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Abstract Nonlinear effects in vibration responses are
investigated for the undamaged composite plate and
the composite plate with a delamination. The analy-
sis is focused on higher harmonic generation in vibra-
tion responses for various excitation amplitude lev-
els. This effect is investigated using the triple cor-
relation technique. The dynamics of composite plate
was modelled using two-dimensional finite elements
and the classical lamination theory. The doubled-node
approach was used to model delamination area. Mode
shapes and natural frequencieswere estimated based on
numerical models. Next, the delamination divergence
analysis was used to obtain relative displacements for
delaminated plies. Experimental modal analysis test
was carried out to verify the numerical models. The
two strongest vibration modes as well as two vibra-
tion modes with the smallest and largest motion level
of delaminated plies were selected for nonlinear vibra-
tion test. The Fisher criterion was employed to verify
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the effectiveness and confidence level of the proposed
technique. The results show that the method can be
used not only to reveal nonlinearities, but also to reli-
ably detect impact damage in composites. These results
are confirmed using the statistical analysis.
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1 Introduction

Compositematerials arewidely used inmany engineer-
ing applications due to their interesting properties such
as low weight, fatigue strength, resistance to corrosion
and design flexibility. It iswell known that performance
of composite structures can be significantly reduced
by manufacturing defects and service-induced dam-
age. The latter is often caused by low-velocity impacts
that can lead to sub-surface, hidden damage due to
layered structure of composites. This type of damage
can take various forms such as matrix cracks (occurs
parallel to the fibres due to compression, tension or
shear), fibre breakages (due to tension), bucking (due
to compression) or delamination (produced by inter-
laminar stress). Low-velocity impact damage modifies
structural parameters and has a knockdown effect on
the residual strength of composite structures. This is
one of the major reasons why monitoring for possible
structural damage is important in composites, as dis-
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cussed in [1]. Variousmethods have been developed for
damage detection in composite structures. Altogether,
these methods can be classified as passive and active
[2]. The former includes methods based on acoustic
emission [3,4], operational load monitoring [1,5] and
impact detection techniques [1,6–10]. The latter cov-
ers various methods based on vibration analysis [11–
14] and non-destructive techniques, such X-ray [15,
16], shearography [1,17], vibro-thermography [18,19],
ultrasonic and acousto-ultrasonic testing [20,21], and
guided ultrasonic waves [22–26]. Recent years have
brought research interest in various damage-related
nonlinear phenomena that can be observed in ultrasonic
responses and vibration characteristics. It is usually
anticipated that the sensitivity of nonlinear approaches
is much better than the equivalent linear techniques.

Nonlinear acoustics methods utilise higher, super
and sub-harmonic generation, frequency shifting, sig-
nal modulations, modulation transfer or hysteretic
behaviour. Recent examples in the field—related to
composite materials—include studies based on higher
harmonics generation [27–29], nonlinear Lamb waves
[30], nonlinear vibro-acoustic wave modulations [31–
36], non-classical, nonlinear modulation transfer [37],
analysis of fast/slow dynamics [38] and bispectral
analysis [39,40].

It is well known that in vibration analysis, changes
to natural frequencies, mode shapes, curvatures, flexi-
bility coefficients and input-output characteristics (e.g.
frequency response function, transfer function) can
be used to detect structural damage, as reviewed in
[11–14]. An excellent overview of vibration-based
methods—that also cover nonlinear approaches—can
be found in [41–43]. It is important to note that delam-
ination detection in composites—based on vibration
analysis—is a challenging task. This is mainly due to
the fact that delamination in composites has no parallel
to damage mechanisms in other materials [11,44]. In
addition, detection of small delaminations in composite
specimens is questionable, as discussed in [1]. Recent
examples related to compositematerials include studies
of nonlinear response characteristics [45], reciprocity
analysis [46,47], curvatures and mode shapes [48],
modal filtering [49], nonlinear time series [50], nonlin-
ear interactions [51] and higher-order spectra [40,52].
The latter is particularly attractive for the detection of
small quadratic nonlinearities.

The paper presents the application of the novel triple
correlation technique—based on the short-time Fourier

transform (STFT)—for damage detection in composite
structures. Monitored damaged structures are excited
modally using single-input harmonic excitation. Var-
ious vibration modes and different amplitude levels
of excitations are applied. The proposed higher-order
statistic is employed to correlate the fundamental har-
monicwith higher harmonics that result from structural
damage-related nonlinearities. The Fisher criterion is
used to establish the optimal excitation amplitude for
damage detection.

The paper starts with the theoretical background.
Section 2 illustrates simplemodels to explain nonlinear
behaviour of composite delaminated plates. The pro-
posed triple correlation coefficient is briefly described
in Sect. 3. The composite specimen used is described
in Sect. 4. Numerical simulations performed to select
vibration modes for the experimental nonlinear analy-
sis are presented in Sect. 5. This work involves modal
analysis and divergence analysis of delaminated plies.
The latter is used to establish vibration modes that
lead to dominant out-of-plane and in-plane motion of
delaminated plies. Section 6 describes the entire exper-
imental work undertaken. Intact and delaminated com-
posite plates are used to illustrate the performance
of the method. Damage detection results are pre-
sented in Sect. 7. Finally, the paper is concluded in
Sect. 8.

2 Nonlinear coupling in a composite delaminated
plates: theoretical background

Nonlinearity is a common feature in vibration char-
acteristic of nearly all engineering structures. Vibra-
tion/modal analysis often exhibits nonlinear symp-
toms due to material behaviour, boundary conditions,
measurement chain or structural damage. The latter
is of interest in the current investigations. The phys-
ical mechanism behind various types of nonlineari-
ties is manifold and includes global effects—such as
imperfection of atomic lattices (e.g. intrinsic or mate-
rial nonlinearity)—and/or local effects—such as con-
tact interaction between structural elements or struc-
tural damage.Material nonlinearity is a subject ofmany
investigations since the early 1960s. Various methods
have been developed to detect material imperfections
such as for example micro-cracks in materials. Local
nonlinearity can produce nonlinear effects in the form
of higher, sub- and super-harmonics, frequency mix-
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Fig. 1 Out-of-plane
excitation of
delamination—the
stress–strain characteristic
under tension and
compression

ing and shifting, modulation transfer, slow dynamics
effects or reverberation, as discussed in [53].

This paper investigates the classical effect of higher
harmonic generation under single harmonic excitation.
This effect can be explained using a simple model of
delaminationbasedon abilinear oscillator, as explained
in [54,55]. It is well known that delamination leads
to local stiffness reduction and modifies the stress–
strain characteristics. For the out-of-plane excitation,
stiffness is different under compression and tension, as
illustrated in Fig. 1. A simple lumped parameter model
can be used to analyse this effect. The relevant equation
of motion for the analysed delamination can be given
as{
mẍ + cẋ + αkx = F(t) for x ≥ 0
mẍ + cẋ + kx = F(t) for x < 0

(1)

wherem, c, k are mass, damping and stiffness parame-
ters, respectively, α is a stiffness ratio (0 ≤ α ≤ 1),
F(t) = Acos(ω t) is the external harmonic force, and
x(t) is displacement. The restoring force for the bilin-
ear oscillator—illustrated in Fig. 1—is thus given by

g(x) =
{

αkx → x ≥ 0
kx → x < 0

(2)

where g(x) is a piecewise linear continuous function
of displacement x . This piecewise linear continuous
function of displacement x is assumed to be continuous
and therefore can be approximated by a polynomial.
Then the entire model can be rewritten in the form

mẍ + cẋ + Kx = F(t) (3)

where

K (x) =
n∑

i=1

ci kx
i (4)

and ci k are polynomial coefficients, n is a polynomial
order and i = 1, . . ., n. The general form of Eq. (3)
takes the form

mẍ + cẋ + c1kx + c2kx
2 + c3kx

3

+ . . . + ci kx
i = F(t) (5)

In case of harmonic excitation

F (t) = A cosωt = A

2
e jωt + A

2
e− jωt (6)

the response of the system can be expressed as [56]

x (t) =
i∑

n=1

(
A

2

) ∑
p+q=n

nCq H
p,q
n (ω) e jωp,q t (7)

The term H p,q
n (ω) is the higher-order frequency

response function (FRF) and can be written in form

H p,q
n (ω) = Hn

⎛
⎜⎝ω . . . . . . , ω,︸ ︷︷ ︸

p times

−ω . . . . . . ,−ω︸ ︷︷ ︸
q times

⎞
⎟⎠
(8)

The response amplitude of the first three harmonics can
be expressed as [57]

X (ω) = AH1(ω) + 3A3

4
H3 (ω, ω,−ω) + � (9a)

X (2ω) = A2

2
H2 (ω, ω) + A2

2
H4 (ω, ω, ω,−ω) + �

(9b)

X (3ω) = A3

4
H3 (ω, ω, ω) + � (9c)

where Ω indicates the higher-order terms. The higher-
order FRFc can be estimated using Volterra series,
based on first-order FRFs [57]
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Fig. 2 Stress–strain
characteristics and wave
deformation for the
micro-slip mode (a, b) and
the stick and slip mode (c,
d)

H2(ω, ω) = −c2kH
2
1
(ω) ∗ H1 (2ω) (10)

H3(ω, ω, ω) = H3
1 (ω) ∗ H1 (3ω)

∗
⌊
2 (c2k)

2 H1 (2ω) − c3k
⌋

(11)

In the case of in-plane motion, a more complex
model can be assumed. Any mechanical connection
of delaminated plies is caused by friction forces. If
the amplitude of excitation is low, delaminated plies
are displaced in a micro-slip mode between neigh-
bouring rough areas. This displacement—independent
of motion direction—changes the stiffness characteris-
tics twice (symmetrical nonlinearity). In this case, only
odd harmonics are generated. When the amplitude of
excitation increases enough, the contact static friction
forces become broken. Then delaminated plies start
sliding in a stick and slip mode. This means that firstly
the asperities—coupled by adhesion force—deform
elastically and then plastically (slip). This causes a
cyclic change between static and kinematic friction
phases, which turn the strain–stress characteristic into
a hysteresis. As in the case of micro-slip mode, the
changes are independent of displacement direction and
change stiffness twice per one cycle of loading, causing
generation of only odd harmonics. Figure 2 illustrates
stress–strain characteristics for the micro-slip and the
stick and slip modes.

Simple models presented in this section are suffi-
cient to explain the process of higher harmonics gen-

eration. It is important to note that other models—such
are asymmetrical dynamic fracture [57], bifurcation
[58], discontinuities [59] or contact interaction [60]
models—can be also used to explain the physics
of investigated nonlinear phenomena. In practice,
dynamic behaviour of damaged delaminated plate is
much more complicated. A good example of mul-
tiple delamination dynamics—based on analytic
modelling—is given in [61].

3 Triple correlation coefficient based on the
short-time Fourier transform

The triple correlation (TC) was firstly investigated
in the early 1960s to examine non-Gaussian random
processes. The early applications of the technique
includes statistical examining of laser spectroscopy and
ocean waves [62,63], fatigue and condition [64,65]
monitoring. The triple correlation is somehow less pop-
ular than the standard (i.e. doubled) correlation and is
mainly used when multiple observations—embedded
in additive noise and corrupted by trends—are present
in analysed signals.

In general form, the auto-triple correlation can be
defined as

c (τ1, τ2) =
∫

x (t)x (t + τ1) x (t + τ2) dt (12)

where x(t) is a time domain signal and τ1 and τ2 are
time delay intervals. For zero values of τ1 and τ2, the
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triple correlation is proportional to the auto-correlation
function. It follows that the triple correlation contains
information on both, i.e. the amplitude and phase of
the signal. Therefore, original signals can be easily
reconstructed. In practical application, the time delay
intervals τ1 and τ2 are correlated with frequency val-
ues in the spectral domain. The Fourier transform of
the auto-triple correlation is the bispectrum that can be
defined as

B ( f1 + f2) = X∗ ( f1 + f2) X ( f1) ( f2) (13)

where X (·) is the Fourier transform of x(·) and “*”
indicates the complex conjugate. This function is often
used to search—through quadratic phase couplings—
for nonlinear interactions in signals.

The work presented in this paper relies on the triple
correlation coefficient that can be used for detection
and correlation of nonlinear components in analysed
signal segments [65,66]. The procedure can be sum-
marised as follows. The analysed signal is divided into
overlapping segments. For each of the segments, the
Fourier transform is computed. Then, the mean values
of the relevant transforms at the suspected frequencies
f1, f2 and f3 = f1 + f2 are obtained. Finally, the un-
normalised result, i.e. the triple covariance, is acquired
as [65]

tr i cov( f1, f2) = 1

M

∑
M

{
XM ( f1) − m[XM ( f1)]

}

×
{
XM ( f2) − m[XM ( f2)]

×{
XM ( f3)

} − m[XM ( f3) ]
}∗

(14)

where XM is the Fourier transform of the signal’s M-th
segment, f1 and f2 denote frequency values of com-
ponents for which the correlation is estimated, M is a
number of segments and f3 = f1 + f2. Normalisation
leads to the third-order statistics defined as

C( f1, f2) =
1
M

∑
M {XM ( f1) − m [XM ( f1)]} {XM ( f2) − m [XM ( f2)] {XM ( f3)} − m [XM ( f3)]}∗√

var [XM ( f1)] var [XM ( f2)] [XM ( f3)]
(15)

where m denotes the symbol of the mathematical
expectation. The variance var of the complex-value
quantity in Eq. (15) is defined as

var[XM ( f1)] = 1

M

∑
{XM ( f1) − m [XM ( f1)]}

− {XM ( f1) − m [XM ( f1)]}∗ (16)

One can prove—using the Schwartz inequality, i.e.

|E [z1z2z3]|2 ≤ E
⌊
|z1|2

⌋
E

⌊
|z2|2

⌋
E

⌊
|z3|2

⌋
(17)

where
z1 = XM ( f1) − m [XM ( f1)] , z2 = XM ( f2) −

m [XM ( f2)] , z3 = XM ( f3) − m [XM ( f3)] , that the
obtained statistics is bounded between 0 and 1, i.e.

0 ≤ C ( f1, f2) ≤ 1 (18)

This statistics offers a quantifiable correlation between
components of analysed signals.

4 Delaminated composite plate

The specimen used in the current investigations was a
150×300 mm carbon/epoxy (Seal HS160/REM) plate
with unidirectional prepreg layers, shown in Fig. 3a.
The stacking sequence of the laminate was [03/903]s.
The average laminate thicknesswas equal to 2mm. The
specimen was ultrasonically C-scanned prior to testing
to assess the quality of the laminate and to exclude
the presence of manufacturing defects. Impact tests
were conducted using an instrumented drop-weight
testing machine. The composite panel was simply sup-
ported by a steel plate having a rectangular opening
45mm×67.5mm in size (with the longer side along
the 0◦ direction) and impacted at the centre of the
opening. The impactor of the drop-weight machine
had a mass of 2.3kg and was equipped with a hemi-
spherical indenter of 12.5mm in diameter. The 3.9 J of
impact energy was obtained by varying the drop height
of the impactor. The absorbed energy was evaluated
by measuring (using an infrared sensor) velocities of
the impactor immediately before and after the impact;
the contact force was measured by means of a semi-
conductor strain-gage bridge bonded to the indenter.

The impact force characteristic is presented in Fig. 4.
Ultrasonic testing was used to characterise the nature
and extent of the internal damage. The C-scan result is
shown in Fig. 3b. The damage was observed between
the 90◦ and the 0◦ plies farthest from the impact side.
The area of damage was estimated as 326mm2 (0.7%
of the total area of the plate).
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Fig. 3 Composite plate
used in damage detection
tests: a general view; b
ultrasonic C-scan image of
centrally located
delaminated area

Fig. 4 Impact force characteristic

5 Numerical simulations

This section describes numerical simulations under-
taken to analyse the divergence of delamination and the
dynamics of the delaminated composite plate. Firstly,
the FE model of the delaminated composite plate
is briefly described. Then the divergence and modal
analyses performed are explained. Numerical simula-

tions were used to select vibration modes for the non-
linear vibration test described in Sect. 6.

5.1 Finite element model of the delaminated plate

Vibration/modal analysis of delaminated composite
plates—based on numerical simulations—has been
extensively studied in the past [67,68]. The dynamics
of thin laminated composites can be effectively mod-
elled using two-dimensional (2D) finite elements and
the classical lamination theory (CLT) [69]. However, it
is well known that modelling of internal delamination
requires three-dimensional (3D) finite elements. When
this approach is used, orthotropic material properties
are applied for representation of each individual lam-
ina. The linear stress–strain relation in the form of a
compliance matrix takes the f form

εi = Si jσi j (19)

where εi = [ε1, ε2, ε2, ε12, ε13, ε23]T is the vector of
strains, σi = [σ1, σ2, σ2, σ12, σ13, σ23]T is the vector
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Fig. 5 Finite element model of the analysed composite plate—a general view with overall dimensions (right) and the ply stacking
sequence together with the local coordinate systems (left)

of stresses, and the compliance matrix Si j takes the
form

Si j =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
E1

−υ21
E2

−υ31
E3

0 0 0
−υ12
E1

1
E2

−υ32
E3

0 0 0
−υ13
E1

−υ23
E2

1
E3

0 0 0

0 0 0 1
G12

0 0

0 0 0 0 1
G13

0

0 0 0 0 0 1
G23

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(20)

There are only 9 independent elastic constants, i.e.
E1, E2, E3,G12,G13,G23, υ12, υ13 and υ23, due to
the symmetry of the compliance matrix.

The delaminated composite plate—described in
Sect. 4—was modelled using MSC.Patran FE pre-
processor. The plate was discretised using 800000 3-
D linear hexahedral elements (Fig. 5). The desired
ply stacking sequence— [03/903]s—was reproduced
using four elements across the thickness of the plate,
so that each finite element represented three plies
with the same orientation, as shown in Fig. 5. Two
local coordinate systems were created: (x0, y0, z0) and
(x90, y90, z90) to account for different ply orientations.
The orthotropic material properties for the 0◦ and 90◦
plies were defined in these local coordinate systems.

The area of delamination was modelled using the
doubled-node approach. Two distinct nodes in the
same geometrical location at the delaminated inter-
face were used. One of these nodes belonged to an
element of the upper delamination face, and the other
node belonged to an element of the lower delamina-
tion face, as shown in Fig. 6. As a result, neighbouring
finite elements were disconnected in the desired area

Fig. 6 Delamination modelled in the finite element mesh of the
composite plate

between the 90◦ and the 0◦ plies that were located far-
thest from the impacted side. The model reproduced
the location and geometry of delamination described in
Sect. 4. This simplified damage model was sufficient
for the delamination divergence analysis. The entire
analysis involved the following material parameters:
the Young’s moduli: E1 = 93.7GPa, E2 = 7.45GPa,
E3 = 7.45 GPa; the shear moduli: G12 = 3.97 GPa,
G13 = 3.97GPa,G23 = 3.97GPa; the Poisson’s ratios:
ν12 = 0.261, ν13 = 0.261, ν23 = 0.261 and the den-
sity: ρ = 1.5 g/mm3.

5.2 Modal analysis

Modal analysis was applied to the composite plate
using numerical simulations. Natural frequencies and
mode shapes canbeobtained solving the free undamped
vibration problem. The equations of motion for the
composite plate can be formulated as
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Fig. 7 Delamination
motion scenarios in a
composite plate: a
out-of-plane motion; b
in-plane motion

[M] {ü} + [K ]{u} = 0 (21)

where [M] is the mass matrix, [K ] is the stiffness
matrix, {u} is the displacements vector, {ü} is the accel-
erations vector.

Equation (21) can be solved assuming the solution
of the form

{u} = {φ} sinωt (22)

where {φ} is an eigenvector andω is the circular natural
frequency of vibration. Substituting Eqs. (22) to (21)
yields

− ω2 [M] {φ} sinωt + [K ] {φ} sinωt = 0 (23)

This can be rewritten in a simplified form as(
[K ] − ω2 [M]

)
{φ} = 0 (24)

It is well known that the above set of equations can be
satisfied when: {φ} = 0 or when det

(
[K ] − ω2 [M]

)
{φ} = 0. The former is a trivial solution, represent-
ing the case when no motion occurs. The latter can
be investigated to find the solutions. The determinant
det([K ] − ω2[M]) becomes zero at a discrete set of
eigenvalues ω2

i that are accompanied by the corre-
sponding eigenvectors {φi }. Each pair of eigenvalue
and eigenvector represents a free undamped vibration
mode of the plate. The frequency of vibration fi equals
ωi/2π . The eigenvectors {φi} aremutually orthogonal,
meaning that vibration mode shapes described by the
eigenvectors are unique and cannot be described by
a linear combination of other mode shapes. The mode
shapes that are calculated are arbitrarily scaled, as there
is no forcing on the right-hand side of Eq. (21). The
work presented in this paper assumes the mass normal-
isation of eigenvectors, i.e. the eigenvectors fulfil the
formula

{ φi } [M] {φi } = 1 (25)

There are several techniques that can be applied for the
solution of an eigenproblem [70]. In the present study,
the Lanczos algorithm was applied, as it is proven to
accurately compute a discrete set of eigenvalues and
eigenvectors for medium and large size FE models. It

is also important to note that the algorithm used does
not miss any roots and offers very good numerical per-
formance [71].

The MSC.Nastran FE solver was used to perform
computations. The normal modes solution (SOL103)
was applied to find vibrationmode shapes of the delam-
inated composite plate in the frequency range from 0
to 1000Hz.

5.3 Delamination divergence analysis

Delamination divergence analysiswas performedusing
the mode shape results from modal analysis described
in Sect. 5.2. It is clear that when a delaminated com-
posite plate is excited, the dynamics of delamination is
quite complex, as explained in Sect. 2. However, there
are two extreme scenarioswith respect to themovement
of the delaminated plies. When out-of-plane motion is
mainly involved, two delaminated plies are either in
tension or in compression, as illustrated in Fig. 7. The
former leads to a clear gap between delaminated plies
(Fig. 7a). When in-plane motion is applied, two delam-
inated plies are in contact and sliding of delaminated
plies is possible (Fig. 7b). In practice, both motions are
combined together when the plate is vibrated.

The relativemotion of delaminated plieswas studied
in the divergence analysis. This analysis was focused
on all pairs of doubled nodes in the delaminated area.
The relative displacement amplitude was assessed to
analyse the movement of the disconnected nodes. The
movement in the direction normal to the plate (z coor-
dinate) was analysed for the out-of-plane motion
{
δφz

i

} =
∣∣∣{φ

z_top
i

}
−

{
φ
z_bottom
i

}∣∣∣ (26)

For the in-plane motion, x and y coordinates were
analysed

{
δφ

xy
i

} =
√({

φ
x_top
i

}
−

{
φ
x_bottom
i

})2+({
φ
y_top
i

}
−

{
φ
y_bottom
i

})2
(27)

Then the mean value of relative displacements for
the entire delaminated area was calculated to estab-
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Fig. 8 Delamination
divergence analysis for the
analysed vibration modes

lish which movement of delaminated plies (i.e. out-
of-plane leading to a gap or in-plane leading to a
frictional contact) is dominant for a given vibration
mode excitation. The delamination divergence analy-
sis was performed for all vibration modes involved.
The results—presented in Fig. 8—demonstrate how
different vibration modes contribute to different types
of delamination motions (i.e. combined out-of-plane
and in-plane motion). These results show that the first
and eighth vibration modes lead to the smallest and
largest motion of delaminated plies, respectively. The
fourth and sixth vibration modes produce the dominant
out-of-plane motion, whereas the remaining analysed
vibration modes exhibit the dominant in-plane motion.

6 Experimental vibration tests

This section describes the experimental work under-
taken for damagedetection. Firstly, experimentalmodal
analysis was performed. The results frommodal analy-
sis and the delamination divergence analysis—
described in Sect. 5.3—were used to select excitation
frequencies for the nonlinear vibration test. This test
was performed to reveal damage-related nonlinearities.

6.1 Experimental modal analysis

The composite plate was suspended using elastic cords
to minimise undesired effects from boundaries. White
noise excitation was used in the experimental modal
analysis. The excitation signal was generated using

a built-in signal generator of the in Polytec PSV-
400 laser vibrometer and amplified by an Electron-
ics PAHV 2000 high-voltage amplifier. The excitation
was introduced to the plate through a surface-bonded
NOLIAC CMAP04 stack actuator. A Polytec PSV-400
laser vibrometer was used for non-contact measure-
ment of vibration responses.

The frequency response functions (FRFs) and vibra-
tion mode shapes were estimated from the experimen-
tal input and output data using the Polytec PSV 8.8
software. The amplitude of the FRF—presented in
Fig. 9—displays a series of components correspond-
ing to frequencies of various vibration modes illus-
trated in Fig. 10. The modal assurance criteria (MAC)
coefficient was used to correlate these modes with
the results obtained from numerical simulations. The
results show that the fourth and fifth vibration modes
are the strongest vibration modes investigated.

The combined results of the experimental modal
analysis (Fig. 9a) and the simulated delamination diver-
gence analysis (Fig. 8) were used to select vibration
modes for excitation in the nonlinear vibration test
described in Sect. 6.2. The two strongest vibration
modes and the two vibration modes that lead to the
smallest and largest levels of motion of delaminated
plies were selected. These are:

• 1st vibration mode (79Hz)—produces very little or
virtually no movement of delaminated plies;

• 4th vibration mode (334Hz)—the strongest vibra-
tion mode with the dominant out-of-plane motion
of delaminated plies;
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Fig. 9 Experimental modal
analysis results—FRF
amplitude

Fig. 10 Mode shapes selected for nonlinear acoustic tests: a 1st mode —79Hz; b 4th mode—334Hz; c 5th mode—365Hz; d 8th
mode—736Hz

• 5th vibration mode (365Hz)—the second strongest
vibration with the dominant in-plane motion of
delaminated plies;

• 8th vibration mode (736Hz)—produces the largest
level of motion of delaminated plies.

The frequencies of the above selected vibration modes
were used in the nonlinear vibration test described in
Sect. 6.2.

6.2 Nonlinear vibration test

Once the frequencies of excitation were selected, the
nonlinear vibration test was performed for the intact
(i.e. undamaged) and damaged composite plates. The
plates were vibrated using single-point harmonic exci-
tation. The excitation frequency corresponded to the
selected frequencies of the selected vibration modes.
The test was performed for various levels of exci-
tation amplitude. The excitation signal was gener-
ated using a built-in signal generator of the Polytec
PSV-400 laser vibrometer amplified by an Electron-
ics PAHV 2000 high-voltage amplifier. The excitation
was introduced to the plate through a surface-bonded
NOLIAC CMAP04 stack actuator. Vibration responses
were acquired using a Polytec PSV-400 laser vibrom-

eter and data acquisition system. Measurements were
taken in 25 symmetrically and equally spaced locations
on the plates. Figure 11a shows the experimental set-
up used for damage detection. The measuring grid is
illustrated in Fig. 11b.

7 Impact damage detection results

This section presents experimental results form the
nonlinear vibration test. Figure 12 gives examples of
the response spectra for the undamaged and dam-
aged composite plates. These results—obtained for
the eighth vibration mode excitation —display higher
harmonics for both plates. However, the amplitude
level of odd harmonics for the damaged plate is much
larger than the amplitude of other harmonics. Since this
vibration mode is relatively weak (see Fig. 8) and the
excitation 30V amplitude used was relatively small,
the fundamental and higher harmonics—that can be
observed—are embedded in a significant background
noise. The spectra of the response signal contain many
additional components that are uncorrelated with the
excitation frequency. These additional components in
the spectrum can originate from many sources, e.g.
inadequacies in the measurement chain, resonance of
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Fig. 11 Experimental arrangements: a experimental set-up; b measuring grid

Fig. 12 Examples of response spectra for the eighth vibration mode excitation: a undamaged composite plate; b damaged composite
plate

excitation sources or influence of the boundary condi-
tions.

The mean value of triple correlation coefficient was
calculated for vibration response data from all measur-
ing locations. The 20 s time record of acquired signal
was divided into 1 s segments. The Hamming and rec-
tangular windowswere employed as internal and exter-
nal windows, respectively. To avoid possible leakage of
information, the 50% overlapping between segments
was used.

In order to verify the effectiveness and confidence
level of the proposed technique, the Fisher criterionwas
employed. This statistical measure gives information
about possible scatter between and within data classes

investigated (i.e. the undamaged and damaged condi-
tions investigated). The statistical analysis was based
on the mean and variance. The Fisher criterion can be
obtained as

Fc =
(
μdamaged − μundamaged

)2
σdamaged + σundamaged

(28)

where μdamaged and μundamaged are the mean data val-
ues for the damaged and undamaged plate, respec-
tively, and σdamaged and σundamaged are data variances
for the damaged and undamaged data, respectively. The
assumption is that the larger the value of the Fisher
criterion, the better the confidence level that the two
classes investigated are separated.
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Fig. 13 Triple correlation
coefficients and Fisher
criterion for damaged and
undamaged plates: a first
vibration mode; b fourth
vibration mode, c fifth
vibration mode and d eighth
mode. Left column a–d
presents the TC coefficient
values, and right e–h
presents the Fisher criterion
for successive vibration
modes

The results are presented in Fig. 13 for all investi-
gated vibration mode excitations. Here, the values of
the triple correlation coefficients and the Fisher crite-

rion are plotted for both, i.e. the undamaged and dam-
aged, composite plates. When the undamaged plate is
excited using the frequency of the first vibration mode
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(Fig. 12a, b), the values of triple correlation are very
close to 0 for all excitation amplitude levels.

The sameexcitationused for thedelaminatedplate—
that exhibits very little or virtually no relative move-
ment between delamination plies—leads to monotoni-
cally increasing values of the triple correlation for the
amplitude excitation levels above 40–50V. However,
the triple correlation values are always smaller than
0.2, and the corresponding Fisher criterion is relatively
small (always smaller than 12).

The excitation of the strongest fourth vibrationmode
(Fig. 13c, d) separates the triple correlation curves for
the undamaged and damaged composite plate quite
well. However, the relevant Fisher criterion coefficient
is always smaller than 7 for all amplitude excitation
levels, giving very little confidence in the results. Also,
the values of triple correlation for the undamaged and
damaged composite plate are always smaller than 0.1
and0.21, respectively, for all analysed excitation ampli-
tudes.

The excitation corresponding to the frequency of the
fifth vibrationmode (Fig. 13e, f) produces the best dam-
age detection results. The values of triple correlation for
the undamaged plate are always smaller than 0.07 for
all amplitude levels investigated. The triple correlation
increases from the initial value of 0.12 to the maximum
value of 0.63 for the excitation amplitude of 10 and
70V, respectively. Also, the triple correlation curves
for the undamaged and damaged composite plate are
always well separated, and the relevant values of the
Fisher criterion remain relatively large (i.e. larger than
20) when amplitude excitation levels are larger than
35 V. This gives good confidence level in the damage
detection results. The largest value 45 of the Fisher cri-
terion coefficient is reached for the excitation amplitude
equal to 70V. It is important to note that similarly to the
fourth mode, the fifth mode is one of the two strongest
vibration modes investigated. However, in contrast to
the fourth mode, the fifth mode is dominated by the
in-plane—rather than out-of-plane—motion of delam-
inated plies.

When the plates are excited using the frequency of
the weakest eighth vibration mode (Fig. 13g, h), dam-
age detection results are also very good. The triple
correlation curves are well separated for all ampli-
tude excitation levels investigated. The best results are
obtained when the plates are excited with amplitudes
larger than 60V. These excitation levels give triple cor-
relation values larger than 0.6 for the damaged plate.

The relevant values of the Fisher criterion are always
larger than 20 giving the maximum of 58 for the excita-
tion amplitude equal to 70V. It is important to recall that
this excitation produces the strongest in-plane motion
of delaminated planes. Interestingly, when the plate
is not damaged, the eighth vibration mode produces
the largest (monotonically increasing with excitation
amplitude) levels of triple correlation.

8 Conclusions

Nonlinear effects in vibration responses were studied
for the undamaged composite plate and the composite
plate with a delamination. These effects were inves-
tigated using the triple correlation. The analysis was
focused on higher harmonic generation in vibration
responses for three different scenarios associated with
the movement of delaminated plies, i.e. no motion,
out-of-plane and in-plane motions. Various excitation
amplitude levels were used in these investigations.

The results presented show that:

• The selection of excitation frequency is important
for the generation of higher harmonics that are asso-
ciated with delamination. The results show that the
strongest vibration mode does not need to lead to
the strongest nonlinear effect.

• Movement of delaminated plies enhances nonlin-
ear effects. This behaviour is particularly observed
when weaker vibration modes and smaller excita-
tion amplitudes are used.

• The most significant nonlinear effect has been
observed for the in-planemotion of the delaminated
plies. When delaminated plies produce the out-of-
plane motion (or very little motion at all), damage-
related nonlinearities are much weaker. This sug-
gests that the nonlinear mechanism of higher har-
monics generation due to damage is associatedwith
dissipation (friction and/or hysteresis) rather than
with elasticity.

• When the plate is delaminated, higher amplitude
levels of excitation produce stronger nonlinear
effects, as expected. However, when the in-plane
motion of delaminated plies is involved, even rel-
atively small amplitude excitation levels lead to
relatively strong nonlinearities. Interestingly, large
excitation amplitudes lead to nonlinear effects in
the undamaged composite plate as expected.
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• The strongest nonlinear effect for the undamaged
plate has been observed when the plate was excited
with the large amplitudes of the eighth vibra-
tion mode. This effect needs to be explained and
requires further investigations.

The advantage of the presented method—if compared
with the techniques described in the references—is the
simplicity and confidence in the presented results. A
simple vibration test—that involves a surface-bonded
piezoceramic element—can be used for experimen-
tal analysis. Statistics (the Fisher discriminant) can be
obtained to select the level of excitation. This is very
important since the majority of nonlinear methods do
not provide any guidance with respect to the excita-
tion. It is well known that all engineering system will
become eventually nonlinear when excited with large
forces. Then it is impossible to decide which amplitude
level to use for damage detection and whether the non-
linearity relates to damage or perhaps to material. The
proposed method avoids this problem. In addition, the
proposed damage index is normalised, so one gets the
idea about possible level of nonlinearity (damage).

In summary, the work presented shows that triple
correlation can be used effectively not only to reveal
nonlinear couplingbetween the fundamental andhigher
harmonics, but also to reliably detect relatively small
delaminations in impacted composite plates. The work
also demonstrates that when the triple correlation is
combinedwith the Fisher criterion analysis, themethod
can be used to establish the best (or optimal) para-
meters, i.e. frequencies and amplitudes levels of exci-
tation, leading to more confident damage detection
results. Finally, it is also clear that further researchmod-
elling and experimental work are required to confirm
all the above findings.
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