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Abstract

This thesis considers the problem of the design of robust gain-scheduled flight con-
trollers for conventional fixed-wing unmanned aerial vehicles (UAVs). The design ap-
proaches employ a linear parameter-varying (LPV) control technique, that is based
on the principle of the gain-scheduled output feedback H., control, because a con-
ventional gain-scheduling technique is both expensive and time-consuming for many
UAV applications. In addition, importantly, an LPV controller can guarantee the
stability, robustness and performance properties of the closed-loop system across
the full or defined flight envelope. A flight control application problem for con-
ventional fixed-wing UAVs is considered in this thesis. This is an autopilot design
(i.e. speed-hold, altitude-hold, and heading-hold) that is used to demonstrate the
impacts of the proposed scheme in robustness and performance improvement of the
flight controller design over a fuller range of flight conditions.

The LPV flight controllers are synthesized using single quadratic (SQLF) or parameter-
dependent (PDLF) Lyapunov functions where the synthesis problems involve solving
the linear matrix inequality (LMI) constraints that can be efficiently solved using
standard software. To synthesize an LPV autopilot of a Jindivik UAV, the lon-
gitudinal and lateral LPV models are required in which they are derived from a
six degree-of-fredoom (6-DOF) nonlinear model of the vehicle using Jacobian lin-
earization. However, the derived LPV models are nonlinearly dependent on the
time-varying parameters, i.e. speed and altitude. To obtain a finite number of LMIs
and avoid the gridding parameter technique, the Tensor-Product (TP) model trans-
formation is applied to transform the nonlinearly parameter-dependent LPV model
into a TP-type convex polytopic model form. Hence, the gain-scheduled output
feedback H,, control technique can be applied to the resulting TP convex polytopic
model using the single quadratic Lyapunov functions.

The parameter-dependent Lyapunov functions is also used to synthesize another
LPV controller that is less conservative than the SQLF-based LPV controller. How-
ever, using the parameter-dependent Lyapunov functions involves solving an infinite
number of LMIs for which a number of convexifying techniques exist, based on an
affine LPV model, for obtaining a finite number of LMIs. In this thesis, an affine LPV
model is converted from the nonlinearly parameter-dependent LPV model using a
minimum least-squares method. In addition, an alternative approach for obtaining
a finite number of LMIs is proposed, by simple manipulations on the bounded real



lemma inequality, a symmetric matrix polytope inequality form is obtained. Hence,
the LMIs need only be evaluated at all vertices. A technique to construct the in-
termediate controller variables as an affine matrix-valued function in the polytopic
coordinates of the scheduled parameter is also proposed.

The time-varying real parametric uncertainties are included in the system state-
space model matrices of an affine LPV model as a linear fractional transformation
(LFT) form in order to improve robustness of the designed LPV controllers in the
presence of mismatch uncertainties between the nonlinearly parameter-dependent
LPV model and the affine LPV model. Hence, a new class of LPV models is ob-
tained called an uncertain affine LPV model which is less conservative than the
existing parameter-dependent linear fractional transformation model (LPV/LFT).
New algorithms of robust stability analysis and gain-scheduled controller synthesis
for this uncertain affine LPV model using single quadratic and parameter-dependent
Lyapunov functions are proposed. The analysis and synthesis conditions are repre-
sented in the form of a finite number of LMIs. Moreover, the proposed method is
applied to synthesize a lateral autopilot, i.e. heading-hold, for a bounded flight enve-
lope of the Jindivik UAV. The simulation results on a full 6-DOF Jindivik nonlinear
model are presented to show the effectiveness of the approach.
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Chapter 1

Introduction

Unmanned Aerial Vehicles (UAVs) could be defined as power-driven aircraft, other
than model aircraft, that are designed to fly without a human operator on board.
Typically, UAVs are used primarily to avoid putting persons at risk, or for mis-
sions where the task is better suited to a machine, e.g. D? missions - “Dirty, Dull,
Dangerous”. To date, UAVs have been used in both military and civilian appli-
cations. Some military type applications include reconnaissance, surveillance (air,
land, maritime), border patrol, and drug interdiction. In addition, some civilian
type applications include surveillance, hydro-line inspections, water resources man-
agement, flood damage, and city mapping. UAVs have shown potential as being
strong effective platforms for supporting both military and civilian applications.

The increasing requirements on the capabilities of UAVs means that there is consid-
erable ongoing research. Advanced control methodologies, such as optimal control,
robust control, nonlinear control, intelligent control, etc., that guarantee the stabil-
ity, robustness and performance properties of the closed-loop system are some of the
very interesting active research areas for UAVs. Traditionally, automatic flight con-
trol systems can be categorised according to their function as; (i) Stability Augmen-
tation System (SAS) is designed in order to improve flying characteristics (damping
ratio and natural frequencies) of an aircraft to achieve an acceptable requirement
level of flying qualities standards, e.g. MIL-F-8785C, (ii) Control Augmentation
System (CAS) is additionally designed to provide a specific type of response to the
pilot’s input, e.g. pitch rate commands, (iii) Autopilot system is a pilot relief task
that is fully automatic control systems, e.g. airspeed hold, altitude hold, heading
hold, and turn coordination.

Since the 1950’s, classical controller design techniques such as root-locus, Bode and
Nyquist plots, and frequency response analysis have been successfully and popu-
larly implemented in the automatic flight control systems for the aerospace indus-
try. These design techniques are well understood, clearly visible, highly structured
system, and highly amenable to implementation. However, classical control tech-
niques are limited when the controllers for multivariable systems with high internal
coupling are to be designed [21]. More detail of the limitations of classical control
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techniques are described in the next section, where common control design consid-
erations of flight control systems are also outlined. Sections and give the
motivations and aim & objectives, respectively. The publications and thesis outline
are briefly summarized in sections [I.4] and respectively.

1.1 Control Design Considerations

1.1.1 Aircraft Mathematical Nonlinear Model

Before a flight controller can be designed, an aircraft mathematical nonlinear model
has to be determined. Traditionally, the model parameters are determined using
wind tunnel tests by measuring the aerodynamic forces and moments introduced
on an aircraft. Recently, computational fluid dynamics (CFD) methods are becom-
ing important. Furthermore, the aircraft moments of inertia are calculated and the
aircraft engine model is determined from experimental data. However, these stan-
dard processes are both expensive and time-consuming and may not be affordable
or practicable for many UAV applications [31], 32, [36].

1.1.2 Model Uncertainties, Disturbances, and Sensor Noises

In practice, most flight control design techniques require a linearized model of an
aircraft’s dynamics about some trim condition. An aircraft linear model is typi-
cally either derived from a six degree-of-freedom (6-DOF) nonlinear model [33] [68]
or determined from experimental measurement by parameter identification meth-
ods [28, 36, 53, 57, [78]. Having an accurate linear model, a flight controller can be
successfully designed. However, the linear model will never be an entirely accurate
representation of aircraft flight because the true aircraft dynamic model parame-
ters are not exactly known and the aircraft dynamics are non-linear. Often this is
primarily because there are characteristics which cannot easily be modelled; this is
especially the case under extremely aggressive manoeuvring of aircraft where highly
nonlinear flight regimes yield unsteady and nonlinear aerodynamic effects which are
hard and complicated to model [52]. In addition, there are unmodelled dynamics
and/or inaccuracies in the model parameters hence there will always be modelling
inaccuracies in aircraft dynamic models [52]. Moreover, there will always be (usually
uncertain) external disturbance and sensor noises influencing the dynamic behavior
of the aircraft. The model uncertainties, disturbances, and sensor noises are another
practical problem for flight control design.
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1.1.3 Model Nonlinearities

In general, most real plants are nonlinear; this is especially the case for aircraft
where their dynamic characteristics vary, following some time-varying parameters.
Chumalee and Whidborne [33] showed that, when an aircraft is about a wings level
and constant altitude and airspeed flight condition, its dynamic characteristics are
nonlinearly dependent on attitude and velocity. In addition, for some UAV missions
such as targeting, deception, electronic warfare and offensive operations, UAVs are
often required to operate over a full flight envelope at various attitudes and velocities
in which the model nonlinearities are another common problem for flight control
design.

1.1.4 Sensor Limitations

An automatic flight control system requires some data feedbacks in order to sta-
bilize the aircraft and achieve asymptotic tracking of a known reference trajectory.
Practically, these data feedbacks are passed to the automatic flight controller via
flight sensors. Therefore, the sensor limitations, e.g. maximum measurement value
or maximum update rate, are another actual problem for flight control design. For
example, suppose the Crossbow VG400CD is assumed to be used in a flight control
system for measuring attitude roll and pitch angles, roll, pitch, and yaw rates, and
X, Y, and Z body axis accelerations. In addition, the pitch and roll rates are as-
sumed to be data feedbacks for closed-loop control. Since the maximum roll, pitch,
and yaw rates of the Crossbow VG400CD are 100 °/s, the automatic flight controller
has to be designed not to manoeuvre the aircraft with pitch and roll rates that are
greater than 100 °/s.

1.1.5 Actuator Limitations

An automatic flight control system controls an aircraft via actuators, hence actuator
saturation (position and rate) and actuator time lag present another common prob-
lem for flight control design. For example, suppose the Futaba S9206 (high-torque
airplane servo) is assumed to be used as the actuators in a flight control system.
Since the time lag of Futaba S9206 is 0.02 s, the automatic flight controller has to
be designed not to control the aircraft with a frequency that is greater than 8 Hz
(-3 dB bandwidth). In addition, the ratio of elevator deflection to Futaba S9206
deflection is assumed to be one to three (1:3). Since the speed of Futaba S9206 is
315 °/s, the automatic flight controller has to be also designed not to control the
aircraft with an excessive gain that make elevator deflection’s speed greater than
105 °/s.
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1.2 Conventional Gain Scheduling

A common approach in industry to handle the nonlinear property of the aircraft is
by means of gain-scheduling. The conventional approach is to design a local linear
time invariant (LTI) controller for each member of a set of operating conditions that
cover the whole of the flight envelope. As the operating conditions change, a global
controller of the closed-loop system is determined on-line and in flight by interpolat-
ing the gain values of each local LTI controller (that are within the varied operating
conditions) according to the current value of the scheduling parameters. Experi-
mentally, this design approach has been successfully and popularly implemented in
many engineering applications (e.g. submarines, engines, aircraft, etc.) in order to
cover the entire operating range of system plants but, theoretically, it comes with no
guarantees on the robustness, performance, or even nominal stability of the overall
gain scheduled design [90].

The cost-effective development of many UAV applications is very significant but the
conventional gain-scheduling technique is both expensive and time-consuming. In
addition it cannot guarantee the stability, robustness and performance properties
of the closed-loop system [90]. Hence this design approach is less suitable for a
UAYV application. Based on these shortcomings of the conventional gain-scheduling
technique, two challenging motivation problems of this thesis are how to design a
single robust gain-scheduled flight controller for conventional fixed-wing UAVs for
which (i) the designed controller can operate in a fuller range of flight conditions and
(ii) the designed controller can guarantee the stability and robustness properties of
the closed-loop system.

1.3 Aims & Objectives

An advanced robust gain-scheduling technique, namely linear parameter-varying
(LPV) control [91] that is based on the principle of the H, control [47, [104], can
be used to handle uncertainties and nonlinearities of a nonlinear plant model. Im-
portantly, an LPV controller theoretically guarantees stability, robustness, and per-
formance properties of the closed-loop system [, 23], [97]. Therefore, the motivation
problems listed in the previous section can be solved using an LPV control technique
with the mixed-sensitivity criterion [20, [33 47]. This will provide a controller with
good command following (i.e. small tracking error), good disturbance attenuation,
low sensitivity to measurement noise, reasonably small control efforts, and that is
robustly stable to additive plant perturbations. To design a single robust gain-
scheduled flight controller using an LPV control technique for which the designed
controller satisfies the two motivation problems is the main aim of this thesis.

Moreover, an interesting flight control application problem for conventional fixed-
wing UAVs is considered in this thesis. This is an autopilot design (i.e. speed-hold,
altitude-hold, and heading-hold) and is also a main objective of this thesis in order

4



1.4 Publications

to demonstrate the impacts of the proposed scheme in robustness and performance
improvement of the flight controller design over a fuller range of flight conditions.
The effectiveness of the proposed methods in designing an LPV autopilot is verified
and validated through a 6-DOF nonlinear model of the Jindivik UAV, shown in
Figure [1.1] that has been developed by Fitzgerald [41] in the MATLAB Simulink

environment.

1.4 Publications

The publications of this thesis are the following:

Conference papers

e S. Chumalee and J. F. Whidborne. Pole Placement Controller Design for
Linear Parameter Varying Plants. Proceedings of the UKACC International
Conference on Control 2008, Manchester, UK, September 2008.

e S. Chumalee and J. F. Whidborne. Experimental Development of an UAV
Nonlinear Dynamic Model. Proceedings of the 24th Bristol International Un-
manned Air Vehicle Systems (UAVS) Conference, Bristol, UK, March 2009.

e S. Chumalee and J. F. Whidborne. LPV Autopilot Design of a Jindivik UAV.
AIAA Guidance, Navigation, and Control Conference and Exhibit, Chicago,
[linois, Aug. 2009.

e S. Chumalee and J. F. Whidborne. Identification and Control of RTAF Aerial
Target. Proceedings of Furopean Control Conference 2009, Budapest, Hun-
gary, Aug. 2009.

Journal articles

e S. Chumalee and J. F. Whidborne. UAV Aerodynamic Model Identification
from a Racetrack Manoeuvre. J. Aerospace Engineering, Proc.IMechE Vol.
224 Part G, pages 831-842, 2010.

e S. Chumalee and J. F. Whidborne. Gain-scheduled H,, Autopilot Design via
Parameter-Dependent Lyapunov Functions. Journal of Guidance, Control,
and Dynamics, 2010. (submitted).

e S. Chumalee and J. F. Whidborne. Robust Flight Control for Uncertain Affine
Linear Parameter-Varying Models. International Journal of Control, 2010.
(submitted).
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1.5 Thesis Outline

This thesis is organized as follows:

Chapter [2| provides a brief overview of research in LPV control techniques. The
relevant mathematical background is also briefly summarized.

Chapter |3| outlines theory involved in LPV systems is which includes (i) methods for
deriving LPV models, i.e. Jacobian linearization, state transformation and function
substitution, (ii) LPV models, i.e. grid LPV model, affine LPV model and TP convex
polytopic model, (iii) parameter-dependent linear fractional transformation models
(LPV/LFT), (iv) stability analysis of LPV systems, i.e. Lyapunov-based stability
analysis and small gain theorem, and (v) controller synthesis for LPV Systems, i.e.
bounded real lemma, gain-scheduled H., control and gain scheduling via LFT.

Chapter 4] illustrates the implementation of LPV systems theory for the nonlin-
ear control problem via a simple numerical example [61] that is known to cause
difficulties for LPV controllers. The parameters variation of the example [61] is
cancelled using the gain-scheduled pole placement state feedback. For the example,
the approach yields reliable closed-loop stability and good closed-loop transient per-
formance of the system because it makes the nonlinear plant appear to be an LTI
plant, hence well-developed LTI tools can be applied.

In chapter |5, a longitudinal nonlinearly parameter-dependent LPV model is derived
from a 6-DOF nonlinear dynamic model using Jacobian linearization. To synthesize
an LPV controller with a finite number of LMIs and avoid the gridding technique,
the TP model transformation is employed in order to transform a given nonlinearly
parameter-dependent LPV model into a TP convex polytopic model form. Having
determined the longitudinal TP polytopic model, the H,, gain-scheduling control
that is proposed by Apkarian et al. [I0] can immediately be applied to the resulting
TP polytopic model to yield an LPV autopilot that guarantees the stability and
robustness properties of the closed-loop system.

In chapter [6] the longitudinal nonlinearly parameter-dependent LPV model is con-
verted into an affine LPV model using the minimum least-squares method [58].
Based on this longitudinal affine LPV model, another LPV controller is synthesized
with a finite number of LMIs using a new parameter-dependent Lyapunov func-
tions approach. An existing PDFL approach, that is based on a multi-convexity
method [I1], is given in Appendix [C| for which an improvement of the parameter-
dependent Lyapunov-based stability and performance analysis from the proposed
method can be compared with those from a multi-convexity approach [11].

In chapter |7} a lateral nonlinearly parameter-dependent LPV model is derived from
a 6-DOF nonlinear dynamic model using Jacobian Linearization. A lateral affine
LPV model is obtained using the minimum least-squares method [58] in a similar
approach to Chapter [0l The time-varying real parametric uncertainties are included
in the system state-space model matrices in an LFT form in order to guarantee
closed-loop stability and improve transient performance in presence of the mismatch
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Figure 1.1: The Jindivik UAV

uncertainties between the lateral nonlinearly parameter-dependent LPV model and
the affine LPV model. Based on the proposed uncertain affine LPV model, a robust
lateral LPV controller is synthesized with a finite number of LMIs using parameter-
dependent Lyapunov functions.

Chapter [§| summarizes the discussions and main contributions of the thesis, and
suggestions for future work directions are given.

Appendix [A] briefly summarizes an aircraft mathematical model; this is especially
applicable for the Jindivik nonlinear model [41] from which the mathematical mod-
elling of aerodynamic forces and moments, thrust, sensors, and actuators are pre-
sented. In addition, two major lateral and longitudinal modes of the vehicle about
wings level and constant altitude 10,000 ft and airspeed 506.3 ft/s straight flight
condition are also presented.

In appendix [B] an ordinary piloted manoeuvre and off-trim condition flight data
(racetrack manoeuvre) of a Royal Thai Air Force (RTAF) aerial target was studied
and identiflied in order to estimate the aerodynamic coefficients of the vehicle. Only
two flight tests had to be undertaken. The first flight test was done to record flight
data by controlling the aerial target manually. The second flight test was done to
validate the proportional, integral and derivative (PID) autopilot. As shown by the
flight test results of the PID autopilot, the identified 6-DOF non-linear model was
sufficiently reliable and accurate for the design of a satisfactory control system. This
appendix demonstrates the usefulness of system identification techniques for UAV
control system design and development in a cost-effective manner.

Appendix [C] briefly summarizes an existing parameter-dependent Lyapunov func-
tions approach for synthesizing a PDLF-based LPV controller using a multi-convexity
method [I1]. In addition, the controller is constructed using an explicit controller
formulas [43].
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Chapter 2

Preliminaries

2.1 Introduction

Advanced control methodologies can be roughly classified according to their objec-
tive nature as: (i) optimal control is developed to achieve certain optimal perfor-
mance (i.e. minimizing a quadratic cost function), (ii) robust control is developed to
handle system plants subject to uncertainties, disturbances, and noise measurements
with high performances, (iii) nonlinear control is developed to handle nonlinear sys-
tems with high performances, and (iv) intelligent control is developed to handle sys-
tems with unknown dynamic models of system plants. Although advanced control
methodologies have shown potential in the field of improving robustness, better per-
formance, de-coupling control and simplifying the design process, some of them do
not yet have the maturity required for industrial application [67]. From an industrial
point of view, the desirable features of a very good flight controller are simplicity,
transparency, quality, accuracy, reliability, generality and implementability [67].

The optimal and robust control methods are fairly well-studied, however, their per-
formances would be conservative when UAVs have to operate in a nonlinear flight
regimes with a wide range of attitudes and velocities. Nonlinear control methods
may be suitable for designing a flight controller in this thesis but they are generally
very complex. The intelligent control would not be also suitable because it is hard
to guarantee the robustness and performance properties of the closed-loop system
in presence of model uncertainties and nonlinearities, disturbances, and noises. In
addition, intelligent control typically requires a lot of training data and it is ac-
tually not very transparent. Moreover, an intelligent control can be quite hard to
implement due to its complexity of the developed control algorithm.

In this thesis, an LPV control approach [91] is selected for designing a flight controller
becase it can handle uncertainties and nonlinearities of a nonlinear plant model.
Importantly, an LPV controller can guarantees stability and robustness properties
of the closed-loop system [8, 23] [97].
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2.2 Mathematical Preliminaries

This section briefly summarizes useful mathematical background that will be used
throughout this thesis.

2.2.1 Vector, Matrix, Signal, and System Norms

The material in this sub-section is essentially taken from Zhou et at. [104] and Gu
et at. [47]. Let a vector x = [zy,...,z,]T € C", then a real valued function ||z||, is
the vector p-norm of x defined as

n 1/p
]| -= (Z Ixi!p) , for 1 <p < oo (2.1)
=1

|l =) |, for p=1 (2.2)
=1

n

llla := | Y lif?, for p =2 (2.3)
i=1
|]|co := max |z;|, for p = o0 (2.4)

1<i<n

A norm of a vector is a measure of the vector length. When p = 2, ||z||2 is the
Euclidean norm of a vector x (or the Euclidean distance of a vector x from the
origin). It shall be denoted by ||z|| := ||z||2-

Let a matrix A = [a;;] € C™*" and a vector x € C", the matrix norm induced by a
vector p-norm is defined by

A
Al = sup 127l gy < ) < oo 2.5)
z#0 ||pr
| Al == 1@3?2;2 la;;|, for p =1, column sum (2.6)
[l = v/ A A A), for p =2 @)
| Al o := 1235%21 |a;;|, for p = oo, row sum (2.8)
J:

When p = 2, ||Al|2 is the spectral norm (i.e. largest singular value) of a matrix A.
It shall be denoted by [|A| := || A]|2.

10
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The p-norm of a vector signal z(t) = [z1(t),...,z,(t)]", t € R, is defined by

1/p

], = (/_ Z 2 (t \pdt> for1<p< oo (2.9)
(R ;Z/_ Z |z(t)|dt, for p =1 (2.10)

2 := / > a(t)dt, for p =2 (2.11)

0 =1

[#]loo == supl|(t)[|oo, for p = o0 (2.12)
teR

Note that, given a set of real numbers F, sup(FF) is the supremum or least upper
bound of a set F is defined to be the smallest real number that is greater than or
equal to every number in F while inf(FF) is the infimum or greatest lower bound of
a subset F is defined to be the biggest real number that is smaller than or equal to
every number in F.

Let Z(jw) be the Fourier transform of x(t) where w is the real frequency variable in
radians per unit time, the frequency domain 2-norm is defined by

1]z := \/% /_Oo 7*(jw)(jw)dw (2.13)

Note that, by Parseval’s identity, x|z = ||Z||2. That is

W w28t = ¢ [ # i (214

The normed spaces, consisting of a vector signal z(t) = [z1(t),...,z,(t)]', t € R
with finite norm, is defined by

1/p

Ly(R) == z(t) : [|z], = (/_00 Z |x(t)]pdt) <oop, forl1<p<oo (2.15)

Ly(R) =< z(t) : ||z]]2 = / Z |z(t)|2dt < o0 p, for p=2 (2.16)
T =1
For a stable LTI system G : L5"(R) — L5 (R), the Hy, norm of G(s) is given by
1G oo = sup7{G(jw)} (2.17)
we

where G(s) or G(jw) € C*™ is the transfer function matrix of G and (-) is defined
in the next sub-section. In addition, let u(t) € LY and y(t) € L% be the input

11
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and output vectors of system G respectively, the induced Ls-norm or Lo-gain of the
system G is given by

1G] = sup 19 ullz _ o 9l
Z - p—
wery ulle wery llulls

(2.18)

where G(t) x u(t) denotes the convolution integral of G(¢) and u(t). That is

y(t) = G(t) x u(t) = /o g(t — T)u(T)dr (2.19)

Note that, for LTI systems, the H,, norm is equal to the induced Lo-norm or Ls-gain
(i.e. the maximal gain of the system) [37, page 75]. That is

1Gllec = supa{G(jw)} = sup [yl
we

(2.20)
wery [|ull2

2.2.2 Singular Value Decomposition

A singular value decomposition (SVD) is a very useful tool to measure the size
of a matrix for which the corresponding singular vectors are good indications of
strong/weak input/output directions.

Lemma 2.2.1. (Singular Values and Eigenvalues [37]) Given a complex matriz
A € C™ ) the set of singular values of A is denoted by {o;(A)} which equals the k
largest square roots of the eigenvalues \ of A*A where k = min{m,n}. That is

oi(A) = VANAA), i=1,2,....k (2.21)

Normally, the singular values are ordered as o; > 0,11

Hence:
Ax
7(4) = 01 (A) = sup LAZ2 _y (2.22)
zeCn HxH2
Azl
A) = A) = inf 2.23
Q( ) Uk( ) zlenﬁcn “xH2 ( )

Theorem 2.2.2. (Singular Value Decomposition [104), Theorem 2.11]) Given a com-
plex matriz A € C™*" there exist two unitary matrices

U= [ul Uy ... um} e cmxm
V = [vl Vg ... Um] e cmxm
such that
A=USV® (2.24)

12
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ST A
M u
y2 u
yi uj
A - P
/ V4 W>
(a) Lower LFT structure (b) Upper LFT structure

Figure 2.1: Block diagrams structures of linear fractional transformation

where
_-21 0 mxn
E__O 0 eR
(o1 0 ... 0
mo= |07 U e
_0 0 ... Of

and oy > 09 > -++ > 0 > 0,k = min{m, n}.

2.2.3 Linear Fractional Transformation

Linear Fractional Transformations (LFTs) are a powerful and flexible approach to
represent uncertainty in matrices and systems.

Definition 2.2.3. [10]|] Let M be a complex matriz partitioned as

Mll M12

M =
{Mm Moo

} e C(pr1+p2)x(a1+42)

A lower LET with respect to A, € C®2*P2 shown in Figure [2.1}-a, that a mapping
Fi(M, D) : CexPz — CP1*9 s defined by

E(M, Al) = Mll -+ M12A1<[ — MQQAl)ilMgl (225)

where the inverse (I — My /\))™1 exists. An upper LFT with respect to A, € CH*P1,
shown in Figure fb, that a mapping F,(M,A,) : CoxPr — CP2%2 g defined by

fu(M, Au) = M22 + M21Au(] - MllAu)_lMlg (226)

where the inverse (I — M1 A,)™! exists.

13
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2.2.4 Linear Matrix Inequalities

The following definitions are required.

Definition 2.2.4. (Convez sets [89]) A set s in a linear vector space is said to be
convez if T,z € § then {x := ax1 + (1 — a)xs} € 5 for all a € (0,1)

Definition 2.2.5. (Convex combinations [89]) Let s be a subset of a vector space.
The point

n
T = T + ey + -+ - + apxy = Zaixi (2.27)
i=1
18 called a convex combination of x1,...,x, € s if ; > 0 fori = 1,...,n and

D=1

Definition 2.2.6. (Convez hull [89]) The convex hull Co{s} of any subset s C X
15 the intersection of all conver sets containing s. If s consists of a finite number of
elements, then these elements are referred to as the vertices of Co{s}.

Definition 2.2.7. (Affine functions [89]) A function [ :s — T is affine if
flazy + (1 = a)rz) = af(z1) + (1 — o) f(22) (2.28)
for all x1,29 € 5 and o € R

Definition 2.2.8. [10)) A matriz polytope is defined as the convex hull of a finite
number of matrix vertices N; with the same dimensions.

CO{Nl,NQ,...,NT} = {ZO&ZNZO(ZEO,ZO(lzl} (229)
i=1 i=1

Definition 2.2.9. [3]] Given a matric M € RP*P_ (i) M is a negative definite
symmetric matriz, i.e. M = MT <0, if XTMX < 0 for all nonzero vector X € RP.
(ii) M is a positive definite symmetric matriz, i.e. M = MT >0, if XTMX > 0
for all nonzero vector X € RP.

A linear matrix inequality is an affine function [89] mapping F' : R" — R™ ™ that
is expressed of the form

F(Z’):F0+$1F1+$2F2++.I'nFn

=Fy+ Y F; <0 (2.30)
i=1
where z = [zy,...,7,]7 € R" is a vector of n real numbers called the decision

variables. Fpy,...,F, € R™™ are real symmetric matrices, i.e. F; = FjT , for
j=0,...,n. F(z)is anegative definite symmetric matrix hence, by Definition ,
u' F(x)u < 0 for all nonzero vector v € R™. This is equivalent to the condition
that all eigenvalues A(F'(z)) are negative or equivalently, the maximal eigenvalue
Amax(F'(z)) < 0.

14
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Normally the variable z in (2.30]), which we are interested in, is composed of one or
more matrices whose columns have been stacked as a vector [49]. That is, F'(z) =
F(X1,Xs,...,X,) where X; € R%*" is a matrix, » ., ¢; X r; = n, and the columns
of all the matrix variables are stacked up to form a single vector variable. Hence,
(2.30) can be modified further as [49]:

F(Xh XQ, e ,Xp) - FO + G1X1H1 + GQXQHQ Lot GpoHp (231)

p
=Fy+ Y GiX;H; <0 (2.32)

=1

where Iy, G; € R™*%  H; € R"*™ are given matrices and the X; are the matrix
variables which we seek.

Corollary 2.2.10. Let s := {z|F(x) < 0} be the set of feasible solutions to the LMI

F(x) <0 then s is convexr.

Proof. We show that if z1,xo € § then {x := ax; + (1 — a)zy} € s for all @ € (0,1).
By Definition 2.2.7, F(z) = F(az; + (1 — a)zz) = aF(v1) + (1 — a)F(z;). In
addition, o > 0, (1 —«) > 0, F(x1) < 0, and F(z3) < 0, it is obvious that aF'(z1) +
(1 —a)F(zy) < 0 for all a € (0,1), therefore we have {x := az; + (1 — @)z} € s
for all « € (0,1) O

2.2.5 The S-Procedure

The LPV control constraint often come with some quadratic inequalities (or quadratic
function) being negative whenever some other quadratic inequalities are all nega-
tive. The several quadratic inequalities can be combined into one single inequality
(generally with some conservatism) using the S-procedure [25]. Let Fy, ..., F, be
quadratic functions of the variable x € R™:

Fy(z) :=a2"Tix +2ulz +v,i=0,...,p,
where T; = T''. Consider

Fo(z) > 0 for all x such that F;(z) >0, j=1,,...,p. (2.33)

It is obvious that if there exist 7 > 0,...,7, > 0 such that for all z,
p
Fy(z) = Y 7iFi(z) >0 (2.34)
i=1

then ([2.33)) is satisfied.

15



2.2 Mathematical Preliminaries

2.2.6 Useful Tools

Lemma 2.2.11. (Congruence Transformation [51, page 399]) Given a negative def-
inite symmetric matriv M = MT € RP*P. M < 0 then for another real matriz
T € RP*9 such that rank(TT MT) = rank(T) = q, the following inequality holds:

T"MT <0 (2.35)

Note that, based on rank(T) = ¢, we have ¢ € [1,p] C N.

Lemma 2.2.12. (Schur complement [{4)]) Let a partitioned symetric matric

— P M pXp
N A

N is a negative definite symmetric matriz if and only if

Q<0
P—-MQ'M" <0 (2.36)

where P — M@Q~*M?7 is the Schur complement of Q.

Proof. [89] Let a non-singular matrix 7' € RP*? and u = T'v where

T— {_ Q{ o ﬂ , (2.37)

We have u” Nu < 0 for all nonzero vector u € RP for which this is equivalent to
vITTNTv < 0 for all nonzero vector v € RP. Computing 77 NT":

P—MQ'MT 0

T _

T"NT = { 0 Q} (2.38)
Obviously, v TTNTv < 0 if and only if (2.36]) is satisfied. O

Lemma 2.2.13. [82] Given a pair of positive definite symmetric matrices (X,Y) €
RP*P, Then there exists matrices Xo, Yo € RP*™ and X3,Y3 € R™*™  where m is a
positive integer, such that X3 = XI,

-1
X X2 X X2 _ Y }/2
[XQT X, >0, and |:X,2T XJ = [YZT Yg,] (2.39)

if and only if X — Y1 >0, and rank(X — Y1) < m.

Lemma 2.2.14. (Projection lemma [44)]) Given an inequality problem of the form
U+ QTKT'P+PTKQ <0 (2.40)

where ¥ € R™*™ 4s a symmetric matriz, () and P are matrices with column dimen-
stonm. Let QQ, and P, be any matrices whose columns form bases of the null spaces
of QQ and P respectively; the above problem is solvable for a matriz K of compatible
dimensions if and only if

QTVQ. <0, P[UP <0 (2.41)
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2.3 Basic LPV Models

Lemma 2.2.15. (Finsler’s Lemma [{9]) For some real number o € R, (2.40) is
equivalent to two inequalities
U+0QTQ <0 (2.42)
U+ oPTP <0 (2.43)

2.3 Basic LPV Models

In nature, most real plants are nonlinear. A general nonlinear model can be written
in the form.

() = flx(t),ud))

y(t) =gz (t),u(l)) (2.44)
where t € R is the time, z(t) = [z1(t),...,z,(t)]" € R? is the state vector, u(t) =
[ui(t), ..., un(t)]" € R™ is the control input vector, y(t) = [y1(t),...,y,(t)]" € R
is the measurement output vector, f(-) and g(-) are continuous mapping functions:
RP x R™ — RP, and R? x R™ — R, respectively. Having linearized using
Jacobian method about one equilibrium point, an LTI model is obtained in which
it can be written as a state-space system of the form (see sub-section :

& (t) = Az(t) + Bu(t)
y (t) = Cx(t) + Du(t) (2.45)
where A € RP*?, B € RP*™ (' € R¥*P, and D € RI*™.

In general, most real plants have more than one equilibrium point. At each equilib-
rium point, some operating parameters could be selected as time-varying parameters.
When the time-varying parameters vary slowly, ([2.45)) become an LPV model for
which it can be written in the form (see sub-section [3.1.1)):

@(t) = A(0(t))x(t) + B(6(t))u(t)

y(t) = C(0(t))x(t) + D(O(t))ul(t) (2.46)
where A(-), B(-), C(:), and D(-) are known functions of time-varying parameters,
0(t) =[0:(t),...,0,(t)]" € R", and are continuous mapping matrix functions: R" —

RP*PR™ — RP*™ R"™ — R?P and R™ — R respectively. The time variation
of each of the parameters () is not known in advance, but can be measured in

real-time and lies in some set bounded by known minimum and maximum possible
Values, ie. 91(15) S [Ql,Hl], 92(75) S [QZ,QQ], ceey Qn(t) S [Qn,en]

It can be seen that two interesting features of an LPV model are (i) an LPV model
can represent nonlinear dynamic characteristics of an original nonlinear model better
than an LTI model because it uses the time-varying parameters 6(t) to capture the
dynamic characteristics of the original nonlinear model and (ii) an LPV model is still
a linear system, whose state-space descriptions are functions of time-varying param-
eters 0(t). Hence the single quadratic or parameter-dependent Lyapunov functions
can be used to prove the stability of LPV models.
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2.4 Literature Review

Comprehensive overviews of research in gain-scheduled control techniques can be
found in [87] and [62]. Although most real plants are nonlinear, they can often
be modelled as an LPV plant model [13] B9, 80] or characterized as a linear frac-
tional transformation (LFT) [9, 29, 81, O8] or as a linear fractional representation
(LFR) [86l 96] for gain-scheduled control synthesis and analysis purpose.

An LFT (or LFR) gain-scheduled controller is often synthesized via the scaled small-
gain theorem [81] or scaled bounded real lemma [9, 96]. Two advantages of the
parameter-dependent plant having LF'T (or LFR) parameter dependency are (i) the
existence of an LFT (or LFR) gain-scheduled controller that is fully characterized
by a finite number of LMIs [96, O8], and (ii) its favourable LFT (or LFR) structure
offers obvious advantages in reducing computational burden and ease of controller
implementation [9, 83]. However, in the LFT (or LFR) formulation, the variations
of parameters are allowed to be complex, thus conservatism is introduced when the
scheduled parameters are real [10], 60] 83].

An LPV plant model was first introduced by Shamma and Athans [91] whereby
its dynamic characteristics vary, following some time-varying parameters whose
values are unknown a prior: but can be measured in real-time and lie in some
set bounded by known minimum and maximum possible values. An algebraic
manipulation method, e.g. Jacobian linearization [39] [66] [80], state transforma-
tion [I3] 2], or function substitution [94], etc., is normally used to derive an LPV
model from the original nonlinear model. Moreover, in the literature, there are sev-
eral different varieties of LPV models, e.g. the grid LPV model [39, [66) 100, T0T],
the affine LPV model [8, [7, 10] (or polytopic LPV model), the tensor-product
(TP) convex polytopic model [15, 16, 18], etc., these have been introduced for
the analysis and gain-scheduled control synthesis which is usually based on sin-
gle quadratic Lyapunov function [10, 23] or parameter-dependent Lyapunov func-
tions (e.g. parameter-dependent [8), 139, 100} [101], affine parameter-dependent [45],
piecewise-affine parameter-dependent [63], 64], blending parameter-dependent [94],
multiple parameter-dependent Lyapunov functions [65] 66], etc.).

A grid LPV model was introduced by Becker and Packard [23], whereby system
state-space model matrices are functions of the scheduled parameters at all grid
points over the entire parameter spaces and an affine LPV model, introduced by
Apkarian et al. [I0], the system matrices are known functions and depend affinely
on the parameters that vary in a polytope of vertices. The TP convex polytopic
model has been recently proposed by Baranyi [I5] for transforming a given LPV
model, whose system matrices are nonlinearly dependent on the parameters, into
a convex polytopic model. It uses a higher order singular value decomposition in
order to decompose a given N-dimensional tensor into a full orthonormal system in a
special ordering of higher order singular values which express the rank properties of
the given LPV model for each element of the parameter vector in the Lo-norm [15] 16,
18]. Hence, the TP-type convex polytopic model is obtained, where the parameter-
dependent weighting functions of the LTI vertice components of the polytopic model
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are one-dimensional functions of the elements of the parameter vector [15] [16] [18].

Using single quadratic Lyapunov functions, for both the affine LPV models [10] and
the TP convex polytopic models [33] cases, a finite number of LMIs need only be
evaluated at all vertices while, for the grid LPV models [99] case, an infinite number
of LMIs have to be evaluated at all points over the entire parameter space in order
to determine a pair of positive definite symmetric matrices (X,Y). However, in
practice, the symmetric matrices (X,Y’) can be determined from a finite number of
LMIs by gridding the entire parameter space with a non-dense set of grid points.
Having determined the symmetric matrices (X,Y’), a more dense grid points set
can be tested with these determined symmetric matrices (X,Y’) to check whether
the LMIs are satisfied [I00} T0T]. If not, this process is repeated with a denser grid
until the symmetric matrices (X,Y’), that satisfy the LMIs for all points over the
entire parameters space, are obtained [64] 100} [10T]. Hence, the result of heuristic
gridding technique is unreliable and the analysis result is dependent on choosing
the gridding points [96]. In addition, for a grid LPV model case, the resulting
gain-scheduled controller has high computational on-line complexity at the gain-
scheduling level [99] while, for the other two cases, the gain-scheduled controller is
constructed as an affine matrix-valued function in the polytopic coordinates of the
scheduled parameter [10, [33].

In general, the single quadratic Lyapunov function is more conservative than the
parameter-dependent Lyapunov function when the parameters are time-invariant
or slowly varying [45]. Moreover, when the parameters have a large variation, the
piecewise-affine parameter-dependent [63], 64], blending parameter-dependent [94],
and multiple parameter-dependent Lyapunov functions [65] [66] are less conservative
than the parameter-dependent Lyapunov function. This is because an LPV model
with a large parameter variation can be modeled as a switching linear parameter-
varying (SLPV) system that can be discontinuous along the switching surface by
dividing the entire parameters spaces into parameters subsets that are small vari-
ation regions. Hence, solving LMIs with the parameters subsets, the performance
measure () can be improved. Moreover, the sufficient conditions to guarantee the
stability of the SLPV systems in terms of the dwell time and the average dwell time
have been provided in [102]. However, using parameter-dependent [, [39} 100}, [101],
blending parameter-dependent [94], and multiple parameter-dependent Lyapunov
functions [65, [66], an infinite number of LMIs have to be evaluated at all points
over the entire parameters space. Moreover, the resulting gain-scheduled controller
requires more complex on-line computations at the gain-scheduling level.
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Chapter 3

LPV Systems Theory

An LPV control technique is motivated by the shortcomings of the conventional
gain-scheduling technique. Since Shamma and Athans [91] introduced LPV plant
models, the LPV control approach has developed quite rapidly. There are three
common approaches that are normally used to derive an LPV model from an orig-
inal nonlinear model. These are (i) Jacobian linearization [39, [66, 80], (ii) state
transformation [13} 92], and (iii) function substitution [94]. Section [3.1] gives a brief
overview of these three approaches. Details of three types of LPV models and de-
tails of parameter-dependent linear fractional transformation models (LPV/LFT)
are also provided in sections [3.2] In addition, the theory involved in stability anal-
ysis (i.e. Lyapunov-based stability analysis and small gain theorem) and controller
synthesis for LPV Systems (i.e. bounded real lemma, gain-scheduled H,, control
and gain scheduling via LFT) are presented in sections [3.3] and [3.4] respectively.

3.1 Methods for Deriving LPV models

An LPV model is of great importance for synthesizing an LPV controller. The
following sub-sections summarize the common methods for deriving a reliable LPV
model from an original nonlinear model.

3.1.1 Jacobian Linearization

Jacobian linearization is a well known method which is usually used to linearize an
nonlinear ordinary differential equation about a specific operating condition, called
an equilibrium point (or trim point).

Consider an equilibrium point at ¢; in the time space of a general nonlinear model
of the form ([2.44)), the equilibrium state vector iy, equilibrium input vector gy,
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3.1 Methods for Deriving LPV models

and equilibrium output vector yum can be defined as shown below,

Ttrim = T (tz)

Utrim = U (tz)

Ytrim = g(xtrimy Utrim) (31)
where f(Zgim, Upim) = 0. Consider a small perturbation about (Ziim, Utrim, and

Yirim)- Lhe deviation variables can be defined as shown below, in order to measure
the difference.

oz (t)
du (t)

X (t) — Ttrim
u (t) — Utgim (3.2)

Substitute z (t) = Tyim + 02 (t) and u (t) = Ugrim + ou (¢) into ([2.44)), we get

T (t) = f(Terim + 0 (1), Ugrim + 0w (2))
Y (t) = 9(Tirim + 62 (1) , Utrim + 0w (1)) (3.3)

Appling the Taylor expansion to (3.3) gives

Of (x(t),u(t)

f(Ztrim + 0 (1), Ugeim + 0u (£)) = f(@4rim, Uirim) + 02 (¢)

Oz (1) xgtgizrn-{m
Of (x (t),u(t)) L oo OPf(x(t),u(t))
+ du (t) 0 P + B {5&0 (t) o (t)Q

w(t)=Utrim
0f(x(t),ut)) sy Of(x(t),u(?))

+ 20x (t) 0 u (t) (D)

z(t):xtrim
u(t):utrim

ety L O00))

g(xtrim + 5{E (t) y Utrim + (SU (t)) - g(mtrima utrim) + 51‘ (t)

Ox (t) xgtgixtr%m
dg(x (t),u(t)) L[y Pglx(t),ult))
+ du (t) 9000 xggim“fm + a1 {53: (t) o (t)2
26 (1) dg(x a(;)(t;t )., t) 39(506(5)(;;0 ()
.2 Pglx(t),u(t))
T, (t)° } () =1mim " &4

u(t):utrim
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3.1 Methods for Deriving LPV models

By neglecting second and higher order terms, approximations of (3.4)) are

Of(x (t),u(t))
oz (1)

[ (Zteim + 0 (t) , Ugim + 0u (t)) =f (T4rim, Utrim) + 02 (L)

x(t):xtrim
u(t) =Utrim

Of ( (t),u(t))
Ou (t)

+ du (t)

x(t):xtrim
u(t):utrim

Og(z (t),u(t))
Oz (t)

g(l'trim + ox (t) y Utrim + ou (t)) :g(xtrima utrim) + ox (t)

dg(z (1), u(l))
du (1) 2(t) =T trim (3:5)

u(t):utrim

+ du (t)

Equation (3.5)) can be rewritten as

Of (x (1), u(t) Of (x(t),u(t)

z(t) =z (t) 0 o + ou (t) 0 P
u(t):utrim u(t):utrim
ag(x (t),u(t ag(x (t),u(t
z(t)=ZTtrim Z(l)=Ztrim
u(t):utrim u(t):utrim

Finally, (3.6) can be rewritten in a standard state-space of the form (LTI model).
0z (t) = Adz (t) + Bou (t)
0y (t) = Cdz (t) + Déu (t) (3.7)

where 62 (t) = 2 (1), 0z (t) = x (t) — Ttrim, 0 (t) = w (t) — Utrim, 0¥ (t) = Y () — Ytrim,
(Ztrims Utrims Yerim) are at an equilibrium point, and

g 9 (t),u(t) g fa(t),ud)
Or () |at)=cuim Oult)  |at)=suim
u(t):utrim U(t):Utrim

o Dl (t).u(t) L gl (1) u(t)
Ox (t) (t)=Ttrim u (t> (t)=Ttrim
u(t):utrim u(t):utrim

It is noted that Jacobian linearization gives a single LTI model about a given trim
point (a small perturbation condition). However, most actual plants have more
than one trim point. The set of trim points typically varies, following the operating
condition. At each trim point, some operating paramters could be selected as time-
varying parameters, e.g. Mach number, altitude, dynamic pressure, or angle of
attack in case of aircraft. When the time-varying parameters are fixed, is an
LTT model. However, when the time-varying parameters vary slowly over the entire
parameters space, becomes an LPV model.
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3.1 Methods for Deriving LPV models

3.1.2 State Transformation

Shamma and Cloutier [92] proposed the state transformation method to derive a
quasilinear parameter varying (quasi-LPV) of a missile nonlinear model. An LPV
model is said to be a quasi-LPV model if its state vector can be partitioned into a
scheduling state vector and a non-scheduling state vector.

In many applications (e.g. turbofan engine [13], missile [92], etc.), the nonlinear
model of (2.44) can be rewritten as:

{i‘l(t)} B [An(xl(t)) Alg(xl(t))] [m(t)} N [Bl(m(t))} ult) + {Kl(rl(t))} (3.8)

2a(t)]  [An(r1(t)) A1) [22(t)] * [Ba(1(1)) K (2:1(1))
where z1(t) = [x1,(t),..., 21, (t)]" € R” is the scheduling state vector and is also
the the time-varying parameters, z5(t) = [3,(t),..., 2, (t)]" € R is the non-

scheduling state vector where p = p1+pa. A11(+), A12(+), A2 (+), A2a(), Bi(+), Ba(+),
Ki(-), and Ky(-) are continuous mapping functions: RP* — RP1*P1RPL — RP1*P2,
RP1 — Rp2><1717 RP1 RPQXP2’ RP — RJme7 RP — Rp2><m’ RP1 — ]Rpl’ and

RP1 — RP2 | respectively.

Suppose there exist continuously differentiable functions zoeq(x1(t)) and ueq(x1(t))
that are continuous mapping functions: RP* — RP?2 and RP* — R™, respectively,
such that for every z(t),

ol = ) Gt Lt * (B e 0+ [0

Subtracting (3.9) from ({3.8]) obtains

a1 (t) = Avz(x1(t))[z2(t) — T2eq(@1(1))] + Bu(21(2)
g (t) = Aga(w1(8))[22(t) — aeq(21(t))] + Ba(@1 (1)) [u(t) — ueq(21(¢))]  (3.10)

~—
—
£
—~
~+
~—
IS
@
Q
—
8
—
—~
~+
~—
~—
—

Differentiating zgeq(21(t)) with respect to time ¢ gives

a -  Orseg(1(t)
%x%q(mla)) - x2eq<xl(t)) - T@)xl(i)

_ Omgeq(m1(1))

= T@){Alz(l’l(t))[h(ﬂ — Toeq(21(2))] + Bi(@1(t))[u(t) — teq(x1(t))]}
(3.11)

Subtracting (3.11)) from (3.10]) obtains

i2(t) — (1)) =LA (0) = Z2E D Ay ()le) = ()]
# Balon (1) — 28D B ()] [u() ~ gl ()]

(3.12)

24



3.1 Methods for Deriving LPV models

Hence, (3.10) can be rewritten as a quasi-LPV model in a state-space equation of

TRk e e e

where & (¢) = 21(f), &(t) = 22(t) — T2eq(21(2)), v(E) = u(t) — teq(21(t)) and
O9eq(&1 (1))

A (&1(t)) = An(&i(t)) — 96,1 — e An(&()
Ba(6a(t) = Baléa(t) - 280 i)

3.1.3 Function Substitution

Tan et al. [95] have introduced this method to linearize a missile nonlinear model
around a single equilibrium point. Unlike Jacobian linearization, the principle of
this method is to select a suitable single equilibrium point such that the original
nonlinear model can be rewritten in a quasi-LPV model form.

Suppose a nonlinear model in can be rewritten as . Let 1, = [Z1py, . - ,xlrpl]T
€ R, xy, = [Xr,,..., 20, |7 € RP, and u, = [upy,...,u,,]" € R™ be a selected
equilibrium point. Define z1(t) = &1 (t)+x1,, x2(t) = T2(t)+x2,, and u(t) = a(t)+u,.
Substituting into (3.8]), we have

Fl(t)} _ {An(fﬁl(t)) Au@l@))] [fl(t)}r{Bl(Il(t))} a(t)Jr{Fl(xl(t),xmmr,ur)}
o (1) A (21(2))  Aga(z1(t))] [Z2(t)] | Ba(1(t)) Fy(@1(t), 21r, T2r, ur)

(3.14)
where Fi(-) and Fy(-) are continuous mapping functions: RP* x RP* x RP2 x R™ — R
and RPt x RPT x RP2 x R™ — RP?, respectively, and

iz = ) 6] [t o]

Given a suitable single equilibrium point (x1,, s, u,), the goal of this method is to
decompose functions Fi(-) and Fy(-) into functions F;(-) and Ey(-) that are linear in
71(t) and are continuous mapping functions: RP* — RP1*P1 and RP* — RP2*P1 guch
that for all z(t),

Pt et g Vi et B

The decomposition of functions Fj(-) and E3(-) can be posed as an optimization
problem, for example, as a minimum least-squares problem [58] that minimizes
the sum of squared differences between the true functions (Fi(), F5(:)) and the
approximate functions (E;(+), E5(+)). That is to minimize ¢’'¢/2 where

_ {Fl(:cl(t),xlr,:cQT,ur) — Ei(z1(t))2 (t)}

Fa(21(t), 21r, @ar, ty) — Ea(1(t))24(2) (3.17)

25



3.1 Methods for Deriving LPV models

Table 3.1: Comparison between three methods for deriving LPV models

Method Jacobian linearization

Advantages (i) Applicable to a general class of nonlinear models.
(ii) Simple structure model.

Disadvantages (i) Only accurately represent the original nonlinear dynamics
about the neighborhood of a set of equilibrium points.
(ii) The time-varying parameters must vary slowly.

Method State Transformation

Advantages (i) Exactly represent the original nonlinear dynamics.

Disadvantages (i) Applicable to the only special form of nonlinear models
(ii) Complex structure model.

Method Function Substitution
Advantages (i) Can represent the original nonlinear dynamics over a non-trim region.
Disadvantages (i) Applicable to the only special form of nonlinear models

(
(ii) How to find a suitable equilibrium point is still not established.
(iii) Complex structure model.

For example, Shin et al. [94] proposed the function substitution method to derive a
quasi-LPV model of the F-16 aircraft that can cover the aircraft non-trim region.

Having determined functions E;(-) and Es(-) and substituted them back into (3.14]),
we have a quasi-LPV model as

ol = [ R0 Al 0]+ )] o e

~
SN—
SN—

3.1.4 Summary of Three Derivation Methods

A summary of the advantage and disadvantage of these three methods, i.e. Jaco-
bian linearization, state transformation, and function substitution, is presented in
Table B.Il Tt can be seen from Table [3.1] that both state transformation-based and
function substitution-based LPV models can represent nonlinear dynamic charac-
teristics of the original nonlinear model better than Jacobian linearization-based
LPV model. However, the state transformation approach assumes that there exist
equilibrium function for the non-scheduling states, xo.4(z1(¢)), and the control in-
put, ue,(x1(t)). Unfortunately, this is not always the case. In addition, the function
substitution approach lacks a theoretical method of obtaining a suitable equilibrium
point.
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3.2 LPV Models for Controller Synthesis

3.2 LPV Models for Controller Synthesis

Having derived a parameter-dependent model from an original nonlinear model, the
resulting model can often be grouped into three LPV model types for gain-scheduled
control analysis and synthesis purposes. The following subsections outline these
three model types that include the grid LPV model [39, 66, 100, 10T], the affine
LPV model [7,[8,10] (or polytopic LPV model), and the tensor-product (TP) convex
polytopic model [15] [16 [1§].

3.2.1 Grid LPV Model

A resulting model, that is derived from an original nonlinear model using an al-
gebraic manipulation method, is often nonlinearly dependent on the time-varying
parameters in which an infinite number of LMIs is obtained when an LPV controller
is synthesized based on this nonlinearly parameter-dependent LPV model. To ob-
tain a finite number of LMIs, Becker and Packard [23] have introduced a grid LPV
model which can be written as a state-space system of the form (2.46)) where the
system matrix, S : R?* — RE®+0Ox(+m) is 5 function of the scheduled parameters at
all grid points over the entire parameter spaces and can be writen as

A6 B(0()
s000) = |23} Do) 19

3.2.2 Affine LPV Model

An alternative LPV model that yields a finite number of LMIs when synthesizing
an LPV controller is an affine LPV model that has been introduced by Apkarian et
al. [10]. The affine LPV model can also be written as a state-space system of the
form , but where the system matrix, S (Q(t)), is assumed to depend affinely

on the time-varying parameters. That is

S(0(t) = So+ 1(t)S1 + -+ -+ 60,(t)S,, (3.20)

where 6(t) lies in a polytope O, 6(t) € ©, © = [0,,6,] X [0y, 0] x ... x [0,,,0,], n is
the total number of 6(t), and

A Bi| .
Si:{Ci DJ’Z_O’”"R (3.21)
and Sy, S1,...,5, are known fixed matrices. The system matrix, S(Q(t)), can also

be written as a convex combination of the matrix vertices (see definition [2.2.8]) as

S(Q(t)) - CO{Sl,gg, .. '7‘§r} == Ojlgl +042§2 + 4 Oérgr
'~ . . TA B
= Zaij, Sj = [C] DJ.] (3.22)
j=1 J J
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3.2 LPV Models for Controller Synthesis

where r = 2" is the total number of vertices, S'j are the LTI system matrices at each
vertex, a; € [0,1], and > 7 oy = 1. S, i =0,...,nmap to S, j=1,...,r as

S 1 Ql QQ anl gn S,
I R S A
53 = |1 Ql QQ Qn—l Qn _1 (323)
A E A A A B

Following Pellanda et al. [83, Algorithm 3.1], in order to compute «a;, we first com-
pute the normalized co-ordinates

0; — 0:(t)
ap = T 3.24
) (3.24)
Then, for each vertex ©,, j = 1,...,r, the corresponding polytopic co-ordinates are
calculated by
n _ if 6. i -ordinate of ©;;
aj:H@ei, Gy, — Qg 1 0; %saco or %naeo I (3.25)
P 1 —ay,, if 0;is a co-ordinate of ©;.

3.2.3 TP Convex Polytopic Model

Baranyi [I5] has introduced a TP model transformation to transform a given parameter-
dependent model to a convex polytopic model. The resulting model is called a TP
polytopic model that also yields a finite number of LMIs when synthesizing an LPV
controller. The TP model transformation is an automatically executable numerical
method and has three key steps. The first step is the discretization of the given
system matrix over a huge number of points. The discretized points are defined
by a dense hyper-rectangular grid of the parameters. The second step extracts the
LTI vertex systems from the discretized systems using a higher order singular value
decomposition (HOSVD) to decompose a given n-dimensional tensor into a full or-
thonormal system in a special ordering of higher order singular values which express
the rank properties of the given parameter-dependent model for each element of the
parameter vector in the Lo-norm. The third step defines the continuous weighting
functions to the LTI vertex systems.

This sub-section only outlines a brief overview of the TP polytopic model; for further
details refer to [15, [16] 18]. Although the TP polytopic model cannot be written in an
affine combination because it is not a type of affine LPV model, following [15] [16, 18],
the TP polytopic model can also be written in a convex combination of the matrix

vertices as ( ”;Eg ) ) iwa(e(t))é‘a ( ig; > (3.26)

a=1
where R =1 x Iy x --- x I, =[], I, is the total number of vertices, n is the total
number of the parameters vector, I;, i = 1,...,n, is the index upper bounds of the
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3.2 LPV Models for Controller Synthesis

weighting functions used in the i-th dimension of the parameter vector, 6(t) € O,
and

Wa(0(t)) = w14, (01(F)) X w4, (0a(t)) X - X Wy, (0n(t))

A, B
-9 . a a (p+a)x(p+m)
Sa = Siyiniy, ( c. D, ) cR (3.28)

w, : R" — R is a continuous weighting function, w; ;(6;(¢)) is the j-th one variable
weighting function defined on the i-th dimension of ©, and 6;(t) is the i-th element
of the parameter vector (t), S, is an LTI vertex systems, a = ordering (i1is - - - iy,).

The goal of the TP model transformation is to determine the LTI vertex systems,
Sq, and the weighting functions, w;;(6;(t)), such that the system matrix, S(6(t)),
in is given for any grid points over the entire parameter spaces and can be
expressed as the combination of the vertex system matrices, S,, and the weighting
functions, w, (G(t)), which are nonlinearly dependent on the scheduled parameters,

S(o(1)

Q

> wa(6(t))Sa, VO(t) € © (3.29)

SO) = > wa(0(1)Sa| < e (3.30)

Here, € symbolizes the approximation error. Furthermore, the convex combination
of the LTI vertex systems is ensured by the condition,

Vie[l,n], j€LL], 0;(t) : wi;(6:(t) €[0,1] (3.31)
Vi € [1,n], 0:(t) : i:wm(é?i(t)) =1 (3.32)
Va € [1,R], 0(t) : w_a(e(t)) € [0,1] (3.33)

R
VO(t) > wa(0(1) =1 (3.34)

Hence, S(6(t)) is within the convex hull of the LTI vertex systems S, for V0(t) € ©.

For convenience, in the following sections, we will henceforth often drop the depen-
dence on t.

3.2.4 LPV/LFT Models

An alternative approach for gain-scheduled control analysis and synthesis is to char-
acterize a nonlinear model as a parameter-dependent linear fractional transformation

29



3.2 LPV Models for Controller Synthesis

model (LPV/LFT) from which the LFT gain-scheduled controller is often synthe-
sized via the scaled small-gain theorem [81] or scaled bounded real lemma [9], 96].

Assume the system (2.46|) depends affinely on the scheduled parameters 6 (see [81]
for other cases). We have

B)=By+ 6,81+ 0:Bs+---+ 6,8,
C0) =Co+6,CL+6,Co +--- +6,C,
D(0) = Do+ 61Dy + 02Dy + - - - + 0, D, (3.35)
Define normalized time-varying parameters 6; € [—1,1], i=1,...,n as [83]
- 6. —-T
9, =~ ‘ 3.36
5 (3:30)
where
7l ;Qz (3.37)
0; — 0,
Si =" (3.38)
Substitute (3.36]) into (3.35)), we get
A) = [Ag + ThAy + -+ + T, An] + 61(Sy ) -+ 0,(S,A,)
C(0) = [Co+TCy + -+ T,.C, ] + 1(3101) T+ é (SnCh)
D(0) = [Dg + TyDy + -+ + T, Dy] + 01(S1D1) + -+ + 0,(S Dy,) (3.39)

Based on the LFT technique [104], the scheduled parameters 6 in (2.46) can be
separated from the system state-space model matrices (3.39) as

(i [A By Bs, ... By, B[ x]

20, Co, Doo,, Dogyy, .- Doy, Dor, | |we,

20, | |Coy Deos, Dopyy - Doy, Doy | | we,

20, Co, Des,, Deog,, .. Des,, Do, | |we,

| Yy ] L C D16'1 D192 ce Dlgn D 1L u |

@U91- -éllsl ~ 0 T 0 261

W, 0 61, --- 0 20,

Pl T ’ (3.40)

we,| L0 0 - 0.0 |#6n
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where wy,, zg, € R* and

AZAO‘I'znzTiAi

=1

B = By + iﬂBi
=1

0=yt Y I
i—1

D:Co—l-iTiDi

i=1

SiA; SiBi| _ | By,
[Sioi SiDJ - [ij (o, Dov,] (3.41)

Note that, Dyy,, is introduced in order that (3.40)) is in a general state-space equation
form. With notation

T
wo = [wg, wj, - w ]
T
2= [2, %, o %,
By = [891 By, Bgn]
T
Co=1[Cj Ci, - Gyl
D9911 D0912 P Deeln
DGOQI D9922 P D962n
Dgy = :
D99n1 D99n2 Dggnn
T
Dy = [D},, D}, ... Dj ]
Dig=[Di, Dig, ... Diy,] (3.42)

Equation ((3.40) can be rewritten as
T = Ax + Bywy + Bu
29 = Cox + Dgowy + Dg1u
y = Cz + Dypwy + Du
wy = Oz (3.43)
where wg, zg € R®, s = s1+89+- - -+8,, 0 = diag(éllsl, 52182, . ,énlsn), and ||é|| < 1.

The system (3.43)) is called a parameter-dependent linear fractional transformation
model (LPV/LFT).

3.3 Stability Analysis of LPV Systems

Robust stability analysis is one of the most important issues in control-systems
design because it is a useful tool for control engineers to validate and guarantee the
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3.3 Stability Analysis of LPV Systems

stability property of the closed-loop system in the presence of perturbations and
uncertainty in the parameters of the system plant. The following lemma is required.

Lemma 3.3.1. [3]] Given a symmetric matriz polytope, M(0(t)) € RP*P_ for which

MO(t)) = >0 a;M;, where o is determined using (3.24) and (3.25)), is a negative
definite symmetric matriz for all possible parameter trajectories, M(0(t)) < 0, V0 €

O, if and only if M; <0, 1=1,...,m.

Proof. Sufficiency: Since a; € [0,1] for i =1,...m and ) ", o; = 1 then there
is always at least one ¢ such that a; > 0. Thus M; < 0 for all ¢+ implies
o a;M; < 0 and hence M () < 0 for all § € ©.

Necessity: From (3.24) and (3.25), for all j there exists a # € © such that there
isana; =1and a; =0 for ¢ =1,...m, i # j. Hence for all j there exists a
6 € O such that M(#) = M; and so it is necessary that M; < 0 for all j.

O

3.3.1 Robustness Analysis using SQLF

Consider the state-trajectories of system ([2.46) with the control input vector u
identically zero.
= A(0)z (3.44)

Definition 3.3.2. (Quadratic Stability [5, (19, (25,26, [96]) The system (3.44) is said
to be quadratically stable if there exists a quadratic Lyapunov function V(z) = a7 Px
whose derivative is negative, d/dt(V(x)) < 0, along all state trajectories.

Note that, d/dt(V (z)) = 27 [AT(9)P + PA(6)]z. The above definition is equivalent
to the following proposition.

Proposition 3.3.3. The system (3.44) is quadratically stable whenever there ezists a
positive definite symmetric matriz P € RP*P such that the following LMI conditions
hold

P>0 (3.45)
AP+ PA0) <0,V0 €O (3.46)

Obviously, an inequality yields an infinite number of LMIs. However, in prac-
tice, a finite number of LMIs can be obtained by gridding the entire parameter space
with non-dense set of grid points (a grid LPV model approach) [39, [66], 100} T01].
An alternative approach [33] is to transform the system (3.44)), that is nonlinearly
dependent on 6, into a TP convex polytopic model using the TP model transforma-
tion [I5] [T6] [18]. Hence, A(f) can be written as a convex combination of the matrix

vertices in a similar manner to S(6) in (3.29) as
A(0) = wi(0) A +wa(0) Ay + - - - + wr(0) Ar (3.47)
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where w;(0) € [0,1] and Zf:l w;(0) = 1. Substituting (3.47)) into (3.46)), we get

w1 (0)[AT P 4+ PA| 4+ wy(0)[AZ P 4+ PAy) + - - - + wr(0)[ALP + PAg] < 0, V0 € ©
(3.48)

By Lemma [3.3.1] solving the above inequality for a positive definite symmetric

matrix P need only be done at all vertices. Hence, we get the following proposition.

Proposition 3.3.4. Assume the system (3.44) is a TP convez polytopic system,
then the system (3.44) is quadratically stable whenever there exists a positive definite
symmetric matriz P such that the following LMI conditions hold

P>0 (3.49)
ATP+PA, <0,a=1,2,...,R (3.50)

In addition, suppose the system (3.44)) depends affinely on the scheduled parameters
0, A(0) can be written as a convex combination of the matrix vertices in a similar

manner to S(#) in (3.22)) as
A(e) = 0411211 + 0521212 + e+ OJTAT (351)

Then, Proposition is also applicable to the affine LPV systems by replacing
Ay, a=1,2,... Rwith A;, 7=1,2,...,rin (3.50).

3.3.2 Robustness Analysis using Small Gain Theorem

Assume the system ([3.44]) depends affinely on §. Moreover, having separated 6 from
A(6), the system (3.44)) can be written in a similar manner to (3.43)) as

T = Ax + Bywy
zZp = Cgl’ + D@’wg
Wy = éZQ (352)

where wp,zg € R, s = 81 + 89 + -+ + 55, 0 = diag(éllsl,égfsw . ,énlsn), and
10]] < 1.

Consider the system (3.52)), define a transfer function matrix M (s) = Dy + Cp (sl —
A)_lBg € C***) by the Nyquist and small-gain theorem [104], the system ([3.52)) is
quadratically stable if and only if T — M(s)8(s) and I — A(s)M(s) are nonsingular.
This is equivalent to the following theorem.

Theorem 3.3.5. (Small Gain Theorem, [10, Theorem 9.1]) Suppose 6(s) and M (s)
are stable and let v > 0. Then the interconnected system (3.52) shown in F@'gure
is well-posed and internally stable for all O(s) € C**° with

0]l < 1/ if and only if |M||o < 7
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D>

2 M Wo

Figure 3.1: Block diagrams structure of an LPV/LFT model (3.52))

Note that 6 is a structured uncertainty. By Theorem m, the necessary condition
to make the system quadratically stable is || M||~ < 7 that is equivalent to
the induced Lo-norm (or Lo-gain) of the operator mapping the disturbance signal
wy into the error signal zy of the system is bounded by v (i.e. ||zg||2 < ||wel|2
where, for this case, ¥ must be < 1). Based on single quadratic Lyapunov functions,
| M||oo < v if and only if there exists P = P such that

d
P >0, E(xTPa:) + 2p 29 — Ywiwg < 0, VO € © (3.53)

Inequality (3.53)) leads to the well-known bounded real lemma[l0] inequality

ATP+ PA PBy CF
BI'P  —~I DI | <0 (3.54)
Og Dg —’)/[

The robust stability requirement is that v < 1. However there generally exist
an infinite number of the factor matrices pairs (By, Cp) in which only some factor
matrices pair give v < 1. Instead of searching for such a factor matrix pair manually,
by introducing a scaling matrix L'/2, we can select any factor matrix pair for which
~ will alway be < 1 if the system is quadratically stable and the factor matrix
pair can be determined using singular value decomposition, see sub-section [2.2.2]
L'/? denotes the unique positive definite square root of L € Lg. The set of Ly is
defined as

Ly = {L >0:L6=0L, V0 e @} C R (3.55)

Therefore, (3.52)) can be modified further to
= Ax + BQL_%U/JQ
%y = L2Cyx + L2 DyL ™ 21dy
wy = 0% (3.56)

where %9 = LYz and wg = L~"/*0y. With parameters in (3.56)), (3.54) becomes a
scaled bounded real lemma [9], || L'2M (s)L™/?||o < 7.

ATP 1+ PA PB, CT
B'P L DI |<o0 (3.57)
Cy Dy —vL7t
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Rearranging (3.57)) using the Schur complement (Lemma [2.2.12)), we get the follow-
ing proposition.

Proposition 3.3.6. The system (3.52) with ||0|| < 1/v is quadratically stable along
all possible parameter trajectories, V0 € O, if and only if the following LMI condition
hold for some positive definite symmetric and scaling matrices (P, L):

(ATP+PA+C;”L09 PBy + CI'LD, ) <0

BIP+DILC,  —~2L+ DILD, (3.58)

Note that the minimization of v can be achieved heuristically or by a simple grid
search.

3.4 Controller Synthesis for LPV Systems

In the previous section, a sufficient condition to guarantee the stability property of
the LPV closed-loop system has been presented in which the analysis conditions can
be represented in the form of a finite number of LMIs. Next, we consider the problem
of designing a gain-scheduled output feedback H., control with guaranteed Ls-gain
performance for a class of affine LPV systems for which the proposed techniques in
the previous section can be directly extended to synthesizing a gain-scheduled H,
controller. In addition, the proposed techniques in this section are also applicable to
the TP Convex Polytopic LPV model and can be further modified for the grid LPV
models. The material in this section is derived directly from [10} [8, 44] and [43].

Consider a given affine LPV plant model with state-space realization

= A0)r + B1(0)w + Bau
z = C’l(@)x + DH(Q)UJ + Dlgu
y = Cox + Dyw (3.59)

where x € RP is the state vector, w € R™! is the generalized disturbance vector,
u € R™2 is the control input vector, z € R is the controlled variable or error vector,
y € R% is the measurement output vector, § € ©, and continuous mapping matrix
functions A : R" — RP*P, By : R" — RP*"™ (4 : R" — R2*P and Dy; : R" —

th Xmy

The assumptions on the plant are as follows [10]: (i) Dey = 0, (ii) (Ba, C2, D12, Do)
are parameter-independent (constant) matrices, and (iii) the pairs (A(6), B2) and
(A(0), Cy,) are quadratically stabilizable and quadratically detectable over © respec-
tively. If assumption (ii) is not satisfied, the computation for a problem solution
requires solving an infinite number of LMI constraints, and is therefore not eas-
ily tractable [23]. However, the constant matrices restrictions can be overcome by
pre-filtering of the control inputs v and/or post-filtering the measured outputs y;
for further details refer to [I0]. A loop-shifting argument suffices to overcome the
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Doy = 0 restriction, see [47), pages 44-45]. In addition, the quadratic stabilizability
of (A(0), B2) over © in the assumption (iii) means the existence of a matrix X > 0
such that

NT[AT(0)X + XAB)N <0, V8 € © (3.60)

where N denote the null space of BI [10]. Note that the A(-), Bi(-), Ci(-) and
D11(+) matrices can also be written as a convex combination of the matrix vertices
in a similar manner to (3.51)):

AB) Bi(A) B r A, B, B,
Ci(0) Du(8) Do | = Z a; | C, Dy, Dio (3.61)
Cs Doy 0 =1 Cy Doy 0

Theorem 3.4.1. (Bounded real lemma [10,[]4), [88]) Given an LTI system G(s) and

a state-space realization G(s) = D + C’(s[ — A)le. The following statements are
equivalent:

(1) A is stable and ||G(s)|lco <y

(i1) The existence of a positive definite symmetric matriz P such that

ATP+PA PB CT
BTP  —~nI DT | <0
C D —I

The bounded real lemma can be extended to LPV systems in conjunction with the
notion of quadratic H,, performance [10].

Definition 3.4.2. (Quadratic Hy, performance [10, 23]) An LPV system of the
form (2.46) has quadratic H,, performance 7 if and only if the existence of a positive
definite symmetric matriz P such that

AO)TP+ PAW) PB(H) CT(9)
BT(6)P A1 DT() | <0
C(0) D) —vI

for all admissible parameter trajectories. Then, the system (2.46) is quadratically
stable and ensures the induced Lo-norm of the operator mapping the disturbance
signal w into the controlled signal z is bounded by ~y

3.4.1 Gain-Scheduled Controller Design using SQLF

The gain-scheduled output feedback H., control problem using single quadratic
Lyapunov functions is to compute a dynamic affine LPV controller, K (), with
state-space equations
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which stabilizes the closed-loop system, (3.59)) and (3.62), and minimizes the closed-
loop quadratic H,, performance (Definition (3.4.2)

t1 t1
/ 2T zdt < 72/ whwdt, Vt; >0 (3.63)
0 0

along all possible parameter trajectories, V6 € ©. Note that A and A;, have the same
dimensions, since we restrict ourselves to the full-order case. With the notation

o A0) Bi®) )\ N~
K(e)(cf;(e)) DZ(Q));I ok (3.64)
Ar, By .
Ki:(cl’; Dii),2_1,2,...,r (3.65)

where r is the total number of vertices and «; is determined using (3.24]) and (3.25)).
The closed-loop system, (3.59) and (3.62]), is described by the state-space equations

P} — Aa(6) {;’j + Ba(®)w

93
2= Cal®) [ 2] + Do) (3.66)
k
where
[A(B) 0 } —~
Ac 0) = ‘I‘BKQC: aiAc,-
l( ) i 0 Opxp ( ) Zz:; 1
n . -Ai 0 )
A, = 0 Opxp:| + BK,C
(B (6 ~
Bu(0) = 1(5 1 +BE(0)Dyr = Y _ a;By,
i=1
Bcl, = 011] + BK;Dy,
Ca(0) = [C1(0) 0] + DiK(0)C =) a,Cy,
i=1
écli - [élz 0] +D12ch
Da(8) = D11(0) + D12 K(0)Dyy = Zaiﬁcli
i=1
Dy, = Dy, + D12 KDy (3.67)
and
|10 By |10 I,
s=|p o) ela
D:[OD}D:O (3.68)
12 12|, Pa Dy .
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Based on the single quadratic Lyapunov functions V(z) = 2T Pz, there is an LPV
controller K (0) of the form of that stabilizes the closed-loop system, and
(3.62), and ensures the induced Lo-norm of the operator mapping the disturbance
signal w into the controlled signal 2z is bounded by v along all possible parameter
trajectories if and only if there exists P = PT such that [45]

d
P >0, %(fTPl‘) + 272 —y*wlw <0, Vo€ O (3.69)

Inequality (3.69)) leads to the well-known bounded real lemma [I0] inequality
AL(O)P + PAL(0) PBu(0) CL(0)

BL(6)P I DL | <0 (3.70)
Cal(0) Dy(0) —I
Substituting (3.67)) in (3.70]), we get
. AL P+ PA,, PB,; CI
> o BL P —yI DI, | <0 (3.71)
i=1 Ccli Dcli _7[
Inequality (3.71]) can be also rewritten as (see [44])
Zai(\lfdi 4+ QTKIPy + PL K}Q) <0 (3.72)
i=1
where
A4 o] A 0 B T
i P+P| P 11} ¢y, 0
o ol Per[e ] P[] e
T, = 5 1" . 3.73
[éli O] ﬁni —’}/I
Q=1C, Do, Opprgo)xa] (3.74)
Pa = [BTP7 O(p+m2)><m17 Dﬂ] (3.75)

Having determined the quadratic Lyapunov variable P € R?"*?P the system matrix
vertices K; of the LPV controller K(6) for each vertex ©;, i = 1,...,r, can be
determined from that is an LMI in K;. By Lemma , the LMIs
need only be evaluated at all vertices. Alternatively, a more efficient explicit scheme
for determining K; is given in [43]. Knowing K;, the controller system matrices
Ak(9), ..., Dg(0) can be computed on-line in real-time using with an instan-
taneous measurement value of 6.

To determine the quadratic Lyapunov variable P, we have to define a structure of
P. Although the exact structure of P is still not certain, a typical structure of P is
suggested in [10} 23] [43] 66, 6] and [I01] for which, in this thesis, the structure of
P is taken from [66, [96] and [101] as

X —(x -y L[y Y
P=1(x—-v g(—Y‘l )}’ P= [Y (X -y H)7'XY (3.76)
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where a pair of positive definite symmetric matrices (X,Y) € RP*? X —Y ! >0,
and rank(X — Y1) < p [82]. By Lemma [2.2.14] LMIs are solvable for K; if
and only if there exist a pair of positive definite symmetric matrices (X, Y") satisfying
the following LMIs:

ATX + XA; XB,, CT

T T
Ny 0 - L Nx 0
§. e ( oX I) Bl X —I DY, < OX 1) <0 (3.77)
i=1 Cli Dni —’7]
. r [ AY +YAT YCT By,
N Ll ) 1; N N
> v 0 CLY —~I Dy, v 0 <0 (3.78)
: 0 I L A i 0 I
=1 By, Dy, =1

()[( }I,)>o (3.79)

where Ny and Ny denote bases of the null spaces of [Cy, Doy] and [BY, D1,], respec-
tively. Note that, (3.79) ensures X, Y > 0 and X — Y~! > 0. By Lemma [3.3.1]
(3.77)—(3.79) need only be evaluated at all vertices. Hence we get the following
theorem.

Theorem 3.4.3. (Convex solvability conditions [10]) There exists an LPV con-
troller K(0) guaranteeing the closed-loop system, (3.59) and (3.62), quadratic Hy
performance v along all possible parameter trajectories, V0 € ©, if and only if the

following LMI conditions hold for some positive definite symmetric matrices (X,Y),
which further satisfy Rank(X — Y1) < p:

ATX + XA; XB,, CT

T )
Nx 0 . L Nx 0
( 0 I) Bl X —yI DI, ( 0 I><0 (3.80)
Ch, Dy, —I
r [ AY +YAT YCT B,
Ny 0 A ‘ Lo o Ny 0
( OY [) C}iY —A’yI Dy, ( OY I <0 (3.81)
BlTi D1T1i -1

) >0 (3.82)

=~

X
I
where 1 =1,2,...,r

Note that, when the parameters 6 are time-invariant or slowly varying, the conser-
vatism of the above theorem can be reduced using parameter dependent Lyapunov
functions in which the improved theorem is presented in section

3.4.2 Gain-Scheduled Controller Design via LFT

Consider a given affine LPV plant model of the form (3.59) for which, based on the
LFT technique [I04], the scheduled parameters 6 can be separated from the system
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matrices in a similar manner to (3.43)) as

& = Ax + Bywg + Biw + Bau
zg = Cox + Dpgwg + Do1w + Dgous
2z = Cyx + Dygwy + Dyyw + Disu
y = Cox 4+ Dogwy + Dojw
wo = Oz (3.83)

where wp, 29 € R®, s = 51+ 89+ -+ + s, 0 = diag(b11,,,01,,,...,0,1, ), and
16]] < 1. Note that, unlike the gain-scheduled controller design using SQLF case,
the method in this sub-section is not applicable to a problem where the vectors w
and z are not the same dimension, i.e. my # ¢, [9, 24].

Consistently with (3.83), we seek an LPV controller such that (i) the closed-loop
system is internally stable for all parameter trajectories, V0 € ©, and vzéTé <1
and (ii) the induced Ls-norm of the operator mapping the disturbance signal into
the controlled signal is bounded by ~ [9]. Note that, the controller is defined to have
the same dependency on 6 as the plant because it can use the available information
of # to adjust its dynamic to the current plant dynamic on-line in real-time. This
LPV controller can be written as a state-space system of the form:

Ty, Ap [Br, Bi,) Ty,
|:Ck1:| |:Dk11 Dk19:|
Cke ka Dkee

j=0u (3.84)

| — |
< 2

_
|

Note that A and Ay have the same dimensions. Actually, the above controller is given
in a lower LFT with respect to é, Fi(K, é), in which 6 plays the role of scheduling
variable and gives the rule for updating the controller state space matrices based on
the measurements of §. Equivalently, (3.84) can be further written as [9]

where

(6)
Bi(6) = By, + By Ao Dy,
Cu(6) = Cay + Dy, AoCh,
Dk(e) = Dy, + Dk19A9D7€91

and assume the inverse (I — Dy,,0)"! exists V0 € © with [|4]| < 1/v; for further
details refer to [9]. To apply the small gain theorem for this problem, all parameter-
dependent components 6, that enter both the plant (3.83)) and the controller (3.84)),
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have to transfer into a single uncertainty block, shown in Figure [3.2] Introducing
the augmented plant

T A [O By Bl} [Bg O] z
g 0] [o 0o 0 0 I Wy
29 _ Co 0 Dgg Deg Dgs 0 Wo
Z Cl =O Dlg Dll_ D12 0 w
) Cy 0 Dy D21— 00 U
7 0] [/ 0 0 | 00 U
we] [0 0] [z
= - 3.86
{we_ 10 9] _291 ( )

The closed-loop system, (3.86) and (3.84) shown in Figure 3.2} is described by the
state-space equations

] [ Ac Bult o B ] [x
29| = |L2Cy, L2Dgp,L™2 L2Dg, | |we
2 Cy, Dy, L2 Dy, w
wp = Oz (3.87)

where

5 |l A [0 0
xcl_[fk]7Z@_{§21aw@_{321>@_[0 é:|7LEL@

L is a scaling matrix. The set of Lg is defined as

Lo = {L = [L} LQ] >0: LO=0OL, Vi e @} C R (3.88)
L2 Ls
and
_A O Ak‘ |:Bk’1 Bk)g]
Acl = 0 0 :| +BKC, K= |:Ck1:| |:Dk11 Dk19:|
B e Oke Dkel D/foe
By, = 0 By +BKDy,,, B, = By + BKD,,,
cl _0 0 cl 0
S B KC, ¢y, = [C1 0] +Dy,KC
O — _09 0 012 y Ml — 1 112
0 0 0
Dggcl = _0 Dao + Dy,, KDy,,, D91cz = Doy + Dy, KD,
Dl@cz = [0 Dlg] + D,,,KDy,,, Dllcz = Dy +Dy,, KDy, (3.89)
with
[0 [p 0 0 0
C: Cg 0 ,D921 O DQ@ ,D121 = D21 5
0 0 I 0 0
[0 By 0 0o o0 I
o[} o G




3.4 Controller Synthesis for LPV Systems

Based on the single quadratic Lyapunov functions V' (z) = =T Pz, there is a controller

K, (3.84]), that stabilizes the closed-loop system, (3.86) and (3.84]), and ensures the

induced Lo-norm of the operator mapping the disturbance signal into the controlled
signal is bounded by ~ along all possible parameter trajectories if and only if there
exists P = PT such that [45]

d
P >0, a(q:TPx) + (2820 + 27 2) — Y (wiwe +wlw) <0, V0 €O  (3.90)

Inequality (3.90]) leads to the scaled bounded real lemma [9] inequality

ATP+ PA, PB,, PB, C’gTd Cchl

BQ;CZP —vL 0 D%:ecl D;@d

BlclP 0 —~I D91cz Dllcz <0 (3.91)
Coy Dy, Dp, —L7' 0

0101 Dlecl D11cl 0 -1

Inequality (3.91) can be also rewritten as (see [44])

U+ Q"K"Py+PIKQ <0 (3.92)
where
A o0]" A 0 0 By B] [o o] T
O I O I VI I I R
T T
0 By 0 0 T
[0 of " e ! [0 Dee] [0 Do)
\Dcl = Bl T 0 T
T
[0 P 0 ~I {Dm] DT,
0 O 0 O 0 1
|:C€ 0:| 0 D99:| |:D91:| _/YL 0
C1 0] 0 Dy  Dn 0 —I
(3.93)
Q:[C’ D5217 D1217 0(p+q2)><(ql+s)} (394)
Pa = [BTP’ 0(p+m2)><(m1+s); Dgly Diz] (395)

Having determined the quadratic Lyapunov variable P € R?*? and the scaling
matrix L € Lg, the LPV controller K can be determined from that is an LMI
in K. Knowing Ay, By,, . .., Dy,,, the controller system matrix A (), ..., Dy(6) can
be computed on-line in real-time using with an instantaneous measurement
value of 6. To determine the quadratic Lyapunov variable P and the scaling matrix
L, we have to define a structure of P and L. The structure of P is defined as .
Although the exact structure of L is still not certain, a typical structure of L is
suggested in [0, 24] and [81] for which, in this thesis, the structure of L follows the
structure of P which is taken from [66, [96] and [T101] as

Ls—J5t  —(Ls—J5! _ —JgH!
L = _(ZB_;}:;l) ( 3L3 3 >:|7 L 1 _ |:(L3 JSJB) L3J3 ji (396)
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Figure 3.2: Block diagrams structures of LPV/LFT closed-loop systems
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3.4 Controller Synthesis for LPV Systems

Obviously, based on (3.96)), L3, J3 € Ly is a necessary condition to make L € Lg.
In addition, Lz — J; ' > 0, and Rank(Ls — J;') < s [82]. By Lemma [2.2.14] the

following theorem is obtained.

Theorem 3.4.4. There exists an LPV controller K gquaranteeing the closed-loop
system, and , quadratic Hy, performance v along all possible parameter
trajectories, Y0 € © with ||0|| < 1/v, if and only if the following LMI conditions
hold for some positive definite symmetric matrices (X,Y) € RP*P and (Ls, J3) € Ly,
which, further satisfy Rank(X — Y ') < p and Rank(Ls — J;!) < s.

ATX + XA XBy
T BI'X —Ls
( ]\gx ? ) BTX 0
Cy Dy
4 Dy
AY +YAT yCT
T C@Y —J3
( ]Y)Y ? > oY 0
BG; D%:e
Bl D91

Cy

cy

where L3 and J; are equal to vL3 and vJ3 respectively, Nx and Ny denote bases
of the null spaces of [Cy, Dag, Day,0] and [BI, DJ,, DI, 0] respectively. Note that,
(3.99) and (3.100) ensure X,Y >0, X —Y ' >0 and Ls,J5 > 0, Ly — J;* >0,

respectively.
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Chapter 4

Numerical Example

This chapter aims to illustrate the implementation of LPV systems theory for the
nonlinear control problem which include methods for deriving an LPV model from
a nonlinear model, analysis and synthesis probelms of gain-scheduled output feed-
back H,, controller design. To demonstrate the method, we explicitly consider the
example of Leith and Leithead [6I]. In this example it was shown that for an LPV
model derived from the Jacobians, a common approach, with an LPV controller
synthesized using the method of Apkarian et al. [I0], is unstable when applied to
the original nonlinear plant [30, [61].

Consider the nonlinear plant example taken from [61]

#1(t) = —21(t) + (1)
o (t) = @1 (t) — [w2(t)[x2(t) — 10
y(t) = xo(t) (4.1)

where ¢t € R is time, both x;(t),z2(t) € R are the state, r(¢),y(t) € R are the
control input and the measurement output, respectively. The control requirement is
to design an output-feedback controller which ensures a step response settling time
of less than 2 seconds with zero steady-state error [61]. Step inputs with different
amplitudes are applied to the system , at t=0 where an initial condition of
the system is 21(0) = 0 and z2(0) = —3.16, in order to investigate the open-loop
dynamic step response, shown in Figure . It can be seen that the system is
an open-loop stable system and its step response is similar to a first-order transfer
function with a varying time constant (time lag) and a varying low frequency gain,
following its output y(¢). Moreover, a set of equilibrium points of the system can be
calculated by setting @1 = @3 = 0 in ({.1)). Then, the results are

10 — 23 it o, < 0.

2trim ’

2 : .
— — xztrim + 107 lf x2trim Z 07
xlmm = Ttrim =

ytrim = x2trim (42>
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4.1 Jacobian Approach

4.1 Jacobian Approach

Applying the Jacobian linearization method to (4.1)) by using (3.7]), we get

8(—9081(75)—&;7"(15)) 6(—9&81(t)+r(t))

. x1(t xo(t

A= B(xl(t)f\xg%tS\xz(t)fIO) a(ftl(t)*|x2€tgﬁf2(t)*w) z1(t)=w1,,,
L 8I1(t) 6x2(t) xQ(t):thrim

T’(t) =Ttrim

-1 o0
B 1 _2|x2trim

[ o=z (t)+r(t) ]

or (D)
O(z1(t)=|z2(t)|z2(t)—10)
or(t)

1 (t) :zltrim
T2 (t) :a:Qtrim
r(t):"ntrim

[ ox2(t)  Oxa(t)
C= _8:1:?(15) 8xz(t)i|$1(t):x1trim

T2 (t):xztrim
T'(t) =Ttrim

or(t) } 21 (O =21,
T2 (t) :m2trim
T(t):rtrim

= [0] (4.3)

where (z1,,,, o, Ttrim, a0d Yrim) iS one point in a set of equilibrium points (4.2)),
therefore a Jacobian-based LTI model can be written

[51»2(15)] = [ 1 —2\xgmm] Lsxz(t) o[ 0r®)
_ 0wy (1)
i =D 1) 3] (4
where dz1(t) = x1(t) — 21, 022(t) = 22(t) — 2,,,., 07(t) = 7(t) — Ttrim, and
0y(t) = y(t) — Yirim- Note that shows that xy, . , o, . and 7y, are dependent

O Yirim- With zo, . fixed, (4.4)) is an LTI model. However, as x5, varies slowly
over the defined parameter space, (4.4)) becomes an LPV model. That is

= 13l [l

y=1[0 1] {”1} (4.5)

U2

where n1(t) = @1(t) — 1, n2(t) = 22(t) — T2, and 0 = [zo,,,| = [y(@)] is
arbitrarily defined from 0 to 10. As a result of the Jacobian linearization method, the
dynamic characteristics of the system vary, following its output, =2, . = Ytrim
shown in , if the original plant is operating about the neighborhood of a
set of equilibrium points (4.2). However, x5, is not equal to yim whenever the
original plant is operating in a region faraway from its equilibrium points.
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4.1 Jacobian Approach
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Figure 4.1: Open-loop dynamic step response of the system (4.1)) at t=0

Remark 4.1.1. An LPV controller, that is synthesized based on the Jacobian-based
LPV model , adjusts its dynamaics to the current plant dynamics using instanta-
neous measurement values of y(t). But, whenever the original plant is not about an
equilibrium condition, the true current dynamic of the original plant does not follow
the value of y(t). This means that the LPV controller will adjust its dynamic to the
wrong plant dynamic. This is a usual problem for Jacobian linearization method.

Having determined a Jacobian-based LPV model, a Jacobian-based LPV controller
can be synthesized using the method of Apkarian et al. [I0] with the criterion

WwyS
WyK S

HOO <1 (4.6)

as shown in Figure 4.2 where the performance weighting functions W; and robust-
ness weighting functions W taken from [61] are

05
Wis) = 0002
0.02s
o es 4
Wa(s) = oo (4.7)

Using MATLAB routines 1tisys, we get W and W5 in the state-space equation of
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4.1 Jacobian Approach

Y
=

> W, 22,
w + y
—»(") . > K(0) > G(0) >
- r
A A
0
P(6) Lz
> W, 4’5
w |
D
> \)V2 ——>
; LPV plant .
Pl . e
—L >l G(o) |-=O |
i y- i
0 2D : _______________________________ |
K(6) =
LPV controller

Figure 4.2: LPV system: H,, mixed S/KS synthesis problem

the form
Tw1(t) = —0.0021,, () + 0.5¢(t)
z1(t) = zun (1)
Two(t) = —1000z4(t) + 47 (t)
2(t) = —bxy2(t) + 0.02r (1) (4.8)

From (4.5) and (4.8)), in addition, e(t) = w(t) — y(t) but y(t) = na(t), hence e(t) =
w(t) — na(t). Finally, we get the minimal realization of the augmented plant P(#)
as

ni(t) = —m(t) +r(t)
na(t) = na(t) — 26ns(t)
Tt (1) = —0.002201 () + 0.5w(t) — 0.5ns(t)
jfwg(t) = —1000Iw2( ) + 4T(t)
z1(t) = ()
29(t) = —bxya(t) + 0.02r(t)
e(t) = w(t) — na(t) (4.9)

Equation (4.9) can be rewritten further as
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4.1 Jacobian Approach

i 1 0 0 0 0 1

iy 1 —20 0 0 0 0 m

Fu 0 —05 —0.002 0 0.5 0 12

iwe| | = 0 0 0  —1000 0 4 iwl
S ey

2 000 =5 0 0.02 8

le] 0 -1 0 0 1 0 o)

Note that, the augmented plant P(6) (4.10]) can also be determined using MATLAB
routines sysic, iconnect or sconnect. Solving LMIs in Theorem by using a
MATLAB Robust Control Toolbox function [12], mincx, we get an LPV controller
with a quadratic H,, performance v = 0.1211 as shown below:

& = (0q A, + a2 Ay, )z, + Br(w — )

where

10—l bl

o 0 710
[ 11.4933¢ + 000  220.5506e + 000  93.1838¢ + 000  15.6255¢ + 003 ]
A —4.1441e + 000  —34.9702¢ + 000 —26.0301e + 000  46.2968¢ + 003
M7 | -578.7503¢ — 003 —12.5446e + 000 —10.2185¢ + 000  20.4856¢ + 003
| 1.0769¢ + 000 2.1290e +000  16.1633e +000 —66.1258¢ + 003 |
[ 11.4904e + 000 220.4540e + 000 93.4033e + 000  15.6255¢ + 003 ]
A —4.2406e + 000  —38.2060e + 000 —18.6740e + 000  46.2966¢ + 003
B2 7 1 _359.2582¢ — 003  —5.1885¢ + 000 —26.9418¢ + 000  20.4861e + 003
| 684.0884e — 003 —11.0360e + 000  46.0926e + 000  —66.1267¢ + 003
[ —2.4197¢ — 003
B —6.4566¢ — 003
P 1 -26.6143¢ — 003
| —18.6908¢ + 000

Ci, = [-12.7061e 4+ 000 —222.1982¢ 4+ 000 —94.5584¢ 4 000 —12.8570e + 003]

The matrices are different from those presented in [61]. Also note that the LPV
controller presented in [61] is actually open-loop unstable. The controller presented
above is open-loop stable for all |y| € [0,10]. In addition, the synthesizing scheme
from Theorem [3.4.3| has been implemented in a MATLAB Robust Control Toolbox
function as hinfgs [12].

To confirm that the mixed-sensitivity criterion (4.6) is achieved, the singular values
of the transfer matrices S and KS are computed over V8 € © (with frozen 6),
and are shown in Figure [£.3] Obviously, the singular values of S and KS are
shaped and bound by W; and W, respectively. In addition, Figure shows that
| W18, WhLK S]THOO < 7. Hence, the mixed-sensitivity criterion (4.6) is satisfied.
But, the simulation results that are presented in Figure [4.5]still show the closed-loop
instability problem described in [61]. It can be seen that the closed-loop system is
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4.2 State Transformation Approach

stable when the LPV controller is applied to the LPV model for a step response
that is a change in demand from -3 units to 0 units. However, when the same LPV
controller is applied to the original nonlinear plant, the nonlinear closed-loop system
appears to be unstable.

In order to investigate this closed-loop instability with more information, different
LPV controller synthesis methods or different deriving LPV model techniques should
be also employed. Unfortunately, the Theorem can not be applied because
of ¢ # my. Moreover, in order to derive a TP convex polytopic model of the
system , the TP model transformation toolbox [I7] has been used to apply a
TP transformation to by selecting |z, | as a scheduling parameter. It turns
out that the resulting TP polytopic model is identical to the Jacobian-based LPV
model in (4.5]).

4.2 State Transformation Approach

According to (4.2), we can define rey(z2) = @1, (22) = |22]|2z2 + 10. The equation
(4.1) can be rewritten in the form of equation (3.8 as

e E | SR e

y=1[0 1] [ﬂ (4.12)

T2

Since req(w2) and w1, (v2) is a continuously differentiable function, such that for
every oo, (4.12)) is in equilibrium points & = 0. We get

RN N O

Yeq(w2) = [0 1] {xlequz)} (4.13)

X2

Subtracting (4.13)) from (4.12)) obtains

jfl = —I —+ ZEleq(ZL‘Q) +r— T’eq(xg)
To =T — Tl ($2)
Y — Yeg(22) =0 (4.14)

Then, y = yeq(w2) = 2. Moreover, differentiating 1, (z2) = |x2|r24 10 with respect
to t gives

d . O(|za|ze +10) d
7 P1ea (T2) = B, (22) = (|2|8+2)£$2 = 2|ao|[z1 — 71, (22)] (4.15)
Subtracting (4.15)) from (4.14)) obtains
1 — @1, (72) = [1 = 2|za[]lzr — @1, (22)] + [ — 7eg(22)] (4.16)
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4.2 State Transformation Approach
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4.2 State Transformation Approach

1 : : : : :
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Figure 4.5: Nonlinear step response from -3 to 0 of the Jacobian-based LPV con-

troller (4.11))

Hence, (4.14]) can be rewritten as a state-space equation of the form

1 0 )

[j;l - 2@(@)} ) {_1 2] 0} {xl - a:leq(@)] N H o)
y=1[0 1] {Il B x“q(“)} (4.17)

X2

Subsequently, (4.17)) can be rewritten as an LPV model of the form

(- )

y=1[0 1] {nl} (4.18)

U

where ny = 21 — 21, (72) = @1 — |22|wa — 10, ng = @9, and u = 7 — 1eg(2) = 1 —
|za|ze — 10. The state transformation-based LPV plant presented above is identical
to that presented in [93]. Applying hinfgs with the same weighting function, the
state transformation-based LPV controller for this LPV model is obtained with
~v = 0.08863. Figure [4.6| shows the simulation results of the state transformation-
based LPV controller. The closed-loop instability does not occur.
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4.3 Function Substitution Approach

0.5

—— State transformation-based LPV controller responses with nonlinear plant
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Figure 4.6: Nonlinear step response from -3.16 to 0 of function substitution-based
and state transformation-based LPV controllers

4.3 Function Substitution Approach

Substitute 1 = dx1 + z1,, o = dx9 + X2, ¥ = Or + 1, and y = dy + y, in equation

(1), we get

. d d .
Ir1 = E(Sl’l + %LL’M = 51’1 + 0
= —dx1 + 0r + [—z1, + 1]
. d d .
To = %5562 + aﬂ?zr = (5%2 +0
= 51’1 -+ [Q?M — ’(51‘2 + $2T|((5$2 + :CQT) — 10]
Y =0y +y, = 0xs + o (4.19)

where (z1,, 9., 7, and y,) is one trim point in a set of the equilibrium points.
Selecting a trim point as (x1,. = 10, 29, = 0, 7, = 10, and y, = 0), equation (4.19))
can be rearranged as an state-space equation of the form

w1 i ] ]
sy =1[0 1] {5331} (4.20)

5372
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4.3 Function Substitution Approach

Furthermore, (4.20) can be rewritten in an LPV model of the form

=l [ o)

y=1[0 1] {nl} (4.21)

o

where ny = dx1, ny = 0z, and u = r — 10. The function substitution-based LPV
plant presented above is identical to that presented in [93]. Using hinfgs with the
same weighting function, the function substitution-based LPV controller for this
LPV model is obtained with v = 0.09469. Figure shows the simulation results
of the state transformation-based LPV controller. The closed-loop instability does
not occur.

According to Figures and [4.6] in this particular example, we make two assump-
tions that (i) function substitution and state transformation methods give an LPV
plant model that more accurately represents the nonlinear plant than the Jaco-
bian linearization method, and (ii) there is a mismatch uncertainty between the
Jacobian-based LPV model and the original nonlinear model. However, both state
transformation-based and function substitution-based LPV models are identical to
the original nonlinear model as shown below.

First, we show that the state transformation-based LPV model is identical to the
original nonlinear model. By substituting
r(t) = u(t) + |za(t)|22(t) + 10
x1(t) = ni(t) + |z2(t)|x2(t) + 10
xo(t) = na(t) (4.22)
in . A new nonlinear equation can be obtained in the form.

ni(t) = —(1 4 2|na(t)|)na (t) + u(t)
na(t) = na(t)

y(t) = na(t) (4.23)
which can be rearranged as an LPV equation of the form . Next, we show
that the function substitution-based LPV model is identical to the original nonlinear
model. By substituting

r(t) = u(t) + 10
z1(t) = ny(t) + 10
zo(t) = no(t) (4.24)
in . Another nonlinear equation can be obtained in the form.

ni(t) = —nq(t) + u(t)
na(t) = na(t) — [n2(t)|na(t)
y(t) = nao(t) (4.25)
which can be rearranged as an LPV equation of the form .
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4.4 Mismatch Uncertainty

4.4 Mismatch Uncertainty

Consider the transfer function of LPV plant models (2.46|) over V6 € © (with frozen
0) that is given by [10]

G(s,0) = D(0) + C(0)[sI — A0)] " B(6) (4.26)

Substituting the matrices A(-),..., D(-) of the Jacobian-based LPV model (4.5]) into
(4.26)), the transfer function can be determined as

1
(s+1)(s+ 20)

G(s,0) = (4.27)
where, according to (4.5), 6 = |ny| varying from 0 to 10. This transfer function has
two poles; one pole fixes at -1, the other pole varies from -20 to 0. The location
of the varying pole of the Jacobian-based LPV model is equal to —26, but the
true location of the varying pole of the original nonlinear plant is not equal to —26
whenever this nonlinear plant is not in an equilibrium condition. As y(t) = ns(t)
moves closer to 0, the mismatch uncertainty between the Jacobian-based LPV model
and the original nonlinear model becomes more significant and makes the nonlinear
closed-loop system unstable as shown below.

Consider the state-trajectories of the closed-loop system of the Jacobian-based LPV
controller and LPV model, taken from [30] with disturbance w identically zero, is

T = (OélAl + azAg)lC (428)

where oy = %69, g = % and

-1 0 0 0 0.3681 —210.94 —118.22 7255

1 0 0 0 0 0 0 0

0 —0.5 —0.002 0 0 0 0 0
A = 0 0 0 —1000  1.4724 —843.75 —472.88 29020

0 —0.0019163 0 0 —0.63435 —210.86 —118.14 7353.2

0 0.027254 0 0 0.086568 —12.33 —13.428 —14430

0 —10.534 0 0 0.47837 —0.18076 —9.3407 —21057

-1 0 0 0 0.3681 —210.94 —118.22 7255

1 —20 0 0 0 0 0 0

0 —0.5 —0.002 0 0 0 0 0
1212 = 0 0 0 —1000  1.4724 —843.75 —472.88 29020

0 —0.0019163 0 0 —0.63435 —210.86 —118.14 7353.2

0 0.027254 0 0 0.086568 —12.33 —13.428 —14430

0 —10.534 0 0 0.47837 —0.18076 —9.3407 —21057

As a result of Proposition [3.3.4] this closed-loop system is quadratically stable. Note
that, the MATLAB Robust Control Toolbox [12] also provides a function quadstab
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4.5 Pole Placement Approach

to test the quadratic stability for a class of affine LPV systems. However, when
including the time-varying real parametric uncertianty to both A; and A, of (4.28))
in a region close to the right-half s-plane

1

G(s,0) = 0e[—1,1 4.29
0 = i ras+0a0) * B (4.29)
Equation (4.28)) becomes
b= (al(/il 4 5As) + an(Ag + 5A5)>x (4.30)
where
0 0 00O0O0O0O©O
0 04 00 00O00O0
0 0 00 O0O0O0O
As=10 0 00 0 0 0 O (4.31)
0 0 00O0O0O0©O
0O 0 00O0O0O0OO
0O 0 00O0O0O0©O

As a result of quadstab, the closed-loop system (4.30)) is quadratically unstable.

Having determined the reasons of the closed-loop instability for the LPV controller
with the original nonlinear plant, the problem can be solved by simply increasing
the conservativeness of the LPV plant model. That is, by setting a new range of the
time-varying parameter to cover the uncertainty in the region close to the right-half
s-plane. For example, setting 6 = |ny| to vary from -1 to 10, indicates that the
varying pole can vary from -20 to 2 even though, in fact, it can only vary from
-20 to 0. Using hinfgs with the same weighting function as previously but with
the new range of 6, the new LPV controller is obtained with v = 0.1463. The
simulation results of the nonlinear closed-loop system with the new Jacobian-based
LPV controller are presented in Figure [4.7, The closed-loop instability disappears
but the transient performance is degraded because of setting a more conservative
range of 6.

4.5 Pole Placement Approach

Pole placement with state feedback can be used to overcome the closed-loop insta-
bility problem without degrading the transient performance. In this approach, we
restrict ourselves to special LPV plants of the form

= A(0)r + Bu
A0) = Ay + 1A + -+ 0,4,
y=Cx (4.32)

where A(6) is known functions and depends affinely on time-varying parameters,
0. Furthermore, in order to apply state feedback and state observer, this LPV
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4.5 Pole Placement Approach

Y (units)

Figure 4.7: Nonlinear step response from -3.16 to 0 of new Jacobian-based LPV
controller with the original nonlinear plant

plant is assumed to be state controllable and observable for all possible parameters
trajectories . Figure [4.§] shows a block diagram structure of the gain-scheduled
pole placement controller.

We apply state feedback v = —K(0)xz + n. The state feedback gain, K(0), is
parameter-dependent and can be a nonlinear function of 6. Substituting w in (4.32)),
the state feedback closed-loop system becomes

i = A(f)x + Bn
A(9) = [A(6) — BK(0)]
y=~Cx (4.33)

where n is the new input of the state feedback closed-loop system. By determining
the state feedback gain, it is possible to achieve any closed-loop eigenvalue assign-
ment. However for the example, the states cannot be measured. Hence, a state
observer is used to estimate state values. A general state observer can be con-
structed using observer feedback gain K. () which is parameter-dependent and can
be a nonlinear function of . The state observer closed-loop system is given by

t. = [A(0) — K.(0)Clze. + Bn + K .(0)Cx (4.34)
Subtracting from , we obtain
i — b, = [A(0) — K.(0)C)(x — z.) (4.35)

To demonstrate the method, we consider the Jacobian-based LPV model (4.5]) taken
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Figure 4.8: Block diagram structure of the gain-scheduled pole placement controller

from Leith and Leithead [61]. We also select the state feedback closed-loop system
to have a realistic closed loop characteristic, i.e. natural frequency, w, = 10 rad/s
and damping ratio, ¢ = 0.707, in order to prevent actuator saturation. Hence, the
desired characteristic equation can be written as
A+ (2 x 0.707 x 10)A + 10> =0 (4.36)

The state feedback gain K(f) can be determined by solving

A0 -1 0 1

[ R D) R

N4 (20 + by + DA+ (20[1 + k] + ko) = 0 (4.37)

Equating coefficients of the polynomial yields the state feedback gain as

k= 13.14 — 20, ky = 46% — 28.280 + 100 (4.38)

Having determined the state feedback gain K (), the observer feedback gain K, (0)
can be determined by solving

IR A s [
A2 4 (20 + Koy + DA+ (20 + ey + keo) =0 39

The dynamics of the state observer must be faster than the system being controlled.
Therefore we select the state observer to have a suitable characteristic, i.e. w, = 40
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4.5 Pole Placement Approach

rad/s and £ = 0.707, in order to avoid amplifying the noise of the controlled output.
Then, the desired characteristic equation can be written as

A+ (2 x 0.707 x 40)\ + 40 = 0 (4.40)
Equating the coefficients of the polynomial yields the observer feedback gain as
ke = 1543.44, k.o = 55.56 — 26 (4.41)

Substituting the matrices A(-), C(-) and K.(f) of the state observer in (4.35)) yields
a state-space form as

{nl - nel} _ {—1 —1543.44} {nl - nel] (4.49)

T'lg — ﬁeg 1 —55.56 Ng — M2

The state observer has two poles at —28.3 4+ 28.3i. Since both poles are in the
left-half s-plane, the state observer is stable. Having applied the state observer and
the state feedback to the Jacobian-based LPV model, the state feedback closed-loop
system can be determined by substituting the matrices A(-),...,C(:) and K(#) in

(4.33) yielding the state-space form as

i _ [20 1414 —46% 428280 — 100 [m] |, [1
o | 1 —20 Ns ol "

U]

y=1[0 1] {nl} (4.43)

where n is the new input of state feedback closed-loop system. Substituting the
matrices A(-),...,C(-) of the state feedback closed-loop system into (4.26]) gives the

transfer function
1

G) = 3 Ta4s + 100
The state feedback closed-loop system has two constant poles at —7.07+£7.07:. Both

poles are in the left-half s-plane therefore the state feedback closed-loop system is
stable.

(4.44)

According to the state feedback closed-loop transfer function, this approach shows
that the parameters variation of the special LPV plants can be cancelled. In order
to obtain performance from the system, an additional linear time invariant (LTI)
controller can be applied as an outer loop as shown in Figure [£.9) For this partic-
ular example, an H,-mixed-sensitivity controller is used. Using MATLAB Robust
Control Toolbox function [12], mixsyn, with the same weighting function as previ-
ously, the following H, controller is obtained with v = 0.0761 for the state feedback
closed-loop system as

Ty = Ay + Bi(Yref — Y)
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Yref - n u = -K(theta)x + n v
0 f X' = Ax+Bu s »u Y
> (, ) > y = Cx+Du N
Reference LTI Controller (mixsyn)
Nonlinear plant
U
Y feedback K(theta)x
U«
K(zeta)x X Xe
Y &
Gain -scheduling Gain -scheduling
state feedback observer

Figure 4.9: Pole placement controller design in MATLAB Simulink environment

where

[—0.002 0 0 0

A 1355.3 —61.186 —14.911 —38.782

P 184.705  58.676 —15.072 ~14.924
0 0 8 —2.662¢ — 016
[ 0.079057

0

Bi=1| 9060 _ o016 |+ Cr=[2142.9 14844 —23577 —61.319]

| —8.4181e — 017

The simulation results of the nonlinear closed-loop system are presented in Fig-
ures and [4.11] The closed-loop instability problem is solved with good transient
performance of the system.

4.6 Conclusion

The example from Leith and Leithead [61] is very interesting. The closed-loop
instability of the LPV controller with the original nonlinear model occurs because
the mismatch uncertainty between the Jacobian-based LPV model and the original
nonlinear model is in a region close to the right-half s-plane. In addition, for this
particular example, both function substitution and state transformation methods
give an LPV plant model that more accurately represents the nonlinear plant than
the Jacobian linearization method. In this chapter, a design method for cancelling
the parameters variation of the example of Leith and Leithead [61] by pole-placement
state feedback is proposed. For the example, the approach yields reliable closed-loop
stability and good closed-loop transient performance of the system because it makes
the nonlinear plant appear to be an LTI plant, hence well-developed LTI tools can
be applied.
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—— State transformation-based LPV controller
| — Function substitution-based LPV controller
i —— Gain-scheduled pole placement controller |-

6.5 7 75 8 8.5 9 95 10
Time (s)

Figure 4.10: Nonlinear step response from -3.16 to 0 with the original nonlinear
plant

300

— State transformation-based LPV controller
: : : : —— Function substitution-based LPV controller
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Figure 4.11: Control input to the original nonlinear plant
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Chapter 5

Longitudinal LPV Autopilot
Design: A TP Approach

This chapter describes a design of a longitudinal autopilot, i.e. speed-hold and
altitude-hold, for the entire flight envelope of a Jindivik UAV using a linear parameter-
varying (LPV) technique that is based on a gain-scheduled output feedback H,
control [10] for which an LPV model is required for control synthesis and analysis.
Typically, LPV models are derived from original nonlinear equation models using an
algebraic manipulation method (see section . However, the derived LPV models
from those methods are often nonlinearly dependent on the time-varying parame-
ters; this is especially the case for a longitudinal Jacobian-based LPV model that is
nonlinearly dependent on speed and altitude.

A grid LPV model is usually used to synthesize a controller in the case of nonlinear
parameter dependence, however, the result of heuristic gridding technique is un-
reliable and the analysis result is dependent on choosing the gridding points [96].
To synthesize an LPV autopilot with a finite number of LMIs and avoid the grid-
ding technique, the TP model transformation is employed in order to transform a
longitudinal nonlinearly parameter-dependent LPV model into a TP convex poly-
topic model form. Therefore, based on single quadratic Lyapunov functions (Theo-

rem [3.4.3)), the LMIs need only be evaluated at all vertices as shown in (3.80)—(3.82)).

5.1 Jacobian-Based Longitudinal LPV Model

An LPV model is required for gain-scheduled H,, performance analysis and synthe-
sis. Chapters |3 and 4] show that the state transformation-based LPV model is more
accurately represents the original nonlinear dynamics than the Jacobian-based LPV
model that only accurately represents the nonlinear dynamics about the neighbou-
hood of a set of equilibrium points. However, the state transformation approach
requires sufficient date in order to derive a transformation-based LPV model from
a nonlinear model. In addition, the transformation-based LPV model is a complex
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5.1 Jacobian-Based Longitudinal LPV Model

structure model. Therefore, in this work, the Jacobian method is employed to derive
a longitudinal LPV model from the standard 6-DOF equations of motion because it
is applicable to a general class of nonlinear models and has simple structure model.

Consider the standard 6-DOF equations of motion for a conventional fixed wing
aircraft, (A.10) and (A.11)), where detail of the aircraft equations of motion is briefly
summarized in section [A.2] Although the exact form of aerodynamic coefficients
structures for a general fixed wing aircraft are not certain, typical linear model
structures are suggested in [55] 58] and [77]. The linear model structures, that are
used in this thesis, from [55] are

Ox = Cx, +Cxaa+qu(2v) +Cx, 0 (5.1)
Cy = Cy, + Cy, B+ Cy, ( 53) + Oy, ( 27"3) +Cy, da+ Cy; 6, (5.2)
Cy=Cyg+Cro+Cy, <2v> +Cy, 6, (5.3)
Cp = Ciy + G, 8+ Cl,,(;l;) + Cl(;;) +Cy 60+ Ciy 6, (5.4)
Chp = Ciny + Co v+ Co, <2v> + Ciy, e (5.5)
Cy = Coy + Coy3+ Co) (23>+0m(27"3)+0n55 +Co b (56)

Equations f are 6-DOF dynamics in three-dimensional space, i.e. North-
East-Down axis, which can often be simplified into two motions of 3-DOF dynamics
in two-dimensional space, i.e. longitudinal and lateral motions. In this chapter, we
only consider the longitudinal motion. In addition, we assume an aircraft is about
a wings level and constant altitude and airspeed flight condition, and, assume it
can manoeuvre only in North-Down plane, hence, all of the lateral states in —
frozen and equal to zero, i.e. v=p=1r =0 = ¢ =1 = yg = 0. Moreover,
after substituting o = tan™! (%), V =+vu?+w? and ¢ = %pVQ, we get equations
of longitudinal motion as

U= 2'0:; [C’XO + Cx,, tan™" (%)]UQ + 5—5 |:CXO + Cx, tan™! (%)]wz

+ (o Ewad) —wlo - gsind+ £ (@ +w?)Cx b+ (1)
ir= 22105+ Ot (D] 4 220+ O tan ()]

+ [(pSCCZq\/m)—i—u}q—i—gCOSQ—i-;(u + w?)Cy,, b (5.8)
1= 57 O Gt (] + 577 o ot ()]

+§1—fc(¢m)c o+ G ) C (59)
=g (5.10)
h = (sin@)u — (cosf)w (5.11)
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5.1 Jacobian-Based Longitudinal LPV Model

In practice, the inertias I,, I,,, and I, of an UAV can be determined using a torsional
pendulum experiment that is presented in [0, B6] 54] and [103] where the inertia I,.,
is often neglected. In addition, the engine thrust 7" can be modelled and estimated
using the technique that is presented in [54] and [55]. However, in this work, the
thrust is modelled from data in Table [5.1] where the data are obtained by using
MATLAB function, trim, to trim the Jindivik nonlinear model [4I] about a wings
level and constant altitude and airspeed flight condition. Based on ad hoc methods,
a simple model of thrust, that fits the data in Table [5.1] is

T = Cr+Cr,u+Cr,, uxh+Cr, rpm+Cr,,  uxrpm+Cr,  hxrpm+Cr,, = uXhXrpm

(5.12)
where all thrust coefficients in the above equation are given in Table 5.2l Figure[5.1
shows a comparison of the simulated thrust, from Table 5.1} and the estimated
thrust, from . Note that, the mathematical modelling of aerodynamic forces
and moments, thrust, sensors, and actuators of the Jindivik nonlinear model [41] are
given in section . After f were linearized about a wings level and
constant altitude and airspeed flight condition using Jacobian linearization method,
we get a longitudinal LTI model as a state-space system of the form,

U X, X, X, Xo 0] [a X5, Xop
W Zu Zw Zg Zy 0| |W Zs. 0 5

q| = |M, My M, 0 0| |q|+|M; O [5} (5.13)
0 0O 0 1 0 0|]6 0 0 rpm

h hy he O he O| |A 0 0

Yvhere U = U—Utrim, W = W — Wirim, ¢ = ¢, QN = e_etrima iL = h_htrimy ge = 56_6
Orpm = I'PM — Py, and

_ s
T om

1
+ E (OTu + OTuh h’trim + OTurpmrpmtI‘im + CTuhrpm h’trimrpmtrim) (514)

€trim?

pS

Xu (CXO + CXaatrim + C'X(;e 5etrim)utrim - %CXawtrim

S S
Xw - p_ (CXO + OXaatrim + CX5 5etrim)wtrim + p_OXQUtrim (515)
m ¢ 2m
pSc /
Xq = — Wtrim + ECXG{ ui?rim + w‘?rim (516)
Xy = —gcos Otrim (517)
S
X5e = g_mCXée (u?rim + wt2rim) (518>
1
X‘Srpm = E (CTrpm + C’Turpmutl"im + CThrpm htrim + CTuhrpmutrimhtrim) (519)
S S
Zu - % (CZO + CZaatrim + CZ(;C 5emm)utrim - 2p_mCZawtrim (52())
S S
Zw = % (OZO + C(Zoéo‘{trim + Ode 5etrim)wtrim + Zp_mOZautrim (521)
pSc /
Zq = Utrim + mc’zq u%rim + thrim (522>
Zp = —gsin Oyim (5.23)
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5.1 Jacobian-Based Longitudinal LPV Model

Table 5.1: Simulation data of Jindivik’s engine”

Altitude (ft)

Speed (ft/s)

RPM  Thrust (lby)

2,000 337 8,543 294
2,000 443 9,140 378
2,000 548 9,992 533
2,000 654 10,814 717
2,000 759 11,500 927
6,000 337 8,675 290
6,000 432 9,126 342
6,000 527 9,828 453
6,000 622 10,556 597
6,000 717 11,214 759
10, 000 337 8,900 293
10,000 421 9,130 311
10,000 506 9,672 386
10,000 590 10,296 495
10, 000 675 10,894 618
14, 000 337 9,255 303
14, 000 411 9,294 298
14,000 485 9,579 340
14,000 559 10,038 408
14,000 632 10,571 500
18,000 337 9,602 331
18,000 400 9,408 293
18,000 464 9,532 306
18,000 542 9,853 348
18,000 590 10,247 403

" about wings level and constant altitude and air-
speed flight condition

pS
Z(Sg = %Ozée (ufrim + w‘?rim)
Sc
Mu = p]y (Cmo + Cm& Qlgrim + Cm(; (semm)utrlm -
Sc
Mw - p]y (Cmo + C'm(l Qgrim + Cm(; 6emm)wtrim +

pS¢c? /
Mq = 4]'y Mg ugrim + thrim

pse
© 20y
hu = sin Htrim

hy = — €0S Oirim

Crns, (u

2 2
trim + wtrim)

h@ = Utrim COS etrim + Wrrim SIN etrim

pSc
21y
pSc
21y

C'ma Wirim

Cma Utrim

5.28

)
5.29)
5.30)
5.31)

(
(
(
(5.31

Equations (5.14)—(5.31) are the stability and control derivatives (longitudinal
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Figure 5.1: A comparison between the simulated thrust and the estimated thrust

Table 5.2: Jindivik’s engine thrust coefficients

Coeflicient Cr, Cr, CTpm

Value -278.86 -4.2915 0.12773

Coefficient Cr,, CTrpm CTepm CTepm
Value 1.2676 x 1074 3.4457 x 107%  —3.6870 x 107 —7.6625 x 107°

mode). The trim values in the above equations can be calculated by setting @ =

Ww=¢=0=h=0and p=py [1— (6.876 x 10_6)11}4'256 in (5.7)—(5.11)). Moreover,
since « is actually small for this flight condition, we assume tana ~ o and V' = u.
Then, the results are

Qrim

Wtrim

Htrim

€trim

Py =

£l (Czse Crmo — CzoCmge) <po [1— (6.876 x 107%)A] 4256) — MGCom,
7 <Cza0mae —Cz, Cma) <P0 [1— (6.876 x 10-6)h] 4256)

(5.32)

= utan Qyim (5.33)
= trim (534)
- (Cmo + Cma O‘trim) (535)

Cons,
MY rim — 50 (Cxo + Cx,, Qrim + Cx, 5emm> <po [1 — (6.876 x 1075)A] 4'256)

(OTrprn + CTurme + OThrpmh + CTu Uh)
(CTO + CTU’LL + C’Tuhuh>

hrpm

(5.36)

(CTrpm + CTurpmu + CThrpmh + CTu Uh)

hrpm

From (5.14)—(5.36]), it can be seen that, the stability and control derivatives are
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5.1 Jacobian-Based Longitudinal LPV Model

Table 5.3: Stability and control derivative data (longitudinal mode) of Jindivik nonlin-
ear model”

u (ft/s) 464 464 464 497 497 497 531 531 531

h (ft) 9,900 | 10,500 | 11,100 | 9,900 | 10,500 | 11,100 | 9,900 | 10,500 | 11,100
Qerim (rad) | 0.00655 | 0.00756 | 0.00860 | 0.00034 | 0.00124 | 0.00216 | -0.00472 | -0.00392 | -0.00309
Seqrm (rad) | 0.0838 | 0.0832 | 0.0826 | 0.0872 | 0.0867 | 0.0861 | 0.0901 | 0.0896 | 0.0891
Py i, 9,445 9,460 9,467 9,630 9,631 9,632 9,818 9,813 9,808
Xu -0.0127 | -0.0125 | -0.0128 | -0.0141 | -0.0138 | -0.0135 | -0.0146 | -0.0143 | -0.0139
Xuw 0.0302 | 0.0323 | 0.0343 | 0.0142 | 0.0165 | 0.0187 | 0.0301 | 0.0319 | 0.0336
X, -3.1210 | -3.5911 | -4.0719 | -0.2628 | -0.7086 | -1.1647 | 2.4346 | 2.0089 | 1.5736
Xo -32.1735 | -32.1732 | -32.1730 | -32.1742 | -32.1741 | -32.1741 | -32.1738 | -32.1739 | -32.1740
X5, -2.9187 | -2.8380 | -2.7585 | -3.5278 | -3.4351 | -3.3438 | -3.1418 | -3.0558 | -2.9710
X5 0.00118 | 0.00116 | 0.00194 | 0.00207 | 0.00202 | 0.00198 | 0.00215 | 0.00211 | 0.00206
Zu -0.1191 | -0.1178 | -0.1166 | -0.1175 | -0.1161 | -0.1148 | -0.1163 | -0.1149 | -0.1134
Zw -1.4009 | -1.3738 | -1.3472 | -1.4856 | -1.4567 | -1.4284 | -1.5672 | -1.5366 | -1.5065
Zq 462.88 | 462.90 | 462.92 | 496.56 | 496.59 | 496.61 | 530.23 | 530.26 | 530.29
Zo -0.2107 | -0.2435 | -0.2770 | -0.0110 | -0.0399 | -0.0696 | 0.1520 | 0.1261 | 0.0996
Zs, -40.7848 | -40.0205 | -39.2672 | -46.7547 | -45.8777 | -45.0133 | -53.1034 | -52.1055 | -51.1220
M, 0.00017 | 0.00018 | 0.00020 | 0.00003 | 0.00005 | 0.00006 | -0.00011 | -0.00008 | -0.00006
My -0.0274 | -0.0267 | -0.0261 | -0.0307 | -0.0301 | -0.0294 | -0.0341 | -0.0334 | -0.0327
M, -0.7324 | -0.7186 | -0.7050 | -0.7811 | -0.7664 | -0.7519 | -0.8280 | -0.8133 | -0.7979
Ms, -23.8180 | -23.3709 | -22.9303 | -27.3123 | -26.7993 | -26.2936 | -31.0254 | -30.4422 | -29.8674
hu 0.0065 | 0.0075 | 0.0086 | 0.00034 | 0.0012 | 0.0021 | -0.0047 | -0.0039 | -0.0030
huw -1 -1 -1 -1 -1 -1 -1 -1 -1

he 464 464 464 497 497 497 531 531 531

" about wings level and constant altitude and airspeed flight condition

Table 5.4: Jindivik’s longitudinal aerodynamic coefficients

Coefficient Cx, Cx, Cx, Cx 5
Value -0.0213  0.0898 -0.1355 -0.0202
Coefficient Cz, Cz, Cz, C Zs,
Value -0.1824 -4.8202 -2.1895 -0.3064
Coeflicient Cmo Cm,, Cim, Cm 5.
Value 0.0643 -0.4157 -5.2417 -0.7363

nonlinearly dependent on only speed and altitude. With the speed and altitude
are fixed, (5.13) is a longitudinal LTT model. However, as the speed and altitude

vary slowly over the entire flight envelope, (5.13|) becomes a longitudinal nonlinearly
parameter-dependent LPV model.

Moreover, these equations show that the accuracy of this LPV model depends on the
accuracy of the information that provides the aerodynamic and thrust coefficients.
Traditionally, the aerodynamic coefficients are often determined using wind tunnel
tests by measuring the aerodynamic forces and moments introduced on the aircraft.
However, the wind tunnel tests are expensive in terms of schedule and budget for
UAYV applications. System identification techniques are an alternative approach that
can be used to estimate stability and control derivatives or aerodynamic coefficients
from flight data, where the details of the method are presented in [28, 36, 53], 54,
57, 58, [74, [75] and [78].
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5.2 Longitudinal TP Convex Polytopic Model

In this chapter, we use the MATLAB function, 1inmod, to emulate aircraft param-
eter identification techniques. Note that Appendix [B] presents the details of UAV
aerodynamic model identification from a racetrack manoeuvre. Using functions
trim and linmod, the stability and control derivative values, shown in Table [5.3]
are obtained about one flight condition (speed = 497 ft/s and altitude = 10,500
ft). After substituting the data from Table in (5.14)-(5.36]), we can determine
approximate aerodynamic coefficients of the Jindivik UAV as shown in Table
where the exact aerodynamic coefficients of the Jindivik nonlinear model [41] are

given in sub-section [A.3.1]

Knowing the aerodynamic coefficients, the system matrices of the longitudinal non-
linearly parameter-dependent LPV model at all points over the entire param-
eter spaces can be determined using —5.36. Figure shows the determined
value of X, and auyin, for a calculation example. In addition, Figure shows the
variation of open-loop characteristic of this nonlinearly parameter-dependent LPV
model, i.e. u(s)/rpm(s), over an entire flight envelope. According to Figure (5.3} two
poles of short period mode are open-loop stable with variation of the damping ratio
(¢) and natural frequency (w,) from 0.256 to 0.319 and 2.42 rad/s to 7.19 rad/s
respectively, where the other two poles of Phugoid mode are open-loop unstable
with variation of the damping ratio and natural frequency from -0.109 to -0.288 and
0.0449 rad/s to 0.129 rad/s respectively. Moreover, the system of also has
non-minimum phase zeros as shown in Figure

5.2 Longitudinal TP Convex Polytopic Model

Based on the system of , the speed and altitude are the only time-varying
parameters. The entire flight envelope of the Jindivik UAV, taken from [41], is that
the speed and altitude vary from 337.6 ft/s to 759.5 ft/s and 1,000 ft to 18,000 ft
respectively. To synthesize an LPV controller for the system of with a finite
number of LMIs; the gridding technique that is presented in [39} [66], 99] 100] and [T0T]
can be used. However, the result of heuristic gridding technique is unreliable and
the analysis result is dependent on choosing the gridding points [96].

A TP model transformation is an alternative approach that can be used to ob-
tain a finite number of LMIs for which the method transforms a given nonlinearly
parameter-dependent LPV model into a TP convex polytopic model. We ap-
plied the MATLAB Tensor Product Model Transformation Toolbox from [17] to de-
termine the LTI vertex systems, S,, and the weighting functions, w, (p(t)), as shown
in (3.26). The transformation space is defined as Q0 = [337.6,759.5] x [1000, 18000]
and let the density of the sampling grid be 500 x 100. In addition, the weighting
type of cno convex hull is used during the transformation in order to have a tight
hull representation. A tensor of size 8 x 6 x 10 x 7 was received with the singu-
lar values in speed dimension as: 39198, 2554.5, 697.63, 49.012, 1.0486, 0.032623,
0.00050345, and 4.2483e-005. and in altitude dimension as: 39191, 2754.9, 103.23,
0.40544, 0.0018278, and 1.4039e-005.
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5.2 Longitudinal TP Convex Polytopic Model
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Figure 5.2: X, and oy, are nonlinearly dependent on speed and altitude
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5.3 Gain-Scheduled H,, Autopilot Design

This means that the longitudinal nonlinearly parameter-dependent LPV model of
the Jindivik UAV can exactly be given as a convex combination of 8 x 6 = 48 LTI
vertex systems. However, in practice, a small number of controllers is preferred
for implementation in real applications, therefore, we kept only the four and three
largest singular values in speed and altitude dimension respectively. The number
of LTI vertex systems was reduced to 5 x 4 = 20. Theoretically, the maximum
error in Ly matrix norm approximation is the sum of the discarded small singular
values, thus, 1.0486 4 0.032623 4 0.00050345 + 4.2483e — 005+ 0.40544 4+ 0.0018278 +
1.4039e — 005 = 1.4891.

However, we have compared the decomposed TP polytopic model with the original
nonlinearly parameter-dependent LPV model, (5.13)), over 2,000 test points of ran-
domly selected parameter values, i.e. speed and altitude, in the ranges given by (2.
The maximum and mean error in the L, matrix norm, €, was received as 0.0035904
and 0.0025777 respectively. Thus, the decomposed TP polytopic model can be re-
duced to a system of half the complexity while it is still accurate enough for real
world experiments. Hence, the longitudinal TP polytopic model can be written as

5 4

i(t) = 33w (u(t)) way (h(1)) (Ai,jx(t) + B, ju(t)) (5.37)

i=1 j=1

where the weighting functions w, ;(p,(t)) are presented in Figure . Moreover,
Figure shows wi (p(t)) and wa(p(t)) as an example for determining wq(p(t)).
Some of the LTT system matrices, S,, of this TP polytopic model are shown below

—0.0249  0.0226 —-9.9344 —-32.1718 0 —1.7419  0.0021
—0.1472 —1.2368 336.4799 —0.9429 O —26.4220 0
Aip = 0.0009  —0.0258 —0.6508 0 0 B11= —15.4316 0 (5.38)
0 0 1 0 0 0 0
0.0293  —0.9999 0 3376224 0 0 0
—0.0279  0.0272 —0.0268 —32.1833 0 —1.7733  0.0023
—0.1322 —1.4657 401.2744 0.3468 0 —26.8975 0
Az = 0.0001  —0.0308 —0.7761 0 0 By 1 = —15.7093 0 (5.39)
0 0 1 0 0 0 0
—0.0108 —1.0003 0 402.4091 0 0 0
—0.0389  0.0526 23.0197 —32.1598 0 —8.8508  0.0034
—0.1656 —2.7741 758.8454 0.9822 0 —134.2520 0
Az 1 = —0.0017 —0.0582 —1.4677 0 0 B31 = —78.4090 0 (5.40)
0 0 1 0 0 0 0
—0.0305 —0.9996 0 761.7082 0 0 0
—0.0086  0.0134 —26.0233 —32.1294 0 —0.7557  0.0013
—0.1251 —0.7550 307.4327 —2.1679 O —11.4620 0
As g = 0.0014 —0.0156  —0.3932 0 0 Bs 4 = —6.6943 0 (5.41)
0 0 1 0 0 0 0
0.0674  —0.9986 0 308.6531 0 0 0

5.3 Gain-Scheduled H. Autopilot Design

In practice, the plant model is normally augmented with some weighting functions
before we can apply the H,, control synthesis to compute an LPV controller. In
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Figure 5.4: The cno type convex weighting functions in one-dimensional parameter,
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Figure 5.5: The cno type convex weighting functions in two-dimensional parameters,
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5.3 Gain-Scheduled H,, Autopilot Design

this chapter, we used the mixed-sensitivity criterion [20, [33], 47]

WS
WLKS

H <1 (5.42)

The objective of this mixed-sensitivity function is to shape the sensitivity function
S and control sensitivity function K.S with performance weighting functions W; and
robustness weighting functions W5 respectively. Hence, we should get a controller
that is good at command following (i.e. small tracking error), good at disturbance
attenuation (i.e. attenuation of the effect of disturbance on output), low sensitivity
to measurement noise, with reasonably small control efforts, and that is robustly
stable to additive plant perturbations. Figure [5.6] shows the weighted open-loop
interconnection for synthesis where

0.55+0.0664_ 0
_ +6.64x10-5
Wi(s) = ( 3 0 0.55+0.0664 ) (5.43)
5+6.64x 105
1005+3.32 0
_ [ 0.001s+0.0664
W2<5) = < 0 0.015+3.32x10—4 > (5-44)
0.0015+0.0664x 105
500 0
Wore-fitter(s) = < 8+800 1000 ) (5.45)
s+1000

The purpose of Wy fiter is to make matrices By and Dy of the plant model to
be parameter-independent [10], hence, the gain-scheduled output feedback H,, con-
troller design method of [I0] can be used. In addition, the values of weighting
functions W and W, are hand-tuned until the desired objectives of performance
and robustness of the closed-loop system are achieved.

Having augmented the longitudinal TP convex polytopic model, taken from —
, with weighting functions W; and W5, an LPV controller can be synthesized
using the routine hinfgs. As a result of hinfgs, the LPV controller with v = 3.0395
was obtained. Once the twenty LTI system matrix vertices of the LPV controller
are obtained from the routine hinfgs, this LPV controller can be constructed by
the combination of the system matrix vertices and weighting functions, w, (p(t)), in
the same fashion as the TP convex polytopic model, hence,

Urer — ()

5 4 wlt

T(t) = Zl Zl W1 4 (U(t))wz,j (h(t)) Aki,j@g(t) + By, ; gg(g)
o | Pres — (1) |
(et — u(t)]

8e(t) w(t)

[rpm(t)] = ; ; Wy (u(t))wm (h(?f)) Ch, ;21(t) + Dy, gg (5.46)

[ frves — (1),

To confirm that the mixed-sensitivity criterion (5.42) is achieved, the singular values
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Figure 5.6: The weighted open-loop interconnection for the longitudinal TP convex
polytopic plant model

of the transfer matrices S and KS are computed over all § € © (with frozen values
of #), and are shown in Figure . Obviously, the singular values of S and K S are
shaped and bound by W; and W5 respectively. In addition, Figure [5.8 shows that
H (WAS, WoK S]THOO < 7. Hence, the mixed-sensitivity criterion is satisfied.

5.4 Nonlinear Simulation Results

The designed H,, gain-scheduling autopilot is validated with the Jindivik nonlinear
model 1] in a MATLAB Simulink simulation. Note that all twenty weighting
functions, w, (p(t)), used in the simulation were constructed using two-dimensional
look-up tables. In Figure [5.9, the transient response of the simulated vehicle for
small demanded changes in speed and altitude are shown for one particalar point
in the flight envelope. Similar responses for other points in the flight envelope were
obtained. Figure [5.10| shows a simulated flight that cover a wide range of the flight
envelope. It demonstrates that the stability and robustness properties of the closed-
loop system were achieved over the defined flight envelope.

Note that, there is an effect on regulating an altitude when the autopilot is tracking a
speed demand as well as there is an effect on regulating a speed when the autopilot is
tracking an altitude demand. This is because the longitudinal TP polytopic model
is a quasi-LPV model where the scheduling parameters, speed and altitude, are
also states of the system. This is a common problem for quasi-LPV models when
synthesizing an LPV controller using single quadratic Lyapunov function since the
parameter variation rate is as fast as the system states.
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Figure 5.9: The transient performance of H,, gain-scheduling autopilot is validated

with the Jindivik nonlinear dynamic model about one condition inside the flight
envelope, i.e. speed = 506 ft/s and altitude = 10,000 ft

81



5.4 Nonlinear Simulation Results

4
10
2 X T i i
| — Altitude demand

_..{ —Altitude response

1.8

-
[e2]

BN -
[N) EN

Altitude (ft)

i i i
100 200 300 400 500 600 700 800 900 1000 1100 1200
Time (s)

(a) Altitude (ft)

—— Speed demand
—— Speed response

N ———
450
400

..

I \ \ \ \ I \ I I I I
100 200 300 400 500 600 700 800 900 1000 1100 1200
Time (s)

300

(b) Speed (ft/s)

82



5.4 Nonlinear Simulation Results

Pitch angle (rad)

0.25

0.2

0.1

0.05

-0.05

-0.1

Pitch rate (rad/s)

I I \ \ \ I \ I I I I
100 200 300 400 500 600 700 800 900 1000 1100 1200
Time (s)

(c) Pitch angle (rad)

‘ i i i i i i i
100 200 300 400 500 600 700 800 900 1000 1100 1200
Time (s)

R

(d) Pitch rate (rad/s)

83



5.4 Nonlinear Simulation Results

0.08

0.06

o
o
=

Angle of attack (rad)
o
N

-0.02

‘ i i i i i i i ; ‘ ;
100 200 300 400 500 600 700 800 900 1000 1100 1200
Time (s)

-0.04

(e) Angle of Attack (rad)

0.1

0.09
008/ NN
0.07

0.06

Elevator deflection (rad)

0.05

I \ \ \ \ I \ I I I :
100 200 300 400 500 600 700 800 900 1000 1100 1200
Time (s)

0.04

(f) Elevator deflection (rad)

84



5.5 Conclusion

1.2

1.15

11

1.05

Engine speed (RPM)

100 200 300 400 500 600 700 800 900 1000 1100 1200
Time (s)

0.95

(¢) Engine speed (RPM)

Figure 5.10: The stability and robustness properties of the closed-loop system were
achieved over the defined flight envelope

5.5 Conclusion

A recently proposed technique, the tensor-product (TP) model transformation [I8],
is applied to generate a convex polytopic representation of a longitudinal nonlinearly
parameter-dependent LPV model of the Jindivik UAV. The gain-scheduled output
feedback H,, controller design method [I0] was applied to the resulting TP convex
polytopic model to yield a controller that guarantees the stability, robustness and
performance properties of the closed-loop system over the whole grid. The method
is relatively easy to apply owing to the availabilty of good computational tools [17]
and [46]. The controller was tested with a full 6-DOF simulation of the vehicle.
These results show that the stability and robustness properties of the closed-loop
system were achieved over the defined flight envelope.
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Chapter 6

Longitudinal LPV Autopilot
Design: A PDLF Approach

In general, a single quadratic Lyapunov function is more conservative than a parameter-
dependent Lyapunov function when the parameters are time-invariant or slowly
varying [45]. Hence, using the parameter-dependent Lyapunov function can re-
duced the conservatism of the designed LPV controller in the previous chapter and
can also solve a problem of a quasi-LPV model (that the scheduling parameter is
dependent on the system state) where both scheduling parameter and system state
variations are at the same speed. However, to synthesize a gain-scheduled output
feedback H, controller for a class of affine (or polytopic) LPV plant model using the
parameter-dependent Lyapunov function involves solving an infinite number of LMIs
for which a number of convexifying techniques exist for obtaining a finite number
of LMIs. In this chapter, an alternative approach for obtaining a finite number of
LMIs is proposed, by simple manipulations on the bounded real lemma inequality, a
symmetric matrix polytope inequality form is obtained. Hence, the LMIs need only
be evaluated at all vertices.

A technique to construct the intermediate controller variables as an affine matrix-
valued function in the polytopic coordinates of the scheduled parameter is also
proposed. Computational results on a numerical example [61] using the proposed
approach are compared with those from a multi-convexity approach [I1] in order
to demonstrate the impacts of the proposed method in the parameter-dependent
Lyapunov-based stability and performance analysis. The proposed method is ap-
plied to synthesize a longitudinal autopilot for a full flight envelope of the Jindivik
UAV. The resulting autopilot is tested for a bounded flight envelope with a full
6-DOF Jindivik nonlinear model and the simulation results are presented to show
the effectiveness of the approach.
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6.1 Stability Analysis using PDLF

6.1 Stability Analysis using PDLF

The system of is said to be parameter-dependent stable if there exists a con-
tinuously differentiable parameter-dependent Lyapunov function V (z,0) = 27 P(6)x
whose derivative is negative along all state trajectories. This is equivalent to the
existence of a P(f) = P(#)T such that

P(9) >0, A0)TP(6) + P(0)A(H) + P(6) <0, ¥(0,0) € © x ® (6.1)

where the rate of variation @ is well defined at all times and satisfies 6; € [Qi,ﬁi}
and 6 lies in a polytope ®, 6 € &, & = [v,,T1] X [vy,Ta] X ... X [1,,,Ty], n is the total
number of 6(¢). Although an exact parameter-dependent function for a continuously
differentiable parameter-dependent Lyapunov variable P(0) is still not established, a
basis parameter-dependent function for the parameter-dependent Lyapunov variable
is suggested in [8, 100] and [101] and is to copy the plant’s parameter-dependent
function. Therefore, we can constrain the basis parameter-dependent function for
the parameter-dependent Lyapunov variable to vary in an affine fashion.

where r = 2", a; is determined using ((3.24)) and (3.25)) and

— A — -

P 16, 0, ... 0

0
“n—1 Zn
Py 16, 0, ... 6,, 0y io
P3 = |1 Ql Q2 en—l Qn ‘1 (63)
8 I O,
_Pr_ _]_ 6, 0, ... 0,4 Qn_ "

Although the set of feasible solutions of inequality is reduced by defining the
parameter-dependent Lyapunov function, P(#), as affine (as in (6.2])), this is a prac-
tical approach and makes inequality is tractable. This is a common. Differen-
tiating with respect to time gives

P(0) = 0P+ +0,Py = BiPL+ BPy+ - + 3., (6.4)

where (; can be determined in a similar manner to «; using (3.24)) and (3.25)) and

Pl 0 Ql 22 cee anl yn
~ = PO

1[32 0 v ¥y ... Uyy Ty P,

Pl =0 vy vy i Tt v, | | (6.5)
. o _ — | | P

_Pr_ _0 V1 Vg ... Up_1 Un_
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6.1 Stability Analysis using PDLF

Substituting (3.51]), (6.2) and (6.4) into (6.1]), and recalling that » ; , a; = 1 and
S B =1, we get

i=1 k=1

r—=1 r T

1/ o A a PO A A ~ .

23 % Zaiajﬁk@(ﬁpj + BA + ATE + PA +2Pk>> <0, Y(0,0) €0 x @
i=1 j=i+1 k=1

(6.6)

As 2B, € [0,1], i,k = 1,...,7, 2003, € [0,05], ¢ = 1,...,r — 1, j = i+
L...,r,k=1,....r,and >, >, 20, +2 Z::_ll D it 2k X0k = 1, by
Lemma solving the above inequality for positive definite symmetric matrices
P; need only be done at all vertices. Hence we get the following proposition.

Proposition 6.1.1. The system of (3.44)) is parameter-dependent stable whenever
there exist a positive definite symmetric matrix P;, i = 1,2,...,r, such that the
following LMI conditions hold

P, >0 (6.7)
ATP, 4+ PA, + P, <0 (6.8)
ATPy + PyA; + ATP, + PA; + 2B, < 0 (6.9)

foro,k=1,...;rand1 <1< j<r

Note that the numbers of LMIs for (6.7)—(6.9) are r, r* and r*(r —1) /2, respectively.
Therefore, the total number of LMIs to be solved is r(r? +r +2)/2. Note also that
there are other approaches that could be used to obtain a finite number of LMIs,
e.g. multi-convexity [11l, 45], S-procedure [40], gridding parameter space [39, [66],
100, 101], etc.

Proposition 6.1.2. (Multi-convezity approach, [11, Proposition 5.1]) Assume g =
0, The system of 18 parameter-dependent stable whenever there exist a positive
definite symmetric matriz P;, i = 1,2,...,r, and scalars X\;;, i = 1,2,...,r, such
that the following LMI conditions hold

P, >0 (6.10)
Ar >0 (6.11)
ATPy + P A, < =M\ (6.12)
ATP, + PA; + AT Py + PjA; — (AT Py + PjA; + ATP, + BA)) > —(\ + \j)I
(6.13)

fork=1,...;randl1 <i<j<r

Corollary 6.1.3. Assume that = 0. If Proposition is satisfied then Propo-
sition |6.1.1) is satisfied.
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6.2 Controller Synthesis using PDLF

Proof. First, we show that if ( is satisfied then is satisfied. Let ATﬁk +
PkAk = M and M, + M\ < 0 hence for all nonzero vector X € RP, XTM, X +
MXTX < 0 if and only if XTMkX < =M XTX <0 since \y > 0and XTX > 0.
This ylelds XTMkX < 0or A Pk + PkAk < 0.

Next, we show that if (| - is satisfied then is satisfied. Let ATP + BA; +
ATP +PA MandATP +PA +AP—|—PA = M. WehaveXTMX—
XTMZ]X+(/\ +X;)XTX > 0, for all nonzero vectors X € RP. From ([6.12)), we have
XTMX + (N +X)XTX <0, therefore 0 > XTMX + (N, + \)XTX > XTMUX
This yields X7 M;; X <0 or ATP + P A + ATP + PA <0 O

The corollary above shows that Proposition [6 is a subset of Proposition [6.1.1
which is more general since ATPk + P, A, and A P + P A; + A B+ PA can be
less than a negative definite symmetric matrix rather than they are just less than a
diagonal negative definite matrix —A,Z and —(\; + A;)I, respectively. In addition,
Proposition [6.1.1] shows that the determination of a negative definite symmetric
matrix is not necessary, hence, comparing with Proposition [6.1.2] the number of
LMIs, decision variables and the computational time are reduced while the achieved
performance ~ level is improved.

6.2 Controller Synthesis using PDLF

In the previous section, a sufficient condition to guarantee the stability property
of the closed-loop system using the parameter-dependent Lyapunov function has
been presented, where it is sufficient to evaluate the LMIs at all vertices. Next,
we consider the problem of designing a gain-scheduled output feedback H,, control
with guaranteed Lo-gain performance for affine LPV systems using the parameter-
dependent Lyapunov function for which the proposed technique in the previous
section can be directly extended to synthesizing a gain-scheduled H,, controller.
The material in this section is draws from [8, [10, 43] and [44].

Consider a given affine LPV plant model with state-space realization of the form
. The gain-scheduled output feedback H, control problem using the parameter-
dependent Lyapunov function is to compute a dynamic LPV controller, K (6), with
state-space equations

which stabilizes the closed-loop system, (3.59)) and (6.14)), and minimizes the closed-

loop quadratic H,, performance, v, ensures the induced Lo-norm of the operator
mapping the disturbance signal w into the controlled signal z is bounded by 7~y

t1 t1
/ 2L zdt < 42 / whwdt, Vt; >0 (6.15)
0 0
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6.2 Controller Synthesis using PDLF

along all possible parameter trajectories, V(G,é) € © x ¢. Note that A and Ay
have the same dimensions, since we restrict ourselves to the full-order case. The
closed-loop system, (3.59) and (|6.14]), is described by the state-space equations

[.ﬂ — A4(6) [jk} + Ba(O)w

Tk
where
 TA(0) + BoaDu(0)Cy BoCi(6) " [Bu(6) + BsDy(6) Doy
Aa(6,6) = [ Bu6)Cs Ao, 9’)} . Balf) = [ Bu(6) Dy
Ca(0) = [C1(0) + D12D(0)Cy  D12Ci(0)] . Da(0) = D11(0) + D12Dy(0) Dy

(6.17)

Based on the parameter-dependent Lyapunov function, V(z,0) = 27 P()z, there is
an LPV controller K () of the form of that stabilizes the closed-loop system,
and , and ensures the induced Lo-norm of the operator mapping the
disturbance signal w into the controlled signal z is bounded by 7 along all possible
parameter trajectories if and only if there exists P() = PT(6) such that [45]

P(0) > 0, %(xTP(Q)x) + 272 —2uwTw <0, V(0,0) € © x (6.18)

Note that, unlike the single quadratic Lyapunov function case (sub-section (3.4.1)),
P(0),Ar(0,0), Bp(0), ..., Dr(0) and A4(6,0), B4(0), ..., D4(0) do not depend affinely
on the scheduled parameters . Inequality (6.18) leads to [45]

A5(9,9)P(9) P(0)Aa(0,0) + P(0) P(0)Ba(6) C3(0)
( )P( —~1 DL6) | <0 (6.19)
Introducing intermediate controller variables, i.e. Ag(6), By(0), C(0), as [8, 43]

Ax(0,0) = N~ 1(9)< )Y (9)+N(9)MT(9)+Ak(9)—X(9>(A(9)—
)

BaDi(6)C2)Y (6) — Bu(B)CaY (9) — X (6)BoCul6) ) M7 (6)  (6:20)

Bi(6) = N\ (6) (Bu0) — X (6) B Di(6) (6:21)
Cu(8) = (C(6) — Du(B)CaY (6)) M7 (6) (6.22)
where N(0) = =X (0) +Y~1(0), N(§) = —X(0) =Y (O)Y()Y1(0), M(0) = Y (h)

and M(6) = Y(#). A pair of positive definite symmetric matrices (X(0),Y(9))
is taken from the structure of the parameter-dependent Lyapunov variable, P(6),
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6.2 Controller Synthesis using PDLF

which is defined as

P - | X(6) ~(x0)-v0)
-(x@-ye)  xe) -y o)
I X(0) Y() I, !
" 00 —(XO -Y@)] [Y0) o] (6.23)
) X(0) —X(0) - YO ()Y 1(6)
PO= %0 - vovey-o xo+yoveye|
L e v (0)
PO v (x0-v0) ' x@ve)
v ][5 X(0) o
~lve 01 [o ~(xO) -y0)) (6.2

where the positive definite symmetric matrices (X(0),Y(0)) € RPP?, X(6) —
Y=1(#) > 0, and rank(X(0) — Y '(0)) < p [82]. Note that, (6.20)-(6.22) show
that Ag(6,0), Bx(f) and Ck(f) can not depend affinely on the scheduled parameters
0 when the symmetric matrix X or Y is parameter-dependent. In this thesis, we
propose the intermediate controller variables, i.e. Ax(6), By(0), Ci(#) and Dy (),
and (X (0),Y (6)) to depend affinely on the parameters 6 as

Note that Xj and ffj, j=1,...,r, map to X; and Y;, i« = 1,...,n, respectively
in a similar manner to (6.5). This proposed technique offers obvious advantages
in reducing computational burden and ease of controller implementation because
the intermediate controller variables can be constructed as an affine matrix-valued
function in the polytopic coordinates of the scheduled parameter. In addition, an
existing method for computing the intermediate controller variables, that is based
on explicit controller formulas [43], is given in Algorithm [C.0.2]

Define 0
Y L
Pi(0) = P 6.34
0= o) o (634
By premultiplying the first row and postmultiplying the first column of (6.19) by
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6.2 Controller Synthesis using PDLF

Pl (#) and Py () respectively and substituting (6.17)—(6.24)) in (6.19)), we get [§]

X(0) + (X(0)A0) + B0)Cs + () x
AT (0) + A(0) + BoDy(6)Cs V(0 + (A(O)Y(Q) + BoCi(0) + (*)>
BY(0)X(0) + DI, BY(9) B{(9) + D3, Di(0)B;
C1(0) + D15Dy(6)C, C1(0)Y () + D12C(0)
_*7 I : <0 (6.35)

D11(0) + D12Dy(0)Dyy  —v1

where the notation x represents a symmetric matrix block. Substituting (3.61)) and
(6.26)—(6.33)) in (6.35]), we have

i=1 k=1 BY X, + D}, B}, B + D, D B}
Ch, + D12 Dy, Cy CYi + D1oCy,
* *
* *
—~I *

Dy, + DigDy, Doy —~I
X+ 3 (XjAZ- + By, Co + X;Aj + By, Cy + (*)>
1 (Afj + Ay + BoDy,Cy + AT + A; + BQD,%CQ>
B X;+ D}, Bl + BL X, + D}, B,
Ct, + D12Dy,,Co + Cy, + D12Dy, Cy

r—1 T r
+22 Z Zaiajﬁk

i=1 j=i+1 k=1

N—= N

*
Vi + 1 <AZYJ + BoCy, + AY; + BoCy, + (*)>
1 (B;{_ + DL DY BY + BY + D3, DY Bg’)
% élz?] + D12ékj + éljf/i + DlQéki)

* *
* *
—~T % <0

% (ﬁlli + D12ijD21 + Dllj + D12DkiD21> =1
(6.36)
Inequality (6.36]) can be also rewritten as

T r r—1 T r
>N a2 Wa, + QKPP+ PTEQ) +230 D Y auayk <§ (o,

i=1 k=1 i=1 j=i+1 k=1
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6.2 Controller Synthesis using PDLF

+ Q"K!P+PTK;Q+ Uy, + Q"K] P+ P'K; Q)) <0 (6.37)
where

Xk + X‘A* -+ (*) * * *

As Vit AgVat (%) x x
Veiga = AT % 6.38
e B, Xa B, I * (6.38)

Cl.', Cl*Y‘ Dll" —")/I
= I, 0
Q= [07 Dy, 0(p+q2)><th] , B= |:67 B2:| (6.39)
2 > Ak Bkl

P = [BT, 0(p+m2)><m17 D{Q} ; Kz ( Ck Dkz ) (640)

with the subscript &Q denote (ii, ij, or ji). By Lemma and knowing the
matrix vertices (X;,Y;), i = 1,2,...,r, the system matrix Vertlces K; can be deter-
mined from (6.37)), that is an LMI in K;, at all vertices for which (Kl, K,,...,K,)
have to satisfy all of r*(r + 1)/2 LMIs. Furthermore, knowing Ak e Dk, the
controller system matrices Ay(6,6), ..., Dy(#) can be computed on-line in real-time
using f with instantaneous measurement values of 6 and 6.

However, usually, the parameter derivatives either are not available or are difficult
to estimate during system operation [8]. To avoid using the measured value of 6, we

can constrain either X (¢) or Y'(9) to depend affinely on 6. This yields X(0)Y () +
N@OYMT(0) = —(X(0)Y(0) + N(0)rT(9)) = 0 [8], hence, (6.20) becomes

A(6) = N1 (0)(Ax(6)— X (6) (A(6)— B D(0)C2) Y (6)— By (6)CaY ()~ X (6) B2Ci(6) ) M~ ()

(6.41)

By Lemma [2.2.14] the LMIs of ([6.37]) are solvable for K; if and only if there exist a
pair of positive definite symmetric matrices (X (9), Y(Q)) that satisfy the following
LMIs:

Nx 0 ‘ A Nx 0

2 X T X

Sy an( (0 0) (0 ae e ) (0))

i=1 k=1 Ch, D11i —7]

x SN A

5 5 | (3 3)| 405
=1 k= L (Ch +Clj)

*

*
iy * (]\gX ?) <0 (6.42)
% (Dni + D11j> -1

r r T

N PN N N
E O‘?ﬂk v 0 C.Y; —yI Dy, v 0
' 0 I A A i 0 I
=1 k=l By, Dy, —I
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6.2 Controller Synthesis using PDLF

r—1 r T N 0 T '
22 S e | (0 ]) | s(@dieay)
i=1 j=i+1 k=1 %< AlTi I B£>
* *
Ny 0
—1 * Y
< 0 I ) <0 (6.43)

L(Dh,+DE,) =

X, I
i BN >0 6.44
Z:a(f Y;) (6.44)

=1

where Nx and Ny denote bases of the null spaces of [Cy, Do] and [BI, DT,], re-
spectively. Note that, ensures X (0),Y(6) > 0 and X(0) —Y(9)~' > 0. By
Lemma [3.3.1] (6.42)—(6.44) need only be evaluated at all vertices. Note that, (6.42)-
(6.44) will become f when both X and Y are constant. Moreover, the
quadratic Hu performance v is determined from both (X(6),Y) and (X,Y(6))
cases and the case that gives lowest 7 is selected.

Theorem 6.2.1. There exists an LPV controller K(0) guaranteeing the closed-loop

system, (3.59) and (6.14)), quadratic H,, performance v along all possible parame-
ter trajectories, ¥(0,0) € © x ®, if and only if the following LMI conditions hold

for some positive definite symmetric matrices (X(0),Y(0)), which further satisfy
Rank(X(0) — Y~1(0)) < p:

ATXi + XA + X, XiBy, CT

T
Nx 0 PN - Nx O
( 07 ) BI'X; —yI DY, ( 0 ) <0  (6.45)
Ch, Dy, —ol
AV AVAT — V. VOT B
Ny 0\ [ AN YA =Y YO By, Ny 0
0 I L - : 0 I
Bli D11i =1
Ne o\T ATX; + XA + ATX; + X,A; + 2X),
( e 0 ) BIX; + BT X;
CA'11- + élj
XiBy, + X;B,, CT+CT Ne o
—2v1 DY, + DY, ( OX 7 ) <0 (6.47)
Dlli + Dllj —2’}/[
N AY; + VAT + AjY, + VAT - 2y,
<(f1) CY; + (Y
B + B{,
YiCL +Y,CT B+ By,
i - - Ny 0
_2’)/1 Dlli + Dllj 0 I <0 (648)
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( )f é ) >0 (6.49)

fori,k=1,...,rand1 <i<j<r

Note that, Theorem provides a new approach and an alternative to the multi-
convexity approach [I1] that is given in theorem

6.3 Numerical Example

We demonstrate the effectiveness of the approach through a simple numerical ex-
ample taken from [6I], described in Chapter , and where the Jacobian-based
LPV model is given as . An LPV controller is synthesized with the criterion
||[W15, Wo K S]TH < 1. The performance weighting, Wi, and robustness weight-
ing, Ws, taken from [61] are given as (.7). The results and numerical features of
the LPV synthesis technique for the case where the pair (X (0),Y(0)) are affine is
presented in Table[6.1] It shows that, for this example, the number of LMIs and de-
cision variables and the computational time are reduced. Furthermore, the achieved
performance v level is less conservative when using Theorem compared with
the multi-convexity technique [I1]. The LMIs are solved using the MATLAB Robust
Control Toolbox function [12], mincx, on a desktop PC (Intel Core(TM)2 CPU 2.13
GHz with 2 GB of RAM).

6.4 Longitudinal Affine LPV Model

In this thesis, a minimum least-squares method [58] is used to convert a nonlinearly
parameter-dependent LPV model, shown in , into an affine LPV model. The
method minimizes the sum of squared differences between a nonlinearly parameter-
dependent LPV model and an affine LPV model. For example, consider X, (u,h)
shown in (5.14), define X, (u, k) to be depended affinely on u and h as

Xu(u,h) = Xy + uXy, + Xy, (6.50)

Then, the least-squares problem for X, (u, h) is to determine the best [X,, X, Xy,]"
that minimizes the sum of squared differences between X, (u, h) and X, (u, h). Hence,
the least-squares problem for X, (u, k) can be formulated as

Z=X0+uv (6.51)

where Z is an N x 1 vector of values computed from ((5.14)), 6 is a 3 x 1 vector of
unknown parameters, X is an N x 3 matrix of known data vectors or regressors,
and v is an N x 1 vector of equation errors as shown below
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6.4 Longitudinal Affine LPV Model

Z = [Xy(u, ) Xy(uh) o Xu(wihia)  Xu(u, hy)]"
1 Uy hq ]
1 Uy ho
X =
1 U; hj—4
_1 W, h; |
0= [XUD Xu, th]T, v = [vl Vg e UN—-1 UN]T

where N =4 x j. The best estimator of # minimizes the sum of squared differences;
the cost function, J, is given by
1
J(0) = 5(Z - X0 (Z - X0) (6.52)

Differentiating (6.52) with respect to 0 gives [58],
0J(0)
00
The necessary condition for minimizing the cost is given by 9.J(6)/00 = 0 giving
the least-squares solution for the unknown parameter vector 6 as

=-7'X +0"XTX (6.53)

0= (X"X)"'Xx"z (6.54)

Having converted all of the stability and control derivatives, shown in —,
to be depended affinely on u and A as in a similar manner to , a nonlinearly
parameter-dependent LPV model, shown in , can be converted into an affine
LPV model as

%= (AO +ud, + hAh>x n (BO +uB, + hBh)u (6.55)

where x=[u w ¢ 0 h]T, u= [0, d,pm|”, (u, h) € [337.6, 759.5] x [1000, 18000], and

—0.019657 0.0077042 —37.858 —32.174 0
—0.14414  —0.48037 —0.42767 —2.4081 0
Ag=| 0.0023323 —0.0098674 —0.24883 0 0 (6.56)
0 0 1 0 0
0.074845  —0.99998 0 —0.002407 0
—1.6403 x 107®  5.7706 x 107> 0.089211 —3.4314 x 107 0
—1.1703 x 1075 —0.0029387 0.99731 0.005674 0
Ay =] —5.5391 x 107 —6.2069 x 1075 —0.0015653 0 0 (6.57)
0 0 0 0 0
—0.00017635 —1.0665 x 1078 0 1 0
9.7563 x 1077 —8.9741 x 10~7 —0.00070117  1.0864 x 1078 0
2.1189 x 1076 4.6897 x 10™° 4.2769 x 10~° —4.5033 x 10™®> 0
Ap =] 44412 x107% 9.8674 x 1077  2.4885 x 107 0 0 | (6.58)
0 0 0 0 0
1.3997 x 107 3.3767 x 10~10 0 —5.0696 x 1073 0
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6.5 Gain-Scheduled H,, Autopilot Design

2.1684 0.001532 —0.012568 2.465 x 106
32.892 0 —0.19064 0
By = | 19.21 0 B,=| -0.11134 0 (6.59)
0 0 0 0
0 0 0 0
0.00010025 —6.9612 x 10~8
0.0015206 0
By, = | 0.00088809 0 (6.60)
0 0
0 0

6.5 Gain-Scheduled H.,, Autopilot Design

In this approach, the mixed-sensitivity criterion (5.42)) is also employed in a sim-
ilar manner to section where the performance weighting, W;, and robustness
weighting, Ws, are

0.554+1.333 0
_ 5+0.001333
Wi(s) = ( 0 0.55+0.4443 >
5444435101
1005+3.32 0
_ 0.0015+0.0664
W2(5) = ( 0 O.Ols+6.663><103)
0.0015+1.333
500 0
_ 500
Wore-fitrer(s) = <S+O 1000 ) (6.61)
5+1000

Note that the values of weighting functions W; and W5 are hand-tuned until the
desired objectives of performance and robustness of the closed-loop system are
achieved. After the longitudinal affine LPV model, shown in (6.55), is augmented
with the weighting functions, shown in (6.61]), a pair of positive definite symmet-
ric matrices (X (6),Y (f)) can be determined in four cases, i.e. (X,Y), (X(6),Y),
(X ,Y(Q)), and (X (), Y(@)), using parameter-dependent Lyapunov function, The-
orem , for which the performance measure (), shown in Table , can be
compared. The LMIs are solved using the MATLAB Robust Control Toolbox func-
tion [12], mincx.

6.6 Nonlinear Simulation Results

For an entire flight envelope of the vehicle, the mismatch uncertainties between the
affine LPV model, shown in (6.55]), and the nonlinearly parameter-dependent LPV
model, shown in , become more significant and degrade the transient perfor-
mance. Leith and Leithead [61] and Chumalee and Whidborne [30] have shown that
an affine LPV model can not always accurately represent the original nonlinear plant
model. In severe cases, the mismatch uncertainties can cause closed-loop instability
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6.6 Nonlinear Simulation Results

Table 6.2: Performance v comparison for different cases of (X (u,h),Y (u,h))

Flight condition (X(u,h),Y(u,h)) (X(u,h),Y) (X,Y(u,h) (X,Y)
(u,h) € [464.1, 548.5] x [7500, 12500]
(i1, h) € [-1.26, 1.26] x [-20, 50]

Performance 2.8785 2.9079 2.8537 2.8830

Flight condition (X(u,h),Y(u,h)) (X(u,h),Y) (X,Y(u,h) (X, V)
(u, h) € [337.6, 759.5] x [1000, 18000]
(i1, h) € [-1.26, 1.26] x [—20, 50]

Performance 4.2583 9.1201 4.1252 994.9747

Flight condition (X(u, h),Y (u,h))  (X(u,h),Y) (X,Y(u,h)) (X,Y)
(u, h) € [464.1, 548.5] x [7500, 12500]
(i1, h) € [-10%, 109] x [~10°, 109

Performance 2.9183 2.8979 2.8890 2.8830

" SQLF, [10, Theorem 5.2]

for the designed controller with the original nonlinear plant model. However, Lim
and How [64] have shown that the mismatch uncertainties can be reduced until they
are less significant when the scheduled parameters have a small variation. Extend-
ing the proposed method to be applicable to a general class of LPV system (whose
system matrices can be nonlinearly dependent on the scheduled parameters 6) with
a fuller range of operating condition requires further work which is discussed in the
Conclusion.

Hence, the designed H, gain-scheduling autopilot is validated for a bounded flight
envelope, ie. (u,h) € [464.1, 548.5] x [7500, 12500], (u,h) € [—1.26, 1.26] x
[—20, 50], with the Jindivik nonlinear model [41] in a MATLAB Simulink simu-
lation. In Figure [6.1] the transient responses of the simulated vehicle for small
demanded changes in speed and altitude are shown for one particalar point in the
flight envelope. In addition, it also shows transient response of two LPV controllers,
i.e. the first LPV controller (explicit formulas) where the intermediate controller
variables (A(6), Bi(#), Cr(#) and Dy(0)) are computed using Algorithm 3.1 [43]
and the second LPV controller (proposed method) where the matrix vertices of
intermediate controller variables are determined from (|6.37]).

The first LPV controller’s response is non-smooth because Doy matrix is not full-row
rank, hence, cause a Dy singular problem. According to [43] Algorithm 3.1], the
intermediate controller variables will be varied smoothly following the parameter
0, if the D15 and Dy, matrices are full-column and full-row rank [§] respectively,
shown in Algorithm [C.0.2] In addition, Table [6.3] shows computational time of the
intermediate controller variables using Algorithm 3.1 [43] and the proposed method
using ([6.26)—(6.29). One can see from Table that our proposed method has a
lower computational time. Finally, Figure shows a simulated flight that cover a
wide range of the flight envelope. It demonstrates that performance robustness was
achieved over the defined flight envelope.
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Table 6.3: Computational time of

Method CPU time (us)
Explicit formulas’ 20830
Proposed method” 42
T [43, Algorithm 3.1]

" (6-26)(6.29)

6.7 Conclusion

In this chapter, new sufficient conditions for gain-scheduled H,., performance analy-
sis and synthesis for a class of affine LPV systems using parameter-dependent Lya-
punov function are proposed, in Theorem [6.2.1. Compared with the multi-convexity
technique [T1] (Theorem fewer LMIs and decision variables are required and
the computational time is lower while the achieved performance level is improved.
The analysis and synthesis conditions are represented in the form of a finite number
of LMIs. A numerical example is compared with the multi-convexity technique [I1]
results. In addition, the intermediate controller variables, i.e. A(6), Bi(0), Ci(6)
and Dy (0), can be constructed as an affine matrix-valued function in the polytopic
coordinates of the scheduled parameter without the need for constraints on the D
and Dsy; matrices. The proposed method was applied to synthesize a longitudi-
nal LPV autopilot of the Jindivik UAV. The designed controller was tested with
a full 6-DOF simulation of the vehicle and nonlinear simulation results show the
effectiveness of the proposed method.

The main limitation is that the proposed method is not applicable to a general class
of LPV systems which can be nonlinearly dependent on the time-varying parameters
0. However, the mismatch uncertainty between affine LPV model and nonlinearly
parameter-dependent LPV model can be modelled as time-varying real paramet-
ric uncertianties and can be also included in an affine LPV model using a linear
fractional transformation (LFT) for gain-scheduled control synthesis and analysis
purpose. This approach will be presented in the next chapter.
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Figure 6.1: The transient performance of H,, gain-scheduling autopilot is validated
with the Jindivik nonlinear dynamic model about one condition inside the flight
envelope, i.e. speed = 506 ft/s and altitude = 10,000 ft
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Figure 6.2: The desired performance and robustness objectives are achieved across
the defined flight envelope
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Chapter 7

Robust Lateral LPV Autopilot
Design

A major advantage of a class of affine LPV models is that sufficient conditions for
gain-scheduled output feedback H,, control synthesis problem can be obtained in
the form of a finite number of LMIs for both the single quadratic and parameter-
dependent Lyapunov function cases. However, an affine LPV model can rarely
accurately represent the original nonlinear model. There are always mismatch un-
certainties between these two models. In this chapter, time-varying real parametric
uncertainties are included in the system state-space model matrices as a linear frac-
tional transformation (LFT) form in order to guarantee closed-loop stability and
improve transient performance in presence of these mismatch uncertainties. Hence,
a new class of LPV models is obtained called an uncertain affine LPV model which
is less conservative than the existing parameter-dependent linear fractional trans-
formation model (LPV/LFT).

New algorithms of robust stability analysis and gain-scheduled controller synthesis
for this uncertain affine LPV model using single quadratic and parameter-dependent
Lyapunov functions are proposed. The analysis and synthesis conditions are repre-
sented in the form of a finite number of LMIs. Moreover, a technique to construct
the intermediate controller variables as an affine matrix-valued function in the poly-
topic coordinates of the scheduled parameter is also proposed. To demonstrate the
impacts of the proposed scheme in robustness improvement of uncertain affine LPV
systems, we compare our approach with the existing uncertain LPV/LFT approach
on a numerical example. Furthermore, the proposed method is applied to synthesize
a lateral autopilot, i.e. heading-hold, for a bounded flight envelope of the Jindivik
UAV. The simulation results on a six degree-of-freedom Jindivik nonlinear model
are presented to show the effectiveness of the approach.
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7.1 Jacobian-Based Lateral LPV Model

Suppose an aircraft is assumed to be about a wings level and constant altitude
and airspeed flight condition. In addition, assume it can manoeuvre only in the
North-East plane, hence, all of the longitudinal states in ({ and - are
frozen and equal to the trim values, i.e. u = Ugim, W = wtnm, q = Qmm = 0,
O = Qrim = 0 = Orim, and h = him. Moreover, after substituting 3 = sin™!(v/ V),
V = /ul, + v+ wl,,, and ¢ = 3pV? into (A.10) and (A.11]), we get equations
of lateral motion as

pS
2m

D=

)
Cy. + Cy. sin~! ( > <u2ﬂm + 0%+ w2rim>
’ ’ \/ugrim + UQ + wgrim ' '

(pr »

2 2 2 .
Cyp \/utrim + v+ wtrim) + Werim

(pr

_|_

2 2 2 _ .
CYr \/utrim + v+ wtrim) utrlm] r

S
+ (g cos Hmm) sin ¢ + Zp—m (ufrim o thrim) Cy;, 0a

S
+ 2p_ < ?rim + UQ + wi?rim) Cyér 67" (71)
PS b v 2 2 2
Ci, + Cj,sin™ ( ) (urim—l—v +wrim)
2I ° v \/u%rim + v? + wt2rim ] ' '
Sb? Sb?
+ p4[ <\/u%rim + ,02 + wt2rim> Clpp + p4] (\/ufrim + Uz + w‘?rim) Clrr
Sb Sb
+ p2[ (utrlm + U + wtrlm) Clé 5 + p2] (u‘?rim + ?)2 + wt2rim) Cltir 6T (72)
: PS b v 2 2 2
7= Cng + Cpysin” ( (u TV W rim)
2I \/ut2rim + /02 + wt2rim ' '
Sb? Sb?
+ p4[ <\/u%rim + ,02 + wt2rim> npp IO4] (\/ugrim + 7)2 + wt2rim> Cnv'r
Sb Sb
p2[ (utrlm + U + wtrlm) Cné 5 + p2[ (u?rim + U2 + wt2rim> Cnér 57’ (73)
é =p+ [( tan Qmm) cos qb] r (7.4)
. cos ¢
v= [cos Ot }r (7.5)

After (7.1)—(7.5) are linearized using the Jacobian linearization method about a
wings level and constant altitude and airspeed flight condition, we get a lateral LTI
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model as a state-space system of the form,

L. 0.3 3 S

Note that, viim =

coAbx

Ptrim = Ttrim

Y, =

Y, Y, Y, 0] [v
L, L. 0 0| |p
N, N, 0 0f [r]+
I ¢ 0 0 |0
0 v 0 0] [¥

pS 1/
% < ufrim + w‘?rim) Cyﬁ

_pr

E < \/ U"?rim + wt2rim> Cyp

_pr

E < \V U"?rim + wt2rim> CYr

Yy = g cos Oyim

]

_pS
C2m
pS

2m <utr1m + wtmm) CY&
pr

2[ ( \/ trlm + wtnm) Clﬁ

Sb?
p4] ( ugrim + thrim) Clp

pSb? (W)CZT

41,
trlm) Cla
)i,

<utr1m + wtrlm) CY&

trim

Sb
trim + wtrlm

\/ trlm + wtrlm)
( \/ utrlm + wtrlm) C
< \/ trlm + wtrlm) C

(utrlm
pS b

2[ ( trlm

7, (v
G
2(

pr

,oS b2

pr
21,

trlm

)G
in o,

Ys, Y,

Ls, Ls,

Ns, Ns,
0 0
0 0

- 6trirn = (btrim = ¢trim = 6amm =

+ Wirim

— Utrim

gbr = tan Qtrim

wr = sec etrim
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7.1 Jacobian-Based Lateral LPV Model

Table 7.1: Stability and control derivative data (lateral mode) of Jindivik nonlinear model”

u (ft/s) 164 164 164 197 197 197 531 531 531
h (ft) 9,900 10,500 11,100 9,900 10,500 11,100 9,900 10,500 11,100
Werim | 3.0392 3.5079 3.9905 0.1690 0.6163 1.0735 -2.5063 -2.0815 -1.6408
Otrim 0.00655 0.00756 0.00860 0.00034 0.00124 0.00216 -0.00472 -0.00392 -0.00309
Yy -0.1087 -0.1066 -0.1046 -0.1166 -0.1144 -0.1122 -0.1245 -0.1221 -0.1199
Yy 2.9247 3.3996 3.8851 0.0455 0.4965 0.9576 -2.6444 -2.2138 -1.7736
Y, -464.1378 | -464.1345 | -464.1305 | -497.9039 | -497.9036 | -497.9028 | -531.6542 | -531.6561 | -531.6576
Yy 32.1735 32.1732 32.1730 32.1742 32.1741 32.1741 32.1738 32.1739 32.1740
Ys, 0 0 0 0 0 0 0 0 0
Ys,. 15.6427 15.3502 15.0620 18.0007 17.6642 17.3325 20.5242 20.1405 19.7623
Ly -0.0163 -0.0161 -0.0160 -0.0163 -0.0162 -0.0160 -0.0165 -0.0163 -0.0161
Ly -1.4050 -1.3787 -1.3529 -1.5072 -1.4790 -1.4512 -1.6094 -1.5793 -1.5496
L 1.0956 1.0744 1.0536 1.1803 1.1576 1.1352 1.2647 1.2404 1.2166
Ls, -23.4904 -23.0512 -22.6183 -27.0314 -26.5260 -26.0279 -30.8210 -30.2447 -29.6768
Ls,. -7.5644 -7.4230 -7.2836 -8.7047 -8.5419 -8.3815 -9.9250 -9.7394 -9.5565
Ny 0.0119 0.0116 0.0114 0.0129 0.0127 0.0124 0.0139 0.0137 0.0134
Ny -0.0131 -0.0136 -0.0142 -0.0081 -0.0087 -0.0093 -0.0035 -0.0041 -0.0048
Ny -0.2156 -0.2116 -0.2076 -0.2313 -0.2270 -0.2227 -0.2470 -0.2424 -0.2378
Ns, -0.1990 -0.1798 -0.1608 -0.3544 -0.3322 -0.3104 -0.5206 -0.4954 -0.4705
Ns,. 0.8753 0.8589 0.8428 1.0072 0.9884 0.9698 1.1484 1.1270 1.1058
Or 0.0066 0.0076 0.0086 0.0003 0.0012 0.0022 -0.0047 -0.0039 -0.0031
P 1 1 1 1 1 1 1 1 1

" about wings level and constant altitude and airspeed flight condition

T ft/s

! rad

Table 7.2: Jindivik’s lateral aerodynamic coefficients
Coefﬁcient Cyo Oyﬁ Cy Cyr Cyéa Cy5

Value 0 -0.3804 —0.04])28 0.0022 0 0.11é0
Coefficient Clo Olﬁ Clp Clr Cléa Cla,.
Value 0 -0.0589 -0.5704 0.4463 -0.1931 -0.0622
Coefficient ), Chy Chn, Ch, Chs, Chs,
Value 0 0.0810 -0.0062 -0.1546 -0.0042 0.0127

Equations (7.7)—(7.24)) are the stability and control derivatives (lateral mode), where
values of wy,im and 6,4, can be calculated using and ([5.34) respectively. Fur-
thermore, the stability and control derivatives in the above equations are nonlinearly
dependent on only speed and altitude. With the speed and altitude frozen, is
a lateral LTI model. However, as the speed and altitude vary over the entire flight
envelope, becomes a lateral nonlinearly parameter-dependent LPV model.

Moreover, these equations show that the accuracy of this LPV model depends on
the accuracy of the information that provides the aerodynamic coefficients. Using
functions trim and linmod, the stability and control derivative values, shown in
Table are obtained about one flight condition (speed = 497 ft/s and altitude
= 10,500 ft). After substituting the data from Table into f, we can
determine approximate aerodynamic coefficients of the UAV as shown in Table [7.2]
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Knowing the aerodynamic coefficients, the system matrices of the lateral nonlinearly
parameter-dependent LPV model at all points over the entire parameter spaces
can be determined using (7.7)—(7.24)). In addition, Figure [7.1]shows the variation of
open-loop characteristic of the lateral nonlinearly parameter-dependent LPV model,
i.e. v(s)/d,(s), over an entire flight envelope. According to Figure [7.1] one pole of
spiral mode is open-loop unstable with constant damping ratio (£) of -1 and variation
of the natural frequency (w,,) from 0.0222 rad/s to 0.0535 rad/s, one pole of roll mode
is open-loop stable with constant £ of 1 and variation of w,, from 0.831 rad/s to 3.21
rad /s, and the other two poles of Dutch roll mode are open-loop stable with variation
of £ and w,, from 0.0449 to 0.0705 and 1.6 rad/s to 4.41 rad /s respectively. Moreover,
the system of also has non-minimum phase zeros as shown in figure [7.1]

7.2 Stability Analysis of Uncertain Affine LPV
Systems

An uncertain affine LPV system that is extended from an affine LPV system [45] is
given by

i=A(0,8)z,  2(0) = (7.25)

where § = [61, ce 5m} " € R™ is a vector of time-varying real parametric uncertainty
which cannot be measured. The plant state matrix A(G, 5) is assumed to depend
affinely on both the scheduled parameters 6 and parametric uncertainties . That
is

A(0,6) = A(0) + 6145, (0) 4 0245, (0) + - - + 61 As,, (0) (7.26)

where

A(6) = Ao+ 0141 + - + 0,4,
Agi (9) = "45i0 + 91./451.1 + -+ QnAgin, 1=1,....,m (727)

with Ao, Ay, ..., A, are known fixed matrices. Ajs, , A5, ;.- A5, , 1 = 1,...,m,
are also known fixed matrices. We assume that each uncertainty d; is assumed to
lie between known bound values 9, and d;, d; € [ém (51-}, and ¢ lies in a polytope A,
deA.

Define the normalized parametric uncertainties 0; € [—1,1], i = 1,...,m as [83]
= 6 —T 5+ 6 0; — 6,
51 = ) E = z7 i = — 2
S 5 S 5 (7.28)

Substitute ((7.28)) into (7.26)), we get
A(6,0) = A(6,0) = A() 4 01 As,(0) + 6245, (0) + - - - + 6, As. (0) (7.29)
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Figure 7.1: The open-loop characteristic of transfer function ”(s)) of the Jindivik
lateral LPV model
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7.2 Stability Analysis of Uncertain Affine LPV Systems

where

A(6) = (Ao + ZTZ-Agm) + 0, <A1 + ZTiA&J T (An + ZT,;A(;M>
i=1 i=1 =1

= Ao+ 61 A + -+ 0,A,

Agi (9) = SZ'A(S«LO -+ elsiAgil + -+ enSiAéiny 1= 1, oo, (730)

and .
Aj= A+ T, j=0,1,...,n

i=1
Based on the LFT technique [I04], the parametric uncertainties ¢ in (7.29) (which
are unknown but bounded) can be separated from the system state-space model

matrices (which are known) as

[ & ] [ A®) Bs,(§) Bs(0) ... Bs, (6) x
2 051 (0) D511 (0) D512 (‘9) s D51m (‘9) W,y
Rsy | = 052 (0) D521 (0) D522 (0) s D52m (0) Ws,y
_ng_ _C(;m (6‘) D5m1 ((9) D5m2 ((9) R ngm ((9)_ _w(;m_
Ws, | _81151 ~ 0 s 0 Z8;
Ws, 0  0ols, --- 0 25,
I I X (7.31)
W,y | | 0 0 e Smlsm Zm

where ws,, 25, € R* and

B(;Z(&) = B5z‘0 + elBgil + 92352.2 + -+ QnB(;Zn

C5z<9) = 051'0 + 9105i1 + 9205@ +oot enc&'n

D5m<9) = D5ii0 + 01D5n‘1 + 62D5M2 +ooet 971D5iin (732)
Note that B, (0),Cs,(0), i = 1,...,m, in (7.31]) are the factors of As,(#) in ((7.29)

whereby either By, (0) or Cjs,(0) depends affinely on the scheduled parameters 6.
Moreover, Ds,.(6) is introduced in order that (7.31]) is in a general state-space equa-
tion form. With notation

ws = [wg, w;, ]’
%= [z %, 4]
Bs(0) = [Bs,(0) Bs,(0) -+ B, (0)]
Cs(6) = [CE(0) CL©o) - CLO)]
D511(0> D512<6) D517n<0)
D(g(@) _ D521(6> D522<9) D62m<8) (733>
D, (0) Ds,,,(0) Ds,,.(0)
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Equation (7.31)) can be rewritten as

= A(0)z + By(0)ws
Z5 = Cg(&):b‘ -+ D(;(H)w(g
ws = Azg (7.34)

where ws, 25 € RS, s = 514 89+ -+ + Sy A = diag(51151,52152, . ,gmlsm), and
Al < 1. Figureﬂshows the structures of both uncertain affine LPV and uncertain
LPV/LFT [9] models where 6; € [~1,1], i = 1,...,n, is the normalized time-
varying parameters and can be computed using . In general, the uncertain
LPV/LFT [9] model is more conservative than the proposed uncertain affine LPV
model since the scheduled parameters 6 of an LPV/LFT model are in the uncertainty
block in which the variations of parameters are allowed to be complex, thus it
introduces conservatism when the scheduled parameters are real [10] 60} 83].

The plant state matrix A(#) in ((7.34) can also be written as a convex combination
of the matrix vertices as

A(0) = Co {AI,AZ, . ,Ar} = Ay +ands + -+ ar A, (7.35)
where r = 2", a; is determined using ((3.24)) and ({3.25)) and
Al L6 6 8y 8] 15
Ay 160 0, .. 0,1 0 ;10
Ag| = |1 6, 0, ... 00 0, |7 (7.36)
il 1@ a8 .. 8., 8,

Note that Bs(),Cs(0) and Ds(6) in ([7.34]) can also be written as a convex combi-

nation of the matrix vertices in a similar manner to ((7.35)).

7.2.1 Robustness Analysis using SQLF

The system of is said to be quadratically stable if there exists a quadratic
Lyapunov function V(z) = z” Pz whose derivative is negative, d/dt(V(z)) < 0,
along all possible parameter trajectories, V8 € ©, for all A with ||A] < 1 < 1/.
This is equivalent to the existence of a P = PT such that

P >0, BJT {AT(Q)B?(Z)];A(@) P Bg((’)} LZ‘J <0 (7.37)

for all nonzero x satisfying [25]
wlws = (Cs5(0)z 4+ Ds(0)ws)" ATA (C5(0)x + Ds(0)ws)
1
< (C5(0)x + Ds(0)ws)™ (C5(0)x + Ds(0)ws) (7.38)
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Figure 7.2: Structure comparisons of uncertain affine LPV and uncertain

LPV/LFT [9] models.
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7.2 Stability Analysis of Uncertain Affine LPV Systems

where ([7.38)) can be written further as

] [erain cewrnan el o a

Following [25, pp.62-63], by applying the S-procedure, the quadratic stability of
(7.34) is equivalent to the existence of P and \ satisfying

AT(Q)P + PA(Q) + /\Cg(@)TC(g(@) PB(s(@) + ACg(G)TD(;(G) <0
BE(0)P + AD¥(0)Cs(0) —\v2I + ADT(0)Ds(0)
(7.40)
Having rearranged ([7.40) by using the Schur complement [44] Lemma 3.2], ([7.40)
becomes the well-known bounded real lemma [10] inequality

AT(0)P + PA(#) PBs(9) CT(9)
BI(6)P A1 D) | <o (7.41)
Cs(0) Ds(0)  —~I

Note that P in has been scaled by 1/A. The robust stability requirement is
that v < 1. However there generally exist an infinite number of the factor matrices
pairs (Bs(0), Cs(0)) in which only some factor matrices pair give v < 1. Instead of
searching for such factor matrices pair manually, by introducing a scaling matrix
LY?, we can select any factor matrices pair for which v will always be less than
unity if the system is quadratically stable and the factor matrices pair can
be determined using a singular value decomposition where L'/? denotes the unique
positive definite square root of L € L. The set La is defined as

P>0, A\>0, {

La= {L >0:LA=AL, ¥ e A} C R (7.42)
Therefore, ([7.34]) can be modified further as
& = A(0)z + Bs(0)L 215
45 = L2Cs(0)x + L2 Ds(0) L™ 216
ws = Az (7.43)

where %5 = L3z; and ws = L~ 3105. With parameters from ([7.43)), (7.41)) becomes a
scaled bounded real lemma [8, @] inequality

AT(9)P 4+ PA(O) PBs(6) CF(h)
BE(O)P —yL DIO) | <0 (7.44)
05(9) D(;(@) —’yL_l

Substituting ([7.35]) into (7.44) and rearranging using the Schur complement [44]

Lemma 3.2], we get

Z i 16, . 7.45
“ BIP+DILC;,  —*L+DILD,, (7.45)

i=1
By Lemma [3.3.1], solving the above inequality for some positive definite symmetric

Lyapunov and scaling matrices (P, L) need only be done at all vertices. Hence we
get the following proposition.
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Proposition 7.2.1. The system of (7.34) is quadratically stable along all possible
parameter trajectories, Y0 € ©, for all A with | Al| < 1/~ if and only if the follow-
ing LMI conditions hold for some positive definite symmetric Lyapunov and scaling
matrices (P, L)

(ATP+PA+C TLCs PB5+C’5LD5) 0

7.46

wherei=1,...,r

Note that, the minimization of ~ is achieved heuristically or by a simple grid search.

7.2.2 Robustness Analysis using PDLF

With parameter-dependent Lyapunov functions, V (x,0) = 27 P(0)x, (7.44)) becomes

AT(0)P(0) + P(O)A(0) + P(0) P(0)Bs(0) Cy (0)

BT (0)P(0) —~L DI(6) <0 (7.47)
05(9) Da(9) —y L™
Substituting ([7.35) , and into ( , rearrangmg using the Schur com-
plement [44], Lemma 3 2] and recalhng that Yoy =1land Y G =1, we
get
Sy (AT B B b
— rs, P + D5 LCs, —v*L + Dj L Ds,

+§ZZ AP+PA + AT B+ B A; + 2B+ CJLCs, + CL LGy,
(67107 ~
i=1 j=it1 k=1 o PJ + rg;PZ T DTQLC‘;Z' + D‘SjLC(Sj

(7.48)

Pis, + Pyis, + CfLDs + CY LD, \ _
—2v2L + ﬁngéi + Dg;Lb%'

By Lemma [3.3.1] the above inequalities are sufficiently evaluated at all vertices for
which the total number of LMIs to be solved is 72(r + 3)/2. Hence we get the
following proposition.

Proposition 7.2.2. The system of (7.34)) is parameter-dependent stable along all
possible parameter trajectories, ¥(0,6) € @ x®, for all A with |A| < 1/~ if and only
if the following LMI conditions hold for some positive definite symmetric Lyapunov
and scaling matrices (P, L)

ATP,+ B A+ P, + CLLCs, Py, + CT LD, —0
it P+ DI LC;, —*L+ DI LD,
ATP;+ PjA; + ATP, + P,A; + 2P, + CTLCs, + CT LG,
#T P, + 7L P+ DI LCs, + DT LGy,

(7.49)

P54 Pyis, + CELDs, + CY LD;,
Fo T e B MEa T Bae ) cg (7.50)
—292L + DL LDy, + DL LD;,
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where i,k=1,...,rand 1 <i<j<r

Note that, the minimization of « is achieved heuristically or by a simple grid search.

7.3 Controller Synthesis for Uncertain Affine LPV
Systems

In the previous section, a sufficient condition for robust stability that can guarantee
the closed-loop system property has been presented. This is especially relevant for
robustness analysis using parameter-dependent Lyapunov functions, where a finite
number of LMIs need only be evaluated at all vertices. By including time-varying
real parametric uncertainties ¢ in an affine LPV model as shown in (7.34]), our
stability analysis can guarantee a larger stability margin over conventional stability
analysis technique. Next, we consider the problem of designing a gain-scheduled
output feedback H,, control with guaranteed Lo-gain performance for uncertain
affine LPV systems for which the proposed technique in the previous section can be
directly extended to designing a gain-scheduled H,, controller. The material in this
section is draws from [§ 10, 43] and [44].

Counsider an uncertain affine LPV model that is extended from an affine LPV model

(3.59) is given by

& = A(6,8)x + By (6, 6)w + Byu
Z = 01(9, 6)1’ + D11(9, 5)’LU + D12U
y = Cor + Dyw (7.51)

where B1(60,9),C1(0,6), and Dy;(0, ) can be written in a similar manner to (7.26)).
Based on the LFT technique [104], the uncertainty § in (7.51]) can be separated from
the system matrices in a similar manner to (7.31)) and (7.43)), giving

A A(0) By (0)L™% ... B (0)L7: Bi(6) B
25, L2C5,(0) L2 Dss,, (0)L 2 L2 Dss,,, (0)L™7  L2Dg;,(8) L2Dys
z. | |L3Cs.(0) LiDss, (0)L% ... L3Dgs;, (§)L~3 L3Ds (0) LiDs
z 1 (6) Disy(O)L7% ... D, (0)L " D11 (6) Dis

L Y i Cy DysL ™2 C DysL ™2 Doy 0 i
Ws, ] _51131 ~ 0 Tt 0 281

o | _ (,) ool o 0 w2 (7.52)

Wy, | | O 0 5mlsm Z5m

where L € Lp is a scaling matrix that has to be determined, ws,,z;, € R*,
d; € [-1,1], i« = 1,...,m, the normalized parametric uncertainties which can be
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determined using ((7.28)), and

A; (0 1, (0 _
20 o) [0n6) e paw) s

Note that either [Bj (8), Di; (8)]" or [Cs,(8), Ds1,(#)] depends affinely on 6. More-
over, Dss..(0), Ds2, and Dos are introduced in order that (7.52)) is in a general
state-space equation form. With the notation of (7.33)), we can rewrite (7.52)) as

i AB)  BOLE BB By | [
Zs| _ LEC(;(Q) Lil)(;(;(Q)L_5 L5D51(9) L2 Dygy ws

z C1(0) Dlg(G)Ll‘% Dn() Dy | |w
Yy Cy DosL ™3 Doy 0 u

where ws,zs € R®, s = 81+ So + -+ + S, A = diag(Sllsl,SQISQ, . ,Smfsm), and
IA| < 1. Note that matrices Bs(6), By(6), C5(0), C1(0), Dss(0), Ds1(6), Dis(0),
and D11(f) can also be written as a convex combination of the matrix vertices in a
similar manner to ([7.35)) as

A(9) Bs(0) Bi(0) B ) A;  Bs, By, By

Cs(0) Dss(0) Dsi(0) Dsz | _ > Cs, Dss; Dsi, Dsy

01(6) D15(9) Dll(e) Dss i—1 ' éh- Dmi Dm Dy
Cy Dys Dy, 0 - Cy Dss Doy 0

(7.55)

7.3.1 Gain-Scheduled Controller Design using SQLF

The gain-scheduled output feedback H,, control problem using single quadratic
Lyapunov functions is to compute a dynamic LPV controller, K (), with state-space
equations

which stabilizes the closed-loop system, ([7.54]) and (7.56]), and minimizes the closed-
loop quadratic H,, performance, v, so ensuring that the induced Ls-norm of the
operator mapping the disturbance signal into the controlled signal is bounded by ~

t1 t1
/ (23 25 + 27 2)dt < 72/ (wiws +whw)dt, Yt >0 (7.57)
0 0

along all possible parameter trajectories, V6 € ©. Note that A and A; have the same
dimensions, since we restrict ourselves to the full-order case. With the notation

_ (A0 BiO) ) _§
K(0) = ( Crl8) Dulh) ) = i;aiKi (7.58)

_ Akz Bki -
KZ_(Cki Dki)72—1,2,...,7“ (7.59)
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where 7 is the total number of vertices and «; is determined using (3.24]) and (3.25| -
the closed-loop system, (|7 and (| -, is described by the State space equations

Ty Aa(0) Bs, (0) L~ By, (0) ey
% | = |L2Cs,(0) L2Dss, ()L™ L2Ds,(0)| |ws
z Ci,(0) D5, (0)L™2 Dy, (0) w
ws = Azg (7.60)

where x, = [mT xﬂT and

[A(O N . X i,
Aq(0) = é ) opo J FBEOC =Y iy, A, = [‘g ) } + BK.C
L X i=1 pPXp
- i
By, () = 50( >] + BK(0)Ds,, — Zolegl . By, = {BO } + BK,Ds,,
- 1=1
. )
By, (0) = 10(9)} + BK(0)Dy,, = ZazBld , By, = ﬁ } + BK,;Dy,,

Cs.,(0) = [Cs(0) 0] + D5, K(0)C = Zalagd , Cs,. = [Cs, 0] + Do, KiC
Ci,(0) = [C1(0) 0] + D1, K(0)C = Zaz i, Ca, = [Cr, 0] + D1, KiC
Dss,,(0) = Dss(0) + Dy, K (0)Dsyy = Y iDss,  Dss,, = Das, + Ds,, KiDs,,

D51cl(9) = Ds1(0) + Ds,, K(0)D1,, = Z aiﬁ51czi7 D‘Slcli = D51i + Ds,, KiD1yy
i=1

Dy, (0) = D15(0) + D1,, K (0)Ds,, = Z aiﬁltscziv D15czi = Dl&' + D1, K Ds,y

i=1
Dy, () = Dui(6) + D1, K(6)Dy,, = > Dy, Du, = Du, + D1, KiDy,

(7.61)
with

o B] , [0 I, To To
B = |:—[p 0:| ’ C= |:C2 O:| D¢521 - |:D25:| ) D121 - |:D21:|

Ds,, = [0 Dss], D1y, = [0 Dy, (7.62)

Based on the single quadratic Lyapunov functions V(z) = 2T Pz, there is an LPV
controller K (6) that stabilizes the closed-loop system, (7.54) and (7.56]), and ensures
the Lo-induced norm of the operator mapping the disturbance signal into the con-
trolled signal is bounded by ~ along all possible parameter trajectories if and only
if there exists P = PT such that [45]

d
P >0, a(ajTPx) + (2 25 + 27 2) — ¥ (wi ws +wlw) <0, VO €O (7.63)
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Inequality ((7.63]) leads to the scaled bounded real lemma [8, 9] inequality

ALO)P + PAq(9) PB;,(0) PBy(0) C5(0)L CT (0)

BéTCz 0)P —vL 0 Dg:%z (0)L Dﬂd (0)
Bﬂl (0)P 0 —~I D5T1d (0)L DlTlcl @) | <0 (7.64)
LO5cl (0> LD55CZ (0) LD(Slcl (9> _’VL 0

Clcl (9) D15cl (9) Dllcz (0) 0 -1

Substituting (7.61)) into (7.64)), we get

AL P+PAy PBs, PB, CLL Cf

~

\ By, P —~L 0 Df, L DY,
> o Bf, P 0 —yI  Dj, L Df, |<0 (7.65)
i=1 LCs,,, LDss, LDs,, ——yL 0

élczi b15czi Dllczi 0 —’}/I

Inequality ([7.65]) can be also rewritten as [44]

T

Zai(%i + OTKIP, +P§K1Q> <0 (7.66)
=1
where
A 01" A0 B B T
i P+ P |7 p 7% p|tL N L [Cy
o) PrrLe o) P P[] o e
Ao T
[%51} P —~L 0 DL L DY,
\I;Cli: B T
{011} p 0 —~I D L DY,
L[Cs, 0] LDss,  LDg, —L 0
[Cli O] Dlgi Dlli 0 —’7]
(7.67)
Q= [C7 D&gla D1217 O(p+q2)><(Q1+s):| (768)
Pu = [BTP, O(pt-mo) x (m1+s) D:{m, D1T12] (7.69)

Having determined the quadratic Lyapunov variable P € R?"*?’ and the scaling
matrix L € La, the system matrix vertices K; of the LPV controller K (f) for each
vertex ©;, ¢ = 1,...,r, can be determined from that is an LMI in K;. By
Lemma , the LMIs are sufficiently evaluated at all vertices. Knowing K,
the controller system matrices Ag(0), ..., Dx(f) can be computed on-line in real-time
using and an instantaneous measurement value of 6.

By Lemma [2.2.14] with a known scaling matrix L, LMIs ([7.66)) are solvable for K; if
and only if there exist a pair of positive definite symmetric matrices (X, Y") satisfying
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the following LMIs:

" T Brx —~L 0 DL DT
N 25, 55 715; N
> o < 0 ?) Br'X 0 —I DL DI, ( 0 ?) <0
i=1 Cs, Dss,  Dsi, —yL7' 0
Cli Dléi Dni 0 -1
(7.70)
AY +YAT YOI YCT Bs B,
r T égY —’)/L_1 0 [)55, D61~
N /\Z ~ 7 ~ 7 N
> o < 0 ?) Y 0 -y Dy Du, ( 0 ?) <0
i=1 Bl DL DI, —L 0
B DL DI, 0 -4l
(7.71)
X I
( I v ) >0
(7.72)

where Nx and Ny denote bases of the null spaces of [Cy, Das, Doy] and [BY, DI, D1,
respectively. Note that ensures X,Y > 0 and X —Y~! > 0. By Lemma|3.3.1}
f are sufficiently evaluated at all vertices. Although f are not
standard LMI problems, they can be solved by an iterative approach, referred to as
D-K iteration [I4]. Like the u-synthesis algorithms, such a scheme is not guaranteed
to converge to a global minimum [I4], but may find a local minimum [9]. In spite
of this drawback, the D-K iteration control design technique appears to work well
on many engineering problems [14].

Theorem 7.3.1. Given a scaling matriz L, there exists an LPV controller K (0) that
guarantees the closed-loop system, (7.54) and (7.56)), quadratic Hy performance -y
along all possible parameter trajectories, V0 € O, if and only if the following LMI

conditions hold for some positive definite symmetric matrices (X,Y ), which further
satisfy rank(X — Y1) < p.

ATX + XA, XBs, XB, CF (T
T BI'X —vL 0 DL DI
N 0 ~0; ~06; ~14; N 0
( 0 [) Bl X 0 —I D}, D, o 1 )<0
Cs, Dss, Dsi;, —y L' 0
Oli Dl(;i Dlli O —")/I
(7.73)
Ay +YAl vcl vl Bs, By,
T CsY —")/L_l 0 Dss.  Dg1.
N v N K3 . K3 N
( 0 ?) CLY 0  —~I Dy, Du, < 0 ?)<0
T HT HT
5& l?aai 12151- —L 0
Br DL DL 0 I
(7.74)
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X I

>0 7.75

(7 +) (7.75)

Algorithm 7.3.2. Computation of X,Y and L

Step 1: Setting L = 1, solve — for X, Y by minimizing .
Step 2: Knowing X,Y , and L, solve for K;.

Step 3: With K; fixed, solve for L by minimizing v (heuristical).
Step 4: With L fixed, solve f for new XY by minimizing .

Step 5: Iterate over Steps 2 to 4 until v is converged to some minimum value.

fori=1,...,r.

Note that, by Lemma 3.3.1], (7.65)) and (7.66)) are sufficiently solved at all vertices.

7.3.2 Gain-Scheduled Controller Design using PDLF

With parameter-dependent Lyapunov functions, V (z,0) = 27 P(0)z, (7.63)) becomes

d .
P(0) >0, E(ITP(H)]?) + (2f 25 + 21 2) — Y (wiws +wlw) <0, V(0,0) €O x
(7.76)
A state-space equations of a dynamic LPV controller, K () in (7.56]), becomes
iy = Ag(0,0)zr + Br(0)y
Note that, unlike the single quadratic Lyapunov functions case, P(6), A (6, 0), By (6),

..., D(0) and Ay(6,6),Bs,(6),..., D11, do not depend affinely on the scheduled
parameters 6. Inequality (|7.76]) becomes

AL(6,0)P(0) + P(6)Aq(0,0) + P(0) P(6)Bs,(0) P(0)By,(0) CF(6)L CT (6)

BY(0)P(6) ) 0" DLLOL DY)
Bchl(H)P(H) 0 —~1 Dg;cl(ﬁ)L DlTlcl(H)
LC;.,(0) LDss,(0)  LDs1,(0) =L 0
Clcl 9) D15cl(9) D]-]-cl (9) 0 _71
(7.78)
where
. [A(0) + BoaDy(0)Cy ByCi(0)
Aa(6,6) = { By, (0)Cs A(0, (9)}
| Bs(0) + B2Dy(0) D | B1(0) + B3Dy(6) Doy
B5cz(9) - { ’ Bk(Q)D% 5:| ) Blcz(e) = { Bk(Q)Dgl
C5cl(9) = [05(9) + D(;QDk(e)CQ D(;QC’k(G)]
Clcl<9) — 01(9) + DlQDk(Q)CQ Dlng(H)}
Dss,,(0) = Dss(0) + DsaDy(0)Das, Dsi,,(0) = Ds1(0) + Dsa Dy (0) Doy
Dis,,(0) = D15(8) + D12Dy(0)Das, D1,,(8) = D11(0) + D12Dy(8) D (7.79)
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Following section , inequality ((7.78)) leads to

X(0) + X (0)A®) + Br(0)Co + (+) * A
AT(H) + A0) + BZQk(G)Cg =Y (0)+ A0)Y (0) + B2Ci(0) + (%)
B; (0)X(0) + D35 By (0) B;(0) + D3;Di (0) B3
B (0)X(0) + D3, B (0) B (0) + D3, D (0) By
ch(e) + LDy>D;,(6)Cs LC5(0)Y (0) + LDsyCr(6)
C1(8) + D13Dy(0)Cs C1(8)Y (A) 4+ Dy12Ci(6)
—~L 0 * *
g —vI * * <0
LD55(9) + LD§2Dk(0)D25 LDg; («9) + LD(;QD]C(9>D21 —vL *
D15(0) + D12Dy(0) Das D11(0) + D12Dy(68) Doy 0 -1
(7.80)

where the notation * represents a symmetric matrix block. Substituting (7.55) and
(6.26])—(6.33)) in ([7.80f), we have

Xk+XA+BkCQ+() *
AT + Ai+ BoDy,Co - =Y+ AYi + BoCy, + (%)
~N" 2 8 BTX + D3BY BY + DD} BY
L L BTX + DY, B BY + DI, D BY
LCQ; + LDgng Cy LC(; Y + LD(;gC’k
01 + D12Dk Cy 01 Y; + D12Ck
* * * *
* * * *
—vL 0 * *
0 -1 * *
LDss, + LDs3Dy, Das LDsy, + LDssDy, Doy —vL

Dis, + D1gDy, Doy Dy, + D13Dy, Dy ——

Ki+ 3 (G Ai + By Co+ Xy + B+ ()
1 (AT + Ai + ByDy, Cay + AT + Aj + B2Dk,02)
(ng + DLBY + BY X + DT;BT)
(BTX~ + DL, BT + BTX + DL, BY

(G5, + D2 Diy C + G, + Doz Dy
(C1.+ DD, Cs + G, + DD C

r—1 r T
+2 Z Z Z Oéi()éjﬁk

i=1 j=i+1 k=1

NOI= ot NI
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* *

~Yi+1 <Az% + BoCh, + AjY; + BoCy, + (*)) *
§(BE + DYDY BY + BY + DYDY BY) L

V(BT + DL DI BY + B +D§1Dng) 0

B
(édif/j + D52ékj + (jajffi + Dy Ch,

L (b&si + Dg2 Dy, Dog + ﬁdaj + Dg2 Dy, Das
<CA'11§A/} + D12ékj + C’ljffz’ + D12éki % <1A)15i + D12ijD25 + bwj + D12DkiD25
* * *
* * *
0 * *
—~I * * <0 (7.81)
L (ﬁah + DssDy, Doy + Dy, + Dga Dy, Doy ) —yL %

% <D11i + D12ijD21 + Dllj + D12DkiD21 U

Inequality ((7.81) can be also rewritten as

r r r—1 r r
SN a2k (Wa, + QKPP+ PTEQ) +230 D 2 aayh (% (Wa,

i=1 k=1 i=1 j=i+1 k=1

+Q"K/P+PTK,Q+ U, + Q"K]P + PTK; Q)) <0 (7.82)

where
Xy + XaAg + (%) * * * * *
A A.,,A -Y. + AA.,,Y. + (%) * * * *
\Dcl.y.g = BT X BT 0 T
lg L) Pl y * *
LAC‘S-!- LC(S.;AYQ LADéé.y. LD(SI* _’YL *
01,, Cl.y.YQ Dl&.,, D11,,, 0 -1
(7.83)
5 I, 0
Q= [C’ Dsyyy Digy s O(P+£12)><(f11+5)} , B= 0 B, (7'84)
R > Akz Bkz
P = [BT, O(p+m2)><(m1+s)7 IDg;Q, D£2] , K= < é’kz Dkl ) (785)

with the subscript d# denote (ii, ij, or ji). By Lemma[3.3.1] with a known scaling
matrix L and matrix vertices ()AQ,}A/Z), 1 = 1,2,...,r, the system matrix vertices
K; can be determined from , that is an LMI in Ki, at all vertices for which
(K1, K>, ..., K,) have to satisfy all of r2(r + 1)/2 LMIs. Furthermore, knowing
flki, o ,Dki, the controller system matrices Ak(e,é), ..., Dg(0) can be computed
on-line in real-time using f with an instantaneous measurement value of
0 and 6.
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However, the parameter derivatives either are not available or are difficult to estimate
during system operation [8]. We have as a result to avoid using the measured
value of §. By Lemma with a known scaling matrix L, the LMIs of
are solvable for K; if and only if there exist a pair of positive definite symmetric
matrices (X (0),Y (6)) that satisfy the following LMIs:

AiTXi =+ XiAi + Xk XiB(si Xiéli ég
- Ny 0" B, Xi -l 0 Dy,
Soysetn | (67 7) BXi 0 o Dy
i=1 k=1 Cs, Dss,  Ds1, —yL7!
" L(AT% + ATX + () + X,
D% N 0 r—1 r r N 0 T 2 8% 9
< 1d; X X 1(RT % T ¥
ol | (5 1) [+2n 2 B | (0 1) | 3058
_OI i=1 j=i+1 k=1 3 Cs, + CA'(SJ-
gl ey, + 0
2\ ML L
* * * *
—’)/L_l * * *
_ N
o 0 » " o < ' ?) <0 (7.86)
3(Dss; + Dss; ) 5 Ds1;, + Ds1, ) —vL7 *
(Dus, +l§15j (D1, -I-bnj 0 -1
AY + YA Y, Y65 vicl B,
r r N 0 T C&Y:L _’VL—I 0 D55i
o By ( 0 1) C1Y; 0 I Dy
i—1 k=1 Bj) Dy, Dis, L
BE Dgli Dlle‘ 0
A LAY + AYi+ () - Vi
B, 1<A i+ C )
D51i N . 1 , N 0 T 2\ Yoty g ti
- Y Y Y Ny
Dy, ( 0 I) $22 D D ciagf < 0 I) 3(CY;+ CY)
_gl =1 j=i+1 k=1 % Bg; +B€g;
$(BT + B
* * * *
T * * *
_ N
L 0 . vIAT x o x ( v ?) <0 (7.87)
3(Dss, + Daaj) i(Dléi D) b ox
%ngimgqj) %<D1T1i+D1T1]_ 0 —~I
, X
X; I
| I\, 7.88
Z‘“( I Y, ) g (7

=1

where Nx and Ny denote bases of the null spaces of [Cy, Dos, Do1] and [BZ , Df,, D1}],
respectively. Note that (7.88) ensures X (6),Y () > 0 and X(0) — Y (6)~' > 0. By
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Lemma 3.3.1, (7.86)(7.88) are sufficiently evaluated at all vertices. Also note that
(7.86)—(7.88) will become ([7.70)—(7.72) when both X and Y are constant. More-

over, the quadratic H,, performance v is determined for both the (X (9), Y) and
(X , Y(Q)) cases and the case that gives lowest 7 is selected.

Theorem 7.3.3. Given a scaling matriz L, there exists an LPV controller K(0)

guaranteeing the closed-loop system, and , quadratic H,, performance
along all possible parameter trajectories, ¥(0, 9) € O x ®, if and only if the following
LMI conditions hold for some positive definite symmetric matrices (X(6),Y(0)),
which further satisfy rank(X (0) — Y ~1(0)) < p:

Ny 0\" l?g;Xi L 0 Z?5T5i
( 0 I > B X; 0 -y Dj,
Cs, Dss; Dsy, — L~
Ch, D15, D1y, 0
AY;+ VAT -V, vl viCl Bs, By,
T Cs.Yi —yL™ 0 Dss, D,
Ny 0 A N ~
Cl.Y; 0 —")/I Dl& Dll-
0 BT PL DT 4L 0
B om T
By, D5, Dy, 0 —1
(AZTX] + AA?XZ + (*)) + QXk *
g T v
Nx 0" B5, X+ B, i —k
0 I BE{(J' —|—?le X 0 X
Cs; + Cs; Dss, 4 Dss,
Ch, + Clj Dys, + Dlﬁj
* * *
* * * N 0
—2~I * * ( OX 7 > <0
Ds1, 4+ Ds1, —29L7'  *
D11, + D1y, 0 —2v1
(Alyj + AJ}A/Z + (*)) — 2}719 *
wooyT| o GheaY
. BT 4 BT DT 4 DT
25 T 55, 56, T s,
B, + BY, Djy + D{lj
* * *
* * *
—2~1 * * ( ‘]\SY ? > <0
Di;, +Di;, —29L  *
AT AT
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(O I><0

(7.90)
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>

< f I‘ > >0 (7.93)

fori,k=1,....rand1 <i<j<r.

Algorithm 7.3.4. Computation of X;, Y;, i =1,...,b and L

Step 1: Setting L = I, solve f Jor Xi, Y; by minimizing .
Step 2: Knowing X;, Y;, and L, solve for K;.

Step 3: With K; fized, solve for L by minimizing v (heuristical).
Step 4: With L fized, solve — for new X;, Y; by minimizing .

Step 5: Iterate over Steps 2 to 4 until v is converged to some minimum value.

Note that, by Lemma 3.3.1], (7.81)) and ((7.82)) are sufficiently solved at all vertices.

7.4 Numerical Example

We demonstrate the robustness improvement through the numerical example of [61],
described in Chapter [l Consider the transfer function of the Jacobian-based LPV
model taken from [30]

1

Ps,6) = (s+1)(s+20)

6 € [0, 10] (7.94)

Having added a time-varying real parametric uncertainty 0, ([7.94]) becomes

1
(5+1)(s+20+0)

Ps(s,0,0) = (0,5) € [0,10] x [~1,1] (7.95)

To demonstrate the impacts of the proposed scheme in robustness improvement of
uncertain affine LPV systems, we compare our approach with the existing uncer-

tain LPV/LFT approach [9, 24]. Figure shows both uncertain affine LPV and
LPV/LFT closed-loop systems.

First, consider uncertain LPV/LFT approach [9,24], we have 6=(0-5)/5¢€[-1,1],
using (3.36]), and 6 = 0 € [—1,1]. Having augmented P(s) with two weighting
function presented in [61], we get P,(s) with state-space realization

i -1 0 0 0 J[=] [oo0o0 ;i 0

B2l _ |1 =10 0 0 x2+011L,%wZ+ow+
s 0 —05 —0.002 0 ||zs] |00 0 0.5

#4 0 0 0 —1000] |z4] |0 0 0 e 0

% Jfooo 00| o0 0] [ o 0 1
| =L [0 =10 0 0 2+L2OOOL‘2w9+L2Ow+L2OO[
2] 0 1 00 ii 000 ws 0 00
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T r~
2] (001 07 |z 00 0], 1| To 0 0] [u
L«Z]_[O 0 0 —5] r3 +[0 0 O]L e +M“”F[O.OQ 0] M
_3:4_. - -
o
M:'O 10 0] 2 +[0 0 O}L; iz +HWF{O 0] H
gl =0 0 0 0 |x] 1 00 0 0 0| |a
i ” s
Wy 0 0 0] [3
we| = [0 6 0] |z (7.96)
Ws [0 0 RED
where
Ly, Ly, 0
L=|L} Ly 0
0 0 L

An LPV controller can be computed using Theorem 5.1 [9]. Unfortunately, the
convexity of Theorem 5.1 is destroyed by the extra uncertainty block 5, and D-
K iterations are needed to compute adequate LPV controllers. Solving LMIs in
Theorem 5.1 by using a MATLAB Robust Control Toolbox function [12], mincx, we
got v = 0.5524, a scaling matrix, and an LPV controller as shown below

[ 0.0007654  —0.00099889 0
L = |—0.00099889  0.0028127 0
I 0 0 0.020756
T, [ —3.9848 —63.001 307.21 228.16 | [z, —15.149
i, | | —1079.3  —53336 1.8482 x 10° —5520.4 | |y, L | —29207
Tr, | |0.0062935 0.31046  —1.0783  0.032158| |y, 0.66995
T, | —11.939  —252 1228.8 —87.362 | |z, —60.592
0.24715
467.41
—0.0027188
0.98854
l‘kl
u=[-29847 —62.996 307.2 228.16] i’ﬁ? — 15.146y + 0.247113
k3
$k4
$k1
@ =[—0.21422 —23.467 36.325 —1.0938] i’“ — 5.6313y + 0.0930674
k3
Ik4
j = oi (7.97)

Next, consider our approach, having augmented P(s, #) with two weighting function
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(b) Uncertain LPV/LFT closed-loop structure

Figure 7.3: Structure comparisons of uncertain affine LPV and LPV/LFT [9] closed-
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presented in [61], we get P,(s, ) with state-space realization

iy ~1 0 0 0 T 0 0 1
io| |1 —26 0 0 21 I DY I N I
izl |0 =05 —0.002 0 T3 ol 7 0T o5 0
i 0 0 0 —1000| |z4 0 0 4
A
z=LE[0 1 0 0] |72 + L2 [0] Ly *ws + L [0] w+ L [0] u
3
Tyq
x1
al _ [0 01 0]l 0] -, 0], 0],
| |00 0 —5| |z3 of 7 T o 0.02
Ty
X1
_ _ Ty -3
y=[0 -1 0 0] . + [0] Ly 2ws + [1] w + [0] w
Ty
w5:525 (798)

Solving Algorithm with the same scaling matrix of 9, i.e. Ls = 0.020756, and
the LMIs are solved using a MATLAB Robust Control Toolbox function [12], mincx,
we got v = 0.2435 and an LPV controller as shown below

i, = (a1Ag, + a2Ag, )z + (1 By, + 2By, )y
U = (alel + OZQCkQ)l’k + (Oélel + a2Dk2)y (799)

where oy = (10 — 0)/10, ay = 0/10 and

—2.3776 —11.695 201.38 235.44
A — —821.01 —16266 2.1605 x 10° —5851.3

M 0.018827  0.37233 —4.9492 0.13401
—5.5097 —46.773 805.36 —58.236

—2.4698 —12.45  249.52 234.91
—1129.4 —29334 2.9 x 10° —7638.8

A, = 0.02588 0.67111 —6.6415 0.17489
—5.8785 —49.788 997.94 —60.343
5.7965 0.87696
—5096.1 —5852.3

Br, = 0.61651 » B, = 0.634
23.146 3.5067

Cp, = [-1.3774 —11.691 201.32 235.44]

Ch, = [-1.4695 —12.442 249.44 234.92]
Dy, = 5.7879, Dy, = 0.87854
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Figure 7.4: Nonlinear step response from -3 to 0 of the LPV ctroller with the original
nonlinear plant.

Without including the uncertainty ¢ and using the MATLAB Robust Control Tool-
box function [12], hinfgs, an LPV controller was obtained with v = 0.1211 [30].
However, the closed-loop system of the LPV controller with the original nonlinear
model is unstable [30, [61].

Including the uncertainty J, shown in and , using Theorem 5.1 [9] and
Theorem two LPV controllers were obtained with v = 0.5524 and 0.2435,
respectively. As an effect of including the uncertainty §, we get more conservatism
on ~ but the stability property of the closed-loop system is guaranteed with a larger
stability margin. Hence, the closed-loop instability for the controller with the non-
linear plant disappears without degrading the transient performance as shown in
Figure [7.4] Moreover, this numerical example shows that our approach is less con-
servative than the uncertain LPV/LFT approach.

7.5 Lateral Uncertain Affine LPV Model

Following section the lateral nonlinearly parameter-dependent LPV model,
shown in (7.6), can be converted into an affine LPV model using a minimum
least-squares method [58]. Moreover, the maximum and minimum of the least-
squares conversion errors can be determined for all possible parameter trajectories,
ie. Y(u,h) € [464.1, 548.5] x [7500, 12500], by subtracting the converted (affine)
stability and control derivatives from the stability and control derivatives in f
(7:24). For example, consider Yy, shown in (7.6)), define Yy, = to be depended
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7.5 Lateral Uncertain Affine LPV Model

affinely on w and h, in a similar manner to (6.50)), as
}/:;TAfﬁne = }/:S"'O + u}/(-s’f‘u + h}/:;'f‘h (7100)

Then, Ys,,, Ysr,, and Y5, can be determined using a minimum least-squares method [58]
as presented in section [6.4 Figure [7.5-a and-b shows a nonlinear Y, and an affine
Y5, that are determined using ([7.12)) and ([7.100)), respectively. The error (mismatch
uncertainty) between a nonlinear Yy, and an affine Y}, can be computed as

5Y5T = }/;ST - }/;STAfﬁne (7101)

The calculations of dy, and dy, (normalize), that is computed using (7.28)), are
shown in Figure [7.6}-a and-b, respectively. Therefore, an uncertain affine Y3, can be
written as

Vi (u, b, 8) = (Yoo + Ty, ) + uYs,, + hY,, + Sy, dvs, (7.102)
where
Oy, +6
Vo = (7.103)
Sy, — 0
Svyy = =g (7.104)

Figure a also shows a maximun dy, and minimum dy,, errors of Yj. that are
equal to 0.3696 and -0.1323, respectively. Having normalized all of the mismatch
uncertainties dy, , dy,, ..., 0n; using , and included the normalized mismatch
uncertainties in the system state-space model matrices of the converted affine LPV
model, we can compute the lateral uncertain affine LPV model, in a similar manner
to , as

% = A(u, h,0)x + B(u, h,d)u (7.105)
where x=[v p r ¢ V|7, u= 1[0, 4,]7, (u,h) € [464.1, 548.5] x [7500, 12500], i.e.
bounded flight envelope, and

—0.037327 37.833 0.0020293 32.174 0
—0.0053012  —0.48258 0.37758 0 0
A(u,h,0) =] 0.0041288 —0.0029707 —0.074076 0 0
0 1 0 0 0
0 0 1 0 0
—0.00023363 —0.089521 —0.99999 —1.4653 x107% 0
—3.3179 x 1075 —0.0030204 0.0023632 0 0
+u | 25841 x 107 —1.8593 x 10~° —0.00046363 0 0
0 0 0 0 0
0 0 0 0 0
3.7146 x 107 0.00070669  —2.0194 x 10~7 6.0454 x 1072 0
5.2754 x 1077 4.8023 x 107° —3.7575 x 107° 0 0
+h | —4.1087 x 1077 2.9563 x 107  7.3716 x 1076 0 0
0 0 0 0 0
0 0 0 0 0
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0.00079214(dy, ) 0.20339(dy;,) 4.3064 x 107°(dy,) 0.001143(dy,)
0.0001125(d 1) 0.010241(dy,) 0.0080129(d1,) 0
+ | 8.7619 x 107°(dy,) 6.3043 x 10™°(dx,)  0.001572(dn,) 0
0 0 0 0
0 0 0 0
0 —12.567 0 0.073385
18.862  6.0757 —0.11015  —0.03548
B(u,h,0) = | 0.23235 —0.70258 | +u | —0.0013568 0.0041028
0 0 0 0
0 0 0 0
0 —0.00058483 0 0.25095(dy; )
0.00087781 0.00028275 0.37667(3r, )  0.12133(dp, )
+h [ 1.0813x107° —3.2697 x 107° | + | 0.0046399(dy;,) 0.01403(dy;, )
0 0 0 0
0 0 0 0

Note that dy, , Syp, . ,5]\757. € [—1,1] and the uncertainty 6 in (7.105) can be sepa-
rated from the system matrices in a similar manner to ([7.54)).

7.6 Robust Gain-Scheduled H., Autopilot Design

The mixed-sensitivity criterion (5.42)) is also employed in a similar manner to sec-
tion [5.3] Figure shows the weighted open-loop interconnection for synthesis
where

T
T
25 = |:Z(5yvy Z(Sypa ) z(sNgr] » BT [ZU’ iy Ry Zda}
T T
Ws = |:w5yv7 wéypa Tty w6N6T 7] , W= [Urefa 1/Jref}
T T
Yy = [Uref -v, p, T ¢7 wref _77Z}7j| y U= [5a7 57’:|
0= diag(c?yv, (Syp7 R ’5N67~)
0.6667540.221 0
Wi(s) = ( s+0'80221 s+1.105 )
5+1.105x10-3
0.65+0.442 0
_ [ 0.001s+1.105
Ws(s) = ( o 06540442 )
0.0015+1.105
500 0
Wore fitter(s) = ( S+0500 500 ) (7.106)
5+500

Note that the values of weighting functions W; and W, are hand-tuned until the
desired objectives of performance and robustness of the closed-loop system are
achieved. After the lateral uncertain affine LPV model, shown in (7.105]), is aug-
mented with the weighting functions, shown in , a pair of positive definite
symmetric matrices (X(6),Y(0)) can be determined in four cases, ie. (X,Y),
(X(8),Y), (X,Y(0)), and (X(0),Y(6)), using Theoremwith the same scaling
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7.7 Nonlinear Simulation Results

Table 7.3: Performance v comparison for different cases of (X (u,h),Y (u,h))

Flight condition (X(u,h),Y (u, h))T (X(u,h), )T (X,Y(u,h)t (X,Y)
(u, h) € [464.1, 548.5] x [7500, 12500]
(@, h) € [~1.26, 1.26] x [~20, 50]

Performance 3.0399 3.8646 3.0706 4.0679

f Parameter-dependent Lyapunov functions, Theorem [7.3.3]
* Single quadratic Lyapunov function, Theorem m

SV

A

I

; O

Figure 7.7: The weighted open-loop interconnection for the lateral uncertain affine
LPV plant model.

matrix L = diag(79.126,0.43552,91.049, 44.6, 70.304, 3.9041, 54.392, 1050, 1050.7,
1044.9,3.5861,1.1111, 3.0808,1029.2, 816) for all cases, for which the performance
measure (7), shown in Table , can be compared. The LMIs are solved using the
MATLAB Robust Control Toolbox function [12], mincx.

7.7 Nonlinear Simulation Results

Since, for an LPV plant model with a large parameter variation region, it is often
conservative to design a single LPV controller over the entire parameter space [64, (65,
60], the designed H,, gain-scheduling autopilot is validated for a bounded flight en-
velope, i.e. (u,h) € [464.1, 548.5]x[7500, 12500], (u,h) € [—1.26, 1.26]x[—20, 50],
with the Jindivik nonlinear model [41] in a MATLAB Simulink simulation. In Fig-
ure the transient responses of the simulated vehicle for small demanded changes
in yaw angle are shown for one particular point in the bounded flight envelope. Sim-
ilar responses for other points in the flight envelope were obtained. Figure shows
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7.8 Conclusion

a rate one turn simulated flight, i.e. 3° per second turn, which completes a 360° turn
in 2 minutes, for one particular point in the bounded flight envelope. Again, similar
responses for other points in the flight envelope were obtained. These simulation
results show that desired performance and robustness objectives are achieved over
the defined flight envelope.

7.8 Conclusion

In this chapter, the mismatch uncertainties between a nonlinear model and an affine
LPV model are handled by a new class of affine LPV systems which is called an
uncertain affine LPV model. New sufficient conditions of gain-scheduled H,, per-
formance analysis and synthesis, for this uncertain affine LPV model, using sin-
gle quadratic or parameter dependent Lyapunov function are proposed for which
the proposed scheme can guarantee robust stability and robust performance for all
time-varying real parametric uncertainties which are ||d]] < 1/7. The analysis and
synthesis conditions are represented in the form of a finite number of LMIs. A nu-
merical example was compared with uncertain LPV/LFT approach [9] results. In
addition, the intermediate controller variables, i.e. Ag(#), By(6), Cx(h) and Dy(6),
can be constructed as an affine matrix-valued function in the polytopic coordinates
of the scheduled parameter without the need for constraints on the D5 and Do
matrices. The proposed scheme was applied to synthesized a lateral LPV autopilot
of the Jindivik UAV. The designed controller was tested with a full 6-DOF simu-
lation of the vehicle and nonlinear simulation results show the effectiveness of the
proposed method.
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Figure 7.8: The transient performance of H,, gain-scheduling autopilot is validated
with the Jindivik nonlinear dynamic model about one condition inside the flight
envelope, i.e. speed = 464 ft/s and altitude = 7,5000 ft.
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Figure 7.9: The rate one turn of H,, gain-scheduling autopilot is validated with the
Jindivik nonlinear dynamic model about one condition inside the flight envelope,
i.e. speed = 506 ft/s and altitude = 10,000 ft.
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Chapter 8

Conclusions

In this thesis, an LPV control approach has been employed to design a robust gain-
scheduled flight controller for a conventional fixed-wing UAV. The work presented
in this thesis was motivated by the shortcomings of the conventional gain-scheduling
techniques that are both expensive and time-consuming for many UAV applications.
The effectiveness of the proposed methods for designing flight controllers is verified
and validated through the 6-DOF nonlinear model [41] in MATLAB Simulink envi-
ronment of the Jindivik UAV.

However, the proposed methods are also applicable to a general class of conventional
fixed-wing aircrafts. This chapter discusses some aspects of the work, lists the main
contributions and provides suggestions for future work.

8.1 Conclusions & Discussions

e The dynamic characteristics of both lateral and longitudinal modes of an air-
craft are represented by the stability and control derivatives, shown in (A.103
and (A.104)), that vary following speed and altitude, shown in ((5.14)—(5.36}
and (7.7)-(7.24). With the speed and altitude fixed, both (A.103)) and (A.104]
are longitudinal and lateral LTI models, respectively. Suppose an aircraft is
assumed about a wings level, constant altitude and airspeed flight condition,
both nonlinearly parameter-dependent longitudinal and lateral LPV models,
shown in and respectively, can be derived from a 6-DOF nonlinear

model using Jacobian linearization.

Two interesting features of the derived LPV models are (i) they can accurately
represent nonlinear dynamic characteristics of the 6-DOF nonlinear model bet-
ter than the longitudinal and lateral LTI models, shown in (A.103)—(A.104)
respectively, because they use the time-varying parameters 6 (i.e. speed and
altitude) to capture the nonlinear dynamic characteristics of the original non-
linear model and (ii) they are still a linear system where the system matrices
are functions of speed and altitude. Note that, the speed and altitude are
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8.1 Conclusions & Discussions

also the state variables of the system. Comparison with the 6-DOF nonlinear
models, the longitudinal and lateral LPV models are easier to prove stability
using the single quadratic (Theorem or parameter-dependent Lyapunov
functions (Theorem [6.2.1)).

e Equations (5.14)—(5.36) and ([7.7)—(7.24)) also show that the accuracy of both
longitudinal and lateral LPV models, shown in (5.13)) and ([7.6]) respectively,

depend on the accuracy of the information that provides the aerodynamic
and thrust coefficients. To estimate stability and control derivatives or aero-
dynamic coefficients of a conventional fixed-wing UAV, system identification
techniques are preferred to the wind tunnel tests. However, a number of diffi-
culties arise when system identification techniques are applied to certain UAVs,
described in Appendix [B] In addition, Appendix [B] shows that, when an UAV

is flown as a racetrack manoeuvre pattern, those difficulties can be overcome.

e To synthesize an LPV controller based on Theorem (SQLF) with a finite
number of LMIs and avoiding the gridding parameter technique, the Tensor-
Product (TP) model transformation can be applied to transform a nonlinearly
parameter-dependent LPV model, shown in (5.13)), into a TP-type convex
polytopic model form, shown in (5.37). The TP-based LPV controller, shown
in , can be constructed as a convex combination of the vertex coordi-
nates of the scheduled parameter. Hence there is less computational on-line
complexity at the gain-scheduling level than the grid-based LPV controller but
its structure is still more complex than the affine-based LPV controller.

e An affine LPV model, shown in , is converted from a nonlinearly parameter-
dependent LPV model, shown in , using the minimum least-squares
method [58]. Based on an affine LPV model, an LPV controller can be syn-
thesized with a finite number of LMIs using Theorem (SQLF). However,
the affine LPV model can rarely accurately represent the original nonlinear
model and, in addition, the SQLF-based LPV controller is conservative when
the parameters are time-invariant or slowly varying [45].

e The example from Leith and Leithead [61] is very interesting. The closed-loop
instability of the LPV controller, shown in (4.11]), with the original nonlin-
ear model, shown in , occurs because the mismatch uncertainty between
the Jacobian-based LPV model, shown in 7 and the original nonlinear
model is in a region close to the right-half s-plane, described in Chapter [4]
The mismatch uncertainties between a nonlinear model and an affine LPV
model can be handled by a new class of affine LPV systems which is called
an uncertain affine LPV model, described in Chapter [7} Synthesizing an LPV
controller based on this uncertain affine LPV model, shown in , the sta-
bility property of the Leith and Leithead’s example closed-loop system can be
guaranteed with a larger stability margin. Hence, the closed-loop instability
for the LPV controller, shown in (7.99)), with the nonlinear plant disappears
without degrading the transient performance as shown in Figure [7.4]

e Based on the lateral uncertain affine LPV model, shown in (7.105]), an LPV
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autopilot can be synthesized with a finite number of LMIs using Theorem
(SQLF) or[7.3.3] (PDLF) for which the resulting controller can guarantee
the closed-loop system with a larger stability margin over conventional affine-
based LPV controller. As shown by the simulation results of both longitudinal
and lateral LPV autopilots in Chapters [fH7] the desired performance and
robustness objectives are achieved across the defined flight envelope.

e Both aims and objectives of this thesis are achieved since the proposed schemes
yield an LPV controller that can handle both uncertainties and nonlinearities
of a 6-DOF nonlinear model with good command following, good disturbance
attenuation, low sensitivity to measurement noise, reasonably small control
efforts, and that is robustly stable to additive plant perturbations. We em-
phasize that the proposed schemes in this thesis can be a strong and very
likely candidate for the next generation of flight control systems design for a
conventional fixed-wing UAV.

8.2 Main Contributions

The main contributions of this thesis are the following:

e The determination of aircraft aerodynamic coefficient from wind-tunnel or
computational fluid dynamics data can be an expensive and time-consuming
procedure. A system identification techniques, i.e. equation-error method [58],
is used to obtain this information from a racetrack manoeuvre with sufficient
accuracy to design a satisfactory flight control system for an UAV [36].

e Knowing the aerodynamic coefficients, aircraft moments of inertias, and thrust
coefficients, an LPV aircraft model can be derived from a 6-DOF nonlinear
model using Jacobian linearization method. A tensor-product (TP) model
transformation [I5] is applied to transform a longitudinal nonlinearly parame-
ter depedent LPV model to a TP-type convex polytopic model form. A gain-
scheduled output feedback H,, controller [I0] that is based on single quadratic
Lyapunov functions is applied to the resulting TP convex polytopic model to
yield a longitudinal LPV autopilot that guarantees the stability, robustness
and performance properties of the closed-loop system [33].

e New sufficient conditions for gain-scheduled H, performance analysis and syn-
thesis for a class of affine LPV systems using parameter-dependent Lyapunov
function are proposed, in Theorem [6.2.1] Compared with the multi-convexity
technique [I1], fewer linear matrix inequalities (LMIs) and decision variables
are required and the computational time is lower while the achieved perfor-
mance level is improved. The analysis and synthesis conditions are represented
in the form of a finite number of LMIs. In addition, the intermediate controller
variables, i.e. Ap(0), Bi(0), Cx(0) and Dy (), can be constructed as an affine
matrix-valued function in the polytopic coordinates of the scheduled parameter
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without the need for constraints on the D5 and D,y matrices. The proposed
method is applied to synthesize a longitudinal LPV autopilot for a bounded
flight envelope of a Jindivik UAV [34].

e The mismatch uncertainties between a nonlinear model and an affine LPV
model are handled by a new class of affine LPV systems which is called an
uncertain affine LPV model. New sufficient conditions for gain-scheduled H,
performance analysis and synthesis for this uncertain affine LPV model, using
single quadratic or parameter-dependent Lyapunov functions are proposed.
These are shown in Theorems [7.3.1] and [7.3.3| respectively, for which the pro-
posed scheme can guarantee robust stability and robust performance for all
possible time-varying real parametric uncertainties that are ||d]| < 1/7. The
analysis and synthesis conditions are represented in the form of a finite num-
ber of LMIs. A numerical example [61] is compared with uncertain LPV/LFT
approach [9] results. The proposed scheme is applied to synthesize a lateral
LPV autopilot for a bounded flight envelope of a Jindivik UAV [35].

8.3 Further Work

This thesis shows that an LPV controller can be synthesized as a single controller
that will operate over the whole range of operating condition without having to
create a scheduling scheme. Having assumed the complete measurement of the
time-varying parameters 6 is available for the controller to incorporate in the same
LPV fashion as the plant model, the resulting LPV controller exploits all available
information of 6 to adjust its dynamic to the current plant dynamic on-line in real-
time over the defined operating conditions. This provides smooth and automatic
gain-scheduling with respect to 6.

However, there are still several directions that should be further researched and
developed as outlined below.

e In this thesis, both longitudinal and lateral LPV models are derived from
the 6-DOF nonlinear model of the Jindivik UAV using Jacobian linearization.
However, the Jacobian-based LPV models only accurately represent the origi-
nal nonlinear dynamics about the neighborhood of a set of equilibrium points
and the time-varying parameters must vary slowly. Hence, the Jacobian lin-
earization method is not suitable to derive an LPV aircraft model under the
case of high angle of attack and extremely aggressive manoeuvring flight con-
ditions. It is very interesting to apply the state transformation or function
substitution methods to derived an LPV aircraft model under such highly
nonlinear flight conditions. An initial research using the function substitution
method to derive a quasi-LPV model of the F-16 aircraft that can cover the
aircraft non-trim region has been proposed by Shin et al. [94].

e In this thesis, a small angle of attack flight condition is considered therefore
there are only two scheduling parameters that are speed and altitude. However,
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under the case of high angle of attack region, the angle of attack have a
large variation hence it has to be included in the scheduling parameters where
we believe that further improvements in the transient performance of both
longitudinal and lateral LPV autopilots can be achieved if the autopilot is
gain-scheduled with speed and altitude as well as the angle of attack. Then,
it is also very interesting to design an LPV controller having speed, altitude
and angle of attack as the scheduling parameters.

Commonly, a feedforward controller is used to improve the transient perfor-
mance of the closed-loop system. Hence, it is also very interesting to integrate
the feedforward LPV controller into the gain-scheduled output feedback H,
control design framework where an initial research of this approach has been
proposed by Prempain and Postlethwaite [85].

Compared with an affine LPV model, a TP convex polytopic model more accu-
rately represents the original nonlinear model. But, the TP polytopic model
can not be written as an affine combination form. Therefore, to synthesize
an LPV controller based on a TP polytopic model, a finite number of LMIs
can be obtained only when using the single quadratic Lyapunov function. It
is also very interesting (i) to extend the existing TP model transformation
method [15] so that the resulting LPV model can be written in both convex
and affine combination forms or (ii) to research a new convexifying techniques
so that a finite number of LMIs can be obtained when synthesizing an LPV
controller based on the existing TP convex polytopic model and using the
parameter-dependent Lyapunov function.

The TP-based LPV controller has a very high complexity. Hence controller
complexity reduction is an important issue for the practical implementaion of
the method, and this aspect is also very interesting for further work.

In this thesis, the effectiveness of the designed LPV autopilots, described in
Chapters [5H7] is verified and validated only through the nonlinear simulation
in MATLAB Simulink environment. It is also very interesting to test those
designed LPV autopilots in the hardware-in-the-loop simulation.
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Appendix A

Aircraft Nonlinear Model

The full details of equations of motion for a conventional fixed-wing aircraft are well
known and can be found in many textbooks, e.g. Cook [38], Klein and Morelli [58],
Nelson [79], etc. The following sections give an overview of the equations of motion
which is formulated as ordinary differential equations for the aircraft states with
algebraic equations for the measured outputs. Before the equations of motion can
be developed, it is necessary to define a suitable coordinate system and sign con-
ventions (of the aircraft states, the control surfaces, and the measured outputs) for
the formulation of the equations of motion.

A.1 Reference Frames & Sign Conventions

There are a variety of reference frames that would be used to describe aircraft move-
ment and orientation for different purposes such as earth axes would be considered
for a navigation control, and body axes would be considered for a stability control.
The relevant frames are described in the following list [58]:

FEarth azes: Xg, Yg, Zg. This reference frame is also called the topodetic axes. Its
origin is at an arbitrary point on the earth surface, with positive Xg axis pointing
toward north, positive Yz axis pointing east, and positive Zg axis pointing to the
center of the earth as shown in Figure[A.I] Earth axes are fixed with respect to the
earth.

Vehicle-carried earth axes: Xy, Yy, Zy. Origin is at the centre of gravity of the
aircraft (c.g.), orientation of the axes is parallel to earth axes (see Figure . The
centre of gravity is the point about which the aircraft would balance if suspended
by a cable. This reference frame is used to show the rotational orientation of the
aircraft relative to earth axes.

Body axes: Xp, Yg, Zg. Origin is at the aircraft c.g., with positive X g axis pointing
forward through the nose of the aircraft, positive Yy axis out the right wing, and
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b Relative wind -
E v

Earth axes

Xe (North)

Ye (East)

Ze (Down)

Figure A.1: Reference axes & sign conventions [58]

positive Zp axis is directed through the underside. Body axes are fixed with respect
to the aircraft body as shown in Figure[A.TI] The X Z plane is commonly a plane of
symetry for the aircraft.

Stability azves: Xg, Ys, Zg. This reference frame is a type of body axes, used in
the study of small deviations from a nominal flight condition. The orientation of
stability axes is related to a reference flight condition, usually defined at the start
of a manoeuvre. Its origin is at the aircraft c.g., with positive Xg axis forward and
aligned with the projection of the velocity vector of the aircraft c.g. through the air
(also called the air-relative velocity) onto the X Z plane in body axes. The positive
Ys axis out the right wing, and positive Zg axis is directed through the underside

(see Figure [A.1]).

Wind axes: Xw, Yw, Zw. This reference frame, also called the flight-path axes,
has its origin at the aircraft c.g., with positive Xy, axis forward and aligned with
the air-relative velocity vector, positive Yy, axis out the right wing, and positive Zy,
axis through the underside in the X Z plane in body axes (see Figure . The Xy
axis is always tangent to the air-relative trajectory, hence wind axes are not fixed
with respect to the aircraft body.

Sign conventions: For translational velocities at the aircraft c.g. along body axes,
e.g. axial (u), lateral (v), and normal velocities (w) or applied forces at the aircraft
c.g. along body axes, e.g. axial force (X), side force (Y), normal force (Z), the
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positive sign convention follows the positive direction of a body axis (see Figure.
In addition, angular velocities about the aircraft c.g. along body axes, e.g. pitch rate
(p), roll rate (¢), and yaw rate (r) or applied moments about the aircraft c.g. along
body axes, e.g. rolling moment (L), pitching moment (M), and yawing moment
(N), the sign convention follows the right-hand rule. If the right-hand thumb is
pointed in the positive direction of a body axis, the fingers curl in the direction of
positive rotation (see Figure [A.1]).

Control surfaces are hinged surfaces that can be rotated about a hinge line to change
the applied aredynamic forces and moments on an aircraft. For control surfaces of a
conventional aircraft, e.g. elevator d., aileron d,, and rudder é,., the sign convention
also follow the right-hand rule. For example, the positive sign of elevator control
surfaces, If the right-hand thumb is pointed in the positive direction of a Yy axis, the
fingers curl in the direction of positive deflection (see Figure . However, some
control surfaces, i.e. the ailerons, are deflected simultaneously in an asymmetric
manner, which means that the individual aileron control surfaces on each wing move
in opposite directions. Following Klein and Morelli [58], a positive aileron deflection
is defined as one-half the right aileron deflection minus the left aileron deflection,
1

6@ = 5 <5aR - 5aL) (Al)
In addition, the angle of attack («) and sideslip angle () can be defined in terms
of the velocity components of air-relative velocity (V') as shown in Figure[A.1] The
positive sign convention of o and [ follow the positive sign of w and v respectively.

w
o = arctan —
U

v
[ = arcsin —

v
u? + v? 4+ w?

U cos « cos (3
vl =V sin (A.2)
w sin «v cos 3

Moreover, the relative orientation of the body axes to earth axes or to vehicle-carried
earth axes are the same angles, known as Euler angles, e.g. pitch angle (), roll angle
(¢), and yaw angle (1) as shown in Figure [A.1] The positive sign convention of 6,
¢, and ¢ are defined by the rotation direction of the vehicle-carried earth axes to
body axes, which follows the right-hand rule. If the right-hand thumb is pointed
in the positive direction of a rotating axis, the fingers curl in the positive rotation
direction about the rotating axis.

The sequence for rotating vehicle-carried earth axes into alignment with body axes
starts with a yaw angle rotation v about the Zy axis. In Figure[A.1] it is a positive
rotation direction according to right-hand rule stated above. This followed by a pitch
angle rotation # (a negative rotation direction) about the Y}, axis, completed by a roll
angle rotation ¢ (also a negative rotation direction) about the Xy axis. Therefore,
an arbitrary three dimensional vector at earth axes or vehicle-carried earth axes,
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A2 Aircraft Equation of Motion

e.g. gravity force (Fg), can be transformed to body axes using a transformation
matrix Lpy, known as Direction Cosine Matrix (DCM), as shown below,

cos f cos cos 6 sin ¢ —sin6
Ly = |[sin¢sinfcosy — cos¢psinty sin ¢ sin @ siny + cos ¢ cosy  sin ¢ cos 6
cos ¢sinf cosy +singpsiny cos @sinfsiny — singcosyy cos ¢ cos b
(A.3)
mg, 0 —mgsin 6
Fo=|mg,| =Lpy |0 = | mgsin ¢ cosd (A.4)
mg. | . myg] mg cos ¢ cos 6

A.2 Aircraft Equation of Motion

The general motion of an aircraft, that is assumed a rigid body with fixed mass
distribution and constant mass, can then be derived from Newton’s second law of
motion in translational and rotationnal forms, It is noted that all the given equations
in this section are taken from Klein and Morelli [5§],

F=mV+4+wxmV
M=I1u+wx Iw
[:c _[:cy _[xz
I=1|1, I, —I, (A.5)
_[zx Izy Iz

where F'is the applied forces at the aircraft c.g. along body axes (i.e. X, Y, and
Z), m is the mass of the aircraft, V' is the translational velocities at the aircraft c.g.
along body axes (i.e. u, v, and w), w is the angular velocities about the aircraft c.g.
along body axes (i.e. p, q, and r), M is the applied moments about the aircraft c.g.
along body axes (i.e. L, M, and N), and [ is the moment of inertia matrix of the
aircraft. For a rigid body with symmetry relative to the X Z plane in body axes,
the moment of inertia matrix I is symmetric and I,y = I, = I, = I.,, = 0. The
moment of inertia matrix I then reduces to,

1, 0 1.,
I=| 0 I, 0 (A.6)
-1, 0O I,
where

I, :/ z?dm I, :/ y*dm

Volume Volume
1, —/ 22dm 1. —/ rzdm

Volume Volume
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A .2 Aircraft Equation of Motion

Thus, writing (A.5)) in terms of the variables defined in this section gives the force
equations:

X =m(t+quw—rv)
Y =m0+ ru— pw)
Z =m (W + pv — qu) (A7)

and moment equations:

M =gl +pr (L, — L)+ (p* — 1) L.
N =7l, —pl,, +pq (I, — I,) + qrl,. (A.8)

Reasonably, the forces acting on an aircraft in flight consist of aerodynamic (i.e.
Xaeros Yaero, and Zaero), thrust (ie. T, T,, and T,), and gravitational forces (i.e.
mg., mgy, and mg,). Since gravity acts through the aircraft c.g., and the gravity field
is assumed uniform, there is no gravity moment acting on the aircraft. Furthermore,
to simplify the equation and , the thrust from the propulsion system is
assumed to act along the Xp body axis and through the c.g., thus give T),, = T, = 0.
The angular momentum due to the propulsion system is also neglected therefore
there is only aerodynamic (i.e. Laero, Maero, and Nyero) moment acting on an aircraft.
The aerodynamic forces and moments acting on the aircraft can be expressed in
terms of nondimensional coefficients:

X aero C’X
Yaero = q_S C’Y
Z aero | L CYZ
L aero 1 [ bCl
M, aero | — QS Ecm
N, aero | an
1
q= B pV? (A.9)

where C'x, Cy, Cyz, C;, C,,, and C,, are the aerodynamic coefficients that primarily
are a function of the Mach number, Reynolds number, angle of attack, and sideslip
angle; They are secondary functions of the time rate of change of angle of attack and
sideslip, and the angular velocity of the aircraft. ¢ is the dynamic pressure, V' is the
magnitude of the air-relative velocity (also called the airspeed), p is the air density,
S is the wing reference area, b is the wing span, and ¢ is the mean aerodynamic
chord of the wing.

Substituting the preceding expressions, including (A.4}), into the dynamic equation
(A.7) and (A.8) gives,
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A2 Aircraft Equation of Motion

Force equations:
qS
u:rv—qw+q—C’X—gsin9+—
m m

S
U =pw —ru+ q—C’y+gCOSQSin¢
m

w:qu—pv—l—%Cz—irgcos@cosqﬁ (A.10)
Moment equations:
b %Z?‘“ = qibCz - T W+ %qp
. (YZECm B (Ixj_ylz)pr_i_ I[i: (p* —r?)
7 — [Ii:p = q}ibC’n — (Zy ;Z [z)pq — %qr (A.11)

where T' = T),. However, there are a lot more variety of equations that are interesting
and often used in flight simulation application such as by differentiating (A.2]) with
respect to time gives,

. 1
V:V(uu—i—m'}quw)

) uw — W
(2

o (W w?) 0 — v (ut 4+ wi)
= V23U + w?
Substituting in for @, v, and w form (A.10)), and for u, v, and w from (A.2),

gives the wind axes force equations as,

7S
V=- q—C’DW + — cosacos 3 + g (cos ¢ cos §sin a cos )
m m

(A.12)

+ g (sin ¢ cos @ sin 3 — sin 0 cos o cos [3)

__ a5
mV cos (3

+

T sin «

C —t i -
L +q—tan [ (pcosa + rsina) mV cos 3

o=

(cos ¢ cos O cos v + sin O sin «)

g
V cos 8

: S
I} :q—CyW + psina — rcosa + %cosﬁsingbcos@

mV
T cos a)

sin 3

%

<g cos asin @ — gsin acos ¢ cos § + (A.13)

where

Cr =—-Czcosa+ Cxsina
Cp=—-—Cxcosa—Cyzsinw

Cp, = CpcosB— Cysin

Cy,, = Cy cos 3+ Cpsin 3 (A.14)
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A .2 Aircraft Equation of Motion

Cr and Cp are lift coefficient and drag coefficient in stability axes respectively,
whereas they are obtained from body axes components by rotation through o and
(. The positive sign convention of C, and Cp are directed along the —Zg and —Xg
stability axes, respectively. Similarly, Cp,, and Cy,, are lift coefficient and side force
coefficient in wind axes respectively. The positive sign convention of Cp,, and Cly,
are directed along the — Xy, and +Yyy stability axes, respectively.

Furthermore, the Rotational kinematic equations relate the rate of change of the
Euler angles to the body axis components of angular velocity.

p=¢—1)sind
q = 0 cos ¢+ 1) sin ¢ cos 0
r=1)cos¢cost — Osind (A.15)

or

¢=p+tan9(qsin¢+7’cos¢)
ézqcos¢—rsin¢

- gsing+rcose
w:
cos

(A.16)

Nauvigation equations are most often used to calculate the position of the aircraft. Its
dynamics can be determined using a transformation matrix Ly g, that transforms
an arbitrary three dimensional vector at body axes to earth axes or vehicle-carried
earth axes:

Lyp = Lpy!

cospcosf cossinfsing — siny cos¢ cossinf cos ¢ + siny sin ¢
= |sintycosf sinsinfsing 4 cosy cos¢ sinsin b cos ¢ — cos 1 sin ¢

—sin 6 cos fsin ¢ cos 6 cos ¢
(A.17)
Ty = wcos cosf + v (cos ) sin O sin ¢ — sin 1) cos ¢)
+ w (cos Y sin 0 cos ¢ + sin ¢ sin @)
Yy = usiny cosf + v (sin ¢ sin O sin ¢ + cos 1) cos @)
+ w (sin v sin 0 cos ¢ — cos Y sin @)
h = usinf — v cos A sin ¢ — w cos O cos ¢ (A.18)
where h is altitude (height above the ground), = —Zg. Other commonly used

variables, i.e. azimuth or heading angle (x), and the flight path angle (), which
can be computed directly from the aircraft’s state. These are defined as,

X=0+9

h
v = arcsin V= 0 — « (A.19)
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A.3 Jindivik Nonlinear Mathematical Model

The Jindivik UAV, shown in Figure [I.1] is a remotely piloted fixed wing aircraft,
which has been used as an aerial target drone in Australia and the UK for 50 years.
Its specifications are given in Table[A.1] Based on manufacturer’s (Australian Gov-
ernment Aircraft Factory) wind tunnel data and subsequent flight trial validation, a
6-DOF nonlinear mathematical model of the UAV has been developed in the MAT-
LAB Simulink environment by Fitzgerald [41], shown in Figure [A.2] This section
only gives a brief overview of the Jindivik nonlinear model; for further details refer
to [41] and [42].

The aerodynamic model of the Jindivik nonlinear model is only valid within the
following flight condition:

e Altitude between sea level and 20,000 ft.

e True airspeed between 180 knots and 530 knots.

Bank angles up to 80°.

Normal acceleration in the range -2g to +8g.

e Maximum Mach number 0.86.

A.3.1 Aerodynamic Force and Moment Models

The aerodynamic forces (i.e. Xaero, Yaero, a0d Zaero) and moments (i.e. Laero, Maeros
and Nero) acting on the vehicle are computed using (A.9)). Following [42], (A.9)) can
be written further as

e Axial drag force due to aerodynamics, X,epo,
1 1
Xaero = ipVQS[Cwa sin(a)) — Cp cos(a)] + ipV2ST [CL, sin(ar —ag)] (A.20)

where Cp is the drag coefficient, Cr,. is the tailplane lift coefficient, Cp_, is
the wing-body lift coefficient, S = 76 ft? is the wing area, Sy = 14 ft? is the
tailplane area, ap = —0.5 deg is the tailplane rigging angle, and ar is the
tailplane angle of attack. ag is defined as

l
aT:a+aR—5+qu+lagT (A.21)

where [ = 9.49 ft is the tail moment arm that is measured from wing quarter
chord to tailplane quarter chord, ¢ is the downwash angle, and lag; is the
tailplane angle of attack lag angle due to downwash. ¢ is defined as

0
e=¢co+ 0—2(04 — ) (A.22)
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Table A.1: The Jindivik UAV specifications

Description Details
fuselage length 28 ft 8.75 in
wing span 18 ft 9.6 in
wing area 76 ft?

wing chord 4 ft

maximum height 6 ft 9.85 in
weight 108.7 slug”
inertia I 2,228 slug-ft2"
inertia Iy 1,789 slug-ft2*
inertia I, 3,934 slug-ft2"
speed range 200 - 450 knot
service ceiling 18000 ft

range 820 miles
propulsion Bristol Siddeley Viper

Mk.201 turbojet; 1800 lb¢
" with fuel of 100 gallon

where ay is the zero lift angle of attack, ¢( is the downwash angle at zero angle
of attack, and de/0« is the rate of change of downwash angle with respect to
angle of attack of the flexible aircraft. ¢ is defined as

505f:20 - 605f:1

€0 = €05, T ( 19 ) (0 —1) (A.23)

and o, are the downwash angles at zero angle of attack with

1

where g 5 =20

flaps deflection d; = 1 and d; = 20 respectively from which they are defined
as

00611 3.5 % 107
| — .33 = QOUOLL | 85X 0T (A.24)

2 8
pg pg

€05,—50 = —0.0909 rad (A.25)

606f

where the Prandtl-Glauert factor, 3, is defined as

Bpg = V14 M?, =" (A.26)

a

where M and a are the Mach number and the speed of sound, respectively.
Oe/0a is defined as
Oe i Oe

2 Ky
Oa da|p

(A.27)
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A .3 Jindivik Nonlinear Mathematical Model

where Kjgo is the flexible factor applied to the rigid body rate of change of

downwash with respect to angle of attack and it is a function of Mach number

and altitude as presented in Fitzgerald [42, Figure 3-6]. The rate of change of

downwash angle with respect to angle of attack of the rigid aircraft, g—z , 18
R

defined as

9 9 e __ 0e

e e dase=z0  Dasy=1

—| = op—1 A28

dal, ~ Bog 19 0y =1) (4.28)

where 804?6 - and 804;98 — are the rate of change of downwash angle with respect
= -

to angle of attack with flaps deflection d; = 1 and §; = 20 respectively in which
they are defined as

Oe Oe

g A.29
das,— M AC (4.29)
% _ a1 (A.30)
aOéaf:m

where a;, is the wing-body combination lift curve slope of the flexible aircraft
and 0Je/0CY, is the rate of change of downwash angle with lift coeflicient. a;_,
is defined as

(A.31)

ar,, = K1 Ay,

where Ky is the flexibility factor applied to the rigid wing-body combination
lift curve slope and it is a function of Mach number and altitude as presented
in Fitzgerald [42, Figure 3-5]. The wing-body combination lift curve slope of
the rigid aircraft, a1, , is defined as

alwbmf:go N alwbRaf:1
T + ( 9 ) (0 —1) (A.32)
Uy, = 5.05 rad™, S 4.9 4+ 4.4(1 — By) rad™ (A.33)
0e/0CY, is defined as
aa_gL _ 0.0815 — = ;gﬁ (A.34)
lag, is defined as
lag, = ag—ZlVT (A.35)

In addition, the lift and drag coefficients are defined as

S
CL=CpL + %CLT + O (A.36)

Cp = Cp; + Cpy, + Cpy, + Cpy + Cpey e, +Cp, +Cp, (A.37)

where C7 is the lift coefficient increment due to the deflection of spoilers [42],
pages 26-29], Cp, is the drag coefficient increment due to symmetric spoiler
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A .3 Jindivik Nonlinear Mathematical Model

deflection |42 pages 30-31], Cp,. is the drag coefficient increment due to the
extension of undercarriage [42, pages 31-32], Cp, is the induced drag coefficient,
Cp,, 1s the constant Reynolds number profile drag coefficient, Cp,, is the
Reynolds number dependent profile drag coefficient, Cp,, is the drag coefficient
due to Mach number, CDCL>CL_ is the increment of drag coefficient due to

the lift coefficient, C'f, being é;éater than the critical lift coefficient, Cp,
Cp,, is defined as

Cr,, = a1, (awp — ) (A.38)
Qyp = O+ iy (A.39)

where oy, is the wing-body combination angle of attack and a,, = 1° is the
wing setting angle. C,,. is defined as

OLT = A1,07 + CLQT(Se (A40)
a, = 2.4869 + 1.0314(1 — f3,,) rad™ (A.41)
az, = 1.6331 4 0.4298(1 — f3,,) rad™ (A.42)

where ay, is the tailplane lift curve slope and as, is the elevator effectiveness.
Cp, + CDZO is defined as

[Cp; + Cpy,lsg=20 = [Cp, + Cpy, lsp=1
19

CDi+CDZO = [CDi‘{’CDzO]éf:l‘i_( ) (5f—1)

(A.43)
where [Cp, +CDZ0]§f:20 and [Cp, +CDZO]5 s=1 are a function of C}, as presented
in [42, Figure 3-7]. Cp,, is defined as

Cp,. = 0.133 — 0.03134 log(Re) + 0.001762log(Re)? (A.44)

where the Reynolds number, Re, is defined as

Re = pve (A.45)
Ui
where ¢ = 4 ft is the wing chord and the dynamic viscosity, 7, is defined as
T1.5
n = 3.045 x 10*8m (A.46)

where 7' is the outside air temperature (at altitude) in kelvin. Cp,, is defined

as
1 1 1
= - A.
O = 3 (ﬁpg - 1) i (@)g ﬂpgl) (A.47)

where £3 = 0.004, k4 = 0 if M < M.y else k4 = 0.065, M, is the aircraft
Mach number in which the airflow first reaches the speed of sound, and the
Prandtl-Glauert factor at the critical mach number, (3,41, is defined as

ﬁpgl =V 1— Mcrit (A48)

My = 0.86 — 0.2C + 0.024C3 (A.49)
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Cpe,~c,  1s defined as

crit

=k2(C2—C2 ) ifCp> Oy, else Cp, o =0 (A50)

crit

CDCL >CLcrit crit

where k2 = 0.1 and Cp_,, = 0.6
e Sideforce due to aerodynamics, Yero,

}/aero - PVSOY <A51)
where the sideforce coefficient, Cy, is defined as
b 1
Cy = Cyppé + Cyvv + Cyér §V5r (A52)
where b = 18.8 ft is the wingspan, Cy, = —0.0215 is the sideforce coefficient

due to roll rate, Cy, = —0.38 is the sideforce coefficient due to lateral velocity,
and Cy; = 0.1176 is the sideforce coefficient due to rudder deflection.

e Normal lift force due to aerodynamics, Z,ero,

1 1
Zpero = —§pV25[C’wa cos(a) + Cp cos(a)] — §pV2ST[C'LT sin(ar — ag)]

(A.53)
e Rolling moment due to aerodynamics, Lero,
b
Loero = pVSCl§ (A.54)
where the rolling moment coefficient, Cj, is defined as
b
= (Clﬂ" + Clpp) 5 + Oléa Vo, + CZUVﬁ + Clér Ve, <A55)

where ), ¢, = —0.57, Cj; , C,, and Cj; = —0.06215 are the rolling moment
coefficients due to yaw rate, roll rate, aileron deflection, lateral velocity, and
rudder deflection respectively, and

C,, = 0.459 — 0.06C, (A.56)
V2

Cy,. = —0.193 (1 — T) (A.57)
a ‘/;saR

C), = —0.032 — 0.124C, (A.58)

where V5, . = 630 kts is the aileron reversal speed.

e Pitching moment due to aerodynamics, Mero,

Maero = %pV2SC’m + %pV2ST[—(lT +(0.25 — ho)¢)(Cr, cos(ar — ag))
— (Twl - hwl)CLT Sil’l(OéT - CYR)] <A59)
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where ¢ = 4 ft is the mean aerodynamic chord, Ty, = 1.4362 ft is the height of
the tailplane from the waterline, hy = 0 is the height of the centre of gravity
from the waterline, hg is the aerodynamic centre position as a percentage of the
mean aerodynamic chord, and the pitching moment coefficient, C,,, is defined
as

hwl — C
Con = Ciny s + 020 (0.25 — heg) + Cx,, (%”‘*w) (A.60)
where ¢y/4 = 0 is the height of the quarter chord from the waterline, heg

is the centre of gravity position as a percentage of the mean aerodynamic
chord [42], Figure 3-20], Cx,,, is the wing-body combination coefficient of axial
force, C'z,, is the wing-body combination coefficient of normal force, and C,,
is the quarter chord pitching moment coefficient, and

1/4

Cx,, = CL,, sina — Cpcos o (A.61)

Cz,., =—Cp,, cosa—Cpsina (A.62)

Cimyjy = Cry,, (0.25 — ho) + Ciy, (A.63)

where C),, is the zero lift pitching moment. hy and C,,, are defined as
h05 =20 hoa =1
hO = hoéle + ( ! 19 ! (5f - 1) <A64)
C’m —20 Cm —
Cing = Crmgg,y + ( O“f’”lg 2 1) (6, — 1) (A.65)

where hoéle and hoéfz20 = 0.12 are the aerodynamic centre position as a per-
centage of mean aerodynamic chord with flaps deflection d; = 1 (as presented
in [42, Figure 3-8]) and é; = 20 respectively, and Cmoéle and C!
—0.174 are the zero lift pitching moment with flaps deflection 6y = 1 and
0 = 20 respectively. Cy, is defined as

O(szl

0.024
Crgs.—, = 0.009 — (A.66)
! Bog
e Yawing moment due to aerodynamics, Naero,
b
Naero = pVSCn§ (A.67)
where the yawing moment coefficient, C,,, is defined as
b
Cy, = (Cp,r + Cp,p) 5+ Chy, Vo + Cp VB + Cpy VO, (A.68)

where C,,, = —0.1545, Cy,,, Cy; , Cy,, and Cy; = 0.0127 are the yawing mo-
ment coefficients due to yaw rate, roll rate, aileron deflection, lateral velocity,
and rudder deflection respectively, and

C,, = 0.0209 — 0.125C, (A.69)

Cry, = —0.015 + 0.05C, (A.70)
C”vé =20 Cnvé =1

C’n/u = Cnvéle + ! 19 ! (df - 1) <A71)
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where C,,, 5= and C, 5,—20 AT€ the coefficient of yawing moment due to lateral

velocity with flaps deflection 6y = 1 and 65 = 20 respectively, and

0.0725C%
Cnv6f:1 - 00855 - W (A?Q)
0.032C%
Cnv6f=20 - 0105 - |O—L| <A73>

A.3.2 Thrust Model

The Bristol Siddeley Viper Mk.201 turbojet engine has been used by the Jindivik
Mk 4A UAV as a propulsion system. Fitzgerald [41] 42] presented a mathematical
model of this turbojet engine as shown below; thrust, T, is defined as

T'=Tg — Din (A.74)
TG - Pint i 1
T — k P nd ratio A
e T
Dy = "V (A.76)
g

where T is the gross thrust, krg = 146.3 is the gross thrust factor, P is the
atmospheric pressure, T, , is the non dimensional gross thrust as a function of
intake pressure ratio, Piy,,,,,, and non dimensional engine speed, N,gq, as presented
in [42] Figure 3-18], Dy, is the engine intake drag, and 7 is the engine mass flow.
Pit,oni 18 defined as

1

Py .. == A.T7
ratio PrecPratio ( )
Paatio = (140.2M2)° (A.78)
if M > 0.5, P =0.9433 — 0.007(M — 0.5)

else, Pec = kp,..(0.825+ 0.00047V) (A.79)
where P, is the engine pressure recovery, P40 is the pressure ratio, and kp,, = 0.98

is the intake pressure recovery factor. N,q is defined as

N1 288.2

Npq = (A.80)

Nlmax ﬂntake

where N1 is the engine speed, N1, = 13,800 is the engine maximum speed, and
the engine intake temperature, Titake, is defined as

Tintace = T(1 + 0.2M?) (A.81)
1 is defined as P
Tt = Ky b e (A.82)
ﬂntake
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where k,;, is the mass flow coefficient, kj, is the altitude correction factor as a function
of engine intake pressure, Pyiake, as presented in [42, Figure 3-17]. Ppgake is defined
as

P
Pintake = m (1 + O.2M2)3.5 <A83)

N1 288.2
if > 1.03, k; = 52
" 14000 V Thocate ’
N1 288.2
| ks, = 61.9 —11.76 A.84
o (14000 V Timke) (A.84)

In addition, the engine idle speed, N1,q, is defined as

h
Nligie = |0.418 + 0.34M + (0.178 — 0.15M) ——— | N'Lpax A.85
" {o 8+ 0.34M + (0.178 — 0.15 )20000} (A.85)

k., 1s defined as

A.3.3 Sensor Model

The sensors model implemented in the Jindivik Simulink model [41] includes angle
of attack probe, sideslip vane, accelerometers, rate gyros, attitude gyros, static and
dynamic pressure sensors, Mach meter, altimeter and velocity meters.

e An angle of attack probe is used to measure an angle of attack of the vehicle
and is modelled as

&probe(s) 1
= A .86
Qagj(s) 0.073s + 1 ( )
lpq
Qadj = Qg — pV (A87)

where a, is the angle of attack at the centre of gravity that is computed using
(A.2), aagj is the adjusted angle of attack due to the upwash induced by pitch
rate, ouprobe is the angle of attack output from the probe, and the distance from
the centre of gravity to the probe, [, is defined as

l, = 7.43 — hege (A.88)
The probe output, aprobe, is limited in the range of +57.3° to —14.3°.

e An sideslip vane is used to measure a sideslip angle of the vehicle and is
modelled as
Burane(s) 1

Beg(s)  0.073s+1
where [, is the angle of sideslip at the centre of gravity that is computed
using (A.2)). Note that, the factors such as offset from the centre of gravity

and local aerodynamic influences are not modelled. The output of the sideslip
vane is limited to +30°.

(A.89)
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e Accelerometers are used to measure translational accelerations of the vehicle
and are modelled as

e (S)  Oyaec (s) Oz (s) o 34.557° (A.90)
o (5) Ay (s)  as,(s) %+ 2(0.707)(34.557)s + 34.5572 ‘
aazadj_ _axcg —(¢*+7r*)  (pg—7) (pr +4q) Lace
Uy | = |y | + | g +7)  —@*+72) (@7 =D) | |Yace| (A91)
Azaq; ] | Bzcq (pr —q) (gr+p) —(*+¢)] [Zace
Ury | [0+ qu—1v
Ay, | = |0+ 71U —pw (A.92)
., | | w + pv — qu

where a,,,, ay,, and a.. are the X, Y, and Z-body axis translational accel-
erations at the centre of gravity respectively that are computed using .
Agogis Qyog;s a0d a; o are the adjusted X, Y, and Z-body axis translational ac-
celerations respectively due to the accelerometers are offset from the centre
of gravity. ag,.., ay,., and a., . are the X, Y, and Z-body axis translational
accelerations output from the accelerometers respectively which a,, . and a,,,
are limited to +4 g and a., . is limited to £10 g. Zacc, Yace and 2, are the X,
Y, and Z-body axis distance from the centre of gravity to the accelerometers.

e Rate gyros are used to measure body axis roll, pitch, and yaw angular rates
of the vehicle and are modelled as

Pgyro(s) _ 902
p(s) 52+ 2(0.8)(90)s + 90 (4.93)
quro(s) o rgyro(s) o 2002
q(s)  r(s)  s+2(0.89)(200)s + 2002 (A.94)

where p, ¢, and r are the body axis roll, pitch, and yaw angular rates respec-
tively that are computed using . Deyros Gayro, and gy are the body axis
roll, pitch, and yaw angular rate outputs from the rate gyros which pgy., is
limited to +300° while ggyro and 74y, are limited to £100°.

e Attitude Gyros are used to measure roll, pitch, and yaw angles of the vehicle
and are modelled as

Payro(8)  Oayro(8)  Yayro(s) 1
o(s) — 0(s) _ w(s) _ 00%Bst1 (A.95)

where ¢, 0, and v are the roll, pitch, and yaw angles respectively that are

computed using (A.16). @gyros ayro, and gy, are the roll, pitch, and yaw
angle outputs from the attitude gyros which ¢g, and gy, are limited to

+180° and gy, is limited to +90°.

e Static and dynamic pressure sensors are used to measure static pressure of the
atmosphere and dynamic pressures of the air flow respectively. The pressure
sensors are modelled as

PPYESS<8) — Qpress<3) _ 1
P(s) g(s)  0.0255+1

(A.96)
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where P and ¢ are the static and dynamic pressures respectively that are com-
puted following the International Standard Atmosphere [42, page 47]. Ppress
and @press are the static and dynamic pressure output from the static and
dynamic pressure sensors respectively.

e Mach meter is used to measure Mach number of the air speed and is modelled
as

Mmeter(s) - 1
M(s)  0.025s+1
where M is the Mach number which is computed following the International

Standard Atmosphere [42] page 47]. Myeter is the Mach number output from
the Mach meter.

(A.97)

o Altimeter is used to measure altitude of the vehicle and is modelled as

hmeter(3> o 1
h(s) — 0.025s+1

where h is the altitude which is computed using (A.18]). Apeter 1S the altitude
output from the altimeter.

(A.98)

e Velocity meter is used to measure true air speed of the vehicle and is modelled

as
Vineter(8) 1
V(s)  0.03s+1
where V' is the true air speed which is computed using . Vieter 15 the
true air speed output from the velocity meter.

(A.99)

A.3.4 Actuator Model

Actuator models of elevator, aileron, rudder, trailing edge flap, thrust vectoring pad-
dles, and undercarriage have been implemented in the Jindivik Simulink model [41].
However, in this thesis, the trailing edge flap, thrust vectoring paddles, and under-
carriage are not used in which the flap angle is seted to 0° and the undercarriage is
in the retracted position.

e Elevator actuator dynamics are modelled as

e 30.742

w(8) (A.100)
Oeona(8) 824 2(0.509)(30.74)s + 30.742

where d.,.. and d.__, are the elevator angle command and response respectively.

The rate limit is £40°/sec and the position limit is 15° to —25°.

e Aileron actuator dynamics are modelled as

da, 752

wel8) (A.101)
Sagq(8) 82+ 2(0.59)(75)s + 752

where d,,.. and J,__, are the aileron angle command and response respectively.

The rate limit is £100°/sec and the position limit is £40°.
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e Rudder actuator dynamics are modelled as

Orpes () 72.12
=5 = A.102
6 y(8) 824 2(0.69)(72.1)s + 72.12 ( )

where 0,,.. and 9,__, are the rudder angle command and response respectively.

The rate limit is +82°/sec and the position limit is £35°.

A.4 Open-Loop Characteristics of the Jindivik Non-
linear Model

To investigate open-loop dynamic characteristics of the Jindivik nonlinear model [41]
about one particular flight condition, two major lateral and longitudinal modes of
the vehicle can be determined using MATLAB functions, trim and linmod. In this
section, we consider the following flight configuration: (i) fuel 100 gallons, (ii) flap
angle 0°, (iii) the undercarriage in the retracted position, and (iv) wings level and
constant altitude 10,000 ft and airspeed 506.3 ft/s straight flight condition. As a
result of trim and linmod, the state-space system forms of these two modes are,

(i) a longitudinal LTI model:

i 0.0028  0.0138  1.8610 —32.1739] [w —3.4470  0.00369
w|  |-0.1353 —1.5112 504.9849 0.1204 | |w|  |—48.1562 0 Oe
q —0.0079 —0.0307 —0.7974 0 g | T =28.1521 0 {@pm}
0 0 0 1.0000 0 0 0 0
(A.103)
(ii) a lateral LTI model:
b —0.1182 —2.0208 —506.3395 32.1739] [v 0 18.5577
p|  |-0.0171 —1.5279  1.1940 0 Pl —27.8679 —8.9740 [&]
i 0.0132 —0.0113 —0.2345 0 r —0.3003  1.0384 | |4,
b 0 1.0000  —0.0037 0 ) 0 0
(A.104)

In addition, Table presents the mode characteristics of the determined longitu-
dinal and lateral Dynamics. It can be seen that the Phugoid and spiral modes are an
open-loop unstable. Moreover, Figures show open-loop dynamic responses
of the vehicle due to the step inputs of elevator, engine speed, aileron, and rudder.
Obviously, the determination of natural frequency w, of the short period mode from

Figures [A.3}-b and [A.3}-c, that is 3.83 (rad/s), agrees quite well with the presented
data in Table [A.2] Figures [A.5}-a, [A.6-c, and [A.6l-e also show that the open-loop

transfer functions of v(s)/d.(s), r(s)/d,(s), and 1(s)/0,(s) are non-minimum phase
zero. Furthermore, the w, = 2.60 (rad/s) of the Dutch roll mode that is determined

from Figures [A.5}-a, [A.0]-a, and [A.G}-c, agrees quite well with the presented data in
Table [A.2]
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Figure A.3: Aircraft open-loop dynamic responses to 0.1 degree elevator step
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Table A.2: Mode characteristics of the determined longitudinal and

lateral dynamics”

Mode Pole Damping ({) Frequency (rad/s)
Phugoid Mode -0.117, 0.129 1, -1 0.117, 0.129
Short Period Mode —1.16+3.93¢  0.283 4.09

Spiral Mode 0.0336 -1 0.0336

Roll Mode —1.63 1 1.63

Dutch Roll Mode —0.140 £ 2.61¢ 0.0534 2.62

" about wings level and constant altitude and airspeed flight condi-

tion
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Appendix B

UAYV aerodynamic model
identification from
a racetrack manoeuvre

The determination of aircraft stability and control derivatives from wind-tunnel
and computational fluid dynamics data can be an expensive and time-consuming
procedure. This appendix shows how linear system identification techniques can
be used to obtain this information with sufficient accuracy to design a satisfactory
flight control system for an aerial target of the Royal Thai Air Force. Just one flight
was undertaken, using a racetrack manoeuvre, to provide the data for identification
and validation. The system parameters were identified and a flight control system
was designed. Hardware-in-the-loop simulation was used to perform initial tests on
the controller and to test the control system hardware and software. A second flight
was performed to test the resulting controller, and a satisfactory performance was
obtained without the need to adjust the controller gains.

B.1 Introduction

Flight control systems are typically designed and validated using six-degree-of-
freedom (6-DOF) dynamic models of the aircraft. Traditionally, the model pa-
rameters are determined using wind tunnel tests by measuring aerodynamic forces
and moments introduced on an aircraft. Furthermore, aircraft moments of inertia
are calculated and the aircraft engine model determined from experimental data.
However these standard processes are both expensive and time-consuming, and may
not be affordable or practicable for many UAV applications.

System identification techniques provide an alternative approach that can be used to
estimate stability and control derivatives or aerodynamic coefficients of both manned
and unmanned aircrafts from flight data [48] 53], 57, [78]. Typical tasks of comprising
the system identification process are experiment design, data compatibility analysis,
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model structure determination, parameter estimation, and model validation [58| [69]
78]. An important part of the experiment design is to select input waveforms that are
used in the excitation of maneuver suitable for model structure determination and
parameter estimation because the shape of an input signal has a major impact on
the accuracy of estimated parameters from dynamic flight measurements [69, [74] [78].

A data compatibility analysis is usually applied to the measured aircraft responses in
order to remove bias and scale factor errors and reconstruct the measured response
data [28] 58] [78]. Having checked the data compatibility, the model structure deter-
mination [22] [76, [71] and parameter estimation [28], 53, 57, [72] can be executed in
order to determine the most appropriate form of the equations to describe the mea-
sured responses and to estimate the numerical values of the coefficients appearing
in the equations, respectively.

The model validation is the last step in the identification process. The identified
model should have parameters that are physically reasonable values with acceptable
accuracy and it should have good prediction capabilities. For these reasons, the pre-
dicted responses are usually compared with a separate set of the measured responses
that is not used in the identification process. If the validation process is successful
then the analysis is stopped. Otherwise, the identification process is repeated using
a different equation structure or parameter estimation technique. In severe cases,
the whole process may have to be performed again with a different shape of the
input waveform [58| 69, [75], [7§].

In practice, to obtain accurate and reliable results from system identification tech-
niques, an aircraft is typically required to fly about a trim condition and to manoeu-
vre by deflecting each control surfaces deflections at a time with a suitable input
waveform of appropriate amplitude [58] in order to to excite certain dynamic modes.
A steady wings-level flight condition is generally most suitable. The inputs can be
optimal input waveforms [69] 70l [74], 3-2-1-1 input waveform [28] [73] 4], etc. Klein
[58] suggests that manoeuvres about trim should not exceed angles of attack and
sideslip of £5°, angular rates of +20°/s, and translational accelerations of £0.3 g.

A number of difficulties arise when system identification techniques are applied to
certain UAVs. Before the automatic control system is designed, the UAV must
be flown as a remotely piloted vehicle. Without pilot-eye-view video images and
telemetered data, these requirements can be difficult and time-consuming to perform
by a remote ground pilot using only radio control; this is especially the case for fast,
large and heavy UAVs, because the remote pilot does not receive the same motion
cues that they would if onboard the aircraft. Furthermore extensive test ranges
must be used which is very costly.

In this thesis, the aerodynamic and propulsion coefficients of a RTAF aerial target
were identified from a racetrack manoeuvre. Thus the aircraft is always in visual
contact with the remote pilot, and this reduces the range requirements. In addition,
ground pilots are generally familiar with the racetrack pattern which is easy to
perform. However, the aircraft is not always flying straight and level which is the
normal condition for aircraft parameter identification methods. Moreover, due to the
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Figure B.1: RTAF aerial target

schedule and limited budget of this work, only one flight test for identification was
undertaken. The study shows that, for this vehicle, the necessary parameters can
be identified with sufficient accuracy to design a satisfactory flight control system.

B.2 Flight System Configuration

The RTAF aerial target is a conventional fixed wing aircraft, shown in Figure [B.1]
It is powered by an AR731 rotary engine from UAV Engines Ltd. The elevator and
aileron deflections and throttle setting are effected by Futaba S9206 servo motors.
Note that the aerial target does not have a rudder. Its specifications are given in

Table Bl

B.2.1 Flight Control Computer

The flight computer board was developed especially for this work by the Science
and Weapon System Development Center (SWSDC), RTAF, shown in Figure [B.2]
This board is an embedded flight computer which does not have any operating
system. It is equipped with only three main chips: an Intel 80C196MH with a 16
MHz clock speed as a processor, a STMicroelectronics PSD4235G2 as a flash in-
system programmable (ISP) peripheral, and a Texas Instruments TL16C554 as an
asynchronous communication element (ACE) peripheral. The number of chips has
been kept as low as possible so that the board is simple and reliable.

B.2.2 Avionic Instrumentation

High quality instrumentation was implemented for measuring the flight data. The
sampling rate of measurement and the type of sensor output signal were the main
criteria for selecting the vehicle instrumentations. As suggested by [58], the mea-
surement sampling rate was selected as 25 fi,.x Where fi.x represents the maximum
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B.2 Flight System Configuration

Figure B.2: SWSDC flight controller

Table B.1: RTAF aerial target specifications

Description ‘ Details
Wing span (b) 3.21 m
Wing area (S) 1.57 m?
Wing chord (¢) 0.547 m
Stabiliser span 1.25 m
Fuselage length 2.67 m

Maximum height 0.82 m

Weight (m) 65 kg

Speed range 40 - 150 knot

Endurance 45 minute

frequency of the rigid body modes. In general, the frequencies of the rigid-body
dynamic modes are below 2 Hz, which means that the sampling rate should be at
least 50 Hz.

The chosen instrumentation packages are listed in Table Digital output devices
were preferred because digital signals are less prone to electromagnetic interference
or radio frequency interference (RFI) than the analogue. In addition, the anti-
aliasing filters did not have to be designed and ADCs implemented. However the
mini air-data boom provides an analogue output. A second-order low-pass Butter-
worth filter [56] was used to for its anti-aliasing filters. The break frequency was
chosen as 5 fiax as suggested in [5§].

B.2.3 Radio Telemetry

High quality radio frequency telemetries (RF Modem) were also required in this
work. The RFM96W from Pacific Crest Corporation was used for the manual pi-
loted command uplink and was configured as 412.025 MHz, 9,600 baud for RS-232
interface, and 9,600 baud for the link rate. The data packages of the piloted com-
mand were transmitted (uplink) every 80 ms. The REM96WSS (frequency hopping
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spread spectrum) from the same company was used for the flight data downlink and
was configured as 902-928 MHz, 19,200 baud for RS-232 interface and 37.5 kbps
raw data for the link rate. The flight data downlink packages were transmitted,
displayed and recorded every 40 msec on the ground station computer, shown in
Figure which also shows an overview of the flight system configuration of the
RTAF aerial target.

B.2.4 Racetrack manoeuvre

The flight data (racetrack manoeuvre) that was used for the identification are shown
in Figure B.4 Additional results can be seen in [31], 32]. Control surface deflec-
tion sensors were not used, however the control surface defections are generated by
simulation from a linear model of the servo dynamics and the known pulse-width
modulation (PWM) signals. A technique to identify a servo linear dynamic model
is presented in [54]. The Futaba S9206 linear dynamic model was assumed as a
first-order transfer function, 1/(7,s + 1), where the time constant (actuator lag),
Ta, Was 20 ms. The measured maximum and minimum deflections of the elevator,
aileron, and throttle setting were equal to +32.4°, +19.96° and 51° and 0° respec-
tively. The maximum angle rate magnitude of the Futaba S9206 servo is 315°/s,
so the maximum rate magnitudes of the elevator, aileron, and throttle control were
determined as 126°/s, 78.75°/s, and 105° /s repectively because the ratio of elevator,
aileron, and throttle deflections to servo output deflections were 1:2.5, 1:4, and 1:3
respectively.

The altitude and velocity along the body z-axis are calculated as [1]

(B.1)

0.190261
= 145442.2[1 _ ( 5P )

29.92126

w= [38.967854\/m] \/5<% + 1)2/7 1 (B.2)

where h is the altitude in feet, SP is the static pressure in inches of mercury (inHg),
u is the velocity along the z-body axis in knots, T' is the outside air temperature
(at altitude) in degrees Celsius, and DP is the dynamic pressure in inHg. To sim-
plify , T is assumed to be constant and equal to a measurement temperature
on the ground that was 27.6°C.

Although the static pressure was not calibrated to perform altitude error corrections,
the calculated altitude using the static pressure data in agreed quite well with
the global positioning system (GPS) altitude as shown in Figure . In addition,
because of installation constraints, the mini air-data boom was installed on the wing
tip of the vehicle as shown in Figure Due to upwash, such a location can affect
the accuracy of the altitude and u-velocity measurements. It is a general issue for
small UAVs that the air-data probes can not always be placed in aerodynamically
optimal locations.
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Figure B.3: Flight system configuration
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Figure B.4: Flight data (racetrack pattern) for identification
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B.3 Aircraft Parameter Estimation

B.3.1 Model Postulation

Based on a priori knowledge about the standard 6-DOF equations of motion, the
aerodynamic force and moment coefficients can be calculated from flight data as
shown below [77]

ma, — T
Cxy = —— B.3
o= e ®.3)
ma,
= B.4
oy = (B.4)
ma
_ z B.
Cy="10 (®.5)
Cr = Cxsina — Cyzcos (B.6)
Cp=—-Cxcosa— Czsina (B.7)
. Iac . zz . (]Z - Iy)
C) = 75 K I_m<pq +7) + I—mqr] (B.8)
L 1., (.- 1) Loz 2
_ laz 2 B.
Co = 2 |d =+ 0P =) (B.9)
. [z . [ocz . (Iy—lx)

Variables a,, ay, a., p, q, r, a, and ¢ are measured by the instrumentation shown in
Table Parameters m, S, b, and ¢ are given in Table [B.1

The inertias I, I,, and I, are measured by a torsional pendulum experiment, i.e.
the bifilar pendulum [103] and trifilar pendulum [6], using the relation

mgT?R?

I —
A2 [,

(B.11)
where I (kg-m?) is the measured moment of inertia, T (s) is the period of oscillation,
R (m) is the distance between cables and the distance from a cable to the center
of three cables in the case of bifilar and trifilar pendulums respectively, and L (m)
is the cable length. In this work, the trifilar pendulum was used to measure the
inertias of the aerial target and the measured values of I, I,, and I,, were equal to
16.79 kg-m?, 39.44 kg-m?, and 51.67 kg-m? respectively. I, was assumed zero.

The engine thrust, T' (N), as a function of engine rotational speed was measured at
steady engine rotational speed using a force gauge by letting the aerial target pull
the force gauge only in the x-axis direction. The results of the measurement are
shown in Figure B.5] A simple linear thrust model that fits the shown data was
determined as

T = (0.0716 x RPM) — 188.6 (B.12)

where RPM is the measurement of engine rotational speed in revolutions per minute
and lies in the range 3500-7000.
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Figure B.5: Static thrust measurement result

B.3.2 Flight Data Post-Processing

All of the measured aircraft response data have to be synchronized. However, as
shown in Table [B.6], the sampling rates for each avionic instrumentation package
are different. Hence linear interpolation was used to re-sample the data at the same
frequency.

To remove the noise, e.g. process noise (atmospheric disturbance), engine vibration,
and sensor noise, that lie outside the bandwidth of the data of interest, the received
data were filtered using the standard MATLAB Filter Design Toolbox function [4],
butter (i.e. Butterworth infinite impulse response digital filter), since Butterworth
filters give a magnitude response that is maximally flat in the passband and is
monotonic overall. In addition, they sacrifice rolloff steepness for monotonicity in
the passband and stopband. In this work, the filters for V', u, ¢, and 6 were order
3 with a cutoff frequency of 2.35 Hz; the filters for a,, ay, a., p, q, v, o, and 3 were
order 3 with a cutoff frequency of 6.35 Hz, and the filters for é,, d., and &y, were
order 2 with a cutoff frequency of 4.75 Hz. A power spectral density of the filtered
flight data shown in Figure [B.6]

The angle of attack, sideslip angle, and translational accelerations were corrected to
the center of gravity using [27) 58]

04:04E+7—7 (B.13)
T%g ng
B=Pe+ % % (B.14)
a | Uy (> +71%) —(pg—7) —(pr+4q)] [za
glay| =g |ay, | + |~g+7) @*+7%) —(gr—p)| |Ya (B.15)
a. | Az —(pr—q) —(qgr+p) @+ ] (%
u| UE 0 r —q| |Tar
v|=lvg|l+ |- 0 p Yair (B.16)
w_ WE q —-p 0 Zair
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B.3 Aircraft Parameter Estimation

where the subscript £ denotes the measured value from the experiment. [z, Yo 2a]"
(5 v 28]", [Ta Va 24)", and [Tair Yair 2ai]? denote the position vectors of the an-
gles of attack and sideslip, accelerometer, and air-data probes relative to the centre

of gravity in the body axes respectively.

Y

A data compatibility analysis should be applied to the measured aircraft responses
in order to verify the data accuracy because the measured response data contains
bias and scale factor errors. The purpose of data compatibility analysis is to remove
the bias and scale factor errors and reconstruct the measured responses [58, [78].
The measurement equation model for aircraft sensors with typical instrumentation
errors is defined as [2§]

Ym = (L+ X))y +b, (B.17)

where y,,, denotes the measurement of the true value of variable y, A, is the scale
factor error, and b, is the bias error. Following [58], the state-space form of the trans-
lational and rotational kinematics differential equations and the measured output
equations used for data compatibility analysis is

U 0 rg — b, —(gg —b;) 0] |u —gsinf + ga,, — ba,
v |=(rg—10) 0 pE — by 0 |v gcosfsin¢ + ga,, — b,
w| | gg—by  —(pE—1by) 0 0| |w gcosfcos¢+ ga,, — b,
a | sinf —cosfsing —cosfcosg Of |[h 0
(B.18)
_gz:ﬁ_ [1 tanfsing tanfcos¢| [pe —b,
0l = |0 cos ¢ —sin ¢ qr — b, (B.19)
)] |0 singsec cosgsectd| |rg— by
V(i) = (1 4+ A\v)v/u2(i) 4+ v2(i) + w2(i) + by (B.20)
Bi(i) = (14 Ag) tan ™" [%} + by (B.21)
ap(i) = (1+ \,)tan™! [w(z)] + b, B.22
u(i)

where the subscript E again indicates measured values from the experiment, (. is
the unknown scale factor error, and b is the unknown bias error. The constant
unknown instrumentation error parameters in — were estimated using
a function, dcmp, of the MATLAB software package SIDPAC, which is documented
in and included with [58]. The function demp is an output-error parameter identifi-
cation technique that is based on the principle of maximum likelihood method, for
further details refer to [58]. The results are shown in Table

Klein [58] discusses the expected errors of a typical instrumentation package, and this
was used to determine which bias and scale factor terms should be estimated. The
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Table B.2: Estimated instrumentation error parameters

be. (m1/52) | -0.8264 % 0.0135
ba, (m/s?) | -2.3694 % 0.0129
ba. (m/s) | -0.5380 + 0.0059
b, (rad/s) | -0.0008 = 0.0000
b, (rad/s) | -0.0012 % 0.0000
b, (rad/s) | -0.0138 + 0.0001
by (rad) | 0.0193 = 0.0034
be (rad) | 0.0145 %+ 0.0050
Ag 0.0071 £ 0.0003

Ao 0.0894 £ 0.0025

by (rad) | -0.0309 £ 0.0003
by (rad) | -0.0067 + 0.0004

bias and scale factor of yaw angle were not estimated since there was no measurement
data of the yaw angle. The selection of bias and scale factor terms in function dcmp
were hand-tuned until the reasonable parameters, shown in Table[B.2] were obtained
with the best match between the measured and reconstructed responses, shown in
Figure[B.7] The match between the measured and reconstructed responses for V', a,
and (3, shown in Figure [B.7}-a, were not as good as the match between the measured
and reconstructed responses for ¢ and 6, shown in Figure [B.7-b. This is because
the random measurement errors of the translational accelerations and angular rates
were neglected in (B.18)). Moreover, Figure also shows that all of the measured
responses have a significant noise; this is especially the case for the translational
accelerations. Although all of the measured responses were filtered, the process
noise (i.e. atmospheric turbulence) typically resides in the same frequency band as
the aircraft dynamics making it difficult to filter out post-flight without also filtering
out the data of interest. Furthermore, the upwash also induced some errors on the
u-velocity.

B.3.3 Equation-error Method

Although the exact forms of aerodynamic coefficients structures are not certain,
typical linear model structures are suggested in [50, B8, [77]. The linear model
structures that were used in this work, from [50], are

CD:CDO—FCDaOé—f—CD(s 5 (B27)
b rb
Cy = Cy, + Cy, B + Cy, <§v> 4 Cy, <2v> + Cy,, b, (B.28)
ac
Cp=Cpy+Croa+Cr, (21/) +0Lq(2v) + Oy, 6, (B.29)
B pb rb
C =0, +C,65+Clp(2v) +CZT(2V) +Cy, 0 (B.30)
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acC
Cr = Cog + ot + Cs, (2v> +C’mq<2v> + Ciy 0 (B.31)
B pb rb
Cp = Cry + CoyB + Co) (2v) +Cnr(2v> +Cy, b, (B.32)
RPM = Co + CaOé + va + Cgth(sth (B33)

After substituting the aerodynamic coefficients that were calculated using (B.3])—
and the measured state and control variables in f, we obtain
a set of equations of the unknown aerodynamic parameters for which are solved
using an equation-error method (least-squares method). For example, following
[58], the least-squares problem for the lift coefficient C}, is formulated using the

model structure in (B.29) as
Z=X0+v (B.34)

where Z is an N x 1 vector of values computed from , 0 is a 5 x 1 vector
of unknown parameters, X is an N X 5 matrix of measurement data vectors or
regressors, and v is an N X 1 vector of equation errors as shown below

Z=[Cu(l) @ - o))"

9 = [CLO CLQ CLa CLq CL56]T
1 a(l) fg%) % de(1)

x_ |l @ B A

v="[v(1) w2 - o]

The best estimator of @ minimizes the sum of squared differences between the de-
pendent variable measurements Z and the model; the cost function, J, is given by

1
J(0) = 5(Z— X0)'(Z - X0) (B.35)
Differentiating (B.35) with respect to 8 gives [27],

9.J(0)
96

The necessary condition for minimizing the cost is given by 0.J(0)/00 = 0 giving
the least-squares solution for the unknown parameter vector 8 as

=-Z'X +6"X"'X (B.36)

0= (X"X)"'X"z (B.37)
The estimated parameter covariance matrix from [58] is
[Cy] =*(XTX)™", 4,j=1,2,...,np (B.38)

where np is the dimension of the unknown parameter vector and

o (Z- X0)"(Z — X6)

B.39
N —nn (B.39)
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Table B.3: Parameter correlation coefficient matrix (coefficients of drag, lift, and
pitching moment)

C(Dvam)() O(Dvam)a C(Lvm)d C(Lvm)q C(Dvam)ée

Coom, 1 0.3355  0.1262 -0.4606 -0.2884

O(DvL,m)Q - 1 0.0614 -0.1809 0.4946
Clrom), i i 1 -0.2066 -0.1702
Clem, i i : 1 0.6207

Co,Lm),, - - - - 1

The standard error of the estimated parameters is [77]

s(0,) =+/Cj;, j=1,2,...,np (B.40)

The correlation coefficient between two estimated parameters is [27]

Pij = —F=——r—

The correlation coefficient is a measure of the pair-wise correlation between the two
parameters. A value of p;; > 0.9 means that the two regressors, X; and X;, are
linearly dependent and are in some way related to each other. In that case, some
additional action must be taken [5§].

(B.41)

B.3.4 Results

A single flight was undertaken lasting 1,038 sec. The flight data of the period
from 522-657 sec was used for identification. Some of the measurements are shown
in Figure B4 The identification results are presented in Table [B.7] Figure
show how well of the match between the estimated and calculated aerodynamic
coefficients using the flight data of period 560-620 sec. The correlation coefficients
of these results are presented in Tables to[B.5l The results were also validated
by comparing the estimated aerodynamic coefficients with the values calculated by
(B.3)—(B.10)) using the flight data of period 860-870 sec. Some results are shown
in Figure Additional results can be seen in [31 32]. The offset in the RPM
plot occurs because engine nonlinear effects are likely to be significant at low engine
speeds (below 4,500 RPM), the engine speed for the identification period ranged
between 5,200 RPM to 6,800 RPM, but was below 4,400 RPM for the validation
period. Moreover, the regressor showing the correlation between V' and d;;,, shown
in Table shows these are linearly dependent. This could cause an inaccurate
estimated parameter. Although we can not suppose the identified results are the
exact aerodynamic coefficient parameters of the vehicle, these results should be
reliable and accurate enough for control synthesis and analysis.
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Table B.4: Parameter correlation coefficient matrix (coefficients of sideforce, rolling,
and yawing moments)

Counyy Cvim, Cioumy, Coum), Cim,,
C(Y,l,n)o 1 0.0872 0.3235 -0.0151 -0.3727

Civin), - 1 -0.3362  -0.2669  0.0268
Covm), - - 1 0.2240  -0.8636
Civiim), - - - 1 -0.0492
Civin) 5 - - - - 1

Table B.5: Parameter correlation coefficient matrix (engine speed coefficient)

Co C. Oy  Cs,
Co 1 0.0035 0.0206 -0.2157

Co - 1 0.3702  0.2067
Cy - - 1 0.9272
Cs, - - : 1
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B.4 Design, HIL simulation and flight test

B.4.1 PID Autopilot Design

Three autopilot functions, altitude-hold, speed-hold, and GPS waypoint navigation,
were designed using a proportional, integral and derivative (PID) control method-
ology drawn from [59]. The PID autopilot were implemented as a discrete-time
controller with antiwindup. The details of its structure are shown in Figure [B.10}
All gain values in each loop were tuned manually, based on the identified 6-DOF
nonlinear model, until the autopilot’s functions performances are satisfied. The an-
gle calculation box in Figure B.10}-b calculates an angle v from a current position
(Latitude, Longitude) of the vehicle to the command position (destination). The
purpose of pitch and roll limiters in Figures [B.10}-a and [B.10}-b is to ensure that
the aerial target will manoeuvre with small amplitude of controls, i.e. elevator,
aileron, and throttle. Hence, its dynamic will not be faraway from trim condition
(or small-disturbance condition).

B.4.2 Hardware-In-the-Loop (HIL) Simulation

In practice, before a real flight test, HIL simulation is often used to validate the
reliability of the hardware and software of the flight control system as well as the
effectiveness of the designed flight control law. The details of the HIL simulation
are shown in Figure [B.I1] Based on the identified aerodynamic coefficients, the 6-
DOF nonlinear model of the vehicle was written in MATLAB/Simulink Real-Time
Workshop [2] environment with a 32-bit xPC Target system being an Intel Pentium
III computer.

Two PCI-CTRO5 counter/timer boards from Measurement Computing Corporation
were installed inside the xPC target computer and used to capture the elevator,
aileron, and throttle PWM signals that were generated from the flight control com-
puter. Five RS-232 serial port signals were required (see Figure , so a PCI-
ESC-100 serial board from Quatech Inc. were also installed to provide these. For the
6-DOF nonlinear Simulink model, the xPC Target Toolbox blocks PCI-CTRO5 PWM
and ESC-100 Quatech [3] were used to program the PCI-CTRO05 boards and PCI-
ESC-100 board respectively. The 6-DOF nonlinear Simulink model was automati-
cally compiled by VisualC and downloaded to the xPC target using the MATLAB
function, xpcexplr [3].

The designed PID autopilot was programmed manually using the Phyton 80C196
C language development kit. The sensor interface modules of the flight computer
board were programmed using assembly language. The Intel Hex-file format was
the result of compiling both assembly and C program modules. This Intel Hex-file
was burned to the flash in-system programmable peripheral (PSD4235G2) on the
flight computer board.
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The ground station application programs, i.e. instrumentation monitoring and mov-
ing map displays, were programmed using Visual Basic 6.0. Furthermore, this HIL
simulation actually can simulate flying in both manual and automatic modes. Mode
selection is controlled by three switches, i.e. altitude-hold on-off, speed-hold on-off,
and GPS waypoint navigation on-off, on the joystick control unit. Microsoft Flight
Simulator was used for visualisation. An experienced ground pilot used the man-
ual mode to simulate flying with the flight dynamic visualization display, shown in
Figure in order to validate the identified 6-DOF nonlinear model.

B.4.3 Flight Test

After the HIL simulation results were deemed successful and satisfactory, a real flight
test was performed. The altitude command was set to 2,000 ft, the speed command
to 105 knot, and three GPS waypoint navigation settings of (lat: N14°52.2240', long:
E100°40.5360), (lat: N14°52.5120", long: E100°40.0080"), and (lat: N14°51.7860',
long: £100°39.5760"). Some of the flight test data are presented in Figure It
can be seen that the PID autopilot successfully performed its functions without any
need to adjust the controller gains. Additional results can be seen in [31], 32].

B.5 Conclusions

This appendix demonstrates how system identification techniques can be used for
UAV control system design and development in a cost-effective manner. An ordinary
piloted manoeuvre and off-trim condition flight data (racetrack manoeuvre) was
studied and identified in order to estimate the aerodynamic coefficients of the RTAF
aerial target. As shown by the flight test results of the PID autopilot, the identified
6-DOF non-linear model was sufficiently reliable and accurate for the design of a
satisfactory control system. In this work, only two flight tests had to be undertaken.
The first flight test was done to record flight data by controlling the aerial target
manually for a flight duration of 12 min. The second flight test was done to validate
the PID autopilot for a flight duration of 26 min. However, both flight tests were
performed in one flight condition; it is envisaged that gain-scheduling will be required
to cover a fuller range of flight conditions. An advanced robust gain-scheduling
technique, namely linear parameter-varying control, should be employed where the
details of LPV control approach are already presented in the main chapters of this
thesis.
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Figure B.10: Structure design of the autopilot
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Appendix C

Explicit Controller Formulas for
PDLF-based Gain-Scheduled H
Synthesis

This appendix aims to provide a brief overview of a multi-convexity method [I1] and
an explicit controller formulas [43] that are used for synthesizing and constructing
a PDLF-based LPV controller, respectively. The material in this appendix is taken
from [8, 1] and [43].

Consider a given affine LPV plant model with state-space realization of the form
(3.59). A(+), Bi(+), C1(+) and Dq;(-) matrices in (3.59) can be written as an affine
and convex combinations in a similar manner to (3.20)) and (3.22)), respectively:

A(Q) = A() —|— ZQZAZ = Z ajflj
i=1 Jj=1

Bl(ﬁ) = Blo + ZQZBL = Z ajélj
i=1 j=1

01(9) = Clo + Z@ZC&Z = Zajélj
i=1 j=1

DH(Q) = D110 + ZeleL = Z OéjDH]. (C].)
i=1 7j=1

where n is the total number of the time-varying parameters, 6, r = 2" is the total
number of vertices, and «; is determined using (3.24)) and (3.25)).

The gain-scheduled output feedback H, control problem using the parameter-dependent
Lyapunov function is to compute a dynamic LPV controller, K (), with state-space

equations of the form (6.14). Ay(6,8), Bi(6), and Cy() in (6.14) are determined
using (6.20)—(6.22)) respectively. X () and Y (#) in (6.20)—(6.22)) can also be written
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as
X(Q) = XO + ZQZXZ = ZO&ij
i=1 Jj=1
Y(0)=Yo+ ) _ 6:Yi=> a;Y;
i=1 j=1

i=1 k=1

O =30y =Y A ©2)

k=1

where [ can be determined in a similar manner to «; using and .
Note that Xy and Y, k=1,...,r, mapto X; and Y;, i = 1,...,n, respectively in a
similar manner to and Xj and Yj, j=1,...,r,mapto X;and Y;, 1 =0,...,n,
respectively in a similar manner to

Moreover, X (), Y(0), N(8), M(0), An(0), By(0), Cr(0, and Dy(6) in (6.20)(6.22)

are determined as shown below:

Theorem C.0.1. (Multi-convezity, [11, Theorem 5.3]) There exists an LPV con-
troller (6.14) solution to the LPV control problem with quaranteed Lo-gain perfor-
mance with level vy along all possible parameter trajectories, ¥(6,0) € © x ®, when-

ever there exist symmetric matrices Xo, X1, ..., X, and Yy, Y1, ..., Y, and scalars
Ao, A1y v ey Any Mo, [, -« -, Mp and o such that
X+ X;A; + ATX; X;B,, CF ) 0
i élj Dllj =1 0 =l
(C.3)
LhVATEAT, VCL B [ n
Bf; Dlle —~I 0 i=1
(C4)
X; I
~ | >0 C.5
oy ©5)
7 (3 _ > _\. .
{ BT X, 0 } d [D;CQ DL Dy | = M (C.6)
VAT + AY; YiCT ByB;  ByDY, ]
i il — > .
|: Cll}/; 0 g D12Bg D12D{2_ - MZI (C 7)
M=0, N=20, pw=20, =0 (C.8)

for 3,k=1,2,...,r and i=1,2,...,n
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Having determined X (#) and Y () using Theorem |C.0.1, N(#) and M (6) can be
determined from the factorization problem:

I—X(0)Y(9)=N(@O)M ) (C.9)
Algorithm C.0.2. (Ezplicit Controller Formulas, [§, [£3]) Computation of Ar(8),
Step 1: Set Dy(0) = (D{3D12) Do(0) (D21 D3, ), where Do(6) is any matriz such that
Omax (Dn(e) + D12D0(9)D21) < 7. This amounts to solving a Parrott problem.
Step 2: Compute the least-squares solutions of

0 (D1 0] . . Cs
() e 20 ) () =~ ([0

(C.10)
(18] Lo 0] ) ()= ( [ o] )
(C.11)

where Dy(0) = Dy1(0) + D12 Dy (0) D12 and * denotes matrices without interest here.
Step 3: If m1Cy = 0, set Opa(0) = 0. Otherwise, compute Ops(0) such that

¢ + C’QTﬂ'zl@BQ(e) + 922(9)7?2102 <0 (012)
where o, = I — D21D;'1 and
= AT(0)X(0) + X (0)A(0) + X (0) + OF,(0)Ca + C3 O, (6)

BY(0)X(0) + D50 (0)]" [ I —DL(O)] " [BT(0)X(6) + D505 (6)
(C.13)

Similarly, set ©co(0) = 0 if m9BI = 0. Otherwise, compute ©c2(0) such that

11+ Bym12O¢a(0) + Oy (0)maBy <0 (C.14)
where w1y = I — D},D1o and
IT = A(0)Y (0) + Y (0)AT(8) — Y (6) + B2OC,(9) + OF (6) By

)+
+ ( 1(0) + B2Dy(0) D) }T [ 71 _DZ;(Q)] - [(31(9) + B2Dkz(9)Dz1)T}
( )Y(Q) -+ Dlg@cq (9) _Dcl(e) ’Y[ Cl (Q)Y(Q) + Dlg@cq (9)
(C.15)

Step 4: Compute Ag(0), Bip(6), and Ci(0) as
Cr(6) = Oc1(0) + ™20 (6) (C.16)
Bi(0) = (©p1(0) + m:105:(0)) " (C.17)
A(8) = —(A(0) + BaDy(O)Co)" + [ (X(0)Bi(0) + Bu(0)Dar)  (C1(0) + Dr2Du(0)C)” |

“\owey 7]

(B1(0) + By Dy (6) D))"

C1(0)Y (0) + D12C(0) (C.18)
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