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Abstract 

This study presents the micromechanical-finite-element based modeling framework to compute 

the electromechanical properties of the 3-3 piezoelectric metamaterial based on variants of 

honeycomb (HC) structure. Recent experimental study shows that 3–3 piezoelectric structures

have a higher hydrostatic figure-of-merit compared to dense piezoelectric hydrophones of similar 

design. In this study, three kinds of three-dimensional (3D) elastically anisotropic and 

piezoelectrically active HC structures were introduced, namely, conventional HC (3D-CHC), a re-

entrant HC (3D-RE) and a semi-re-entrant HC (3D-SRE). The intrinsic symmetry of HC structure  

was utilized.Simplified mixed boundary conditions equivalent to periodic boundary conditions 

were recognized. Highly porous 3D finite element models of the mentioned three kinds of 

metamaterials were developed and the role of ligament orientation on their effective elastic, 

piezoelectric and dielectric properties was completely characterized. In comparison to their bulk 

constituent, all the 3-3 type piezoelectric HC networks exhibited an enhanced response, especially 

for the longitudinal poling. Longitudinally poled networks exhibited four order of magnitude 

increase in their hydrostatic figure of merit and one order of magnitude decrease in the acoustic 

impedance indicating their applicability for the design on hydrophones. Moreover, different type 

of auxetic behavior such as negative or zero Poisson’s ratio coupled with a wide range of tunable 
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electromechanical characteristics were obtained. Such novel 3-3 type piezoelectric HC network  

based cellular metamaterials have the potential to facilitate the light-weight design of unique  

devices for various next generation sensing or actuating applications.  

Keywords: metamaterials; electromechanical properties, honey comb structures, unit cell method,  

piezoelectric materials, auxetic smart structures, cellular materials.  

1. Introduction  
  

Piezoelectric materials (PMs) due their unique electromechanical coupling characteristics are  

useful in wide range of actuators, sensors and devices such as ultrasound imagers, underwater  

transducers and echo-cardiogram [1], [2]. Various efforts have been made to enhance the  

electromechanical coupling properties of monolithic PMs by either adding one or more  

constituents [3] or by introducing the controlled porosity [4]. For example, porous PMs with  

enhanced electromechanical coupling properties, improved signal-to-noise ratio, lower acoustic  

impedance, enhanced piezoelectric charge, voltage coefficients and hydrostatic figure of merit.  

They are also suitable for underwater applications such as medical diagnostic devices [5] and  

hydrophones [6]. In fact, recent experimental study shows that porous piezoelectric structures have  

a higher hydrostatic figure-of-merit [7],[8] as compareto solid PZT hydrophones of similar design  

[2], [9]. Mechanical properties are also of great interest to use these materials in structural  

applications. Therefore, there is a need in various industrial applications for porous piezoelectric  

metamaterials with tunable properties.  

Porous PMs are classified according to the spatial distribution of the porosity or its connectivity in  

different direction [10], which affect their piezoelectric properties [11]. The role of connectivity  

of the porosity on the electromechanical response was well understood from experimental studies  

with several porosity configurations such as enclosed porosity (i.e.,3-0 type foam) ([12]; [2]; [9];  
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[13];); fiber like porosity (i.e.,3-1 type foam) ([14]; [15]) and open-foam like porosity (i.e.,3-3 type 

foam) ([16]; [17]). The results demonstrated that porosity configuration and its connectivity were 

responsible for  enhancing the electromechanical properties of PMs. 

Piezoelectric metamaterials and piezoelectric architected materials (e.g., [18], [19], [20],  [21]; 

[13]) are the potential subclass of porous PMs. It is because their microstructure in any porosity 

configuration (such as 3-0, 3-1 and 3-3) can be tailored  to produce new innovative material designs 

with optimum multifunctionality required for specific applications [22].  

 Various analytical models were proposed to calculate electromechanical properties of PM’s for 

simplified porosity configurations (such as 3-0 and 3-1 types) [23], [24], [25], [26]. While various 

finite element based micromechanical models were developed for more complex architected 

porosity configurations (such as3-0, 3-1 and 3-3 type) for computing their electromechanical 

properties [27],  [28]. Results concluded that electromechanical properties of porous PMs depend 

on porosity shape, orientation and distribution, connectivity and poling direction ([29], [18]). 

Metamaterials are materials of interest due to their exciting behavior with enhanced properties. 

Among architected metamaterials, the passive (mechanical) response of hexagonal honeycomb 

(HC) configuration has been extensively studied due to its simplicity and manufacturability. 

Various variants of HC exist based on the ligament orientations that leads to produce auxetic 

effects with negative and zero Poisson ratio’s.[30]. Extensive research has been done on passive 

structural response of hexagonal HC variants made from elastically isotropic materials 

demonstrating conventional and auxetic behaviors [30], [31], [32], [33]. For both 3-1 and 3-3 

porosity configuration, the mechanical analysis results demonstrated that the ligament orientation  

dictates the hexagonal HC architecture-property relationship ([34]; [35]. For smart piezoelectric  

metamaterials, due to the coupled electro-mechanical nature, there is added complexity in finding  
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optimum electromechanical properties. These includes the poling direction and piezoelectric  

anisotropic properties of the base materials. This study proposes three classes of 3D HC network  

based 3-3 type piezoelectric metamaterials namely, conventional HC (3DCHC), a re-entrant HC  

(3DRE) and a semi-re-entrant HC (3DSRE). Recent research efforts showed promising  

electromechanical properties for 3-1 type HC based piezoelectric metamaterials which motivate  

the present study [36].  

Currently, there is no analytical model available that compute the electromechanical properties of  

3-3 type HC network based piezoelectric metamaterials. Moreover, the complete understanding of  

their electromechanical properties and the microstructural features (such as ligament orientation  

and constituents’ material anisotropy) is still not available. This study presents finite element  

models to characterize the effects of ligament orientation and constituents’ material anisotropy on  

the electromechanical properties of three classes of 3D HC network (i.e. based on 3-3 type  

piezoelectric metamaterials).  

2. Micromechanical Finite Element Analysis of Piezoelectric Metamaterials  
  

Recently, we ([37]) developed a finite element-based homogenization framework to compute  

the effective mechanical properties of a periodic architectured materials based upon the properties  

of base materials and topological configuration in the unit cell (UC). In this study, we have  

extended the framework to compute the effective electromechanical properties of a periodic  

piezoelectric cellular architecture materials. Boundary conditions equivalent to PBC are developed  

and verified. Full characterization of linear electromechanical properties of piezoelectric  

architecture materials can be realized using this approach.  

2.1. Architecture of Piezoelectric Metamaterial  
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Three classes of three dimensional HC like piezoelectric metamaterials are considered. These 

include conventional hexagonal HC (C-HC), a re-entrant HC (RE-HC) (which is known to 

generate negative Poisson’s ratio) and a semi-re-entrant HC (SRE-HC) (which is constructed using 

alternate conventional and re-entrant layers and produces zero Poison’s ratio) structure. Yang et 

al. [38] proposed 3D re-entrant honeycomb passive structure. This study utilizes existing 3D re-

entrant honeycomb and proposes new piezoelectric 3D C-HC and 3D SRE-HC. 

 

Figure 1 shows the unit cell of each architecture. These classes of HC show variety of 

deformation behavior and can produce positive, negative and even zero Poisson’s ratio in certain 

configurations. 

The 2D geometry of the proposed cellular structures is completely described through four 

parameters. The vertical rib height ‘h’, length of the angular rib ‘l’, thickness of each rib ‘t’ and 

angle of the rib ‘θ’ with respect to the horizontal or vertical axes. The 3D geometry of unit cell is 

extended based on these parameters [38]. We have fixed the h=10mm, l=4mm, t=1mm while the 
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orientations of the ligaments (θ) appearing in  

  

Figure 1 are varied to realize cellular structures with various auxeticity.   

The ligaments of cellular solids are composed of soft piezoelectric material (PZT-5H). Two  

poling directions are considered and they are referred to as longitudinal (i.e. poling aligned with  
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the axis of porosity) and transverse (i.e. poling perpendicular to the axis of porosity). 116 

 

Figure 1 shows the architecture of cellular materials with the direction of poling axis and the 

corresponding unit cell. 

  

Figure 1 Piezoelectric hexagonal HC cellular networks with their unit cells a) Conventional  

hexagonal HC structure (CHC) b) a re-entrant HC (RE) c) semi-re-entrant HC (SRE).  
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2.2. Constitutive Model of Piezoelectric Cellular Material  

  
For monolithic piezoelectric material, the linearized electromechanical coupled constitutive  

relations are given by:  

 

E

ij ijkl kl kij k

i ikl kl ij j

S d E

D d E


 

 

 

 
  (1)  

where i,j,k,l =1,2,3. The 𝑖, 𝑗 and 𝑘 correspond respectively to 𝑥, 𝑦 and 𝑧 regular Cartesian  

coordinates; where to 𝑥, 𝑦 and 𝑧 can be represented as 1, 2 and 3. The ij , ij , iD  and iE  are the  

are the field variables and denote the components of the second order strain tensor, stress tensor,  

electric displacement vector and electric field vector, respectively. The material parameters are  

E

ijklS , ij

  and ijkd . The 
E

ijklS  are the components of the fourth-order compliance tensor with the  

superscript E indicating that the values of the components of compliance tensor, 
E

ijklS  corresponds  

measurement at zero or constant electric field, ij

  is the second order dielectric tensor measures  

at zero or constant stress and ijkd  are the components of the piezoelectric strain tensor. The  

piezoelectric constants ijkd  defined at zero stress, ijkd


 at zero electric field and 
E

ijkd  are  

thermodynamically identical; thus, their superscripts are not shown. Further discussion regarding  

the piezoelectric material behavior can be found in [39]. The Eq. (1) is applied in terms of effective  

stresses ij , strains ij , electric field iE  and electric displacement iD  for macroscopic response  

and to obtain effective compliance
E

ijklS , piezoelectric kijd  and dielectric coefficients ij

 .   

.  

E E

ij ijkl kl kij k

i ikl kl ij j

S d E

D d E
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Based on Eq. (2), the complete characterization of the effective electromechanical properties of 

piezoelectric cellular material requires quantifying 45 independent material constants, i.e., 21 

elastic, 18 piezoelectric and 6 dielectric constants. 

 

2.3. Finite Element Models 

 

Finite element models of three types of HC like piezoelectric metamaterials UCs as shown in 

Figure 1 are generated by changing ligament orientation ranging from 30-60 degree which 

corresponds to a porosity values ranging from 50-85%. The commercial finite element analysis 

software ABAQUS© is used to carry out the analysis. Each ligament of the unit cell is considered 

to be made of soft piezoelectric material (PZT-5H). The electromechanical properties of PZT-5H 

are given in Table 1. Figure 2 shows the example of the unit cell of 3D HC-RE showing 6 

boundary faces with respect to the axes directions. Each UC is meshed with 10-noded quadratic 

piezo-electric tetrahedron elements (C3D10E). Each node in the FE model has a total four degree 

of freedom, three displacement ( 1 2 3, ,u u u ) and one electrical potential ( ).To avoid rigid body 
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motion under electrical loading, the location of arbitrary points A, B and C are also shown that  

are constrained specifically.  

Figure 2 (a) The unit cell of 3D HC-RE showing 6 boundary faces with respect to the axes 

directions. (b) Meshed UC with 10-noded quadratic piezo-electric tetrahedron elements (C3D10E)  

 

Table 1. Properties of the model piezoelectric system PZT-5H (poled in 3-direction) 

 164 

  165 

 166 

 167 

 168 

 169 

 170 

 171 

 172 

 173 

Properties PZT-5H 

2

11 22 (pm / N)E E
S S   16.5 

2

12 21 (pm / N)E E
S S  -4.78 

2

13 23 (pm / N)E E
S S  -8.45 

2

33 (pm / N)E
S  20.7 

2

44 (pm / N)E
S  42.6 

2

55 66 (pm / N)E E
S S  43.5 

15 24 (pm/ V)d d  741 

31 32 (pm/ V)d d  -274 

33 (pm/ V)d  593 

11 0 22 0/ /      3130 

33 0/   3400 

Density ( )  7500 kg/m3 

Permittivity of free space 
0( )  8.85x10-12 C/Vm 

(b) (a) 
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Two poling directions are considered in the analysis. The UC are assumed to be pole 

longitudinally (poled along the z axis) and transversely (poled along the x axis). In this study, it is 

assumed that every region of the finite element model is uniformly poled in one preferred direction. 

Poling along the y-axis in a uniform manner is very challenging task due to the height of UC along 

y-axis. However, the fabrication of the cellular HCs porous networks with uniform poling of 

ligaments along the x and z direction has been successfully demonstrated in past [36]. 

2.3.1.Boundary conditions 

 

The effective responses of infinitely repeating patterns of periodic architecture can be obtained by 

imposing Periodic Boundary Conditions (PBCs) on the UC ([40], [41], [42], [43]). PBCs give 

more reasonable results as compared to the ones obtained from homogeneous traction or 

displacement boundary conditions ([43],[45], [46]). Xia et al. [46] derived an explicit PBC for a 

parallelepiped UC in terms of normal average stretches and contractions ( , 1,2,3j

ic i j  ) of the 

UC model and shear deformations ( ,j

ic i j ), such that  

 (x, y,z) (x, y,z) ( , 1,2,3)j j j

i i iu u c i j
      (3) 

where j


 means along the positive jX  direction and j


 means along negative jX  direction.  

Similarly, the periodic boundary conditions for the electric potential are given by the applied 

macroscopic electric field condition 

 (x, y,z) (x, y,z) (x ) ( 1,2,3)j j j j

i i iE x i          (4) 

The application of B.C.s given in Eq. (3) and (4) satisfy the requirement of displacements and 

electrical potential of the unit cell periodicity and continuity.  

The difference of the displacements for the corresponding points on the two opposite boundary 

surfaces should be specified due to the requirement of the Eq. (3). However, Li [49] derived an 
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explicit displacement boundary conditions for unit cells representing microstructure of periodic  

pattern from the symmetry present in the microstructure. Extending Li [49] work and incorporating  

continuity of electric electrical charge, the complete set of B.Cs as required to obtain effective  

electromechanical properties of cellular materials are given in Table 2.     

Table 2. Complete set of boundary conditions with computation formulae to determine  

electromechanical coefficients.  

  

Coefficients X- X+ Y- Y+ Z- Z+ Relation 

 /
i

u   /
i

u   /
i

u   /
i

u   /
i

u   /
i

u   
 

11 12

13 31

,

,

E E

E E

S S

S d
 

0 / 0  
1

/ 0u  0 / 0  / 0  0 / 0  / 0  
11 11 22 11

33 11 3 11

, ,

,D

   
  

 

21 22

23 32

,

,

E E

E E

S S

S d
 

0 / 0  / 0  0 / 0  
2

/ 0u  0 / 0  / 0  
11 22 22 22

33 22 3 22

, ,

,D

   
  

 

31 32

33 33

,

,

E E

E E

S S

S d
 

0 / 0  / 0  0 / 0  / 0  0 / 0  
3

/ 0u  11 33 22 33

33 33 3 33

, ,

,D

   
  

 

44 24
,E E

S d  2

3

0,

0

/0

u

u


   

2

3

0,

0

/0

u

u


  

1

3

0,

0

/0

u

u


  

1

3

0,

0

/0

u

u


  

3
0

/0

u 
 3

0

/0

u 
 12 12

2 12

,

D

 


 

55 15
,E E

S d  2

3

0,

0

/0

u

u


   

2

3

0,

0

/0

u

u


  

2
0,

/0

u 
 2

0,

/0

u 
 1

2

0,

0

/0

u

u


  

1

2

0,

0

/0

u

u


  

13 13

1 13

,

D

 


 

66

E
S  1

0,

/0

u 
 1

0,

/0

u 
 1

3

0,

0

/0

u

u


  

1

3

0,

0

/0

u

u


  

1

2

0,

0

/0

u

u


  

1

2

0,

0

/0

u

u


  

23 23
   

15 11
,d

   * / 0  /   
/   /   /   /   

13 1

1 1

,E

D E


 

24 22
,d

   /   /   * / 0  /   
/   /   

12 2

2 2

,E

D E


 

31 32

33 33

, ,

,

d d

d

 

 
 

/   /   /   /   * / 0  /   1 3 2 3

3 3 3 3

,

,

E E

E D E
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*Points A, B and C are constrained on respective faces (having zero electric potential) to avoid  

rigid body motion.  

  

2.3.2. Homogenization Method  

  
, A homogenization procedure was adopted for micro-macro scale coupling to obtain effective  

properties for different macroscopic loading cases. The average stress and strain was obtained by  

volume (V) integration over the unit cell, such that:  

    1 1
, , , ,ij ij ij ij

V V

x y z dV x y z dV
V V

        (5)  

Analogously the average electric fields and electrical displacements are defined by  

    1 1
, , , ,i i i i

V V

E E x y z dV D D x y z dV
V V

     (6)  

Using traction continuity one can find that the average stress is represented by  

  no summation on j
ij

ij

j

R

A
    (7)  

Using electrical charge continuity, the average electric displacement is represented by  

 
i

i

i

q
D

A
   (8)  

Eq. (7) demonstrates that the average stress over the unit cell can be simply obtained by dividing  

the  resultant tractions ( ijR ) on the boundary surfaces from  the areas ( jA ) of the corresponding  

boundary surfaces. Eq. 8 demonstrates that the average electrical displacement over the RVE can  

be simply obtained by dividing the resultant charge ( iq ) on the boundary surfaces from  the areas  

( iA ) of the corresponding boundary surfaces.  

3. Results and Discussion  
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The mechanical and electrical loading conditions are applied to the unit cells as per the load  

cases shown in the Table 2 and subsequently the effective electromechanical properties are  

obtained. The detailed formulae for the computation of some of the typical electromechanical  

coefficients are also shown in Table 2. In each load case, the boundary conditions are applied to  

the unit cell as such that except one component of the effective stress and electric field vector in  

Eq. (2), all the remaining components would yield zero values. Results of these loading cases can  

yield  45 independent material parameters (including elastic, piezoelectric and dielectric  

parameters).   

 The effective components including the elastic compliance, 
E

ijklS , piezoelectric strain tensors, 

( , )E

kij ikld d


, dielectric stress tensor ij

  with the corresponding elastic constants ,
E

ijklC , elastic 

moduli, ( ,G )E E

ij kkE ,and Poisson’s ratio are obtained for each of the three piezoelectric 

metamaterial considered. The material constants are obtained for a range of angle of ligaments as 

well as for longitudinally poled and transversely poled systems. All the results are plotted in terms 

of θ. It is because the angle θ controls the cellular topology and the levels of auxeticity of 

metamaterial.,. The letter LP and TP are associated with the results for the longitudinal and 

transverse poled cases, respectively. The following relations are used to obtain the constants to 

represent the behavior of PMs. 
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C S

e d C

d e

S S d g

C S

g h S

h e

  (9)  

where 
D  C , 

D  S , e , 
   ,  g ,  h  are the stiffness tensor for zero electric displacement, 

compliance tensor for zero electric displacement, piezoelectric stress tensor, dielectric strain 

tensor, piezoelectric voltage constants and piezoelectric strain tensor , respectively. 

3.1. Sanity Check 

 

A sanity check is performed to verify the boundary conditions. It is observed that an analytical 

model that compute the electromechanical properties of HC metamaterials based on orthotropic 

materials is yet not available in the literature. Therefore, the set of proposed boundary conditions 

as given in Table 2 are tested initially on one element and then on 100x100x100 elements cube for 

establishing the accuracy and suitability of the proposed method. It is found that the proposed 

boundary conditions yield the bulk properties of the PZT-5H as given in Table 1. 

 

  

 
(a) (b) 



16 

 

Figure 3: Sanity Check with a) one element and b) 100x100x100 elements.  
  

  

3.2. Electromechanical Properties  

3.2.1.Effective Elastic Response  

  

The homogenization process is used to yield 
E

ijklS , ikld


, ij

 , which are further utilized to compute  

other material constants. For example, the compliance matrix coefficients 
E

ijklS  are used to  

compute the Young’s moduli E

ijE , shear moduli 
E

ijG  and Poisson ratios ij . Figure 4 illustrates the  

Young’s and shear moduli of longitudinally and transversely poled HC metamaterials over various  

angles 30°, 45° and 60°.  Both longitudinally and transversely poled HC metamaterials has showed  

significant changes in both in-plane (x-y plane) and out-of-plane (z-axis) Young’s moduli values  

for the different angles. This figure shows that the elastic properties are anisotropic and exhibit  

different trends.  

The Young’s moduli of the longitudinally and transversely poled HC metamaterials exhibits  

nonlinear dependence with the increase of the angle of the ligaments (θ). The piezoelectric RE- 

HC exhibits significantly enhanced Young’s moduli E11 (same as E33) as compared to the C-HC  

and SRE-HC metamaterials. Whereas the C-HC metamaterials enhances Young’s modulus  

E22.The lowest Young’s modulus is observed for the transversely poled RE-HC. The effect of  

orthotropic ligament properties is prominent in the case of Young’s moduli along y-axis. The lower  

values of  E22 are observed for the transversely poled as compared to the longitudinally poled  

systems due to higher constrained as provided by the electromechanical coupling parameters.  

Among the Young’s moduli values, the properties along y-axis (such as E22) of all the HC  

metamaterials are generally observed to be higher than the other moduli (such as E11 = E33). This  

observation can be explained on the basis that the dominant deformation mode in the out-of-plane  

(y-axis directions) is axial, whereas the in-plane directions (x or z directions) has showed  



17 

 

bending/hinging dominated deformation mode. The highest Young’s moduli isobserved for C-HC  

metamaterials in both poling directions.   

  

  
  

Figure 4: Variation in the overall elastic moduli with various angles (30o, 45o, 60o) in  

several classes of piezoelectric HC metamaterials. (a)-(c) Young’s moduli and (d)-(f) Shear  

moduli.  
  

The shear moduli along x- and z- axes (i.e., G12=G23) and along y-direction (i.e., G13) has  

showed a nonlinear dependence on increasing angle of the ligaments (θ). This nonlinearity  

corresponds to the nonlinear relation of angle of the ligaments (θ) with the relative density. The  

dominance of the stiffness in the y-directions makes the UC stiffer under shear loading condition  

along 1-3 plane. In shear loading (2-1 and 2-3 planes), the dominant mode of deformation is  

bending in the struts and ligaments of the HC structures along one of the three directions. Among  

the three HC metamaterials, the 3D HC-RE are observed to have highest shear moduli (i.e., G13)  

both in longitudinally and transversely poled HC metamaterials.   

The proposed HC metamaterials possesses wide range of Poison’s ratios (positive, zero and  

negative). Their largest positive and negative Poisson’s ratio has been observed at 45 degree as  
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shown in Figure 5. These results illustrate that the HC based piezoelectric cellular materials can  

exhibit a wide range of combinations of elastic properties with different level of auxeticity. The  

Poisson’s ratio due to loading in 2 direction (ν12= ν32) are same due to the similar deformation in  

1 and 3 directions. Similarly, due to similar deformation along Y-axis, the Poisson’s ratio due to  

loading along X-axis (ν21) is same due to loading along Y- axis (ν23). The variety of Poisson’s ratio  

can be used to create tunable transducers. However, the transducer with zero Poisson’s ratio are  

excellent choice for axial actuators.  

  

 

  
  

Figure 5: Variation in the overall Poisson’s ratio with various angles (30o, 45o, 60o) in  

several classes of piezoelectric HC foam structures.  

  
Figure 6 shows the contour plots of the field variables under different loadings. Figure 6(a) and  

(b) show the displacement contours for all the three HC structures in one -direction under uniaxial  

and shear loadings respectively.. These distribution of displacements clearly demonstrates the  

uniaxial and shear deformation states. Figure 6(c) shows the electric potential contours under  

Loading along X-axis Loading along Y-axis Loading along Z-axis 
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electric field of 0.1MV/m. In all three cases, the electrical potential shows linear variation from  

one end to others with uniform electric potential at the central ligaments.  

  

  

  

(a) Uniaxial Loading; 11 0.1%   

3D-CHC 

 

3D-RE 

                     

3D-SRE 

          
   

(b) Shear Loading; 12 0.1%   

3D-CHC 

           

3D-RE 

             

       

3D-SRE 

          

   

(c) Electrical Loading; 1 0.1 /E MV m  

3D-CHC 3D-RE 3D-SRE 

(a) 

(b) 

(c) 
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Figure 6 Displacement and electric potential contours in the unit cells of several classes of 

piezoelectric HC foam structures with angle 45o. a) Displacement contours under mechanical 

normal loading (i.e., 0.1% normal strain along the x-axis) b) Displacement contours under 

mechanical shear loading (i.e., 0.1% shear strain in the x-y plane). c) Electric potential contours 

under electric field of 0.1MV/m. 

 

3.2.2.Effective piezoelectric properties 

 

Figure 7 shows the variation in the normal- and shear-coupling-based piezoelectric properties with 

respect to ligament angles for the proposed HC metamaterials, In general, the piezoelectric 

properties of HC metamaterials are independent of the cellular network and the poling directions 

[18]. However, a significant dependence of the c topology is observed in some of the piezoelectric 

properties for both longitudinally and transversely poled systems. For transversely poled systems, 

the magnitude of constants is observed very less but its trends are observed similar to 

longitudinally poled systems . 

It is also observed that HC metamaterials exhibits strong piezoelectric sensitivity to shear-type 

piezoelectric properties. However, the piezoelectric constants exhibits significantly different 

dependencies on θ. For example, in longitudinally poled system e24 (LP)  increases the nonlinearly 

but e15 (LP) shows less  increase in the values with θ for all cellular networks. For both e15 (LP) 

and e24 (LP), the largest values are observed at 60 degrees for 3D HC-RE.  

The normal-based piezoelectric properties are also dependent on the topology and the angle θ of 

the ligaments. For bulk PMs, the normal piezoelectric properties along the poling directions, i.e., 
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e33 (LP) and e33 (TP), are often considered the most important. In longitudinally poled system e33  

(LP) shows  very less variations with an increase in angle θ but it shows little variation for e33  

(TP). The highest values of the normal piezoelectric properties are obtained for the 3D- CHC in  

longitudinally poled system. Figure 7 also shows the negative piezoelectric constants e32. The  

piezoelectric cellular material can exhibit positive e32 values but it dependson the angle θ. Such  

behavior highlights that the HC cellular networks canexhibit a different crystal symmetry than that  

of the constituent material. Themaximum negative values of e31 and e32 are also observed for the  

longitudinally poled 3D HC-RE and CHC networks, respectively.  

  

  

  
Figure 7: Variation in the overall piezoelectric constants with various angles (30o, 45o, 60o)  

in several classes of piezoelectric HC foam structures.  
  

3.2.3.Effective dielectric properties  

  

The effective dielectric properties 
ij  under constant stress as a function of angle of the ligaments  

(θ) is computed for all three HC metamaterials as shown in Figure 8. Both longitudinally and  
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transversely poled HC metamaterials show significant changes in the dielectric constants values 

for different angles. The dielectric constants of all the considered HC networks exhibits nonlinear 

dependence and their values are increased with an increase in the angle of the ligaments (θ). The 

nonlinearity in the values of 
ij  can be associated with the diverse path of the electric charges 

along the 3D complex networks of the ligaments. The highest and lowest values of the dielectric 

constants are observed for 3D HC-RE 22 (T P)  and conventional HC 11(LP)  respectively. 

 
Figure 8: Variation in the overall dielectric constants with various angles (30o, 45o, 60o) in 

several classes of piezoelectric HC foam structures. 

 

4. Effective Figure of Merit 

 

The selection of the piezoelectric materials and their utility in various industrial applications, such 

as, ultrasound imager, hydrophones and energy harvesters are done based on the particular figure 

of merits (FOM). The combination of electromechanical constants are used to describe several 

industry-relevant FOM. For example, the constants that has direct relevance to FOM of cellular 

PMs and their potential applications (e.g., hydrophones) are the hydrostatic strain coefficient ( hd

), the hydrostatic figure of merit ( .gh hd ),the acoustic impedance ( Z ) and the electromechanical 

thickness model coupling factor ( tk ) ([29],[24]). In addition to these FOM, we have also presented 

several electro-elastic parameters (FOM) that are of interest in various applications. For more  

discussion on FOMs, please see [24].The list of parameters are given in Table 3.  
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Table 3. List of figure of merit.  

  

Parameter Relation 

hydrostatic strain coefficient (
hd ) 31 32 33hd d d d    

hydrostatic figure of merit ( .gh hd ) 31 32 33withh h hg d g g g g    

acoustic impedance ( Z ) 1/2

33

E
Z C     

electromechanical thickness mode coupling 

factor (
tk ) 

1/2

33 33

1/2

33
33 33

1
E

t D
D

C e
k

C C


 
   

    
 

electromechanical coupling factor ( 3ik ) 3

3 1/2

33

; (i=1,2 with no sum on ii)i

i
E

ii

d
k

S



  

 

Frequency constants( tN ) 1/2

331

2

E

t

C
N


 

  
 

 

Frequency constants( iN ) 1/2

33

1 1
; (i=1,2 with no sum on ii)

2
i E

N
S

 
  

 
 

 

The computed figures of merit are first normalized with the corresponding figures of merit for the 

solid constituent material (PZT-5H) and then are plotted in Figure 8. All the normalized FOMs has 

not shown any enhanced response for transversely poled system except the acoustic impedance, 

Z. However, in longitudinally poled system, the normalized FOMs shows strong dependence on 

the angle θ. The normalized hydrostatic strain coefficient shows very mild effect on the variation 

of angle θ, while normalized hydrostatic figure of merit  decreases significantly with an increase 

in the angle θ. The maximum value is observed at 30 degrees. The large enhancement in the .gh hd  

is obtained due to the inverse relation between  33g  and 33 . Therefore, with an increase of porosity 

(reduction in angle θ) can cause a decrease in the dielectric constant results an increase in gh as 

shown in Figure 9. The normalized acoustic impedance is increased with an increase in the angle 
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θ. The best value (minimized) is observed at 45 degrees. These computational studies are agreed 

well with the experimental observations [14] and has showed a similar trend in the Z values with 

anincrease of porosity.  

In comparison to their bulk constituent, all the piezoelectric HC networks exhibit an enhanced 

response especially for the longitudinal poling. Longitudinally poled networks exhibit four order 

of magnitude increase in their hydrostatic figure of merit. These enhancements are coupled with 

one orders of magnitude decrease in the acoustic impedance. Hydrostatic figure of merit and 

acoustic impedance are the two most important transducer parameters for the design of 

hydrophones. From the point of view of  transducer design, the Z- .gh hd  relation is very important. 

Figure 9 shows the Z- .gh hd  tradeoff where, with the increase of porosity, an increase in the .gh hd  

are accompanied by the decreases in acoustic impedance. This combination of increased 

sensitivity-based figures of merit and reduced acoustic impedance is unique, as it is impossible to 

realize using piezo-composites or bulk PMs [51]. Thus, it is possible to create piezoelectric 3D 

HC networks with the desirable electro-mechanical characteristics. 
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Figure 9: Variation in select normalized figures of merit with various angles in several classes of  

HC foam structures. (a) hydrostatic strain coefficient, (b) hydrostatic figure of merit, (c) acoustic  

impedance (d) Z- .gh hd  relation  

  

Next, the normalized electromechanical coupling factors and frequency constants for the  

piezoelectric 3D HC networks are presented here. Figures 10(a-c) show the normalized magnitudes  

of the electromechanical coupling factors. Both the k31 and k32 show a very mild variation with the  

increase in angle θ and almost remain constant. For the bulk PZT-5H, both the electromechanical  

coupling factors k31 and k32 are computed as equal. However, for the HC cellular network, the  

electromechanical coupling factors k32  decrease more relative to k31 for a given angle of all HC  

networks because of the anisotropic nature of the microstructure. The d3i are almost  same for both  

the modes. But the larger values of 22

E
S  than 11

E
S  results in a larger decrease in k32 than k31. In  

contrast, to k31 and k32, the normalized thickness coupling factor, kt, are observedtwo order higher  

than the bulk PZT-5H.  

Figures 10(d-f) show the normalized magnitudes of the electromechanical coupling factors. The  

frequency constants N1 and N2 are equal for the bulk PZT-5H. The frequency constant N2 has seen  

a decrease more relative to N1 for the given angles of all the HC networks. This is due to the  

orthotropic constituent material properties and the topology of the HC network relative to the bulk  

PZT-5H. Moreover, a reverse trend is observed for N1 and N2 with an increase in the porosity or  
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the angle. This results is attributed to the larger values of 22

E
S  than 11

E
S  (and thus a larger decreased  

in N2 than N1). The thickness mode frequency constant Nt is increased with an increase in the  

angle. In other words, Nt is decreased with an increase of porosity as shown in Figure 10(f). The  

decrease in Nt with an increase in the porosity can be associated with the increase in the 33

E
S  due  

to decrease in the lateral damping.  

  

  
Figure 10: Variation in select normalized figures of merit with various angles in several classes  

of HC foam structures.  

  

Overall, the mechanical and piezoelectric properties of the piezoelectric materials can be optimized  

by tailoring the architecture of the 3D-HC network and thus a unique combinations of tunable  

properties can be realized as required in various practical applications. The FE results show that  

the interplay between 3D-HC architecture and material anisotropy lead to a wide range of non- 

intuitive and architecture-dependent elastic, piezoelectric and dielectric properties that differ  

substantially from the properties of the architecture base material. The FE results have confirmed  
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excellent electromechanical properties of 3D-CHC network. It is also confirms that the 3D-RE and  

3D-SRE HC network exhibit a combination of excellent piezoelectric properties and unique  

mechanical properties (i.e. negative and zero Poisson’s ratio) which cannot be obtained in 3D- 

CHC network. The presented novel 3D-RE and 3D-SRE auxetic functional HC networks have the  

potential to design unique devices for sensing or actuating applications with negative and zero  

Poisson’s ratio.  

5. Conclusions  

A micromechanical finite element approach is presented to compute the electromechanical  

properties of the 3-3 piezoelectric cellular metamaterials. A set of boundary conditions equivalent  

to periodic boundary conditions for periodic structure with certain symmetries are used to ensure  

that the displacements and electric potential of a unit cell are compatible across its boundaries with  

that of the adjacent unit cells. Three types of 3-3 piezoelectric HC cellular networks (conventional,  

auxetic and semi re-entrant) unit cells are analyzed using the proposed approach and its  

electromechanical properties are reported. Results show that for longitudinal poled system, the  

piezoelectric HC network exhibits a unique combination of properties, i.e., low impedance and  

more sensitivity, which can not be realized by bulk PMs. However, electromechanical properties  

of transversely poled system exhibit insignificant dependence on the ligament orientation and  

porosity. Results show that different type of auxetic behavior such as negative or zero Poisson’s  

ratio can be realized and coupled with a wide range of tunable electromechanical characteristics.  

In the case of 3D-SRE, along with the highest out-of-plane modulus there is a configuration exists  

that yielded zero Pisson’s ratio while loading along all three axes. The proposed 3D HC based  

metamaterials are good candidate for use as hydrophones as longitudinally poled networks exhibit  

four order of magnitude increase in their hydrostatic figure of merit and one order of magnitude  
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decrease in the acoustic impedance. Amongst the three proposed HC networks, the 3D-RE exhibits  

the best overall combination of piezoelectric figures of merit.  
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