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Predicting fatigue crack growth rate in a welded butt joint:

the role of effective R ratio in accounting for residual stress effect

G. Servetti, X. Zhang*
Department of Aerospace Engineering, School of Engineering, Cranfield University

Bedford, MK43 OAL, U.K.

Abstract: A simple and efficient method is presented in this paper for predicting fatigue crack
growth rate in welded butt joints. Three well known empirical crack growth laws are
employed using the material constants that were obtained from the base material coupon tests.
Based on the superposition rule of the linear elastic fracture mechanics, welding residual
stress effect is accounted for by replacing the nominal stress ratio (R) in the empirical laws by
the effective stress intensity factor ratio (R.;). The key part of the analysis process is to
calculate the stress intensity factor due to the initial residual stress field and also the stress
relaxation and redistribution due to crack growth. The finite element method in conjunction
with the modified virtual crack closure technique was used for this analysis. Fatigue crack
growth rates were then calculated by the empirical laws and comparisons were made among
these predictions as well as against published experimental tests, which were conducted under
either constant amplitude load or constant stress intensity factor range. Test samples were
M(T) geometry made of aluminium alloy 2024-T351 with a longitudinal weld by the variable

polarity plasma arc welding process. Good agreement was achieved.

Keywords: Weld joint; thermal residual stress; fatigue crack growth rate; finite element

method; virtual crack closure technique; mutual work.

Nomenclature

a Half of the crack length

E Young’s modulus

Fopps Fress Fior - Reaction force at crack-tip node due to applied, residual and combined (total) stresses
Gupps Gress Gioy - Strain energy release rates due to applied, residual and combined (total) stress fields
K., Koy  Stress intensity factors (SIF) due to applied, residual and combined stress fields
Keoppmars Kioymax SIF due to applied and combined stress fields at the maximum applied stress

Koppmins Kiormin  SIF due to applied and combined stress fields at the minimum applied stress
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Kc Apparent fracture toughness

R Nominal stress intensity factor ratio (Kii/Kmax = Gin! Giax)

Ry Effective stress intensity factor ratio (K, min/Kior, max)

Vapps Vress Vior Crack opening displacements due to applied, residual and combined (total) stresses
B Non-dimensional SIF

K, Ko SIF range due to applied and combined applied and residual stresses

C,n,m,p,q Material constants in the various crack growth laws

1. Introduction

In the last decade trends in aircraft manufacture are towards creation of integral structures via
manufacturing processes such as welding, casting and forging, high-speed machining, rather
than the traditional riveting [1-2]. This is mainly driven by manufacture cost saving and
structural weight reduction for the future aircraft structures. Current welding processes
applicable to airframe aluminium alloys include the friction stir welding (FSW), laser beam
welding (LBW), and plasma arc welding, e.g. the variable polarity plasma arc (VPPA) and
metal inert gas (MIG) welding. One of the main advantages of welded structures is the
significant reduction or complete removal of the numerous fasteners and overlapping joint
areas in the airframe; this will bring down the costs of manufacture and maintenance
significantly, and also the structural weight. The absence of fastener holes will also remove
the crack initiation sources resulting in much improved fatigue endurance and simplification
in inspection.

Welding also produces adverse effects on fatigue crack growth (FCG) rate due to thermal
residual stresses, local distortions (especially in thin alloy sheets) and the microstructure and
hardness changes in the heat-affected zones (HAZ). Whereas all of these affect the FCG rates,
thermal residual stress has been identified as the most influential factor, and this was
demonstrated in the friction stir welds [3-4] and plasma welds [5]. Efforts have been devoted

to the investigation of residual stress effect on FCG rates [e.g. 3-14].



Two methods have been widely used to calculate FCG rates in residual stress fields. One
employs the superposition rule to determine the effective stress ratio (R.) to account for the
residuals stress effect [7-8]. The other is based on the crack closure concept originally
proposed by Elber [15] by calculating the crack opening stress intensity factor (K,,.,) and then

the effective stress intensity factor range (&K.y) in a combined stress field of the applied and

residual. The validity of both methods has been generally accepted. For the second approach,
some researchers calculate K,,., by empirical formulas [8-10], whereas others by the finite
element method [11, 13].

The key task for the first method is to determine the K, using either the weight function
method (WFM) or the finite element method (FEM). The WFM has been successfully used by
several researchers, e.g. [7, 14, 16], for simple geometries. FEM is more powerful and robust
when general SIF solutions cannot be found due to the complexity in either geometry or
loading conditions. The subsequent task is to calculate the FCG rates by empirical laws. The

most frequently used are in the form of da/dN = fiK, R). The Walker [17], Hater T-method

[18], and NASGRO equation [18] all belong to this category. Another method is the so-called
alternate superposition approach, in which Ky . and K, min are calculated at the cyclic

maximum and minimum stresses and then find the range &, Negative K, . value is set to

zero [e.g. 8, 19-20]. A two-parameter rule was also proposed to take account of the K,
contribution in the form of da/dN = K, K,..x) [21-22].

The objective of this paper is to present a simple method for predicting FCG rate using the
base material coupon test data and the effective stress ratio to account for the residual stress
effect. FEM was used for calculating the SIF due to the applied and residual stress fields. The
Walker, Harter T-method and NASGRO equation were employed for calculating the FCG
rate. The predicted results were validated by test data of an M(T) specimen with a

longitudinal VPPA weld for two load cases: constant amplitude loads for R ratios of 0.1 and



0.6 and constant stress intensity factor ranges. The purpose is to demonstrate that if the base
material FCG rates are measured for two different nominal R ratios, then FCG rates of welded
panels can be predicted by these empirical laws using the effective stress ratio to account for
the welding residual stress effect.

During the course of this research we have also found a computational issue that is worth
reporting, that is, if the total strain energy release rate due to the applied and residual stresses
is calculated by two separate FE analyses under the respective applied stress fields, then the
mutual work due to the interactions of the two stress fields must be counted in the total strain

energy term. This is demonstrated in an example in this paper.

2. FE modelling approach

2.1 Specimen and material properties

Test sample in [12, 13] was used in this study that is a middle-crack tension, M(T), geometry
made of aluminium alloy 2024-T351. The sample contains a longitudinal weld by single pass
autogenous variable polarity plasma arc (VPPA) welding process. Dimensions and weld
orientation are shown in Fig. 1. Base material properties are E = 73 GPa, yield and ultimate

tensile strengths 372 and 470 MPa, respectively.

2.2 Inputting initial residual stress field into FE model

In [5, 13], the neutron diffraction technique was used to measure the welding residual strains
in the longitudinal, transverse and normal directions, which were subsequently converted to
the corresponding residual stresses in all three directions. This initial residual stress filed is
self-balanced and exists before any external mechanical loads being applied to the specimen
and prior to the introduction of an initial crack.

Many researchers have developed methods to input residual stresses into the FE models [e.g.
13]. In this study two approaches were adopted, i.e. inputting equivalent initial displacements

and inputting measured residual stresses. In the first method, initial displacements were



determined from measured residual strains in both the longitudinal and transverse directions.
These displacements were then inputted into the FE model as an initial condition by a
subroutine interfacing the ABAQUS code. From these initially applied displacements a
distribution of residual stresses is imposed to the FE model. In the second method, measured
residual stress distribution was inputted into the FE model using an ABAQUS subroutine
named SIGINI. After inputting the stresses, ABAQUS command “UNBALANCED STRESSES”
was called to balance the inputted stresses to satisfy the equilibrium condition. It is also
necessary to relax the stresses under the equilibrium condition to make the stress-free
condition at the free edges. Without external loads, the specimen is self-balanced under the
initial residual stress filed.

The inputted residual stresses by both methods are shown in Fig. 2, which are in good
agreement with the measured data published in [13]. Directly inputting residual stresses
matches the experimental data better than inputting equivalent initial displacements. Since
each node must be constrained for the displacement input method, this method cannot be used
to model residual stress re-distribution during crack growth. The stress input method is a
better approach because the condition of the virtual work principle is satisfied and the

evolution of the residual stresses due to crack extension can be modelled.

2.3 Modelling crack extension under static load and residual stress redistribution

Analyses were performed by 2D FE models using the commercial code ABAQUS (standard
version 6.6) [23]. Quadrilateral 4-node shell elements with reduced integration were used and
plane stress condition was assumed. The mesh size near the crack tip region and along the
crack growth path was 0.5 x 0.5 mm. Because of the geometrical symmetry only a quarter of
the plate was modelled. For each crack length, SIF was calculated at the applied stress level

followed by releasing the crack-tip node to the next crack length. This process was repeated



for the crack length range from the initial to the final crack size. Therefore, residual stress
redistribution due to crack extension was modelled.

Fig. 3 shows the redistribution of residual stresses for different crack lengths and comparison
with measured data in [13]. Since the FE analysis was linear elastic, there is a peak in the
calculated stress distribution near the crack tip position that is much higher than the measured
value due to the stress singularity effect and such peak stress is dependent on the FE mesh
size. In this very small crack tip zone comparison with the experimental data is poor.
However, away from the crack tip region the calculated residual stress distribution due to
crack extension agrees with the measured. The discrepancy in the crack-tip stress values
should not affect the fracture mechanics analysis conducted in this study, since the SIF was

calculated indirectly from the strain energy release rate.

2.4 Calculating K, Kyes and K

1) MVCCT approach
The modified virtual crack closure technique known as the MVCCT or VCCT method [24]

was used for calculating the strain energy release rate (SERR or G) due to crack extension:

1 x

GzTMF}"'*i(Vj_Vj) (1)

where F),; is the nodal reaction force perpendicular to the crack growth path at the crack tip
node i, (v; - vj*) the crack opening displacement at node j immediately behind the crack tip as
shown in Fig. 4, 4 the crack extension length that equals to the crack tip element size, and ¢
the plate thickness.

Stress intensity factor (SIF or K) can be found by:

K =+ GE (plane stress) K= 1/ IG—EZ (plane strain) 2)
-0



The relation between K and G only holds for the linear elastic material behaviour. Since the
VCCT is an energy-based method, calculated G and K values are less dependent on the finite

element mesh size.

2) The total SIF (K,y)

Superposition has been widely used in the framework of LEFM, especially when the weight
function method is employed to estimate the K,.;. Two separate analyses are necessary to find
the K, and K., and then the K,

Kmt = Kapp + Krex (3)

The calculations of strain energy release rate and SIF described in eqs. (1) & (2) can be
performed separately for both externally applied and internal residual stress fields. As
illustrated in Fig. 5, by applying the respective stress field to the same FE model, G, and
G.s can be found by eq. (1) and then K, and K., be calculated by eq. (2) for the respective
stress fields.

Fig. 6 shows the calculated K,.; by FEM and the initial residual stress distribution for the case
given in section 2.1. The horizontal axis is the half crack length that is also the distance from
the weld centre. Since the plate was subjected to the initial residual stress field only, the
calculated K., follows the same trend of the initial residual stress distribution.

An alternative approach to calculate the K, is to subject the FE model to a combined stress
field of the applied and residual stresses. G, can be found by eq. (1) with F,; and (v; - vj*)
representing the crack-tip force and crack opening displacement under the combined stress

filed. K, can then be found by:

G, E
K, =G,E (plane stress) K, 6 = 1/1_’”’02 (plane strain) 4)

Only one FE analysis is needed. Calculated K;,, by eq. (3) and (4) have been validated against

published work; both equations give the same result.



Whereas superposition of stress intensity factors has been widely used, especially when K. is
calculated by the WFM, it should be pointed out that simply summing the two strain energy
release rate terms, G, and G,., will not deliver the correct value of Gy, The work done by
the externally applied stress interacts with the work done by the internal residual stresses, and
vice versa. Therefore, the mutual work done by the reaction forces due to applied stress (F,)
over the displacement caused by the residual stresses (v,.;) should be counted, and vice versa
(Figs. 5a & 5b). From the MVCCT formula the total strain energy release rate (G,,) should

also contain the mutual work term:

:LF +F, )W, +v.,)

Gmt 2 ¢ Aa app res app res (5 )
1
or 2IAG (Fappvapp + Fresvres + Fappvres + Fresvapp) = Gapp + Gres + Gmut (6)

where, the mutual work term is expressed as:

G =L(F Vs T, V. ) @)

mut a res res © q
20a " 4

If one attempts to find G, by conducting two separate FE analyses to find G, and G,., and
to simply sum them, then the mutual work contribution is lost. This can be demonstrated by
Fig. 7, where the superposition of K (Kj, = K,y + Kis) 1s plotted in Fig. 7a and superposition
of G with and without the mutual work in Fig. 7b. Calculations to obtain K,,, are performed by
either superposition using eq. (3) or via computing the total strain energy release rate by eq.
(4); Ky values determined by both methods are identical. Mathematical deductions of the
mutual work are given in Appendix A.

It is important to point out that this does not contradict to the mixed mode fracture problems,
where contribution to the G,,, from the SERR of three different load modes (G;, G;; and Gyy)
are additive because SERR is a scalar quantity [25]. In this case, the mutual work terms are
calculated from the crack-tip force and displacement caused by two different loading modes,

e.g. force caused by the mode I load and displacement by mode II load. Since the force and



displacement are orthogonal to each other, the product of them is zero, i.e. no mutual work is
done. In the case presented in this paper the mutual energy terms are not orthogonal (both are
in mode I). However, when thermal residual stresses or secondary bending occur in the mixed

mode problems, the mutual work between those loads must be considered.

3. Predicting fatigue crack growth rates
Glinka [6] and Parker [7] originally proposed the superposition method based on the principle

of linear elastic fracture mechanics (LEFM). Under the cyclic loads, the total SIF range (X, )

ot

and effective SIF ratio (R ) are calculated as:

AKror = (Kapp,max + Kres ) - (Kapp,min + Kres) = AI<app (8)
Re:ff = (Kupp,min + Kres ) /(Kupp,max + Kres) (9)

Therefore under cyclic loads, only the R, changes due to the presence of residual stresses. It’s
worth noting that R is the crack tip stress ratio based on the calculated values of K, and

tot,max

K

tot,min®

hence R, is not the same as the nominal applied stress ratio (R). The Walker [17], Harter
T-method [18], and NASGRO [18] equations were used to calculate FCG rates using R, to
replace the nominal R ratio in the original equations.

Original Walker equation is expressed as:

5_; —C(AK,, (1-R)"™)" (10)

Where C and n are the coefficients of the Paris law, m a constant that can be found from test

data conducted at two different nominal stress ratios (R; and R»):

_ AK, (1-R,)
m—l+{log(AK2 j/log[(l_Rl) H for R, 20,R, 20 (11)

The value of m is controlling the shift of the crack growth rate curves for different R ratios
and it depends on the material properties.

Considering the welding residual stress effect the Walker equation is expressed as:



da m=1)\n
E = C(AKapp (l_Reﬁ)( 1)) (12)

Substitute R, by eq. (9), we get:

da AK
o C AK app (m—-1)\n 13
= K, (") (13)

app ,max res

which means that the FCG rate depends upon three parameters, K,,, K, and Ky, max-

The Harter T-Method refers to the original “Point-by-Point Walker Shift Method” proposed
by Harter as a means to interpolate and/or extrapolate crack growth rate data using a limited
amount of tabular crack growth rate test data. The AFGROW code uses the Walker equation
on a point-by-point basis (Harter T-Method) to determine crack growth rate shifting as a
function of the stress ratio [18].

Considering the welding residual stress effect the original NASGRO equation is expressed as:

eff app ,max

(1_ AKth ]p

_ ' AK

d_ach Sl ]AKW} (14)
(1

dN 1-R K +K, J‘f

crit

4. Validation of prediction method

Predicted FCG rates were compared with test results for an M(T) specimen made of
aluminium alloy 2024-T351 welded by the VPPA process as described in Section 2.1. Two
cases were considered: constant amplitude loads with two different R ratios and constant
Kpp. Experimental results are taken from [12-13]. The Walker, Harter T-method, and
NASGRO equation were employed to calculate the crack growth rates. Material constants
used in the Walker and NASGRO equations were found from the NASGRO database [26] and

listed in Table 1.

4.1 Constant amplitude load

10



Fig. 8a shows the predicted FCG rates for the R = 0.1 case at constant applied stress range of
46.35 MPa. For comparison the base material growth rate is also shown which was calculated
by the NASGRO equation. For the welded joint, both NASGRO and Harter T-method give
good predictions with typical error range of £5% compared to the measured. Walker equation
underestimates the FCG rate considerably when half crack length (a) is larger than 17 mm
with an error range of 15-30%.

Fig. 8b shows the R = 0.6 case with applied stress range of 42.6 MPa. For this test, the Harter
T-method and NASGRO give good predictions. Walker equation gives good prediction when
a < 17 mm. It should be noted that in the measured crack growth rate curve there is a sudden
change of the curve trend from a convex to concave within the crack length of 7.5 to 11.5
mm, whereas the predicted curves are generally in a convex shape. The base material growth
rate is also shown that is very close to the measured growth rates for the welded sample. The

case is further discussed in Section 5.

4.2 Constant SIF range

In this case crack growth test was conducted by keeping the SIF range (&) constant.
Nominal stress ratio R = 0.1 was maintained throughout the test. According to the Paris law,
FCG rate for the base material will remain constant for different crack lengths. However,
crack growth rate in the welded sample will change along the distance from the weld centre
due to the presence of the welding residual stresses. For constant &, following set of

equations can be deduced:

AK =(o

app max — Omin )ﬁ Jra = constant (15)
Since a constant R ratio was maintained during the test, the maximum and minimum applied

stresses and respective stress intensity factors are functions of the crack length:

AK
o,.(a) e and ¢

T (1-R)Bam

(@)=Rc (16)

min

11



— AK — RAK
Kapp,max = O-maxﬂ 7a = 1-R and Kapp,min = O-minﬁ 74 :ﬁ (17)

R Kapp,min + Kres (1 8)
a K + Kres

app ,max
In the FCG life prediction analysis, &, (a constant) and R,y are used to replace the K and R
in the original Walker, Harter T-method, and NASGRO equations.

Experimental test results were reported in [12] for &,,, = 4, 6, 11 and 15 MPaVm. Good
agreement with the test results is achieved for the lower SIF ranges (K,,, = 4, 6). However,
for higher SIF range (X,,, = 11, 15), the agreement is not so good. Examples showing the
comparison with the tests are presented in Fig. 9 for &K,,, =6 and 11 MPaVm. For both cases,

crack growth rates of the welded sample were significantly higher than that of the base
material due to the presence of tensile residual stresses. Overall the NASGRO equation gives

better prediction comparing to the Walker equation predicted results.

5. Discussion

5.1 Using R, in empirical crack growth laws

In this work welding residual stress effect was accounted for by replacing the nominal R ratio
with the effective ratio R, which is a function of the K., that can be determined by either the
FEM or the WFM. With this R,, three well-known empirical laws were tested.

Walker equation has an appealing advantage for predicting FCG rates in residual stress fields.
All one needs to have is a set of measured da/dN data for two different R ratios for the base
material. The limitation of the Walker equation is that it is too simplistic and it underestimates
the final part of the FCG rates when the SIF approaches the material fracture toughness.
NASGRO has considered the effect of plasticity induced crack closure by an empirical

constant f. Although the crack closure effect on da/dN can be accounted for by the R ratio to a

12



certain extent, further correlation of da/dN with another parameter should yield more accurate
prediction as demonstrated in the results in Figs. 8 and 9. NASGRO equation also takes
account of the final fast crack growth stage when K, approaches K.

The NASGRO and Harter T-method account for the stress ratio effect more comprehensively
compared to the Walker. In NASGRO the factor fis a direct function of the stress ratio and in
Harter T-method stress ratio is considered by means of point-to-point shift from available test
data. Walker equation predicts much slower crack growth rate compared to the other two
methods. For materials where the NASGRO equation coefficients are unknown, the Harter T-

method (which is a modified version of the Walker equation) can be a good prediction tool.

5.2 Constant amplitude load case

NASGRO equation gives the best prediction of FCG rates for both R ratios due to the fact that
it has more material “fitting” constants and also takes account of the fast crack growth regime
when K. 0 approaches the fracture toughness K.,;;. Fig. 8 shows that difference between the
NASGRO and Walker predictions began to widen when a > 17 mm. For crack lengths 17-20

mm, K, 18 in the range of 41-57 MPam'”?

. This is close to the fracture toughness of this
alloy, which is about 65 MPam ' (thickness 7 mm).

To further explore the influence of welding residual stresses, measured crack growth rates
presented in Figs. 8a & 8b for two different R ratios are plotted together in Fig. 10. The
closeness of the two test results for two very different nominal R ratios may be explained by

the crack closure concept originally proposed by Elber [15]. It is now widely accepted that

different da/dN vs. K,,, curves for different R ratios can be correlated to a single curve by
using the effective stress intensity factor range K.z [15, 27-28]. For 2024-T3, Elber proposed

following correlation [15]:

Aaeﬁ. AKFﬁ.
U= = = =0.5+0.4R (R>0) (19)
AO'W AKW
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Based on test data of wider range of R ratios, Schijve proposed an improved formula for
2024-T3 sheet material [27]:

eff AKeﬂ 2
U= X = n =0.554+0.33R+0.12R" (-1.0<R<0.54) (20)
(o}

app app

Both equations give close U values for R > 0; hence eq. 19 is used in the following analysis
for demonstration purpose.

Calculated R,y as function of crack length (which is also the distance from the weld centre)
are plotted in Fig. 11. For R = 0.1, Ry is very close to 0.65-0.7 around the weld centre and
quickly decreases to 0.5 away from the weld centre; these R, values are much higher than the
nominal R ratio. For R = 0.6, R,y is close to 0.75-0.8 around the weld centre and decreases to
0.7 away from the weld centre. R, values across the sample width are only moderately higher

than the nominal R ratio of 0.6.

Using these R,y to replace the nominal Rin eq. (19), factor U and &K,y for the welded sample
are calculated; &K,z is the closure-free SIF range that is the effective crack growth driving
force. Calculated K,y values as function of the crack length are presented in Table 2 for the
two test cases. It is interesting to observe that, the two different test cases (R = 0.1, 0.6) have
virtually the same Ky values resulting in very close crack growth rates as shown in Fig. 10.

In summary, tensile residual stresses (acting like a mean stress) reduce crack closure effect
and increase crack growth rates. This effect is most pronounced for lower nominal R ratios.
For higher R ratios, the influence of K., on crack growth rates is small. This observation was

previously made by authors in [12].

5.3 Constant SIF range cases
The base material FCG rate is a constant under constant SIF range; hence the difference
between the FCG rates of the welded and base metal is mainly due to the influence of welding

residual stresses, which are accounted for by the R,y In this study, longitudinal welding

14



residual stresses around the weld centre are high tensile stresses in the range of 100-150 MPa.
Therefore K,.; and R are raised significantly. Fig. 12 shows the calculated R, values for the

constant &, tests manifesting that R, is much higher for the lower K, values. For &K, =

4 and 6 MPa\/m, R,y = 0.6-0.86, hence there was almost no crack closure effect and the life
prediction should be more accurate.

Both the measured and predicted FCG rate trends follow the variation of K,.; (Fig. 6), which
is lower at the fusion boundary (¢ = 5 mm) and at its peak at a = 17 mm. Walker and

NASGRO predictions agree well with the tests of lower &, (6 MPaym). However,
predictions are not consistent for the higher &,,, (11 MPaVm), in which Walker equation

gives better prediction for a < 15 mm.

Changes in the microhardness and microstructures in the fusion and heat-affected zones will
affect the mechanical properties in these zones and hence likely to affect the crack growth
rates. This effect cannot be quantified by this present model and this may have affected

prediction accuracy in the crack length range of a =7 — 15 mm (Fig. 9).

6. Conclusions

An analysis procedure is presented for predicting FCG rate in welded longitudinal butt joints.
Welding residual stress effect is accounted for by the effective crack tip stress ratio, which is
used in empirical crack growth laws. Comparisons are made with measured crack growth
rates in a VPPA weld of 2024-T351 alloy subjected to constant amplitude load and constant
SIF range.

For the constant amplitude load case, the Walker, Harter T-method and NASGRO equations
all give acceptable predictions if the K. is well below the material fracture toughness.
NASGRO gives best prediction for the entire crack length range.

For the constant SIF range cases, predictions are mainly affected by the effective R ratio that

has larger influence on lower applied SIF ranges.

15



In terms of calculation techniques, inputting initial residual stresses into an FE model and
modelling residual stress redistribution with crack growth can be performed by the ABAQUS
software package. Only the base material crack growth rate data and welding residual stresses
are required in the analysis. Mutual work due to the interactions of the applied and residual
stress fields must be counted if the total strain energy release rate is determined from two
separate FE analyses.

The proposed method can be generally employed when crack initiates within a weld and
initially in tensile residual stress field. This prediction method should work for those materials
and welding processes, in which fatigue crack growth rates are mainly affected by welding
induced thermal residual stresses and the influence of hardness and microstructure changes in
the heat affected zones can be neglected. This approach has not been assessed for crack
initiation and growth in a compressive residual stress field or crack growth towards a weld,

nor has it been validated for variable amplitude loads.
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Appendix A. Mutual work in calculating the total strain energy release rate

When an FE model is subject to both externally applied and thermal residual stresses, a total
reaction force yields at each element nodal point that is the sum of the two reaction nodal
forces if the loads were applied separately:

F,=F +F, (A1)

tot app

The corresponding FE nodal displacements are:

Vs =V + Ve (A2)

tot
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To determine the mutual work in the strain energy release rate calculation, the starting point is
the superposition rule of the K:

K =K _+K (A3)

tot app res

Which, under the plane stress condition, can also be written as:

JG,.E=.G,,E+\G,E (A4)

1 1 1
F v

Where Gtot = ZtAd F;otvtot ’ Gapp = ZtAa app "~ app and Grex = ZtAa Fresvrex ¢

From eq. (A5), we have:

JEu +F) (40 ) = +Fopva, (AS)

Squaring both sides and simplify:

Fresvapp + Fappvres = 2 \ Fappvres F;'esvapp (A6)

Square both sides and simplify again:

(Fresvapp)z + (Fuppvres)z + 2Fuppvres Fresvapp = 4Fappvres Fresvapp (A7)
That is: (FroVapp — Fap[,v,ex)2 =0 (A8)
Therefore: FoVar = FoppVies (A9)

This is the Betti-Rayleigh reciprocal theorem that states that in a linear elastic solid, the work
done by a set of force acting through the corresponding displacements produced by a second
set of forces is equal to the work done by the second set of forces acting through the
corresponding displacements produced by the first set of forces [29].

Hence the G,,; can be written as:

1

Gtot = E(Fappvapp + Fresvres + ZFappvres) (Alo)
Thus:
Gt()t = Gapp . Gre: - Gmut # Gapp . Gre: (Al 1)
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where G =F v +F v 2F v =2F v (A12)

mut app "~ res res ” app = app "~ res res ” app
Fig. 7 shows a numerical calculation to demonstrate the superposition of SIF in LEFM and of
the Gy, to demonstrate that the mutual energy terms must be taken into account when

superimposing the strain energy release rates due to different applied stresses.
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Tables

Table 1 Material constants used in the crack growth laws for 2024-T351*.

Walker eq.

C=480x 107"

n=3.2

m=0.6937

NASGRO eg.

C=171x101"°

n=3.353

p=0.5

g=1

* Data source: NASGRO database on 2024-T351 (plate & sheet; L-T) from the AFGROW

computer code version 4.11.14.0 [26]. Units: da/dN and C in m/cycle, & in MPa m"?

Table 2 Calculated R,y and &K,z for two constant amplitude load tests*.

a R=0.1 =464 R=06 4=426

(mm) | Ky Ry U Ky Ky Ry U K
5 5.93 0.62 0.75 4.34 5.37 0.76 0.80 4.31
7 7.08 0.64 0.76 5.24 6.41 0.77 0.81 5.17
10 8.63 0.61 0.74 6.28 7.82 0.75 0.80 6.26
12 9.44 0.67 0.77 7.23 8.72 0.78 0.81 7.08
15 10.93 0.70 0.78 8.53 10.09 0.80 0.82 8.27
17 11.97 0.70 0.78 9.33 11.06 0.80 0.82 9.05
20 13.68 0.67 0.77 1053 | 12.64 0.78 0.81 10.28
22 14.97 0.64 0.75 1129 | 13.83 0.77 0.81 11.15

* Units: 4in MPa, X in MPavVm.
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Figures
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Fig. 1 M(T) specimen: dimension and weld position (thickness = 7; unit: mm) [13].
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Fig. 2 Initial residual stress fields in the FE models by inputting either the measured
stresses or equivalent displacements and comparison with measured data in [13].
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Fig. 3 Evolution of longitudinal residual stresses with crack extension: FE
modelling results vs. measurement.

a Aa Crack closed
>

Fig. 4 Schematic of the MVCCT.
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Fig. 5(a) Schematic of MVCCT under externally applied mechanical load
(Showing only the top layer of the finite elements over crack surface).
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Fig. 5(b) Schematic of MVCCT subjected to internally balanced residual stress field
(Showing only the top layer of the finite elements over crack surface).
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Fig. 7(a) Superposition of stress intensity factors (SIF); applied stress = 50 MPa.
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Fig. 7(b) Superposition of strain energy release rates (G,pp + Gres) and comparioson
with the Gy, that includes the mutual work; applied stress = 50 MPa

25



da/dN (m/cycle)

da/dN (m/cycle)

[E-05

1E-06

1E-07

1E-08

1E-09

1E-10

LRl

LBl

o]

Experimental

Prediction by NASGRO equation 3

- Prediction by Walker equation
Prediction Harter T-method
- Base materlal 2024- T351 R=0. 1 NASGRO predlctlon

5

10 15 20 25 30

« (mm)

Fig. 8(a) Predicted and measured fatigue crack growth rates under constant
amplitude load: 4= 46.4 MPa, R =0.1.
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Fig. 8(b) Predicted and measured fatigue crack growth rates under constant
amplitude load: 4= 42.6 MPa, R = 0.6
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Fig. 9 Predicted and measured fatigue crack growth rates under constant SIF
range: & =6 and 11 MPa Vm.
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Fig. 10 Measured fatigue crack growth rates from experiments conducted in [12];
constant amplitude loads: 4= 46.4 MPa, R = 0.1 and 4= 42.6 MPa, R = 0.6.
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Fig. 11 Calculated effective stress ratios (R,y) for nominal stress ratio R = 0.1, 0.6.
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Fig. 12 Calculated effective stress ratios (R.) for different constant SIF ranges.
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