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Generating G* continuity reference paths for
autonomous vehicles at roundabouts

Qingyuan Shen, Haobin Jiang, Aoxue Li, Marco Cecotti, Chenhui Yin, You Gong

Abstract—Planning paths for Frenet-based autonomous ve-
hicles (AVs) at roundabouts is difficult without complete and
smooth reference paths. In such situations, the interpolating
curve planner is often used to create segmented reference paths
from simplified geometric roundabout data. While this method
ensures curvature continuity within each curve segment, the
continuity at the junctions of these segments is poor. Additionally,
the determination of merging and diverging point positions
at roundabouts has not been thoroughly explored. This paper
introduces a novel approach using 5th-order Bézier curves to plan
piecewise reference paths for AVs at roundabouts. The proposed
method enhances endpoint curvature continuity of the Bézier
curves and improves adaptability to non-standard roundabouts.
A well-designed objective function is created to optimize both
the geometric continuity parameters of the Bézier curves and
the positions of merging and diverging points in the circulatory
roadway. This function takes into account key factors, including
path length and smoothness. Case studies validate the feasibility
of maintaining curvature continuity at the endpoints and the
method’s ability to generalize across various scenarios, proving its
effectiveness for different roundabout structures. The results also
confirm the method’s efficacy in generating paths from original
geometric roundabout data. Lastly, the acceptable transverse
deviations between real-world trajectories and reference paths
demonstrate the rationality and practical applicability of this
method.

Index Terms—Autonomous vehicles (AVs), path planning,
Roundabout, Curvature continuity, Bézier curves.

I. INTRODUCTION

OUNDABOUTS, serving as signal-free intersections
with self-organized traffic flow, have emerged as a viable
alternative to conventional intersections in many countries,
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particularly in Europe and North America [1]. Roundabouts
offer notable benefits, including enhanced safety [2], environ-
mental sustainability [3] and superior traffic flow management
[4]. However, the inherent complexity of roundabouts presents
significant challenges in path planning for autonomous vehi-
cles (AVs), including diverse structural topologies [5], high
freedom in driving behavior [6] and complex interactive ne-
gotiation behavior [7].
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Fig. 1. Geometry elements and traffic flow characteristics at roundabouts.

Path planners for AVs typically utilize the Frenet frame
as the foundational framework in algorithm development [8],
[9]. These path planners impose rigorous requirements on
the continuity and smoothness of the reference trajectory
[10]. Simultaneously, the inherent geometric complexity of
roundabouts brings increased challenges to the continuity and
smoothing of the reference path. Fig. 1 shows a typical
roundabout to explain its geometric attributes briefly. The key
divergence between roundabouts and ordinary intersections is
the presence of a central island. This feature requires vehicles
to follow the circulatory roadway rather than crossing the in-
tersection center, except for right-turn maneuvers in right-hand
traffic (left-turn maneuvers in left-hand traffic). Consequently,
planning a continuous and optimized path at roundabouts
is significantly complicated. The planned roundabout path
must undergo multiple curvature changes at both diverging
and merging points in the circulatory roadway [11], [12].
Therefore, developing a path-smoothing algorithm specifically
tailored for roundabouts incurs increased computational costs
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TABLE I
COMPARISON OF THE INTERPOLATING CURVE PLANNERS AT ROUNDABOUTS.

Papers Smooth Continuity  Merging/diverging point decision
Pérez et al. (2011) [14] N/A GO N/A
Rubio-Martin et al. (2019) [15] Line&circle Gt Tangent points of entrance/exit arc and circle
Silva and Grassi (2017) [12] Clothoids G? Semi-empirical function (pre-defined radius and angle offsets)
Pérez et al. [16] & Rastelli and . 1 . . . . . . .
Pefias (2015) [17] 3rd-order Bézier G Semi-empirical function (pre-defined distance away from the junction point)
Gonzalez and Pérez (2013) [18] ) - 1 Semi-empirical function (pre-defined distance from the roundabout center and
& Gonzalez et al. (2017) [13] 3rd/4th-order Bézier G the previous/next intersection)
Lattarulo et al. (2018) [19] & - 2 .. . . .
Hidalgo et al. (2019) [20] 4th-order Bézier G Empirical value (the distance from the circle to the entrance/exit)
. Hybrid (> spline 3 .
Hsu and Liu (2020) [21] and Bézier) G Empirical value
Cao and Zoldy (2022) [22] B-spline G? Selected by the octant points of the circle
Proposed Sth-order Bézier a2 Cost function of the path’s length and smoothness improved by Genetic

Algorithm (GA)

to achieve a similar level of smoothness as planned paths for
ordinary intersections [13].

To date, the research community has proposed various
methodologies to plan reference paths for roundabouts, sum-
marized in Table I. In 2011, Pérez et al. [14] pioneered the
research domain of AV roundabout reference path planning.
This study simplified the characteristics of roundabout paths
using a parametric equation for a circular trajectory. However,
it did not focus on path smoothing, resulting in reference paths
with poor smoothness. These inadequately smoothed paths can
lead to critical tracking errors and diminished ride quality
for autonomous vehicles (AVs) [23], [24]. To enhance the
smoothness of planned paths at roundabouts, various smooth-
ing approaches using interpolating curve planners have been
introduced. Meanwhile, the kth-order geometric continuity
concept, denoted as G* continuity, was introduced as a piv-
otal metric for assessing path smoothness [25]. For instance,
Rubio-Martin et al. [15] investigated smooth paths composed
of tangents and circular arcs. Despite the relative simplicity in
the geometric construction of these paths, they achieved only
G continuity at the connection points of lines and circles.
The absence of G? continuity in such paths negatively impacts
path-tracking accuracy and passenger comfort.

Several parameterizable curve styles have been investigated
as potential candidates for achieving high-order geometric
continuity in roundabout path planning [26]-[28]. The clothoid
curve has been considered by [12] due to its ability to smoothly
connect circular arcs and straight-line segments. However,
the computational complexity of the clothoid curve makes it
unsuitable for real-time applications [24]. Among available
curve styles, the Bézier curve is a prominent choice. Bézier
curves are parametric curves defined by control points, featur-
ing closed-form expressions and intuitive parameter selection.
They are widely used in roundabout path planning [12], [13],
[16]-[20]. Typically, 3rd/4th-order Bézier curves are employed
to smooth paths requiring attaining G continuity. This choice
is based on the understanding that curves of an order lower
than the third cannot adequately meet the demands of continu-
ity and curvature boundedness. Despite these efforts, existing
research has not yet delved into optimizing G? continuity at
diverging and merging points.

Moreover, Hsu and Liu [21] proposed a hybrid method

combining 7> spline curves with 7th-order Bézier curves to
improve passenger comfort. They evaluated the path’s smooth-
ness, ensuring low sharpness. However, this study did not
explicitly address continuity issues at diverging and merging
points. Additionally, although Bézier curves of seven or higher
order can minimize snap, they become more prone to oscil-
lations and harder to control as the order increases, requiring
more computational resources [29]. These complexities can
pose limitations in their practical application. Conversely, Cao
et al. [22] introduced an alternative approach using uniform
cubic B-spline curves constructed from collected waypoints
and octant points of circles. However, this method may have
limitations when applied to non-standard roundabouts. It’s
noteworthy that employing B-spline curves can increase com-
putational costs due to their relatively complex mathematical
formulations, despite their advantages in local controllability
compared to Bézier curves [30].

In addition to traditional planning methods based on fitting
interpolation curves, numerical optimization methods play a
crucial role in generating continuous paths for AVs. Path
planning methods based on numerical optimization typically
calculate trajectories according to kinematic constraints or
smooth previously calculated trajectories [31], [32]. They
fully consider different constraints and enrich performance
objectives. Chai et al. [33] presented a multi-objective tra-
jectory optimization framework for unmanned ground ve-
hicles (UGVs) in first aid scenarios. The method focuses
on balancing multiple objectives, such as minimizing travel
time and ensuring safety, which are also key considerations
for roundabout navigation. Additionally, parameters such as
position, velocity, acceleration and jerk are crucial factors for
planning. A high-order continuous trajectory can be obtained
by optimizing a function when the mobile robot is in a narrow
channel or avoiding obstacles [34], [35]. However, path plan-
ning methods based on numerical optimization often require
shifting the original discrete points to achieve the optimization
goal, reducing their representation’s accuracy. Additionally,
function optimization for each motion state is very time-
consuming, requiring the entire process to be completed within
a given time frame.

Simultaneously, with the rapid development of machine
learning, motion planning methods with self-learning capa-
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bilities have become a significant research direction. Deep
Learning (DL) and Reinforcement Learning (RL) techniques
are regarded as the most suitable methods for solving motion
planning problems in unknown dynamic environments [36],
[37]. The robot motion planning approach using Deep Rein-
forcement Learning (DRL) enhances the robot’s policy by in-
teracting with the surrounding environment. Robots employing
this approach could potentially acquire a resilient capacity for
autonomous learning and decision-making. This capacity plays
a pivotal role in navigating unstructured environments, such
as partially mapped and dynamically changing surroundings
[38]. Although reinforcement learning-based path planning
technology has been applied in some scenarios, challenges and
difficulties remain. For example, the stability and convergence
of the algorithm, the difficulty in selecting hyperparameters,
and the interpretability and generalization of the model need
further research and exploration [38].

In summary, most research groups commonly utilize inter-
polation to address planning challenges. The primary rationale
for selecting this approach is the ability of an improved
map within structured settings to provide the requisite way-
points, such as GPS data. Consequently, optimal trajectories
characterized by smoothness, continuity, vehicle limitations,
speed and comfort are produced [8]. Although prior studies
have conducted in-depth research on the smoothness of paths,
each method has some problems to a greater or lesser ex-
tent. For example, paths generated by tangents and arcs are
discontinuous, leading to jerky transitions between segments.
Clothoids are computationally intensive due to the need for
curve integration. Additionally, while the curvature of the
clothoid is continuous, it follows a linear behavior that is
not smooth enough. For paths with fixed boundary positions,
directions, and curvatures, it is often impossible to generate
a clothoid curve. Although 3rd and 4th-order Bézier curves
can achieve continuous curvature, they cannot ensure curvature
continuity at the joints of segmented curves. Although B-spline
curves offer better local controllability than Bézier curves,
their complex mathematical formulations and increased num-
ber of parameters can lead to higher computational costs.
Additionally, polynomial curves are another conventional in-
terpolation method. However, due to the limited expressiveness
of polynomial curves, they cannot accurately fit conic sections
(such as arcs and ellipses), which are often the shape of the
central island. Therefore, polynomial curves are not suitable
for roundabout path planning. Ultimately, this paper chose to
use the Sth-order Bézier curve method. The Bézier curve is a
parametric curve defined by control points and a closed-form
expression. Thus, it offers advantages such as high flexibility,
intuitive parameter selection, and computational efficiency.
It is the most widely used curve-fitting algorithm for path
planning [39], [40].

Meanwhile, previous studies have paid limited attention to
the merging and diverging points of roundabouts. Specifically,
the continuity of these points has not been incorporated into
path evaluation processes. The absence of G2 continuity at
these pivotal points can significantly impede passenger com-
fort and tracking performance. Furthermore, past studies have
typically employed empirical values, semi-empirical functions

and predefined methodologies to determine the locations of
merging and diverging points. However, these approaches tend
to falter when confronted with complex roundabout structures
and unsimplified geometric data. With this regard, this study
aims to propose an innovative roundabout reference path
planning approach based on Sth-order Bézier curves. This
framework aims to optimize the planned path and address the
challenge of merging and diverging points, ensuring the con-
tinuity of the entire path, even with complicated roundabout
structures and unsimplified geometric data.

Left turn

t / Going straight

Right turn

= Pre-entry section (blue curve) == Transition section (red curve)
= Entry section (brown curve) == Circulatory section (green curve)

Exit section (cyan curve)
® Entry point @ Merging point @ Diverging point O Exit point
=& Traffic direction

= Post-exit section (purple curve)

Fig. 2. Reference path sections and their joint points at the roundabout.

The contributions of this study are as follows:

1) A reference path planning approach specifically tailored
for roundabouts is proposed. This approach leverages
5th-order Bézier curves to govern the G2 continuity of
connection points, and the length and smoothness of the
path are optimized by a proper objective function.

2) The presented planning algorithm facilitates the uti-
lization of geometric roundabout data without simpli-
fication, eliminating the need for simplification steps
typically required in roundabout path planning.

The rest of this paper is organized as follows: Section
IT presents the methods for generating reference paths with
Sth-order Bézier curves in different sections and achieving
G? continuity at meeting points of different curves. Section
IIT details the corresponding mathematical model. Section IV
shows the simulation of reference path generation and analyses
the distribution of natural driving trajectories to verify the
feasibility and effectiveness of the algorithm proposed in this
study. Conclusions and outlooks are presented in Section V.

II. DESCRIPTION OF REFERENCE PATH PLANNING

Fig. 2 illustrates reference paths within a standard round-
about for various driving directions. The path generation pro-
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Fig. 3. The generation methods of the Sth-order Bézier curve for (a) the transition section and (b) entry and exit sections at the roundabout. The entry point
P50 and exit point P 5 in (a) correspond to the entry and exit points of the transition section in Fig. 2, respectively. The entry point P> o and exit point
Py 5 in (b) correspond to the merging and diverging points of the entry/exit section in Fig. 2, respectively. The determination of control points P> o and P> 5
involves achieving GO continuity, P21 and P» 4 are associated with G continuity, while P32 and P> 3 pertain to G? continuity.

cess is considerably more complex than at conventional cross-
roads, as these paths must adhere to the circulatory roadway
while navigating the roundabout. To manage the complexity of
roundabouts, a complete reference path is divided into several
distinct sections. Roundabouts usually feature lane lines in the
pre-entry, circulatory roadway and post-exit zones, which are
used to create corresponding reference paths for these sections.
Sections equipped with lane lines for reference conduct Bézier
curve calculations by fitting discrete points extracted from
the lane center line. Furthermore, formulating the complete
reference path requires planning the entry and exit sections to
connect seamlessly. Notably, entry and exit sections lack lane
lines as references for path generation. Additionally, the right-
turn path comprises only the pre-entry, transition and post-exit
sections (as the central island has a relatively minor influence
on this path, particularly in mini or small roundabouts). The
transition section of the right-turn path also lacks lane lines for
reference [41]. Sections without reference lane lines, including
entry, exit and transition sections, must compute Bézier curves
based on high-order continuity conditions, considering the
Bézier curves on both sides to ensure the smoothness of the
entire reference path.

Fig. 3 clearly demonstrates the proposed method for gener-
ating Bézier curves in various sections and the control points
involved in different geometric continuity constraints (G°, G*
and G?). The relevant theoretical proof can be derived from
[42]. Herein, P, ; denotes the control point, with ’a’ taking
values from 1 to 3, representing three distinct curves, and
D’ ranging from O to 5, representing the six control points
for each Bézier curve. The line segments P, to P, 1, Py 1
to P, 2, and so forth up to P, 1 to P, are referred to
as ’leg”, and when joined sequentially, they form a control
polygon. Fig. 3(a) illustrates the generation of all Bézier curves
for right-turn scenarios without the circulation section. This
involves the pre-entry (a = 1), transition (a = 2) and post-exit
sections (& = 3) with fixed connection points between these
sections, i.e., entry and exit points. Control points for the pre-
entry section Py ; and post-exit section Py are determined
by fitting lane center discrete points. Control points for the
transition section P, j are further computed in accordance with

G, G! and G? continuity with adjacent Bézier curves. Further
details regarding the specific formula derivation can be found
in Section III.

Fig. 3(b) depicts the Bézier curve generation method for
other driving directions within a roundabout. When a vehicle
enters a roundabout, the planned reference path comprises
pre-entry (a = 1), entry (a = 2) and circulatory sections
(e = 3). When exiting the roundabout, the reference path
includes post-exit (¢ = 1), exit (a = 2) and circulatory
sections (a = 3). Similarly, control points P, ; and P are
obtained by fitting lane center discrete points, while P is
determined based on G°, G' and G? continuity with other
Bézier curves. Nevertheless, the positions of the merging and
diverging points in Fig. 3(b) can move along the circulatory
roadway center line rather than being fixed points. These
points need to be further optimized to ensure the overall
smoothness of the reference path. In response, this study
introduces an appropriate cost function to determine optimal
locations for merging and diverging points. The evaluation
criteria involve path length and smoothness of the reference
path.

In summary, the path planner initially divides the round-
about path into discrete sections based on structural parameters
and driving direction. Subsequently, the reference path is
generated by leveraging lane line data within the roundabout
and adhering to G°, G' and G? continuity principles. The
mathematical modeling and corresponding cost function for
the path planner will be explained in the following section.

III. MATHEMATICAL MODELING

The detailed steps for calculating the control points of
curves 1, 2 and 3 are as follows.

Firstly, the sections within the reference path are modeled
using the standard Sth-order Bézier curve. The equation is
depicted as follows [43]:

5
Py(u) =" PuiBin(u) uel0,1], )
=0

where
(1 —u)" 2)
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Here, P,(u) represents the 5th-order Bézier curve. P, ; (i =
0, 1, 2, ..., 5) are the 6 control points for Bézier curve a
(a = 1, 3). The input of this function v € [0, 1] is a proportion
determining the position from start to end points. B; ,(u) is
a Bernstein polynomial of the nth-order Bézier curve (n = 5
for the 5Sth-order Bézier curve).

In detail, the discrete points of the lane center line P, (U),
control points P, and their corresponding Bernstein poly-
nomial B are represented by vectors as follows to explain
conveniently:

Py(U) = [Pa(uo) Pa(u1) "'Pa(um)]T
Pa:[Pa,O Pa,l "'Pa,S]T
Bos (wo)  Bis (uo) Bs 5 (uo)
B— Bos (u1)  Bis(u1) Bs 5 (u1)
Bos (Um) Bis (um) Bs 5 (Um)

Since the discrete points of the lane center line P,(U)
obtained from the real world have errors, the control points
P, are calculated by the least-squares method:

P, = (B"B) " BTP,(U). 3)

Therefore, the Bézier curve P,(U) (¢ = 1,3) can be
obtained by substituting the control points P, into Eq.1. Then,
curve 2 can be computed using G°, G and G? continuity with
curves 1 and 3.

Secondly, according to the endpoint interpolation of the
Bézier curve, if curve 2 has G° continuity with curves 1 and
curve 3, control points P 5, P> o, P39 and P> 5 must coincide
to ensure position continuity:

{Pz,o =Pi5

)
Py 5 = P3p.

Thirdly, according to the endpoint tangent of the Bézier
curve, if curve 2 meets G' continuity with curves 1 and 3,
in addition to satisfying G° continuity, the first derivatives
of control points P g, P15, P»5 and P3¢ must satisfy the
following conditions:

Pz/,o = a1,2P1/,5 (5)
P35 =0a23P3,
where o1 2 and a3 are arbitrary positive constants.
Among them, the first derivative P! (u) of P(u) are de-
scribed as follow:
n—1
Pi(u)=nY_ (Pais1 — Pai) Bin-1(u), 6)
i=0
where the first derivatives of the meeting point of curves 1, 2
and 3 are expressed as follows:

le,o =5(P21 — Pay) 7
Pl 5=5(P15— Pra) (8)
Py 5 =5(Pays — Pay) )
Pso=5(Ps1 — Pyo). (10)

By substituting Eqs. 4, 7, 8, 9, 10 into Eq.5 yields:

Pyy=ai2(Prs—Pra)+ Pis (11
Py =—ap3(P3s1 — P3p)+ Ps o,

where P51 and P 4 can be calculated by adjusting the value
of 1,2 and a2 3.

Fourthly, if curve 2 achieves G? continuity with curves
1 and 3 at the endpoints, in addition to satisfying G° and
G continuity, the second derivatives at the meeting points of
curves 1, 2 and 3 must also satisfy the following condition:

"o 2 1/ /
{Pz,o =ai o Pl's + B12P 5

(12)
Pys = a3 3P+ B2,3P5,

where (31 2 and 35 3 are arbitrary constants.
Among them, the second derivative P.(u) of P(u) are
described as the following equations:

|
N

P'(u) =n(n—1)

g

(Pajit2 — 2P, i41 + Pai) Bin—2(u),

(13)
where the second derivatives of control points P> o, P15, P25
and Ps are expressed as follows:

Il
o

Pz/fo =20(Py2 —2P21 + Pay) (14)
Pl’f5 =20(Pis —2P1 4+ P 3) (15)
PéfS =20(Po5 — 2Py 4 + Ps3) (16)
P?ifo =20(Ps 2 —2P3 1+ Ps). 17)

By substituting Eqgs.4, 11, 14, 15, 16, 17 into Eq.12 yields:

Py = afy(Pis—2Pis+ Pis)

+ (2@172 + ﬁf) (P15 —Pra)+ Pis
Pys= a33(Ps2—2P31+ Psp)
- (2012,3 - %) (P31 — P3p) + Psp,

where P » and P 3 can be calculated by adjusting the value
of ay 2, @23, f1,2 and B2 3.

As a result, all control points of curve 2 in Fig. 3(a) can
be found as follows: the control points P> and P» 5 can be
determined by the Eq.4; the control points Ps 1, P2, P> 3 and
P, 4 can be computed by adjusting o 2, a3, 81,2 and B2 3
according to Egs.11 and 18. Finally, the Bézier curve P,(U)
(a = 2) can be determined by substituting the control points
Ps 3, into Eq.1.

Additionally, unlike in Fig. 3(a), the merging point P 5 of
curve 2 in Fig. 3(b) still needs to be optimized. Overall, curve 2
is shaped by o 2, a2 3, 51,2, 2,3 and the merging point P 5.
These proportional coefficients (a2, a23, (1,2, 2,3) have
countless theoretical solutions. However, for the application
scenarios in this study, these undetermined coefficients can be
determined by a cost function that considers the trade-off of
two parameters: the length and smoothness of the reference
path. These two parameters are key indicators for evaluating
an ideal path [44], [45].

Fifthly, the reference path length is primarily influenced by
the merging point’s position. The driver’s primary task when

(18)
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/
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(minimum cost path) f
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Fig. 4. P» 5 search algorithm based on the Frenet coordinate system, where 6
and A are the iterative initial angle and the certain search angle, respectively.

Fig. 5. Geometric parameter characteristics and entrance (#1, #4, #6, #8, #10)
and exit (#2, #5, #7, #9, #11) labels of Roundabout (A) in CitySim data set

entering the roundabout is to merge safely with the circulatory
traffic. However, if the driver turns the steering wheel in
the opposite direction to shorten the merging distance, the
relative heading angle between the merging and circulating
vehicles increases, raising the collision risk and hindering
a safe merging process. Therefore, this paper argues that
maintaining the heading angle at the yield line while entering
the circulatory roadway represents the minimum cost merging
distance, disregarding the smoothness of the merging point.
Additionally, to ensure the smoothness of the merging point,
it is necessary to extend the merging distance appropriately.
Thus, the ideal path balances smoothness requirements with a
slight increase in merging distance, aligning with human driver
needs.

Therefore, the ideal merging point is assumed to be on
the center line of the target circulatory roadway. Hence, the
merging point P 5 should be searched along the center line
of the target circulatory roadway in the same direction as the
traffic flow. To simplify the search scope, a global coordinate
system for the roundabout is created based on the Cartesian

TABLE II
THE DETAIL PARAMETERS OF ROUNDABOUT (A) IN CITYSIM DATA SET

Category Non-standard, Single-Lane
Inscribed circle diameter | #0:~ 37m
Circulatory road width #0:~ 6.57m

#1:~ 18.4m #4:~ 15.5m
#6:~ 20.5m #8:~ 17.2m
#10:~ 16.5m
#2:~ 11.0m #5:~ 29.5m
#7:~ 38.2m #9:~ 20.4m
#11:~ 25.7m

Entry radius

Exit radius

coordinate system in Fig. 4, with the roundabout’s center is the
coordinate system’s origin. One of the search boundary points
P35 5 is the cross point of the tangent line of P> on curve 2
and the target circulatory center line. P 5 is where the vehicle
maintains its current heading to pass the entrance line and
drives nearest to the target circular lane center line. Therefore,
the segment from P2 to Py is called the minimum cost
path. Specifically, the angle between the line from P35 to
the origin of the coordinate system and the X-axis is the
iterative initial angle ¢. Starting from the search point P 5, a
certain search angle A € [0, 7/2] is applied to find a new P 5
on the target circulatory center line, which is another search
boundary. Furthermore, to improve the search speed of the
optimization algorithm, the length of the first leg of curve 2
is assumed to be part of the last leg of curve 1, and the length
of the last leg of curve 2 is part of the first leg of curve 3,
with the parameter domain of aj 2, a3 € (0,1).

Sixthly, although the values of the geometric continuity
scale parameters oi2, aa3, (1,2, f2,3 do not affect the
continuity at the merging and diverging points, they will lead
to the deterioration of the higher-order smoothness (fairness)
of the path. Specifically, an ideal path not only needs to
maintain curvature continuity but also requires good fairness
[46], which is often overlooked in previous roundabout path
planning research. Fairness is often associated with the aes-
thetics and functional smoothness of a curve, but translating it
into mathematical terms is complex [43]. Although there is no
consensus in the academic community on the exact definition
of the concept of fairness, it is generally believed that curvature
is a key indicator for evaluating the fairness of a curve [47],
[48]. Therefore, combined with this research scenario, three
evaluation indicators considering the fairness of the reference
path are established: Kpeak, 5,cq5s Kp.qp» Which take into
account both the local characteristics of the curve and the
global issues.

In summary, a suitable cost function is proposed to optimize
the proportional coefficients and the merging/diverging point
to achieve an ideal overall reference path. The cost function
considers two critical indicators for transition path generation:
length and smoothness. Four evaluation indicators for refer-
ence path generation are established as follows:

Lrelati'ue = |lreal - lmini005t|

erak = Z |kpeak|
Kzl)eak = Z |k;;eak:|
;)/eak - Z |k;/eak|7

(19)
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where the relative path length L,¢jqtive 1S the difference in
length between the real path [,.., and the minimum cost
path linicost; Kpear is the total absolute value of the path’s
curvature peak (Kpeqr); K ;Iaea « 18 the total absolute value of the
path’s curvature derivative peaks (k.,;); K., is the total
absolute value of the path’s second derivative of the curvature
peaks (k). The above four parameters are related to a2,
o233, B1,2, P23 and Py 5. Minimum cost path l,,inicost 1S
related to points P2 o and P 5.

Seventhly, to make the cost function simple and efficient to
calculate, the four evaluation indicators were combined into a
composite evaluation indicator using the weighted sum model
(WSM), with weights assigned objectively and rationally by
the entropy weight method (EWM). The cost function is
defined as follows:

mll’l(h) :WrelativeL * Lrelative + WpeakK * erak

/ 7
+WpeakK’ * erak =+ WpeakK” * Bopeak:

(20)

Meanwhile, due to the limitations of the mechanical steering

system and the motion comfort of a vehicle, the curvature k
and the curvature rate k' are bounded as follows:

|k/| < Omazx

21

where Kiae = 1/pmin, With pp,ip, being the minimum turning
radius, and 0,,4, is the maximum curvature rate as one of the
comfort index.
Overall, the cost function is subject to the following con-
straints:
0< ap2 < 1
0< Qg3 < 1
0<A<LST
|k < kmax

k'] < omax-

(22)

Finally, a genetic algorithm (GA) is applied to search for the
geometric continuous scale parameters (a2, o2 3, 51,2, 52,3)
and the location of merging points P, 5 to improve the solving
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performance of this nonlinear cost function. The number of
design variables is 5, the population size is 50, the population
type is a double vector, the crossover function is “constraint
dependent”, the mutation function is “constraint dependent”,
and 100 generations are chosen.

IV. CASE STUDY

In this section, the feasibility and rationality of the proposed
algorithm are verified using the CitySim data sets [49], and
the distribution of natural driving trajectories on the reference
path at roundabouts is also analyzed.

In real applications of reference path generation, AVs can
obtain road data from the perception system or a high-
definition (HD) map. To simplify this step in this study, road
data is obtained from [50] (OSM, an HD map format). Con-
sidering the page limitation and that non-standard roundabout
scenes also cover standard roundabout scenes, the scenario of
the #1 entering lane and #5 and #7 exiting lanes of Round-
about(A) in the dataset was chosen to validate the feasibility of
the proposed algorithm. Another reason is that these reference
path generation scenarios cover two scenarios mentioned in
Section II and have enough trajectories to represent the distri-
bution of trajectories at a roundabout. The geometric structure
of the roundabout (A) in the CitySim dataset is shown in Fig.
5, and the specific geometric parameters are shown in Table
II.

The lane data must be preprocessed before generating
reference paths and analyzing the trajectories. First, lane data
is optimized according to OSM’s standard [51], and the lane
center line data of the pre-exit, circulatory, and post-exit
sections is extracted. Second, lane center line data based on
the World Geodetic System 1984 (WGS84) is converted to
the Universal Transverse Mercator (UTM) coordinate system
to achieve higher local measurement and spatial analysis accu-
racy. Finally, trajectory data must be smoothed, and trajectories
are classified into different entry-exit pairs according to the

area divisions provided by the dataset to prepare for analysis.

Fig. 6 shows the reference path generation results for the
two scenarios. Each path is defined by its control points
and control polygons. Curvature combs and curvature profiles
are the main indicators for evaluating smoothness [52]. The
magenta curvature combs visualize the local curvature profile
along the path. This indicates that the curvature is continuous
and smoothly varying, resulting in a smooth path with no sharp
turns. Fig. 6(a) shows the reference path in the scenario of
the #1 entering lane and #5 exiting lane of Roundabout(A),
where o 2 = 0.99870, aa 3 = 0.99637, 512 = 15.8472
and B23 = —9.4905. Fig. 6(b) shows the reference path
in the scenario of the #1 entering lane and #7 exiting lane
of Roundabout(A), where a; o = 0.78688, an 3 = 0.81987,
Bi2 = 2.3239, B23 = —4.5521 and A = 0.5947. Fig. 6(b)
shows a change in the direction of curvature compared to Fig.
6(a), indicating a more complex path for vehicle entry into the
roundabout.

The curvature profile in Fig. 7 more clearly illustrates
the G? continuity and smoothness of the path generated by
different interpolation curve methods. Fig. 7(a) and Fig. 7(b)
correspond to the curvature profiles of the reference path
for the two scenarios shown in Fig. 6(a) and Fig. 6(b),
respectively. The results indicate that, firstly, the reference
path based on the Dubins curve cannot generate a segmented
path with continuous overall curvature, nor can it accurately
characterize the geometric features of a path with variable
curvature. Secondly, although the curvature of the segmented
path generated by the polynomial curve is continuous, the
overall smoothness of the path is poor, especially at the con-
nection of the segmented path. Among them, the polynomial
curve in Fig. 7(b) poorly fits the L3 path of the circulatory
section with constant curvature, due to the limited expression
ability of the polynomial curve and the inability to accurately
represent conic curves, such as arcs and ellipses. Finally,
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Bézier curves can better overcome the above difficulties and
generate segmented reference paths with continuous curvature
and better smoothness. However, it is worth noting that the
Bézier curve method still has additional peak curvature. One
of the primary reasons is that Bézier curves lack local modifi-
cation functions, which results in Bézier curves being unable
to fully maintain the simplicity of the curve while trying to
achieve G continuity with other curves.

Fig. 8 demonstrates the structural features of the roundabout
and the distribution of 12 evaluation lines over the reference
path, which are evenly spaced according to the geometric
features of different scenarios. The evaluation lines are set
perpendicular to the entire reference path. This setup of eval-
uation lines can comprehensively reflect vehicle trajectories at
roundabouts and can be used to analyze various factors such as
trajectory deviation, comfort, and stability, thereby optimizing

and evaluating the driver model for AVs.

The distribution of trajectories is analyzed using box plots in
Fig. 9 and histograms in Fig. 10. The box plot analysis method
can intuitively compare the distributional differences between
two sets of trajectories at roundabouts, providing valuable
information for evaluating human driver trajectories and in-
fluencing factors. The transversal deviations are the distances
between the real and reference paths. Negative transversal
deviations represent trajectories to the left of the reference
path, and positive values represent trajectories to the right.
It can be observed that the overall distribution characteristics
reflected in Fig. 9(a) and Fig. 9(b) are somewhat concentrated.
The lateral deviations of trajectories are mainly concentrated
around zero meters, with relatively small interquartile ranges
across evaluation lines, and only a few trajectories presenting
relatively large outliers. This indicates that the vehicle trajec-
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tories are approximately symmetrically distributed around the
reference path. Nonetheless, the credibility and robustness of
this conclusion still need further examination, limited by the
sample size.

To analyze in detail, and because most trajectories are
distributed within one meter, the histogram range in Fig. 10(a)
is set to negative and positive one meter. More specifically, the
#IV, #V, #VI, and #VII evaluation lines in Fig. 10(a) show left-
skewed distributions, meaning the transversal deviations of the
right-turn trajectories are shifted to the right of the reference
path. Conversely, the #VI and #VII evaluation lines in Fig.
10(b) show right-skewed distributions, meaning the transversal
deviations of the left-turn trajectories are shifted to the left
of the reference path. These results can be attributed to the
tendency of trajectories to move towards the inside of any
curved portion of the roundabout, in line with the conclusions
mentioned in [41], [53]. Trajectories on the evaluation lines
of other parts are essentially normally distributed. The sample
of roundabouts used in this study is limited and not fully
representative of all roundabouts. However, the results indicate
a trend.

V. CONCLUSION

This paper presents a novel reference path planning al-
gorithm for roundabouts. To cope with the complexity of
roundabouts and build a reference path that meets the con-
trol and comfort requirements of AVs, the proposed method
generates an adaptive G2 continuity reference path using
Sth-order Bézier curves, considering the geometric elements
of the roundabout and comfort constraints. Specifically, the
reference path generation at roundabouts is divided into six
sections: pre-entry, transition, entry, circulation, exit and post-
exit. Different scenarios have different section combinations,
and the reference path for each section is generated according
to the lane marking conditions on both sides. Regarding sec-
tions where lane lines exist, the Bézier curves’ control points
are back-calculated by fitting the discrete points of the lane
center line. For sections missing lane markings, the control
points are computed using G2 continuity with other fitting
curves. Additionally, to address the problem of determining
the merging and diverging points unique to roundabouts, this
study presents an appropriate cost function that considers the
length and smoothness of the path. Different entry-exit pairs
of roundabouts are tested to validate the feasibility of the
proposed algorithm. Based on the generated reference path,
the distribution of human driver trajectories is analyzed to
verify the rationality of the algorithm. The scope of this work
focuses solely on the feasibility and rationality of reference
path generation for roundabouts using Sth-order Bézier curves.

On one hand, this study establishes a strong foundation for
autonomous driving research, particularly in path optimization
and tracking control using the Frenet coordinate system. It
also serves as preliminary work in trajectory planning. On the
other hand, it offers a benchmark for analyzing human driving
trajectories in roundabouts and for training and validating
human-like driver models for AVs.

Future work will concentrate on enhancing the algorithm’s
real-time computational efficiency. Offline training of machine

learning models can predict optimal merge/diverge point loca-
tions, accelerating the path planning process. Curve methods
with improved local support, such as B-spline curves or Non-
Uniform Rational B-Splines (NURBS), can be explored to
enhance path adjustment flexibility and achieve better overall
fairness.
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