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Response of Gaussian-modulated Guided Wave in Aluminum: An 

Analytical, Numerical and Experimental Study 

 

Abstract: 

The application of guided-wave ultrasonic testing in structural health monitoring has been 

widely accepted. Comprehensive experimental works have been performed in the past but 

their validation with possible analytical and numerical solutions still requires serious efforts. 

In this paper, behavior and detection of the Gaussian-modulated sinusoidal guided-wave 

pulse travelling in an aluminum plate are presented. An analytical solution is derived for 

sensing guided-wave at a given distance from the actuator. This solution can predict the 

primary wave modes separately. Numerical analysis is also carried out in COMSOL® 

Multiphysics software. An experimental setup comprising piezoelectric transducers is used 

for the validation. Comparison of experimental results with those obtained from analytical 

and numerical solutions shows close agreement.  

 

1. Introduction: 

Guided-waves have been used in ultrasonic testing mainly as a non-destructive testing (NDT) 

of plates and other structures [1]. These waves travel in a plate in the form of longitudinal and 

transverse components [2]. The major barrier in using guided waves for NDT is the formation 

of the multiple modes and their dispersion. There are several ways to avoid this, mainly by 

changing incident pulse frequency, pulse shape, transducer dimensions and sensor distance 

[3]–[5] as well as dispersion compensation procedure and other post signal processing 

techniques [6]. Convectional ultrasonic probes are heavy and expensive [7]. In addition, 

conventional methods are limited to test the vicinity beneath or close the transducer [8]. 



Whereas guided-waves can travel to large distances and offer advantages of inspecting large 

structures by using a minimum number of transducers [9]–[18]. Guided-waves move along 

the geometry, therefore, it has become very effective technique for the inspection of long 

length structures like pipelines and rails [19] and also it can be used by non-contact probing 

techniques [20]. In guided-waves, Piezoelectric Wafer Active Sensor (PWAS) is used that 

can be classified based on its functionality as: emitter / actuator, or receiver / sensor, or both. 

Single or multiple PWAS can be used in experimental testing. PWAS devices are light 

weight, inexpensive, non-invasive and can be used as both active and passive probes.  

The effectiveness of guided-waves in structural health monitoring has been empirically and 

analytically studied on geometries like plates [7], annular structures [21], hollow thick  

cylinders [22] and for layered structures, based on global matrix method [23]. Most of the 

analytical research works are dealt with the emission and propagation of the waves only [2], 

[24]. Analytical models of standard waves, for example, sine waves, travelling in an elastic 

solid medium are available [2]. In experimental testing, modulated pulses are preferred [25]. 

However, rectangular or square pulses as the modulating signals are not feasible because they 

can excite larger spectrum and create additional modes which are difficult for the signal 

processing. To overcome the gradual mechanical response of the transducers, Gaussian-

modulated waves are used by researchers [26]. However, an analytical solution for a 

Gaussian-modulated sinusoidal wave is not available.  

The complexities involved in the analytical solutions have been diverting the attention of the 

researchers towards the numerical analysis of the guided-wave propagation. With the 

availability of many commercial software, numerical analysis helped in dealing with the 

complex geometries and defects in materials [7], [8], [27]–[29]. Despite of advancement, 

numerical analysis requires analytical or experimental validation.  



In this paper, behavior and detection of the Gaussian-modulated sinusoidal guided-wave on 

an aluminum plate is presented. First, the analytical solution is derived, which is capable of 

sensing guided-wave at a given distance from the actuator. The solution can predict primary 

wave modes individually. A numerical simulation is also carried out in COMSOL® 

Multiphysics software. In the last section, experimental results are presented, and comparison 

with the analytical and numerical solutions is discussed. 

 

2. Materials and Methods: 

Aluminum alloy 6061-T6 was used in experimentation. The dimensions of the specimen were 

1.219 m (4 ft.) x 0.914 m (3 ft.) with a thickness of 0.002 m. Two radial mode PZT disc 

wafer transducers made up of P-33 piezo-ceramic material (equivalent to PZT-5A) were 

used. One of the transducers was used as an actuator and the other as a sensor. Both the 

actuator and the sensor were coupled using cyanoacrylate. A rigid bond was produced 

between the plate and the transducers. Both transducers were placed on the middle of the 

plate to avoid reflected waves and the distance between the transducers was considered as 𝑥, 

as shown in Figure 1. The diameter and the thickness of the transducers were 10 mm and 1 

mm, respectively. The selected transducers have a resonant frequency of 200 kHz. Thus, only 

primary anti-symmetric (𝐴0) and symmetric (𝑆0) modes were generated and the higher modes 

were avoided to simplify signal processing. The secondary modes for aluminum are excited 

above 1000 kHz·mm, which was higher than the setup used in this study. The shear wave 

velocity (𝐶𝑠) for aluminum is 3111 m/s [30]. The phase  velocities CSo for S0 and CAo for A0 

are found to be 5650 m/s and 1755 m/s whereas group  velocities Cg
So for S0 and Cg

Ao for A0 

are found to be 5300 m/s and 2600 m/s, respectively [2].  



A Gaussian-modulated pulse was used for the excitation. The signal was amplitude 

modulated over the resonant frequency of the PZT transducer for efficient conversion into a 

mechanical domain. The Gaussian parameters were: mean (tm) = 1.13 x 10-5 s and standard 

deviation (t0) = 4.5 x 10-6 s. An Arbitrary Function Generator (AFG), GW-Instek AFG-2005, 

was used to generate a pulse to excite the actuator as shown in Figure 2. The response signal 

from the sensor was analyzed with a digital storage oscilloscope (GW-Instek GDS-1000).  

 

3.  Analytical Study and Numerical Solution:  

3.1 Analytical Study: 

The actuator was excited by five counts of Gaussian modulated tone burst. This was obtained 

by multiplying the sine wave at a frequency (𝑓) of 200 kHz with the Gaussian function, as 

shown in Figure 2. The input signal is shown in Eq 1. In this equation, 𝜔 = 2𝜋𝑓 is the natural 

frequency, 𝑡 is the time at any instance, 𝑡𝑚 and 𝑡𝑜  dictates the mean and the standard 

deviation of the Gaussian function, respectively. For brevity and quick referencing all the 

symbols are also summarized in Table 1. 

𝑥(𝑡) =   𝑒
−0.5 (

𝑡−𝑡𝑚
𝑡𝑜

)
2

 
𝑠𝑖𝑛(𝜔𝑡)     Eq. 1 

Guided wave propagation takes place along X-axis whereas it has a particle motion in the XZ  

plane as shown in Figure 3. The particle motion 𝑈𝑧 is given by Eq 2. In this equation, ℎ(𝑧) is 

the standing wave across the plate thickness and 𝜉 is the wave number. 

𝑈𝑧(𝑥, 𝑧, 𝑡) = [ℎ(𝑧)] ∙ [ 𝑒
−0.5(

𝑡−𝑡𝑚
𝑡𝑜

)
2

𝑠𝑖𝑛(𝜔𝑡 − 𝜉𝑥)]  Eq. 2 

The wave equation is given by [2] as shown in Eq. 3. 

∇2𝑈𝑧 =  
1

𝐶𝑠
2  𝑈�̈�                        Eq. 3 



Where, ∇2 is the Laplace operator, 𝐶𝑠 is the shear wave velocity and 𝑈�̈� is the double 

derivative of 𝑈𝑧 with respect to time.  

 (
𝜕2

𝜕𝑥2 +  
𝜕2

𝜕𝑧2 ) ∙ 𝑈𝑧 =   
1

𝐶𝑠
2  𝑈�̈�                   Eq. 4 

Assuming Y invariant and differentiating each term separately from the Eq. 4 with respect to 

their respective variables, 𝑥, 𝑧, 𝑡 are shown for brevity in Eq. 5.1, Eq. 5.2 and Eq. 5.3, 

respectively.  

 
𝜕2𝑈𝑧

𝜕𝑥2 = (−𝜉2) ℎ(𝑧) 𝑒
−0.5(

𝑡−𝑡𝑚
𝑡𝑜

)
2

𝑠𝑖𝑛(𝜔𝑡 − 𝜉𝑥)        Eq. 5.1 

𝜕2𝑈𝑧

𝜕𝑧2 = ℎ′′(𝑧) 𝑒
−0.5(

𝑡−𝑡𝑚
𝑡𝑜

)
2

𝑠𝑖𝑛(𝜔𝑡 − 𝜉𝑥)                    Eq. 5.2 

𝑈�̈� =  ℎ(𝑧) 𝑒
−0.5(

𝑡−𝑡𝑚
𝑡𝑜

)
2

𝑠𝑖𝑛(𝜔𝑡 − 𝜉𝑥) ∙ [ −𝜔2 − 
1

𝑡𝑜
2 − 2𝜔 ( 

𝑡−𝑡𝑚

𝑡𝑜
2  ) cot(𝜔𝑡 − 𝜉𝑥) +

 ( 
𝑡−𝑡𝑚

𝑡𝑜
2  )

2

]   Eq. 5.3 

Putting the values of Eq. 5.1, 5.2 and 5.3 in Eq. 4 and after simplification it is shown in Eq. 6, 

(−𝜉2) ℎ(𝑧) +  ℎ′′(𝑧) =  
1

𝐶𝑠
2  ℎ(𝑧) [ −𝜔2 −  

1

𝑡𝑜
2 − 2𝜔 ( 

𝑡−𝑡𝑚

𝑡𝑜
2  ) cot(𝜔𝑡 − 𝜉𝑥) +  ( 

𝑡−𝑡𝑚

𝑡𝑜
2  )

2

]   

Eq. 6 

For the purpose of simplification, a new variable 𝜂 is introduced as shown in Eq. 7.  

𝜂2 =  
1

𝐶𝑠
2  [ 𝜔2 + 

1

𝑡𝑜
2 + 2𝜔 ( 

𝑡−𝑡𝑚

𝑡𝑜
2  ) cot(𝜔𝑡 − 𝜉𝑥) − ( 

𝑡−𝑡𝑚

𝑡𝑜
2  )

2

] −  𝜉2  Eq. 7 

By substituting Eq. 7 into Eq. 6, it will become a second order differential equation as shown 

in Eq. 8. The general solution of this second order differential equation is shown in Eq. 9. 

 



ℎ′′(𝑧) +  𝜂2 ℎ(𝑧) = 0                  Eq. 8 

ℎ(𝑧) = 𝐶1 𝑠𝑖𝑛 𝜂𝑧 + 𝐶2 𝑐𝑜𝑠 𝜂𝑧                         Eq. 9 

By substituting Eq. 9 back into the Eq. 2 will give Eq. 10. 

𝑈𝑧(𝑥, 𝑧, 𝑡) =  ( 𝐶1 𝑠𝑖𝑛 𝜂𝑧 + 𝐶2 𝑐𝑜𝑠 𝜂𝑧 ) 𝑒
−0.5(

𝑡−𝑡𝑚
𝑡𝑜

)
2

𝑠𝑖𝑛(𝜔𝑡 − 𝜉𝑥)     Eq. 10 

The solution of the above equation results in trivial form. However, the constants can be 

determined by separating Eq 10 it into symmetric and anti-symmetric modes as performed in 

[2], [31].  

Symmetric mode  

For the symmetric mode, using the following boundary condition,  

𝑈𝑧(𝑥, 𝑧, 𝑡)| 𝑧=𝑑 = −𝑈𝑧(𝑥, 𝑧, 𝑡)| 𝑧=−𝑑  

Putting this boundary condition in Eq. 10, 

( 𝐶1 𝑠𝑖𝑛 𝜂𝑑 + 𝐶2 𝑐𝑜𝑠 𝜂𝑑 ) 𝑒
−0.5(

𝑡−𝑡𝑚
𝑡𝑜

)
2

𝑠𝑖𝑛(𝜔𝑡 − 𝜉𝑥)

=  ( 𝐶1 𝑠𝑖𝑛 (−𝜂𝑑) + 𝐶2 𝑐𝑜𝑠 (−𝜂𝑑) ) 𝑒
−0.5(

𝑡−𝑡𝑚
𝑡𝑜

)
2

𝑠𝑖𝑛(𝜔𝑡 − 𝜉𝑥) 

Above boundary condition is only satisfied when, 

𝑐𝑜𝑠 𝜂𝑑 = 0 

Then 𝜂𝑠𝑑 for the symmetric mode will be  

𝜂𝑠𝑑 =
𝜋

2
 ,3

𝜋

2
 ,5

𝜋

2
, … , (2𝑛 + 1)

𝜋

2
,  n = 0, 1, 2 …. 

𝑐𝑜𝑠 𝜂𝑠𝑑 = 0     and  𝑠𝑖𝑛 𝜂𝑠𝑑 =  ±1 



Putting these in Eq. 10 will become, 

𝑈𝑧
𝑠(𝑥, 𝑧, 𝑡) =   𝐶1 𝑒

−0.5(
𝑡−𝑡𝑚

𝑡𝑜
)

2

𝑠𝑖𝑛(𝜔𝑡 − 𝜉𝑥)   Eq. 11 

The value of 𝐶1 acts as a scaling factor and can be used for the amplification a signal. 

Therefore, it can be ignored for wave pattern analyses if the signals are normalized with their 

peak values. Eq. 11 presents a symmetric wave pattern received at the sensor. In this 

equation, the travelling time required by the wave to reach the sensor from the actuator is 

dependent on the wave mode velocity.  The signal may experience amplitude loss and 

dispersion during propagation, which has been ignored because of the small distance between 

the two transducers. The sensor will respond once the wave reaches the sensor. The variable 𝑡 

is replaced by  𝑡 −  𝑥
𝐶𝑔

𝑆0⁄  to accommodate the effect of distance, where 𝑥 is the distance 

between the both transducers and 𝐶𝑔
𝑆0  is the 𝑆0 group velocity. 

Anti-symmetric mode 

Similar procedure is adopted for the antisymmetric mode, using following boundary 

condition, 

𝑈𝑧(𝑥, 𝑧, 𝑡)| 𝑧=𝑑 = 𝑈𝑧(𝑥, 𝑧, 𝑡)| 𝑧=−𝑑 

Putting this boundary condition in Eq. 10, 

( 𝐶1 𝑠𝑖𝑛 𝜂𝑑 + 𝐶2 𝑐𝑜𝑠 𝜂𝑑 ) 𝑒
−0.5(

𝑡−𝑡𝑚
𝑡𝑜

)
2

𝑠𝑖𝑛(𝜔𝑡 − 𝜉𝑥)

=  ( 𝐶1 𝑠𝑖𝑛 (−𝜂𝑑) + 𝐶2 𝑐𝑜𝑠 (−𝜂𝑑) ) 𝑒
−0.5(

𝑡−𝑡𝑚
𝑡𝑜

)
2

𝑠𝑖𝑛(𝜔𝑡 − 𝜉𝑥) 

This leads to 𝑠𝑖𝑛 𝜂𝑑 = 0. Then 𝜂𝐴𝑑 that is for the antisymmetric mode will be   

𝜂𝐴𝑑 = 0, 𝜋, 2𝜋, … , 𝑛𝜋,  n = 0, 1, 2 …. 



𝑠𝑖𝑛 𝜂𝐴𝑑 = 0                          and  𝑐𝑜𝑠 𝜂𝐴𝑑 =  ±1 

Substituting these values in Eq .10, 

𝑈𝑧
𝐴(𝑥, 𝑧, 𝑡) =  𝐶2 𝑒

−0.5(
𝑡−𝑡𝑚

𝑡𝑜
)

2

𝑠𝑖𝑛(𝜔𝑡 − 𝜉𝑥)   Eq. 12 

Again 𝐶2 is only a scaling factor. Similar to the Eq. 11, travelling time 𝑡 in the Eq. 12 is 

replaced by − 𝑥
𝐶𝑔

𝐴0⁄  , where 𝐶𝑔
𝐴0 is the 𝐴0 group wave velocity. 

Using Eq. 11 and Eq. 12, both modes are plotted separately, as shown in Figure 4, for two 

distances between the transducers: (a) 50 mm and (b) 100 mm. Both modes can be observed 

separating from each other due to the difference in their propagation speed. This also shows 

how both modes will be distinctively received at the sensor, which is not possible in 

experiments. Figure 5 shows the combined output waveform for various distances between 

the two transducers received at the sensor. In Figure 4(a), the distance is only 50 mm and the 

travelling time is not long enough for the complete separation of 𝑆0 and 𝐴0 modes. Therefore, 

fourth peak of 𝑆0 waveform is superimposed by the second peak of 𝐴0 waveform. This 

superimposed amplitude can be noticed in combined waveform (Figure 5(a)). In the case, 

when the distance between the transducers is 100 mm, these modes are well separated.  

 

  



3.2 Numerical Solution: 

COMSOL® Multiphysics software was used for a numerical solution of the described setup. 

A 2D model of the experimental setup was defined having a cross-section of both plate and 

transducers. The propagation of guided waves is axis-symmetric and can be easily 

represented by a 2D numerical model. All the dimensions were the same as defined above, 

except the transducers’ diameter because they are not in complete contact with the plate (see 

inset of Figure 1). The effective diameter of the imprint area of the transducers was taken to 

be 7 mm instead of 10 mm and hence compensation was assumed.  

In the software, the 2D-Piezoelectric Devices (PZD) domain was selected for the model.  

Material for the plate and the transducers was selected from the software library as 

‘aluminum alloy 6061 (UNS A96061)-[Solid,-T6]’ and ‘Lead Zirconate Titanate (PZT-5A)’, 

respectively. A very fine triangular element mesh was selected for the model. The maximum 

and the minimum element size was 15 mm and 0.02 mm, respectively. Values of maximum 

element growth rate, resolution of curvature and resolution of the narrow region were taken 

1.05, 0.15, and 1, respectively. The model had a mesh consisting of 2175 domain elements 

and 1621 boundary elements. 

The boundary conditions shown in Figure 6, were defined as follows. Edges ‘A’ were 

considered as zero charge boundaries. Edges ‘B’ were defined as grounded. The electric 

potential was applied on the top edge ‘C’ of the actuator. The meshing of the assembly was 

adopted in such a way that high density mesh regions were defined near the contact points 

between the both transducers and the plate to capture better resolution of the analysis, as 

shown in Figure 7. The dimension of the plate was much bigger than the transducers and 

thus, away from the contact points, low density mesh was adopted. This reduced overall 

number of mesh in the assembly model. A very fine triangular element mesh was selected for 



the model. The maximum and the minimum element size was 15 mm and 0.02 mm, 

respectively. Values of maximum element growth rate, resolution of curvature and resolution 

of the narrow region were taken 1.05, 0.15, and 1, respectively. The model had a mesh 

consisting of 2175 domain elements and 1621 boundary elements. Time dependent study 

with step size of 0.1 µs was selected with relative tolerance of 0.01. Simulation was 

continued until the sensor received one complete pulse emitted by the actuator. Figure 8 

shows the results obtained after post-processing.  

 

4. Experimental Results and Discussion: 

The experiments were performed for two distances between the transducers: 50 mm and 100 

mm. The received signals at the sensor obtained on the oscilloscope were similar as predicted 

by the analytical and the numerical analysis. For the comparison purpose, data obtained by 

analytical, numerical and experimental observations are shown together in Figure 9. No 

filtering was applied on the experimental data. The transducers were placed far away from 

the edges of the aluminum plate (> 50 cm) which ultimately delayed the reflected pulse from 

the edges by an adequate long time, avoiding interference with the first received pulse. The 

first reflection was expected to reach back to the sensor approximately at 170 µs. Signals 

received experimentally at the sensor had both 𝐴0 and 𝑆0 modes. 𝑆0 is non-dispersive, but 𝐴0 

is dispersive in nature. A careful observation revealed that once the slower and dispersive 

mode (𝐴0) reached the sensor, the signals slightly started deviating from the predicted 

pattern. It has been reported in the literature that the results obtained for different transducer 

pairs were quite similar for the S0 mode in both amplitude and frequency dependence, while 

the A0 results were significantly different [28]. The principle reason reported in that paper 

was a poor bonding with the plate. In the current study, the connection between the plate and 

the transducers was not ideal despite a rigid bond was created by using cyanoacrylate as a 



couplant. This deviation may also be explained by the behavior of the actuator. During 

experimentation, it was found that the actuator kept on vibrating at the smaller amplitude 

even after the input pulse was delivered as shown in Figure 10. This resulted in unwanted 

noise in the input signals, which was unfortunately unavoidable in the current set-up.   

 

5. Conclusion: 

Detection and behavior of the Gaussian-modulated guided wave pulse travelling in an 

aluminum plate is presented. Experiments were performed by applying Gaussian modulated 

sinusoidal pulse as an input signal on the actuator and the results were collected on the sensor 

through an oscilloscope. The analytical solution is also derived by solving the general wave 

equation for the symmetric and the anti-symmetric modes, which not only explained the 

formation and propagation of both fundamental modes but also their superposition and 

separation. Moreover, the analytical model is capable of producing separate formation of both 

the modes at the sensor. Numerical modelling of GWUT was done by using COMSOL® 

Multiphysic and boundary conditions were applied similar to the experimental setup. The 

results of the response of the Gaussian-modulated guided-wave in aluminum plate using 

analytical, numerical and experimental study show close agreement. The method can be 

extended for detecting defects in material.    
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Tables: 

Table 1 : Abbreviation of symbols used in derivation. 

Abbreviation Description 

AFG Arbitrary Function Generator  

Ao Primary Antisymmetric mode 

CAo Phase velocity of Ao mode 

Cg
Ao Group velocity of Ao mode 

Cg
So Group velocity of So mode 

CS Shear wave velocity 

CSo Phase velocity of So mode 

NDT Non-destructive testing 

PWAS Piezoelectric Wafer Active Sensor 

PZT Lead Zirconate Titanate 

So Primary Symmetric mode 

tm Mean of Gaussian function 

to Standard deviation of Gaussian function 

Uz Particle motion in z-axis 

ζ Wave number 

ω Angular velocity 

 

  



Figures: 

 

 

Figure 1: An illustration of the experimental setup. Inset showing the coupling of the 

transducer with the plate.  

 

 

Figure 2: A Gaussian-modulated sinusoidal excitation pulse with 200 kHz 5-counts Gaussian 

tone burst.  



 

Figure 3: The propagation of shear vertical wave. 

 

 

Figure 4: The symmetric and anti-symmetric mode of the guided wave received at the sensor 

calculated by the analytical solution at the distance between the actuator and sensor of (a) 50 

mm and (b) 100 mm. 

  



  

  

 

 

 

Figure 5: Guided-wave received at the sensor calculated by the analytical solution for the 

distances between the actuator and sensor of: (a) 25 mm, (b) 50 mm, (c) 75 mm, (d) 100 mm 

and (e) 125 mm. 

 



 

Figure 6: Boundary conditions set for the numerical analysis. 

  



 

 

Figure 7: Mesh model of the assembly showing high and low density mesh regions around 

and away from the both transducers.  

 

  



 

  

  

 

 

Figure 8: Guided-wave received at the sensor calculated by the numerical solution for the 

distances between the actuator and sensor of: (a) 25 mm, (b) 50 mm, (c) 75 mm, (d) 100 mm 

and (e) 125 mm. 

 



 

 

 

Figure 9: Comparison of the analytical, numerical and experimental results for the distances 

between the both transducers (a) 50mm and (b) 100 mm. 

  



 

Figure 10: Screen shot of the oscilloscope showing signals from the actuator (above) and 

received signals at the sensor (below). 
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