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A B S T R A C T

Cyclic deformation of metallic materials depends on the interaction of multiple mechanisms 
across different length scales. Solid solution atoms, vacancies, grain boundaries, and forest dis
locations interfere with dislocation glide and increase the macroscopic strength. In single phase 
metallic materials under cyclic loading, the localization of dislocation densities in sessile sub
structures explains a significant fraction of the strain hardening. Upon cycling, these dislocation 
structures evolve across stable configurations, which depend on the strain accumulation. 

This work advances substructure-sensitive crystal plasticity models capable of quantifying the 
cyclic hardening history at various temperatures for single phase FCC materials. The framework 
predicts the cyclic evolution of dislocation substructure based on the activation of cross slip 
activation for Al, Cu, and Ni single- and poly-crystals up to 0.5 homologous temperature. The 
increase in cross slip with temperature and deformation induces a transformation in dislocation 
structures, which predicts secondary hardening without any additional provision. Moreover, the 
approach relies on material-invariant mesoscale parameters that are specific to dislocation sub
structures rather than a material system. Hence, we demonstrate that crystal plasticity predictive 
power can be augmented by parameterizing the model with single crystal experimental data from 
multiple materials with common substructures. As a result, the crystal plasticity model shares 
parameter information across materials without the need for additional single crystal experi
mental data for calibration.   

1. Introduction

Numerous crystal plasticity approaches have been proposed (Roters et al., 2010) to predict the macroscopic response of metals and
alloys, but most models lack predictive power at the local scale (Pokharel et al., 2014; Sangid, 2019). Researches have traditionally 
mitigated modeling error by proposing novel physics-based formulations that often lack rigorous assessments of model input errors 
(Roy and Oberkampf, 2011). In reality, limited experimental data makes it difficult (or impossible) to identify independently a large 
number of parameters in crystal plasticity. The lack of parameter uniqueness is ubiquitous in crystal plasticity and researchers (El 
Shawish and Cizelj, 2017; Pirgazi and Kestens, 2021) have demonstrated that models with different parameters do not agree on the 
grain scale response. As a result, damage prognosis at the grain scale still suffers from low predictive power (Pokharel et al., 2014; 
Sangid, 2019) and affects fatigue crack variability predictions (Rovinelli et al., 2017; Ashraf et al., 2022). 

Parameter identification approaches based on mathematical fitting to macroscopic stress-strain curves (Sedighiani et al., 2022; 
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Herrera-Solaz et al., 2014), including artificial intelligence, are also ineffective since they explore shallow objective functions with 
multiple local minima. Different sets of parameters with marginal differences in their objective functions can result in widely different 
mechanical responses. Hence, optimization tools do not address the lack of experimental data that hinders independent parameter 
identification. Instead, the solution to independent parameterizations lies on data fusion across scales (Sangid, 2019). 

Multiple researchers (Estrin et al., 1996; Estrin et al., 1998; Sedláček and Blum, 2002; Brahme et al., 2011; Steckmeyer et al., 2012; 
Sauzay et al., 2014) explored mesoscale data augmentation by informing strain hardening models with the morphology of sessile 
dislocation substructures. These approaches enable additional validation by parameterizing the response of substructures charac
terized with transmission electron microscopy (TEM). Castelluccio and McDowell (Castelluccio and McDowell, 2017) further extended 
these efforts and proposed a substructure-sensitive cyclic crystal plasticity parameterized for Ni under saturated cyclic conditions (i.e., 
the cyclic stress-strain loop and dislocation structures do not change upon further cycling). This model incorporates length scales and 
evolution laws associated with mesoscale dislocation substructures that were validated with single- and poly-crystal experimental 
data. The approach successfully predicted the saturated cyclic response single- and poly-crystal by relying the similitude principle 
(Sauzay and Kubin, 2011), in which the structure spacing (dstruct) is inversely related to the maximum shear stress (τmax), 

dstruc = Kstruct
μ b

τmax
. (1) 

Here, b is the Burgers vector, μ is the shear modulus, and Kstruct is the similitude coefficient, which does not significantly depend on 
temperature or the material (Nakanishi et al., 2013; Sauzay and Kubin, 2011). Thus, predicting the correct structure spacing is akin to 
validating the local shear stress. Also, validation with single crystals—uncommon on the crystal plasticity literature—supports the 
comparison with lower scale discrete approaches (e.g., dislocation dynamics), which are not large enough to encompass polycrystals. 

More recently, Dindarlou and Castelluccio (Dindarlou and Castelluccio, 2022) developed a substructure-sensitive crystal plasticity 
approach for monotonic loading and demonstrated that identical ‘material-invariant’ mesoscale parameterizations can predict the 
response of Ni, Cu, and Al single- and poly-crystals. This work demonstrated that fitting models only to polycrystalline stress-strain 
curves underpredicts intergranular variability. In addition, the approach mitigated model input errors by demonstrating that pa
rameters associated with strain hardening from sessile dislocation structures can be calibrated using single crystal data from proxy 
materials. 

The notion of mesoscale material-invariance attributes is supported by the experimental findings from Li and coworkers (Li et al., 
2011), who reviewed the commonalities among cyclic deformation dislocation substructures in FCC metals and their effect on the 
macroscopic stress-strain responses. Their work demonstrated that cyclic loading of different FCC metallic materials (Ni, Cu, and Ag) 
evolve similar dislocation substructures: veins, PSBs, cell, and labyrinth. This taxonomy of substructures applies to other materials 
such as stainless steel (Pham et al., 2013), high entropy alloys (Picak et al., 2021), and Al (Charsley et al., 1989; M Videm and Ryum, 
1996). In particular, Al single crystals oriented for single slip at 77 K develop vein structures (Kassner et al., 1997) that transform into 
PSBs (Nakanishi et al., 2013), which are similar to those found in Ni (Holzwarth and Essmann, 1993) and Cu (Basinski et al., 1980; 
Tippelt et al., 1997) at room temperature. However, Al forms cells rather than PSBs at room temperature (Vorren and Ryum, 1988; 
Vorren and Ryum, 1987; Giese and Estrin, 1993), which lead some researchers (Grosskreutz and Mughrabi, 1975) to believe that Al 
resulted in the high-strain-amplitude structures found Cu and Ni. These results suggests that the cyclic crystal plasticity proposed by 
Castelluccio and McDowell (Castelluccio and McDowell, 2017) can be extended to consider various FCC materials at different tem
peratures as long as they develop similar mesoscale parameters. 

Experimental efforts (Mughrabi, 1978) have also shown that the cyclic history is strongly linked to the dominant dislocation 
substructures and their stability. Low cycle fatigue of Cu at room temperature results in a stable mechanical response and unchanging 
dislocation structures after a few hundred cycles (Rie, 1987). In the very high cycle regime, stress saturation typically takes tens to 
hundreds of thousands of cycles (Polak et al., 1988). Other studies (Wang and Mughrabi, 1984) showed that Cu crystals oriented for 
single slip at room temperature do not saturate but develop secondary hardening; a similar phenomenon is observed for Cu at 523 K 
(Lisiecki and Weertman, 1990) at lower number of cycles. Thus, modeling approaches above 0.2 of the homologous temperatures, 
large strains, or for very large number of loading cycles cannot assume the saturation of the stress-strain loop as proposed by Cas
telluccio and McDowell (Castelluccio and McDowell, 2017). 

TEM characterization of Al, Cu, and Ni (Lisiecki and Weertman, 1990; Fougeres, 1993; Bretschneider et al., 1997) further 
demonstrated that secondary hardening occurs due to the transformation of PSBs into cells (provided cracking is avoided). Cell for
mation mechanisms are not entirely understood, but cross slip is often observed to be a necessary requirement (Obrtlík et al., 1994; 
Mitchell and Teer, 1970). Hence, the transition from PSBs to cells requires the activation of cross slip through cyclic hardening or 
higher temperatures. For example, early PSB structures in Al single crystals at room temperature (Dhers and Driver, 1988) soon evolve 
into cells and secondary hardening upon further cycling. These experimental results corresponds to homologous temperatures about 
0.35, roughly equivalent to that corresponding to 523 K for Cu (Lisiecki and Weertman, 1990). Hence, modeling changes to sub
structures could account for cyclic history across at different temperatures. In addition, the commonalities among materials sub
structures suggests that material-invariant parameterization demonstrate for monotonic loading (Dindarlou and Castelluccio, 2022) 
could also be found for cyclic deformation. 

This work extends substructure-sensitive approaches to predict primary and secondary cyclic hardening in single-phase FCC 
materials at various temperatures for which no saturation is achieved. We make use of Al single- and poly-crystal data to parameterize 
mesoscale substructures and we demonstrate that the same mesoscale parameters predict the cyclic response of Ni and Cu. We further 
propose the notion that the accumulation of cross slip activity can serve as an indicator for the transition of PSBs into cells structures, 
which can be triggered by high temperatures or large deformations. The results demonstrate a robust modeling approach to quantify 

F. Ashraf and G.M. Castelluccio                                                                                                                                                                                    



International Journal of Plasticity 161 (2023) 103494

3

initial and secondary hardening induced by deformation or temperatures. Our analysis further demonstrates that mesoscale param
eters for cyclic loading are material-invariant and they are intrinsically related to structures. 

2. Substructure-sensitive crystal plasticity modeling 

The basis of the substructure-sensitive crystal plasticity models were proposed by Castelluccio (Castelluccio and McDowell, 2017; 
Dindarlou and Castelluccio, 2022) and assumed that the plastic shear rate along αth slip system follows the thermally-activated flow 
rule (Kocks et al., 1975), 

γ̇α = γ̇α
0exp

⎡

⎢
⎣ −

F0

kBT

〈

1 −

⎡

⎢
⎣

〈|τα − Bα| − Sα〉

st
0

μ
μ0

⎤

⎥
⎦

p〉q⎤

⎥
⎦sgn(τα − Bα), (2)  

where, γ̇α
0 is the effective shearing rate, kB is the Boltzmann constant, Fo is the glide activation energy, st

0 is the thermal stress at 0 K, and 
p and q are the profile parameters. Also, μ0 is the shear modulus at 0 K. Additionally, 〈G〉 = 0 if G ≤ 0 or 〈G〉 = G if G > 0. For 
continuous flow, dislocations must overcome the effective shear stress (τα

eff ) with the aid of thermal activation, 

τα
eff = |τα − Bα| − Sα, (3)  

which corresponds to the local resolved shear stress (τα) less the strengthening from the athermal stress (Sα) and intragranular back 
stress (Bα). We further assume that the athermal stress follows the relation, 

Sα = αLE
μb

2dstruc
+ μb

̅̅̅̅̅̅̅̅̅̅
Aiiρα

√
, (4)  

in which the first term represents the stress required to bow-out dislocations a distance dstruc and controls dislocation production. The 
second term corresponds to the dislocation self-interaction strength and controls coplanar hardening though the balance of mobile 
dislocation densities (ρα). In Eq. (4), αLE is the dislocation line energy coefficient and Aii is the self-interaction coefficient. Note that 
experimental evidence (Sauzay and Kubin, 2011; Kocks et al., 1975) has suggested that parameters in Eq. (4) are approximately 
temperature independent. We further consider an intragranular back stress (Castelluccio and McDowell, 2017) that represents the 
constraint imposed on mobile dislocations by sessile dislocation structures, 

Ḃα
=

fw

1 − fw

2μ(1 − 2S1212)

1 + 4S1212μf S
Hill

γ̇α, (5)  

where, fw is the wall volume fraction, fS
Hill is the instantaneous macroscopic plastic deformation tangent, 

f S
Hill =

1
2

dγα

dτ . (6) 

The Eshelby tensor component (S1212) for a prolate spheroid coordinate system follows (Mura and Ting, 1989), 

S1212 =
πη2 +

(
η2 − 1.75 − 2vpη2 + 2vp

)
C12

8π
(
1 − vp

)
(η2 − 1)

, (7)  

C12 =
2πη

(
η

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(η2 − 1)

√
− cosh−1η

)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(η2 − 1)3

√ , (8)  

and, 

vp =
ν + 2

3 μ(1 + ν)f S
Hill

1 + 4
3 μ(1 + ν)f S

Hill
. (9) 

Here, vp is the tangent elasto-plastic Poisson’s ratio, and ν is the elastic Poisson’s ratio. The dislocation mean free path along the 
dominant slip plane (lstruc) is often computed proportionally to the square root of the dislocation densities (Wang et al., 2017; Sed
ighiani et al., 2020), i.e., 

lstruc = α′ μb
1
̅̅̅̅̅ρα√ . (10) 

However, a constant α′ for all crystal orientation under predicts intrinsic glide heterogeneity (Dindarlou and Castelluccio, 2022; 
Devincre et al., 2008). Instead, we consider the analysis by Sauzay and Kubin (Sauzay and Kubin, 2011), who demonstrated that 
dstruc∝ 1̅ ̅̅̅

ρα
√ . Following this relation and Eq. (10) we proposed (Castelluccio and McDowell, 2017), 

lstruc = η dstruc (11) 
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in which η corresponds to the anisotropic aspect ratio of each dislocation structures. We further limit the mean glide distance of 
dislocations to a fraction of the dgrain to account for grain boundary obstacles, i.e., 

If lstruc > 0.25dgrain then lstruc = 0.25dgrain (12) 

This limit to the mean free path assumes that crystals that are tens to hundreds microns in size for which plasticity is driven by the 
bulk of the grain rather than the grain boundary. Hence, a dislocation can glide only a fraction of the grain size before they encounter a 
grain boundary (ignoring the cases in which they can cross it). This strategy provides a simple and physically sensible strategy to 
introduce the grain/crystal size length scale in crystal plasticity. 

Finally, the effective shearing rate depends on the jump frequency over point obstacles (vG), 

γ̇α
0 = ραblstrucvG, (13)  

and the total mobile dislocation density is computed as the net result of dislocation multiplication, annihilation, and cross slip. 
(Castelluccio and McDowell, 2017), 

ρ̇sα
m =

kmulti

blstruc
|γ̇α| −

2yedge
s

b
ρsα

m |γ̇α| −
2π

μbdstruc

⃒
⃒τ̇eff

⃒
⃒
⃒
⃒unload

+ vG
dstruc

d0

⎛

⎜
⎝ϕcs

∑N

ξ=1 (ξ∕=α)

ρsξ
m e

⎛

⎜
⎜
⎝−Vα

CS

μb
4πyscrew

s
−|τα −Bα |

kB T

⎞

⎟
⎟
⎠

− (1 − ϕ)
∑N

ξ=1 (ξ∕=α)

ρsα
m e

⎛

⎜
⎜
⎝−Vξ

CS

μb
4πyscrew

s
−|τξ−Bξ|

kB T

⎞

⎟
⎟
⎠⎞

⎟
⎠, (14) 

Here, kmulti determines the number of dislocations produced per plastic strain increment and yedge
s and yscrew

s are the annihilation 
distances for edge and screw dislocations respectively. Also, V0

CS = 1000b3 corresponds to the cross-slip activation volume and ϕ = 0.5 
is the cross-slip efficiency that represents the likelihood of annihilation from cross slipping. Finally, we assume for well annealed 
materials an initial mobile dislocation density of 109 m − 2 and an initial structure spacing of 10 µm with η = ηveins and fw = 0.1. 

2.1. Mesoscale substructure identification 

Early efforts by Castelluccio and McDowell (Castelluccio and McDowell, 2017) parameterized the morphology of dislocation 
structures (fw and η) assuming saturated structures after thousands of loading cycles. Here, we avoid this limitation by proposing that 
mesoscale parameters depend on a pre-assumed number of loading cycles (N). Hence, we define N as an input with the understanding 
that the model describes the cyclic response expected after N + 1 cycles. 

Fig. 1 presents a novel scheme to identify the dominant dislocation structure after N cycles for each material point. This approach 

Fig. 1. Framework for assigning saturated dislocation substructure at each FE integration point depending on Δγp among slip systems that are a 
function of different loading conditions applied at a time. 
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relies on comparing the partition of plastic shear range per cycle (Δγα) among different slip systems (α). Here, Δγmax corresponds to the 
maximum cyclic plastic shear range and has one slip plane associate to cross-slip, whose plastic shear range we refer to as Δγcross. 
Similarly, the Δγmax slip plane has two slip systems associated to Hirth locks, and their corresponding plastic shear ranges are referred 
to as ΔγHirth. 

We propose that veins evolve into more stable structures if Δγmax is larger than the matrix threshold Δγpl
M, which has a typical value 

in the range of Δγpl
M ≈ 5 × 10−5 to 1 × 10−4 (Mughrabi, 1978; Bretschneider et al., 1997; Dhers and Driver, 1988). We also propose that 

the transformation of PSBs into cells occurs when the cumulative plastic shear strain in cross slip planes (γCross
cum ) surpasses a critical 

threshold γCross
0 ≈ 0.08 for Al. The quantification of γCross

cum would require explicitly modeling of every loading cycle up to N, which can be 
computationally burdensome. Instead, we consider the shear range on the cross-slip plane (ΔγCross) and approximate the accumulation 
of plasticity as follows, 

γCross
cum = N ΔγCross, (15)  

and we predict that the transition into cells occurs when, 

Fig. 2. Experimental cyclic shear stress as a function of cumulative plastic strain for a) Al (Vorren and Ryum, 1987; Alhamany et al., 1992) b) Cu 
(Mughrabi, 1978), for various applied plastic shear strain ranges. Stress saturates upon reaching a critical cumulative plastic strain of γ∗

pl ≈ 1 for Al 
(Vorren and Ryum, 1987; Alhamany et al., 1992) and γ∗

pl ≈ 5 for Cu (Mughrabi, 1978; Lisiecki and Weertman, 1990; Alhamany et al., 1992). Note 
that these values do not depend on the applied plastic shear strain range. 
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ΔγCross >
γCross

0

N
. (16) 

Because cross slip increases with temperature and deformation, this approach can also describe the transition into cells at high 
temperatures and applied deformation without any additional provision. 

Under cyclic deformation, the wall fraction is computed with a modified approach from that proposed by Castelluccio et al. 
(Castelluccio and McDowell, 2017), which was based on the work by Estrin et al. (Estrin et al., 1998), 

fw = finf +
(
foi − finf

)
exp

(
−Δγmax/2

gp

)

. (17) 

Here, foi is a transient wall volume fraction that depends on N and finf is the intrinsic wall fraction of a structure (e.g., when a single 
structure that occupies the entire crystal volume, typically at larger strains). Also, gp is a parameter that regulates the rate of decrease of 
fw with strain rate and equals to 1.5 × 10−3. 

Cyclic experiments for Al and Cu (Mughrabi, 1978; Bretschneider et al., 1997; Alhamany et al., 1992) have shown that the stress 
saturates at a critical cumulative plastic strain (γ∗

pl), which depends on the material but not on the applied plastic shear strain range. 
Fig. 2(a) suggests that in Al, an accumulated plastic shear strain about 0.5 to 1.5 triggers the transition of structure after a few hundred 
cycles. 

We argue that the critical cumulative plastic strain to achieve stress saturation is the manifestation of the a stable dislocation wall 
fraction. Hence, we propose to describe transients up to saturation with an increasing wall fraction that depends on N, and the intrinsic 
the volume fraction of veins substructures, f veins, (Suresh, 1998; Hecker et al., 1997), 

foi = fveins ×

(
N × Δγmax

Δγ∗
pl

)

if
N × Δγmax

Δγ∗
pl

≤ 1

foi = fveins if
N × Δγmax

Δγ∗
pl

> 1

} (18)  

Here, the Δγmax is the range of cyclic plastic strain in the most active slip system and Δγ∗
pl ≈ 1 for Al Vorren and Ryum, 1987; Alhamany 

et al., 1992) and Δγ∗
pl ≈ 5 for Cu (Mughrabi, 1978; Lisiecki and Weertman, 1990; Alhamany et al., 1992). In the case foi is less than fveins, 

fw corresponds to the volume fraction of initial hardening stage following Eq. (18). Once foi reaches fveins, the maximum accumulation 
of veins has been attained and they will start transforming into a more stable structure. Fig. 3 presents the wall fraction computed by 
combining Eqs. (17) and ((18). At low number of cycles, the wall fraction increases monotonically with increasing plastic shear strains, 
as it is the case for tensile loading (Dindarlou and Castelluccio, 2022). At a high number of cycles, which corresponds to stress 
saturation shown as a red line, the wall fraction decreases with increasing plastic shear strain, as assumed by Estrin et al. (Estrin et al., 
1998) and Castelluccio and McDowell (Castelluccio and McDowell, 2017). 

2.2. Independent estimation of parameters for Al 

Parameters related to atomic unit processes, such as elastic constants are strongly dependent on the composition. For Al, the 
Burgers vector is taken to be b = 0.286 nm (Kocks et al., 1975) and the elastic constants depend on temperature (Varshni, 1970), 

C11 = 105
(

1.142 − 0.10111
exp(258.4

T )−1

)
,

Fig. 3. Calculation of the wall fraction combining Eqs. (17) and (18). Depending on the number of cycles applied, the wall fraction increases or 
decreases for higher applied plastic strain ranges. The red line corresponds to the saturated state previously assumed by Castelluccio and McDowell 
(Castelluccio and McDowell, 2017). 
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C12 = 105

⎛

⎜
⎜
⎝0.6195 −

0.0205109
exp

(
293.6

T

)
− 1

⎞

⎟
⎟
⎠, (19)  

C44 = 105
(

0.3160 − 0.0256479
exp(168.0

T )−1

)
,

μ = 29156 MPa
C44(T)

C44(0K)
.

The glide activation energy (F0), thermal stress (st
o), and profiling parameters p and q are taken as atomic unit processes that depend 

on the material and can be estimated independently using yield stress data as a function of temperature (Ashraf and Castelluccio, 
2021). The jump attempt frequency is estimated as vG = 5x 1011 s − 1 (Langer et al., 2010), while the annihilation distances for edge 
(ye) and screw (ys) dislocations in Eq. (14) were also estimated independently for Al, Ni and Cu from experimental data (Basinski et al., 
1980; Tippelt et al., 1997; Kassner and Wall, 1999; Feaugas, 1999; Essmann and Mughrabi, 1979). Table 1 summarizes the atomic unit 
process parameters on the crystal plasticity model for Al. 

Mesoscale parameters include the aspect ratio of each substructure (ηi), dislocation self-interaction coefficient (Aii), similitude 
coefficient (Kstruc), and line-energy coefficient (αLE), which are less sensitive to the composition. Table 2 presents the best estimates for 
these parameters for Al, which were computed independently using experimental and bottom-up modeling approaches (Nakanishi 
et al., 2013; Sauzay and Kubin, 2011; Devincre et al., 2008; Kubin et al., 2008; Fivel et al., 1998; Schwartz et al., 2013; Madec et al., 
2003; Hachet et al., 2020; Szajewski et al., 2015; Tabata et al., 1982; Armstrong and Rodriguez, 2006; Tabata et al., 1978). 

Following the analysis of TEM images at various temperatures and materials (Ashraf and Castelluccio, 2021), we computed the 
volume fraction at saturation as the ratio between the wall thickness and wall spacing (Oudriss and Feaugas, 2016). This analysis 
demonstrated that veins and cells have a constant wall fraction independent of temperature (fveins ≈ 0.45 and fcells

inf ≈ 0.22). On the 
contrary, Fig. 4 demonstrates that the volume fraction of PSBs (fPSB

inf ) decreases with increasing temperature while the volume wall 
fraction for labyrinth structures (fLab

inf ) are also temperature dependent and proportional to 1̅ ̅
2

√ fPSB
inf (Ashraf and Castelluccio, 2021). 

Table 3 presents the values employed for fPSB
inf in Al simulations at 77 K and 293 K (0.083 and 0.32 homologous temperature, 

respectively). 

2.3. Model implementation 

The framework was implemented using Abaqus UMAT and UXTERNALDB subroutines (ABAQUS 2017) along with a regular mesh 
made of brick elements (C3D8R). Four single crystal orientations—[123, 011, 001], and [111]— are considered using meshes with 500 
elements. Polycrystal models use 5000 brick elements and 122 grains with average grain size of 80 μm as shown in Fig. 5. The 
microstructure was recreated with Dream3D (Groeber and DREAM, 2014) and an in-house Matlab script that resulted in equiaxed 
randomly oriented grains. This model approximates a representative volume element (RVE) of the constitutive response (which re
quires a much lower number of grains as compared to the RVE for fatigue evaluation (Castelluccio and McDowell, 2015)). 

The simulation applies a displacement along the X-axis. Unidirectional periodic boundary conditions are specified along the x-axis 
and the remaining four faces of the model are left as a traction free surface in all simulations. All simulations are performed under fully 
reversed (Rε = − 1) quasistatic deformation at a rate of 10−4, which approximate the experimental testing conditions. 

3. Modelling results for Al 

Initially, we performed simulations applying different deformation levels to compute the saturated cyclic stress-strain curve (CSSC) 
under fully reversed straining. Each data point in the CSSC corresponds to the peak stress range computed after 13 full computational 
reversals, which is sufficient to saturate the response (Ashraf et al., 2022). Fig. 6(a) compares experimental and modeling results for Al 
single crystals at 298 K, deformed along [001] and [123] directions at a strain rate of 1 × 10−3 s − 1. Experiments (Videm and Ryum, 
1996) showed that [001] crystals results in stable CSSCs after a few thousand cycles. On the contrary, Dhers and Driver (1988) showed 
that [123] crystals reach different stress levels after 100 cycles or upon reaching γpl

cum = 50. 
Our simulation results in Fig. 6(a) indeed capture the saturation of the CSSC for [001] crystals, for which the stress stabilizes after 

thousands of cycles (shown in Fig. 7). In the case of crystals oriented for single slip, we computed the CSSC by predefining N such that 
γcum = 4NΔγpl (Suresh, 1998) (Δγpl being the plastic shear strain amplitude). The model reproduces the secondary hardening that 

Table 1 
Atomist unite process parameters for Al estimated using yield stress data (Ashraf and Castelluccio, 2021) and observed in experiments (Basinski et al., 
1980; Tippelt et al., 1997; Kassner and Wall, 1999; Feaugas, 1999; Essmann and Mughrabi, 1979).  

Material Fo (eV) st
o (MPa) p q ys (nm) ye (nm) 

Al 0.8 12 0.667 1.5 50 3.5  

F. Ashraf and G.M. Castelluccio                                                                                                                                                                                    



International Journal of Plasticity 161 (2023) 103494

8

occurs upon further cycling at high plastic strains without any special provision. Notably, the model also predicts the lack of secondary 
hardening at low strains thanks to the stability of PSBs and the limited availability of cross slip. 

Next, Fig. 6(b) presents the CSSC for Al single crystals oriented for single slip and deformed at 77 K, which experiments have shown 
to be stable even at high strains (Nakanishi et al., 2013). The model correctly predicts the cyclic stress level of the plateau and no 
additional hardening with cycling at 77 K (also shown in Fig. 7). We highlight that the model successfully describes the CSSC at 
saturation, or the lack of it, for Al crystals by introducing only a temperature dependence for fPSB

inf . 
Fig. 7 further compares the cyclic history of Al single crystals from models and experiments. Single crystals deformed at 293 K along 

[123] direction with different cyclic strains result in initial cyclic hardening from veins bundles until reaching a volume fraction close 
to 50%. At that point, veins coexist with PSBs until cross slips enables the transition into cells, which results in additional hardening as 
suggested by Lisiecki and Weertamn (Lisiecki and Weertman, 1990). Fig. 7 also present the modeling results for [001] crystals at 293 K 
or [123] crystals at 77k, for which no experimental data is available. In both cases, stress saturation occurs at lower number of cycles 
without evidence of secondary hardening. Finally, Fig. 7 presents the results (diamond symbol) from updating N every cycle, which 
represents the cycle-by-cycle response. Given the computational cost, we present only 100 cycles using initial dislocation density of 
1011m−2. Hence, we demonstrate that explicitly applying hundreds of cycles is equivalent to our accelerated approach in which we 

Table 2 
Al mesoscale parameters related to long range interactions.   

ηPSB ηlab ηcells gp Kwalls
multi Kcell

multi 
Aii αLE GM Kstruc 

50 20 5 1 0.0015 2 1 0.1 1 10−4 2.5  

Fig. 4. Saturated wall volume fraction of PSB as a function of homologous temperature for different FCC metals (Basinski et al., 1980; Giese and 
Estrin, 1993; Lisiecki and Weertman, 1990; Hähner et al., 1998; Boehme et al., 1990; Li et al., 2009; Spätig et al., 2018; Li et al., 2010). 

Table 3 
Temperature dependent wall fraction for PSBs and labyrinth structures in Al.  

Homologous temperature 0.083 0.32 

fPSB
inf 0.29 0.1 

fLab
inf 0.21 0.07  

Fig. 5. Finite element mesh of a polycrystal specimen containing 5000 elements and 250 grains. Colors represent different grains.  
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predict the response for N + 1 cycle. 
Since the model identifies the dominant dislocation structure at each finite element (Fig. 1), we can quantify the total volume 

fraction occupied by each structure. Fig. 8 presents the volume faction occupied by PSBs and cells as a function of plastic strain range 
and demonstrates how cells dominate at high plastic strains. At low strains, limited cross slip prevents from the accumulated cross slip 

range to surpasses the critical magnitude γCross
0
N introduced in Fig. 1. 

A central advantage of substructure-sensitive models is their ability to validate mesoscale attributes from TEM microscopy. We 
further inspected dislocation structures from experiments at various temperatures (Nakanishi et al., 2013; M Videm and Ryum, 1996; 
Fujii et al., 2008) and measured their wall spacing. These results along with the model predictions are compared in Fig. 9, which 
further demonstrates that the substructure-sensitive model captures the macroscopic and mesoscopic responses. 

Since dislocation structures are identified by surveying the partition of plastic deformation, not crystal orientation, we next apply 
the model to polycrystalline materials without any recalibration. We note that grain size effects are conveyed by Eq. (12), which should 
be valid for grains at least tens of microns in size (i.e., no grain-boundary-controlled plasticity or dislocation starvation). Fig. 10 
compares the CSSC for Al polycrystals from experiments and simulations at N = 5000 and demonstrates the model ability to predicted 
the stress response of the polycrystal and grain size effects. Fig. 11 further presents excellent agreement with the stabilized stress-strain 

Fig. 6. Fully reversed cyclic stress-strain response of Al single crystals deformed along a) [001] and [123] at 298 K and b) [123] at 77 K. Both [001] 
(298 K) and [123] (77 K) crystals reach saturation and the modeled assuming N = 5000. The [123] crystals at 298 K show different stress levels at N 
= 100 or γpl

cum = 50. The results are compared with experiments from (M Videm and Ryum, 1996; Dhers and Driver, 1988; Wang et al., 1999) at 298 
K and from (Nakanishi et al., 2013; Vorren and Ryum, 1987) at 77 K. 
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Fig. 7. Cyclic hardening of Al single crystal at 298 K and 77 K. Circles correspond to single slip crystals deformed at 0.12% or 0.3% plastic shear 
strain ranges while squares corresponds to multiple slip [001] crystal under 0.06% plastic shear strain ranges. Note the saturation of the stress after a 
thousand cycles for [001] crystal at room temperature and [123] at 77 K. Hollow and full symbols correspond to experiments and simulations 
respectively. 

Fig. 8. Percentage of dominant dislocation substructure among 500 elements at γpl
cum = 50 as function of plastic strain amplitude.  

Fig. 9. Comparison of wall spacing measured from experiments (Nakanishi et al., 2013; M Videm and Ryum, 1996; Fujii et al., 2008) and dstruc from 
models at different temperatures. 
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loop for Al polycrystal 298 K and Δεpl
2 = ∼ 1 × 10−3. 

4. Mesoscale material-invariance 

Castelluccio and McDowell (Castelluccio and McDowell, 2017) proposed the substructure-sensitive model to predict only the fully 
saturated cyclic response of Ni single- and poly- crystals at room temperature. This work extended those efforts by focusing on the 
entire cyclic history at different temperatures rather than just the saturation stage, which does not occur for Al at room temperature. 
We now explore the cyclic evolution of Ni and Cu at various temperatures, which share similar dislocation structures with Al. For these 
materials, the Burgers vector is taken as b = 0.25 nm (Kocks et al., 1975) and the elastic constants depend on temperature following 
(Varshni, 1970), 

C11 = 105

⎛

⎜
⎜
⎝2.612 −

0.1932
exp

(
310.4

T

)
− 1

⎞

⎟
⎟
⎠,

C12 = 105

⎛

⎜
⎜
⎝1.508 −

0.05177
exp

(
634.1

T

)
− 1

⎞

⎟
⎟
⎠, (20)  

Fig. 10. Comparison between models and experiments (M Videm and Ryum, 1996; Tsou and Quesnel, 1982; Giese et al., 1990; El-Madhoun et al., 
2003) of the cyclic stress-strain response of Al polycrystals with different grain sizes. 

Fig. 11. Comparison of complete cyclic stress-strain response of Al polycrystal between model and experiment (Giese et al., 1990).  
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C44 = 105

⎛

⎜
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⎝1.317 −
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exp

(
201.1

T

)
− 1

⎞

⎟
⎟
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μ = 87018 MPa
C44(T)

C44(0K)
,

for Ni, and the following for Cu. 

C11 = 104

⎛

⎜
⎜
⎝17.6094 −

0.760041
exp

(
206.4

T

)
− 1

⎞

⎟
⎟
⎠
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⎛

⎜
⎜
⎝12.4892 −
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exp

(
158.4
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− 1

⎞

⎟
⎟
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C44 = 104

⎛

⎜
⎜
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0.45283
exp

(
163.4

T

)
− 1

⎞

⎟
⎟
⎠

μ = 48301.0 MPa
C44(T)

C44(0K)

We further employ the atomic process unit parameters in Table 4 and temperature dependence of the PSB wall fraction presented 
on Table 5 and Table 6. As shown by Fig. 12, the parameterization of fPSB

inf aligns closely to that found in experiments (Fig. 4) and is 
almost identical for various materials and suggest that this parameter can be approximated as material-invariant. Furthermore, as 
shown in Fig. 2b), the transition from PSBs into cells at 298 K in Cu is delayed compared to Al. In Cu, the transition occurs after 
reaching an accumulated plastic shear strain of value about five regardless of the cyclic plastic strain applied (Mughrabi, 1978; 
Bretschneider et al., 1995). Hence, we assume that γ∗

pl = 5 and γCross
0 =0.02 for Ni and Cu, which corresponds to an increase difficulty in 

cross slipping and cell formation for these materials. The model uses the same mesoscale parameters in Table 2 for modeling Cu and Ni, 
except for Kstruc = 2.7 and Kstruc = 3, respectively. 

Mesoscale parameters (Table 2) characterize the strain hardening induced by dislocation structures and they are attributes of the 
structure, not a material. Thus, the same parameters can be known a priori for various materials, without the need for recalibration, and 
reducing the number of unknown parameters. An analogous result was found for the parameterization of dislocation structures under 
monotonic loading (Dindarlou and Castelluccio, 2022), which was used to enrich data sets with proxy materials. If material-invariant 
parameters are characterized with single crystal data, they extend the predictive power even if only polycrystalline data is available (e. 
g., alloys). 

The results in Fig. 13 demonstrate good agreement between the CSSC from simulations and experiments for Ni and Cu single 
crystals at room temperature. As expected from our prior work (Castelluccio and McDowell, 2017), the model captures Ni response, but 
notably, it employs the same mesoscale parameterization for Al. Similarly, the same model captures the response of Cu without any 
special provision except for the atomic process unit parameters in Table 4. The fitting to the experimental data could be further 
improved with a mathematical optimization approach that integrates data from various materials. However, we note that the un
certainty of the experiments, particularly single crystals, is unknown and it can be significant due to a number of factors (exact crystal 
orientation, contribution of impurities, loading conditions, etc.). 

Fig. 14 presents the CSSC temperature dependence for [149]-oriented Ni and Cu crystal and demonstrates a remarkable agreement 
between models and experiments. The model slightly overestimates hardening close to half melting temperatures since there are no 
provisions for additional high temperature recovery mechanisms (e.g., dislocation climb). Nevertheless, the trends as well as the 
magnitude of peak stresses for both Ni and Cu single crystals agree well with experiments. We highlighted that the model is identical to 
that for Al, and only parameters related to atomic unit processes and fPSB

inf are different (e.g., Table 2). Similarly, the only dependence on 

Table 4 
Summary of atomistic process unit parameters for Al, Ni and Cu estimated using yield stress data (F Ashraf and Castelluccio, 2021) and observed in 
experiments (Basinski et al., 1980; Tippelt et al., 1997; Kassner and Wall, 1999; Feaugas, 1999; Essmann and Mughrabi, 1979).  

Material Fo (eV) st
o (MPa) p q ys (nm) ye (nm) 

Ni 2 44 0.667 1.5 25 1.5 
Cu 2.3 17 0.667 1.5 25 1.5  
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temperature is explicitly on the flow rule and in the wall volume fraction for PSBs (as suggested by TEM analysis). 
To conclude the comparison with Ni and Cu, Fig. 15 presents the cyclic hardening curves for single-slip oriented Ni and Cu single 

crystals at 298 K from models and experiments. These results demonstrate that the history dependence introduced intro the crystal 
plasticity to capture Al response (Fig. 1) also works for Ni and Cu. 

5. Discussion 

Much experimental research in the last 50 years has characterized the cyclic response of FCC single crystals over a wide range of 
temperatures. However, modeling have lagged and most approaches have been validated only with polycrystalline responses. 
Substructure-sensitive crystal plasticity approaches were initially proposed and validated (Castelluccio and McDowell, 2017) for Ni 
single- and poly-crystals under saturated conditions. However, our analysis demonstrated that this approach is inadequate for ma
terials above 0.2 of the homologous temperature (e.g., Al at room temperature), which do not fully saturate due to the continuous 
evolution of dislocation structures. Hence, this work generalised our prior efforts to account for cyclic history and temperature. 

Our prior work for monotonic loading (Dindarlou and Castelluccio, 2022) demonstrated that fitting models to polycrystals 
stress-strain curves does not guarantee good agreement with single crystal experiments. Similarly, we now consider the model for Al 
but assuming a constant η, which is equivalent to assuming lstruc∝ 1̅̅̅̅

ρα√ for all structures. We assume constant η = 2 or 5 depending on the 
grain size (affecting the mean free path akin to Haouala et al. (2018)) to demonstrates in Fig. 16(a) a good agreement between 
modeling and experimental CSSC for polycrystals . However, the analysis of single crystals deformed along [123] and [001] directions 
in Fig. 16b) confirms that constant η for different crystallographic orientations cannot predict single crystal cyclic responses. An η = 2 
overpredicts the response of both crystals while η = 5 underpredicts some of them. Furthermore, Fig. 17 presents the von Mises stresses 
computed from all elements in the polycrystalline model with grain size of 200 μm and an applied cyclic strain of 0.12%. These results 
demonstrate a different von Mises stress distributions from a variable or constant η, the later of which reduces it variability by a third. 

The lack of agreement in Fig. 16b) is ubiquitous in crystal plasticity models that are parameterized exclusively with polycrystalline 
data. These results demonstrate that tampering with crystal plasticity parameters to reproduce polycrystal experiments without 

Table 5 

Temperature dependent wall fraction for PSBs for Ni. Also, f Lab
inf =

1̅
̅̅
2

√ f PSB
inf .  

Homologous temperature 0.045 0.17 0.35 0.43 

fPSB
inf for Ni 0.24 0.23 0.22 0.21  

Table 6 

Temperature dependent wall fraction for PSBs for Cu. Also, f Lab
inf =

1̅
̅̅
2

√ f PSB
inf .  

Homologous temperature 0.057 0.22 0.37 0.5 

fPSB
inf for Cu 0.24 0.22 0.18 0.16  

Fig. 12. Parameterization of the wall fraction at saturation for PSBs (f PSB
inf ) in Al, Ni and Cu as a function of their corresponding homologous 

temperatures. These results resemble the experimental dependence of PSBs wall fraction shown in Fig. 4. 
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independent validation affects the mean response and its variability at the local crystal level. Notably, modeling error is largest for 
single crystals under single slip since they develop the most heterogeneous structures with the largest aspect ratios. This is particularly 
problematic for fatigue prognosis, in which cracks are more likely to initiate and propagate in single slip oriented grains. Hence, our 
modeling results partially explain the lack of success from models in predicting local cracking, which has often been attributed to the 
damage formulation (e.g., fatigue indicator parameter of preference) rather than the underlying constitutive response. 

We argue that substructure-sensitive crystal plasticity predicts the response of single crystals thanks to the independent validation 
of mesoscale parameters, particularly the heterogenous mean free path. Certainly, the correct prediction of substructure length scales 
is akin to validating the local stress thanks to the similitude principle. Other approaches based on dislocation densities or geometrically 
necessary dislocations (GNDs) carry larger experimental uncertainty, which are often of little value when translating into local stress 
error in simulations. In addition, polycrystalline samples affect the triaxial deformation state of grains and model validation requires a 
3D rather a 2D representation. Hence, model comparisons with experiments should rely on single crystals or 3D characterization of 
grain ensembles rather than handpicking isolated grains. 

We further demonstrated that the parameterization of dislocation substructures with the accumulation of cross slip shear strain can 
effectively predict the temperature dependence of initial and secondary hardening. Notably, temperature dependence of secondary 
hardening is entirely driven by cross slip activation and no additional parameterization is required. Similarly, cross slip strain accu
mulation also accounts for the prevalence of secondary hardening at higher strains or number of cycles without any additional 

Fig. 13. Cyclic stress-strain response of a) Ni and b) single crystal oriented along [001, 149, 011], and [111] direction under fully reversed strain- 
controlled loading (Rε = − 1) at 298 K. Experimental data were compiled from (Hachet et al., 2020; Buque, 2001; Mecke and Blochwitz, 1982; 
Bouteau, 2013) for Ni and (Gong et al., 1997; Fujii et al., 2018; Gong et al., 1995; Hancock and Grosskreutz, 1969; Li et al., 1998) for Cu. 
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provision. 
We demonstrated that substructure-sensitive models simplify parameter identification by sharing identical mesoscale parameters 

across FCC materials. Hence, modeling a new material requires identifying atomic unit processes parameters (Table 1), which can be 
estimated independently (Ashraf and Castelluccio, 2021) or through lower scale modeling (e.g., Molecular Dynamics) (Narayanan 
et al., 2014; Varvenne et al., 2017). As a result, this crystal plasticity approach is well posed to predict the cyclic response of single 
crystals for engineering materials such as austenitic stainless steels, for which no single crystal data are available. Secondly, the 
approach reproduces the cyclic response at various temperatures by introducing a single temperature dependence on the wall fraction 
of PSBs, directly informed by TEM (Ashraf and Castelluccio, 2021). Thirdly, the model presented here is identical (including atomic 
unit processes parameters) to that developed for monotonic loading except for the parameterization of η and fw (Dindarlou and 
Castelluccio, 2022). Hence, the approach can work with experimental mesoscale parameterizations of η and fw from various loading 
conditions—R ratio, overloads, strain rates, creep—which share similar dislocation structures (Lukas et al., 1999; Kiritani et al., 2002; 
Blum et al., 2014). 

Experimental evidence suggests diverging responses of fw depending on the loading conditions. This paper reconciled these notions 
by introducing Eqs. (17) and (18), which parameterize the evolution of fw under monotonic or cyclic loading: Under monotonic loading 
(N = 1), the wall fraction increases monotonically. Under saturated cyclic conditions, the reduction of the wall fraction with increasing 
cyclic plasticity (red line in Fig. 3) serves as a recovery mechanism for the back stress (Eq. (5)), which lacks a recovery term. This 

Fig. 14. Cyclic stress-strain response of [149] a) Ni and b) Cu single crystal under fully reversed strain-controlled loading (Rε = − 1) at various 
temperatures. Data from (Bretschneider et al., 1997; Buque, 2001; Hollmann et al., 2000) for Ni and (Basinski et al., 1980; Lisiecki and Weertman, 
1990; Gong et al., 1995; Hancock and Grosskreutz, 1969) for Cu. 
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approach provides a physically-sound formulation for the back stress hardening and recovery balance, which has normally relied on 
phenomenological equations (e.g., Armstrong-Frederick, Ohno-Wang, etc.) (Hennessey et al., 2017). 

This work also innovates with a novel formulation that accelerates the modeling under cyclic loading. Rather than explicitly 
applying thousands of cycles to predict the stress-strain response, the model defines the cycle number as an input parameter. This 
strategy accelerates the simulations while it can still be used to predict the cycle-by-cycle history by updating the cycle number 
parameter on every cycle (Fig. 7). As a result, the model is particularly useful to assess the likelihood of cracking throughout cyclic 
history by means of fatigue indicator parameters (Castelluccio et al., 2016; Kakandar et al., 2020) or microstructure-sensitive fatigue 
life analytical formulations (Ashraf et al., 2022). 

To conclude, our analysis also bridges a gap in understanding the cyclic response of FCC materials. By considering material- 
invariant substructures at similar homologous temperature we can compare the cyclic response of various FCC metals as shown in 
Fig. 18. In this case, the experimental cyclic stresses are normalized by the shear modulus and the burgers vector divided by the 
structure spacing, which depends strongly on temperature. The agreement among different materials reinforces the value of 
substructure-sensitive crystal plasticity framework in predicting the mechanical response. It further demonstrates the potential of 
material-invariant parameters for mitigating the difficulties in identifying crystal plasticity parameters. 

Fig. 15. Cyclic hardening of a) Ni and b) Cu single crystal oriented for single slip at 298 K. The experimental data corresponds to (Bretschneider 
et al., 1995; Magnin et al., 2001). 
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6. Conclusions 

This work bridges the gap in modeling cyclic deformation of single phase FCC single crystals using mesoscale substructure as 
material invariants. We proposed a novel methodology to quantify the effects of cyclic history on single- and poly-crystals and their 
corresponding cyclic response. The approach describes transients in dislocation structures to represent initial and secondary hardening 
up to 0.5 homologous temperature. We highlight that the number of cycles and the temperature affect the activation of cross slip, 
which is used to determine the dominant dislocation substructures and control hardening. 

In terms of computational effort, this work innovates in physics-based engineering models by predicting the cyclic response under 
thousands and millions of cycles without explicitly applying them. We define the number of cycles as an input, and the model estimates 
the constitutive response for such cycle by quantifying the partition of plasticity across slip systems. 

The work further generalizes the notion of mesoscale material-invariant parameters, which have now been shown to exist for 
modeling cyclic deformation. Hence, substructure-sensitive models can leverage from parameters calibrated for other materials with 
similar structures. This approach provides a more accurate prediction of single crystal response than just relying on parameters 
calibrated to polycrystalline experiments. In addition, it allows to estimate the cyclic response of different materials by changing only 
atomic unit process parameters. Ongoing efforts are focused on predicting the cyclic response of alloys that shows similar mesoscale 
dislocation substructures under cyclic loading. 

Fig. 16. a) Cyclic stress-strain response of Al polycrystals using constant η = 2 or 5 depending on the grain size. b) Cyclic stress-strain response of Al 
single crystals deformed along [123] and [001] directions at 298 K using constant η = 2 or 5. 
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