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AERONAUTTICS

CRANFIELD

Analysis of Two-Cell Swept Box with Ribs
prarallel to the Line of Flight under

Loading by Constant Couples =
_'by_

Ds Howe, D«CoJhAc.
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SUMMARY

The method of oblique co-ordinates(i) is used to
analyse the problem associated with the strength and
deformation of a uniform, rectangular, two-cell swept
box beam having ribs parallel to the line of flight.

The case of loading by constant couples 1s considered,
but no account of root effects is taken.

The ribs are assumed to be continuously
distributed, the rib boom area, together with the
stringer area, being distributed over the skins.

A degree of flexibility is allewed to the rib webs.

Results are presented in the form of cross
sectional rotations and stress resultants.
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£ This investigation was made during the tenure by

the author of a Clayton Fellowship awarded by the
Institution of Mechanical Engineerse.
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NOTATION

Oxyz
0XYz

1
Ajgo By

Main system of oblique Cartesian Coordinates
Auxiliary system of oblique coordinates

(i=1,2,3, j=1,2,3) Matrix inversions for rear
and frout skins respectively.

A, (i=1,2,3) Areas of rear, main and frontspar booms

% respectively.
ZiA = Ay Ay + Ag
Aps Aé Rib boom areas in rear and front cells respectively
Ay Aé Stringer areas in " " " " "
8ps aé Rib pitech in " v . i "
s al Stringer pitch " % " i "
b Half depth of box in direction of z axis.
17 Coefficients used in expression of rates of gection
rotation.
c Half width of box in direction of y axis
Cys Cp Width of rear and front cells respectively
E Young's Modulus of Elasticity
g %‘3’ {;eyy: %I:’ {eXf : Ealyl;; fafs 'g'%f}’ O %E}
ie£y= g%'+ QE'!; Strain components referred to axes Oxy; in

E

3y |

rear and front cells respectivelye

G = m Shear Modulus

K, 5

(Lys My)
(Py a5 2)
(pys )
g, 8"

Coefficients used in expression of stress resultantse.
Oblique components of couple, axes OXY.
Oblique components of rotation about axes O0xyz.
Rates of oblique components of rotation

Shear stress resultants in rear and front cells
respectively.

Si (i=1,2,3) Shear flows in rear, main, and front-spar webs

T1, i

|
S0 %3

respectively

Direct stress resultants in x direction in the rear
and front cells respectively.

Direct stress resultants in y direction in rear
and front cells respectively.

/ts 0080 ®@



£y B Skin thicknesses of rear and front cells respectively

ty (i=1,2,3) Thickness of rear, main and front spar webs
respectively

U, Ot Displacements of rear and front cell skins in

X direction

u; (i=1,2,3) Displacements of rear, main and front spar webs
in x direction

¥y Displacements of rear and front cell skins in
¥y direction

Wi (i=1,2,3) Displacements of rear, main and front spar webs
in z direction

WRO Displacements of rib web on y axis in z direction
(X, Yy %) Components of force, axes 0xyz
a Angle between Ox and Oy axes
£ aulsd Distortion of section in rear and front cells
respectively
Bys &g | ; . :
. ; Constants in equations for distortion of section
.ri:l‘ag-? 5'32 1
> !
K L Terms used in expression of coefficients
e ) cijs Kij
u l
/
o Poisson's Ratio
Wy Warping of section in rear and front cells
respectively
& i* w' 1
o 1 Constants in equations for warping of section
D 5y Wo ;
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INTRODUCTION

The method used in this analysis is essentially that
developed by Hemp in Part 3 of his work<1) on the application
of oblique coordinates to swept wing structures. Fige 1 shows
the construction of the box and the notation used.

The sweep back angle is (x/2 -x.), and the box is
defined by a set of oblique axes 0xyz. An auxiliary set of
oblique axes 0XYz are also used. The upper and lower surfaces
are given by z = * b respectively, and they are assumed to be
reinforced by closely spaced stringers parallel to the x axis,
and closely spaced ribs parallel to the ¥y axis, The skin
thickness in the rear cell is t, the rilb boom area AR’ rib
pitech aR, stringer area AS, and stringer pitch age The
comparable dimensions in the front cell are t', Aﬁ, aﬁ, Aé and
aé respectively. The rear spar web is defined by y = ¢ and
has thickness t,, the mainspar web by y = (c - 01) and has
thickness t2, whilst the front spar is given by y = - 2, ang
has thickness t.e. The areas of the rear, main, and front spar

&
booms are A1, A2 and A5 respectivelye.

Where the spar and rib webs are capable of carrying
end loads, their effective area is considered to be included
in the appropriate boom area, the webs themselves being assumed
to carry only shear loads. All the materials have a Young's
Modulus of Ey, and Poisson Ratio o . The rib webs are
considered to be rigidly connected to the spar webs, but are
allowed a limited flexibility in themselvese.

The effect of root constraint is not investigated, and
the box is considered to be loaded by constant couples.

THREORY
Assume a linear variation of the rotation of the box

with =x.

Rotation component about x axis P = P4 |

Rotation component about y axis
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The warping and distortion of a cross section of the
box are assumed to be linear in y

Warping:-  Rear Cell:- ® = w4¥ + 0, l

Front Cell:i- o' = wl!y + o) |
1 i

Similarly distortion:-— O = 3,Y +8, !
1 . sns 15)
=Y + L5 ﬂ
Using Eqs (1) to (3), the displacements become:-
For the Skins:~ U= g,x b sina + w(y) )
U'= g,x b sina + w'(y) |
V=-p,xb sine+A(y) (5)
:.' ev e 5
V'= - p,x b sina + A'(y) |
. Z
For the Spar Webs:- u, = g,X.z sina + (“’)y=c' £ !
- - Z |
U, = quXez sino + (m)y=(c-c1)' b }.- san (B)
2 : ' 2z
U; = qqX.z sina + (w )y=—c' £ !
The displacement in the z direction, of the rib
webs, on the centreline of the box is given by Ref. 1
Egse (94) and (98) as:-
2
By x_
(WR) y=0 = ®xx* b
' x° i
Hence:- Wy = pyX ¢ sina - e . 5= [
: 2 )
W2 = p1X(C"C1)Sln(‘L o GXX. 'é:é‘ i 0o (7)
. 2 i
e 3 ” X _
Wy = = DX e sing - e . o }

/ Eqs. eeceeoe



Egse (L) to (7) are used to obtain the strains in
the skins.

S o L= ;
By = s q1b sing Crx T U b sina E
N R i 1 i
®wr ® T Oy = O e (8)
i
e e L HE 4 : ¢ La 3
ny W o b Ay = p1b Sino + wy exy = p1b sina + w1

i

The box is loaded by constant couples

The Stress Resultants are restricted.
Ty and T{ are functions of y only

8 |
T2 and T2

S and 8' are constant

are zero

L i t - t mt i | S
L] -] 8 —_ p-.1 1T,1 + A1 38 e — .A.,1 ,1 ,1 A1 33 E
- t o At mt ¥ .t X \
gy = ApyTy + ApsS egy = A34T] + AYsB e (9)
= f = mt ! _il
exy A31T1 b ABBS exy 31‘1 338 i

Compatibility of warping et the mainspar requires:-
& . = 1

m1(c 01) + wo H(o1(0 01) +wo

or rewriting:-
S -
w = w! N (w2 m2) oo (10)
1 1
c - ¢y

Using Egs. (8) and (9):-

Qb sina = A Ty + A58 = A1, T] + &;33' )

r o T L} el ;)
{
= o ! - o ik ! A€ o ¥ !

/ Using scscese




Using the stress-strain relation for the spar webs:-

fou  ow
8y = 0% (52 + a'SE)
3 [ ; (@0 + 0,) | ’
81 = Gt_I :p1c sina + 5 | {
fw,(c~c,) + 0.1
L { 2 : i1 1 2! \
; (-aje + a}) | |
83 = th 1~p1c sina + 5 J o
Equilibrium of the spar flange joints requires that:-
81 + S = ;
= $ = {3" cee
Sz = 8 =0 | (13)
= i TR
S 82 8' = € }
3 ¥ -— A S
Eqe (13) implies that: Sy + 8, + 83 =55 =0
For overall equilibrium:-
- oy - o _— ,“ 1 1
L, = 2bc 8, - 2be 84 + 2b(c c1)b2 2b- Scy + 8 025
and using Eqe. (13):-
Ly
e - ~c1S - 028'
c L §
e B 4 - 1 {
or: S = S o, ]_@ \
i eoce (’1&-)
. c L !
8 = -g-2- 1 i
c1 Ebc1
= ) 3 1
My = 2bE(2_,A)(q1'b sina) + 21::(T1<:J1 + T1c2) sus £15)
where A = A, + Ay + Az

/ Bubstituting «seve



Substituting from Eq. (13) into Eq. (12):-

1 1 H
gt— - - : (~w1 B w2) ;
GtBC = - p,sina + v i
I
i o i
s -8") _ [0 (e=c )+ o, | e \
Gt (e=c,) = p,sina + b(c—c1) ! (16)
|
- : (04e + o)) |
I bo s
Egse (16) and (10) give », and o)
o bc(c—c1) I (s-8') q f
- e G c, t (c c, y * t1c! !
: l (17)
3 bC-(C»"' I (s Sl) . S! }
I
2 G 02 ‘t Le= cy ) tjcL 1
Using Egs. (11) and (16):-
Sb_ L, _ e
Gt1c = A31 T1 + A33 S 2w1 S i
. 18)
S'b Q}é { LR (I
B T 1 ! t $ior i f e
and thc - A31 T1 e A33 8 zw1 o |

Elimination of w, and wi from Eqe (18) by using Eqe. (10) yields:—

DB - iii— AL T!+ Al

31 33

gl= &

31'I‘1 AB S+w2

,g(c c1)+20‘ i(c- 01) 20l
clc- —c ) '+ o c, 1

(19)

Substitution from the first pair of Egs. (11) into Eg. (15) and
elimination between the resulting two ecuations givess—

Ty= |° (458" A138)+A11(2b "

7=

1 e i
01(A S A138 )+A11(2b EAﬁBka.s )5

i |

13”

i

v f oy )
JA°S)1/A41§EA11*-A*°4;+°2A11;

*(20)

1 \
!A11 EA112_A+011+02A1ﬁ
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Using Egs. (17) and (192) and rearranging:-

_i I 1
be b 2be b |
ALY = AT, = 8lhye & wps + - 8'{AL. 4 e}
i 2 311 !.33 Gtyecyc, Gr‘n:,lc.Il ! 23 Gt20102 Gt3“2§
eeos (21)
Egs. (20) and (21) give:-
I-Af A c + AE (C + A' E;.‘_..A)“I ! !"'1
% vl Wb s Al Sl | laskaicnt S (TR Y b ?__IS
TR S Rillggte 0 S s T R4y
ftaz, 4.0, + a2%e. » 4. BTA)) ¢ 1
3 1, e i B it GO PO ST |
- : . =4 ]
|. A11LEA11§§A + G4  + Ay4C, | ! 33 7 Gtyeyc, GtBCZJ%
gl 5 eeo (22)
+£A§1‘}11 Azqhqq . M

Egs. (22) and (14) enable S, S' to be found and thence
T,s T§ from Eqg. (20)

©j and w, follow from Egs. (17) and (18):-

1 t a i
it e il R sl cabit], |
1t =72 Y6 2 |758 e, it b L)
22 i 2v 3 27 \ sws (22)
BUIAE.. - B ML 3 YT gl
From Egs. (25) and (11) :-
l { ] ] )
L ap cosec ai b T i1 1 i b8! i |
b, = L NI BoaTy B8 Yhew & e f- B gy - }J
_".. N ik _f \
H "8 o0 (21—1-)
_ 8gq _ coseca ! ;
U =ax =" b lA‘H Futeigge B |

The displacements can be found using Egs. (24), (23) and (17).
The strains follow from Eq. (9)
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RESULTS
iy | o 1 1
P8 s % Ay P My I ok e My
= TR 1 H
8= Bee ly v Bply ByaE B Bt S0 Wy
By = By By ¥ 'Bgp Ny i'\(
- (25)
T T )
8= oy Ly, 4 Ky My '}
_ ap _ w8 - 1
Py = &x = G191y + Gyl 9 = Gx = %™ * Sty
Wherei- \
2 = ,\" .:
e - B0 Byl b BB AL AbaX
K11 = 502('&'35” rs.13.r) +I131,HHE b fj,‘;u'bé?:”\
S W r * Aj
- RS ¢ e T i 14
K, = —=—= 4= L,.(c, + BA}, ZIA) = Ao, b 4 z—
1™ e | IR 11 13%1] * Por
i ~ ”
? ot t S 1 Lz G %
Kjy = ioy (Alsh = Ayzt) + Als Ay > E.D4 | /lioe
Cyn & A AH
1 - Al i s -
Kig = o tToephduieyis Ry DA) + 445 05§ + Fp% \
g5 ? #
u c2 * \ \
K21 =~ Ibe Ew = 2% / (26,
e, ;
1 = E% :'\\__ 1 —_— - -—..1-;.-— '
K1 = Tbe Koo = = o7 f
i
G Y
. |
K21 = Iibe K:o = = 557 I
s B wleg+ eo)
1 = " Ibe o = T 2b7e /
C, W /
" e
K51 = m K52 - Zb},;e //
_ _ coseca E"ﬂ“j‘i ] : - At ' o
g i L o
N _.b fp . op=atl
IJ‘AEB G'C-l ft-] " t2 B
; ki 02-,% ; : (27)
- _ - toseca : P CREE S i
LA B Ayx Baq S 58 1
; C 12—} - I'
c,, = 90888 |, ar , AE |
= i =
ge T [ = | }!
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v g ] ey E .
A (R eR 0] % Byets ;
o . <. e
¥ %l Ao 8074 ; ) %
- , b(e,+c {
ul ] f2 F a . L] = 1 2 s -IJ |
boo=| Agghdyey + ALT(ey + Ay B ZA) - ALg Gt,0,0,  Gtgc, | |
i A2 t
: b(c,+c,) S
] =i . 2 o o S X G "Rk, R
A =] Azghzgcy + A31("2 + Aj4Ee ZJA) 23 T 8%.0,¢,  Gt,e, ! |
L i Rl 14 | 5
i
€ = ,"\02 + vey /‘
(28)
SPECIAL CASE
Two Equal Cells
= s e P - - 1
by o=ty =ty = b 8y.= 65 ¢ B t =t
(Equal cells with constant web and skin thicknesses)
(4,.8. DA L \ '
—_ 1 —_ 13 e 1 i A i ] 3
L !
1
== 1 -
B = D71 ==y
L, eee (29)
By = ~H:.= o8
S, =0 j
. /
A oBe 20 i
a- | il 13 i 1 |
11 = Bbo * (Zc+hA, B 5A) Byp = 55(2c+h, 1B 3.4)
L
K54 = = Bbo Kop = 0 -~
K51 = s T L "I
34 = Bbe 141 51 = 7 Bbe ]
g " 3 I
Esp = Bp = K5, = 0 f
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- 14 =

f o 4
&l cosecai (1+9) m 4 e A13E2Jﬁ I
11 = 8be _EEth 2b 2b(2c+A11E. o4) |
'coseca A _
13 y
C = O e ) see kf"t)
v T 4b2 (2c+d JBeZ3A) i
cosecaqa A11
Cop = —3 J
2b (20+AHE.§3A)
¥ = O }
[
gy s ] p I
\ ene (32}
i
& = 2A6 = 2uec \
/

, 2
R, e S |
o= 2A1ic + A11E.¢“A

DISCUSSION

It can be seen from Egs (26), that there is a
contribution to the oblique shear stress from the "bending
couple"'M1. This contribution is dependent upon the value of
¥, and it can be shown that » itself is dependent upon the

relative values of AR, a and t in the two cellse.

R9
For the case of constant rib pitch, with the ratio
of the rib boom area to skin thickness the same in both cellsy

Ap Ap

ieco SF = VR the value of » is zero. Under these

R %

conditions, there is no oblique shear stress due to M1.

The results for the special case of two equal cells
with constant web and skin thicknesses given in Egs (29) to
(32), are directly comparable to the single cell results,
Egs (78); (83) and (100) of Ref. 1.

Complete analysis of the box beam subjected to
constant couples is achieved by using the above results in

conjunction with the relevant parts of Refe 1 % 3¢2.
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