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LITROOUCTION ArD &

A IATTHIATICAL LODEL FOR RANLLING Til A WAREIIOUSE

LAY OF CCUCLUSIONS

Cne of the projects, which were assigned to the if.i.L.U.

by the Research Fellouship Committee, is the cocuscruction
of a mathematical nodel for zocds hendling in a warehouse.
This report, which concludes the first stage of tue projcct,
cefines a mathematical model for warehouses in wiich goods
are stored in unit locations. A practical example would be

a store using pailets in pallet racking.

e have been careful to base the model only on such cata as
are geaerally available ia wareliouse opevations, and Lelieve

that the forumlae we put forward can be applied
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practical problems, provided our assunption is just
that handlirg effort, however expressed (e.g. cost cf handline,
time taken per unit), is propcrtioral to quantity and
distance over which goods Lave to be moved during the

warehousing process.
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1.4.

Our main findings are that handling effort can be minimised,
withia tiie framework of a given tine dependent storage
policy sueck as FIFD or LIFD, by:
i) irmpocing a rule of always storinsg incoming
©ocas in the nsarest free location and issving,

outzoing gocas frou the nearest full location.

il) by formiug storage tlocks of unit loe-
atious vuvith dimensions given by the dimensions
of the unit lecation aud the performeiice

=

characteristics of the handling equirpient, and
iii) bv storing each commcdity within tue warehouse
in accordance with a caleculation, which uses
as its data the average rate oi throughput

and the maximum expected storage capacity for

that commedity.

By the appiicacion of the above rule one can cecide on the
capacity, shape and lay-out of a warehouse for a varilety of
available handiinz equiprent and thence ciwose that

that minimises total

combination of equipment end lay-out,

]

cost.

Sections Z and o of this report are introductecry. Section
4, develops the main formulae. 3Secticn 5 discusses their

use L
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Section ¢ then considers the problem of crder picling, and

Section 7 discusses the effect of time dependent storaga

pelicies oun the model.

These 7 sections form tie main part of the report.

i’le have

added a short section {(Section 8) on an attempt to devise

o ToTimula
a LoTrmusa

and a

considering waveliouse automaticn.

matienatics.

e have tried througiout (except in

nathematics as simple as possi

nature of the project, w wld

formulze.

ble.

for buildinz cost and its link to handling efiort,

section (Yection 9) on the use of tha model when

10

Section 10 deals with the

Scerion 1C) to Leep the

]

Jdevertheless by th

avcid using mathematical

In order to enhance the understanding of the foriwlae, we

have attached a numerical exampie.

chosen small numbers t.ich
Lovrever tried to conatruct i
have chiocscu

the valuas e

other similar

uay be far from

arc

to that found in

Cbviously, we have
reglitys we have

example in such & way, that

in a relationship to each

sractice.
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THE PURPOSE AND A

Contrary to gemneral

writh calculation.

example,
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ATHRLATICAT, HODEL

ICABILITY CF A HATHELATICAL HODEL

=
M

ATYIZT

lief, mathematics i1s not concerred
Calculational procedures, such &3, for

8 of arithmetic, have rather the charact

the rule
Llie l(FS;

f by-prcducts of ti formal theoretical work of mathemat
P
such

vaich encompasses the field of logical relationsiiips

tionships can, but need not, be of a quantitative nature.

Any matnematical fextmla is a formal description of a logical
[ A W
things

aticnsiip between two or more "things'; what the
It is the formula that matters,

3

rel
are, need not Le defined.
ecause mathematics is concerned with finding consistent rules

that explore logical relationsiiips and therefore permit

"things" that are in such

statement about the collection of
a relationship.

such consistent rules, if we can

243 Conversely, given a set of
define formal relationships between kncwn “thiangs™ we can
apply the rules, and tlie consequent statements are then
applicable to the "things™ of interest.

2.4, For example, the term "centre of gravity”, is a theoretical
al/wechanical

fiction, cerived from observations in physic
in wmathematical terms.

1
7

Y
Lad

studies. It can be expressed formal
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In certain circumstauces, the same f{ormule gives the Dvest

locaticn of a warchouse tiiat has to supply a Luwown number

of retail ouvtlets In a given erea. Thus,in cue case the

“things"” that are related by the foruula are points and

cheoretical forees in an abstract geometrical configuraticn,

in the other, thev are real geographical locatioms and

actuval quantities of goods.

The art of comstructing maithematical mcdels is the derivation
of formal relatiounships from real situatious. ©Once tie
abstract formulations are writtern down, one can operate on
the formulaze by the ruies cof mathematics in order tc solve
problems that arise from the real situation. Clearly, there
will always be a Gifference between reality and theoretical
description, and the guality of a mathematical model depend
cn finding a formula, suzh that that difference does not

affect the practical results.

The results that usually are of interest, and tue whole

purpose of construccing mathematical models is twofold.
Firstly to gain insicht into and uccerstanding of ccaplex
situations oxr systeus, and secondly, to derive rules tlat in
some way optiwise activities im such situations or the
perforamce of such systems. Oune has, of course, to define
vhat is meant by “optimising”. In cormercial studies,
optimisation usually denotes either mazimising profits ox

ninimising costs.



2.70

In this first attempt to comstruct a mathematical model of

e

a warehouse we had first of all to sinplify reality in
oxder to be able to set up our formulae, always with the
proviso, that we must not depart from the real situation so

far as to nake our results inapplicable.

Thus ve consider here only the type of warehouse in which
direct access to all units stored exists. An example of

such a warchouse, would be one in which all items coue as
standard pailecs and are stored in pallet racking, one pallet
per cubicle. The results are, therefore, not directly
applicable te warehcuses in which goods are stored in stacks.
Ve belive, however, that from this first model eof a simple
type cf warehouse, we shall Le able to derive models for the
more complicated storage system. These will be the subject

cf a second report.

wgaing since in order to apply the model to any real situatiocn,
requires obsaervations of thie real situation, we took care

that the data thet will be required are of a type that are
gencrally available te warchouse managers, s explained in

the folloring chapteis.
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TERMINOLCCY, IIDTATION AID BASIC ASSUMPTIOLE

The project is concerned with materials handling in a

hrare-

varchouse. For the purpose of the research, the term
house" covers all types of spatial storage, i.e. ary leocation,
building, comstruction etc. that is assigned to hold stocks
of one or more Cifference types of items in unitised form.
Whether these stochs are raw materials, in-prccess stocks or
finished goods i irrelevant. Equally the research is not

concerned with the reason why stocks are held, or with stock

control.

Ve assume tilrat stocks, in the amounts given by the stock
controi system, need to be stored and the project ic
concerned with the form of storing these stocks in an
optimal way. ¥e shall, Fowever, use certain results as to
stock distributions that have been obtained by research into

steck control systems.

The term "distributions" as used in chis report refers to

probability distributicns. Thus the stock of any item held

1=

in a varehouse will have a “'distribution”, i.e. it is
possible to assign a probairility that at any time the stoci.
of the item ma2y have a given value, aud also state that

stock will not exceed a certain value more than, say, x% of

time. TFurther,we can then also speak of an average stock



and & stock variance. Variance in comnnection with probability
is a measuire of variability, usually designated Ly tie areek
letter ¢2, For crampie, a stock that will uever fall below
say 10 units and never exceed say 20 units will have a smaller
variance than one that fluctuates between, sav, 0 and 50 units.
The square root of the variance called "ctandard deviation™

is also often used in statistical calculation and since the

notation for variance is o2 the notation for the standard

dzviation is o,

Ctherwise, in this report e shall use greek letters other
than ¢ to denote proportions, i.e. greek letters stand for
ratios, wihich, unless otherwise indicated, will lie between

0 and 1,

Unitised goocs are usually stocked in rectangular blocks
witihiin a storage area, e.g. in racking or stacks of bhoxes
or peilets, etc. Yor the first step we chose a very simple
model, for which the output and input is always in the same
unit, where any unit within the stack or tlock can be
extracted and the handling equipment can move only ome unit
at a time. An example would De a warehouse which receives
and issues gecods in integral multiples of pallet loads, and
where pallets are hela in racking, which is subdivided into

cells helding a single pallet,






Ir Section & below we cousider the casce of output units
different from input mits,il.e. order picking.

Fig. 3.1 shous such an arrangement of 125 cells, 3 celils wide
i

5 cells long and high. Each location ccuid be identified by

a triplet of integral numbers, giving position in the two

[= 9
[N

rections and hLeight. Ia such a block arraugcment, movement

)

o

s possible ounly in directions at right angles to each other.

Thus the distance from a given reference point to any storage
cell is civen by che sum of three nuwbers, the distance from
reference point along, across and upvards. These three
distances can serve as the identification trinlet of numbers

for each storace cell.

For the purpose of the model, we can take as reference point
one bottom corner of the block {(marked O in Tig. 1), as the
true reference points (say A and B in Fig. 3.1) i.e. receiving
and despatch bays, will only aad & known distance to all
locations. This ma7y be a surprising statement, and it is

therefore, worth while to go into greater detail.

Consider the bottom laver of cells im a 3 x 3 arrvangement.
The distance of each: cell from the theoretical reference

soint is shown in each cell in Fig. 3.2a.
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Assume now that the entrance is at 0 and the exit at the top
left corner at B, (Fig.2.2b). The distances of the cells,

from the exit are also shown in Fig.3.2b. Since total distance
over which &ny item of goods has to travel, is the sum of
coming into a cell, and cut, the total distance of interest

for each cell xs the sua of the distances from entry and exit
point, This ig shown in Fig. 3.2c., If we move the exit to

the diagonzlly opposite corner, the cell distances Lecome

equal in each layer (Fig. 3.2d). Cbserve, that the average
distance remains the came, no matter where exit and entrance

dre.

if entrance and exit are shifted to the middle of one side

as in Fig.2.2e

Fig. 3.2e

1] 213
o ol 112 !
| 1] 213 |

a saving in total and hence average <istance accrues, but
again the indivicdual cell distances change by fixed amounts,
which are knowvmn once the exzct location of entrance/exit is

kaown.

10.
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if one further cousiders, that a warehouse

filled only on relatively rare occasions, there is a definite
adventage in haviag a single point as entraince and exit. 1Ii,
for example in the nine cell warelicuse of Fig. 3.2, we iupose
the rule that goods are always storel in the nearest empty
cell and taken frow the nearest full cell, and on average
only 5 of the nine cells are occupied then on average
mevenent will taiie place in the area of the "nearest" 5 cells,
and the average distance over which any single item moves wil
be 2.4, 2.8 anu 4, for the arrangement in 3.2a, 3.2c aud 3.2d
respectively. The greater the proportion that is usually
occupied tihe smaller tie difference between the possible
arraengements of entrance and exit., This is trve, for every
size of warehouse, and, therefore can be taken, as the first

result, obtained from our model.

Lhether, this result is in practice applicable, depends, of
course, on whether geods can be moved into and out of a
storage area via tlie same doorway. Taere are many situations
in which this is possible, bLut even where thic is not possible,
the results obtained by assuming a single reference point

are applicable, beczuse the effect of separating entrance

from exits only adds kuoim fixed amounts to the digtances.

e furiher assume that input and output is variable, and

that there exists a stock control svstem which permits us



to estimate the distyribution of stocks, averaze stoci. and
variance and any correlation between stocks cf any two items.
Vassian (JORSA 1555 3 (3) 272-282) has shown that, given the
replenishment system: Order = Forecast of demand — Stock
available + Safety Stock and fixed lead time, the stock has
the same distribution as the Forecast Error, indepencent of
the forecasting formula used. A number of other authors,
includine the writer of this report, nkave shown that the use
of an exponential smoothing formula for forecasting, results
in an unbiased distribution of forecast errors with average
O, and furthermore, that such a formula adapts itself quickly
to any changes in cemand, so that over tine the éistribution

of errors can be taken as stable and symmetrical,

Usually lead time variability does not materially alter this
istributicn. Thus, for certain results we shall assume
that the stock control system is such that stocks are

distributed symmetrically around an average equal to

)

stipulated safety stock.

Finally, we have to decide the question of optimisation.
Warehousing is usually a coumercial operatiom. A pricri,
therafore, profit waximisation would seem appropriate. Cn
the other hand, more often than not, warehcusing Zcrms only

» part of a husiness, and furthermore our remit is restricted

b=
i~
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to the consideration of heudling. Tor these reasons we

" as the criterion, and define it

selected "handling effort
as dependent cn distance over which a wnit item has to ce
moved. In mathematical syobols, since mevement within the
gimple =rarehicuse model we stipulate, can taite place only
at vight angies, this bandling effort canm Lo expressed as

o= £{x)+g(y) +d (2) (3.1)
with: x = distance along, y = distance across, z = vertical
listance. In words: Landling effort, per urit, is related
to the sum of movements along, across and vertical. Turther
consicderation, in particular study of published performance
cheracteristics of handiing equipment and work study results
on goods handiing, iudicates that the relationship between

distance and effort is linmear, and can therefore be expressed

B = ax + by + cz (3.2)
The hancling effort itself can be expressed as a cost, — in
which case a, byand ¢, represent cost of moving one item
one uniit in each direction =, or as tiue, or as pover

consumption, whichever is appropriate.

The obiect is, of course, to minimise handling effort.

e dc not say, that hanaling effort is always proportional

to distance moved as stated in formula {3.2), only that in

our preliminary iavestipations we have not found any contrary

13'



exanple, and that, therefore, in our first atteupt Lo
consiruct a mathematical model of movement in a warei.ouse

the formula is appropriate,

14%.
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LIOVERENT WITeld Thi WATGLLIGUSE

he first and perihaps nicst iuporiznt conclusion that we have
arrived at, by cousidering thie simple model described in the
sreviocus section, is that movement in a warehouse depends on
stock distributions ratier thaan possible forms of demand and

1

supply, provided that such stock distributioms are not time

denendent. This proviso seems at first to be important, but
researci into stcck control systems has shown that statistical
methods of adaptive deuand forecasting coupled with efficieat
re-order rules leads to stable stock distributicns that are

irdependent of time, except for kiown seasonal variations for

~iich provision can be made,

To illustrate this point in greater detail, movement and hence
randling in a2 warchouse, consisting of storage cells as in
Fig., 1., depeuds on tae amount of cells tnat are full and
their spatial distiibution withir. the block of cells at any
given time., The numwer of full cells will fluctuate in
accordance witir the stock distribution. If we impose a rule,
thrat incoming goous are aluays assigned to the nczarcst free
celis and outgoing goods always taken from the nearest full
cells, we shall achieve a clustering of full cells that will
tend to the form of a cube, one ccrmer of wiaich will be the
reference point, if the cells tnemseclves are cubes. This is
iliustrated in Fig. 4.1, where the values marked in the cells

[ pa S [a]

are the distances from the reference point. Thus for O cells
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full, the arrangement warked by the thick lines _ives the
[}

minimum total distance. Do other arrvangement of & cells can

cive a lower value.

As, in our simpie model, we define a cell to be capable of

olding ome wumit only, the term '"nearest™ is unambiguous since

o

e

each cells distance from a reference point can be measured,

and if, ac is in practice often true, tinere are tiso separate
reference points, incoming end ouigoing, the cell distance is
the sum of the two Jistances, as any incoming uait will in due
course, become an outgoiry unit.

Thus in order te estimate the average distance over which units
have to be moved, we nead only consider the extent of tie

cluster of cells riven by the average stcck in the warehouse.
5 y

If we have a warehouse of w« cells, arranged as a block m cells
iong, n cells wide and p cells high, and the cells theuwselves

are cubes of side 1, then the average distance to the reference

point is given Ly

(nH |

m+n+p
2
The minimum total distance of all cells is achieved ii, as

necar as possible, m = n = p.



average distance, taking tae longest side as unit of measure-

ment is given by

G = Bryn+p (4.1a)
2

Again winimum total distance is achieved if tle block is
a cube, i.e. if the cells are arranged as near as possible so

s iy : 1 .1 e
that we have a cube: w cells long, —w cells across aud <w cells
Y v}

high, with w = 3/Ky§ 1In practice w is the nearest integer so
o e 1 1 4 i
that w3 3 Kyé and similarly $w, TV must be rounded up to its

nearest whole number.

Qur interest, however, is in a handling function that is a

linear function c¢f distance, of the form ax + by + cz. Thus

to find the average vaiuve of the handling function per unit

in a block of: m x u x p = X cells, in which every cell has

the chance of being full or empty, we multiply the average

distance in the block by a, b, c, respectively. Setting

g = by, d = c¢§ we have an average unit handling value as per
Expression {(4.1t), an approximation, that suffices for the
purposes oI minimisation. The exact formulae is derived in

Sub-section 1i0.

= am + o + do
0 = ?‘ - (4.1b)

Again, a minimum handiing value, be it cost or any cther
expiression of haudling effort, is achieved if the X cells ave

i o ; i T 4
arranged so that we have, as near as possikle, a bloci, — cells

%] 5 . T 5 o p——
long, — cells wide and — cells high, with w = 3Vaagu
Lod C
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The rule of alirays usin; aearest cells forces movement to take
place vithin a cluster of cells of the order of stcck in hand.

On averaje, tierefore, movement takes place in a space equivalent

to that required by the average stock in hand, say, XK.

If then there are no spatial restrictiomns, that is, if the

lincar dimensiovns of the warehouse are greater than or equal

W W W

to E: 'é's E

storced, the minimum average haudiing effort per unit is given

i

by
Y e
ik = ==

where W= -?K@.gd == IG

The above implies that we poy re-define 'nearest", &

least handling effort.

Consider now a warehouse tiiat has a capacity of K units.
has to store K different commoditieg, of whiich the stock

distributions arc knovn. Accordingly the required wmaximun

; . th ) i 0 : Foped
capacity fer the i~ commodity is K;, the sum of thes capacities
adding to the total K, ciius % Ki = K. The proportion of

i=1 th
capacity taken up by the maximum required for the i

W

L
o
g

by Kss with the teotal average steck K, thus I XK, =K

=1

e

; ’ ; . Li: -
Finally the average rate of throughput for the i~ commodity

is Mi units, and tlhe toial average rate of throughput for zll

=
4

1
:
I

commociities is i, so that :
i=l ~

cells, respectively, and one commodity only is

§=
rt

o Fim . JEhe . F i
o, = ni/a. Further the average stock of the i item is given

M, = 1, "e shall assume that

(4.2)



4.9

M., 2 M. : that is we rank the N comodities in descendin

1 i o

Lae

order of novement rate. Thus the first item hias the highest

th
and the N~ item the iowest rate of throughput,

There are esscentially ouly two methods of assigning cowmmoditi=s

to steorage cells,

liethod 1 separates the X cells into N groups. This partition
could Le achieved by dividing the axis of the block in proportion
to the required maximum capacities. In its simplest form, one

y i e i LB
could divide just one axis, say the longest onme, so that the i

commodity would bDe assigned a space G m celis long, n ceils

wide and p celis high.

Alternatively partition could be carried out along two or
5 s S 5 o
taree axes, so that the i~ part would be u,m cells long,
L
vin cells wide p cells nigh with “iui = g, Or uim cells long
vin cells wide and TP cells high with u:vin. = ai respectivelyv,

(See Fig.4,2 for two commocities).

Method 2 consists of storing all items together.

Method 1, with tie commodities rankec in descending order of
throughput, is the wellknown rule of Thumb: "Put the fast

moving items nearest the door”,

5 . , R i
Uithin the space allocated to the i = commodity, movement

20.



FIG.4.2.
WAREHOUSE POSITIONING BY ITEM
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V.

' i = T
will _on average be within a rectangular block W, 1ong,-g— wide

=

and '::—' hi Jh ™

One corner of this block will bhe nearest the

reference point. The average minimal haudling effort for the

.th o y i v
i commodity is thus given by

H

r'e . ]
. = M.f-— w. + d.
i ii2 1 i

nandling effori per unit over the distance from the

d, =
i
; .th -
corner of the space, assigned to the i~ commodity, nearest
to reference peint, to the reference point. The first part
of (4.3) within the square brackets gives the average handling
= ” G U i . th
eifort per unit, within the space assigned to the i

Fig. 4.2. shows the arrangement for two commodities.

It is clear, that no matter how many commcdities there are,

é =

1 0 always, and zall other di will be greater or egual

Wy if, at least, the space assigned to the first commodity,
witich is the fastest moving, is dimensioned so that handling

effort for it is a mininum.

For the total average handliing effort for all commodities

say i (1) under liethod 1 of layout we have therefore

i (1) =% I M, w., + I M, d,
i=1 S 5 |
and
3 il _ N
(1) >% I M, w, + w, I "Zi
“imp * 7 i=2

21,

commodity.

(4.2)

(4.4)



Now let:

g, = K./K
&
g. = H./K,
1 L 1
- o e
B = K/X

agd = G

N
tnen 8 = I @.B.
i=1 * 7
- Sl i, 1yl
i i i
. Glxsu.lIBKL/B
i i
and {4.4a) can be rewritten
S o o W i
g1) > 2 ¢33 5 e + 613, Y33 5 oy
2 i=1 11 T i j=p 1

Jnder Hethod 2 the total average handling effort, say, ii(2), is

Given oy

3 - 3 F3.1/ #
U(2) = %"’ G= 3 GL/3,1/3,1/3,

Clearly, if the difference between (4.4) and (4.5) is positive,
then liethod 2 is better, i.e. requires less handling effort,
otherwice liethod 1 is preferable. We cannot write down tle
values of éi’ other than Cl’ explicitly, since there are a
largze number of ways of assigning space to the commodities. If
we use (4.,4b) instead (4.4} in calculating the difference, we
may err in favour of ilethod i. Ve show below (Section 5) how

thils error can be avcided.

Let A be the difference between (4.4%) and (4.5). The sign of

1

A is therefore the criterion which decidcs Letween liethoad 1

and Method 2.
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(4.4b)

~

P~



3.1/3 _ 3 /3
A = 'g Gl K Z (a.ﬁ.)lfgﬂ. + G1/ o 1/3K /3 L, . =
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i=1 1=2
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o= 2
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G

Ciace we are only interested in whether A is positive or
negative we can simplify (4.6} to

N

—
=4

_ 3 PR V2 DU VS .
3. ii1 \dlBi) -ii i iilaisi) C!.l (:.. .\.41)

Expression {(4.6a) shows that the choice between the methods
cepends on rate of tliroughput, relative capacity requiremernts,

- 54

and stock distributions,

e B It way appear that all the a2bove formuiaze neglect reight as
P &

affecting handling eifort.

How, weight of a storage unit does differ between commodities,
thus a standard pallet load of one commodity will on the whole
have the same dimensions as that of another commcdity, but may
weigh considerably more or less.

The effect of weight, however, is asain a proporticmal oue,

Thus we only need to alter the expression for (3.2.) to

H = § {(ax + by + cz2)

where § is a weight factor.

ile, therefore, need only define Ni = 5 i

T and if = E SiMi, and
i

substitute ﬁi,ﬂ,for M.,xin the exgressions of tie precading

3

(4.6)

(4.6a)



subsections to account for weight. In other words Li, and 11
in these formulae can be rates of throughput eitier in units

of gquantity or units of weicght, wvhichever may be appropriate.

4,14, The criterion of clicice, given by (4.fa) is based on handling
effort only. The total maximum capacity K of a warehouse, however,
is not a fixed number, but depends on method cf storage and
stock distributione. In Zixing a meximum capacity, the inteantion
is clearlv to assure with a high probability tl:at one can store
all the necessary stock. Given that one wishes to assure this
with a probability of, say, 99%, then under iletiiod 1, the part

. 4 «Lh
of the vareiwouse assigned to the i

item must have a capacity
of Ki’ sucii that the probability that at any time stock of tie

.th , . . —
i~ item exceeds K,is less than 14. Similarly for all other
£

items, and X, the total capacity is the sum of the Ki. Under
ilethod 2, houever, one needs to assure only that 997 of maximwm
total stock i.e. stock of all items together, can be stored.
Now if the items are independent, that is if they are not
cerrellated, the probability that both item i and j exceed
Ki and K, respectively is 0.0l%Z much less than the stipulatecd

4
1%Z. In other words, the probability that more than one item
will at any given time have a very Ligh stock is small compared
to the probabilities of each item rising to such high stock
separately. ilence tiec required total value il under Method 2
will for the same items be less than thac for ilethod 1. This
is true aisc if some of the items are correizted, since such

a group can for this purpose be treated as a single item in

24-



4.15

the calculation of the vequired value of X,

If the stock control system is such that stock distributions
are svmmnetric and approximately normal, this can be easily
demorstrated as follioirs:

1

= : ; ; y e " :
The wmavimum capacity required for the i~ commedity will Le

civen by

Ki = Ki + ko.s where k depends on the risk one is
wiliing to take cof being vnable to find room for some incomning
(=3 o wd

Al

units, With k = 37, for exanple, that ris!: is of the order

of one tenth of one per cent. The total capacity required

is therefore under licthod 1

N _ N
K = £ K, + k £ o
i=1 ~© i=1

the stock distribution for all commodities are symmetrical
2

[

then the distribution of the total stock, will approach the
normal distributicn with average equal to the sum of the

averases and variances equal to the sux of the variances, i.e.

—
=
=

v
]
{1 e
et
bt
e
Q
i8]
it
(=N
|| e}
'—l
Q
(=
=

i

Tader Method 2 the requircd capacity for tiie same risk factor

k is therefore

i P
' = 3% K, + k1 czi
i=1 Vi=1
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In the difference

i
RK-R'=k{Z o
li=1

the first term in the by

second term is the rvoct
the cccond term is less

difference |
Thus under .lethod 2,

than wéer liethod 1.

i
-‘\_- izl

,
s

acket of (4.10) is a sum of roots, the

of 2 su of tiie same elenents, ence

than the first; therefore, the

alwvays positive,

there will always be less space required

26,
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APPLICARILITY OF TuE SIIFLI MODLL

The formwulae of Section 4, above, decide thie optimal shape
and method of layout of a ware.ouse for which input and output
is in the same unit and in which every unit stored is directly

accessilble, Optimal here means least hadnling effort.
Ve now discuss how in practice thicse formulae can be applied.

To the reader, not used to handling mathematical models, the
formulaé, as given, must appear tc have a grave cefect. Ve
have stated that handling effort depends on tie distance over
which any unit pust be moved into aund out of stock, but nowhere
have we explicitly mentioned that part of the distance that

in practice must be taken up by gangways; but gangways there

st be, as is obvious from Fig.3,1,

The point of the formulae, however, is that they include tnat
part of the distance attributable to gengvays, on the assumption
that all gangways have the same width and distance is measured
in units of one side of a cell plus a proportion of gangway
width, as shoum in Fig, 5.1. Throughout we calculate distances
from a reference point, C, which is the Ffirst ceil., Thus the
distances calculated are less than the true distances. This
does not effect the derivation of shape and layout that assures

minimal handiing effort, as the true distances and handling

27.
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effort differ from the calculated one only by a fixed constant
amount, which is the handling effcrt from entrance/exit to the

first cell.

For thie caleculaticn of tine actual avea required, one can therefore

use the extended cell dimensiens. Lliow the cell diiensions are

%, vX and 8z, For X cells the total arca required is therefore

) 2 T
KoYxXS + KY X T,
vut the distance from tie reference point to, Zor euample,

tirte cell marked &4 im Tig. 5, is given by

=5z +vyx
Thus Jigtance and hencling effort is measured in units
ralated to the cell inclusive of gangway requirved for access,
As cazn be seen from Fig. 5.1, this is the only part of the

total area of gaongways that enters distance calculation within

tas warshouse area.

Since the dimensions of a unit of item to be stored, - for

icad = are krown, the cell dimensions

rf

instence, one palie

1 1

and minimzl gangway widths can be calcul-ted. ZHcace units
based on the above described cell dinension, can Le translated,

whenever required, into the wore common measures of lengih,

area and voluie.

ixpression (4.2) gives tie minimal average headlling effort per

mit of a commodity for which the averagz stock and, by

28.
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implication, the maximum stock is known.

This minimum con be acuieved only, if the total nwier of

§ Ki, are arraiged inte a

ptn

g

cells required for taat comodit
W, W, W
5 i i .
bicck of = cells x —= ecelis x
5

p1w

celiz. In practice,
w, = 3/K.agd is hardly ever a whole number, lLience ome must

choosze the nearest vhole nunbers.

devertheless, even the appreximation to tie ideal minimum
that is necessary in practice, will not disturb gre.tly the
shzoz of the block of cells chat emsures minimal handling

effort, and that shape car in practice be achieved, certainly

in new buildings, that are desigme< on the basic of the above

"J
w

formulae, and possibly im old buildings. If, in any existing
£, it should not be posscible to arrange the cells
intc the requircd minimal Llock, the forrmulae will permit

-
(o

leulation of the excess handling effort over the theoretical

[}

iwinioum, that is due to the effcct of the building, and thence
can be used in evaluating the advaitajes of a move to a

different building.

of (4.0a) leaas ome to believe that more cften than not A
will be negative., On the other hand, in a wmulti-commedity
warchouse, it is questionable whether the only possible
decision is: either separate zll comwodities or store all

together. It is far more practicable to investigate, wiiich

<

[l ]
Ao

he expression (4.6s) is the criterion for layout. Consideration



of the commodities cugut to he stored togecher, which separate,
and where, Thus ti.e A is calculated in a step wise fashionm.

Starting witih commodities 1 anc 2 i.e.

-

3 : 1/3 - s \1,’3 - -
i | LY J . 3 -
A 7 | (80 My * {0,8)) .| (5.3)
A T /3], . 13
i + uz} ialhl + azﬁz) _f+ oy 42

. rl'! = 14 2 1Y =
If A > 0, set Iy =k + ﬂz i, = lig

+

and substitute 2's for ¥ in (5.3). Clearly the G, anc

also change, since in the first step o, = 31/ X, + KZ)’ and

:
=1 - 4, : in the second step, using the L', :i = (K, + X.)/

£r +Tr +f,: " o] i 1 P . T s /
G, + K h3), 61 in the second sten is Bl alﬂl + 3232.

Tne third scep, if 4 > O in the second step, is based on the
sum of the first three commodities, Hi' =1, + i, + 1, with

ccusequent changes in the ui's and 8.'s. This procedure iz

[

- . o " «Tth
rereatve) till A becomes negative. If this happens at the 1
step, the first i-1 commccities are to be stored togetier.
It is clear that in calculating A by (5.3) tne di of (4.4)

equals the w, of (4.4a), hence the inquality of (4.4a) does

1
not apply.

As soon as & uegeative A is reached, we restart the process

for the (n = i + 1) remaining commodities, sc thet in the end,
there will be groups of commodities, that are to Le stored
together. This calcuiation does not, of course, exclude the

result that eachh commodity ought to be stored seperately.

oy
30.
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An illustration of the above process is given in the numerical

exarplz: on pages 70 ££.

The savings in hancling effort and space due to storing
different comwodities together must, of coursc, be set off
azainst increased cost of data processing, that such a storage
pattern requires. It is obvious that, if a computer is used
for stock control or order processing, then the cost of the
additional data processing will be relatively low, as all that
will be required is a modification to the existing programmes.
The cost of keeping track of all units in a completely manual
data procassing system, may be higher than the savings achieved
by mixed storege. :o generally valid formula can be given,

but again, as in the case of Luilding imposed restrictions, the
caiculation of achievable savings in l:andling and space can

helr to judge possible changes in any existing <ata processing

The values of a, g and d, depend on the dimemsion of the cell

an¢ gengway width, and the handling equipment used. Thus, to

=4 o

give a practical example, in a warehouse storing palletised

goods, moved by fork 1ift trucks, different . performance
characteristics of the trucks will lead to diffeveunt shape of

Llocks and ¢ifferent layouts. Again the cost of the trucks will

vary with their performance ciharacteristics.

If a, g and d is expressed in monetary terms, the total



cost of handling wiil Le given by the handling effort as
calculated frou the above given formuiae plus the cost of
the equipment. ilence one can calculate the total costs for
all availahle types of fork lift trucks and thence decide on

“the most suitable (Example on page 76ff.)

(%3]
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Order picking becomes necesscry when the unit of input is

ffevent, and grezter, than the unit of cutput, There are

.
[N

w®

ssentia’lly only two method Commmodity directed, vhich we

-

shall call "parallel picking" and Order directed, or ‘'sequential

I-‘-
9
tal
1
¢
5

pic

Parallel pici.ing means that a number of orders are dealt with
in parallel, by selecting the total guantity of one commodity
at a tinme reguired for that nunber of orders and distributing

h |

it to the orders,

Sequential order picking deals with the orders in sequence
th.at is selecting all the commodities required for a single

order, at & time,

There is alsc a hybrid case, where commodities are translerred
in quantities required for a number of orders to a mavshailing
area, and sa2quential order picking takes piace tirere., This

metiiod is often found in warehcouses of the pallet racii type,

" store, from which

wvhere the lowest ceils are used as "live
sequential picking takes place, wiilst the rest of the warchouse

is in effect one in vhich unit of input equals unit of output.

Total average handling effort under parallel picking is, of

course, equal to handling effort withiu a wareihouse, where



o

input and output units are equal, plus the effort required to
distribute each commodity to a set of orders. It is not
possible to find a general mathematical expression for measuriug
the handling effort due to assigning of a given quantity of a
siigile cormodity to a given number of orders, as this can be
cdone in many different ways, dependent on circumsiznces
particular tc trade, trausport methods, etc, One simple way
might be to transport a quantity of input units, greater than,
but as near as possible equal to, the quantity of a commodity
requirad for a set of orders to an accunulation area and thence
listricute the order quantities to adjacent order areas which
tl:enselves are adjaceat to leading bays, as shown in Fig. 6.1.
The accumuletion arez must be at least of sufficient capacity
to old the largest total auantity of the commodity in highest

ceizand for a set of orders.

Obviously, once the system of assigning the tctal ¢uaantity
nicked to a set of orders iz given, one can estimate the

hardling effort invelved,

It should te noted that under parallel picking, the handling
effort within the wvarehouse or storage ares is independent
of the effort required in assigning items to orders. Thus

ptimiszation prccedure for the

inability to find a general o
latter does in no way obstruct optimisation of the former by

the methods ziven in Sections 4 anéd 5.

Lo
i~
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In seqguential picking we shall first consider the case where
any cubicle of the warehouse may hold one major uvnit (input
unit) of any cof the commodities stored, i.e. a lavout as per
Method 2 of Section 4,

Ve assume that any single orders, to which the picking system
applies, can Le put together in one picking round through the
wvarehouse. Ve shall further assume that output units can be
picked from any cell; if this were not so, — for example, if it
were impossible to pick from the high cells - we would not have

a true sequenitial pichiing procedure, but the hybrid case of

subsection .4 above,

On these assumptions, the handling effort is again related

to distance,along the three axis, provided that, once a cell
is reached, any nurber of output units, up to the total
contained in the cell, can be taken without further movement.
Of course, quantityv picked does irfluence total handling effort,
in the sense, that a picker taking, say, 5 units from a cell,
will spend more time at tnat location, than if he takes only
one wnit. Since, howaver, we are interested in the total
everage handling effert in the warehouse per unit of time, and
the actual transfer of a unit from cell to, say, collecting
pallet, can e taken to require the same effort at amy celi,
tie total average effort ascrilbable to quantity picked is a

constant dependent only on the average rate of output, vhich

must be of the order of half the average rate cf throughput,
£z

35.
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i.e, /2, in terms of input ucits, Since it is a constant,

it does not enter in auny wathematical minimisation procedcre.

If the average number of orders is, say P, and the average
number of iines is £, on average % different cells will have
to be visited per collecting rcund. On the assumptions of

sub=-section 6.7. the major units of the commodities will Le

g

rancdonly distributed over the warehouse, It is shown in the
section cn Mathematics, that in these conaditions the % cells

will on average lie zalong the diagonal from cell 2 tc the

1 1
L T+1Y? TelC

farthest cell, anc will be apart Thus the

average distance from poiat of reference to tie furthest cell

to be visited is giveun by:

E%T (T+T s E), vhere

X, Y, Z is the length, width and height of the average occupied

]

If any cell is directly accessible from any other cell, the

total average handling effort of nicking could be written

ho(p) = '%t + %%% Lei + £Y + hE.T {6.1)

an¢ the totai handling effort ia the warehouse, i.e. input

and output together as:



6,10,

e B M, = 2Py = 5 =
q2(T) 2t tg ekt sY + dZ) + —= i 1 Leh + T+ hu:

i e =

Ma 2PR . Mg 2P 4% »id 2PQ
: . 2 TR TR oo 22 gl
& 4 it B T z Tt

liotes i is the unit handling effort in the vertical directicn,

- -

if picking can proceed from one level to a uijber level,

withcut the necessity of returning to ground level. Othervise

h = gi'/2, where h' = unit handiing effort in vertical
direction

A mininan: handling effort would again require a bLiock of eells
vt ?

¥
lon~, = wida, and

: g ] o e
:": L high with W' = 3":'-.&3(]

o] ey

In short the procedure ic the same as described in Section 4.

Unfortunately it is difficult to imagine a vezl warehouse in

"

vhich each c21l is directly accessible from any other cell,
Even if space or bLuilding costs were nil, suchi a layout would

require free standing racking, each raclk bein; exactly one cell

long and wide, and Z celis high, the cost of such racking would

k..i-

be gignificantly higher than the more usual arrangements, such

as that in Fig. 5.1

The layout of Fig. 5.1 is the most ecomomical in terms of

space and racking, but the worst from the point of sequential
order picking, as it requires the rmaximum amount of back=tracking
during a collecting round. Any other arrangement, that is,

puttineg in more lateral cangways, will improve the situation
jt = i guays, P
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at the expense of space,

No matter what the layout of the raciiing, the averace location

of the cells to be visited, will be as described in sub=section

The case of interest 15, of course, when &, the number of
picking points per ccllecting; round, is relatively large; we

can take as representative exaample the case where X/(£+1) =1,

that is on average a cell in each rack has to Le visited during

one round. In tLis case the total average picking effort

. i 2% 1 .= = ! L i
. = — Pl i g¥ & A i 2t _
L (p) T+ _{ T e+ hi ;: + 5'2‘ 2+1) + £+1JY}

if % is an even number

|
13
cal

or i {p) = gt + P{%%f [ei + fY + h _]+ 2£(£-1)? }

2 is odd

[
h

/e could again add handling effort for input to (G6.la) and

thence derive a cell Dlock that would minimise total handling

effort. Ve feel, hiowever, thati thiz would mot be of ;reat

™

practical value., TFirstly, as already sz2id, the eunression

5]

((.la) applies only to the racking layout of Tig. 5.1, which,
though ccmmon, is not necessarily the best. Picking effort

could be imgroved by adding lateral gangways, buc the amount

L
e



cf improvement depends on the number £, Secondly,if the factoxr
X/ (%+1) is smaller or greater than 1, that is, if on average
more tnan cne cell per raci, or less thau one cell per vack
respectively, are visited per collecting round, the expressions,
quivaient to {6.la),become rather cumbersome and a2 large
variety both of rack layouts, and interval factors X/(&+1) would
have to be considerad before any general conclusions could be
stated. It is deoubtful, if such general statements would be
close encuch to reality to be directly applicablic to any given

case. On the whole, now that we Lave laid down the procadure,

e
T

seems wore econoniical to carry out the actual calculations

from case to case,

There is, however, cne furtiier reascn. if there are, say, V
varieties stocked,the maxinum nursber of cells recuired to

form a picking f..ce is of the ovder of V, i.e. it is exactly
V, if any cell can be replenished as soon as it becomes empty
or slightly more than V, if it takes more than the time spent
on a picking round te replenish the cells of thuse relatively

few varieties, whiclh are in high dJdemand.

Wow, V must be conmsicerably less than X. Even,if om each
collecting round thne entire nicking face of V celis has to

be traversed and the cells are arranged only at cne level the
total piciking effort per collecting round is given by

H' (p) = -‘g;t + £V (6.9

39



6.13.

14.

In picking through the entire warehouse, the pickin

per round, even if there is direct access from all cells tc
all cells, is given by
i LM, .28 ,= 5. .= ¢
£ (p) = St + s] feX + EY + 1Z) \

tince V is much smaller than K = X Y Z it is entirely likely
that L' (p) is much smaller than H''(p). It is therefore,

also likely that the total handling effort in a “hybrid"

(9]

P

warehcuse, consistiag of the type dealt with in Sections 4 and 5,

T i Tt

plus a V cell picking face, will be liess, than that for sequential

picking within a warehouse as given in the previous subsections.

The unidrectional, one level arrangement of the V cells for a
picking face is not uecessarily the best. A unidirectional

arrangement of cells z high, and y iong, where

Z = a/{«: ¥y = %!f‘?
315
with a = -—
\".'\.12

will be optimal, if varieties are assigned to the cells on

the picking face randoumly.

This can still be furtoner improved by assigning varieties in
order of frequency of aemand, that is in order of frequency of
a variety appearing on corcders, with the high frequency

varieties occupving the lowest cells.

The values of f and h will again vary according to the

40,



6.15.

handling equipment used. We can therefore, cuoose between
various available equipment, by recalculating the picking effort

in a similar way as illustrazted on pages 76 ff,

Thus, there is some evidence, that a warehouse with true
sequential picking will require wore handling effort, than tie
hybrid arrangement, though, of course, we cannot at this stage
show, that this is true in all cases. e have, however,

shown that in each particular case, tihe necessary calculations,
oii wihrich to base a choice between, parallel, sequeantial and

hybrid picking can be made.

During the above discussion we have assume: that all varieties
re stored togetiier, as per Method 2 of Section 4. We have
also shown in the preceding sections that this method requires

less total space,

Let us now, in order to simplify the argument, assume that
height does not matter in sequential picking. For any given
lieigit the area under Hethod 2, will therefore be iess than
the area under ilethoc 1. It is clear that, since a collecting
round consists effectively of a round trip over the area with,
or without back-traciiing, the smaller the area, the shorter
the collecting round. On the wiwole, therefore for sequential
picking, Ifethod 2 must be preferzble to iMethod 1; this is true
for whatever height can be usefully and economically emploved

in storing.

41,



As from the discussion in Secticms 4, 5 and the exzample, it appears
that, when many varietics are stored, ifethod 2 is of:ten preferable
at least for 2 significant part of the total storage requirement,

we feel that discussicn of sequential picking under llethod 1

is unnecessarv.



7.1,

?02.

7.3,

TILE DEPENDLEUT OTORAGE POLICIES

The previous sections dealt with z simple warshouse model
in a static sense. This was sufficient, the only consideration

1.
L

being optimisatica of handiing, i.e. the problenm pocad was

L
spatial,

The prct em becomes a dynamic one as soon 2s stock policies
are talen into consideration, taat is, as soon as the time

dimension einters the probleu,

-

le discuss below how the imposition of a time dependent

policy eifects tie model.

The "Saw Tooth Diagram" (Fig. 7.1 is familiar *

to all stock controlilers. It depicts the stock level over
time. The interval betveen two adjacent peaks is the
"replenishment period". The average stock in any replenichment
period is given by the mid-peint of the lins connecting tne
peak with the lowest péint, i.e. the end point, Thus, if the
beginning stock level is & and the stock at the end of the
period, that is the steck just before a furtier replemishment

arrives, Kz, the average stock during tie periud is given Ly

3 @y + Kz)

The average stock level over time can be estimated by

averaging the mid-points of all periods. 3imilarly one

L=

-

can estimate an averace maximum stoci, say K anc an average

ninimum stock ¥, by averaging all the peaks and lowesi points

43,
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7.4.

7.6.

on the diagram respectively,

- - -* = -
Conversely, give K and K, the average stock level over time,

i, iz given by 3 (K + K), and this nwust, of course equal to

the average stock as derived from other scurces.
. B i 4 = -
If we write u = K/, then X = (2 - u)}K.

The total average ncvement, in and out, in the average
repienishment period is, thercfore, given by I = (1 -p)X, and
the averace volume occupied by tuis movement is (2-2u)x,

The value of p cai: easily be obtained frow stock records, by

evaluating tie ratio X/X or from the expression v = (1 - wkX.

Consider now what happens in the average period, given all
movenents are average and given tie rule of always fillin
the nearest empty cell and taking Irom the nearest full cell,
modified by TIFO. This means tuat the shortest distance rule

aprlies ouly within groups of equaily old stock units, Ascume

2
first that u =-§ and we start with a full store, that is tae
stock equals 1 + &, 21l equally old and located in the nearest
4
1= . . . x : = e
1-§ i cells., During the first replemishment period (2-2p)XK =3 K

units are issuec aad according to rule arc tecken from tiie nearest

location, as the entire stocikz is of the szame age.

~
i - . [ . . 1
At the start of the second per10d-§ KX units are received and
. 1 o 2.‘_- 1
go into the free locations. The~3 I issues, howvever, are taken

J"\
i on
L



from the farther half of the store as thev are older. At the

[¥/]

? y i 2 -, p i 3
tart of the third period, the = K Incorming stock units go into
2
the locations vacated by issuves durizn - the second jpericd, and
igsues during the thirc period are the receipts ai the start

of tue second period.

JObvicusly, this preocess repeats itsclf continuously and equally
obviousiy, the average Jictance over which a unit, in or out,
must e handled is given by formula (4.1) which explicitly

becones

o 3 3 r——-x
A == “y{2 = K
pire =7 V(2 - WK

(7.1)

if the cells are cubical.

The statements about ncn-cubical cells and handling functions
in sections 4 and 5 above are valid in this case provided one
substitutes (2 = u)X for I in all expressions. The novements

" . ; e l= 5w
in ena out are graphically depicted for 1-3 K = 20 in Zigure

T23

Imezine now tlie same opceration with a u = §, again starting
from a stock equal %o {2 - p)K, that is ii ¥, all equally old.
. . . 2
During the first pericd issues will empty the neavest < of the
-
cells, which will be filled at the start oi the second period

with new receipts. DLuring the second period issues are takern

: r . 1 :
first Zrom the furthest-g of cells and then from tlie nearest

45,
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. Reczipts at the start of the third period go inzo the cells

W=

vacated durin; the secord period, and izsues are taken fron

. 2 . . 7 =
the nearest-§ of cells, and so on {iee Fig. 7.2Zd)

Clearly in these coaditious the average distance an unit moves
> 1 T w4 i o L £ “uam 3 I
is now less than thac given in formula (7.1), but not wuch less.

In fact (7.1) gives an upper limit for the average iistance,

ané can be used as a conscrvative estimate of that average.

Similar considerations of average movement, in and out, when

, : : z . " .

the rvatic u is grester than-g, illustrated in Figs., 7.2c

aud 7.2d, lead us to the same conclusion. Section 10 syecifies

the exact formulae, but £or all practical purposes formula

(7.1) is sufficiencly accurate,

Vle have coined the term IUDI5 to describe the pclicy of
minimising movewment in the warehouse vegardiess of age of
stock, The same analysis tiac was used for FIFC in the
preceding subsections leads directly to an appropriate
expression for the average distance over which units are
moveu in the case of IINDIS. Although it may appear taat

this case has been treated in Secticns 4 anu %, this

[
5]
El
Q
-+

50 as there the static case was considered. In actual fac
ctock movements have a time dimension, i.e. the sa’ tooth
diagram is a propner renvesentation of stock movement under all

policies.,

46,



7.12. 1f no account of age of stock is taken and ouly the mininum
disteuce vule egpriies, issues will aliways be taken from the
nezrest £:11 cells and receipts sterved im the nearest emgty
cells. Thus, on average movement wiil take place in a cube of
volume (2 = Zu)ﬁ with eorigin at the reference point if tne

cells are cubicagl and we have
1 - SV (2-2yK
SuIwpIs T Z

7.13. T.c expressions for handling effort in Section 4 are also valid

in this case, if one substitutes (2-2p)¥ Sor ¥ in zll expressions.
?

7.14. it is not possible tc considsr movements uader LIFQ purely on
the basis of average movement and average stocks. If indeed

luctuaticns from the average, LIFC wrould be

here were no £
ecuivalent to HINDIS. One can, however, fairly easily imagine

the average picture of a LIFD store.

Starting from a store whose nearest cells are full, a new

receipt will occupy the farther locations. During the

- . = -

ensuing period, if issues exceed receirts, all the cells

¥ of the period will be emptied, and soume

1

o
1]
[
cF
W

filled at
of the nearest cells as weill., The next batch of receipts will
occupy tiiese empty cells if it does mot excecd Lie previous
issue; if it does some further far cells will be filled,

Issues then will be taken first from the celis filled during

Tt

hat period, then from cells filled in the prceeding period

and so on. Thus, there will be a tendency for old stock to

47.



azcumulate in the cells which are about averase Jistance from

origin,

The averzge maximum stock is ziveu again as (2-u)x. The old
stoclk wihiich moves relatively ravely, will on average ue pi,
and wovement will talie place in the space in Iroat and belind
this barrier of old stock, whicu i1s centred on ti.c ween line
of the cube of volume{2=-p)%, See fig. 7.3,

The average distance for cubical cells can thus be approzimatad
Ly averaging the average distance in 2 cube of volume (1=-p)i
and the average distance of the (1-u)i farthest cellg in a

cube of wvoivme (2-p)X.

i fa

d_ =F P2 { 3 o @3 4 1 Ge?® 0 By

vetails of derivation of (7.2) are given in sectiom 1C. Again
the expressicns iu Section 4 for handling efiort apply, given

tie proper substitution for K derived from (7.2)

Thus the eficct of time, alters the expression for unit average

handling effort only in the semse that the value w becomes 3/5G

i

instead of %4“;
5 = (2= for FIFO (2=2u)K fer Liupis

$imilarly any u =3?SiG = \?(Z“H)EG and 35(2-2u)EG

4
S



with B and £. bacoming S/XK and Sifﬂi respectively,
i i 3

For LIFC tlie substitution is sorewnat more complex as movement

tees place on average in tio, spatially separated parts cf the

storage volume, so that one camnct <ivecily substitute S fer K

in (4.2}, but has to revrite 4,2 as

T

T

Th2 Gevelopment to the decision critericn A from {4.2) to

Z; wt + u'? (1+T?;

= 3/(1-w)Kagd

(4.¢) remains t

effeort.

3.’
v

(2-u)Kagd

i

L

(2-1) + (2-u)

49-
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same vusing the form of (7.4) for handling

as =

(7.4)



MOVEIZNT IN ANVD CUT OF VARPHQULE
under IFO

Notes to Figs. (.28, by, ¢, 4

isach line of' the grid shows the complete
nurber of cells available in each period.
Cells are identified by number and distance
from reference point.

%ﬁdenotes movement out

~*denotes movement in
A number in the cell denotes the period of
receipt of stock that does not nove during

the period.
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FIG.7.3.

SHADED VOLUME REPRESENTS SPACE, [N WHICH
ON AVERAGE NO MOVEMENT OCCURS UNDER LIFO
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Thr COST OF STOLACE SPACE

The analysis of haudiing effort in a vareicuse, discussed in
the foreyoirs sections is based on tihe assumption, thét hzndiing
effort is a function of the Zistasece over wiicw stocl items
have to be moved. it siowed that te minimise handling effort
tue ctcrage space nust have certain dimemsiouns, related to
wamimwr. voluwe required and the characteristics of naudling
eguiprent. .ictiiag was said ciout the effort of obtaining

a space cf such dimensicios. In simpler language, if we

asree to measuve nandiing effort iu wonetary teris, we

minimised the cost of handling but neglected in tie grecess
the cost of space, by stating that for a givem storage volume,

minimal La:idling cost can be acaieved if the storage space is

of a certain length, width and heislt.

The cost of space is a capital charge tiat has to be serviced
st regular intervals. It is, therefore, correct to appertion
that charge to the total average handling cost, per iime
unit, and to attempt to winimice che total cost of rumning

a varchouse, particularly when considering opeulng & new

warencuce, ratuer then storage in an existiang puilding.

4 wvarehouse structure is usually a rectangular box. Though
architects, rather surprisiugly, are reluctaat tc accept

matheriatical cost foruulae, for the purpose of tais



8.4.

8.5.

investigation an apprecach to comstruct such a formula must

be made on the best evidence zvailable.

It appears that the building cost for a boxlike warehcuse

can be subdivided into two wain items, one dJdependent on the

floor area, the second on the wall area required. Cost of
fioors per square unit depends again on the load bearing
requirements, floor coverings atc.  Similarly roofing

is a function of floor area, and so, it appears, are part

o the services such as lighting, drainage etc. There is

thus a part of the total cost, that is roughly prerporticnal

to the floor area, or in symbols

where x = length, y = width

The cost of walls, stancaions and other cupports and part
of the services are similarly related to wall area, in

symbols

02 = 2B (x +y)z, vhere z = height

The proportionality factors A and B, which effectively are
prices per square unit, depend on the requirements of the

particular building, and can be e¥pressed in terms of E£. s
&3

In the main, the total capital cost of such a boxlike

51,
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structure can thus be expresced as

C = Axy + 2B (z+y)z (8.3)

and given that we wish the box to contain a given volume

of stock items, say, K, tiem

K' = x" y' 2" vhere K' is the volume taken up
by K storage units, and x',y',z’
are liuear measures
From the expréssions (6.3) and {8.4) we can derive the dimensions
of the building of volume XK', that would have minimum cost.

This turns out to ue

x' = y' = 326 (8.4)
z' = 3/K7/467 8 = ‘E
8.6. Clearly, the dimensions that minimise capital costs for a

given volume, are not the same as those that minimise
handling costs. In order to obtain the dimensions chat
minimise total handling costs, including space costs, we
must conbine the expressions for space cost and handling
effort. In the simplest case, that is che store layout

by Method 2, of Section 4 and gangway layout as per Fig.5.1

we have

TC = Axy + 2B (x + y)z + C (ax + by + cz = br) (8.5)

where: r is the depth of the transverse gangway in Fig. 5.l
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a known constant, and C = =

of %", v¥, md 2°, that

We want to find the values
.,tytzt =K'

Y

minimise the expression (b.€), subject to

Unfortunately it ic not possible to find these values

by direct amalytical methods but a numerical solution is always

possible, and gz mcthod is enplained ia para. 10,10,



9.2.

AUTOHATION IN {JAREHOUSES

In the preceding sections we bhave described procedures to
minimise handliug effort within warehouses, ou the assumption
that handling effort is a function of the average distance
over vhich one unit has to be moved during the storage
process. e kave based cur deductions on data that are
inormally available to warehouse managers, and have established
that the physical shape of the storage space is dependent on
the characteristics of the handling equipment, and the layout
within that space, that is the assignment of storage locatious
to cormodities, is dependent on the average throughput rates
and maximal storage capacities. It was shovn that variety,

as such, does not influence handling effort.

It is natural to ask vhether and how can our enalysis help

in deciding on automation of warehouse processes.

Before we can discuss this question, we must define the

meaning of the term "automation". Warehouse processes are

of two kinds: Input and OJutput, Input starts with the
arrival of goods to bLe stored at the warehouses entrance.

The arrival and the identificaticn of the goods as to

quantity and commodity is notified to the varehouse controller.
On the basis of this information and in accordance with

given rules, the controiler aecides where in the warehouse

540



each unit of the goods is to be stored and orders the move-
ment of the goods into the warehouse. This order initiates

the physical transport of the goods.

Output starts with a demand to the controller for a quantity
of goods to be issued. The controller, again in accordance

with given rules, decides which particular units from which

store location are to be used and orders their removal. KHis
order initiates physical transport of the designated items

to the exit.

There are thus two different types of activity involved in
the wvarehouse prccesses: information processing and physical
handling of goods, the link between the two activities being
the controller, and it sliould be noted that all the
controller's decisions are made in accordance with a given
set of rules. We shall define as automation the exclusion
of the human element, inclusive of the controller, from both

activities.

lie now consider whetner the resuits described in the preceding
sections, apply to automated warehouse processes. The short

answer to this is yes, but with a different emphasis.

For example: it is entireliy possible with our present technical

resources to automate a warehouse,storing pallet umits in



racks, by substituting a computer for clerks and controller,
and black boxes, linked to the ccmputer, for the drivers of
the handling equipment. In fact this is exactly the form
of automation that has been realised in the warehouse of
"The Xitchen of Sarah Lee™. 1In such a set~up, handling
effort and thence handling cost are still linkecd to distance
over which an item has to be moved, and our model would
apply. But puce handling-cost, i.e. costs dependent on

the distance, are only part of the total handling cost.
There are other costs, which are time dependent, such as
amortisation rates of building and capital equipment, and in
the case of automation the initial capital outlay will be

i.l.j.gh .

If we write total handling cost per time unit

H{T) = A + B,
where A represents amortisation of capital and B is given by
B = %(aX+gY+c‘tZ)
minimisation of B in accordance with the procedures described
in the preceding sections, will have increasingly smaller
effect on FK(T) as A increases, Now that part of 4, that is
due to automated handiing equipment will increase according
to the maximum distance over which any unit may have to be
moved; in other words automated handling equipment must be
able to operate over the entire extent of the warehouse, and

its cost increases with incrcasing warehouse capacity. Once
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such equipment is installed thie actual operating cost, which

is a function of distance, will constitute a relatively

0

wall part of total cost per unit tire,

It is thus more important to minimise the maximum required
warehouse capacity than to minirise handling effort. The
procedures of Sections 4 and 5, tuereiore, do not entirely
apply, as clearly the minimun of required capacity is
achieved wher all items are stored together az shown in

subsection 4.14 abeve.

Using conveyors and automatically cperated gates on the
storace cells, instead of driverless handling equipment,
enforces the above arpgument, and such equipment is more

likely to be used in automation.

It should be noted, that in minimising required capacity,
variety ¢aters in an indirect way. In itself variety does
not matter in stcre automation, as the information processing
equipment - in effect, a computer - can be presumed to
recognise varieties by relevant item codes, for a very wide
range of items, anad all that is required is the knowledge
that a given storage cell is either eipty or contains one
unit of a known variety, and the handling equipment is

indifferent to the contents of tazs box or pallet it moves.

ffaat matters 1is that each variety has a different stock

57.
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variance. Stock variance is often in inverse proportion to
movenent rate, usually due to longer replenishment cycles for
the items in low demand. This will result in relatively

larger capacity requirements for slow movers.

Variety, therefore, forces a choice between the following
alternatives:
i) exclude the slow moving commodities from
automation
ii) attempt to decrease stock variances of these
items by altering their replenishment system, or

iii) a mixture of i) and ii) above.

Once such a decision has been made the range of warieties

does not enter the minimisation procedurea.

The problems and costs of information processing for
automation are in our experience often overestimated. lost
organisations, controlling warehouses with sufficienct
throughput tc warrant a feasibility study on automation,
already have a comnputer for stock accounting and control;
the additional rvoutines required to concrol movement into
and out of the warehouse represent only a small addition to
the total of programmes, and furthermore all the wvariable
data required for this purpose are identical with those
requircd for the other stock routines. Indeed, one cannot

think about warehouse automation except within the framework
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of a stock control system. What would, however, be required

is a change in timing of supplying data to the various computer
routines, For example, goods receipts into the warehouse

are now usually given to the computer after the relevant

goods have been storcd, whilst in an automated warehouse

they would have to be notified before the goods enter the
warehouse. But the same information is necessary both for

stock control and control of movement.

Because of this timing requirement, there may exist a
prcblem of data capture. This, howvever, falls outside the

renit c¢f this research project.

A further problem area in the information processing
activity, is the transmission of orders from the controlling
machine, i.e. the computer, to the haadling equipment, Again
this is outside our proiect, and all that needs to be said
here, is that a variety of electronic equipment for this
purpcse is already in existence., The same cannct be said
about handling machinery and it appears that the real
difficulties of wareliouse automaticn are the design and

the cost of automated handling equipment,

In the foregoing subsections we have again concentrated on
a warehcuse in which input and output is in the same units.

Trom vhat has been said in ESection & on true sequential order

tn
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picking, and the difficulties in designing automated handling
machinery, it appears that sequential order picking cannot
easily be automated. The chioice thus lies between parallel
picking and a live store, that is, the system we termed

hyb rid o

One particular form of live store seems eminently suitable
for automation, namely the type often called "dispenser",
This consists of a number of parallel storage conveyors,
either powered or, more usually, gravity contrclled, fceding
on to a tramsverse conveyor. Lach of the parallel conveyors
holids a number of units of a given commodity, and an order

is made up by sequentially releasing the requisite quantity
of each commodity on to the transverse coaveycr; thus, at

the end, the transverse ccaveyor will hold a complete order.

The problems with this type of order picking are: TFirstly,
the number of varieties directly effects the cost of the
system, as each variety requires a separate storage conveyor.
Therefore the sualler the average number of lines per order,

for a given variety range, the greater the cost per linme.

Secondly, the average quantity per order of a iline differs
between the commodities, hence for a regular replenishment
cycle of the dispenser, variable lengthis of storage conveyor

are required, which may cause layout problems.

60.



Nevertheless, the dispenser can easily be automated, by
gating each storage conveyor. The automatic opening of a
gate for a time interval proportional to the quantity
required does not represent tachnical difficulties, neither
does the feed back, to assure that the right quantity has
been released. Furtliermore, the gates of all lines requested
by a single order can be opened simultanecusly, so that the
total time of picking an order depends wmainly on the laggest
line quantity per order. The handling effcert in such a
system then depends first of all on the distribution of

the quantity per order of the fastest moving line. Distance
is of relatively little importance, particularly if, the
layout of the dispenser is designed to minimise space taken

up by it.

For example in Fig. 9.1 the numbers in the parallel storage
cells identify commodities in order of their throughput;

Thus 1 designates the fastest moving commodity. It is clear,
that that part of the time taken to complete one order, which
is ascribable to traversing the length of tiie transverse

conveyor will tend to a constant value per order.

Capital cost will again be a function of capacity requirement,

with variety having a direct ianfluence on this cost.
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10 THE MATHEMATICS OF TIE MODEL

10.1 The points (xi Y3 zi),

with 0 g xi £ a
OSyisb
0 < zi Lc

foru a rectangular block ¢f volume a.b.c. Distance is defined
as in section 3, para. 4, that is distance between points
P; and Pj is given by
aiip = lx. =x.| + (. ~y.) + | z, - z.
(i) = lx; - =] (v; =) *+ | 2y - 2
The averaze distance of the points from origin is then clearly:

A = il_g_"'_g. (10.1)

The minimum d, subject to a.b.c. = K is given by the condition
a=15=c =3/ as can be easily shown by setting the
partial derivatives

sBu du du du = O, vhere

3z’ 9b* 3¢’ ox
u = ${a+b+e)=-2x (abe=K)

and solving for a, b, ¢, A.

10.2 If we evaluate distancez in a block of cubicle cells of side
1, in terms of number of cells along, across and upwards,

and there are K = a x b X ¢ cells, the average cell distance



10.3

10.4

from origin is given by:

’

& ab(ec = 1)c

_ a-1 b=-1 c-1
d = |bci x.+ac I y. +ab I
i 1
o ol s}
” ([ be(a = 1)a P ac(b - 1)b
2 2

a+b+c-3
2

2

(asbscaxisS': ,zi,integers) .

Again the minimum distances is given by the condition

From (10.1) it follows that cxpression (4.1b) shculd correctly

read

o= | [%m +gn+dp-(a+g+ q]

; a+g+d . b
Since ——5;—— 1is a constant, it does not affect the

search for minimal handling efiort, hence (4.lb) is good

enough for our purpose.

Derivation of (4.2) is given by:

Minimise 4 [%x + gy + d%} subject to

wez = R
ilence F = ax + gy + dz = X (xyz - K)
3F/3x = a =Ayz = O
3F/oy = g -rxz = O
3F/dz = d =xxy = O
aF/ax = =uyz+K = O

63.

] abc

(10.1a)

(10.2)

(1 0.3)

(10.4)



10.5

The equations (0.4 )give

n A o 1
% = Kl/3 31/3 dl/B / aLlJ = KlIJ(agd) /3/a
g = M3 LB U3 203 33 13,
g 8 KI/B al/B g1/3 / d2/3 - Klfs(agd)IIBId

Applying the usual tests we find that the values (10.5)

are minimal,

For the derivation of the expressions in Section 7, we

have:

Given a cube of K cubical cells, and side Lk, we wish to
derive the average distance cf the (K-Y) cells farthest
awvay from origin, where the Y cells form a cube, of side

y, based on the origin. The volume of the cuve K, is thus
divided into four parts: The cube Y, and three rectangular
blocks of sides:

kxkx (k=y), yxy x (k=y), and k x v x (k~y),

respectively.
We can write the average distance of the cells not in the
cube Y, d as

y

" %
;k+k+(k-y)-3_-j‘ +

i

a - 1{ k? (k-y)

ﬁz(k—v) '[y +y + (k-y) = %] +

+
A
=
e
1
Gy
et

c + v + (k-y) = %)} +y

64.

(10.5)

(10.6)



(10.6) is the properly proportioned average distance of cells
in each of the rectangular blocks to the corner in each
block nearest to the origin, plus the distance from these

corners to the crigin., It simplifies to:

- k i
d}’ ) ;{F%3 k2(k-y) + y2(k-y) + ky (k-y) ”
1
+ —Tk __"}"?3 st(lﬁ"y) + Zya(k_y) + ky (k+}') (k_y) _

- 3+2y} =

= (10.6a)

o a o 2K3 4 293 4 K2y 4 ky?
{é A T

k? + 2y3
é{Zk"'Y 3+k‘+ky+y“

= = : o, k3 + 293
d 2 d(y)for all G £ y < k since 2k + y=53 + >3k-3,

y ke + ky+ y
as y3 > 0, The condition y = k is meaningless and the condition

y = 0 gives the formula for & from {10:14)»

10.7 Set y/k = 1 The average distance EY now becomes ET
- k3 + 2133
= 2 - =
dT é {4.1( + 1k 3+ kd + de - Tt'k‘:
b 1+ 213 k ol ¢ N
= i {(2 +T ) k=3 + W } = \10.7J
5 k= 3 3 t3
2 2 1+1+12
10.8 In what follows we shall designate by d (X) the average

distance of all cells in a cube of volume X, and by ET(X)

(15 ®



the average distance of the (X - 13%X) cells farthest away
from origin. Considering first the statements in section
7.8 and 7.9 above, a glancz at the Figs. 7.2a, 7.2b makes

it obvious that the average distance under FIFO is, for

T %{a @) +nd (") + (1 -n) ET(E*)} (10.8)

vhere W = (2-2u) K

H' = (2=3p) «
B = (2w K
3/2—2u
T -_— ———
2=
2=3u
" Z-24

Substituting the explicit expressions in (10.8) we have

-, 2 3u ; ___1 g
10 ~ {lfz -2/ 1] + 550 C2 3wt/ k- 1 +  (10.5a)

+

Ié -y M2 % _i}}* T (2-2u)/(2-u,
2u

= ? -
=2 1+ 1f?’+ 2-2&)2/3
2- 2"“)

10.9 1t was stated in Section 7 that (10,8) can be approximated
by, say, dFIFO’ as
@ - s
dno = le-w*? & 1 (10.9)

Let R be a ratio

dprpo + 3/2

dprpo * 3/2

[«
[«
L]



From (10.8a) and (10.9) we have

2 {[(2—2u)1/3 N %&%ﬁ gy 1D o {?_u)1/3(1+32}} _

2=2u

= i .i"‘[' + n-:—:;—/‘ + (1 ‘n) (1 + 'J)j (10.10)

where B = e

From (10.10) we have

2R =1+ na + (1-n) (L +38) =1+1 + B + n{a-1-1) =

{

=1+ 1+ 13/(1 + 1+ 1) + n{a—l—xaf(l + 1T + 12)

4
1 E. &
e L.l +na - n+ (2¢ na- n) ( t+12)+ (rn)Tﬂ
ow 2 - n= == %:SE = %:gu = 1/13
* _-2-!-n.:_—n(1+‘r+‘r2)_ 3 _

o w 2B W ey = 1/t° + a =

5 413 P e

-3 + -a®

- : (10.10a)
(2=21) (-3

Obviousily, if n=0, R=1

2 . : = .
If u =3 R =1, by substitution in (10.10) or (10.10a).
The maximum deviation from R = 1 occurs at u = j, where it

is of the order of 0.94. The maximum overestimate in

~

£ ad 1 T
dFIFO instead of d is therefore of the order of

using "
= TITO

7%
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2 i i :
16,10 Hhen-§ <u <1, wve first consider the case for which

2 =u
2=2u

This implies that the average volumc of mcvement divides the

=n an integer > 2

average maximum stock. wumence 2 - p = n (2-2u) = 2n-2nu

(2n-1)u = 2n-2

=
2n - 1

In this case we have from Fig.7.2c

1 n

& : 3
de1r0 s 2 4 8 (10.11)

1=4 x
3 ?_'.'_"1 °
» 1 = = 3 T = "I
with T T Ty 0] e o 4 () ddii)
: 5

. - 2z
a = (2-2].1) N o= o

Substituting explicit expressions into (10.11) we have

n ’ 1/3
_ & 3= 21 _ 3 —
deypo =@ L. 37K T A+ B -3
i=1
e A .
LBERE 5 iy -3 (10.112)
203201 i=1 *
.3
with Bi ol i
i i
Now 2 = p = 2n/(2n-1), hence
1/3
L= 3Ffzm N7
riro 2{_1‘ (2-.1-1 ) 1} (10.12)



The ratio R now becouies

333 & {(@+ 5, 3I]/20321
R = -
332 &k 3a /2 a1

n
T {1+ 5,)3%3 (10.13)
nd3v/n  i=1 *
10.11 We now show that
n (10.14)
g (1+38,) 3% = n¥n
j=1 i
" b (i-1) /1
i 1‘1/3 g /3
& jaas=g
257 i x3
/ /
Let a, = 31, by = 3i - 1

The expression under the Summation sign in (10.14) nowv becomes

1+b.3/a.3
i

a. "
1+ bi/ai - bi"-/ai2 i (15.15)
a.d zZ 4 b.za. +b.3
W i3 i i i
a.2 + b.a. + b.°
i 1.54: i

Multiplying both Hucerator and Denoninator of (10.15) by
(a~-b) we have

b _ oo b
8 ~P " _ i3/f- (i-1) 3i-1 =
87 = B" i- G-D

(10.15a)

Ly
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(10.14) can thus be written
143/ - (i-1) 31 - 1J = n 3/n (1lo.14a)

4 L

Substituting the first nm natural numbers in (10.14a) it is

clear that (10.l4a) holds for all positive integers n.

fence R = 1 for all cases for which (2-u)/(2-2w) =n

10.12 In the case where the ratio
(2-u)/(2-2u) = n + x/m, x/n a proper fraction, the integer
a' = mn + x can be substituted for n in (10.11a) to escimate
{he average distance., mence agair the ratio R = 1, and

-~

d It is obvious that in cases where the ratio

Firo - 1RO’
(2-1)/(2-2y) is neither n nor n' the ratio R will differ
from 1. It would require a complicated analysis to
estimate this difference, but it is clear that, considering

the underlying pro.ess, the deviation of & from 1 can be

only very small.

10.13. Trom para. 7.15 the average distance under LIFO is obtained

as follows

B ™ {d ([l—pjﬁ + d %; ([2-@1& )}
3
- {%}'k a-nt/3 - 1)+ 3 |E G-t 1]

+ % E w3 } =

&l

{f (a0 + @' a+ ) -2 } (10.16)
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1/ (2=p)
Iy j/S (1 /3

g bz ‘Lz—fuj

Substitution and re—arrangement in(10,16) leads to (7.2)

1/3

!
Gl & 1/ (2 + @023 @

10.14 The cost of building (Section %) is given by

Axy + 2B (x + y)z, vyz = K

(10.17)
It is obvious that for any value of z, (10.17) is a minimum
if x =y, .inima for x,z can be obtained in the usual way
and are x = (28K)1/3 6 = B/A
T
An overall cost under iiethod 2 of Secticn & is given by
Axy + 2B (x + y)z + C(ax + by + cz) ( 10.18)
(10.18) is a minimum for arbitrary z if x and y are in the
ratio
x _ 2Bz + Cb (1219
y 2z + Ca
Cbviously if a = t,'g = 1 and (10.19) Lecowmes
et and i P ol .
F = ARz + 4BK%z* + 2CaK®z‘? + Cez (1. 18a)
gg gives a polynomial ia z of degree 6 and we cannot
therefore solve it analytically. There is, however, no
difficulty in evaluating (10.18a) for a range of values of
z and thence establish a minimum. A similar procedure can
be established when a 4 b, giving
IRV T S .4 e
F = AKXz = + 2BK*z (w+-;) + Caklz*w + CbiK%z o Cecz (10,18b)



10.15

with g

2Bz + Bz + Ca
K
K = W=
Z
- 1 /K
Yy w¥g

Assuming that commodities are randomly stored together as
under Method 2 of Section 4, and in sequential order picking
% cells have to be visited, the average coordinates of the
th - . < 1 ] r -

n? cell (m = 1 to g) to be visited can be derived irom the

; . . th -
distribution of the m  smallest value in a sample of 2

taken from a rectangular distribution of range 0 to A.

. 5 ; th 4
The general distribution of the m = smallest value in a

sanple of % is given Dby

) = T { [pea] ™ 2] dx}

where p(x) dx is the probabilit density function
P P y ¥

and P(x) the probability distribution of the
sampled population

The average of f(x), given p(x)dx = 1, 0% x 54

A
and P(x) = =x/4, is:
A { m—1 L=m }
Wi = L. X _ % X "
@ = [ i G} & @ = -
(o]
A m L-m
2! x x)
s - ] =
(m-1) L (-m) ¢ HA) (l A i
o]
1A

™ ' 1 { G
EhHEsT ® e, ¢ w1 |

B designating the Beta-Function.

: - 1
Hence the average is A —, m & 2
(= K.‘:“ 3

(10.20)

(10.21)
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11.1

¥l.2

1.3

CONCLUDING REMARKS

Wle opened this report vith a Giscussion of the character and
use of mathematical wodels. It seems right to end it by
considering vhat has been achieved by constructing the

particular moadel of the »receding sections.

“lovement in warehouses is complex. iIn order to abstract and
discover the underlying logical relationships we had to
simplify this complex picture. e did this by making two
assumptions, namely, unitary storage locations, and
proportionality of handling effort to distance. The first
assumption restricts the model to & certain, albeit fairly
large, class of warehouses; and by working out the model for
this class, we also have been given valuable guide lines for

constructine mrdels for other types.

The second assumption is justified, though not proven, by
considering the published characteristics of handling

ecuipment and work study results.

We then created o further siuplification by imposing a
movement rule, which forces all mevement into a predictable
pattern. This rule of always using nearest available
storage location seems eminently justified, on the grounds

that the aim is to minimise distance over which goods have

=1
w2



to be moved. It is true that in practice this rule is hardly
anywhere obeyed, but we cannot see any reason, why it should
not be implemented in warehouse operations. It can, therefore,

forn the basic conditions under vhich the model operates.

11.4 Once this condition and assumptions are given, the relatiouships
between the variable quantities and hence minimisation couid
be dervied by fairly simple and well established mathematical

procedurcs.

As a result we found the warehouse dirensions and lay-out, as

between cormodities, which will minimise handling effort.

The calculacions required to apply the model for practical
purposes are easy and based on data that are normally

available to warehcuse managers.

11,5 Perhaps it should be pointed out, that at first the medel
vas constructed for a situation that cannot arise in
practice, by excluding tie time dimension. This was duone
in order to simplify the mathematics. ie then introduced
time into the model, and showed that on average, the
legical relationships, as derived from the static situation,

still nold.

11.6 The use of averages 1t justified, because we are concerned

74.



11.7

with long term warehouse operations and if the average is a
minimum, then, despite shert term fluctuation, the total

1

over time will be a wminimum as well.

In all the formulae, we constructed, maximum capacity requirements
are an important element, and increasingly important as one

moves to automated handling. e must, therefore, point out,

that in any application of tine model, it is of great importance

to get a good estimate of maximal expected capacities.



NUMERICAL EXAMPLE

As mentioned in the Introduction, we attach a numerical
example to demonstrate the use of the formulae. Obviously
we cannot take our data from an actual case, as this would
require too great an amount of calculation for the reader

to fellow easily. On the other hand the figures we use
must be as close to reality as possible. le have, therefore,
decided to restrict our illustration to a warehouse stocking

five commodities only, with the folloving characteristics.

TABLE E.1.
Commocdity  Rate of Average Standard Average
Ho. Throughput/ Stock in deviation weeks
weei . hand stock in
pallets pallets hand
i M, K, c,
i i 1
1 500 1000 100 2
2 300 eely 133 2
3 1060 300 1¢0 3
4 60 240 120 4
5 40 200 100 5

The relationship exhibited by the figures in the above table E.l

is one that is often found in real warehouse gituations., The
stocl: profile with the 40% of variety accounting for CO% of
throughput is perhaps optimistic, — more often, one finds that
L 3 4 !

E'Of variety account for-g of turnover - but has been forced

on us by the restriction that more than 5 commodities could
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lead to too much calculating effort on the part of the reader,

Again, average stocks being relatively less for high throughput
items than for slow moving ones, is a common phenomenon.
Similarly, it is easier tc forecast demand om fast moving

items hence their relative variability round average stock,
measured by the "coefficient of variation”, that is the

ratio of standard deviation to average, is less than that

of slow movers.

We further stipulate for this example that stocks for all
comacdities are symmetrically distributed around their
average, that the commodities do not exhibit seasonaj
fluctuations, and that the risk of running out of space is

of the order of 0.1 of 1%.

Further, the unit is a standard pallet load 48" x 40",
48" high, and the weight per umit is nominally the same

for all commodities.
The data of table £.l. are usually directly available in
an organisation concerned with keeping stocks of various

commodities. If not, they can be deduced from stock accounts.

From table E.l one can derive the values for maximum space

requiremnents.
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TABLE E.2

Commodity lfaximum Space Ratio
Ho. Requirement in average to
Pallet Loads maximun
i K=K. + 30 B.
i i
1 1300 7692
2 1000 .6000
3 600 .5000
4 600 .4000
5 500 .4000
Total 4000

e further assume that we have a choice between 3 possible
types of handling equipment, say, fork lift trucks, with

the following characteristics. All three move at an

average speed of 3 m.p.h. require an isle width of 100",

but the first, Fl’ works at an average vertical speed of

26,4 ft/ming the second FZ’ at 35.2 ft/min; and the

third F,, at 52.0 ft/min. Average vertical speed is taken

as the average speeds of lifting full load, going up unlcaded,

lowering full load lowering empty.

The cell dimercions we take as 50 x 50 X 60 so that

With a=b =1, ¢ = 10, 7.5, and 5 for Fl, F2, F3, respectively
Hence a=1 g=0.5 d=06, 4.5 and 3, for Fl, FZ’F3 respectively
and 3Vagd = 3/G = 1.4422, 1.3104 and 1.1447.

|
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We now proceed to test which items ought to be stered together,

by formulae (5.3)

Starting with items 1 and 2 we have

oy = Kl (Kl + Kz) = 0,5652

az w o} 1 = 00,4348

(0,807 = 0.7576

(3282)1/3 0.6390

(0 8, + a252)1/3 = 61/3 = 0,8860
pt/® = o.8208

3 = i o o 1 e - LONE .
b2 =3 (0:7576.500 + 6-6390.300 - O u:..-o{).a‘Jtﬂ-i- 08268.300

= = 20745 + 248-04 = 4059

-

ﬂl 2 positive, hence Item 1 and Item 2 to be stored together.
¥

Maximum storage requirement for items 1 and 2 together

. - o 3 1332 =0
is 1600 +3 v100Z + 1332 =2100

]

iflext, test whether items 1, and 2 can be stored together



. 2100/2700 = 0.7778

Q
[}

1
0‘3 = (600/2700 0.2222
B'. = 1600/210C 0.7619
@'t 33 = 0.5926)1 = 0400

- g f i

(u3:3;‘/J = 0.1 - 0.4808
(a' 8", + 3353)1/3 = (0.703n3 = o.z895
( '1}1/3 = 0.9156

- = [@.sane.soa + 0.4866.100 - 0.8895.90q] + 0.9196.100 =

= = 126,71 + 91,96 = =~ 34,75,

~n  Degative
€1,2),3 >

MNext, test whether items 3 and 4 should be stored together

Gy = 3.5000

“4 = 0.,5000

8, = 0.5000

B, = 0.4000

(u363)1!3 = .2500 3 = 0.6210

(“484)1!3 = (:J.;ZOGO)U3 = 0,5048

(agby + a484)1/3 = (0.4500) 3 = 0.7663

a31;3 = 0.7937

by o =2 [b-azlo.lco + 0°5848.60 ~ 007663.160} + 0+7937.60 =

= = 38013 + 4762 = 949

Ba g positive, hence items 3 and 4 to be stored together,
-y

(el
o0,



Maximum capacity requirement for items 3 and 4 together is

540 +3 Y1002 + 1202 = 1005

Next, test whether items 3,4 and 5 should be stored together

a'3 = 1005/1505 = 0.6678
S 500/1505 = 0,3322
8’3 = 540/1005 = 90,5373
By = = 0,.4000
(0'38'3)1/3 - (0.3588)%/%= 4.7106
(3585)1/3 = (0.1329)1/3 = 0.5104

1/3 - 1/3

t ] b1 - =
(o 38 3t GSBS’ (0.4917) 0.7893
(a'3)1/3 = 0.8741
E ¥ a 71 o = s J s =
&(3,4)’5 5 LP 7106.160 + 0°5104,40 - 0-7693.200{ + O 8791.40
= = 3562 + 3496 = - 0°658

Although a(3,4),5 is negative, it is only just so. It does

indicate that it is strictly better to store item 5 separately.

Since, however, this is an example to demonstrate the use of
the formulae, we shall say that 6(3 4),5 = 0 and store items
» 3

1 and 2 together and Items 3,4 and 5 together,



E.b6.

Turning now to the dimensions of tke warehouse required using

Fl we have:

w,o= the factor for storing Items 1 and 2 = 18.47
This gives a block of 16 x 3% x 3 cells
a total of 2106 cells, with an average unit handling cost of
27,75 as the nearest approach tc the optimum.

If we then store items 3,4 and 5 together we have w, = 15.72,

2
which gives a block of 15 x 29 x 3 cells, a total of 1305 cells
at an unit average handling cost of 23.75 to the point cf the
block nearest to reference point. Note that 15,72 ¢ 6, that
is the value that determines height equals 2.062, so before
deciding on a height of 3 one must try out a height of 2,
This gives a block of 18 x 36 x 2 = 1296 at an unit average
handling cost of 24,00, As cur criterion is handling cost,
the 3 high block sliould be chosen, with a total average handling
cost of

600.27-25 =~ 200 (2375 + 13) = 30550
On the other hand the block of dimension 18 x 36 x 2 when
fitted on top of the block i8 x 39 x 3, would result in a
total handling effort of 30600. The latter arrangement
appears to be the best if the two storage blocks have to be
fitted into a warehouse that is a rectangular box. The total
number of cells required is 2100 + 1296 = 3402, and the rhape
16 x 3% x 5 can hold 3510. Setting a general value cf moving

a unit distance equal to 1d, a= ld, g = %d, ¢ = 6% then the

0w
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total handling cost per time unit at an absolute minimum, i.e.
two blocks 18 x 39 x 3 and 15 x 29 x 3 fitted together is
£127.29, which would, if fitted into a rectangular box, give
room for at least 261 superfluous cells. The total cost per
time unit of the second arrangement, requiring a box of only

3510 cells is £127.50.

At this stage we must refer the reader back to subsections 3.5 ff.
of the report, tnat the above calculation gives a value based on
a reference point at one coruer of the rectangular storage block.
To estimate the true minimal value, the reference point should be
suitable placed, as for example in Fig, 2e and the necessary
adjustments made. We must, however, again emphasise that :the
conclusions as to layout that we derived by the above calculations

are valid for all possible shifts of the reference point.

To the value of handling effort we must add a capital and other fixed
charges per time unit for the equipment incl. personnel. Thus for

F., we have a total handling cost of

i
TC(1) = Cl + 127.50

Going through the same calculation for F2 we have
v, o= 16.78, v, = 14.28 wvhich gives us to nearest integral
numbers blocks of

16 x 33 x 4 for Items 1 and 2 at a uwnit handling effort of: 25.25
16 x 27 x 3 for items 3,4 and 5 21.50
or

15 » 35 x 4 for Items 1 and 2 at a unit handling effort of: 25.15
15 x 29 x 3 for Items 3,4 and 5 21.50
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From the point of viey of handling effort both arrangements
are equivalent and the choice would then depend on the costs

of shapes of warehouse that is to contain them,

27867, hence for F2 we have at the same evaluvation a handling
cost of

IC(2) = C2 + 1i6.11

Finally for F3 we have

W = 14,66 v, = 12.48 which gives cell blocks of
14 x 30x 5 at a unit handling effort of 22.00 for items 1 and 2
13 x 25 x 4 . " - 18.75 for items 3,4 and 5
with a total handling effort of 24350, hence a total handling
cost for F3
TC(3) = C; + 101.46

The choice of store layout and equipment is then given by the

smallest of the values TC(1), TC(2) and TC(3).
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