 under CFR conditions.
It is instructive to point out the limited real-world applicability of flows at this Reynolds number
by considering a boundary layer developing on a flat plate: assuming air at standard conditions,
Reτ = 200 approximately corresponds to a boundary-layer thickness of about 1 cm and a free-stream
velocity of about 4 m/s. Typical values for large civilian aircraft operating at cruise condition are
instead a boundary-layer thickness of 30 cm, a speed of 300 m/s and a friction Reynolds number in
the region of Reτ = 5·104. The question of how the drag-reduction effectiveness – quantified by the
gross level of drag reduction and the net power saved – varies as the Reynolds number increases is
therefore of major interest from a practical perspective.

At the time of writing, the highest Reynolds-number values computed for a channel-flow simulation
with spanwise wall motion are Reτ = 2100 [Gatti and Quadrio, 2013] and Reτ = 2000 [Yao et al.,
2019], while there have been several other studies reporting simulations in the range Reτ = 1000−1600
[Agostini et al., 2014, 2015, Hurst et al., 2014, Chung et al., 2016]. These simulations have however
been performed for isolated or narrow ranges of the actuation parameters and over substantially
different box sizes. For example, Gatti and Quadrio [2013]’s simulation was carried out over a very
small streamwise-spanwise box of only 1.2h×0.6h, while Yao et al. [2019]’s box size was approximately
12h× 6h. Such computations, when carried out with box sizes as generously proportioned as that of
Yao et al. [2019], require meshes of the order of 3 billion points to ensure sufficiently high fidelity. The
costs are further increased by the need to simulate the flow for at least ten actuation periods and/or
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accommodate several travelling waves within the computational domain.
The only way to reduce the extremely high costs is to restrict the box size, as done by Gatti

and Quadrio [2013], but this adjustment is only possible for relatively short wavelengths, because the
streamwise domain length must accommodate at least two waves. A substantial reduction in box size
also leads to a loss of fidelity through the exclusion of the medium- and large-scale motions in the
upper portion of the boundary layer, which become increasingly relevant to the turbulence dynamics
as the Reynolds number increases, as already discussed in Section 4.1.2.

As an aside, it is pertinent to note that the highest computed Reynolds numbers of unforced channel
flow are Reτ = 4000 [Bernardini and Pirozzoli, 2011], Reτ = 4200 [Lozano-Durán and Jiménez, 2014a],
Reτ = 5200 [Lee and Moser, 2015] and Reτ = 8000 [Yamamoto and Tsuji, 2018], while for unforced
boundary layers, the maximum value reported is Reτ = 2000 [Sillero et al., 2013, 2014, Pirozzoli and
Bernardini, 2013]. To convey an inkling of the cost, it is remarked that the grid used for the highest
value, Reτ = 8000, contained 100 billion points, and grids of the order of 10 − 50 billion points have
been adopted even at half of this value in efforts to achieve sufficiently high accuracy to capture the
dissipative small-scale motions at the Kolmogorov end of the eddy-size spectrum.

In experimental campaigns, the increase of the Reynolds number also poses severe problems when
the wall friction and its change due to the wall control have to be obtained via the direct measurement
of the mean-flow gradient at the wall. As discussed in Section 3, this computation is the only option
in free-stream boundary layers, while measurements of the mean pressure gradient or of the bulk
velocity are more convenient alternatives in pressure-driven confined flows. The central difficulty lies
in measuring the mean flow in the viscous sublayer, i.e., where the velocity is linearly related to the wall-
normal distance, which becomes thinner as the Reynolds number grows. For example, at Reτ = 1000,
the thickness of the viscous sublayer is approximately 0.5% of the boundary layer thickness, i.e., about
0.5 mm in a water channel with U∞ = 35 cm/s or in a wind tunnel with U∞ = 3.5 cm/s. Further
complications arise in the context of spanwise forcing because the wall motion renders the streamwise
mean-flow measurements in the viscous sublayer even more demanding. In boundary layers, obtaining
accurate experimental data of the streamwise variation of the drag reduction as the Reynolds number
increases is especially challenging and this result has not been achieved at any Reynolds number.

6.2 Exponential decay of the drag-reduction margin

Until around 2016, the general view, based on DNS results in channel flow, was that the drag-reduction
decline with the Reynolds number could be adequately expressed by the simple relationshipR ∝ Re−α

τ ,
with the exponent varying in the range α = 0.1 − 0.4. Fig. 32 from Hurst et al. [2014] and Fig. 33
from Gatti and Quadrio [2013] show the decrease of the drag-reduction margin as a function of the
Reynolds number.

Several studies have attempted to find how the drag-reduction margin depends on the Reynolds
number for wide ranges of the forcing parameters. Choi and Graham [1998] first reported measure-
ments of drag reduction via spanwise forcing at two different Reynolds numbers in an oscillating pipe,
but no information could be extracted because the amplitude and the period varied simultaneously.
The algebraic dependence R ∝ Re−α

τ was first suggested by Choi et al. [2002] in a DNS study at
Reτ =100, 200, and 400. By fitting the numerical data, α = 0.4 was obtained. The experimental data
by Wu [2000] and Ricco and Wu [2004] instead reported much more encouraging results in free-stream
boundary layers with spanwise wall oscillations up to Reθ = 2400 (Reτ ≈ 1000). The drag-reduction
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(a) (b)

Figure 32: Compilation of five sets of gross drag-reduction levels as a function of the unactuated-
friction Reynolds number derived from computations for channel flow with various implementations
of spanwise wall motion; (a) percentage drag reduction; (b) drag reduction relative to the set-specific
level at Reτ = 200. Taken from Hurst et al. [2014], with permission from CUP.

Figure 33: Compilation of gross drag-reduction levels obtained in computational (empty symbols) and
experimental (full symbols) studies in a variety of geometries and for various types of forcing (spanwise
wall motion, streamwise- and spanwise travelling waves, Lorenz forcing). The straight line represents
Rm ∝ Re−0.2

τ . Taken from Gatti and Quadrio [2013], with permission from AIP Publishing.
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margins were within the experimental uncertainty range as the Reynolds number increased for periods
of oscillations lower than the optimum T+ = 100. The DNS study by Ricco and Quadrio [2008] of
a channel flow with wall oscillations chimed with the findings of Ricco and Wu [2004] as the drag-
reduction level was unvaried when the Reynolds number increased from Reτ = 200 to 400 for periods of
oscillations lower than the optimum and decreased with the Reynolds number for periods comparable
or larger than the optimum. They estimated a maximum α = 0.2 at large periods. Very similar values
of the exponent were computed via DNS by Touber and Leschziner [2012] for uniform spanwise motion
and by Quadrio et al. [2009b] for streamwise travelling waves, while modelling approaches based on
Reynolds-Averaged-Navier-Stokes (RANS) equations led to lower values, i.e., α = 0.15 [Moarref and
Jovanović, 2012] and α = 0.06 [Belan and Quadrio, 2013], or to a negligible Reynolds-number effect
when linearized Navier-Stokes equations were employed [Duque-Daza et al., 2012].

A problem with the simple representation R ∝ Re−α
τ is that the exponent α depends greatly on

the actuation frequency and wavelength, and also on the Reynolds number itself, as implied by some
of the data sets included in Fig. 32(b). For purely oscillatory actuation at Reτ = 2000, Yao et al.
[2019] found that α varied in the range 0.14 − 0.25 when the forcing period increased from T+ = 63
to 125, with α ≈ 0.18 at the near-optimum period T+ = 100. The extensive DNS study undertaken
by Gatti and Quadrio [2016], involving 4000 simulations with various box sizes covering the range
Reτ = 200− 1000 and numerous combinations of the actuation parameters, suggested that, for purely
oscillatory actuation, the decline was at a more modest rate, α ≈ 0.15, as illustrated by the black line
in Fig. 32. This exponent was reported to decline to a minimum of around 0.1 when the actuation was
in the optimum range of frequency and streamwise wavelength. Two different alternative propositions,
where the drag-reduction margin asymptotically approaches a finite value (instead of zero) at infinite
Reynolds number, were proposed by Belan and Quadrio [2013] for channel flow and Skote et al. [2015a]
for boundary-layer flow. Both formulations were however based purely on curve fitting of the data
and hence no theoretical foundation was provided in either case.

Suffice it to say that the most optimistic decline, if boldly extrapolated to flight Reynolds numbers,
implies the potential of achieving net drag-reduction levels of the order of 10% [Gatti and Quadrio,
2016], assuming – unrealistically, of course – that mechanical losses in activating the wall motion are
negligible.

6.3 Upward shift of the mean-flow profile

As already discussed, Gatti and Quadrio [2016] first attempted to extract the exponent α from their
extensive DNS database for channel flows altered by streamwise-travelling waves at Reτ = 200 and
Reτ = 1000. It was evident that the map of α as a function of the wavenumber and frequency was
ambiguous and it did not constitute a credible correlation. Gatti and Quadrio [2016] therefore judged
the algebraic fitting as unsuited to describe the Reynolds-number dependence.

They also reported that, as expected, the additive constant B in equation (11) increased with
respect to the uncontrolled case for drag-reduction regimes, indicating an upward shift of the profile,
while B decreased when drag increase occurred, i.e., a downward shift of the profile occurred. These
shifts were rigid: the constant κ and the wake outer-flow constant B1, i.e., the difference between the
mean centreline velocity and the velocity found by the velocity-defect law up to the centreline [Pope,
2000], did not vary when the wall moved. It was therefore possible to relate the drag-reduction level to
the shift ∆B. This connection was first proposed by Luchini [1996] for flows over riblets, elaborating
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Figure 34: Map of ∆B+ for streamwise-travelling waves with W+
m = 12 at Reτ = 200. Taken from

Gatti and Quadrio [2016], with permission from CUP.

on the well-established idea that, while the logarithmic behaviour depends only on the balance between
turbulent production and turbulent dissipation, the upward-shift constant B is fixed by the wall-shear
stress and is thus related to the near-wall control [Jiménez, 2004]. Fig. 34 confirms this hypothesis:
the map of ∆B+ as a function of the forcing parameters displays a striking similarity to the drag-
reduction map shown in Fig.9. Gatti and Quadrio [2016] further showed that the relationship between
∆B+ and the drag-reduction margin was almost linear, as shown by their figure 12.

By using the log-law scaled in inner units and the defect logarithmic law scaled in outer units,
and by taking the differences between these expressions for the fixed-wall case and the actuated case,
Gatti and Quadrio [2016] obtained

√
2

Cf
−
√

2

Cf,0
=

1

κ
ln

(
Reτ
Reτ,0

)
+∆B+. (13)

Under CFR conditions, equation (13) was expressed as

∆B+ =

√
2

Cf,0

[
(1− R)−1/2 − 1

]
− 1

2κ
ln (1− R) , (14)

and a similar expression was found under CPG conditions. Note that R = R/100 in equation (14) and
Fig. 35, where the drag-reduction margin R is defined in (3). As Cf,0 is a known function of the bulk
Reynolds number only, the drag-reduction margin R can be computed at any Reynolds number once
the dependence of ∆B+ on the forcing parameters ω and κx is known at a given Reynolds number,
provided that the Reynolds number is large enough for the logarithmic behaviour to hold and the
constants κ and B1 are not affected by the Reynolds number and the wall actuation.
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Figure 35: Predicted Reynolds-number dependence of the decline in drag reduction based on the
assumption of constant upward shift in the log-law; solid curves are for different actuation parameters
(e.g., spanwise wall-velocity amplitude); dashed line represents R ∝ Re−0.2

τ ; solid lines follow roughly
R ∝ Re−0.08

τ . Taken from Gatti and Quadrio [2016], with permission from CUP.

Fig. 35, also taken from Gatti and Quadrio [2016], shows the variation of the drag-reduction
levels derived from expression (14), starting from Reτ = 1000. The various levels arise from different
actuation scenarios in terms of frequency, wavenumber, and wall-velocity amplitude. The majority of
studies have adopted a wall-velocity amplitude W+

m = 12. For this wall velocity and at Reτ = 1000,
Gatti and Quadrio [2016] reported a maximum gross drag-reduction margin of 38% for the best
travelling-wave scenario and a net power saved of 19%. Extrapolated to Reτ = 105, this level reduced
to around 10%. The solid lines in Fig. 35 imply a rate of decline of α = 0.08, which is optimistic when
compared to the more conservative α = 0.15− 0.2 estimated by other researchers.

The results of Gatti and Quadrio [2016] were discussed by Agostini and Leschziner [2018], who
pointed out that a direct consequence of the implicit Reynolds-number dependence (14) was that
the outer structures, that become increasingly important as the Reynolds number grows, affect the
controlled flow in the same way as they affect the uncontrolled flow, i.e., their influence is only present
in the dependence of the fixed-wall Cf,0 on the bulk Reynolds number and not in the shift ∆B+.
Yao and Hussain [2019] carried out DNS of channel flows with purely temporal oscillations up to
Reτ = 2000. They first remarked that the disagreement between the DNS-computed drag-reduction
margins and those obtained via (14) at Reτ = 200 was expected, because the log-law relation is not
valid at such low Reynolds number. However, they reported a significant ∆R = 3% overprediction of
the DNS-computed R = 22% at Reτ = 2000 for nearly optimal conditions. By including a correction
to the assumption of constant B1 they obtained much better agreement, therefore advocating models
that include the dependence of κ and B1 on the flow-control parameters and the Reynolds number.
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(a) (b)

Figure 36: Profiles of streamwise turbulence energy for unactuated flows at difference friction Reynolds
numbers; (a) experimental data for pipe flows; (b) DNS data for channel flow at Reτ = 5200 and 8000.
Plot (a) taken from Fiorini et al. [2017], with permission from Springer. Plot (b) taken from Yamamoto
and Tsuji [2018], with permission from American Physical Society (APS).

6.4 Flow physics of controlled flows at high Reynolds number

The question of the origin of the Reynolds-number dependence, shown in Figs. 32 and 33, is undis-
puted, at least in broad principle. The turbulent fluctuations above the viscous sublayer become more
intense, so that their impact on the viscous sublayer, and thus on the wall-shear stress, becomes more
significant. As a consequence, the drag change caused by the control also becomes less influential,
because of the declining effectiveness with which the sublayer is modified by the wall motion.

Despite this generally accepted view of more intense turbulent intensity above the viscous layer,
the detailed physical mechanisms that drive the dependence of the drag and of the drag-reduction
effectiveness on the Reynolds number are a matter of ongoing debate and are the subject of much
current research. As it transpires from the discussion below, a quantitatively incontestable statement
on the effects of the rising turbulence energy in the outer layer, shown in Fig. 36, cannot be provided
at the time of writing, except for the contribution of the energetic outer scales, relative to that of other
scales, to the drag at one Reynolds number. One predominant line of thought is that the formation
of streamwise-stretched energetic structures in the logarithmic layer plays a critical role. Experiments
by Marusic and collaborators at the University of Melbourne [Marusic, 2001, Hutchins and Marusic,
2007, Mathis et al., 2011, Baars and Marusic, 2020], and by Vallikivi, Hultmark, Rosenberg, and Smits
[Smits et al., 2011, Hultmark et al., 2013, Rosenberg et al., 2013, Vallikivi et al., 2015] in the Princeton
University ‘Superpipe’ have shown that the streamwise turbulence-energy component, scaled with the
wall-shear stress, rises substantially with the Reynolds number towards a plateau or even, as sometimes
claimed, towards a second maximum. This result is illustrated in Fig. 36(a) for unactuated boundary
layers. Marusic et al. [2010] proposed the correlation y+ = 3.9

√
Reτ . This rise in energy reflects

the presence of large, streak-like, energetic structures. DNS have confirmed the presence of the outer
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plateau, as shown by the profiles in Fig. 36(b), obtained from channel-flow simulations at Reτ = 5200
and 8000 [Lee et al., 2014, Yamamoto and Tsuji, 2018]. This figure confirms that the influence of the
outer structures is rather weak at Reτ = 500− 1000.

It is important to point out that the rise in the outer streamwise energy, exemplified by Fig. 36,
occurs in profiles that are scaled with the wall-shear stress, i.e., scaling that presumes a universal
behaviour of the near-wall turbulence. While the near-wall maximum, around y+ = 15 is not quite
universal either, its value varying between 7.8 at Reτ = 1000 and 8.8 at Reτ = 20000 in channel flow,
the dependence of the energy in the outer layer is much more pronounced and indicative of departures
from universality in terms of inner scaling. It is also this intense rise in energy that appears to
offer a promising route to explaining the Reynolds-number-dependent decline in the drag-reduction
effectiveness.

Unfortunately, only a very small part of this literature deals with actuated flows, most studies
analysing canonical channels flows and boundary layers. These studies are nevertheless pertinent to
controlled flows because they have explained interactions that must also occur in actuated flows. An
argument supporting this assertion is that the wall motion only (or mostly) affects the turbulence
within the viscosity-affected sublayer, but not the outer flow – except perhaps through global effects
that arise from the reduction in the friction Reynolds number provoked by the actuation for a constant
level of bulk Reynolds number. The only study of the influence of outer structures on the near-wall
physics in a drag-reduced flow is that of Agostini and Leschziner [2018] for the case of streamwise
homogeneous oscillatory spanwise motion at Reτ = 1000 and T+ = 100 and 200.

The question of why the outer structures should play a role in a control method, the effects of
which are confined to the viscous sublayer, requires a detailed examination of the near-wall turbulence
structure. Fig. 37, taken from Agostini and Leschziner [2018], shows three instantaneous fields of
streamwise velocity fluctuations at y+ = 3, 18 and 200, shown from left to right. There is a visually
obvious correlation between the field at y+ = 200 and the near-wall fields, which demonstrates that
the outer structures leaves a marked “footprint” on the near-wall structures. Besides “footprinting”,
“modulation”, introduced by Mathis et al. [2011], and “splatting”, proposed and demonstrated by
Agostini and Leschziner [2014a], have also been advanced as relevant mechanism by which the outer
structures impact the near-wall flow.

In the context of the Reynolds-number dependence of drag reduction by wall motion, these pro-
cesses are expected to be influential because they all operate on the dynamics of the streaks, which are
significantly reduced in strength by the wall control. Modulation entails an attenuation of the near-
wall turbulence by the action of negative footprints. The streaks are, however, already substantially
weakened by the actuation when efficiently implemented, so that the attenuation is marginal. On the
other hand, the amplification by the positive footprints tends to be strong. Hence, the asymmetric
modulation in relation to splatting can be expected to be considerably more pronounced.

Any attempt to unravel the details of the interactions between the outer structures and the near-
wall region – and hence the effect on the drag – requires access to detailed measurements or computa-
tional data extracted from DNS. An illustration of this requirement has already been given by Fig. 37,
derived from DNS. Detailed experimental data targeting the role of outer structures have only been
obtained for unactuated boundary layers with the aid of hot-wire probes [Marusic, 2001, Hutchins
and Marusic, 2007, Mathis et al., 2011, 2013, Chung et al., 2015, Baars and Marusic, 2020]. The data
so extracted are in the form of time-series of streamwise turbulent signals at different wall-normal

82



(a) (b) (c)

Figure 37: Illustration of footprinting by way of three snapshots of streamwise velocity fluctuations
across three wall-parallel planes from a channel flow at Reτ = 1000 with oscillatory wall motion
(T+ = 100 and W+

m = 12); (a) y+ = 3; (b) y+ = 18; (c) y+ = 200. Taken from Agostini and
Leschziner [2018], with permission from Springer.

distances. When these data are subjected to Fourier filtering, for example, the signal can be decom-
posed into large-scale and small-scale components. This decomposition then allows the interaction
between small-scale and large-scale turbulence to be studied. In particular, the manner in which the
small-scale fluctuations near the wall are augmented, amplified or attenuated by large-scale motions
can be quantified.

The choice of the small-scale/large-scale filter is not unambiguous, but not arbitrary either, as
exemplified by Fig. 38(a), which shows the streamwise-energy density as a function of spanwise eddy
size (wavelength) and wall-normal distance for a channel flow at Reτ = 4200 [Agostini and Leschziner,
2016, Lozano-Durán and Jiménez, 2014a]. This spectrum provides clear evidence of the existence of
two distinct regions of elevated energy – one, close to the wall, at around y+ = 15, associated with the
near-wall streaks, and the other in the outer region, at around y+ ≈ 400, indicative of the energetic
outer structures. In terms of length scale, the inner peak, at around λ+

z ≈ 100, is characteristic of
the inter-streak distance in the buffer layer, while the outer peak is at λ+

z ≈ 4000, identifying “super-
streaks” that are roughly one channel height apart. This spectrum thus suggests that a filter at around
λ+
z ≈ 1000 would be a reasonable choice. More elaborate approaches to scale decomposition are those

of Zhang and Chernyshenko [2016], based on a Pareto-front optimisation of the Fourier filter, of Baars
et al. [2016], based on a coherence function, in Fourier space, between the velocity signal at the outer
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(a) (b)

Figure 38: Manifestations of large-scale outer structures in channel flow at Reτ = 4200 (DNS
by Lozano-Durán and Jiménez [2014b]); (a) spectral map of streamwise energy in wall-normal-
distance/spanwise-wavelength plane: peak of large-scale energy at y+ ≈ 400, λ+

z ≈ 4000; (b) map
of two-point correlation of large-scale fluctuations relative to location y+ = 250. Taken from Agostini
and Leschziner [2016], with permission from AIP Publishing.

location at which the large-scale structures are observed and the velocity signal at any other wall-
normal location, and of Agostini and Leschziner [2014a], in which a modal-decomposition formalism
called “Empirical Mode Decomposition” has been used. This latter approach decomposes any spatial
two-dimensional field, derived from full-volume DNS realizations, into a series of narrow-wavelength-
spectrum fields or “intrinsic modes”. These modes are then collected into two groups of small-scale
and large-scale contributions, a process that require judgement much like the choice of a single Fourier
filter to separate small-scale from large-scale components in a temporal signal. A fourth, though rather
qualitative method, is one in which the same flow is computed on a range of decreasing box sizes so
as to progressively exclude large-scale structures and observe the dependence of this exclusion on the
drag. This approach was adopted by Hwang and Bengana [2016] who used LES for an unactuated
channel flow at Reτ = 1000 to investigate the validity of Townsend’s Attached-Eddy Hypothesis.

Once the flow has been decomposed into small-scale and large-scale fields, it is possible to inves-
tigate how large-scale fluctuations in the log layer are correlated with large-scale fluctuations close to
wall – the latter being “footprints” of the former, and how the intensity of the small-scale fluctuations
near the wall responds to the outer large-scale fluctuations – referred to as “modulation” above. An
illustration of the former is given in Fig. 38(b) [Agostini and Leschziner, 2016], which gives a map, in
the x− y plane, of the two-point correlation of large-scale motions. The essential message to be taken
from this map is that these large-scale fluctuations at the wall are closely correlated with large-scale
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fluctuations at y+ ≈ 500.
Hurst et al. [2014], for Reτ = 200 − 1600, and Yao et al. [2019], for Reτ = 200 − 2000, both

separated the contributions to the drag reduction arising from the flow in the inner (near-wall) and
outer regions, with the boundary between the two regions being at the height where the Reynolds shear
stress attained its maximum value. The contributions to the drag reduction was determined using
the identity derived by Fukagata et al. [2002] upon a y-wise integration of the streamwise-momentum
equation:

Cf =
6
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+ 6

∫ 1

0

(
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h

) −uv

U2
b

d
(y
h

)
, (15)

in which the first term represents the laminar contribution and the second term represents the contri-
bution due to the turbulent fluctuations. The separate contributions from the inner and outer region
arise simply upon applying the latter term in equation (15) to the two layers separately. It is impor-
tant to point out, however, that this approach does not distinguish between small scales and large
scales, but merely considers the contributions of two wall-normal regions to the total drag, with all
scales included in the two layers. Both investigations came to the conclusion that the drag reduction
from the outer part remains constant as the Reynolds number increases, while the contribution of the
inner part declines. The implication is, therefore, that the decrease of drag reduction with increas-
ing Reynolds number is due to the decline of the effectiveness of the control to reduce the near-wall
turbulence. Yao et al. [2019] also performed a Fourier-based division of spectrum of the Reynolds
shear stress into small and large scales, with a wavelength of λ+

z ≈ 1000 separating the two ranges
of scales, which is an arbitrary but broadly reasonable choice according to the previous discussion.
This analysis showed that the large-scale turbulence near the wall remained largely unaffected by the
control within the Reynolds-number range considered. Yao et al. [2019] also examined the response
of the near-wall structure – in particular, the prevalence of coherent vortical motions, as elucidated
by the second eigenvalue, λ2, of the tensor S2 +Ω2. They observed that the suppression of the drag-
enhancing small-scale coherent structures by the control declined with increasing Reynolds number.
This led them to conjecture that the observed shift of the optimum frequency towards higher values
with increasing Reynolds number is due to the fact that forcing at higher frequency, at a given forc-
ing amplitude, amounts to forcing the near-wall layer at a smaller spanwise length scale, which thus
enhances the effectiveness of the forcing in depressing the small near-wall vortical scales primarily
responsible for the drag.

Agostini and Leschziner [2018] examined DNS data for channel flow at the unactuated Reynolds-
number value Reτ = 1000 at two actuation periods, T+ = 100 and 200. Although this case is,
energetically, entirely unpromising – as the actuation power is larger than the power saved by the
gross drag reduction of R = 30% and R = 20% at the two actuation periods, respectively – this
actuation mode is simple in terms of the statistical processing that is needed to derive information
on the direct and indirect contributions of footprinting and modulation of the outer structures on the
drag. Agostini and Leschziner [2018] used the Empirical Mode Decomposition (EMD) to separate
the large-scale from the small-scale fields. Fig. 39 shows, for T+ = 100, the decomposition into 6
(5+residual) modes by way of the streamwise-energy spectra in the spanwise-wavelength/wall-normal
plane. Each mode covers a fairly narrow range of scales. Modes 1 and 2 – the left-most modes in Fig.
39 – are deemed to represent the small scales, while modes 4-6 are regarded as representing the large
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Figure 39: Decomposition of streamwise energy of an actuated flow at T+ = 100 into spectral modes
using the Empirical Mode Decomposition; (a) Energy density in wall-normal/spanwise-wavelength
plane: grey contours identify the entire spectrum, coloured contours indicate sub-spectra for five modes
(the 6’th mode is the residual, not shown); (b) map of two-point correlation of large-scale fluctuations
(modes 4+5+6) demonstrating wall-normal coherence. Taken from Agostini and Leschziner [2018],
with permission from Springer.

scales. Mode 3 represents intermediate scales and is excluded from the attribution. Fig. 39 highlights
one limitation of the study – namely, the absence of a distinct scale-separation region, which is present
in Fig. 38 for Reτ = 4200. It is arguable that Reτ ≈ 1000 is the lowest Reynolds number at which
the interactions at issue can be studied. It needs to be noted that the actual Reynolds number is even
lower here, at Reτ ≈ 850, because the actuation causes a 30% reduction in the wall-shear stress. A
feature that is apparent in Fig. 39(a) is that the large-scale-energy contours extend from y+ ≈ 500
down to y+ ≈ 8, qualitatively indicating the footprinting process. Fig. 39(b) shows this result in a
more quantitative manner by contours of the two-point-correlation map of the large scales fluctuations
across the boundary layer. This map also identifies the streamwise lag in the footprinting process,
which is of order 0.5Reτ .

Through the EMD decomposition, it is possible to quantify the direct contribution of the large
scales (identified by the subscript “LS”) on the skin friction. The first step is to determine the wall-
normal profiles of the large-scale shear stress uLSvLS , obtained by averaging the product of large-scale
velocity fields for u and v across the statistically homogeneous x − z planes and over however many
temporal realizations have been stored. This distribution can then be inserted into the FIK identity
(15).

The result from the EMD analysis by Agostini and Leschziner [2018] of the channel flow undergoing
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wall oscillations with T+ = 100 is that the large scales contribute 26% of the total skin friction,
a contribution that is further increased by mixed-scale shear-stress terms that correlate large-scale
motions with small-scale and intermediate-scale fluctuations. This percentage is remarkable in view
of the relatively low Reynolds number, and a recent study by Agostini and Leschziner [2019] of
the unactuated channel flow at the same nominal Reynolds number has also yielded a very similar
large-scale contribution, at 24%. This value is also considerably larger than the estimate of 10%
given by Hwang and Bengana [2016] for unactuated channel flow and derived from a series of LES
computations of domains of decreasing dimensions, designed to progressively exclude outer large-scale
motions. Agostini and Leschziner [2019] also showed that, if the contributions of the large scales is
derived from an y-wise integrated form of the energy equation, involving turbulence energy production
and dissipation, the implied direct contribution of the large scales for Reτ is only 8%. This same value
is also estimated by Ruan et al. [2019] from experiments in which closed-loop-controlled wall jets,
actuated by recording upstream footprints, were used to target the outer structure and reduce their
energy. Ultimately, it is likely that the momentum-based estimate of the large-scale contribution is
more appropriate and credible.

A quantification of the indirect contribution of the large scales, by the process of modulation, is
more difficult to undertake. Agostini and Leschziner [2018] approached this challenge by constructing
a PDF of the large-scale fluctuations of velocity, uLS , or skin friction, Cf,LS , dividing this PDF into
5% bins, by area, and then conditionally sampling the intensity of the small-scale motions of skin
friction within the bins, so as to bring out the response of the small-scale fluctuations to the intensity
of the large-scale footprints.

The manner in which the small-scale streamwise energy responds to large-scale fluctuations is
shown in Fig. 40 for the actuated flow at T+ = 100. The red and blue profiles characterize the
response to the extreme 5% positive and 5% negative large-scale fluctuations, respectively, while the
magenta line arises from the 5% central PDF bin for which the large-scale fluctuations are negligible.
The profiles suggest that positive fluctuations causes a substantial thinning of the viscous sublayer,
while negative fluctuations cause a thickening. The sensitivity is asymmetric, with positive large-
scale fluctuations having a substantially larger impact, thus implying a damaging influence on the
drag-reduction process.

The asymmetric response is further illustrated by Fig. 41(a). It shows three PDFs for the small-
scale skin-friction fluctuations, derived for the same three large-scale PDF bins for which the profiles
in Fig. 40 were obtained. These distributions show that positive footprints cause a substantial
amplification of small-scale fluctuations, while negative footprints only cause a mild damping of the
skin-friction fluctuations. This asymmetry, peculiar to actuated cases, is most distinctly brought out
in Fig. 41(b) which shows three distributions of the standard deviation of the small-scale skin-friction
fluctuations as a function of the intensity of the large-scale footprints. The black curve is for the
unactuated flow, the blue for T+ = 200 and the red for T+ = 100. A first observation is that the
actuation results in a general decline in the intensity of the small-scale fluctuations. This decrease
is expected, of course, because the actuation causes a reduction in drag and near-wall turbulence
activity. A feature that is not expected is the increasing asymmetry in the modulation intensity,
wherein large-scale footprints cause a higher rise in the fluctuations in positive large-scale footprints
level than the attenuation in the negative footprints. This asymmetry may well reflect the mechanism
by which increasingly intense outer structures affect the drag-reduction effectiveness, as the strong
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Figure 40: Profiles of streamwise energy of small-scale fluctuations conditional on extreme 5% positive
(red curve), 5% negative (blue curve) and 5% weakest (magenta curve) large-scale fluctuations in
actuated channel flow at Reτ = 1000 and T+ = 100; LHS plot is a snapshot illustrating the conditional
sampling for large positive and large negative footprints. Taken from Agostini and Leschziner [2018],
with permission from Springer.

amplification of the small-scale fluctuations reflect a corresponding destabilization of the near-wall
streaks and thus a tendency to increase the drag. Unfortunately, these results, while pertinent and
informative in a general sense, do not allow a quantitative statement to be made on the effects of this
process on the drag.

Fig. 41(c) indicates a secondary mechanism by which large scales influence the drag-reduction
effectiveness. Here, the red and blue curves in Fig. 41(a) are replotted as functions of the large-
scale period T+

LS = Tu2τ,LS/ν. This plot therefore shows, for a given actuation period, the range of
locally scaled periods that arise due to the strong variations of large-scale wall-shear stress provoked
by footprinting. The scaled actuation period varies significantly around the nominal value. For the
optimum case T+ = 100, this variability, 50 < T+

LS < 115, results in local near-wall conditions
deviating from the optimal actuation conditions. The larger the deviations, the higher the likelihood
of detrimental effects on the drag-reduction effectiveness will be.
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Figure 41: Asymmetry in the modulation of small scales by large scales in actuated channel flow at
Reτ = 1000 and T+ = 100; (a) PDFs of small-scale skin-friction fluctuations conditional on extreme 5%
positive (red curve), 5% negative (blue curve) and 5% weakest (magenta curve) large-scale skin-friction
fluctuations; (b) standard deviation of PDFs of small-scale skin-friction fluctuations conditional on 5%
bins of of PDF for large-scale skin-friction fluctuations; (c) as (b), but plotted in terms of actuation
period scaled with large-scale friction velocity to show the range of T+

LS for nominal actuation periods
T+ = 100 and 200. Taken from Agostini and Leschziner [2018], with permission from Springer.
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7 Modelling approaches

Modelling approaches for understanding and predicting the drag-reduction effect do not rely on direct
and large-eddy simulations or experiments, but involve simplified reduced-order versions of the Navier-
Stokes equations or empirical scaling parameters. Key simplifications have been, first, the use of
linearized versions of the Navier-Stokes equations to describe the principal interactions involved, and,
second, the resolution of cross-flow processes without recourse to the streamwise flow.

A two-dimensional model was implemented numerically by Dhanak and Si [1999] by solving simpli-
fied versions of the Navier-Stokes equations based on the assumption of a weak streamwise variation
of the streamwise vortices. The flow was solved in the cross-flow plane to qualitatively reveal the
typical features observed in the DNS, such as the optimal period for drag reduction at T+ = 100
and the sustained attenuation of the intensity of the vortical structures and of the Reynolds stress.
The streamwise structures were modelled by a two-dimensional vortex undergoing axial stretching,
distortion, and translation, subject to streamwise-homogeneous straining, which accounted for the
flow induced by the near-wall coherent structures in the outer flow field. When the oscillatory span-
wise cross-flow was imposed, the coherent structures deformed and interacted more energetically with
the wall, which led to their rapid annihilation. Dhanak and Si [1999] also noted that the low-speed
streaks were significantly distorted which resulted in a reduction of the rate of momentum convection
normal to the wall. This change of momentum transfer, in turn, had a direct attenuating effect on
the Reynolds stress, the production of kinetic energy, and the skin friction.

Nikitin [2000] also solved simplified flow equations in the cross-flow plane, but adopted the theo-
retical framework of Nikitin and Chernyshenko [1997] to study the linearized dynamics of the pertur-
bations of the cross-plane velocity components. An optimal wall-oscillation frequency produced the
maximum vortex attenuation, similar to the DNS results. This result confirmed that the linearized
approach can reveal some key features of the dynamics observed in fully turbulent conditions, although
no information about the change in wall-shear stress could be extracted because the streamwise flow
was assumed unchanged by the wall motion.

Bandyopadhyay [2006] utilized the experimental data from Choi et al. [1998] to build a model
based on the kinematic reorientation of the vorticity. By introducing an attenuation factor in the
formulation of the Stokes layer, the spanwise fluid displacement was shown to follow the laminar
solution, although the parameter varied through the boundary layer. Bandyopadhyay [2006] also
linked the velocity profiles from the oscillating-wall experiments to the maximum drag reduction
obtained in polymer-added flows.

The linearized equations were also used by Duque-Daza et al. [2011, 2012] to study the effect of
the wall motion given in (8) on the transient growth of the perturbation energy of localized initial
disturbances. They found that the contour map of the energy reduction and amplification showed a
distinctive qualitative similarity to the drag-reduction map by Quadrio et al. [2009b], shown in Fig.
9, thus suggesting that the linearized dynamics can be used to infer the origin of drag reduction. A
further step in this direction was taken by Blesbois and Chernyshenko [2011] and Blesbois et al. [2013],
who used a linearized optimal-growth approach to study the streak dynamics in near-wall turbulence
subjected to uniform spanwise wall oscillations. The rationale was that the linearized system acts
as a filter and amplifier of certain spectral signals, giving preference to some specific perturbations,
amplifying them, and thus providing information on the natural tendency of the system to sustain
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them. These structures were argued to be the low-speed streaks in the buffer layer, the formation
of which was especially sensitive to shear-induced amplification of the optimal perturbation. The
slow variation, the inclination angle, and the spanwise spacing of the streaks compared reasonably
well with DNS results of Touber and Leschziner [2012]. Another outcome of the study was that the
streak-amplification time scale was t+ ≈ 50. The implication was that, once the streaks are weakened,
they require this time to regenerate. If the time scale of the wall actuation is sufficiently short, the
weakened streaks do not have time to strengthen before being weakened further. This interpretation,
first advanced by Quadrio and Ricco [2004] and discussed in Section 4.2.1, allowed a prediction of
the optimal period. At T+ = 100, the streaks undergo weakening and strengthening twice and thus
the time scales of the actuation and the streak regeneration are very similar. This analysis provided
a plausible mechanism for the progressive depression of the turbulence activity and therefore of the
drag towards a stable low-drag state by a sequence of actuation cycles that progressively weaken the
streaks (refer also to page 44 of Touber and Leschziner [2012]).

Belan and Quadrio [2013] utilized a perturbation method under the assumption of small amplitude
of wall forcing (8) and of validity of the Boussinesq hypothesis, which models the Reynolds stresses as
proportional to the wall-normal gradient of the streamwise velocity. They obtained a decay of drag
reduction that was milder than the one extracted by DNS at that time and also proposed that the
drag-reduction margin reaches a constant as the Reynolds number increases beyond a threshold value.

The study of Moarref and Jovanović [2012] employed Reynolds-Averaged-Navier-Stokes (RANS)
equations to study a turbulent channel flow with spanwise wall oscillations. The numerical procedure
started from assuming that the eddy viscosity was not initially influenced by the wall motion and that
it coincided with the eddy viscosity in the fixed-wall case. The mean velocity was computed with
this eddy viscosity and it was used, in turn, to solve the stochastically-forced linearized Navier-Stokes
equations for the case with modified moving-wall boundary conditions. The turbulent kinetic energy
and dissipation were then obtained from the RANS solution using a k− ǫ model, and were utilized to
modify the eddy viscosity, through which the altered mean velocity was finally found. The reduction
of drag was found from the modified mean-velocity profile. The mean velocity was updated only once,
avoiding expensive iterations. Both the drag reduction and the power spent for enforcing the wall
motion were computed accurately for periods of oscillations smaller than, or comparable with, the
optimum. The study of Sharma et al. [2018] is the only one where a commercial code, Ansys Fluent,
was employed to investigate drag reduction by spanwise wall oscillations. A RANS simulation using the
k − ǫ model was carried out and only a limited section of the wall was set in motion. Drag-reduction
margins up to R = 20% were computed, although the uncertainty was not reported. The only
study that employed the Reynolds-stress model (based on the Reynolds-stress transport equations) to
investigate an actuated flow was carried out by Duan et al. [2015]. They studied a turbulent channel
flow at Reτ = 180 altered by spanwise wall oscillations and showed that the turbulence intensity was
attenuated by the wall motion through a change of the pressure-strain term, although the authors
admit that the quantitative agreement with DNS results was not satisfactory.

Choi et al. [2002] first proposed an empirical parameter function of T and Wm to which the amount
of drag reduction could be related. The function involved the product of the Stokes-layer thickness,
given in (7), and the acceleration of the Stokes layer obtained from the laminar solution, given in (6).
It was found that this function correlated quadratically with the drag reduction. Quadrio and Ricco
[2004] showed that the same function related linearly to the drag reduction as long as the Stokes-layer
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acceleration was computed in the lower portion of the buffer layer, i.e., at y+ = 6.3, and the typical
interaction time between the oscillating wall and the near-wall turbulence, i.e., half of the oscillation
period, was shorter than the typical longitudinal lifetime of the turbulent structures. The function
proposed by Choi et al. [2002] was further employed by Ricco and Quadrio [2008] to study the optimum
period at fixed spatial displacement, to predict the net power saved, and to quantify the minimal wall
displacement below which the wall friction is unperturbed. Ricco and Quadrio [2008] showed that
this parameter offers a reliable means for predicting the drag-reduction margin when W+

m ≤ 40 and
30 ≤ T+ ≤ 150. Ricco et al. [2012] observed that, at fixed Wm, the scaling parameter was linearly
linked to the wall-normal gradient of the Stokes layer at y+ = 6.3. They further noted that, at this
same height, the most intense enstrophy-production term, being central to the oscillating turbulence
dynamics and depending directly on the Stokes-layer shear, reached its maximum.

The empirical model by Choi et al. [2002] was not able to predict the drag-reduction margin
for a general non-sinusoidal oscillation as shown by Cimarelli et al. [2013], who instead developed
a predictive model based on a penetration length defined as the distance from the wall where the
induced variance of the oscillating velocity drops below a threshold value. The drag reduction was
shown to be correlated to the penetration length to the power of 3/2 as long as T+ ≤ 150. Yakeno
et al. [2014] developed another empirical model, based on the Stokes strain at two vertical positions,
that provided successful predictions of the drag-reduction margin for T+ up to 250 and for W+

m up to
12.

8 Wall-motion-inspired drag-control methods

In this section, the discussion focuses on control methods of wall-bounded shear flows that lie outside,
but are closely related to, the main research subject being reviewed, i.e., the study of wall-shear-
stress reduction of wall-bounded incompressible turbulent flows by spanwise wall motion. The studies
included here thus present spanwise forcing on laminar-flow stability and transition to turbulence, axial
oscillations on Taylor-Couette flows, and the turbulent skin-friction reduction by spanwise-oriented
body forces and jets, rotating discs and rings, passive methods (oblique wavy walls, dimples, and
spanwise-forcing riblets), and spanwise-travelling waves of wall-normal wall displacement. Publications
on the role of compressibility and heat transfer on the properties of drag reduction by spanwise wall
motion are also discussed.

8.1 Perturbed laminar flows and transitional flows

Inspired by the success of spanwise wall oscillations to reduce the turbulent friction drag, scientists
have naturally pursued research aimed to modify pre-transitional and transitional wall-bounded flows
by wall motion, although these flows have received considerably less attention than fully-developed
turbulent flows. All the studies, except the one by Wang and Liu [2019], report a beneficial effect of
the wall motion, i.e., an attenuation of the growing perturbations or a delay of transition.

Most of the research studies have focused on the alteration of the initial perturbation growth,
either under the small-amplitude assumption, thus examining the linearized dynamics, or during the
subsequent nonlinear evolution. To the best of the writers’ knowledge, the work of Katasonov and
Kozlov [1998, 2000] is the only experimental study on spanwise wall oscillations beneath a transitional
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boundary layer. The most important outcome of their study was that the wall motion attenuates the
intensity of streaky “puff” structures and widens their spanwise spacing. Fig. 42 shows a schematic
of their experimental apparatus.

Berlin et al. [1998] controlled oblique transition with spanwise forcing in the form of both wall
oscillations and volume force given in the second row of Table 8. The latter forcing was more efficient
in delaying transition, although care is needed since unsuitable parameters can cause earlier transition.
Random disturbances were shown to be controlled efficiently as long as the amplitude of the wall motion
was large enough. Galionis and Hall [2005] studied the effects of the wall motion on the growth of
the Görtler vortices and showed that the growth rate is significantly reduced as the vortices move
away from the wall. Later studies have consistently reported that spanwise wall oscillations lead to a
decrease of perturbation energy, the differences being the origins and types of the disturbances existing
in various pre-transitional shear layers. Through a nonlinear variational method, Rabin et al. [2014]
showed that laminar Couette flow can be efficiently stabilized by wall oscillations, while Jovanovic
[2008], and more recently Zhao et al. [2019a], computed the reduced linear growth of perturbations in
laminar channel Poiseuille flows as a consequence of the spanwise forcing.

Open transitional boundary layers subjected to free-stream vortical disturbances have also been
stabilized by steady and time-periodic spanwise wall oscillations [Ricco, 2011, Hack and Zaki, 2012,
Hicks and Ricco, 2015a,b, Hack and Zaki, 2015]. The simulations by Hack and Zaki [2014] with
uniform spanwise oscillations, Negi et al. [2015] with steady sinusoidal spanwise-velocity waves, Negi
et al. [2019] with both temporal and spatial oscillations demonstrated a delayed onset of transition
and a lengthened transition region. Hack and Zaki [2014] proved that, differently from the response
of wall-bounded turbulence, there exists an optimal amplitude of oscillation for transition delay and
that square-wave spanwise oscillations are more efficient than sinusoidal oscillations. The existence of
an optimal frequency and amplitude was confirmed by Negi et al. [2019]. Suppression of controlled
Tollmien-Schlichting waves and a consequent transition delay of 55% were measured in a low-speed
water channel where an otherwise Blasius boundary layer was altered by surfaces mimicking biomimetic
fish scales arranged in typical periodic overlapping arrangement [Muthuramalingam et al., 2019, 2020].
Although the near-wall spanwise flow was not measured, it was conjectured that the wall scales
generated a streamwise repeating lateral flow which, combined with the observed streamwise-elongated
streaky structures, led to a more stable flow.

Wang and Liu [2019] simulated a boundary layer altered by spanwise wall oscillations, in which
the transition to turbulence was induced by Tollmien-Schlichting waves. Differently from all the other
studies, they reported that the instability was energized rather than inhibited, and the transition
location moved upstream. It remains to be verified whether this contrasting result is due to differ-
ent transition scenarios, i.e., classical stability eigenmodes in the case of Wang and Liu [2019] or
longitudinal streaks generated by free-stream disturbances in most of the other simulations.

8.2 Taylor-Couette flows

A few studies have also focused on the effects of axial oscillations of the inner cylinder and of axially-
oscillating pressure gradients in Taylor-Couette flows. By adopting the narrow-gap approximation
and by assuming small-amplitude perturbations, Hu and Kelly [1995] showed that, at finite Reynolds
numbers, stabilization can be achieved by oscillations of the pressure gradient and the inner cylinder,
with the notable difference that the optimal conditions are obtained in the zero-frequency limit in
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Figure 42: Schematic of wind-tunnel apparatus used by Katasonov and Kozlov [1998, 2000] to study
the effect of spanwise wall oscillations on a transitional boundary layer. Taken from Katasonov and
Kozlov [2000], with permission from Springer.

the former case, while an optimal finite frequency is found when the inner cylinder oscillates. The
problem was also studied experimentally by Weisberg et al. [1997], who found that the stabilization
results were only in qualitative agreement with those of Hu and Kelly [1995]. Marques and Lopez
[1997] resolved this controversy by extending Hu and Kelly [1995]’s theory to include the effects of
curvature and of the end walls, thus elucidating that the reason for the disagreement was due to the
end walls present in the experiments (termed “enclosed-system”), while Hu and Kelly [1995]’s narrow-
gap assumption was valid. Marques and Lopez [1997] obtained excellent agreement with Weisberg
et al. [1997]’s experimental results and with Hu and Kelly [1995]’s data when the latter “open-system”
results were corrected by introducing an axial pressure gradient to model the presence of the side walls.
Marques and Lopez [1997] also reported that the optimal finite frequency found by Hu and Kelly [1995]
disappeared when the side walls were modelled.

The study of Marques and Lopez [1997] was extended to a visco-elastic fluid by Ramanan et al.
[1999], who proved that the axial oscillations could also destabilize the flow in some cases, for example
when the forcing frequency was close to the inverse of the relaxation time of the visco-elastic fluid,
thus highlighting a resonance mechanism. Further resonance mechanisms in the Newtonian case were
computed by Marques and Lopez [2000] for the case of Naimark-Sacker bifurcations when the forcing
frequency matched the natural frequency of the system and the forcing amplitude was sufficiently
large. Further results for the nonlinear regime were obtained via DNS by Avila et al. [2007], who
showed that the high-frequency perturbations measured in the experiments of Sinha et al. [2006] were
not measurement noise, but were instead caused by a sequence of symmetry-breaking bifurcations that
stemmed from the primary onset of instability.

8.3 Spanwise-oriented body forces

There have been several studies on the effects of spanwise-oriented body forces on wall-bounded
turbulent flows, aiming to emulate the drag-reducing action of the oscillating wall, while avoiding the
motion of the surface.
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8.3.1 Numerical studies

Table 8 summarizes the numerical investigations according to the type of body force added to the
Navier-Stokes equations. The general picture of these numerical studies is that the drag-reduction
margins are comparable with, and even exceed, those produced by oscillatory wall motion, although
the power required to generate these body forces is substantially larger than the power saved through
the drag reduction. It is further noted that a systematic study across the whole parameter space
is still lacking, and that all the simulations are at relatively low Reynolds numbers, preventing any
assessment on the applicability of these techniques at high Reynolds numbers.

A spanwise body force was implemented for the first time by Satake and Kasagi [1996] in a thin
near-wall layer in a channel flow at Reτ = 150. The force, proportional to the spanwise velocity,
led to an attenuation of all the velocity components and to a maximum drag-reduction margin of
20%. Schoppa and Hussain [1998] produced colliding spanwise wall jets in their DNS of a channel
flow at Reτ = 200 by imposing a large-scale control and obtained 50% drag reduction. Berger et al.
[2000] numerically tested the flow response to temporal and spatial, sinusoidally-varying body forces
that decay exponentially along the wall-normal direction, obtaining drag-reduction levels as large as
40%, while Lee and Kim [2002] enforced a spanwise near-wall body force proportional to the spanwise
wall-shear stress, obtaining a drag-reduction margin of 35% in a channel flow at Reτ = 110.

In Berger et al. [2000] and in most of the studies listed in Table 8, the body force has been
added to the spanwise momentum equation as a given function of space and/or time without taking
into account the coupling with the equations describing the force generation. Notable exceptions are
the studies of Lee and Sung [2005] and Zhao et al. [2019b], who solved the Navier-Stokes equations
coupled with the Maxwell equations. The former publication is also the only analysis of developing
boundary layers altered by a spanwise-oriented body force, while the latter is the only study of a
turbulent axial flow along the external surface of a cylinder. All the other studies have instead focused
on channel flows. The spanwise body force travelling at an angle with respect to the streamwise
direction, used by Huang et al. [2014], is particularly interesting, but its wall-motion analogue has
never been tested. Chagelishvili et al. [2014] introduced a weak near-wall volume forcing (optimal
seed velocity perturbations) that led to the generation of a spanwise mean flow. The turbulence level
and the production of turbulent kinetic energy was reduced when the control was implemented in a
plane Couette flow using DNS.

The idealized concept of opposition control was implemented for the first time by Choi et al.
[1994] along the wall-normal and spanwise directions. When the spanwise velocity was detected above
the wall, at y+ ≈ 10, and an opposite spanwise velocity was imposed at the wall, Choi et al. [1994]
obtained R = 30% in a channel flow at Reτ = 98. The same technique was used by Józsa et al. [2019],
who achieved R = 24% at Reτ = 180 and R = 19% at Reτ = 1000.

8.3.2 Experimental studies

Wilkinson [2003] was the first to generate a near-wall spanwise oscillating body force experimentally
by producing plasma jets. Although this study was not completely successful as a drag-reduction
method because the jets could not be confined near the wall and the produced frequency was lower
than the optimal one, it has paved the way for further investigations.

Breuer et al. [2004] and Park et al. [2004] carried out the first experimental campaign of drag
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reduction by a spanwise oscillating Lorentz force implemented through spanwise-aligned rows of mag-
nets and surface-mounted electrodes. The maximum drag-reduction margin was 10%, thus lower than
in the DNS of Lee and Sung [2005], albeit the measured spanwise velocity profiles showed the expected
oscillatory trend. Further experimental tests by Pang et al. [2004], Pang and Choi [2004] and Xu and
Choi [2008] on spanwise Lorentz-force actuation, both temporally oscillating and streamwise travelling,
led to drag-reduction margins as high as 40− 45%, but also drag increase. K.-S. Choi’s group [Jukes
et al., 2004, 2006a,b, Choi et al., 2011, Whalley and Choi, 2011, Wang et al., 2013, Whalley and Choi,
2014, Choi et al., 2014] reported several results on the methodology and realization of drag-reduction
techniques based on spanwise plasma forcing. The measured drag-reduction levels were as high as
45%, and the reported optimum periods were as low as T+ = 15, thus remarkably different from the
oscillating-wall scenario.

Li et al. [2014], Wong et al. [2015], Wong et al. [2017] utilized wall-mounted electrodes arranged at
different angles with respect to the streamwise direction to generate plasma actuation on a wind-tunnel
turbulent boundary layer. The plasma forcing produced spanwise forcing in the form of streamwise
vortices and a maximum drag reduction of 50% was found.

Researchers led by T.S. Corke at the University of Notre Dame obtained turbulent drag reduction in
a wind tunnel tunnel by pulsed-DC plasma actuation along the spanwise direction [Corke and Thomas,
2018, Thomas et al., 2019, Duong et al., 2019, Corke and Thomas, 2020]. At their lowest momentum-
thickness Reynolds number, Reθ = 4538, drag-reduction margins as high as 75% were measured by
a direct force balance. The plasma-induced spanwise velocity was induced by extremely short pulses
at time intervals of T+ = 71 that generated peak instantaneous values as large as W+

max = 12 that
decayed exponentially fast, and average values of about W+ = 1. The spacing between the electrodes
was about 1000 wall units and, thanks to the spiky current, the power spent for the actuation,
calculated as the time average of the product between the voltage and the current, was very low, i.e.,
not larger than 1 W/m. The low power spent led to the interesting result that a positive net power
saved was attained.

Recent experiments by Hehner et al. [2019] and Hehner et al. [2020] successfully produced a clean
Stokes-layer-type boundary layer by means of near-wall plasma forcing, although the main difference
from the theoretical profile given in formula (6) is that the wall is stationary and thus the maximum
spanwise velocity occurs away from the wall.

8.4 Indirect spanwise-forcing techniques

Wall-bounded turbulence has also been modified by wall-normal surface motion with the intention
to induce perturbations into the turbulence self-generating cycle that result in a damping similar
to that provoked by spanwise forcing, thereby reducing the wall friction. We herein only discuss
studies on flows modified by wall-normal deformations that induce a spanwise motion indirectly. In
most experimental and numerical studies, the maximum achievable drag-reduction margin does not
exceed 15%. Exceptions are the study by Fernex et al. [2020] and Albers et al. [2020], who reported
a maximum margin of 31%, and the wind-tunnel study by Bai et al. [2014, 2018b], who measured a
50% reduction.

Using DNS, Mito and Kasagi [1998] attempted to first favourably alter the near-wall turbulence-
producing cycle by moving the wall in the form of a spanwise standing wave, i.e., yw = A sin(βz) sin(ωt),
but they only recorded an increase in drag. An increase of turbulence intensity via the same actuation
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was computed by Wang et al. [2007] using LES. Segawa et al. [2002] implemented a series of wall-based
actuators that oscillated in the wall-normal direction to create a spanwise traveling wave beneath a
turbulent channel water flow. Although the drag reduction was not measured, the streaky structures
appeared more homogenized with respect to the canonical case. Itoh et al. [2006] were the first to
experimentally demonstrate that a flexible wall moving vertically by less than y+ = 20 and generating
a spanwise travelling wave could reduce the friction drag by up to 7.5% at Reθ = 1000, although the
optimal conditions were not found.

Tamano and Itoh [2012] examined a turbulent boundary layer in a wind tunnel where the flexible-
wall motion was generated by a crank-slide mechanism and reported drag-reduction margins up to
13%. The maximum drag reduction was measured for T+ = 110, a period comparable to that of the
oscillating-wall technique. Roggenkamp et al. [2015], Meysonnat et al. [2016b], Roggenkamp et al.
[2019] and Li et al. [2019b] measured drag-reduction levels that were lower than those obtained by
Tamano and Itoh [2012] because of constraints related to the deformability of the aluminum plate
used for creating the wavy motion, which caused a low deformation amplitude. A drag-reduction level
of 5% was measured in a wind tunnel by Musgrave and Tarazaga [2017, 2019].

Itoh et al. [2006]’s wind-tunnel results were reproduced numerically by the group at RWTH Aachen
University [Klumpp et al., 2010, 2011, Meysonnat et al., 2012, 2013, 2016a, Albers et al., 2019, Fernex
et al., 2020, Albers et al., 2020]. They computed drag-reduction levels up to 31% at low Reynolds
numbers by moving the wall as yw = A sin(βz − ωt). Koh et al. [2015a,b] however reported a drastic
drop in drag reduction at higher Reynolds numbers, i.e., only 1% at Reτ = 2250. The results of the
RWTH group were reproduced via DNS by Tomiyama and Fukagata [2013], who also computed a net
energy saving up to 12% by accounting for the power spent to generate the wavy motion.

The wind-tunnel study by Bai et al. [2014, 2018b] is the only one that has reported drag-reduction
margins up to 50% by spanwise-traveling waves of wall-normal displacements, thus significantly ex-
ceeding the reductions obtained in all the other similar experimental and numerical studies. The
wall-shear-stress reduction was calculated by direct measurements of the streamwise mean velocity in
the viscous sublayer, conducted via hot-wire anemometry. The wall location was estimated by moving
the hot-wire probe towards the wall, down to a location where the measurements were affected by
the wall cooling. The actuation was only confined to a strip of limited streamwise extent, about 140
wall units, a distance along which spanwise-wall oscillations can instead only produce drag-reduction
margins of a few percent because the flow requires a much longer distance to fully adapt to the wall
actuation [Ricco and Wu, 2004]. Furthermore, in Bai et al. [2014] and Bai et al. [2018b]’s experiments
no smooth transition occurs between the short actuated surface and the non-actuated portion of the
wall. This abrupt change may have caused local flow separation, thereby affecting the drag-reduction
measurements.

8.5 Spanwise-oriented jets

A number of experimental studies have focused on forcing the wall turbulence along the spanwise
direction by jets located at the bottom or the side walls, mimicking the actuation of the spanwise wall
motion. Significant drag-reduction margins have been reported, but these measurements were only at
locations close to the jet apertures and no study exists on distributed jet actuation that has achieved
drag reduction over a large surface area.
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Iuso et al. [2002] and Iuso and Di Cicca [2007] experimentally investigated the response of a channel
flow in a wind tunnel to spatially discrete synthetic jets located at a fixed downstream position and
distributed along the span. The jets were alternatively inclined at ±45◦ with respect to the wall-
normal direction. Drag-reduction margins as high as 30% were measured, presumably as a result of
a combination of the effects of the induced large-scale streamwise vortices, similar to the numerical
study of Schoppa and Hussain [1998], and the local flow separation close to the location of the jets.
A variant of Iuso et al. [2002]’s problem was studied in a wind tunnel by Tay et al. [2007], wherein
the holes, instead of being alternately inclined, were instead all directed at the same angle, thereby
resulting in a net spanwise flow. The inclined jets generated large-scale streamwise vortices that
persisted downstream. The drag-reduction margin measured below the core of the streamwise vortices
was 50%, although it was unclear what portion of this percentage was caused by the spanwise forcing
and what portion was due to the local separation. In a related study, Cannata and Iuso [2008a,b]
positioned the synthetic-jet holes along the upper half of the side walls of the duct to enforce the
spanwise blowing and obtained a maximum drag reduction of 22%.

Segawa et al. [2005] tested synthetic jets in a water channel to emulate the spanwise forcing of
an oscillating wall indirectly. The jets were distributed along the span and oriented in the wall-
normal direction, so that their out-of-phase oscillation caused the wall turbulence to be altered along
the spanwise direction, similarly to the spanwise-travelling waves of wall-normal wall displacement
discussed in Section 8.4. The drag-reduction levels were as high as 30% and, differently from the
wall-motion case, were detected even for large and low oscillating periods.

To the best of the writers’ knowledge, there are no numerical studies on the flow modifications
caused by spanwise oriented jets discharging from wall apertures.

8.6 Rotating actuators

A question that is frequently raised in relation to drag-reduction methods involving spanwise-wall
motion is how the actuation could be imposed in a practical scenario. Although several experimental
studies have demonstrated that there are possible answers to this question, it is undoubtedly true that
this type of actuation presents major engineering challenges, related to the small spatial and temporal
scales and the curvature of the surfaces, among a number of factors. Against this background, several
studies have been undertaken to examine the efficacy of using rotating discs embedded in the wall.
While the fluid motions created by the discs are different from those induced by a spanwise-moving
wall, the discs impose transverse motions within rotational near-wall shear layers, and these alter
the baseline flow by interacting with the near-wall-turbulence dynamics. Numerical calculations have
shown that drag-reduction margins as large as 25% can be achieved, although no experimental evidence
exists to confirm these results.

A flush-mounted rotating disc was first used by Hill and Klewicki [1996] in a wind tunnel to
perturb a laminar boundary layer by producing high near-wall velocity gradients. The objective of
their study was to test their measuring technique and not to control the boundary layer. More detailed
measurements of this experimental campaign were published in Klewicki and Hill [2003], where the
main focus was on the vortical structures detaching from the disc edges.

Keefe [1997, 1998] first proposed the idea of utilizing flush-mounted rotating disc actuators to
achieve turbulent drag reduction. Keefe was inspired by the pioneering spanwise-oscillating work of
Jung et al. [1992] and conjectured that spinning discs could be a viable method for prescribing a near-
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Figure 43: Turbulent drag reduction through rotating discs. Left: map of the drag-reduction level
given by rotating discs as a function of the disc diameter D and the tip disc velocity W [Ricco and
Hahn, 2013]. The size of the circles is proportional to the absolute value of drag reduction. The
shaded areas highlight the drag-increase cases and the boxed values report the positive net power
saved, computed via (5); right: isosurfaces of fixed amplitude of the time-averaged flow produced by
spinning rings [Olivucci et al., 2019]. The colours indicate the intensity of the wall-normal ring-flow
velocity (blue is negative and red is positive). Taken with permission from CUP (left) and APS (right).

wall three-dimensional field by injecting wall-normal vorticity, although he did not report experimental
or numerical results.

Ricco and Hahn [2013] carried out DNS of a turbulent channel flow at Reτ = 180 altered by
steadily rotating discs located over the two opposite walls. As shown by the map in Fig. 43 (left),
the parametric study revealed that an optimal diameter and an optimal angular velocity for a maxi-
mum drag-reduction level of 23% exist, although smaller diameters and larger tip velocities produced
drag-increase levels up to 56%. The power balance that accounted for the energy spent against the
fluid frictional resistance showed that positive net energy savings as large as 10% could be achieved.
Ricco and Hahn [2013]’s simulations revealed that a thin spinning boundary layer, analogous to the
von Kármán laminar shear layer over an infinite spinning plate, forms over the core of the discs,
while persistent streamwise-elongated structures appear at the sides of the discs, generating Reynolds
stresses that contribute negatively to the drag reduction [Wise et al., 2018].

Wise and Ricco [2014] extended Ricco and Hahn [2013]’s research by exploring the influence of
sinusoidal oscillation of the discs, thereby demonstrating that low-frequency actuation leads to compa-
rable drag-reduction levels. The spatial arrangements of the discs was shown by Wise et al. [2014] to
have a remarkable influence on the friction reduction. The removal of half of the discs led to an increase
in the drag-reduction margin because regions of stationary wall between discs were subjected to a ben-
eficial radial flow induced by the wallward motion of outer fluid toward the rotating disc. This result
demonstrated that the spanwise shearing action of the near-wall disc flow is only partially responsi-
ble for the drag-reduction mechanism and therefore that the disc-flow physics is considerably more
complex than that involved in flows altered by purely spanwise oscillations or streamwise-travelling
waves of spanwise velocity, which do not entail any radial flow or wallward large-scale fluid motion.
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Figure 44: Schematic of the passive rotating-disc apparatus used by Koch and Kozulovic [2013, 2014].
Taken from Koch and Kozulovic [2013] with permission from American Society of Mechanical Engi-
neers.

Wise et al. [2014] further reported that half-disc and annular-spinning actuators guarantee improved
performance because the detrimental downstream radial flow and the disc-centered fluid motions were
partially suppressed. The spectral analysis of the disc velocity highlighted that the large scales were
the primary cause of drag reduction.

The spinning action of rings was further explored by Olivucci et al. [2019] by strengthening the
drag-reduction effect through wall-transpiration and wall-hydrophobicity imposed over the stationary
wall that was not occupied by the rings. The unfavourable impact on the reduction of wall-shear stress
of the elongated structures occurring between spanwise-adjacent rings, depicted in Fig. 43 (right),
was quantified by the localized increase of the Reynolds stresses in a three-dimensional version of the
FIK identity [Fukagata et al., 2002]. The inner-ring regions featured quasi-uniform and intense drag
reduction, despite the surface being stationary.

Independently from Ricco’s group, Koch and Kozulovic [2013, 2014] experimentally studied the
drag-reduction properties of discs that were free to rotate under the action of a turbulent boundary
layer. The maximum tip velocity reached a quarter of the free-stream velocity, although the discs
were not flush mounted because part of the discs was covered by the flat surface, as shown in Fig.
44. Koch and Kozulovic [2013] did not measure the wall-shear stress over the disc surface, but were
able to estimate it by assuming that the boundary-layer thickness did not vary when the disc moved.
They used the difference in velocity between the free-stream flow and the disc surface in a correlation
for the skin-friction coefficient to predict a maximum drag-reduction margin of 17%.

8.7 Passive techniques

Passive drag-reduction techniques, i.e., those that do not require an external energy input, have
been inspired by the more widely studied active methods based on spanwise forcing, or by naturally-
occurring surfaces, such as bird feathers and shark skins. These methods involve modifications to the
surface geometry, and they can be grouped as wavy walls, dimples, and spanwise-oriented riblets.
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Figure 45: Examples of passive drag-reduction methods. Left: oblique wavy wall used by Ghebali
et al. [2017a,b, 2018, 2019] to emulate the effect of standing spanwise-forcing waves; right: dimpled
surface employed by van Nesselrooij et al. [2016] in wind-tunnel experiments. Taken with permission
from AIP Publishing (left) and from Springer (right).

8.7.1 Oblique wavy walls

Lekoudis and Sengupta [1986] and Chernyshenko [2013] proposed to reduce the turbulent skin-friction
drag by stationary wavy walls with sinusoidal form along the streamwise and spanwise directions,
shown in Fig. 45 (left). Lekoudis and Sengupta [1986]’s modelling approach led to skin-friction drag
reduction, although this benefit was countered by an increase of pressure drag and no overall drag
reduction was computed. Chernyshenko [2013]’s idea was to mimic, via the wall undulations, the
effective spanwise-forcing action of the steady Stokes layer studied by [Viotti et al., 2009], thereby
generating an alternating wall-normal shear of spanwise velocity without the undesirable energy ex-
penditure due to the surface motion. His laminar analysis predicted a drag-reduction margin of 2.4%,
which took into account the decrease of wall friction and the increase of pressure drag. These surfaces
were tested by Denison et al. [2015] experimentally in a wind tunnel and numerically through DNS,
but the changes of drag were within the uncertainty range and therefore no definite conclusions could
be drawn on the effectiveness of this technique. Ghebali et al. [2017a,b, 2018, 2019] first used DNS
to study the drag-reducing properties of a turbulent channel flow at Reτ = 375 bounded by the wavy
walls proposed by Chernyshenko [2013]. The objective of wall-friction reduction was achieved in prin-
ciple, as the friction drag was reduced by 3− 4%. The pressure-drag penalty due to the leeward flow
undulations however almost neutralized the friction-reduction effect, leading to an overall maximum
drag-reduction margin of 0.6%. This work thus led, for the first time, to a reduction of the overall
drag by these wavy surfaces.

This method is more attractive than classical riblets in terms of practical implementation and
durability, because the scales of the sinusoidal wall modulations are two order of magnitude larger
than those of riblets, i.e., about 1000 wall units (comparable with the wavelength of the steady
Stokes layer in Viotti et al. [2009] and the rotating-disc diameter in Ricco and Hahn [2013]). Another
advantage is the smoothness of the surface form, in contrast to the sharp crests typical of efficient
riblets.

8.7.2 Dimples

As in the case of oblique wavy walls reviewed in Section 8.7.1, dimples are intended to provoke,
passively, spanwise flow motions and thus reduce drag. These dimples are shallow, either circular,
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tear-drop, or diamond-shaped recesses over flat surfaces. Fig. 45 (right) depicts the shallow dimples
used by van Nesselrooij et al. [2016] in a wind tunnel. The original aim of dimples was, however, to
enhance the heat transfer while inducing a small drag penalty [Chyu et al., 1997, Lin et al., 1999,
Turnow et al., 2012]. In this section, only the publications on flows over dimpled surfaces that aim
at drag reduction are discussed. The general consensus is that drag-reduction margins of at least
5% can be achieved by dimples with characteristic size comparable with the largest scale of the wall
turbulence, although the optimal shape and spatial arrangement have not been found and the effect
of Reynolds number is unknown.

The drag-reduction properties of dimples was first suggested by researchers at the Kurchatov
Institute of Atomic Energy in Russia [Kiknadze et al., 1984]. They later also advanced hypotheses
on the physical mechanism behind these surface modifications, such as the creation of streamwise
“tornado-like” vortical structures, and explored practical applications, such as large dimples over the
surface of a high speed train [Kiknadze et al., 2009, 2012] (refer also to Blood [1995] for further
possible applications on other transport vehicles). The drag-reduction margins reported by this group
are the largest ever reported for dimples, namely 20% by Alekseev et al. [1998], 17% by Kiknadze
et al. [2006], and 15% by Kiknadze et al. [2009], although insufficient details on the methodology and
the uncertainty of the overall measured drag-reduction levels were given in order to assess the validity
and reproducibility of these experimental campaigns. Lienhart et al. [2008] carried out experiments
and numerical simulations over dimples and negated the conclusions by the previous drag-reduction
findings, as they discovered that the induced pressure drag over the dimples exceeded the skin-friction
drag reduction.

Further experimental and computational studies on dimpled surfaces were performed by Veldhuis’s
group at Delft University of Technology. They first showed that overall drag-reduction margins up to
15% were possible [Veldhuis and Vervoort, 2009], although these large values were not confirmed by
the numerical computations. Later investigations by the same group suggested that drag-reduction
levels up to 4% could be obtained [Veldhuis and Vervoort, 2009, van Campenhout et al., 2016, van
Nesselrooij et al., 2016, van Campenhout et al., 2018], concluding that the absence of drag reduction
reported by Lienhart et al. [2008] could have been due to the low Reynolds number of the flow. The
Delft University results were confirmed and extended by Tay’s group at the National University of
Singapore. They reported drag-reduction margins of 3% for round axial-symmetrical dimples [Tay,
2011, Tay et al., 2015, 2017], 3.5% for round dimples where the lowest point of the non-axial-symmetric
indentation was moved further downstream [Tay et al., 2016, Tay and Lim, 2017], 6% for teardrop-
shaped dimples [Tay and Lim, 2018], and 7.5% for diamond-shaped and elliptical dimples [Tay et al.,
2019]. The recent experimental results on round dimples by Gowree et al. [2019] confirmed the drag-
reduction results by Tay [2011], i.e., around 3%.

It is now recognized that the overall drag modification generated by shallow staggered dimples is
caused by the combination of friction drag reduction due to the localized deceleration and separation,
the alternate spanwise velocity, and the increased pressure drag produced by the high pressure on the
downstream part of the dimple and the low pressure in separated region [Lienhart et al., 2008]. The
drag downstream of a dimple is also strongly affected by primary, often unsteady, counterrotating
vortices formed in the centre of the dimple and by secondary vortices at the dimple sides [Won et al.,
2005]. Several flow patterns, summarized by van Nesselrooij et al. [2016], can contribute to the increase
of the friction drag and/or the pressure drag, thereby determining whether an overall drag reduction
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can be achieved. The staggered dimple arrangement has been proved to be decisive for producing
the alternate spanwise near-wall pattern, called “zig-zag” by Lin et al. [1999] and “meandering” by
van Campenhout et al. [2016] and van Nesselrooij et al. [2016], a feature bearing similarities with the
flow modifications generated by the wavy wall studied by Ghebali et al. [2017a] and the steady and
traveling waves investigated by Viotti et al. [2009] and Quadrio et al. [2009b].

Tay et al. [2015] also observed the spanwise-forcing effect of the dimples and measured a shift of
the energy spectrum to lower frequency. They argued that the reduction in skin friction is caused by
this transfer of energy from the small to the large scales, which disrupts the canonical energy cascade
of the turbulent energy to dissipation.

The importance of spanwise motions for the efficiency of the dimples was further confirmed by
van Nesselrooij et al. [2016], who measured drag increase for aligned dimples and drag reduction
for staggered dimples. They also reported a loss of drag reduction with increase coverage, a result
that chimes with the detrimental disc-side interactions that increase the Reynolds stresses, discovered
by Wise et al. [2014] and Olivucci et al. [2019]. van Campenhout et al. [2018] predicted the drag
reduction by dimples using the drag-reduction map by Quadrio and Ricco [2004] for oscillatory wall
forcing, highlighting the importance of a Stokes-layer-like effect on the near-wall turbulence. They
hence rejected the hypothesis that the drag reduction was created by the “vortical bearing” concept
[Kiknadze et al., 2006] or by the upstream friction caused by flow reversal [Isaev et al., 2000]. The
absence of drag reduction reported by Lienhart et al. [2008] was thought to be due to a dimpled-area
coverage ratio that was higher than that used by Tay et al. [2015] and by the low Reynolds number
in the study of van Nesselrooij et al. [2016]. Interestingly, the latter studies both showed that the
drag-reduction margin increased with the Reynolds number.

8.7.3 Riblets with spanwise orientation

Riblets are thin, streamwise-elongated surface protrusions and indentations that have been shown
to reduce the turbulent skin-friction drag up to about 8 − 10% [Walsh, 1982, 1983]. Various riblet
cross sections have been tested, with the sharp-crested geometry being optimal. Crucially, the riblet
dimensions are very small – their height and separation distance being of the order of the thickness
of the viscous sublayer, i.e., y+ ≈ 15. Inspired by the success of the wall-oscillating technique, several
studies have explored modifications of the canonical streamwise-aligned geometry to induce spanwise
distortions to the near-wall flow, with the intent of enhancing the drag reduction in spite of the pos-
sibility of undesirable pressure-drag effects. With the notable exception of the experimental study of
Chen et al. [2014], who reported a drag-reduction level of 21% by bird-feather-like inclined riblets,
researchers concur that riblets that vary sinusoidally along the streamwise direction may only offer a
small percent improvement of drag reduction when compared with straight riblets.

Inclined riblets
A near-wall spanwise velocity is readily generated by orientating straight riblets with uniform tip

height at a yaw angle with respect to the streamwise direction, as described by Koeltzsch et al. [2002]
and Chen et al. [2014]. The consensus is that the drag reduction achieved with streamwise-oriented
riblets remains unchanged for yaw angles up to 10◦ − 15◦, it is close to zero for yaw angles in the
range 20◦ − 25◦, and it reverses to drag increase at higher yaw angles. More elaborate variants have
led to large drag reductions that have not yet found confirmation, such as the drag-reduction levels of
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Figure 46: Examples of herringbone riblets. Left: triangular converging-diverging riblets with uniform
tip height, employed in the experiments of Nugroho et al. [2010]; right: sharp-crested converging-
diverging riblets with large-scale spanwise modulation, used by Benschop and Breugem [2017] to
study the bird-feather-like surface tested experimentally by Chen et al. [2014]. Taken with permission
from the authors (left) and from Taylor & Francis (right).

10% by inclined bird-feather riblets [Feng et al., 2015], 19% by riblets inspired by the shortfin “mako”
shark skin [Martin and Bhushan, 2016], and 7% by the inclined riblets studied by Gu et al. [2017]. A
potentially effective variant was proposed by Zheng and Yan [2010], whereby the inclined riblets are
covered by a compliant elastic material that morphs due to the wall-shear stress. A low-drag laminar
flow thus experiences a smooth surface, while the surface deforms gradually when transition occurs to
induce the desired wall-shear stress reduction.

Converging-diverging riblets with uniform tip height
The pipe-flow experiments by Koeltzsch et al. [2002] revealed unexpected large-scale flow modifi-

cation by thin convergent-divergent “herringbone” riblets. Half of the inner pipe surface was covered
by riblets inclined at a 45◦ yaw angle, while riblets over the other half were oriented at a −45◦ yaw
angle. Over the divergent riblet patterns, the time-averaged streamwise velocity increased, while the
streamwise velocity fluctuations decreased. The opposite effects were observed over the convergent
riblet patterns, and no overall drag reduction was reported.

The large-scale alterations of the flow and the absence of drag reduction have been confirmed by
experimental campaigns conducted by three groups. Nugroho, Kevin and co-workers [Nugroho et al.,
2010, 2012, 2013, 2014, Kevin et al., 2014, 2017, Bai et al., 2018a, Harun et al., 2019] proved that
herringbone riblets at yaw angles in the 10◦ − 30◦ range, shown in Fig. 46 (left), provoke very large
streamwise vortices with a pronounced spanwise modulation, thereby strongly affecting the streamwise
turbulence intensity. They found that the drag reduces over the diverging regions and increases over
the converging ones, while the overall effect was a slight increase in drag. The vortices on herringbone
riblets were also visualized by Nadesan et al. [2014], who confirmed the absence of drag reduction,
and were investigated further by Zhong’s group at the University of Manchester [Xu et al., 2018, 2019].
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Figure 47: Examples of sinusoidal riblets. Left: sinusoidal riblets with uniform spanwise spacing,
studied by Oh et al. [2012]; right: riblets with sinusoidally varying spanwise spacing, studied by
Mamori et al. [2019]. Taken with permission from the authors (left) and from Elsevier (right).

Converging-diverging riblets with varying tip height
Tests in a water-pipe flow by Chen et al. [2014] led to the remarkable result of a maximum drag-

reduction margin of 21% over bird-feather-like herringbone triangular riblets that featured large-scale
undulations of the height along the spanwise direction. Benschop et al. [2015] and Benschop and
Breugem [2017] carried out DNS of similar sharp-crested converging-divergent riblets, shown in Fig.
46 (right), and found only a maximum drag-reduction level of 2% or even drag increase. They sug-
gested that possible reasons for this disagreement were that the Reynolds number in Chen et al.
[2014]’s experiments was much larger, the spanwise size of the converging-diverging pattern was much
larger in their calculations, and that the shape and yaw angles of the riblets were different in the ex-
periments and the simulations. At present, there is no consensus on whether the experimental results
of Chen et al. [2014] are correct or reflect an error in the experimental procedure.

Sinusoidal riblets
Riblets with a streamwise sinusoidal modulation and constant spanwise spacing, such as those

shown in Fig. 47 (left), were first studied numerically by Peet et al. [2007, 2008, 2009]. They showed
that the weaker wall-normal and spanwise turbulent fluctuations led to a maximum increase of the
drag-reduction margin from 5.4% in the straight case to 7.4% in the sinusoidal case, i.e., an almost
40% improvement, although the uncertainty of these computations was not reported. Their result was
contradicted by the DNS and experiments of Kramer et al. [2010] and Grüneberger et al. [2012] at
low Reynolds numbers and by the measurements at a higher Reynolds number by Oh et al. [2012],
who reported changes of drag reduction that fell within the experimental uncertainty range. Further
results suggesting slight drag-reduction improvements were reported by Okabayashi [2016, 2017].

Extensive experiments and numerical simulations by Miki et al. [2011], Sasamori, Mamori et al.
[Sasamori et al., 2014, Yamaguchi et al., 2014, Iihama et al., 2014, Sasamori et al., 2015, 2017, Mamori
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et al., 2019] showed that sinusoidal riblets with varying spanwise spacing, such as those depicted in
Fig. 47 (right), were more efficient than the riblets with constant spacing, yielding drag-reduction
values up to 10− 12%, thus larger than 8− 9% for straight riblets.

Other spanwise-forcing surface protrusions
The additional studies on riblet geometries that do not fit under previous headings are briefly

mentioned here. Lang [2010, 2012] proposed sharp spanwise staggered protrusions as possible vehicles
for drag reduction, although these microcavities have not been tested either numerically or experimen-
tally. Okabayashi et al. [2018]’s “Miura fold” riblets have similarities with Lang’s protrusions as the
zig-zag modulation is along the two spatial dimensions and led to a maximum 3% overall drag reduc-
tion. Both Lang’s and Okabayashi’s surfaces are thought to cause drag reduction by inducing alternate
near-wall spanwise motions, although further tests are necessary to assess the drag-reduction perfor-
mance of these surfaces. Converging-diverging protrusions were also proposed as a drag-reduction
method in a Nature paper and in U.S. patents by L. Sirovich and co-workers [Sirovich and Karlsson,
1997, Sirovich et al., 1998a,b]. Fuaad and Prakash [2019] used a streamwise sinusoidal microgroove
structure that induced a stationary distribution of spanwise velocity that oscillated in the streamwise
direction. Their DNS of a channel flow with superhydrophobic surfaces at Reτ = 180 demonstrated
improved drag reductions compared with the sinusoidal surface structure.

8.8 Active dimples and ribbed surfaces

J. Morrison and co-workers at Imperial College London experimentally studied the streamwise vortical
flow induced by round dimples that oscillated in the wall-normal direction, although the drag-reduction
potential of these actuators was not reported [Lambert et al., 2005, Arthur et al., 2006, Dearing et al.,
2007, 2010, Morrison, 2013]. Sun et al. [2011] and Zhang et al. [2015] instead computed drag-reduction
margins by active dimples up to 15% and 5%, respectively, and confirmed that the spanwise-velocity
shear can be effective in reducing the wall-shear stress.

Riblets have also been combined with active spanwise forcing, in the following scenarios.

• Lenza [2001] conducted experiments in the water flume utilized by Trujillo et al. [1997], Ricco and
Wu [2004] and Ricco [2004], showing that the drag-reduction margin generated by a spanwise-
oscillating wall with streamwise-aligned riblets is a few percent larger than the value achieved
with a smooth oscillating wall.

• Wassen et al. [2008], Kramer et al. [2009a] and Grüneberger et al. [2013] investigated the drag-
reducing properties of streamwise-aligned sharp-crested riblets that were mounted on a fixed wall
at their base and oscillated in the spanwise direction. Contrary to the effect of wall oscillation,
the measurements revealed that the oscillation period had no impact on the drag in the range
25 < T+ < 190, where an improvement on the drag-reduction margin of 1.5% with respect to
the smooth-wall case was found through numerical calculations. The more accurate numerical
calculations by Kramer et al. [2009b] reported a drag-reduction level of 11% by decreasing the
oscillating period to T+ = 35.

• Vodopâyanov et al. [2013] found that a spanwise-oscillating wall with fixed sharp-crested riblets
led to a net power saving of 13.5%, i.e., higher than a maximum 8% in the case of a smooth
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oscillating wall. These results chimes with Lenza [2001]’s observations, although the shape of the
riblets was different. It is evident from the results of Vodopâyanov et al. [2013] and Wassen et al.
[2008] that the effects of the two methods, the riblets and the oscillating wall, are not additive,
and that the interaction is detrimental to the drag-reduction performance. This finding is in
line, qualitatively, with Olivucci et al. [2019]’s results on the combination of spinning rings and
wall-distributed actuations. Olivucci et al. [2019]’s simple model on the combination of two drag-
reduction techniques could be employed in the cases of Vodopâyanov et al. [2013] and Wassen
et al. [2008] to predict the reduction in drag.

• Wind-tunnel experiments by Li et al. [2015, 2017] and Meysonnat and Schröder [2016] showed
that a ribbed surface with wall-normal deformations travelling in the spanwise direction gener-
ated drag-reduction margins up to 9.4%, thus higher than the 4.7% drag-reduction level obtained
for the fixed ribbed surface.

8.9 Compressibility and heat-transfer effects

The first investigation that exploited temperature gradients to induce a drag-reduction effect was
carried out by Yoon et al. [2006] via DNS. The spanwise action was generated by the buoyancy forces
induced in a turbulent channel flow by alternate heating and cooling wall strips. The maximum
reported drag-reduction level was 35%.

A compressible turbulent flow altered by spanwise wall oscillations was studied via LES by Fang
et al. [2009, 2010] and Fang and Lu [2010]. Both the Reynolds number and the free-stream Mach
number were low, i.e., Reτ = 150 and M∞ = 0.5, respectively. The Reynolds analogy between the
wall-shear stress and the heat transfer was confirmed as the velocity and the temperature fluctuations
were both reduced by similar amounts. Although the Stokes layer introduced additional dissipation,
the average wall heat flux was reduced by a careful choice of the oscillating parameters.

Ni et al. [2016] extended Fang et al.’s work to the supersonic regime at M∞ = 2.9 and noted that
the heat transfer could also increase significantly because of the additional aerodynamic dissipation of
kinetic energy into heat due to the supersonic Stokes layer. They thus concluded that, in the supersonic
case, the selection of the oscillation parameters requires more attention than in the incompressible
case.

Yao and Hussain [2019] used DNS to study the effect of Mach number on the drag reduction in
turbulent channel flows with spanwise wall oscillations at a fixed bulk Reynolds number Reb = 3000
and Mach numbers Mb = Ub/cw = 0.3, 0.8, 1.5, where cw is the speed of sound at the wall temperature.
The drag-reduction margin grew with Mb and relaminarization occurred, which was never observed
for uniform flat-plate wall oscillations in the incompressible regime. They also noted that, contrarily
to the incompressible case, the drag-reduction level increases monotonically with the oscillation period
for 0 < T+ < 300 and no optimal period exists in this range.

We close this section by mentioning the unconventional study of Dong et al. [2015], who used
the molecular dynamics Lennard-Jones method to simulate a Couette flow of liquid argon forced by
spanwise wall oscillations. It was found that the wall oscillations decreased the density of argon near
the wall, which apparently caused a lower fluid viscosity and therefore a lower friction force at the
wall.
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9 Future research directions

This final section presents ideas about possible future directions for research in the area of turbulent
friction reduction, mainly, but not exclusively, by actuation along the spanwise direction. It is impor-
tant to acknowledge that, despite more than thirty years of intense research in this area of flow control,
the optimistic results of large drag-reduction margins, even exceeding 50%, pertain to idealized sce-
narios. The future application of these methods to actual engineering systems is thus undoubtedly
bound to be limited to lower levels of drag reduction, due to numerous factors, such as the impacts of
the alteration of skin-friction drag on the other drag forms, mainly pressure drag and wave drag, of
transonic flow, and of three-dimensionality and surface curvature [Albers and Schröder, 2021, Albers
et al., 2019, Atzori et al., 2020].

In Section 9.1, a few examples of current issues that could be targeted by experimental campaigns
are listed. In Section 9.2, we discuss research avenues to be pursued in order to improve our un-
derstanding of the modification of the flow physics and of the mechanism behind the reduction of
wall-shear stress. In Section 9.3, we explore relevant issues that must be addressed in the light of
technological applications and examine the two spanwise-actuation techniques that, in our view, are
the most promising ones if a step change towards industrial implementation is to be achieved.

9.1 Experimental studies

Future experiments should preferably focus on key results that have only been obtained by simulations,
which would therefore benefit from experimental verification. Particular scenarios of interest include:
i) the Reynolds-number dependence of the drag-reduction margin in parts of the actuation parameter
space (especially in the free-stream boundary-layer case), ii) the drag increase first reported by Quadrio
et al. [2009b], but never measured in a laboratory, iii) the measurements of the power budget for an
improved understanding of the energy-saving properties of spanwise-forcing techniques, and iv) the
effect of external mean streamwise pressure gradients on the drag-reduction performance with a view
to long-term technological applications. A step change is necessary towards efforts to create and
experimentally test novel drag-reduction methods that are inspired by the existing spanwise-forcing
knowledge, but with a clearer vision towards technological applicability.

9.2 Physics of drag-reduced flows

A central, extremely challenging, aim is to obtain a mathematical relation linking the wall-shear stress
to the wall-oscillation parameters, possibly by manipulation of the Navier-Stokes equations, or some
other transport equations derived from the Navier-Stokes equations, along the lines of the FIK identity.
It would be equally valuable to relate the Reynolds stresses to the forcing parameters because the FIK
identity in the wall-oscillating case has the same form as in the fixed-wall case. Such relation would
offer unique insight into the physical mechanism leading to the drag reduction and would also serve
the purpose of predicting the drag-reduction margin.

A clear and unambiguous explanation of the drag-reduction mechanism from the perspective of
turbulence structures and their interactions would be welcomed. A complete description of the en-
ergy transfer between the Reynolds-stress budget terms and the final outcome of causality behind
the decreased turbulence kinetic energy would lay the pathway for a turbulence modelling approach
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targeted at investigations of flows in more complex geometries and higher Reynolds numbers with
technologically realizable actuators as the ultimate goals.

More theoretical analysis into the physical modifications engendered by the streamwise-traveling
waves given by equation (8) is certainly needed, as less attention has been devoted to the travelling-
waves case than to turbulent flows altered by streamwise-uniform wall motion. Two main unresolved
issues are to explain why standing waves lead to higher drag reduction than purely temporal forcing
and to unravel the intriguing physics behind the drag increase that occurs when the phase speed of the
travelling waves is comparable with the convection velocity of the near-wall turbulent structures. A
curious issue to assess is the difference between two flows that have the same drag, i.e., the canonical
turbulent channel flow and the channel flow modified by the spanwise-wall-velocity waves travelling
forward at the phase speeds that bound the drag-increase region in Fig. 9.

The cardinal point of the effect of Reynolds number still needs to be fully understood. When
considering applications of spanwise forcing for drag reduction in real flows, the trends of the drag-
reduction level for channel flows as a function of the Reynolds number, such those depicted in Fig.
35, are encouraging. Before reliable experiments or accurate DNS computations at large Reynolds
numbers become available, more analysis is needed to guarantee the reliability of the extrapolation of
low-Reynolds-number results to high-Reynolds-number cases. The recent investigation of Yao et al.
[2019] has shed doubt on the validity of the underlying assumptions leading to the results of Fig. 35,
showing a non-negligible discrepancy between the DNS value and the predicted value at Reτ = 2000.
The impact of the outer large structures on the Reynolds-number effect must be accurately quantified
as they become increasingly important as the Reynolds number grows, as discussed in Section 6.4. The
modelling approach leading to the encouraging results in Fig. 35 is based on the assumption that these
outer structures influence the flow implicitly, through the fixed-wall relation between the Reynolds
number and the skin-friction coefficient. Another crucial point is to quantify how the geometry of
a free-stream boundary layer affects the drag reduction at high Reynolds number, compared with
the channel-flow geometry. The required changes in the physical-oscillation period with the Reynolds
number is accentuated by the shift of the optimal T+ and λ+

x to smaller values for increasing Reynolds
numbers, while the opposite effect occurs for spatially developing boundary layers, for which the
requirements on the physical-oscillation parameters are alleviated by the shift. For the latter flow, it
would be of importance for cost-benefit estimations to determine whether the downstream decline in
the drag reduction is due to spatial transients or to an intrinsic effect of the boundary-layer flow.

9.3 Vision towards technological applications

Another central problem for future technological implementations is related to the scaling of the opti-
mal parameters in inner viscous units as the Reynolds number grows, irrespectively on the influence of
this parameter on the drag-reduction level. If this scaling applies, the characteristic spatial dimensions
become smaller and the temporal scales shorter, which means that the physical maximum spanwise
displacement and the physical oscillation period both decrease as the Reynolds number grows. This
change occurs because, as a larger streamwise pressure gradient in a channel flow is imposed or the
free-stream velocity of a boundary layer grows, the wall-friction velocity also increases. Therefore,
keeping W+

m , T+, or λ+
x constant around their optimal values, while neglecting any shift in these

parameters as the Reynolds number changes, requires Wm to be larger, and T or λx to be smaller.
Ricco and Hahn [2013] amply discuss this issue for the rotating-disc technique, concluding that at high
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Reynolds numbers proper of commercial flight conditions, specifically for flows over aircraft wings, the
optimal ring diameter would be of the order of 1mm and the typical period of rotation would be of
the order of 0.1ms. These scales are, respectively, extremely small and fast, not only for the admit-
tedly unrealistic application of rotating patches, but for any drag-reduction actuators that operates
effectively with similar space and time scales. One viable option to obviate this problem would be to
devise drag-reduction methods that instead scale in outer units in order to design actuators that are
technologically realizable. Spanwise forcing combined with streamwise actuation, such as the spin-
ning discs, could be a route to pursue further as Wise et al. [2014] showed that nearly optimal drag
reduction conditions are guaranteed even though diameters as large as three times the optimal one
are enforced, suggesting that these actuators operate on the largest scales of the turbulence.

Although the decline of the drag-reduction margin with the Reynolds number is an important
topic, there are other fundamental questions to be answered before any practical implementations can
be contemplated. Future research endeavours must also certainly be directed at flows in geometries
that are more realistic – and thus more complicated – than the widely-studied canonical flows. The
importance of this point has been accentuated by the few studies that have demonstrated the sensitivity
of the drag reduction to the flow geometry, such as the duct-flow experimental campaign Straub
et al. [2017]. The effects of wall curvature, variable streamwise and spanwise pressure gradients,
compressibility in external flows, and the influence of spanwise forcing on form drag all represent fertile
ground for exciting and useful research. Spanwise forcing on the shock/boundary-layer interaction
has also never been investigated. For external flows, the drop of the drag-reduction margin in the
streamwise direction is of concern, as are the sensitivity of the altered boundary layer to separation due
to the reduced wall-shear stress and the impact of the wall-forcing on other aerodynamic performance
indicators, such as lift.

It is also imperative to think about how spanwise forcing can be implemented in flows of industrial
interest. The experimental results by Thomas et al. [2019] of a wind-tunnel turbulent boundary layer
excited by spanwise plasma forcing will undoubtedly generate interest, both because of the remarkable
maximum R = 75% and the small power input that led to a positive net energy balance. As the
current was applied in almost instantaneous impulses, the key behind such a low energetic expenditure,
reliable direct numerical simulations of this flow will be challenging because of the required temporal
discretization. It must be however recalled that the non-sinusoidal wall motion studied via DNS by
Cimarelli et al. [2013], where the forcing was only activated during short-time intervals and thus
somewhat resembled Thomas et al. [2019]’s spiky plasma actuation, leads to considerable lower drag-
reduction margins than the more power-consuming sinusoidal motion. The type of actuation, volume
forcing versus wall motion, could be the reason behind this apparent discrepancy. It must also be
remarked that the use of plasma generates intense small-scale pressure and heat waves, which could
raise serious safety issues when such technology is employed on an aircraft because of the proximity of
the inflammable fuel. Research on dimples and sinusoidal riblets should also be continued, primarily
because these are passive techniques and therefore very attractive for technological purposes. The
parameter spectrum is very wide and largely unexplored, while the effect of Reynolds number on
these methods is unknown.
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near-wall statistics. In R. Örlü, A. Talamelli, M. Oberlack, and J. Peinke, editors, Progress in
Turbulence VII, pages 89–94, 2017.

B. Frohnapfel, Y. Hasegawa, and M. Quadrio. Money versus time: evaluation of flow control in terms
of energy consumption and convenience. J. Fluid Mech., 700:406–418, 2012.

P.A. Fuaad and K.A. Prakash. Enhanced drag-reduction over superhydrophobic surfaces with sinu-
soidal textures: A DNS study. Comp. Fluids, 181:208–223, 2019.

K. Fukagata and N. Kasagi. Drag reduction in turbulent pipe flow with feedback control applied
partially to wall. Int. J. Heat Fluid Flow, 24(4):480–490, 2003.

K. Fukagata, K. Iwamoto, and N. Kasagi. Contribution of Reynolds stress distribution to the skin
friction in wall-bounded flows. Phys. Fluids, 14(11):73–76, 2002.

Y. Furuya, I. Nakamura, and H. Kawachi. The experiment on the skewed boundary layer on a rotating
body. Bulletin of Japan Soc. Mech. Eng., 9(36):702–710, 1966.

I. Galionis and P. Hall. On the stabilization of the most amplified Görtler vortex on a concave surface
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J. Jiménez and A. Pinelli. Wall turbulence: how it works and how to damp it. AIAA Paper, 97-2112,
1997.

J.P. Johnston and K.A. Flack. Review - advances in three-dimensional turbulent boundary layers with
emphasis on the wall-layer regions. J. Fluid Eng., 118(2):219–232, 1996.

J.P. Johnston, R.M. Halleent, and D.K. Lezius. Effects of spanwise rotation on the structure of
two-dimensional fully developed turbulent channel flow. J. Fluid Mech., 56(3):533–557, 1972.

R.D. Joslin. Aircraft laminar flow control. Ann. Rev. Fluid Mech., 30:1–29, 1998.

M.R. Jovanovic. Turbulence suppression in channel flows by small amplitude transverse wall oscilla-
tions. Phys. Fluids, 20(014101), 2008.
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