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Abstract 11 

Micromachining of brittle materials like monocrystalline silicon to obtain deterministic 12 

surface topography is a 21st Century challenge. As the scale of machining has shrunk 13 

down to sub-micrometre dimensions, the undulations in the machined topography start to 14 

overlap with the extent of elastic recovery (spring back) of the workpiece, posing 15 

challenges in the accurate estimation of the material’s elastic recovery effect. The 16 

quantification of elastic recovery is rather complex in the grinding operation due to (i) 17 

randomness in the engagement of various grit sizes with the workpiece as well as (ii) the 18 

high strain rate employed during grinding as opposed to single grit scratch tests employed 19 

in the past at low strain rates. Here in this work, a method employing inclination of 20 

workpiece surface was proposed to quantify elastic recovery of silicon in ultra-fine 21 

rotational grinding. The method uniquely enables experimental extraction of the elastic 22 

recovery and tip radius of the grits actively engaged with the workpiece at the end of the 23 

ultra-fine grinding operation. The proposed experimental method paves the way to enable 24 
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a number of experimental and simulation endeavours to develop more accurate material 25 

constitutive models and grinding models targeted towards precision processing of 26 

materials. It can also be shown that using this method if the tip radius distribution of 27 

active grits is measured at different time instances, then this data can be used to assess 28 

the state of the grinding wheel to monitor its wear rate which will be a useful testbed to 29 

create a digital twin in the general framework of digital manufacturing processes. 30 

Keywords: Brittle materials; rotational grinding; silicon; elastic recovery; grit tip radius 31 

 32 

Abbreviations 33 

he :    Recovery depth 34 

hf  :    Residual depth 35 

h  :    Penetration depth 36 

α :    Coefficient depending on material and geometry  37 

k  :    Coefficient depending on cutting velocity 38 

C  :    Function of α and k 39 

ERR:    Elastic recovery ratio (he/h) 40 

TTV:    Total thickness variation 41 

 42 

1. Introduction 43 

Monocrystalline silicon finds numerous electronic applications due to its excellent 44 

properties such as high hardness, good thermal, chemical stability, and large bandgap 45 

appropriate to be used in the semiconductor industry. Driven by the need for 46 

miniaturization, strenuous efforts are in place to adhere to Moore’s Law (which says that 47 

the count of transistors on a silicon chip doubles every two years) which poses a 48 
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challenging requirement for fabricating ultra-thin silicon wafers (~100 μm thickness) 49 

with deterministic precision [1]. Furthermore, as per the International Technology 50 

Roadmap for Photovoltaics [2], the quality factors affecting yield and costs are total 51 

thickness variation (TTV), surface quality (variations (roughness) and uniformity) and 52 

strength of the wafer (number of defects). 53 

Ultra-fine rotational grinding is one of the efficient techniques for fabrication of optical 54 

quality (a root-mean-squares figure accuracy < λ/10 with λ < 1 μm) surfaces in a wide 55 

range of brittle materials including silicon [3]. In the past, the concept of machining brittle 56 

materials in the ductile-mode such that the material removal occurs by virtue of plastic 57 

deformation as opposed to fracture has been well demonstrated in materials ranging from 58 

germanium, silicon and silicon carbide [4-5]. For this reason, various theoretical models 59 

are proposed aimed at optimisation of the rotational grinding process [6-7]. These models 60 

have shown that the quality of the finish depends on grinding parameters, grinding wheel 61 

topography, and stability of the tool-workpiece contact (chatter, vibrations etc.). Besides 62 

these factors, another important factor that leads to deviations from the envisioned 63 

programmable parameters compared to the experimental measurements is inherent to the 64 

material itself, which includes, for example, residual stresses and elastic recovery of the 65 

material that occurs upon release of the cutting load exerted by the moving cutting tool. 66 

  However, it is worth noting that few reported techniques describe the characterisation 67 

and measurement of the tip radius distribution of actively engaged grits and the material 68 

elastic recovery in ultra-fine rotational grinding up to now. To fill these gaps, a novel 69 

method of grinding on an inclined surface was developed to quantify the extent of elastic 70 

recovery of silicon as well as the tip radius distribution of grinding grits. To our best 71 

knowledge, this is the first paper elucidating the elastic recovery of monocrystalline 72 

https://www.google.co.uk/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&cad=rja&uact=8&ved=0ahUKEwjN_pjI74vMAhXBnBoKHa3LDeQQFggcMAA&url=http%3A%2F%2Fwww.itrpv.net%2F.cm4all%2Fmediadb%2FReports%2520downloads%2FITRPV_2014_Roadmap_140314_web_z.pdf&usg=AFQjCNGRPRY0AFj8xzHgkrRjj46EwDutqw&sig2=tVE3nvwv01z_QruspJvyLw&bvm=bv.119408272,d.d2s
https://www.google.co.uk/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&cad=rja&uact=8&ved=0ahUKEwjN_pjI74vMAhXBnBoKHa3LDeQQFggcMAA&url=http%3A%2F%2Fwww.itrpv.net%2F.cm4all%2Fmediadb%2FReports%2520downloads%2FITRPV_2014_Roadmap_140314_web_z.pdf&usg=AFQjCNGRPRY0AFj8xzHgkrRjj46EwDutqw&sig2=tVE3nvwv01z_QruspJvyLw&bvm=bv.119408272,d.d2s
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silicon under the realistic experimental rotational grinding conditions. Likewise, the idea 73 

of being able to monitor the wear of grinding grits with time dependency to align the 74 

grinding process to digital micromanufacturing is being coined for the first time. It is 75 

anticipated that this investigation will have many practical applications in researches on 76 

ultra-fine grinding prediction and optimisation. 77 

2. Literature review  78 

As shown in Fig. 1, most of the research on grinding considers grit tip radius to be 79 

equivalent to an imaginary spheroidal shape radius of the grit and assumes rigid-plastic 80 

material while revealing the effect of the grinding process and wheel parameters on 81 

average attainable depth-of-cut [8-9].  82 

 83 

Fig. 1. Illustration of the imaginary spheroidal shape tip radius of a grinding grit. 84 

Earlier, Zhou et al. [7] proposed a novel model of ultra-fine rotational grinding 85 

incorporating elastic-plastic response of the material and grit tip radius by adding two 86 

coefficients relating to material’s elastic recovery and grit tip radius respectively. Their 87 

results show that the simplified assumption of assuming the grit tip radius as equal to the 88 

average grit radius becomes unreasonable in ultra-fine grinding.  89 

However, in their work, they did not explicitly discuss the elastic recovery effect of the 90 

material and how it is governed as a function of strain rate. It is known that the strain rate 91 
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(strain rate = scratching speed/groove width) is positively correlated with scratching 92 

speed for a given groove width. To our best knowledge, few papers expounded on 93 

material elastic recovery in the grinding process. Also, it may be noted that much of the 94 

reported literature [10-14] in material spring back effect had been based on single grit 95 

scratch tests to quantify the elastic recovery of the workpiece whilst scratch experiments 96 

were usually carried out at lower speeds and presented a well-defined work-tool contact 97 

as opposed to the random grit-workpiece contact conditions during the ultra-fine grinding 98 

operation carried out at much higher speeds (strain rates). 99 

Other reported papers [15-18] have attempted to measure the topography of the 100 

grinding wheel in terms of the distribution of grits (numbers and size). The reported 101 

measurement methods of grinding wheel topography can be divided into contact mode 102 

and non-contact mode categories [15]. As for contact methods, the topography of the 103 

workpiece is measured by moving the stylus probe across the lay direction with 104 

appropriate consideration of cut-offs and filters [19]. However, contact mode 105 

measurements are limited by the radius of the stylus making it hard to capture fine features 106 

of ultra-fine grits. Another drawback of contact mode measurement is that a stylus or 107 

probe might be caught by crevices when scanning below the outermost surface. Non-108 

contact wheel measurement methods include 3D optical profilers and Scanning Electron 109 

Microscope (SEM) now known as image-based shape-from-shading (SFS) algorithm [20]. 110 

However, non-contact methods can only observe a limited section of the grinding wheel 111 

or would need a destructive preparation of wheel segment, which limits industrial-scale 112 

application.  113 

Traditionally, scratch methods (although of a destructive nature) have been useful for 114 

understanding a topography as they produce a longitudinal isolated scratch which can 115 
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easily be analyzed using contact or non-contact mode measurement techniques. In the 116 

case of a rotational grinding operation which has a rotating wheel in its axis, a big 117 

challenge is to isolate the scratch during a single rotation of the wheel that is naturally 118 

overlapped by the subsequent grits. Solutions for avoiding the production of overlapped 119 

surface topography are proposed [21] in the past to obtain an isolated surface topography 120 

either (i) by moving the workpiece at a very fast speed compared to the wheel rotation 121 

speed or (ii) providing an angle of tilt while the wheel and workpiece are moved against 122 

each other. As one can imagine, while implementing the former approach, a compromise 123 

is made in operating at real machining speeds and an inherent speed-dependent influence 124 

would appear in the estimated results. The latter method of tilt angle isolated scratching 125 

exists but to our knowledge, this has not been applied in rotational grinding operations 126 

and this method is yet to be applied and assessed at the nanometric size scale. In the next 127 

section, details of customised experimental assembly are provided where the tilt angle 128 

approach method at the nanoscale was implemented to experimentally obtain the measure 129 

of elastic recovery in the silicon wafer. The new results reported here provide clarity that 130 

the grinding induced elastic recovery ratio (EER) is lower than that reported in the past 131 

from the grinding experiments assuming a single grit scratch test.. 132 

3. Experimental setup and methodology 133 

A schematic diagram of the rotational grinding operation is shown in Fig. 2. As 134 

opposed to other grinding or milling operations, the degree of freedom of the grinding 135 

wheel in this operation are two (one rotation and one axial where pressure is applied) and 136 

this configuration in its original form does not allow the production of isolated scratches. 137 

It is hypothesised that by using a well-defined and structured sloped surface during the 138 

rotational grinding operation, leveraging the aforementioned tilt angle principle will be 139 
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aided. The novelty in the experiment here is that the rotational angular displacement of 140 

the wheel was controlled in such a manner that the isolated scratch lengths do not exceed 141 

the measurement range of an AFM (Atomic Force Microscope) to make all the 142 

measurements compliant to the AFM. Thus, this configuration helped in testing the tilt 143 

angle approach at the nanoscale by creating pre-defined scratch lengths and depths in the 144 

range of several tens of nanometers. The measurements were made along the length of 145 

the annular groove under the tapping mode until sufficient isolated scratches were 146 

recorded for subsequent analysis. It should be mentioned here that each residual scratch 147 

was assumed to represent a single grit in this study because tiny diamond grits are hardly 148 

broken to form multiple cutting edges which are a valid assumption taken into 149 

consideration in previous studies [22]. Therefore, the statistics of the numbers and heights 150 

of residual grooves represent those formed by the active grits. 151 

 152 

 153 
Fig. 2. Illustration of the scratch method based on rotational grinding. An annular groove was 154 

processed by polishing the (100) surface of Silicon before grinding with a highly protruded grit. The 155 

topography of isolated grinding scratches on the grooved surface provided detailed information about 156 

wheel topography and material response. 157 

 158 
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The grinding wheel used was a diamond cup wheel. Wafer grinding was carried out 159 

after wheel dressing to ensure a stable working state of the grinding wheel and to avoid 160 

the impact of grinding wheel dressing and wear on the experimental results. An annular 161 

groove of diameter 75 mm was created by the polishing method on the surface of the 162 

commercially available silicon (100) wafer of diameter 200 mm. The cross-sectional 163 

profile (Section A-A) of this groove is shown in Fig. 2. An ultrafine grinding machine 164 

(VG401 MK II, Okamoto, Japan) was employed to grind the sample surface with grinding 165 

wheels of two mesh sizes, SD600 and SD3000 to ensure the robustness in the reported 166 

results. Grinding wheels of these sizes are commonly used in the back-grinding of the 167 

wafer thinning process. During the grinding process, both the wheel and the wafer rotated 168 

around their axes, and the wheel was gently directed into the workpiece by moving it 169 

along the axial direction at a prescribed velocity. The wafer elastically complies to the 170 

curved shape presented by the chuck thus ensuring the grinding wheel touches only half 171 

of the wafer shown in Fig. 2. More details about the grinding wheel and the process 172 

parameters used are provided in Table 1. The selection of these parameters was primarily 173 

governed by typical industrial practice to obtain elastic recovery of silicon under actual 174 

grinding process. It is known that different parameters lead to a variation in the cutting 175 

depth of the grits. In this study, the design of the sloped surface (polished groove) enables 176 

observation of isolated scratches with gradually increased depth of cut. Therefore, the 177 

variation of grit depth of cut due to varied parameters will not affect the practical value 178 

of this experimental results. 179 

An Atomic force microscope (XE-200, Park Systems, Korea) was used to measure the 180 

isolated scratches under tapping mode. The nominal position detector noise of the AFM 181 

used in this study was less than 0.1 nm and the measurement uncertainty was about 0.3 182 
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nm, much smaller than the characteristic size of the scratch. The measured length l of 183 

samples ground by wheel SD600 and SD3000 was 0.924 mm and 0.177 mm, respectively.   184 

Table 1 Details of grinding wheel and process parameters   185 

Mesh no. 
Segment width， 

w (mm) 

Wheel diameter 

(mm) 

Rotational speed 

Feed, f 

(μm/rpm) Wheel, nw 

(rpm) 

Wafer, ns 

(rpm) 

SD600 3 350 2399 60 30/60=0.5 

SD3000 3 350 2399 100 10/100=0.1 

 186 

 187 
4. Results and discussions 188 

4.1 Material’s elastic recovery 189 

Material’s elastic recovery in the micromachining process refers to the tendency of the 190 

finished machined surface to recover elastically (spring back effect) after the tool has 191 

moved away. The material’s elastic recovery ratio can be derived from isolated scratch 192 

topography. The interaction between an individual active grit tip and the workpiece is 193 

depicted in Fig. 3. Point A indicates where the active grit begins to interact with the 194 

workpiece. Constructed dashed line AB parallel to the ground surface through point A 195 

shows the programmed depth of cut revealing an ideal cutting tool path. Point C to Point 196 

D highlighted by a green area represents the extent of elastic recovery. The distance from 197 

point E to line AB represents the penetration depth h and point D to line AB represents 198 

the elastic recovery depth he, respectively. So in essence, h was the programmed depth of 199 

cut and experimentally one would obtain h-he as the measured depth of cut. 200 
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 201 
Fig. 3. A schematic illustration of scratch trajectory at a given instance chosen randomly on the 202 

inclined surface showing the cross-sectional view.  203 

With the increase of the cutting depth, it is generally accepted that the deformation of 204 

hard, brittle materials will go through four phases, namely rubbing, plastic deformation, 205 

ploughing and cutting [23]. The cutting phase of brittle material includes ductile-regime 206 

cutting and brittle-regime cutting governed by the amount of depth of cut used. It should 207 

be mentioned that this study mainly focused on the ultra-fine grinding process where the 208 

ductile cutting was decisive in material removal due to the small depth of cut. The elastic 209 

recovery of material in the brittle regime cutting did not fall within the scope of this paper. 210 

For grits with large depth of cut, brittle fracture occurred on isolated scratches when the 211 

depth of cut exceeds a critical value. In this case, the measurement of scratch morphology 212 

was limited in the ductile-deformed region, i.e. the analysis and measurement of the 213 

scratch were terminated once brittle fracture occurred. 214 

Determining the starting point of the measurement is a critical problem in the process 215 

of analyzing experimental data. It is difficult to obtain the penetration depth of active grits 216 

by the residual morphology of scratches due to the existence of the rubbing phase. 217 

However, in this study, a very interesting phenomenon was observed: a hillock-like 218 

protrusive nanostructure was produced at the beginning of each scratch and we find a 219 
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similar observation reported in Qian’s work [24-25]. A sample structure measured by an 220 

AFM to highlight this hillock-like protrusive structure is shown in Fig.4. 221 

 222 

Fig. 4. A hillock-like protrusive nanostructure at the beginning of an isolated scratch measured by an 223 

AFM.  224 

The previous study has demonstrated that these hillocks are induced by a combination 225 

of oxidation reaction and mechanical interaction and the critical contact stress σ for their 226 

formation was reported to be 11.1 GPa [24] – This is although a possible future area of 227 

research as to what conditions lead to the formation of these structures. The penetration 228 

depth of the grit at this point can be estimated by Hertzian theory [26]:  229 

                                                                                                                             230 

 

2 2
tip

cri tip2
0.019

4

R
h R

E

 
=    (1) 231 

where the reduced elastic modulus E for (100) silicon is about 126 GPa [27]. The tip 232 

radius Rtip was about one-tenth of the grit size, so the penetration depth of grits in the 233 

elastic-regime is only a few nanometers, which is much smaller than the maximum 234 

penetration depth-of-cut. Therefore, the position of the hillock is assumed to be the 235 

starting position of the interaction of the grits with the workpiece, i.e. the starting point A 236 

in Fig. 3. 237 
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One example of the results obtained for a single isolated scratch is shown in Fig. 5. 238 

Line X in Fig. 5(a) represents the height of an isolated scratch bottom, while line Y 239 

represents the height of the groove surface giving a slope of about 0.72º. Line Y (shown 240 

in 2D representation in Fig. 5(b)) represents the datum surface of the isolated scratch 241 

considering the continuity of the groove surface. Both lines are shown and plotted in 242 

Fig. 5(b). Fig. 5(b) shown in 2D was plotted by taking the bottom coordinate of the scratch 243 

profile in 3D thus considering the entire width and length of the isolated scratch. 244 

Therefore, the penetration depth h and the elastic recovery depth he is the difference 245 

between the datum surface (blue line) and scratched surface (red line) with respect to 246 

Point A shown in Fig. 5(b). It may be noted that the value of he varies at various points 247 

along the length of the scratch starting from Point A to Point F which represents an 248 

isolated scratch length. Beyond Point F, the scratch profile was overlapped by the other 249 

grits. 250 

  251 

(a) 252 
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 253 

(b) 254 

Fig. 5. An example of the residual depth hf and penetration depth h obtained for a single isolated 255 

scratch. Point A in (a) shows a hillock-like protrusive nanostructure at the beginning of the scratch. 256 

Line X represents the height of an isolated scratch bottom, while line Y represents the height of the 257 

groove surface.  258 

 259 

For statistical analysis, over 100 isolated scratches were analyzed for both types of 260 

wheels. The sampling area where these scratches were collected was randomly selected 261 

on the surface of the polished groove, then isolated scratches on the surface of the 262 

sampling area were analyzed one by one to ensure the results robustly and reproducible. 263 

To understand the influence of grit size, speed of scratch and influence of material 264 

properties on the depth of recovery (he), indentation theory proposed by Oliver and 265 

Pharr [27] was used to develop a semi-empirical analytical model. The recovery depth 266 

(he) and penetration depth (h) geometrically apply to the following equation: 267 

 f eh h h= −  (2) 268 
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where hf is residual depth of an isolated scratch. For spherical tool tips, the resultant 269 

normal force P can be calculated from: 270 

 ( )
3 3
2 2

e fP h h h = = −  (3) 271 

where α is a constant related to workpiece material and the grit size. Based on the results 272 

on high-speed nano-cutting tests [28], the resultant normal force P can also be written as 273 

a linear function of residual depth hf: 274 

 fP kh=  (4) 275 

where coefficient k is a constant depending on cutting velocity. Comparing Eq. (3) and 276 

Eq. (4) gives: 277 

 ( )
3

2
f fkh h h= −  (5) 278 

Adjustment of variables from Eq. (2) and (5) gives: 279 

  
3

2
e e

h h Ch= +  (6) 280 

 C
k


=  (7) 281 

where C is a strong function of α (grit size dependence) and k (scratch speed dependence). 282 

In this work, the grit was approximated as being spherical, and the cutting speed was kept 283 

the same during the grinding process. Therefore, coefficient C for wheel SD3000 (typical 284 

average grit size ~ 5 µm) and SD600 (typical average grit size ~ 25.3 µm) at the same 285 

operational cutting speed (k being the same) was obtained as 0.0301 nm-1/2 and 286 

0.1004 nm-1/2 respectively signifying that the increase in grit size leads to an increase in 287 

the value of C, as shown in Fig. 6(a) and Fig. 6(b). The fitted results were further used to 288 

evaluate the material elastic recovery ratio (ERR) during the grinding process: 289 
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( )
( )

eRecovery depth

Penetration depth

h
ERR

h
=  (8) 290 

 291 
(a) 292 

 293 
(b) 294 
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   295 
(c) 296 

Fig. 6. Elastic recovery depth he as a function of penetration depth h for wheel size of (a) SD3000 and 297 

(b) SD600. Both plots were fitted by the semi-empirical model (Eq. (6)) and (c) Elastic recovery ratio 298 

(he/h) was plotted against penetration depth for both wheels. 299 

 300 

The calculated ERR is plotted in Fig. 6(c) against the penetration depth. Due to the 301 

differences in the grit sizes, the ERR shown by the wheel SD3000 was larger than that of 302 

SD600 for the same penetration depth and the same scratch speed. At this point, it’s worth 303 

comparing these results obtained by the grinding conditions with results obtained by the 304 

single grit scratch conditions, which was the motivation in pursuing this research study. 305 

The material elastic recovery of the (100) silicon during two reported single grit scratches 306 

carried out by Gassilloud [13] (scratch speed v = 2 µm/s, blunt Berkovich tip with 307 

estimated tip radius of 2.4~3.7 µm) and Youn [14] (scratch speed v = 20 µm/s, sharp 308 

Berkovich tip with an estimated tip radius of 40 nm) are compared in the plot Fig.6(c) 309 

with error bars indicating standard deviation. The previously reported scratch tests were 310 
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performed at low scratch velocities than an experimental grinding speed used in this study. 311 

These results indicate that (i) smaller tip radius and lower cutting speed (low strain rate) 312 

results in higher material elastic recovery for given penetration depth, and (ii) elastic 313 

recovery of silicon would not change significantly unless the cutting speed or strain rate 314 

changes more than one magnitude. In rotational grinding of silicon, the wheel speed is 315 

the decisive factor that determines the speed of grits relative to the workpiece compared 316 

to the workpiece speed. The wheel speed typically varies between 2000 rpm and 317 

3500 rpm according to industrial practice. Therefore, the results of this study performed 318 

at a wheel speed of 2400 rpm can serve as a reference for evaluating material recovery in 319 

silicon grinding. The data of grinding group and single grit scratch group in Fig.6(c) also 320 

shows that when cutting speed of grits is small, the size of the grit cutting tip is a crucial 321 

factor influencing the amount of material elastic recovery for given penetration depth. 322 

This helps explain why the fitting of SD 600 wheel in Fig. 6(b) is much worse than the 323 

fitting of SD3000 in Fig.6(a) because the variation of grit tip size of SD600 is much larger 324 

than that with wheel SD3000, which was discussed in the following section 4.2. 325 

Following the aforementioned results, it is reasonable to infer that elastic recovery of the 326 

material makes a significant influence on the form deviations (in the nm scales) and it is, 327 

therefore, imperative to consider this aspect in developing the grinding models. 328 

4.2 Grit tip radius 329 

The previous sections were focused on obtaining the residual depth hf and penetration 330 

depth h by measuring an isolated scratch topography. This section describes the procedure 331 

to obtain actively engaged grit tip radius. Fig. 7 shows a typical illustration of the 332 

spherically shaped single grit engagement with the workpiece at a particular instance 333 

adopted from the nanoindentation theory proposed by Oliver and Pharr [27].   334 
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 335 

Fig. 7. A schematic illustration of a transverse cross-sectional view of residual isolated scratch. Points 336 

C, D, and E correspond to those in Fig. 3. Here hc refers to contact depth, and hs=h-hc refers to vertical 337 

displacement at the contact perimeter. It is generally assumed that the contact width of the tool tip is 338 

equal to the residual width w of the groove [27, 29-30]. 339 

 340 

The contact depth hc showed in Fig. 7 can be obtained by knowing the residual depth 341 

hf and penetration depth h [27]: 342 

  ( )s f

2
h h h



−

= −   (9) 343 

 c sh h h= −   (10) 344 

where hs is the vertical displacement at the contact perimeter. The contact depth hc can 345 

accommodate the residual depth hf and penetration depth h by substituting Eq. (9) into 346 

Eq. (10): 347 

 c f

2 2
h h h


 

−
= +   (11) 348 

It is generally assumed that the residual width w of the groove is equal to the contact 349 

width of the tool tip [27, 29-30]. Thus, the tip radius can be geometrically calculated as:  350 

 
2

c
tip

c2 8

h w
R

h
= +   (12) 351 
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With Eq. (12), a statistical topography measurement of residual scratches can be used 352 

to evaluate the distribution of the tip radius. The calculation error of grit tip radius caused 353 

by the measurement error of penetration depth was estimated to be less than 5% according 354 

to Eq. (1) and Eq. (12). With this statistical data, the lognormal probability plot of the grit 355 

tip radius (scatter) is plotted in Fig. 8 against a theoretical lognormal distribution set (red 356 

line). The scatter points are close to the theoretical line which indicates that the grit tip 357 

radius can be well described by the lognormal distribution. Further calculations show that 358 

the natural logarithm of grit tip radius of wheel SD3000 and SD600 follows N (4.75, 359 

0.6662) and N (7.01, 0.8172), respectively. The grit tip radius proves to be much smaller 360 

than the average grit radius. Hence, lognormal distribution of grit tip radius instead of 361 

average grit radius can be used when building models for the ultra-fine grinding process. 362 

 363 

(a) 364 
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 365 

(b) 366 

Fig. 8. Lognormal probability plot of the grit tip radius of wheel SD3000 (a) and SD600 (b). The 367 

experimental data set (scatter) is plotted against a theoretical lognormal distribution set (red line). The 368 

scatter points are close to the theoretical line which indicates that the grit tip radius can be well 369 

described by the lognormal distribution.  370 

4. Conclusions 371 

This paper provides a fresh experimental methodology to obtain the in-process 372 

measurement of material elastic recovery during the grinding process, hitherto not 373 

reported in the extant literature covering rotational grinding. Beside numerous findings 374 

that are reported within the paper, an active contribution this paper makes is to provide 375 

valuable experimental data of the extent of elastic recovery of monocrystalline silicon 376 

made during the experimental grinding conditions as opposed to previously reported 377 

single grit scratch tests which were only indicative but were not thorough enough to 378 

support modelling activities in this area. Based on the experimental results, a semi-379 

empirical analytical model was developed, and the combined observations made from the 380 

analytical model and the experiments can be concluded as follows: 381 
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1. Isolated scratch trajectories are more relevant and meaningful than the overlapped 382 

scratch trajectories to infer and extract relevant data from the surface topography 383 

to study the problems in ultra-fine rotational grinding of monocrystalline silicon. 384 

2. Elastic recovery depth (defined as he) was found to increase monotonically with the 385 

increase in penetration depth whilst the elastic recovery ratio (defined as he/h) 386 

decreases monotonically with increased penetration depth. These combined 387 

observations and comparison with single grit scratching tests pointed to the fact 388 

that the larger grit size and a coarser grinding wheel operated at a higher speed 389 

leads to a lesser extent of elastic recovery of silicon. 390 

3. Much like the published literature on the topic of silicon nano-scratching, even 391 

during the precision grinding operation, hillock-like protrusive nanostructures were 392 

observed to form at the beginning of the scratch process and are an interesting area 393 

of exploration for future research. 394 

4. The grit tip radius was found to follow a lognormal distribution and it turns out that 395 

the active grit tip radius is much smaller than the average grit radius. Hence, 396 

lognormal distribution of grit tip radius instead of average grit radius is a more 397 

appropriate measure while building suitable models of the ultra-fine rotational 398 

grinding process. 399 
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