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A B S T R A C T

Accurate battery modeling and parameter identification play pivotal roles in ensuring safety and reliability
across the entire battery life cycle. Equivalent circuit models (ECM) are convenient but do not represent
physical characteristics well; in contrast, electrochemical models with strong physical meaning are hard
to parameterizing in an online setting. To address these challenges, this paper introduces a novel hybrid
electrochemical Equivalent Circuit Model (eECM), which integrates electrochemical processes into an ECM,
representing slow-dynamic internal processes with a simplified representation of solid- and liquid-phase
diffusion; fast-dynamics are represented by ECM terms. The model is supported by an Adaptive Extended
Kalman Filter (AEKF) to manage battery state changes and mitigate noise. To enhance parameter identification,
a Fisher information matrix-enhanced Variable Forgetting Factor Recursive Least Squares (Fisher-VFFRLS)
approach is employed, guided by the Cramér–Rao bound for identifying the most sensitive data points directly
from the discharge cycle. Electrochemical parameters are determined via post-charging rest via a Genetic
Algorithm (GA). The proposed methodology is validated on three dynamic cycles—DST, US06, and FUDS-
demonstrates the effectiveness of the proposed eECM and parameter identification strategy, with maximum
Root Mean Square Error (RMSE) for terminal voltage and State of Charge (SoC) estimation below 0.0076 and
0.0122, respectively.
1. Introduction

To date, Lithium-ion (Li-ion) batteries have emerged as a primary
energy storage solution for Electric Vehicles (EVs) in terms of high en-
ergy density, excellent Coulombic efficiency, and long service life [1].
While the development of battery technology is at the heart of EVs,
Battery Management Systems (BMSs) are equally vital to facilitate EV
performance since the higher energy capacity, high power delivery and
fast charging abilities of Li-ion battery systems impose high require-
ments on hazard protection and safety assurance [2]. In addition to
managing charging/discharging safety, A BMS also needs optimal usage
of batteries to improve energy efficiency. Accurately estimating the
battery status online is prior required for the efficient implementation
of BMS functions.

Battery modeling is a significant technology in EV applications,
determining the feasibility and accuracy of battery real-time state-of-
charge (SoC) estimation. Modeling approaches can be typically catego-
rized into electrical Equivalent Circuit Model (ECM) and Electrochem-
ical Model (EM). The ECM approach has been commonly applied in
practice due to the mature parametric technology, acceptable accu-
racy under most operational conditions, and ease of implementation

∗ Corresponding author.
E-mail address: d.j.auger@cranfield.ac.uk (D.J. Auger).

in microprocessors [3]. Such models are typically constructed by a
voltage source, internal resistance and one or several resistor-capacitor
(RC) pair(s) in a circuit, where the internal state of the battery is
described by combining the characteristics exhibited by these circuit
components [4].

However, the ECM presents poor performance under high C-rate
conditions and edge SoC regions, limiting the potential to improve
the estimation accuracy of batteries in EV applications [5]. Past stud-
ies [6,7] proposed the method that adds a Warburg impedance in the
electric circuit to describe the low-frequency phase to improve model
performance under high C-rate conditions. Correspondingly, a structure
consisting of a parallel resistance and constant phase element circuit
has been presented to simplify the Warburg impedance [8]. Nonethe-
less, parameterizing this fractional-order model requires Electrochem-
ical Impedance Spectroscopy (EIS) tests under steady-state conditions
(i.e., at a fixed SoC), which are challenging to apply in a real BMS [9].
Moreover, Considering long-term applying potentials, ECM struggle to
account for battery degradation in terms of capacity and power fade,
due to the lack of physical significance of the model parameters.
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In contrast, the EM approach is an excellent choice when accuracy is
considered the most important performance [10]. This model provides
an insightful description of the internal microscopic processes through
several coupled Partial Differential Equations (PDEs), including elec-
trochemical reaction kinetics, mass, heat transfer, etc. These physical
representations allow more reliable and efficient observation of both
the internal and external characteristics. Newman et al. pioneered the
Pseudo-2-Dimensional model (P2D), which laid the foundation for nu-
merous modeling studies [11–13]. This model can accurately describe
most of the internal processes, e.g. mass and charge conservation,
electrochemical kinetic, and output terminal voltage. The structure of
this model is convenient for incorporating additional phenomena, such
as side reactions for age evaluation [14] and thermal behaviors [15].
Nevertheless, coupled PDEs make solving P2D models a computational
cost process, presenting a barrier to its real-time online application.

To decrease the computational cost of the P2D model, a reduced-
order Single Particle Model (SPM) has been proposed to simplify the
number of PDEs from several to a single. This model treats the electrode
as two spatial domains that directly exchange Li-ion with each other
and assume uniform current density in the electrolyte. With loss of
the liquid phase diffusion dynamic, the high C-rate representation
performance is sharply limited. To further enhance, the extension of
the SPM approach with considerations of liquid phase diffusion [16,17]
and thermal behavior [18] has been shown to achieve a performance
that closely approximates the P2D model with a significant reduc-
tion in computational cost [12]. However, the procedure of spatially
discretizing PDEs to Ordinary Differential Equations (ODEs) remains
a computationally intensive task, so it cannot be implemented on
microprocessors [19,20].

The concept of the extended ECM, which hybridizes the advantages
of the ECM’s simple structure and the EM’s insightful internal process
description, presents additional opportunities for improving accuracy
and reducing complexity. The literature [21,22] have developed a
phenomenological ECM that represents each internal reaction through
independent electric circuit elements. This model consists of physics-
based sub-circuits that govern individual species’ phenomena. Thus, it
could successfully reflect the internal battery performance character-
istics such as concentrations, potentials, and overpotentials. However,
this model’s complex structure makes it challenging to parameterize
and be used in EV microprocessors.

The ECM performs well in fast dynamic scenarios but is weak
in slow dynamics, a limitation that can be addressed by incorporat-
ing elements from the EM. A promising approach to enhance model
accuracy while maintaining low computational cost is to integrate
diffusion processes into the ECM model, taking the slow dynamic into
account. The kinetic behavior of the solid phase is highly nonlinear
due to the phase-dependent lithium diffusivity and variations in lithium
concentration gradients during operation.[23]. Inspired by the infinite
difference method for SPM discretization, the solid diffusion process
is represented by utilizing a series of differently weighted first-order
inertial elements to describe the diffusion process. The OCV is then
determined via a surface SoC [5,24,25]. Moreover, the omission of
the liquid phase diffusion in online modeling limits model accuracy,
particularly under high C-rate conditions. This becomes crucial in EVs
applications where dynamic high-power requirements are frequently
encountered in real-world environments. The latest design for high
energy density electrodes emphasizes the advantage of large particle
size of active material and thick electrode, making the influence of
diffusion polarization become much more significant [26].

On the other hand, accurate model parameterization is essential for
ensuring efficient and reliable state estimations and control facing the
external environment and internal battery status change. Forgetting-
Factor Recursive Least Square (FFRLS) is a widely adopted parame-
terization technology for online applications [27,28]. Owing to the
advantage of online implementation, this technology is adopted in this

article to estimate the battery parameters. However, FFRLS commonly
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grapples with numerical instability. Under conditions of insufficient
excitation (e.g. constant low current when cruising), the parameter
identification result suffers from numerical instability and sensor noise
as a result of large parameter error covariance [29]. This phenomenon
can lead to a failure to ensure convergence. Some modification methods
focus on adjusting the forgetting factor according to the error [30] or
condition number [29], but they lack insight into the inherent issue
of insufficient excitation. Furthermore, the intricate nature of the ECM
imposes additional constraints on the performance of FFRLS, especially
in real-world scenarios characterized by random excitations that may
occasionally be parameter-sensitive [31]. Because of the increasing
parameter number of EM, the weak sensitivity becomes a much more
severe problem for parameter identification [32,33].

In addition to physics-based state estimation technologies, many
data-driven methods utilizing machine learning or deep learning are
introduced for battery state estimation. SoC estimation is a typical time
series prediction task, making it an excellent candidate for handling by
long short-term memory (LSTM) networks [34] or transformer-based
technologies [35]. Their powerful regression capabilities and flexible
input structures enable fusion of multi health features for SoH estima-
tion and RUL prediction [36,37]. Nevertheless, such black-box tech-
nologies still require further enhancement in terms of interpretability
and computational cost for online application.

To address the aforementioned challenges, this study proposes an
electrochemical and electrical equivalent circuit model (eECM) con-
sidering electrochemical properties, along with corresponding model
parameter identification methods and observer design for online BMS
application. The contributions of this study are as follows.

1. An enhanced eECM is proposed, integrating both solid-phase and
liquid-phase diffusion into the Thevenin model. All diffusion pro-
cesses are simplified to 1D diffusion processes and expressed in
state-space format. Only two more electrochemical parameters,
solid diffusion rate and liquid diffusion rate, are added.

2. An online parameter identification method is proposed to enable
parameter updates throughout life cycles. The ECM parameters
are identified using a Fisher information matrix-enhanced vari-
able forgetting factor recursive least squares (Fisher-VFFRLS)
method, which considers data sensitivities. The EM parameters
are identified from the rest periods after charging cycles using a
Genetic Algorithm (GA).

3. The EM elements are simplified into a state-space format and
then integrated into the ECM. An Adaptive Extended Kalman
Filter (AEKF) can, therefore, be applied to both the EM and ECM
components for noise cancellation and SoC estimation.

The remainder of this paper is structured as follows: Section 2 will
present the novel eECM development. Section 3 will detailed introduce
the model parameter identification methods for ECM elements and
EM parts. The verification results of the terminal voltage and SoC
estimation via AEKF will be discussed in Section 4. Section 5 will
conclude and explore the future potential of this work.

2. Electrochemical equivalent circuit model

A cell’s dynamics are governed by electrochemical, chemical, and
physical processes on different time scales. We proposed a novel eECM
model to represent distinct time scale polarization with individual
ECM or EM components, therefore separating their contributions to the
terminal voltage. The overall schematic of eECM is shown in Fig. 1.a.
In eECM, the characteristic frequencies (reciprocal of time constants)
higher than 10 Hz are defined as a fast dynamic, described by ECM
components. In contrast, the process lower than 10 Hz is addressed by
EM parts. More specifically, the characteristic can be categorized into

three segments via a typical EIS test [38–40]:
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Fig. 1. a. Diagram of eECM structure b. Thevenin model c. DP model d. Typical EIS test and corresponding internal processes [38–40].
1. The high-frequency region (> 500 Hz) includes the Ohm po-
larization and the high-frequency part of the charge transfer
polarization, denoted by 𝑈𝑜ℎ𝑚 and marked in brown. This part
is represented by the ECM part 𝑅0.

2. The mid-frequency region between 10 Hz and 500 Hz encom-
passes the low-frequency parts of charge transfer resistance
and SEI layer resistance. Their polarization is denoted as 𝑈𝑅𝐶
(marked as gray), represented by the ECM component 𝑅1∕∕𝐶1.

3. The low-frequency region, lower than 10 Hz, is described by
EM components. This part comprises Solid Phase Diffusion (SPD)
and Liquid Phase Diffusion (LPD). The SPD polarization is inte-
grated into the voltage source, represented by 𝑈𝑂𝐶𝑉 (marked in
green). The LPD polarization (marked in blue) is expressed by
𝑈𝑒 and connected in series to the circuit.

In contrast to the ECM model, the Thevenin model (shown in Fig. 1.b)
accurately represents the high-frequency region with an internal re-
sistance. Most fast-dynamic processes (mid frequency processes) are
coupled with the only RC pair 𝑅1∕∕𝐶1, while the slow dynamic SPD
cannot be involved [38]. Add one more RC pair 𝑅2∕∕𝐶2, the DP model
(shown in Fig. 1.c) can separately express the low-frequency region
for SPD. Therefore, the fast-dynamic and slow-dynamic processes are
described by 𝑈𝑅𝐶,𝑓 and 𝑈𝑅𝐶,𝑠 separately. But model RC pair as SoC-
dependence can only reflect the phase transition to the mean electrode
level, the internal concentration gradient cannot be addressed, which
lead error in latest thick electrode [38]. For the same reason, it cannot
explain the hysteresis phenomenon caused by SPD. The thick electrode
also limits the LPD speed, making it insufficient to be included in
the mid-frequency region coupled within mid-frequency polarization
via 𝑅1∕∕𝐶1. In terms of model parameter identification, adding an
additional RC pair causes the model to become only locally identifi-
able. [41]. The indiscriminate addition of RC pairs increases the risk of
overfitting and obscures the physical meanings of parameters [42].

The main limitation of the EM for online applications is the com-
putational intensity of coupled PDEs (shown in Fig. 2.a). The model
integrates mass and charge conservation in both the electrode and
electrolyte, coupling a system of PDEs through the pore wall flux of Li-
ions and charges, illustrating the intricacies of the electrode-electrolyte
intercalation reaction via the Butler–Volmer (BV) equation. This model
assumes homogeneity for most internal variables and introduces thick
and porous material considerations through effective transport param-
eters, often employing the Bruggeman correlation [43]. However, since
3 
BV equations couple all PDEs, solving all processes simultaneously
incurs high computational costs. Moreover, representing polarization
at the cell level requires a large number of physical and geometric
parameters. Most of these parameters have a weak correlation with the
battery terminal voltage, making it challenging to identify the complete
set of parameters [44].

In the proposed eECM, we adopt the easy parameter identification
structure of the Thevenin model and keep the fast-dynamic part (> 10
Hz), which is well-proven and adequate in many academic and industry
cases. The missing slow-dynamic polarization from SPD and LPD is
governed by simplified EM elements. The 1D diffusion simplification
decoupled them from BV equations and then converted all the PDEs
to ODEs. Therefore, eECM can make a good compromise between the
clear physical representation and computational cost.

2.1. Electrochemical components

From the electrochemical viewpoint, the diffusion process in a
battery involves intercalation/deintercalation in the solid phase and
movement in the liquid phase. The proposed simplification description
of the diffusion process is derived from the P2D model. The 𝑈𝑂𝐶𝑉
is determined by the potential difference between the cathode and
anode surface, which is related to the surface Li-ion concentration.
Besides, the Nernst equation also defines the liquid phase overpotential
𝑈𝑒 by two surface electrolyte concentrations. Thus, in terms of a
control-oriented model, the detailed distribution within the electrode
and electrolyte is less critical compared to the surface concentration
difference.

This study separates each electrode into surface and bulk control
volume. Four control volumes are formed in the solid phase and five in
the electrolyte phase (adding separator control volumes), as illustrated
in Fig. 2.b. To simplify the diffusion process to one dimension, the
current is assumed to be uniformly distributed on the electrode surface,
and the pore-wall flux between the electrode and electrolyte is confined
to the surface control volume. Conventional P2D and SPM models
(shown in Fig. 2.a) treat the electrode as either multi or single spheres
and consider radial Li-ion distribution. The calculation of internal dis-
tribution requires solving coupled PDEs, which is beyond the capability
of current online BMS.

The surface concentration and its change rate are the points of
interest on the macro scale. Hence, eECM assumes each control volume
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Fig. 2. a. Diagram of P2D model and SPM b. Simplified diffusion process at solid and
liquid phase.

contains uniformly distributed Li-ions rather than calculating the detail
distribution. Intuitively, the surface concentration change is caused
by the applied current and Li-ions exchange with bulk volume. The
diffusion rate is determined by the concentration gradient. In the
bulk and separator control volume, the Li-ion concentration change
solely depends on the diffusion led by the concentration gradient.
The detailed derivation will be included in the liquid diffusion parts.
Noticeably, this assumption can still address the phase transition phe-
nomena, which significantly affect the overpotential during high C-rate
operation scenarios. This function is critical to monitor battery behavior
during fast charging and the high power response of EVs.

In this model, the charge current is considered positive. Fig. 2.b
takes an example of a galvanostatic discharge scenario. The charge
migrates from the anode to the cathode in the external circuit, while
Li-ions move from the anode to the cathode in the interior. In the
solid phase, Li-ions deintercalate from the active material into the elec-
trolyte, decreasing concentration at the anode surface and increasing at
the electrolyte surface. Simultaneously, at the cathode surface volume,
Li-ions intercalate into the cathode from the electrolyte. Once a steady-
state condition is reached, a constant concentration gradient arises
within the electrolyte, facilitating Li-ion diffusion from the anode to
the cathode.

2.1.1. Solid phase diffusion
Neglecting migration in the solid phases, the diffusion rate between

surface and bulk 𝑞̇𝑏𝑠,𝑖 is defined by Fick’s first law:

̇𝑏𝑠,𝑖 =
1
𝐷𝑠

(𝑐𝑠𝑏,𝑖 − 𝑐𝑠𝑠,𝑖) (1)

where 𝐷𝑠 is the SPD rate, 𝑐𝑠𝑏,𝑖 and 𝑐𝑠𝑠,𝑖 represent the Li-ion concentra-
tion at the bulk and surface, which depend on the number of Li-ions
and volume of each control volume:

𝑐𝑠𝑏,𝑖 =
𝑞𝑠𝑏,𝑖 𝑐𝑠𝑠,𝑖 =

𝑞𝑠𝑠,𝑖 (2)

𝑣𝑠𝑏,𝑖 𝑣𝑠𝑠,𝑖 b

4 
𝑞𝑠𝑠,𝑖 and 𝑞𝑠𝑏,𝑖 is the number of Li-ions in solid phase surface (𝑣𝑠𝑠,𝑖)
and solid phase bulk (𝑣𝑠𝑏,𝑖), 𝑖 refers to the anode or cathode. The applied
current (𝐼) induces the change of Li-ion concentration at the surface
area. In the anode, the surface electrode concentrate is lower than bulk,
thus 𝑞̇𝑏𝑠,𝑎 > 0. The change in the number of Li-ions can, therefore, be
xpressed as:

𝑞̇𝑠𝑠,𝑎 = 𝐼 + 𝑞̇𝑏𝑠,𝑎 (3)

Similarly, the result cathode surface Li-ion concentration is higher
han bulk. Therefore, 𝑞̇𝑏𝑠,𝑐 < 0. The actual diffusion direction is from
urface to bulk. Again, the change in the number of Li-ions is:

𝑞̇𝑠𝑠,𝑐 = −𝐼 + 𝑞̇𝑏𝑠,𝑐 (4)

q. (3) and (4) denote a large current will lead to a sharp change in
he electrode surface, causing a large concentration gradient. When the
pplied current is removed, the diffusion will continue until a uniform
oncentration, which accounts for SoC and voltage recovery. The total
mount of Li-ions within electrodes can be expressed as:
𝑚𝑎𝑥 = 𝑞𝑎 + 𝑞𝑐 (5)

𝑎 = 𝑞𝑠𝑏,𝑎 + 𝑞𝑠𝑠,𝑎 𝑞𝑐 = 𝑞𝑠𝑏,𝑐 + 𝑞𝑠𝑠,𝑐 (6)

𝑎 and 𝑞𝑐 represent the amount of Li-ions at the anode and cathode.
𝑚𝑎𝑥 represent the maximum amount of Li-ions, which is linked to the
attery capacity 𝐶:
𝑚𝑎𝑥 = 3600 ⋅ 𝐶 (7)

he electrode surface SoC and bulk SoC are defined as the fraction of
he current number of Li-ions to its maximum value.

𝑜𝐶𝑠𝑠,𝑖 =
𝑞𝑠𝑠,𝑖
𝑞𝑚𝑎𝑥𝑠𝑠,𝑖

=
𝑐𝑠𝑠,𝑖
𝑐𝑚𝑎𝑥𝑠𝑠,𝑖

(8)

𝑆𝑜𝐶𝑠𝑏,𝑖 =
𝑞𝑠𝑏,𝑖
𝑞𝑚𝑎𝑥𝑠𝑏,𝑖

=
𝑐𝑠𝑏,𝑖
𝑐𝑚𝑎𝑥𝑠𝑏,𝑖

(9)

where

𝑞𝑚𝑎𝑥𝑠𝑠,𝑖 = 𝑞𝑚𝑎𝑥
𝑣𝑠𝑠,𝑖
𝑣𝑖

𝑞𝑚𝑎𝑥𝑠𝑏,𝑖 = 𝑞𝑚𝑎𝑥
𝑣𝑠𝑏,𝑖
𝑣𝑖

(10)

𝑖 denotes the electrode volume. The SPD rate is assumed to be equal at
he cathode and anode. In Eq. (10), the maximum Li-ions at the surface
𝑞𝑚𝑎𝑥𝑠𝑠,𝑖 ) and bulk (𝑞𝑚𝑎𝑥𝑠𝑏,𝑖 ) volume is a constant value in each electrode. The
ummary of Li-ions at surface and bulk volume is also a consent value,
nd the SoC relationship can, therefore, be expressed as:

𝑜𝐶𝑠𝑠,𝑎 = 1 − 𝑆𝑜𝐶𝑠𝑠,𝑐 𝑆𝑜𝐶𝑠𝑏,𝑎 = 1 − 𝑆𝑜𝐶𝑠𝑏,𝑐 (11)

inally, the anode SoC can represent the cell SoC as follows:

𝑜𝐶𝑠 = 𝑆𝑜𝐶𝑠𝑠,𝑎 𝑆𝑜𝐶𝑏 = 𝑆𝑜𝐶𝑠𝑏,𝑎 (12)

.1.2. State space format of solid-phase diffusion
Determining the OCV in an electrochemical system can be challeng-

ng, especially in online applications where installing a three-electrode
attery is not feasible. In such cases, an ECM is usually used to estimate
he OCV by utilizing the mean SoC and an SoC-OCV lookup table.
owever, this method cannot accurately describe the concentration
olarization caused by the diffusion process. According to the Nernst
quation, the OCV is determined by Li-ion concentration at the sur-
ace, equivalent to surface SoC (𝑆𝑜𝐶𝑠). The bulk Li-ions concentration,
.e. bulk SoC (𝑆𝑜𝐶𝑏), represents the overall battery status related to
he ECM parameters and battery SoC. The representation of solid-phase
iffusion polarization and non-linear OCV is shown in Fig. 3. The 𝑆𝑜𝐶𝑠
ill lead or delay to the 𝑆𝑜𝐶𝑏 during the charge or discharge process,

espectively. This approach offers several unique benefits:
a. SPD Expression: OCV identified through the OCV-SOC table by

𝑜𝐶𝑠 will diverge from the bulk value. This divergence describes the
nfluence of diffusion overpotential on the OCV, which enhances the

attery dynamic representation of OCV.
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Fig. 3. The representation of solid-phase overpotential and OCV non-linear.

b. OCV Hysteresis Explanation: The lead or delay of bulk SoC during
harge or discharge conditions results in various OCV curves. These
urves provide insights into OCV hysteresis.

c. Realistic SoC Representation: At edge SoC regions, the surface SoC
epresentation may yield values below 0 or above 1. This indicates that
he surface electrode is overcharged or over-discharged, a hazardous
ondition that should be avoided in real-world applications. This addi-
ional information contributes to safety monitoring and state-of-power
stimation.

As previously mentioned, the anode surface and bulk concentration
re chosen as state variables to determine the surface and bulk SoC.
𝑐̇𝑠𝑠,𝑎 = [𝐷𝑠(𝑐𝑠𝑠,𝑎 − 𝑐𝑠𝑏,𝑎) + 𝐼]∕𝑣𝑠𝑠
𝑐̇𝑠𝑏,𝑎 = [−𝐷𝑠(𝑐𝑠𝑠,𝑎 − 𝑐𝑠𝑏,𝑎)]∕𝑣𝑠𝑏

(13)

ewrite Eq. (13) to the matrix form:

𝑐̇𝑠𝑠,𝑎
𝑐̇𝑠𝑏,𝑎

]

=
⎡

⎢

⎢

⎣

𝐷𝑠
𝑣𝑠𝑠

− 𝐷𝑠
𝑣𝑠𝑠

− 𝐷𝑠
𝑣𝑠𝑏

𝐷𝑠
𝑣𝑠𝑏

⎤

⎥

⎥

⎦

[

𝑐𝑠𝑠,𝑎
𝑐𝑠𝑏,𝑎

]

+

[

1
𝑣𝑠𝑠
0

]

𝐼 (14)

It is clear that the concentration change at the surface volume
is directly linked to the applied current and the exchange of Li-ions
between the bulk volume. The bulk concentration change depends
only on the concentration gradient with the surface volume, which
diffusion speed solely related to the concentration gradient and solid
state diffusion ratio. The cell SoC and OCV are calculated based on the
solid-phase states by:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑆𝑜𝐶𝑠 =
𝑐𝑠𝑠,𝑎𝑣𝑏
𝑞𝑚𝑎𝑥𝑠𝑠,𝑎

𝑆𝑜𝐶𝑏 =
𝑐𝑠𝑏,𝑎𝑣𝑠
𝑞𝑚𝑎𝑥𝑠𝑏,𝑎

𝑂𝐶𝑉 = 𝑈𝑂𝐶𝑉 (𝑆𝑜𝐶𝑠)

(15)

2.1.3. Liquid phase diffusion
Under steady-state conditions, the electrolyte concentration is uni-

formly distributed throughout the entire electrolyte. When an external
current excitation is applied, for example, a discharge current. Li-ions
undergo deintercalation from the electrode active material, transferring
to the electrolyte at the anode. Meanwhile, Li-ions intercalate into the
electrode at the cathode. The Li-ion exchange between liquid and solid
phase is assumed to be concentrated in the surface volume; a potential
difference is built between the two electrodes’ surfaces due to the
increasing concentration on the anode side and the decreasing concen-
tration on the cathode side. In general, the distribution of electrolyte
concentration can be characterized by [45]:

𝜕
𝜕𝑡
𝜀𝑒𝑐𝑒 =

𝜕
𝜕𝑥

(

𝐷eff
𝑒

𝜕
𝜕𝑥

𝑐𝑒
)

+ (1 − 𝑡+)
𝐽̇𝑓
𝐹

(16)

where 𝑡+ is the electrolyte transfer number and 𝐹 is Faraday constant,
is the volumetric current density. 𝐷𝑒𝑓𝑓 is the efficient electrode
𝑓 𝑒

5 
diffusion rate. The various micro-structures of two electrodes induce
different diffusion resistances, which can be evaluated by the porosity
𝜀𝑒 and Brugg coefficient as:

𝐷eff
𝑒 = 𝐷𝑒𝜀

brugg
𝑖 (17)

ore specifically, three distinct equations for the anode, cathode, and
eparator are employed to describe the detailed electrolyte concentra-
ion distributions:

𝑒(𝑥, 𝑡) =

⎧

⎪

⎨

⎪

⎩

𝑐𝑒,𝑎(𝑥, 𝑡) 𝟶 ≤ 𝑥 ≤ 𝑥𝑎
𝑐𝑒,𝑠(𝑥, 𝑡) 𝑥𝑎 ≤ 𝑥 ≤ 𝑥𝑎 + 𝑥𝑠
𝑐𝑒,𝑐 (𝑥, 𝑡) 𝑥𝑎 + 𝑥𝑠 ≤ 𝑥 ≤ 𝐿

(18)

here 𝑥𝑎 and 𝑥𝑏 is the thickness of anode and separator region, 𝐿 is
he total length of the battery. Integrating three equations, the amount
f Li-ions at each part can be expressed:

𝑄𝑒,𝑎(𝑡) = 𝜀𝑒,𝑎 ∫
𝑥𝑎
𝟶

𝑐𝑒,𝑎(𝑥, 𝑡)𝑑𝑥

𝑄𝑒,𝑠(𝑡) = 𝜀𝑒,𝑠 ∫
𝑥𝑎+𝑥𝑠
𝑥𝑎

𝑐𝑒,𝑠
(

𝑥, 𝑡
)

𝑑𝑥

𝑄𝑒,𝑐 (𝑡) = 𝜀𝑒,𝑐 ∫
𝐿
𝑥𝑎+𝑥𝑠

𝑐𝑒,𝑐
(

𝑥, 𝑡
)

𝑑𝑥

(19)

onsequently, Eq. (16) for each region can be written as:

𝜕
𝜕𝑡 𝜀𝑒,𝑎𝑐𝑒,𝑎 =

𝜕
𝜕𝑥

(

𝐷eff
𝑒,𝑎

𝜕
𝜕𝑥 𝑐𝑒,𝑎

)

+ (1 − 𝑡+)
𝑗𝑓
𝐹 (𝟶 ≤ 𝑥 ≤ 𝑥𝑎)

𝜕
𝜕𝑡 𝜀𝑒,𝑠𝑐𝑒,𝑠 =

𝜕
𝜕𝑥

(

𝐷eff
𝑒,𝑠

𝜕
𝜕𝑥 𝑐𝑒,𝑠

)

(

𝑥𝑎 ≤ 𝑥 ≤ 𝑥𝑎 + 𝑥𝑠
)

𝜕
𝜕𝑡 𝜀𝑒,𝑐𝑐𝑒,𝑐 =

𝜕
𝜕𝑥

(

𝐷eff
𝑒,𝑐

𝜕
𝜕𝑥 𝑐𝑒,𝑐

)

+
(

1 − 𝑡+
) 𝑗𝑓

𝐹

(𝑥𝑎 + 𝑥𝑠 ≤ 𝑥 ≤ 𝐿)

(20)

he boundary conditions for solving these PDEs include three groups:

1. No mass flow at two edge sides of electrode:

𝜕 𝑐𝑒,𝑎
𝜕𝑥

|

|

|

|

|𝑥=0
= 0,

𝜕 𝑐𝑒,𝑐
𝜕𝑥

|

|

|

|

|𝑥=𝐿
= 0 (21)

2. Continuous concentration and diffusion flux at anode-separator
interface

𝑐𝑒,𝑎
(

𝑥𝑎, 𝑡
)

= 𝑐𝑒,𝑠
(

𝑥𝑎, 𝑡
)

(22)

𝐷eff
𝑒,𝑎

𝜕 𝑐𝑒,𝑎
𝜕𝑥

|

|

|

|

|𝑥=𝑥𝑎

= 𝐷eff
𝑒,𝑠

𝜕 𝑐𝑒,𝑠
𝜕𝑥

|

|

|

|

|𝑥=𝑥𝑎

(23)

3. Continuous concentration and diffusion flux at cathode-separator
interface

𝑐𝑒,𝑐
(

𝑥𝑎 + 𝑥𝑠, 𝑡
)

=𝑐𝑒,𝑠
(

𝑥𝑎 + 𝑥𝑠, 𝑡
)

(24)

𝐷eff
𝑒,𝑐

𝜕 𝑐𝑒,𝑐
𝜕𝑥

|

|

|

|

|𝑥=𝑥𝑎+𝑥𝑠

=𝐷eff
𝑒,𝑠

𝜕 𝑐𝑒,𝑠
𝜕𝑥

|

|

|

|

|𝑥=𝑥𝑎+𝑥𝑠

(25)

4. Li-ions conservation

𝑄𝑒,𝑎(𝑡) +𝑄𝑒,𝑠(𝑡) +𝑄𝑒,𝑐 (𝑡) = 𝑐0𝐿 (26)

Taking into account charge conservation at each electrode, The
elationship between the volumetric current density 𝑗𝑓 and pore wall
lux 𝑗𝑛 can be expressed by:

𝑛 =
𝑗𝑓
𝑎𝑠𝐹

(27)

where 𝑎𝑠 is the interfacial surface area related to the electrode mi-
crostructure. Assume the current distribution inside the whale electrode
is uniform where the pore-wall flux for any particles is the same. Thus,
the local volumetric current density can be represented by the average
volumetric current density following spatial integrals:

𝑥𝑎
𝑗𝑓,𝑎

(

𝑥, 𝑡
)

𝑑𝑥 = 𝐼 = 𝑗𝑓,𝑎𝑥𝑎 (28)
∫0 𝐴
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∫

𝐿

𝑥𝑎+𝑥𝑠
𝑗𝑓,𝑐

(

𝑥, 𝑡
)

𝑑𝑥 = − 𝐼
𝐴

= 𝑗𝑓,𝑐𝑥𝑐 (29)

here 𝐴 is the cell electrode plate area. Combine Eq. – and boundary
onditions, the PDEs for the concentrations distributions are converted
o the ODEs that describe the change of the total amount of Li-ions:

𝑑
𝑑𝑡𝑄𝑒,𝑎

(

𝑡
)

= (1 − 𝑡+)
𝐼
𝐹 +𝐷eff

𝑒,𝑎
𝜕 𝑐𝑒,𝑐 (𝑥,𝑡)

𝜕𝑥
|

|

|𝑥=𝑥𝑎
𝑑
𝑑𝑡𝑄𝑒,𝑠

(

𝑡
)

= 𝐷eff
𝑒,𝑠

𝜕 𝑐𝑒,𝑠(𝑥,𝑡)
𝜕𝑥

|

|

|𝑥=𝑥𝑎+𝐿𝑠
−𝐷eff

𝑒,𝑠
𝜕 𝑐𝑒,𝑠(𝑥,𝑡)

𝜕𝑥
|

|

|𝑥=𝑥𝑎
𝑑
𝑑𝑡𝑄𝑒,𝑐 (𝑡) = −(1 − 𝑡+)

𝐼
𝐹 −𝐷eff

𝑒,𝑐
𝜕 𝑐𝑒,𝑐 (𝑥,𝑡)

𝜕𝑥
|

|

|𝑥=𝑥𝑎+𝑥𝑠

(30)

.1.4. State space format of liquid-phase diffusion

𝑐̇𝑒𝑠,𝑎
𝑐̇𝑒𝑏,𝑎
𝑐̇𝑒,𝑠
𝑐̇𝑒𝑏,𝑐
𝑐̇𝑒𝑠,𝑐

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−𝐷𝑒𝜀1.5𝑎
𝑣𝑒𝑠

𝐷𝑒𝜀1.5𝑎
𝑣𝑒𝑠

0 0 0

𝐷𝑒𝜀1.5𝑎
𝑣𝑒𝑏

−2𝐷𝑒𝜀1.5𝑎
𝑣𝑒𝑏

𝐷𝑒𝜀1.5𝑎
𝑣𝑒𝑏

0 0

0 −𝐷𝑒𝜀1.5𝑎
𝑣𝑠

−𝐷𝑒𝜀1.5𝑎 −𝐷𝑒𝜀1.5𝑐
𝑣𝑠

𝐷𝑒𝜀1.5𝑎
𝑣𝑠

0

0 0 𝐷𝑒𝜀1.5𝑐
𝑣𝑒𝑏

−2𝐷𝑒𝜀1.5𝑐
𝑣𝑒𝑏

𝐷𝑒𝜀1.5𝑐
𝑣𝑒𝑏

0 0 0 𝐷𝑒𝜀1.5𝑐
𝑣𝑒𝑠

−𝐷𝑒𝜀1.5𝑐
𝑣𝑒𝑠

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑐𝑒𝑠,𝑎
𝑐𝑒𝑏,𝑎
𝑐𝑒,𝑠
𝑐𝑒𝑏,𝑐
𝑐𝑒𝑠,𝑐

⎤

⎥

⎥

⎥

⎥

⎥

⎦

+

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

− 1−𝑡+
𝑣𝑒𝑠
0
0
0

1−𝑡+
𝑣𝑒𝑠

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

𝐼 (31)

Based on the previous equations, it is evident that the variation in
Li-ion concentration within the electrode region is influenced by two
distinct factors. Taking the anode as an example, the first component of
Li-ion change arises from deintercalation, wherein Li-ions are released
from the active material. This process is directly proportional to the
applied current, owing to the principle of charge conservation. The
second component of the equation accounts for the diffusion of Li-
ions from the separator to the anode, driven by the concentration
gradient. Importantly, the aforementioned relationship holds true for
any conditions, as the previous derivations do not assume any specific
electrolyte concentration distribution. In previous studies, many studies
suggested Padé approximation, parabolic functions, and asymptotic
reduction Leading-order approximation methods to determine the inter-
nal Li-ion distribution [13,19,33]. However, all the existing methods for
battery modeling require updating the concentration distribution after
every time step, which can be computationally expensive for online
applications.

For control-oriented battery modeling, calculating the diffusion po-
larization of the liquid phase requires only knowledge of surface area
concentration and its changes. The diffusion rate between control vol-
umes only influenced by each concentration follows Fick’s first law.
Therefore, this model used a similar method for the solid phase by
dividing the entire battery into five control volumes and assuming
a uniform distribution where diffusion only occurs at the connected
surface. The surface control volumes are aligned to the solid phase
surface control volumes where the pore-wall flux exists. Thus the
Eq. (30) can be simplified to:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑐̇𝑒𝑠,𝑎 =[−(1 − 𝑡+)𝐼 −𝐷𝑒𝜀1.5𝑎 (𝑐𝑒𝑠,𝑎 − 𝑐𝑒𝑏,𝑎)]∕𝑣𝑒𝑠
𝑐̇𝑒𝑏,𝑎 =𝐷𝑒[𝜀1.5𝑎 (𝑐𝑒𝑠,𝑎 − 𝑐𝑒𝑏,𝑎) − 𝜀1.5𝑎 (𝑐𝑒𝑏,𝑎 − 𝑐𝑒,𝑠)]∕𝑣𝑒𝑏
𝑐̇𝑒,𝑠 =𝐷𝑒[𝜀1.5𝑎 (𝑐𝑒𝑏,𝑎 − 𝑐𝑒,𝑠) − 𝜀1.5𝑐 (𝑐𝑒,𝑠 − 𝑐𝑒𝑏,𝑐 )]∕𝑣𝑠
𝑐̇𝑒𝑏,𝑐 =𝐷𝑒[𝜀1.5𝑐 (𝑐𝑒,𝑠 − 𝑐𝑒𝑏,𝑐 ) − 𝜀1.5𝑐 (𝑐𝑒𝑏,𝑐 − 𝑐𝑒𝑠,𝑐 )]∕𝑣𝑒𝑏
𝑐̇𝑒𝑠,𝑐 =[(1 − 𝑡+)𝐼 −𝐷𝑒𝜀1.5𝑎 (𝑐𝑒𝑏,𝑎 − 𝑐𝑒𝑠,𝑎)]∕𝑣𝑒𝑠

(32)

The state-space matrix form of LPD is listed in Eq. (31) (above).
It indicates that the applied current only affects the edge side of
6 
Table 1
Summary Of polarization equations.
𝐔𝐎𝐂𝐕 𝐒𝐨𝐂 𝐔𝐞 𝐔𝐑𝐂 𝐔𝐨𝐡𝐦

Eq. (14) & (15) Eq. (14) & (15) Eq. (31) & (33) Eq. (34) Eq. (35)

the electrode, creating concentration gradient, and inducing Li-ion
diffusion throughout the entire liquid phase. The LPD polarization
can be calculated by the surface Li-ion concentration via the Nernst
equation [45]:

𝑈𝑒 = (1 − 𝑡+) 2𝑅𝑇𝐹 ln( 𝑐𝑒𝑠,𝑎𝑐𝑒𝑠,𝑐
) (33)

where, 𝑇 is temperature, 𝑅 is universal gas constant.

2.2. Equivalent circuit model components

The rest of eECM is a standard Thevenin model where the only state
variable is the voltage of the RC pair:

𝑈̇𝑅𝐶 = − 1
𝑅1𝐶1

𝑈𝑅𝐶 + 1
𝐶1

𝐼 (34)

The ohmic polarization is regarded as a transient variable. The voltage
drop (𝑈𝑜ℎ𝑚) changes quickly in response to its charge or discharge
current and follows:

𝑈𝑜ℎ𝑚 = 𝑅0𝐼 (35)

2.3. Summary

In summary, the eECM combines EM and ECM components to
describe various internal processes separately and write them into
the state-space format. Table 1 summarized the equations for all
polarization-related components.

The final output equations can, therefore be written as:

𝑈𝑡 = 𝑈𝑂𝐶𝑉 (𝑆𝑜𝐶𝑠) + 𝑈𝑜ℎ𝑚 + 𝑈𝑅𝐶 + 𝑈𝑒 (36)

. Model parameter identification

The ECM and EM components separately represent internal pro-
esses of different time scales. Identifying all the model parameters
imultaneously is a time-consuming and imprecise process, especially
n a real-time application. Therefore, model parameter identification
hould be considered separately to fully utilize the available data.
his study identifies the ECM model parameters from the dynamic
ischarge cycle. In contrast, EM model parameters are determined from
he charge cycle, especially the rest period after a Constant Voltage
CV) charge. The applied current is removed during this period, and the
nternal diffusion process causes all voltage changes. Even though all
olarization simultaneously influences the terminal voltage response,
he distinct differences in time constants make it reasonable to assume
hat the influence of the diffusion process can be neglected during ECM
odel parameter identification in the discharge process.

.1. ECM model parameter identification

Before discussing the techniques for identifying model parameters,
t is essential to consider two critical aspects: structural identifiability
nd parameter sensitivity. Structural identifiability is a property that
llows inferring unknown parameters by measuring the output over
ime, independent of the quantity or quality of the observed data.
arameter sensitivity emphasizes the quality of excitation for parameter
dentification. The objective is to ensure that the model is uniquely
dentified, and that the parameter identification process uses the most
ata rich excitation points.

For the first one, the ECM part in this study adopts the Thevenin
odel, which is related to structural identifiability [41]. The second
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objective focuses on guaranteeing that the most appropriate data are
selected for the identification of the model parameters. This reduces
the risk of numerical instability in RLS algorithms. In this study, a
Fisher information matrix is utilized to assess the data richness of the
excitation. The Cramér–Rao bound is adopted as a data sufficiency
index to cross-validate the data richness among cycles. In our previous
work, this method has been verified in a single dynamic discharge
cycle, demonstrating its effectiveness [46]. However, there is no guar-
antee that sensitive points exist in a single cycle. This study uses three
dynamic cycles to allow the model parameters to evolve among the
cycles based on the data richness.

In terms of parameter identification, the FFRLS algorithm is the
most commonly used method for both online and offline usage. The
sudden and steady conditions always appear alternately in real-world
EVs. With increasing recursions, correcting new data becomes challeng-
ing, and the algorithm loses its tracking and correction ability, posing a
risk of divergence for FFRLS algorithms. Therefore, a variable forgetting
factor is employed to handle dynamic conditions, ensuring robust en-
hancement. In comparison to conventional FFRLS, a variable forgetting
factor recursive least squares (VFFRLS) can dynamically adjust the
forgetting factor value based on the error, responsively determines the
extent of discarding or reserving old data in an online and adaptive
manner. However, VFFRLS still does not inherently solve the risk of in-
sufficient excitation. Therefore, a Fisher-VFFRLS is proposed to actively
select the data richest points for online parameter identification.

Fig. 4 introduces the structure of the Fisher-VFFRLS algorithms.
𝑥𝑖,𝑆𝑜𝐶 represents the model parameters in a specific SoC region, and
the subscript 𝑖 means different parameters. The 𝐶𝑆𝑜𝐶(𝑥𝑖) indicated the
historical lowest Cramér–Rao bound, which indicates the data richness.
Depending on the operation time scale, the algorithm can be divided
into three time scales:

1. Time step: VFFRLS operates simultaneously with data collection
at each time step.

2. 1% SoC level: Fisher information matrix selects the most sensi-
tive points at each 1% change in SoC and records the sensitive
index value

3. Cycles level: The determination and evolution of look-up tables
will progress through cycles.

Model parameter changes occur gradually according to the battery
SoC. The resolution of the look-up table is set to 1% change in SoC
to guarantee a smooth transition between states while avoiding com-
promise of system stability and robustness. Thus, a 100-point look-up
table is formed. At each SoC segment, the historical lowest Cramér–Rao
bound and corresponding model parameters are stored, representing
the best estimation obtained thus far. In subsequent cycles, whenever
a 1% SoC change occurs, the newly calculated local data-richest point
will be compared with a historical data-rich point. If a lower Cramér–
Rao bound is achieved, then update the model parameters and record
the latest Cramér–Rao bound as the new historical data-richest point.
Otherwise, the previous Cramér–Rao bound and previous model param-
eters remain the most data-rich estimates, which will be preserved for
the next cycle.

3.1.1. VFFRLS
A recursive expression for parameter identification can be written

as discrete form by:

𝑈𝑡,𝑘 = 𝛷𝑘𝛩𝑘 (37)

where,

𝛷𝑘 = [𝑈𝑡,𝑘−1 𝐼𝑘 𝐼𝑘−1 1]

𝛩𝑘 = [𝜃1 𝜃2 𝜃3 𝑈𝑂𝐶𝑉 (1 − 𝜃1)]𝑇

Here, 𝛷𝑘 bring in the input data, and 𝛩𝑘 indicate the lumped model

parameter matrix include intermediate parameters 𝜃1, 𝜃2, and 𝜃3.

⎩

7 
Fig. 4. An implementation flowchart of Fisher-VFFRLS algorithm.

In each SoC segment, the data is injected as time series: [𝑈𝑡,0, 𝛷0],
[𝑈𝑡,1, 𝛷1]...[𝑈𝑡,𝑘, 𝛷𝑘], VFFRLS then finds the best model parameter es-
timation by minimizing the least squares error of the terminal voltage
through the cost function:

𝛩 = arg min
𝛩

1
𝑘

𝑘
∑

𝑡=1
(𝑈̂𝑡(𝑡|𝛩) − 𝑈𝑡)2 (38)

nce the optimized value of 𝛩 is achieved, the model parameters
𝑅0, 𝑅1, 𝐶1 and 𝑈𝑂𝐶𝑉 ) can be derived by Eq. (39):

𝑅0 =
𝜃3 − 𝜃2
1 + 𝜃1

𝑅1 = −2
𝜃1𝜃2 + 𝜃3
1 − 𝜃21

𝐶1 = −
𝑇 (1 + 𝜃21 )

4(𝜃1𝜃2 + 𝜃3)

𝑈𝑂𝐶𝑉 =
𝜃4

(39)
1 − 𝜃1
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Many previous works have already addressed the FFRLS procedure in
depth [28]; most equations are presented in Fig. 4 Step 1. Where 𝐾𝑘
s the gain vector, and 𝑃𝑘 is the covariance matrix. 𝑒 represents the
erminal voltage prediction error. 𝜆 is the forgetting factor between 0
o 1. A smaller value assigns less contribution of previous samples to
he covariance matrix, making it more sensitive to the latest sample,
nd vice versa. The stability of the RLS can be affected by the error.
n practice, the parameter change is also influenced by environmental
onditions and sensor errors. For stable parameter tracking, reducing
he forgetting factor when the error is large is crucial. If an error is
mall, the parameter needs less change and therefore a larger forgetting
actor is required [47,48]. The details of the VFFRLS algorithm are
isted in Fig. 4 Step 1, the unique part is this final procedure that tune
he forgetting factor based on the prediction error. The fixed parameters
𝑚𝑖𝑛 and 𝜌 are set at 0.8 and 10,000, respectively.

.1.2. Fisher information matrix
RLS identifies the model parameters based on the output signals of

he battery model and measured data. The information contained in
he output directly determines the quality of the identification results.
he Fisher information matrix evaluates the derivative of the output
ith respect to each model parameter, providing a means to assess

he adequacy of output data [49–51]. The Fisher information matrix
s expressed as

info,𝑘+1 =
1
𝜎2𝑦

(

𝜕𝑌
𝜕(𝑥|𝛩𝑘+1)

)𝑇 (

𝜕𝑌
𝜕(𝑥|𝛩𝑘+1)

)

(40)

where 𝜎2𝑦 is the variance of the terminal voltage measurement error
assumed to be Gaussian. 𝑌 is the system output (here is terminal
voltage), and 𝑥 is the model parameters matrix, [𝑅0, 𝑅1, 𝐶1, 𝑈𝑂𝐶𝑉 ], that
eed to be identified. Here, 𝑌 can be derived from Eq. (36):

𝑡,𝑘+1 = 𝑈𝑂𝐶𝑉 ,𝑘 − 𝐼𝑘+1𝑅0 − e
−𝑇
𝜏 𝑈1,𝑘 − 𝐼𝑘𝑅1(1 − e

−𝑇
𝜏 ) (41)

hus, at time 𝑘 + 1

𝜕 𝑌
𝜕 (𝑥|𝛩𝑘)

=
[

𝜕 𝑈𝑡
𝜕 𝑅0

𝜕 𝑈𝑡
𝜕 𝑅1

𝜕 𝑈𝑡
𝜕 𝐶1

𝜕 𝑈𝑡
𝜕 𝑈𝑂𝐶𝑉

]𝑇
(42)

where,

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜕 𝑈𝑡
𝜕 𝑅0

= −𝐼𝑘+1

𝜕 𝑈𝑡
𝜕 𝑅1

= 𝐼𝑘
(

e−
𝑇
𝜏 − 1

)

+
𝐼𝑘 𝑇 e−

𝑇
𝜏

𝐶̂1 𝑅̂1
−

𝑇 𝑈1,𝑘 e
− 𝑇

𝜏

𝐶̂1 𝑅̂2
1

𝜕 𝑈𝑡
𝜕 𝐶1

= −
𝑇 e−

𝑇
𝜏
(

𝑈1 − 𝐼𝑘 𝑅̂1
)

𝐶̂2
1 𝑅̂1

𝜕 𝑈𝑡
𝜕 𝑈𝑂𝐶𝑉

= 1

(43)

Here, 𝑅̂1, 𝐶̂1 means estimated value from VFFRLS. 𝜏 is calculated time
constant for RC pair equal to 𝑅̂1 ⋅ 𝐶̂1. The Cramér–Rao bound uses a
judgment index to represent the minimum variance of estimation error
extracted from the Fisher information matrix.[50,52]. It establishes the
lowest estimation covariance of an unbiased estimator via the inverse
of the Fisher information matrix:

covest (𝑥𝑖) ≥ 𝜎̄2(𝑥𝑖) = diag(𝐹−1
info)𝑖 (44)

ere, the 𝜎2(𝑥𝑖) is the Cramér–Rao bound for the 𝑖th model param-
ters which is represented by the 𝑖th diagonal value of the 𝐹−1

info. A
ower value indicates a better identification result, meaning that the
orresponding excitation can be considered as a satisfactory input. In
his study, the normalized Cramér–Rao bounds are employed as data
ufficient index for each model parameter, which is expressed as:

(𝑥 ) = 𝜎̄(𝑥 ) = diag(𝐹−1 )
1
2 ∕𝑥̂ (45)
𝑖 𝑖 info 𝑖 p

8 
Fig. 5. Diagram of a typical CC-CV charge pattern with rest.

It is important to note that the sensitivity for OCV remains constant at a
value of 1. To calculate OCV sensitivity, multiply all diagonal elements
of Cramér–Rao bounds to obtain an overall sensitivity value that is used
to represent 𝑈𝑂𝐶𝑉 sensitivity:

(𝑈𝑂𝐶𝑉 ) =
∏

𝜎̄(𝑥𝑖) (46)

.2. EM model parameter identification

The sensitivity of identifying model parameters in EM is challenging
ue to the inclusion of over thirty parameters in a P2D model [53,
4]. For the electrochemical elements of our control-oriented model,
iffusion-related model parameters are simplified to two parameters:
he solid-phase and liquid-phase diffusion coefficient, which dominate
he diffusion process. Moreover, these two parameters are strongly
ensitive to terminal voltage response and surface potential (𝑈𝑂𝐶𝑉 ) [55,
6].

The electrochemical elements primarily represent slow dynamic and
igh C-rate polarization in the eECM model. Considering real-world
pplications, diffusion-induced polarization is relatively insignificant
ithin dynamic excitations during discharge. In contrast, the charging
rocess is more consistent, providing enough time to capture over-
otential caused by diffusion. In a typical charging cycle (as shown
n Fig. 5), the charging process begins with one or multiple constant
urrent (CC) phases, followed by a constant voltage (CV) charge when
he terminal voltage reaches the cut-off voltage. Once the charging
ycle is complete, removing the current excitation, the terminal voltage
ill gradually drop until it reaches equilibrium. The rest of the process

s purely caused by the diffusion process; therefore, it was selected
or the EM parameters identification. The diffusion overpotential is a
ighly nonlinear process affected by not only the different solid and
PD rates, but also the internal concentration gradient. In this study,
he EM parameters are identified via a GA algorithm. The accumulated
erminal voltage error of eECM is selected as the fitness function for
ptimization.

fitness =

𝑊1 ⋅
𝑡1
∑

𝑡0

𝑎𝑏𝑠
(

𝑈𝑡 − 𝑈̂𝑡
)

+𝑊2 ⋅
𝑡2
∑

𝑡1

𝑎𝑏𝑠
(

𝑈𝑡 − 𝑈̂𝑡
)

+

⋯ +𝑊𝑛 ⋅
𝑡𝑛
∑

𝑡𝑛−1

𝑎𝑏𝑠
(

𝑈𝑡 − 𝑈̂𝑡
)

=
𝑡𝑛
∑

𝑡0

𝑊 (𝑡) ⋅ 𝑎𝑏𝑠
(

𝑈𝑡(𝑡) − 𝑈̂𝑡
)

(47)

here 𝑈𝑡 and 𝑈̂𝑡 are the measured and simulated terminal voltage.
his fitness function represents the sum of the absolute error at each
ime interval. The coefficient 𝑊𝑡 is used to weight the contribution of
ach time interval during the optimization process. The optimization
ainly depends on the rest period but includes part of the CV process

o determine the initial conditions of the rest period. A lower weight
s given to the CV part, while a higher weight is assigned to the rest

rocess.
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Fig. 6. Raw data of DST, US06 and FUDS cycles.

. Model validation

This study utilized data from an A123 battery tested in the Center
or Advanced Life Cycle Engineering (CALCE) of the University of
aryland, including three dynamic cycles - DST, US06, and FUDS. The

ell used is LiFePO4, with a rated capacity of 1100 mAh. During the
attery test, the cell is firstly charged to 100% SoC and allowed to
est until equilibrium is reached. It is then discharged with different
uty cycles. Once the battery approaches the 0% SoC, it is rested again
efore repeating the charging process. Raw data are shown in Fig. 6.
he identification and verification of model parameters are performed
sing Matlab/Simulink 2023a. The identification of model parameters
nvolved two steps: first, ECM elements are identified from dynamic
ischarge data, and then two diffusion-related EM parameters are
etermined from the rest data after CC charge. Finally, the identified
odel parameters are validated through the estimation of the terminal

oltage and SoC.

.1. Model parameter identification

The results of identifying the ECM parameter include the ohmic
esistance, RC pair parameters, and OCV. Identification results are
hown in Fig. 7 . The blue and red lines show the model parameters
dentified from one and all three cycles. As far as we know, the model
arameter identified from DST has the best performance. Therefore, it
s adopted to represent the performance of model parameters identified
rom one cycle. Compared to conventional VFFRLS (shown in black),
ur proposed method produces a smoother curve that is very much
ubject to a basic understanding that the model parameters change
lowly and smoothly. The reason why conventional VFFRLS fails is due
o the lack of rich information excitation, which makes it sensitive to
xcitation dynamics. Additionally, there is no guarantee that sufficient
xcitation will be obtained in one cycle. Hence, the proposed model
eceives the most sensitive data among cycles. This is especially crucial
or identifying the OCV data, which is one of the most essential char-
cteristics of the battery cell. However, the sensitivity of the OCV is a
onstant value of 1 and much larger than other parameters (usually
e15-1e-20), making it almost insensitive to the input signals. The
ccurate estimation heavily relies on the overall data richest points.
dentification results show a significant improvement in OCV estima-
ion at the edge of SoC and less error compared to the separate OCV test
nder 1/20 C (shown in the magenta line). The EM model parameters
sed for the verification are shown in Table 2. The two core diffusion-
elated model parameters identified from the rest period via GA are
× 10−8 and 5 × 10−6 m3∕s. Other EM parameters related to the cell

structure are selected from the literature.
Taking into account the online computational cost, the method

involves generating a 100-point look-up table that covers one cycle of
data. On an i7-9700 CPU, it takes approximately 0.1383 s, 0.1264 s, and
0.1268 s for DST, US06, and FUDS tests, respectively. This time already
9 
Table 2
eECM electrochemical parameters.
Parameters Value

Identified parameters
𝐷𝑠 8 × 10−8 m3∕s
𝐷𝑒 5 × 10−6 m3∕s
Selected parameters
𝐶𝑒 1000 mol∕m3

𝐹 96485.3329 sA∕mol
𝑡+ 0.4
𝑅 8.3144 J∕K∕mol
𝑇 298 K
𝑣𝑠 2 × 10−6 m3

𝑣𝑏 2 × 10−5 m3

𝜀𝑎 0.45
𝜀𝑐 0.3
𝑏𝑟𝑢𝑔𝑔 1.5

Table 3
Terminal Voltage Estimation RMSE.

Models DST US06 FUDS

ECM (DST) 0.0141 0.0113 0.0125
ECM (All) 0.0135 0.0106 0.0121
eECM 0.0086 0.0066 0.0074

encompasses all costs related to VFFRLS, Fisher information matrices,
and GA. Calculating the Fisher information matrix for the 1% SoC
segment ranges from 0.001 s to 0.008 s, depending on the data length,
which is considerably less than the 1 s sample time. Furthermore, these
algorithms update the look-up table every 1% SoC, ensuring ample time
for online calculation.

4.2. Terminal voltage verification

Fig. 8 shows the results of terminal voltage verification. The black
line represents the measured terminal voltage, while the blue and
red lines represent the terminal voltage simulation values from the
ECM and eECM. The terminal voltage response can be better followed
when the diffusion process is applied. This is because a high current
excitation causes a rapid concentration change at both the electrode
and electrolyte surface volume, and the resulting diffusion-induced
overvoltage cannot be neglected. Furthermore, the influence of high
C-rate excitation would not be eliminated in a short time period in the
following time steps. The time constant of the RC pair is around 2–
3 s, and the influence of slow-dynamic diffusion can last much longer
than this value. This explains why eECM performs better when the
battery is under high current excitation and during the following time
steps. The RMSE results are listed in Table 3. For each cycle, the
eECM significantly outperforms the conventional ECM. Comparison of
the parameters identified from a single DST model and three cycles
is also included. This indicates that the proposed model parameter
identification methods can be improved by involving multi-cycles to
improve accuracy. The US06 test resulted in the best estimate of
terminal voltage with an RMSE of 0.0066 V; the largest RMSE was still
lower than 0.0086 V.

4.3. SoC estimation results

SoC estimation is a core function of BMS in EVs. The proposed
model needs to be able to perform accurately in real-world scenarios
where the noise from sensors cannot be ignored. This study injected
artificial white noise into lab-collected data to test its functionality. The
actual data used for SoC estimation is presented in Fig. 9, where the
yellow line represents the raw data, and the red and blue lines denote
the current and voltage data used for the estimation, respectively. The
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Fig. 7. Parameter identification results. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. Terminal voltage estimation result in DST, US06 and FUDS cycles.
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Fig. 9. Data used for SoC estimation with added noise.

EKF algorithms are applied to both ECM and eECM using noise data.
mplementing AEKF on ECM has been well explored in many previous
tudies [28]. In eECM, the state of SPD is adopted as a state function
y Eq. (14). The discrete form for AEKF can be expressed as:

𝐤 = 𝐅 𝐱𝐤−𝟏 +𝐐𝑘

𝐱 =
[

𝐜𝑠𝑠,𝑎
𝐜𝑠𝑏,𝑎

]

𝐅 =
⎡

⎢

⎢

⎣

𝑣𝑠
𝑣𝑠+1

+ 𝜎
𝑣𝑠+1

𝑣𝑠
𝑣𝑏 (𝑣𝑠+1)

− 𝑣𝑠 𝜎
𝑣𝑏 (𝑣𝑠+1)

𝑣𝑏
𝑣𝑠+1

− 𝑣𝑏 𝜎
𝑣𝑠+1

1
𝑣𝑠+1

+ 𝑣𝑠 𝜎
𝑣𝑠+1

⎤

⎥

⎥

⎦

where 𝜎 = e
𝑇 (𝐷𝑠+𝐷𝑠 𝑣𝑠)

𝑣𝑠

(48)

where 𝐅 is state transition matrix, and 𝐐 is the process noise. The ECM
arameters are from the identified look-up tables. As the parameters
hange between two time steps can be neglected, the state equation
an be treated as linear. In order to linearize the SoC-OCV equation in
he measurement equation, the OCV is fitted to a seven-order polyno-
ial function of SoC and consequently applies the Taylor expansion.
herefore, the measurement equation can be expressed as:

𝐳𝑘 = 𝐇𝐱𝐤 − 𝑈𝑜ℎ𝑚 − 𝑈𝑅𝐶 − 𝑈𝑒 + 𝐑𝑘

𝐳 = 𝑈𝑡 𝐇 =
⎡

⎢

⎢

⎣

𝑑 𝑈𝑂𝐶𝑉
𝑑 𝑆𝑜𝐶

𝑣𝑏
𝑞𝑚𝑎𝑥𝑠𝑠,𝑎

0

⎤

⎥

⎥

⎦

(49)

𝐇 is the measurement model matrix and 𝐑 is the measurement noise.
The detail of the AEKF algorithm is presented in Algorithm 1. In
a real-world application, the statistic characteristic of 𝐐𝑘 and 𝐑𝑘 is
not a prior. The innovation sequence is used to estimate and update
iteratively following Step 5. Where 𝑁𝑘 is the innovation covariance
matrix calculated from innovation covariance matrix 𝑒, the sequence
length 𝑀 is set as 50.

In this eECM, the definition of SoC is represented separately by
surface SoC (𝑆𝑜𝐶𝑠) and bulk SoC (𝑆𝑜𝐶𝑏), each influencing the OCV
and the parameters of ECM independently. Precisely, 𝑆𝑜𝐶𝑠 captures the
dynamic surface polarization associated with diffusion-induced over-
voltage, while 𝑆𝑜𝐶 reflects a relatively stable internal concentration
𝑏

11 
Algorithm 1 AEKF for SoC estimation

Input: 𝐱̂+𝑘−1 𝐏+
𝑥,𝑘−1 𝐑𝑘−1 𝐐𝑘−1

1: Prior prediction
𝐱̂−𝑘 = 𝑓 (𝐱𝑘−1, 𝑢𝑘−1) (Eq. (14))

2: Covariance update
𝐏−
𝑥,𝑘 = 𝐅𝑘−1𝐏+

𝑥,𝑘−1𝐅
𝑇
𝑘−1 +𝐐𝑘−1

3: Predict system output and error calculation
𝐳̂𝑘 = ℎ(𝐱̂−𝑘 , 𝑢𝑘) (Eq. (36))
𝑒𝑘 = 𝐳𝑘 − 𝐳̂𝑘

4: Kalman gain (𝐋𝑘) calculation
𝐋𝑘 = 𝐏−

𝑥,𝑘𝐇
𝑇
𝑘 [𝐇𝑘𝐏−

𝑥,𝑘𝐇
𝑇
𝑘 + 𝐑𝑘−1]

5: Adaptive noise matrix
𝑁𝑘 = 1

𝑀
∑𝑘

𝑘−𝑀+1 𝑒𝑖𝑒
𝑇
𝑖

{

𝐑𝑘 = 𝑁𝑘 −𝑁𝑘𝐏−
𝑥,𝑘𝑁

𝑇
𝑘

𝐐𝑘 = 𝑁𝑘𝐋𝑘𝑁
𝑇
𝑘

6: State estimation update
𝐱̂+𝑘 = 𝐱̂−𝑘 + 𝐋𝑘 ⋅ 𝑒𝑘

7: State covariance (𝐏𝑥,𝑘) update
𝐏+
𝑥,𝑘 = (𝐈 − 𝐋𝑘𝐇𝑘) ⋅ 𝐏−

𝑥,𝑘
utput: 𝐱̂+𝑘 𝐏+

𝑥,𝑘 𝐑𝑘 𝐐𝑘

Table 4
SoC Estimation RMSE.

Models DST US06 FUDS

ECM (DST) 0.0172 0.0175 0.0174
ECM (All) 0.0136 0.0137 0.0142
eECM 𝑆𝑜𝐶𝑠 0.0222 0.0177 0.0197
eECM 𝑆𝑜𝐶𝑏 0.0120 0.0117 0.0122

condition. Therefore, 𝑆𝑜𝐶𝑏 aligns with the conventional SoC definition,
indicating the average charge distribution within the battery.

This study compares the 𝑆𝑜𝐶𝑠 estimation result with raw data to
verify the noise cancellation ability of eECM and AEKF. The estimation
results are presented in Fig. 10. The black line is the eECM with raw
data, and the red line is the eECM with noise data and AEKF. The AEKF
guaranteed a RMSE lower than 0.02. Capacity values adopt the rated
value, and the dynamic test cannot reach 0% SoC due to the lower cut-
off voltage limitation. In this testing condition, the end SoC does not
reach 0, but the final peak of the DST test pushes the surface SoC below
zero. This indicates that the surface electrode is partly over-discharged,
which is an unrecognized hazard in conventional control methods.

The 𝑆𝑜𝐶𝑏 is compared with real SoC calculated through Coulomb
counting methods using raw data. The ECM with AEKF is also adopted
for comparison. The results and errors are depicted in Fig. 11, where
the bulk SoC is in the red line, the ECM SoC is in the blue line, and
the real SoC is in the black line. The battery performance of eECM can
also be explained via the diffusion process. The current applied to the
current collector is directly applied to the electrode surface layer and
then permeates to bulk volume. In another world, the current could not
directly influence the real SoC, thus leading to errors in the ECM model.
In order to further prove the accuracy of the proposed Fisher-VFFRLS
algorithm, the parameters from the DST cycle with AEKF are also
included for SoC estimation comparison. The RMSE result is shown in
Table 4. The online SoC estimation based on eECM 𝑆𝑜𝐶𝑏 can efficiently
limit the error below 0.0122, which shows that the eECM and AEKF
can introduce a reliable monitoring ability in online applications such
as EVs.

4.4. Summary

Integrating the SPD and LPD processes, eECM provides a clearer
description of internal electrochemical reactions with significant phys-
ical implications and enhances state estimation performance. Firstly,
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Fig. 10. Surface SoC estimation result in DST, US06 and FUDS cycles.
terminal voltage estimation accuracy improves by more than 36%
compared to ECM across all dynamic tests, particularly benefiting from
enhanced prediction following high-current operations and polarization
at edge SoC region. Secondly, by treating bulk SoC to represent battery
SoC, the eECM demonstrates substantial performance improvements
across all SoC regions. Finally, eECM enables separate monitoring
of surface and bulk SoC, facilitating the identification of local over-
charge/overdischarge conditions that are not captured by ECM, which
assumes electrode homogeneity throughout.

5. Conclusion

This paper introduces a modeling framework that integrates the
electrochemical process into the conventional Thevenin model while
maintaining the simplicity of parameterization and implementation
inherent in the ECM structure. Previous studies have demonstrated the
advantages of integrating the electrochemical process into the ECM
model, and this study extends these findings by introducing the liquid-
phase diffusion process to enable high C-rate and edge SoC usage.
More importantly, this study provides an in-depth description of the
corresponding internal processes based on their frequency response
speed, effectively distinguishing between slow and fast dynamics. This
differentiation enables online parameter identification capabilities. The
proposed Fisher-VFFRLS method is applied to three driving cycles: DST,
US06, and FUDS. The maximum RMSE for terminal voltage and SoC is
demonstrated to be lower than 0.0086 and 0.0122, respectively.

Owing to its state-space format and full online parameterization
capability, this model is promising for use in control applications within

an online BMS onboard EVs. This work emphasizes its suitability for

12 
online operation, acknowledging that it is primarily simulation-based.
Future work will focus on conducting hardware-in-the-loop tests to val-
idate the methodology in real-world scenarios. The detailed description
of internal processes provides additional opportunities for advanced
control strategies aimed at optimizing power delivery, mitigating po-
tential hazards, ensuring long-term usage, and predicting remaining
useful life. Our future work will focus on exploring these additional
functionalities to leverage the potential of the proposed eECM.
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Fig. 11. Bulk SoC estimation result and ECM with EKF result in DST, US06 and FUDS cycles.
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