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An Efficient Underwater Acoustical
Localization Method Based On Time Difference
and Bearing Measurements

Liang Zhang, Tao Zhang, Hyo-Sang Shin, and Xiang Xu

Abstract—This paper addresses the underwater acoustical
localization problem by using the time-difference-of-arrival
(TDOA) and bearing-angle-of-arrival (BAOA) measurements. For
the underwater acoustic equipment, such as the ultra-short
baseline system (USBL), whose bearing measurements are
different from the traditional angle-of-arrival (AOA) model, a
closed-form solution for the hybrid TDOA/BAOA-based source
localization problem is developed. However, the solution suffers
from the measurement noise and cannot achieve the Cramer—Rao
lower bound (CRLB) performance in the case of large
measurement noise. Thus, an iterative constrained weighted least
squares method is presented to further minimize the error in the
case of large noise. The CRLB for hybrid TDOA/BAOA source
localization is analyzed and the solution is proved to achieve the
CRLB performance. Numerical simulations and field tests
demonstrate that the proposed method outperforms the
traditional methods in terms of estimation bias and accuracy. It
can achieve the CRLB performance better.

Index Terms—USBL, TDOA, BAOA, Bearing,
constrained weighted least squares, CRLB

iterative

I. INTRODUCTION

Source localization is a classical subject due to its importance
in the applications of sensor networks, radar, and underwater
navigation?!, In such applications, the main idea of source
localization is to use the noisy measurement, such as the time-
difference-of-arrival (TDOA)BI4IBIO time-of-arrival (TOA)!!
(81 and angle-of-arrival (AQA)PN,

TDOA-based localization problem has the advantages of no
needing the synchronize sensor clocks with that of the target.
Especially in the aspects of single-source passive navigation!?!
or the underwater acoustical localization of the black box!'!l,
the clock synchronization error is not known and the TDOA-
based localization method is often more effective than the
TOA-based localization method. Chan proposed a two-stage
weighted least squares (TWLS) algorithm for the TDOA-based
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localization problem™. It is well known for its low
computational complexity and proven approximate efficiency.
Several improved algorithms have been proposed!3 !4, AOA-
based localization problem does not need accurate clock
synchronization between sensors and the closed-form solution
was developed!!>l Recently, the hybrid systems that combine
two or more noisy measurements have drawn considerable
attention. Li developed a two-step least-square location
estimator for the TDOA/AOA location scheme for wideband
code-division multiple-access  wireless communication
systems!!”). A geometrically constrained optimization approach
was applied to the hybrid TDOA/AOA location scheme to
improve the localization accuracy!®. In 2016, a simple
TDOA/AOA method using two stations was developed and
the method could be extended to more than two stations!™!.
When the prior knowledge about the source range is not
available, an iterative maximum likelihood estimator (MLE) for
the source location under modified polar representation (MPR)
was developed®. Note that all of the above-mentioned
methods were presented for the source localization problem, in
which the azimuth and elevation angles are considered in the
AOA model. The closed-form solutions in these methods are
designed for the traditional TDOA/AOA model. In particular,
azimuth is the angle between the projection of slant distance,
which is the distance between the source and the sensor, onto a
horizontal plane and the X-axis??l. The elevation angle is the
angle between the projection of slant distance onto a horizontal
plane and the slant distance. This AOA model requires both
of the azimuth and elevation angles to complete the positioning.
However, when the underwater sensor consists of multiple
hydrophones, such as the USBL, the AOA measurements are
available!® and they can be applied to the localization problem.
The new underwater AOA model is based on the bearing
measurements. In order to distinguish from the traditional AOA
model, it is named as the bearing angle of arrival (BAOA). The
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bearing angles studied in the paper are the angles between the
slant distance and the x-axis (bearing o) and the y-axis (bearing
@)1 221 Bearing o or bearing B alone can complete the
positioning. Since the USBL can output two bearing angles,
both of the two bearing angle are used in the localization
problem in the paper. Different definitions of the AOA model
will lead to different algebraic expressions of the closed
solutions. Thus, the above algebraic expressions of the closed
solutions are not suitable for the new model in the manuscript.
To the best of our knowledge, there is not yet a sufficiently
effective solution for the new underwater acoustical
localization model. Thus, one of the tasks of this paper is to
derive a new algebraic expression of a closed solution based on
the new BAOA model. Besides, the location bias caused by the
noisy measurement will be considered in the paper. However,
it is not considered in the above traditional TDOA/AOA
localization model.

For the cases where the vehicle is equipped with a USBL
sensor, a TDOA/ BAOA -based passive navigation scheme was
developed™!. A two-stage weighted least squares method for the
new TDOA/ BAOA model was proposed ), in which the time
difference and bearing measurements were used. Although it is
the latest method designed for the new TDOA/ BAOA model,
the solution suffers from the TDOA measurement noise and
cannot achieve the CRLB performance. The CRLB is a lower
bound on the variance of any unbiased estimator. It tells us the
best we can ever expect to be able to do. Thus, for a given
localization scenario, the best (smallest) achievable accuracy
can be represented by the Cramer-Rao lower bound and many
researchers take it as a benchmark for performance
evaluation!?4, Besides, there are some other performance
criteria such as Cramer-Rao bound (CRB)!'' or hybrid
Bhattacharyya-Barankin (HBB)™" bound. In this paper, CRLB
is used as a benchmark for performance evaluation.

The goal of the paper is to solve the problem in reference [2].
One of that is to derive a new closed-form solution of TDOA/
BAOA -based localization problem in the USBL system, which
can achieve the CRLB performance in the case of small
measurement noise. The other goal of the paper is that an
iterative constrained weighted least squares method based on
Taylor expansion is presented to further minimize the
localization error in the case of large noise. Although several
iteration-based methods were developed based on the closed-
form solution?324(25]  the solution will still suffer from the
noisy measurements if the noise is large as the time difference
and bearing measurements are coupled in the traditional
iteration equation. The proposed bias-reduction method can
deal with the problem of low iteration accuracy. It can improve
the iteration accuracy and reduce the position bias compared
with the closed-form solutions used in the traditional
TDOA/AOA model, where the azimuth and elevation angles
are considered.

The structure of the paper is as follows. The first section is
the introduction and includes the current research status and the
contributions of the paper. The second section introduces the
system models of the source location. The third section
introduces the closed-form solution method and the iteration-

based method. The fourth section is the analysis of the proposed
method. The fifth section verifies the effectiveness of the
proposed algorithm through simulation and field tests. The sixth
section is the future works. The last section presents summary.

II. SYSTEM MODEL

Consider a localization scenario with M basic sensors and
their positions are known and denoted by s; = (X; ¥i Z)T
(i = 1,2,3,...M). The source position (u, = (* ¥ 2)7)in
N-dimensional (N = 2 or 3) space is unknown and needs to be
located. The localization scenario is shown in Fig. 1.

Unknown source uu

Fig. 1 Source location scenario

We select the first sensor (s;) as the reference. The sensor
array computes the relative time delays of the signals at
different sensors with respect to the reference. The TDOA
measurement, denoted by t;;, between sensor pairs i and 1 and
the corresponding actual range difference of arrival (RDOA)
denoted by 73, are

ru=Cty +ny =ri+ng =n -1 +ny (1)

where r; = ||lu, — s;|l, (i = 2,3, ... M). n;; is the measurement
noise. Note that ;3 is actually the range difference which is the
TDOA multiplied by the known signal propagation speed c. We
shall use time differences and range differences
interchangeably throughout the paper as they are differed by a
constant scaling factor!?®!, It is assumed that the TDOA noise
vector n = [N21 n;1]7 is zero-mean Gaussian distributed
with covariance matrix Q, = E,(nnT). ) is the true TDOA
measurement.

Take the sensor s; as an example in Fig. 2. The bearing
measurements diagram is shown below.

Zﬂ <4

’
/
2

transducers
Ky 7
3 [ /

t
(P,
S
\
=

Uy

Fig. 2 Bearing information diagram
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The bearing angles can be obtained by the phase difference.
Four transducers are installed along the x-axis and y-axis. The
transducer array along the x-axis is used to get «; and
transducer array along the y-axis is used to get ; .The phase
difference is estimated by the adaptive phase difference
estimator, where the Least Mean Square method is used®”!,

The bearings are related to the source position and it can be
represented as'?!l.

X — X
a; = arccos ( ) +¢g
T
Y —Vi
Bi = arccos
Ti
where ¢; is the measurement noise of bearing a; and §; is the
measurement noise of bearing f;. It is assumed that the bearing
a noise vector € = [&1 &]T and bearing B noise vector
8§ =15, 8;]7 are zero-mean Gaussian distributed with
covariance matrix Q, = E(g€") and Qg = E(88"). af and B}
are the true bearing information.

0
a; +£i

2

)+6i=ﬁi0+6i

III. PROPOSED METHOD

In this section, we will develop a closed-form solution
method and an iterative constrained bias-reduction method for
the system model described in section II.

A. Closed-form solution

According to the analysis in paper [12], the TDOA model can
be simplified as
rizl + ”31”2 - ”si”2 + Z(Si - Sl)Tuo + zrillluo - Sl“ (3)
= 2|lu, = sillny +nd
Taking all the TDOA measurements into consideration, (3)
can be extended as follows.
hi—Gy=Bn+tn®On 4)

3+ lIsql1? = ||Szllzl
where hy = : ,
Tz + IS = lIsyll?
(52 =57 15
Gl = _2[ : : l,}’ = [ug Tl]T’
(Su—s)" 1

B, = 2diag(["2 Tm]) .
and “(©” denotes the element-by-element product.

We will derive the pseudo linear equations for the BAOA
model. (2) can be reformulated as

{x —x; = rycos(al) 5)
y = y; = ricos(By)
Combine (1) with (5), it can be reformulated as
{x —x; = (r} + r)cos(al) ©)
y—yi = (1 + r)cos(B)

In the above equation, @} , ;] and 3 are the true values and
use their noisy values, (6) becomes
x —x; — (1iy + r)cos(a;) =1,
b 2~ )
y—yi— (g + m)cos(By) =g
When the measurement noise is small, cos(g;) = 1 and
sin(e;) = €. So we have the following approximation.
cos(al + g)=cosal-¢;sinay (8)
Take x — x; — (r;; + ry)cos(a;) = n, as an example. It can
be rewritten as.

x —x; — (r;y + rp)cos(a;)
=x —x; — (1] +nyy + 1) cos(a + &) )
~x —x; — (1] + r)cos(a?) — cosaln;; + rysin(a))e;
Thus, we have
Ne = 1isin(al)e; — cosalny, (10)
The derivation of 7ng is the same as 1, and it can be
represented as
np = 1isin(B)8; — cospniy (11)
From (7), (10), and (11), the pseudo linear equations for the
BAOA model can be represented as

h, — G,y = B,n (12)
xl 7
X, + 1y1c08(ay)
Xy + 1yy1cos(ay)
where h, = V1 ;
Y2 +131c08(B,)
Lym + T1c0s(By)]
[1 0 0 —cos(a)
G, = |1 O O —COS(UfM)l _ By1  Oypxm Bzz]
2 lO 10 —cos(ﬁl)j' 27 |Omxm  Baz  Baal
0 1 0 —cos(By)
B, = diag([-rsin(af) —rysin(apy)]),
By; = diag([—rlsin(ﬁlo) _rMSin(ﬁI?/l)])’
0 _ .
B,, = é;(:’_ll ,B,,_1 = diag([cos(a?) cos(ap)D),
0qypm— .
By, = ézM 11 . By = diag([cos(BY) cos(B]),
n=I[" & aTl".

From (4) and (12), the hybrid TDOA/BAOA pseudo linear
equation can be represented as
h— Gy =Bny

C[ha] . [Ga] o B,
where h = [hl]’ G= [GJ’B = [OM_lsz Bl]'

Applying the weighted least squares method to (13) yields to
the solution.

13)

y=(G"TWG)'G"Wh
where the weighted matrix W = (BQBT)™*. Q = E(nqm")
The estimated ¥ is as follows.
y=1[u; #l" 15)
The estimation error in (15) is defined as
Uy =ug +Au
{ﬁ =n +An
The pseudo linear equation (13) is established under the
assumption that the parameters in y are independent. However,
U, and r; have the following relationship.
= llu, — 54 (17)
Thus, a further step will be carried out to improve the
estimation accuracy.
We take the Taylor series expansion of (15) around %, and
retaining up to the first-order terms to arrive at

(14)

(16)

1 = |l = s1ll = llflg — 511l — piiy 5, A0t (18)
T _ @@ig-s)T
where Piugs, = Tosil”

Combing (18) and (16) yields the solution.



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 4

=[] =[5~ 1ol o720
€Tl an | TR - Il — 11l + pE, 5, Au (19)
= h3 - G3Au
= B3Ay
0 1
where h; = [~ i ], Gz = 3T><3 s
71— |1ty — 4|l —Piig,s,
_I3x3 03><1
B, =
3 01x3 1
The estimated error of (14) can be obtained by
Au = (GIW;365) GEW b, (20)

where W4 = (E(EET))_1 = (Bcov(y)B})™!
cov(y) is the covariance matrix of (14). According to the
analysis in [28], the covariance matrix can be represented as.

cov(y) = (6TW6)™? (21)
The covariance matrix of Au can be shown as!?®
cov(u) = (GW36;) ™" (22)
Thus, the optimal solution of the source location is
u, = Uy — Au (23)

B. An improved iterative constrained method based Taylor
expansion
Take the Taylor series expansion of ||u, — s;|| around @,
and retaining up to the first-order terms as (18) shows.
Substituting (18) and %, (&, = u, + Au) into (3) yields.
i + syl = lIsill? + 2(s; — s)" (i, — Aw)
+ 21 (8o — 511l — Py s, Au)
= 2|lu, — sllngy +nf;
Taking all the TDOA measurements into consideration, (24)
can be extended as follows.

(24)

h; —G;Au=Bn+tn(On (25)
where
h3 =
2 2 _ 2 _ Tz 7. —
51 + Isqll Is21* + 2(s, — s1)" U, + 2154 ||y — 54|
4 + 5112 = lIsilI* + 2(s; — $1)" 0, + 214 l|ip — 54l
(s, —s)" + 7"21P1“T10,s1
63 = 2 :
(si—s)" + Ti1PfT10,s1
Similarly, substituting (18) into (7) yields.
% — Ax — x; — (111 + |8 — 51l — pE, 5, Au)cos(a;)
=TMNa
- ~ (26)
§— Ay —y; = (ra + 1ty — 511l — p5, 5, Au)cos (By)

Taking all the BAOA measurements into consideration, (26)
can be extended as follows.
h4 - G4Au = BZ" (27)
x1 — X + cos(ar)lliy — sl
X, — X + 1p1c08(@z) + cos(ay) |ty — 54l

Xy — X + ryrcos(ay) + cos(ay) ||ty — sql|
y1 — ¥+ cos(B)lltg — s4]l
Y2 — ¥+ 1p1c05(B;) + cos(B) [y — sql|

where hy =

Lyy — F + 1ircos(Bu) + cos(Ba) |y — 54|

[eostedpemt costepy  cos(@p]
G, = cos(aM‘)px -1 COS(O.:M)py cos(c.rM)pz
4 cos(ﬁl)px 605(31).031 -1 COS(&)Pz )
cos(Budpx cos(Budpy—1 cos(Bulps
p£0:$1 = [px py pz].

From (25) and (27), the hybrid TDOA/BAOA equation can
be represented as
h — GAu = By

h; G B,
herehz[ ]Gz[ ]Bz[ ]
" () S (<) L (VTS
Applying the iteration method to (28) yields to the solution.

U+ = 5k — Au

(28)

29
= 1§+ (GTWG) 'G"™Wh 29

where k represents the k¢h iteration.
However, the solution will suffer from the noisy

measurement. For example, the TDOA measurements are
coupled in h, and the estimated results cannot attain the CRLB
performance if the TDOA noise is large. Thus, we will further
consider the noisy measurement in the coefficient matrix of the
iteration method.

We expand the parameters and coefficient matrix as follows.

A=[-G h]

V=[au" 1" G0
Define the cost function with the expanded parameters as
follows.
J = min(AV)"TWAV 3D
Since A contains the measurement noise and it can be
decomposed as.

A=A+ A° (32)
where A° is a matrix without any measurement noise. AA =
[-AG Ah] is the noise term, which can be expressed as
follows.

AA=[Cin Cn Cn Cum] (33)
C 0 Cc 0
here C. = _[ 11 ZMXM—l],C _ [€11-1 MXM]
MR = T oy €z I T [Oyew Craca
Ci11 = diag([—sin(a{’)px _Sin(al?/l)px]);
Ci1-, = diag([—sin(B))py —sin(By)px)),
Clz = diag ([px px]),
M1
C. = Cyy 02M><M—1] C.. = Cri4 OMXM]
27 [0m—1x2m Cyp 7% 7 [Oyxm Co—2)
Coros = diag([sin(@Dp, .. —sin(@py]),
Cr2 = diag([—sin(ﬂf)py _Sin(ﬁz\(}l)/)y]).
C,, = diag <[Py ,0y]>,
M—1
C. = C3 02mxnm-1 Cr = C3i4 OMXM]
37 |Om-1x2m Cy, 17307 [Oysm C3i-2)
C31-1 = diag([—sin(a7)p, —sin(agy)p,D),
C31-, = diag([—sin(BD)p, —sin(By)p.D),

C32 = diag <[pZ e pZ]),
M-1

C41 C42] C _ C4-1—1 OMXM]
s Y41 >

C,= =
* Op-1xam  Caz Opsm  Car—z
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Ci1—q = diag([0 —r7ysin(a?) — |lu, — s;llsin(as)
—ryasin(ay) — [, — sllsin(ay)])

Cii— = diag([0 —rysin(B) — llu, — s4llsin(By)
—niasin(By) — llu, — s llsin(Bp)])

01xm
[diag([cos(af) cos(az?/,)]))]
C42 - OIXM ’
diag([cos(BY) cos(By)D
C,; = 2diag([rd, Ta1])

+ 2diag([llu, — s4ll llu, — s41ID.
Substituting (32) into (31) yields the cost function
J = VTAY WAV + VTAATWAAV + 2VTAATWA'Y  (34)
If we take the expectation of /| and the third term
VTAATW AV will vanish due to the fact that AA is zero-mean.
The expectation of | can be obtained.
E(J) = VT wa'y + VTE[AATWAAIV (35)
In (30), we treat the second term as a constant constraint to
(31). Thus, the cost function can be reformulated as
minVTATWAV
st VIQV =k (36)
where Q = E[AATWAA] and the constant k can be any value.
Q = E[AATWAA]

Q1 Q2 Q3 Qqy

_ |21 Q22 Q3 Oz (37
931 932 933 934
941 942 943 94—4

where Qq; = tr(C,WC1Q), Qy, = tr(C,WC}Q),

Qq3 = tr(61WC§Q)’ Q= tr(QWCZQ), Q;; = 0,
Q,, = tr(C,WC5Q), 0,3 = tr(C,WCEQ),

Qa4 = tr(C,WCQ), Q31 = 3, Q3;, = QF5,

Q33 = tr(C;WC3Q), Q34 = tr(C;WCEQ), Q4y = QL
Qs = tr(CWCLQ), Qpp = 074, Q3 = Q.

The Lagrange multiplier can be used to solve the constrained
minimization problem. Combine the Lagrange multiplier with
(36) and it can be reformulated as.

minVTATWAV — A(k —VTQV) (38)

Taking the derivative with respect to V and setting it to zero
yield

(ATWA)V = A0V (39)

According to the generalized singular value decomposition
(GSVD) theory, the solution V is the eigenvector of the pair
(ATWA Q) which corresponds to the minimum generalized

eigenvalue.
The estimated Au can be obtained by.
v(1: 3)
Au=——"7 (40)
=@

Thus, the whole algorithm can be summarized as follows.

Algorithm 1: A TDOA/BAOA-based localization method based on
iterative constrained weighted least squares

Step 1. Set B = I3_; and solve the WLS problem (14). A rough value y

can be obtained.

Step 2. Reformulate the weighting matrix W with the rough value ¥ and
get the closed-form of the TDOA/BAOA localization problem using (14)
and (23).

Step 3. Initialize k = 0. Define a convergence threshold &, a divergence

threshold ¢ , and a maximum number of iterations 7 . Set the initial value

1 with the closed-form solution in step 2.

Step 4. Set k=k+1. Formulate the constraint WLS optimization problem

(31) with k.

Step 5. Solve the constraint WLS optimization (31) based on GSVD to

obtain the estimated value AU.

Step 6. Obtain the optimal value **! = 1% — AU and reformulate the

weighting matrix W with k+1

Step 7. If Au < € or k> 7, go to step 8, otherwise, go to step 4.

Step8.u, = w.

End

The above iteration algorithm is based on the closed-form

solution in section III.A. In the case of small noise, the closed-
form solution is very close to the CRLB performance. Usually,
two or three iterations are sufficient to ensure the convergence.

IV. CRLB AND PERFORMANCE ANALYSIS

A. CRLB for TDOA/BAOA

The logarithmic probability density function of the bearing
information vector is.

In(m;ug) = k — % (m—-m°)7Q;;}(m —m°) 41

where m = [a; B] is the actual bearing information with noise
and m° = [a®; B°] is the real bearing. Q,, is block diagonal
with diagonal blocks Q, and Qg. k is a constant which is

independent with the measurement®!. @ = [@1 ay]T,
a() = [a]l.) al‘\)/l]Tlﬁ = [Bl ﬁM]TJ
B =1[p7 B".

The CRLB matrix of uy with bearing measurement is
CRLB o4 (ug) = FIM™1(ug) (42)
where FIM is the Fisher information matrix and it can be
represented as.

FIM(ug) = (E)m")T 01 <0m")

du, duy

(43)

The detailed derivation of % can be found in Appendix A.
0

The CRLB for the hybrid TDOA/BAOA measurement can
be represented as.

ato\" _ ot° -
CRLBTDOA/AOA(uO): <6u0> Q (6—uo>

where t = [a; B; R] is the actual bearing and TDOA
information with noise and t° = [a®; B°; R°] is the real value

(44)

without noise. Q = E(mqm™) . R =["21 m1]T, RO =
8 .. ot
_—can be expressed as follows.
0
0 o. T o. T 0. T1T
a0~ |(Gue) Gg) () 4
auo auo 6u0 auo

The detailed derivation of Z—:o can be found in [12]. Thus, the
0

CRLB7poa/4a04 can be obtained.

B. Algorithm performance
One of the contributions of the paper is to derive the closed-
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form solution wusing the time difference and bearing
measurements in the USBL system.

We will compare the estimation covariance with the CRLB
to establish the approximate efficiency of the closed-form
solution.

From (20), (21), and (22), the inverse of the estimated
covariance matrix can be expressed as.

(cov(aw))™" = GIW;6;
= G3(B3cov(y)BY)™'Gs
= G5(B3(6"(BQB") ') ' B)) Gy
= GL(B})"'6"(B")'Q"'B16B;"G;
=G;Q7'G,

where G,=B~1GB3Gj;.

Compare (46) with the (CRLBrpoa/a04)  and it shows that
they have the same functional form. To prove the performance
of the closed-form solution, we just need to prove that G, =

ot°
(m) holds.
G, can be expressed as follows.

_ G4-1

The detailed derivation of G,; and G,, can be found in
Appendix B.

According to the analysis in [28], G4, can be proved to have
the following relationship.

(46)

OR°

6u0
Take the measurement vector & as an example.
Consider the following relationship.

rsin(af) = \/rf —rfcos?(a?) = \/rlz —(x—x)% 49
Put (49) and the definitions of pgo‘sl into Gy, . The first row

Gy, = M3 G1B3'G; = — (48)

of G441 can be expressed as follows.

T o
G41(1'1) = ||u0—51|Tsin(a‘1’) - Il)ltllt(z,s—l:jl)::((:fl))
_ 1 1 (x—x)* ]
T cos(af
n(12) = ~ e =
1 _ Ge=x)(-y1) (50)
((u0—51)T(u0—S1))1' )

2
[ x=xq
1 (||u0—sl||)
T o
_ _astesat) _
G4 (1,3) = llug—sallsin(ag)

1 _ Gmx)(-29) )

1.5

1_( x=xq )2 ((o=s)T(uo-s1))
l[eo—s1l]

According to the analysis in Appendix C, the ith rows of G,
can be expressed as follows. (i = 2, ... M).

—x)2
Gyq (i' 1) = . [i — ) ]

[

ri T‘i

(S

Gur(1,2) = = |- 20020
)
61r(1,3) = —— |- =202

x—x;)2
()
The jth rows of G4, have the same functional form as the ith
rows. (i =2,..M), (j =M +1,...2M).Thus, the jth rows of
G4, can be expressed as follows.

: _ 1 _ e=x) -y
G,1(G, 1) = ot [ 3 ]
1‘(r—,->
. 1 1 -yp?
G41(j,2) = [_ - 3 ]
_yn2 LT 7 (52)
[
; _ 1 _ (=2 G-y
G41(]’ 3) - y-yi 2 [ Ti3 ]
-(5)
From (50)-(52), it can be obtained.
aom°
Gy = — du, (53)
According to (48) and (53), it can be obtained.
om°
" ou ot°
6 =| one|= () (54)
B au(,J

Thus, the estimation covariance can be expressed as follows.

(cov(Au))_1 ~ CRLBrpoa/a04 (55)
This completes the proof that the proposed closed-form
solution can achieve the CRLB accuracy.

V. SIMULATION AND FIELD TEST ANALYSIS

A. simulation test

To verify the effectiveness of the proposed algorithm,
simulations are performed in this section. Several tests are
carried out and 1000 Monte Carlo simulations are performed
for each test.

Symbols used for the simulations are as follows:

1) ‘TDOA’ denotes that only the time difference
measurement is used for the source localization and the
positioning method is described in [12].

2) ‘BAOA’ denotes only the bearing information is used
for the source localization and the positioning method
is the Gauss-Newton iteration method with the true
value. The number of iterations is set to 2.

3) ‘T-TDOA/BAOA’ denotes the existing method for the
source localization with the time difference and bearing
information, which is described in [2].

4) ‘ML’ denotes the maximum likelihood estimation
method based on Gauss-Newton iteration as (29) shows.

5) ‘Proposed method’ denotes the proposed method
described in section III. The number of iterations is set
to 4.

The root mean square error (RMSE) and the bias norm of the

source position is used to evaluate the localization accuracy.
They are defined as follows.
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f:lllﬁo - uo”2
L (56)

L -
Yi=1 o

RMSE =

BiasNorm=

_uo

where u, denotes the true source position. L=50000 is the
number of ensemble runs.
The TDOA/BAOA noise is Gaussian and the covariance
matrix is modeled as
Qm = diag(aily  0ly)
Q= O-j(IM—l + 1M—1lﬂ—1)/2
The sensor positions are given by

T

5; = [SOcos (% (i— 2)) 50sin (% (i— 2)) zi] (58)
where i = 2,.... M is the sensor number. z; is generated
randomly between (-4,4).

The reference sensor is located at s; = [0 0 0]7. The
sensors are distributed uniformly in a circle. Two different
source locations are selected in the following simulation. One
is outside of the circle formed by the sensors and u, is chosen
randomly as uq = [150 65 —30]". And the other is inside
of the circle formed by the sensors. Thus, u, is chosen
randomly as uy = [20 40 -30]7.

L. Test 1- The impact of the TDOA noise on Localization
Accuracy

(57)

In this scenario, o2 is a constant value (62 = 0.001rad?),
M=7.

When the source is located inside of the circle formed by the
sensors, compare the RMSE and the bias norm of the estimated
source position with different methods.

TDOA
O BAOA

{) T-TDOA/BAOA 4
u]

ML

Proposed Method
CRLB-TDOA
CRLB-BAOA

CRLB-TDOA/BAOA

Position RMSE(m)

E L L L L L
-30 -25 -20 -15 -10 -5 0
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Fig. 3 Comparison of RMSE with different methods. (uy, =
[20 40 -30]")
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Fig. 4 Comparison of bias norm with different methods. (uy, =
[20 40 -30]")
When the source is located outside of the circle formed by
the sensors, compare the RMSE and the bias norm of the
estimated source position with different methods.

102 T T T T T
TDOA

O BAOA

{ T-TDOA/BAOA
u]

ML

Proposed Method
CRLB-TDOA
CRLB-BAOA
CRLB-TDOA/BAOA

o o D
OJ

O

Position RMSE(m)
=

100 -
-30 -25 -20 -15 -10 5 0
10log(o%(m?))
Fig. 5 Comparison of RMSE with different methods. (1, =
[150 65 -301")
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Fig. 6 Comparison of bias norm with different methods. (u, =
[150 65 —30I")

Fig. 3 and Fig. 5 show the estimation accuracy of the
proposed method is higher than that of using only TDOA or
BAOA. The performance superiority of the hybrid
TDOA/BAOA CRLB is still obvious than that of using TDOA
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only or BAOA only. Compared with the T-TDOA/BAOA
method, the proposed method achieves the CRLB accuracy
better. The T-TDOA/BAOA method can only achieve the
CRLB accuracy in the case of small noise. When the TDOA
noise is large, the estimation accuracy of the T-TDOA/BAOA
method will decrease. Due to the noisy measurements, the
traditional iteration method cannot attain the CRLB
performance with the noise increases. However, the proposed
method still has the best estimation accuracy. Take the scenario
where the source is inside of the circle formed by the sensors as
an example. When o2=1 m?, that is to say the following results
would correspond to a range error of 1 meter, the RMSE of the
proposed method is 1.16m, which is smaller than the T-
TDOA/BAOA (3.04m) and ML (1.50m). It has a 1.88-m
reduction in RMSE as compared with the T-TDOA/BAOA and
a 0.34-m reduction in RMSE as compared with the ML. Take
the scenario where the source is outside of the circle formed by
the sensors as an example. When gZ=1 m?, that is to say the
following results would correspond to a range error of 1 meter,
the RMSE of the proposed method is 9.35m, which is smaller
than the T-TDOA/BAOA (17.46m) and ML (11.62m). It has an
8.11-m reduction in RMSE as compared with the T-
TDOA/BAOA and a 2.27-m reduction in RMSE as compared
with the ML.

It can be seen from both Fig. 3 and Fig. 5 that the values for
the proposed method are sometimes below the CRLB, e.g.
when uy = [20 40 —30]7, the value is below CRLB at a
range error of 1 meter (62=1 m?). It can be attributed to the
fact that the method is biased compared to an unbiased
CRLB.

Fig. 4 and Fig. 6 show the bias norm of the source position
with different methods. It’s obvious that the bias norm of the
proposed method is the smallest among these methods. Take the
scenario where the source is inside of the circle formed by the
sensors as an example. When g5=1 m?, the bias norm of the
proposed method is 0.08m, which is smaller than the T-
TDOA/BAOA (0.36m) and ML (0.31m). It has a 0.28-m
reduction in bias norm as compared with the T-TDOA/BAOA
and a 0.23-m reduction in bias norm as compared with the ML.
Take the scenario where the source is outside of the circle
formed by the sensors as an example. When g3=1 m?, the bias
norm of the proposed method is 0.91m, which is smaller than
the T-TDOA/BAOA (7.20m) and ML (6.91m). It has a 6.29-m
reduction in bias norm as compared with the T-TDOA/BAOA
and a 6.0-m reduction in bias norm as compared with the ML.
Although the proposed method has an only 2-m reduction in
RMSE compared with the ML method, the localization bias is
greatly reduced.

This completes the analysis that the proposed method has a
higher position accuracy and smaller estimation bias when the
TDOA noise changes. It achieves the CRLB accuracy well even
when the TDOA noise is large.

II.  Test 2- The impact of BAOA noise on Localization
Accuracy

In this scenario, 62 is a constant value (62 = 0.3162m?),
M=7.

When the source is located inside of the circle formed by the
sensors, compare the RMSE and the bias norm of the estimated
source position with different methods.
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Fig. 7 Comparison of RMSE with different methods.(u, =
[20 40 -30])
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Fig. 8 Comparison of bias norm with different methods. (v, =
[20 40 -30]")
When the source is located inside of the circle formed by the
sensors, compare the RMSE and the bias norm of the estimated

source position with different methods.
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Fig. 9 Comparison of RMSE with different methods..(u, =
[150 65 —30I")
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Fig. 10 Comparison of bias norm with different methods. (u, =
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Fig. 7 and Fig. 9 show the estimation accuracy of the
proposed method is higher than that of using only TDOA or
BAOA. The performance superiority of the hybrid CRLB of
TDOA/BAOA is still obvious than that of using TDOA only or
BAOA only. Compared with the T-TDOA/BAOA method, the
proposed method achieves the CRLB accuracy better. When the
BAOA noise is small, the T-TDOA/BAOA method still cannot
achieve the CRLB accuracy. It ignores the influence of the
TDOA measurement noise in the noise coefficient matrix B,.
Thus, the TDOA measurement will affect the estimation
accuracy more even if the BAOA noise is small. The proposed
method and the ML method can achieve the CRLB accuracy in
the case of small BAOA noise. With the increase of the BAOA
noise, the proposed method has the best estimation accuracy.
Take the scenario where the source is inside of the circle formed
by the sensors as an example. When 62 = 0.0032rad?, that is
to say the following results would correspond to a range error
of 3.24 degree. the RMSE of the proposed method is 1.37m,
which is smaller than the T-TDOA/BAOA (1.53m) and ML
(1.48m). It has a 0.16-m reduction in RMSE as compared with
the T-TDOA/BAOA and a 0.11-m reduction in RMSE as
compared with the ML. Take the scenario where the source is
outside of the circle formed by the sensors as an example. When
02 = 0.0032rad?, the RMSE of the proposed method is
13.04m, which is smaller than the T-TDOA/BAOA (22.00m)
and ML (17.34m). It has an 8.96-m reduction in RMSE as
compared with the T-TDOA/BAOA and a 4.3-m reduction in
RMSE as compared with the ML. Thus, the proposed method
can attain the CRLB performance no matter the BAOA noise is
small or large.

Fig. 8 and Fig. 10 show the bias norm of the source position
with different methods. It’s obvious that the bias norm of the
proposed method is smaller than the T-TDOA/BAOA and ML
methods, which further proves that the proposed method cannot
only improve the estimation accuracy but also reduce the
position bias. However, the bias norm from BAOA-based
localization model is better than the results from the
TDOA/BAOA-based localization model (the proposed method
and the T-TDOA/BAOA method). This is because the bias is
caused by the nonlinearity issue and the noisy measurement!>",

In the case of the same BAOA noise, large TDOA noise in the
TDOA/BAOA localization model will lead to greater
positioning bias than BAOA model. Take the scenario where
the source is inside of the circle formed by the sensors as an
example. When g2 = 0.0032rad?, the bias norm of the
proposed method is 0.16m, which is smaller than the T-
TDOA/BAOA (0.29m) and ML (0.52m). It has a 0.13-m
reduction in bias norm as compared with the T-TDOA/BAOA
and a 0.36-m reduction in bias norm as compared with the ML.
Take the scenario where the source is outside of the circle
formed by the sensors as an example. When 62 = 0.0032rad?,
the bias norm of the proposed method is 1.36m, which is
smaller than the T-TDOA/BAOA (14.20m) and ML (13.27m).
It has a 12.84-m reduction in bias norm as compared with the
T-TDOA/BAOA and a 11.91-m reduction in bias norm as
compared with the ML.

This completes the analysis that the proposed method has a
higher position accuracy and smaller estimation bias when the
BAOA noise changes. It achieves the CRLB accuracy well even
when the BAOA noise is large.

III. Scenario 3- The impact of the sensor numbers

In this scenario, 62 is a constant value (62 = 0.3162m?)
and ¢2 is a constant value (62 = 0.0032rad?). The sensor
number is varied from 6 to 10.

Take the scenario where the source is outside of the circle
formed by the sensors as an example. Compare the RMSE and
the bias norm of the estimated source position with different
methods.
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Fig. 11 Comparison of RMSE with different methods.
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Fig. 12 Comparison of bias norm with different methods.

Fig. 11 shows the proposed method has the best estimation
performance no matter how the sensor number changes, e.g.,
when the sensor number is 10, the RMSE of the proposed
method is 5.48m, which is smaller than the T-TDOA/BAOA
(6.50m) and ML (6.56m). It has a 1.02-m reduction in RMSE
as compared with the T-TDOA/BAOA and a 1.08-m reduction
in RMSE as compared with the ML. And the estimation
accuracy is increased with the increase of the sensor number.

Fig. 12 shows the bias norm of the source position with
different methods. It’s obvious that the bias norm of the
proposed method is the smallest among these methods. e.g.,
when the sensor number is 10, the bias norm of the proposed
method is 0.40m, which is smaller than the T-TDOA/BAOA
(3.26m) and ML (3.69m). It has a 2.86-m reduction in bias norm
as compared with the T-TDOA/BAOA and a 3.29-m reduction
in bias norm as compared with the ML.

This completes the analysis that the proposed method has a
higher position accuracy and smaller estimation bias when the
sensor number changes.

The average computation times, using MATLAB in a
personal computer with core (TM) i5-4460, and the main
frequency is 3.2 GHz are listed in Table I.

TABLE
AVERAGE COMPUTATION TIMES
. T- Proposed
algorithms  TDOA  BAOA 1,y jp gy ML method
Average 504 0013 0.009 0025  0.034
time (s)

It shows that the computational cost of the traditional
methods such as the TDOA and the T-TDOA/BAOA is less
than that of the proposed method and the ML method. Although
the average computation time of the proposed method is larger,
it has a better estimation performance. In the engineering aspect,
if the algorithms are implemented on some chips with high
configurations, which will meet the requirements of the
computational efficiency, the proposed method is a suitable
choice.

B. Field test

To verify the effectiveness of the proposed algorithm, the
TDOA/BAQOA-based localization problem will be verified with
the field test data in this section.

As described in the paper [2], the USBL can provide time
difference and bearing measurements and USBL can be applied
to the underwater TDOA/BAOA-based localization problem.
Thus, the USBL data is utilized to verify the effectiveness of
the TDOA/BAOA algorithm.

The transponder is placed on the underwater equipment and
the transceiver array is equipped on the vessel. The schematic
diagram of USBL is as follows.

transduce array

Fig. 13 Schematic diagram of USBL

The four transducers are distributed along the x-axis and y-
axis, which are marked with a red circle. The distribution of
transducer array is the same as that in Fig. 2. Bearing a is
obtained by the phase difference of transducer 1 and 3 and
Bearing f3 is obtained by the phase difference of transducer 2
and 4.

The transponder is treated as a source with an unknown
position. The ship is equipped with transceiver array voyages
around the source. The ship position is measured by RTK GPS
and the accuracy of RTK can reach the level of a centimeter.
The TDOA/BAQOA-based localization problem is treated as the
underwater source localization problem with the known ship
position and the USBL data, which is shown below.
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Fig. 14 Simplified underwater source localization problem

The true position of the transponder is calibrated by the long
baseline method, which is the author's previous work. The
detailed calibration process can be found in [31]. As the
accuracy of the long-baseline method reaches the level of a
centimeter, it can be used as the truth value of algorithm
verification. The altitude coordinate of the transponder is -9m.
The altitude coordinates of the USBL position are around 9.5m.

The underwater experiment was carried on the Yangtze River
in Nanjing city. With the available USBL data and the ship
position, the positioning results of different algorithms will be
compared.

A Test 1

The ship's trajectory is a circle and it moves slowly around
the source. The trajectory is marked as the black line in Fig. 15.
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Several ship positions are selected as the reference to calculate
the source, which is marked as a blue circle. In this test, the
source is inside of the circle formed by the sensors. Take the
first ship position as the reference position and show their
positions in rectangular coordinates as the right picture in Fig.
15 shows. The true source position is marked as a red square,
which is shown below.
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Fig. 15 the diagram of the localization scenario

Note that the estimation result of the source position will be
different if different numbers of the ship position are selected.
However, the results are convincing if all the algorithms are
performed under the same sensor numbers. Only nine ship
positions are selected to calculate the source position.

The source position error and bias norm with different
algorithms are shown below.
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Fig. 16 Comparison of position error with different methods.
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Fig. 17 Comparison of bias norm with different methods.

Fig. 16 shows the proposed method has the best estimation
performance among these methods. In terms of the bias norm,
the bias norm of the proposed method is 2.17m, which is
smaller than the TDOA (3.21m), BAOA (3.72m), T-
TDOA/BAOA (2.87m), and ML (2.60m). This completes the
proof that the proposed method has a higher position accuracy
and smaller estimation bias than the traditional methods.

II.  Test2

A different ship trajectory is considered in this test. The ship
moves slowly around the source. The trajectory is marked as
the black line in Fig. 18. Several ship positions are selected as
the reference to calculate the source, which is marked as a blue
circle. In this test, the source is outside of the circle formed by
the sensors. Take the first ship position as the reference position
and show their positions in rectangular coordinates as the right
picture in Fig. 18 shows. The true source position is marked as
a red square, which is shown below.

Note that the estimation result of the source position will be
different if different numbers of the ship position are selected.
However, the results are convincing if all the algorithms are
performed under the same sensor numbers. Only ten ship
positions are selected to calculate the source position.
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Fig. 18 the diagram of the localization scenario
The source position error and bias norm with different
algorithms are shown below.
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Fig. 20 Comparison of bias norm with different methods.

Fig. 19 shows the proposed method has the best estimation
performance among these methods. In terms of the bias norm,
the bias norm of the proposed method is 2.74m, which is
smaller than the TDOA (6.19m), BAOA (10.56m), T-
TDOA/BAOA (9.39m), and ML (8.50m). This completes the
proof that the proposed method has a higher position accuracy
and smaller estimation bias than the traditional methods.

VI. FUTURE WORKS

This paper focuses on the underwater acoustical localization
problem based on the time difference and bearing
measurements, which is first proposed in [2] using the onboard
USBL system. Our future work includes studying underwater
single-source passive navigation model with the onboard USBL
system and applying the proposed algorithm to the passive
inertial navigation system (INS) /TDOA/BAOA navigation
model successfully.

The single-source navigation model is a passive navigation,
where the underwater vehicles receive the time difference or the
bearings sent by the sound source installed on the bottom of the
sea to complete the positioning. It was named as single-source
navigation as the positioning of the underwater vehicles can be
accomplished with only one sound source. The detailed
information about the single-source navigation model can be
seen in [2]. The proposed method can be an appropriate solution

for the single-source positioning.

The inertial navigation system can provide attitude, velocity
and position information for the underwater vehicles. However,
the errors of INS will accumulate and diverge with time. The
solution of single-source positioning can correct the position
error of INS.

Based on the completion of TDOA/BAOA localization,
some key technologies need to be studied in the future.
Considering the complex underwater environment, the robust
TDOA/BAOA localization method should be further
researched in the presence of outliers. Then the
INS/TDOA/BAOA integrated navigation algorithm should be
studied. It can provide high precision attitude and position
information for the underwater vehicles.

VII. CONCLUSION

We consider a localization scenario that the time difference
and bearing information are used. The localization model is
analyzed and the closed-form solution is developed. To
improve the estimation accuracy in the case of large noise, an
iterative constrained bias-reduction method is also designed.
We have derived the CRLB of the hybrid TDOA/BAOA system.
Several tests have been illustrated to verify the effectiveness of
the proposed algorithm. The proposed method is proved to have
better estimation accuracy than that of using TDOA only or
BAOA only. It still outperforms the existing methods no matter
the TDOA or BAOA noise changes. The proposed method can
achieve the CRLB accuracy better. In the underwater
experiment with the onboard USBL system, the algorithm is
proved to have the best estimation performance and it is an
efficient underwater acoustical localization method.

APPENDIX A

We will give the detailed derivation of er
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o
Thus, 9k
ou

da
has the same form as 5
Uu

0BY _ 1987 9B? aﬁf]
Juyg Jx dy 0z

o
. It can be represented as.
0

(61)
where

aﬁl — (x=x)(y=yi) )

" (Gao-s0TCao-50)

af _ b( _ -yi)? )
2 lto=sill ((ug-sT(ug-s0)

Y-y @-2) )
— .
((uo )T (ug-sp)"

1_( Y=Yi )
[[eo—s;ll

=b

APPENDIX B

Matrix B in (13) can be expressed as
M
B = [ 12]
B OMO aom M
21 MxM
O B Mz =
B,,B,,, B,,, B,3, B,, are defined in (13).
The inverse of matrix B can be expressed as.
e —MflMlez_l]
Op—-1x2m M3
Thus, G, can be expressed as follows
G, = Mt _Mflﬂ’{izMz_l] [Gz] B;'G,
Op-1x2m M; G,
= [Ml_IGZ - M_1_11Mle2_161] B;'G,
M; G,y
- M1_1M12M2_16133_.163]

(62)
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where M, = ] M, = B,

Bl= (63)

64
_ [Mf1623§163 9

where  G,; = M71G,B3'G;4 and
Gy, = M3'G1B3G3.

Put the definitions of G4, G5, G3 and B3 into G,;. The first
and M+1 rows of G4, are

1 puo st (x)cos(ay)

- M{'M;M;'G1B3 G

G,1(1,1) = -
“ Il — 51||5mgaf) llug — s1llsin(ay)
cos(ay
Gui(12) = _ Pys, )cos(
g — sylisin(a)d)
z)cos(a
G, (1,3) =— puo,si( ) - ( 10)
I (x)cos(B?
Gyy(M+11)=— Py, 0 - (310)
lluo — S1||SlTn(.31)
1 iig,s, (V)cos(BY)
G4,1(M + 1’2) — : — — puo.s1 y . Blo
Il — S1||Smgﬂ1) llug — s1llsin(B7)
Py s, (Z2)cos(BT)
Gt (M +1,3) = — Fos1 1277
“ s llup — S1||Slng,31;)
T _ —X1 T _ —J1 T —
where pyys, () = s> Puoss V) = oSy Pios: (9 =
z—74
[lg—s4 Il

The ith rows (i = 2,...M) of G4, is

. 1 cos(a?)(x; — x;)
Gy (i, 1) = o s 5
llug = s;llsin(a; ) g — silI2sin(a?)
T cos(a?) rjcos(af)
Puoss g = s lIsin(af) ~ Tug — s,lPsin(ap)]
. cos(a?) vy — yi)
Ga1(i,2) = — ! o
llug — s4l%sin(a?) 66)
T cos(af) ricos(af)
Puoss Y g = s lIsin(af) ~ Tug — silPsin(ag)]
cos(a?)(z; — z;
Gy (i,3) = () — 2)
||uo — sil|*sin(a?)
T cos(af) ricos(af)
Prig 5,2 llug — sillsin(a?)  llug — s;ll*sin(a?)]
The jthrows (j = M + 1,...2M) of G, is
. cos(B7)(xy — x;)
G (1) =- : 21
Nlug = s;1I12sin(B?)
ol () cos(B?) B rhcos(B?)
MO  [lug — s;lIsin(B?)  llug — s;l12sin(BY) |
. 1 cos(B7) vy — yi)
G41(]'2)= _ _l 21- lo
lluo — s;llsin(B? ) g — sil12sin(B?) 67)
ot () cos(B?) B ricos(By)
oS llug — s;llsin(B?)  llug — s;l1?sin(B))
. cos(B?)(z — z;)
G1(,3) = - l 21. lo
lug = s4l12sin(B7)
T @ cos(B?) _ rjcos(B))
1S lug — sillsin(B?)  lug — s;l2sin(BY))]

APPENDIX C

Put (44) and the definitions of plzlo,s1 into G41. The ith rows
of G, can be expressed as follows. (i = 2, ... M).

N 1 cos (@) (x; — 1,)
1 gy — sillsin(a?)  llug — s;ll*sin(a;)
T cos(a?) rcos(af)
Piiosi 7 |{uy — s, lIsin(a?)  llug — sill*>sin(a;’)
X —
1 ( xi) (1 — x;)
X=X\ 2| (X=X
rile ( T ) rile ( T )
(x—x)
X=X [ 7 (i —

) (x — xl) ]
| (©8)
]

' H1—<u>2 rfJ 5

xl)(x X;)

CGmx) (-x)

7 rf

x —x; (x —x;)
2] r?

x—x, (x— xl-)]

+TL‘

r
3
n 7
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1 [1 (x — xi)z]
- 3
(x—x\ AT L
1 ( T )
Thus, G4, (i, 2) and G4, (i, 3) can be obtained.
6 (2) = — cos(a?)(y1 — 1)
e llug — s:lI*sin(a;’)
ol o) cos(a?) _ rjcos(af)
1S  lug — sillsin(a?)  llug — sill2sin(ay)

/ x—xl

Gsq (i, 3) =-

_pgg,sl (Z) [

[ (x—xl)(y yl)]

COS(ai")(zl —2z) ©9)

llug — sill*sin(a;’)
cos(ayf) ricos(af)

g — s ||2sm(a")]

lluo = sillsin(a?)

\/T[

(1]

(2]

(3]

(4]

(3]

(6]

(7]

(8]
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[10]

[11]

[12]

(X - xl,)(Z Zl)]
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