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SUMMARY 

The equations of the steady compressible two-dimensional laminar boundary 
layer with foreign gas injection through a porous wall are solved, using an 
extended form of Lighthill's approximate method, for arbitrary main stream 
pressure gradient, wall temperature and injection velocity. The wall shear 
stress and heat transfer rate are obtained in the form of equations suitable 
for iteration. 

It is shown that substantial reductions in skin friction and heat transfer rate 
can be obtained by the injection of a light gas instead of air. 
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1. Introduction 

Recent studies*  have suggested that injection of a gas into the boundary 
layer through a porous wall can be used to reduce the skin friction and the rate 
of heat transfer to the wall. The majority of the work on the laminar boundary 
layer with injection is theoretical and considers mainly the injection of air into 
air. The analyses are restricted severely by the assumption of particular stream-
wise and injection velocity distributions in obtaining solutions of the equations. 
Since it is difficult to maintain a laminar boundary layer there is very little 
experimental evidence but such as exists (Ref. 2) lends support to the theoretical 
results. 

Injection of a foreign gas into a two-dimensional laminar boundary layer has 
been considered by Smith(3), Eckert and Schneider(4) and Faulders(5). Each shows 
that injection of a light gas is much more effective than injection of air in reducing 
skin friction. Smith's solution does not give values of the wall shear stress 
explicitly but these can be found from the velocity profiles which are presented. 
Each solution is subject to some restrictive assumptions. Smith solves the 
boundary layer equations and the diffusion equation with the boundary conditions 
appropriate to the impermeable wall. The solution takes account of the foreign gas 
(the concentration of which is taken to be large at the wall) hut paradoxically considers 
the injection velocity to be zero. 

The solutions of Eckert and Schneider and of Faulders are restricted to the czkse 
of zero heat transfer and assume that the injection velocity varies inversely as xi. 
A further assumption in Faulder's treatment is that the viscosity of the binary 
mixture is independent of concentration and varies linearly with temperature. The 
Schmidt number is taken to be unity. 

The case of non-zero heat transfer is considered by Korobkin
(i6) in a study 

to determine which of the properties of the injected gas is of most importance in 
reducing skin friction and rate of heat transfer. Using the simple rigid sphere 
model for the molecular collision processes, the equations of motion are polved 
numerically for the case when the injection velocity varies inversely as x2. In the 
results presented two of the three properties of the mixture, molecular weight, 
molecular diameter, and specific heat at constant pressure are given the value.  for 
air and the third is varied taking the value corresponding to the calculated concentration. 
This solution (to an approximate physical problem) shows that variations of C have 

a negligible effect on skin friction. The greatest reduction in skin friction is to 
be expected when the injected gas has low molecular weight and large molecular 
diameter. These properties coupled with high specific heat per unit mass should 
give the greatest reduction in the rate of heat transfer. 

A more general formulation and solution of the problem of gas injection into 
a laminar boundary layr is possible using an approximate method originally 
developed by Lighthillt°)  for the incompressible layer and extended to the 

compressible layer by Lilley(7). Both these solutions are for the impermeable 
wall. Stevenson(8)  has used Lighthill's approach to solve approximately the 
equations of the incompressible laminar boundary layer with either suction or air 
injection through a porous wall. Arbitrary distributions of main stream velocity, 

A comprehensive bibliography is contained in Ref. 1. 
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wall temperature and normal velocity at the wall are included in the solution 
which is extended in the same paper to the compressible case. 

The present paper uses Lilleys simplified theory for a compressible 
laminar boundary layer as the starting point to consider foreign gas injection. 
Approximate solutions are obtained for the diffusion equation and the equations 
of the compressible laminar boundary layer with arbitrary external pressure 
gradient, wall temperature and injection velocity distributions. Expressions 
for the wall shear stress and heat transfer rate to the wall are obtained in the 
form of integral equations involving the concentration of the injected gas at the 
wall (which is obtained from a third integral equation). These integral equations 
are in a form suitable for numerical iteration. 

2. The Boundary Layer Equations appropriate to Injection 

It is assumed that both the injected and the mainstream gases are perfect 
and that chemical reactions are absent. Consequently we may consider the 
enthalpy h of the binary mixture to be related to the enthalpies of the two 
constituents by the equation 

h = (1 - c) h
e 

+ ch
i 
	 (I) 

where 	h
e 

is the enthalpy of the mainstream gas J C
P 

dT 
e 

 

hi  is the enthalpy of the injected gas 	C dT 
P

0 
 

c is the concentration of the injected gas expressed as a mass fraction and 

C 	and C are functions of T only. 
Pe 	Pi  

If suffix denotes local conditions outside the boundary layer, the equations 
governing the steady two-dimensional compressible boundary layer in the 
presence of a pressure gradient are 

(i) continuity 
a (

p 	
a , , 

uy + — 	= 0 
8x By (2) 

(ii) motion 
au 	8u 	dui = 8 (n 21) 

pu 
-4-  pV 	- p U — 

8x 8y 	1 1 dx 	8y '8y.  

Bp . o 
8y 

(3)  

(4)  

(iii) energy 

	

ah 	8h , 

	

pU 8x 	By 
pV — U p1 U1 

dui 	 a 	. u bq (5)  
dx 	=1.1( 

8
8y) - 	b y 

(iv) diffusion 
ac 	ac ac 	a I 0,4 ac) 

u ax + pv 
a—y = 

a 
 (p D12  87) = eY Sc 8Y 

(8) 

where the Schmidt number Sc is defined as pipDi a  
and D, i  is the binary diffusion coefficient for the mixture 
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4 in equation (5) is the normal component of the energy flux component. 
In terms of the diffusion velocities of the two species, 4 may be written in 
the form 

4 = pc vi  hi  + p(1 c)v h - k — 
e e 	

8T 
 By (7) 

where v
i and ve are the diffusion velocities of the injected and main stream 

gases respectively. 

in terms of the concentration and the concentration gradient the diffusion 
velocities may be written, if pressure and thermal diffusion effects are 
neglected, 

c c v
i 

= D
12 ay — 

8 c 
(1 - c)v

e 
= - .,..,

210y 	
,..,

12 ay - c) = 	— since Dot  III Dia  

T O Furthermore we may express — in terms of enthalpy and concentration gradients. 
8 From (1) 	 y 

8h 
= (1 - c)C —

8T 
 + c C —OT  h 

ac ,
I 

ac — 
By 	 Pe aY 	Pi 8y 	e ay 

+ n 
ay 

=p ay 
 + (h

i 
 - he) 

  ay ' 
 • 5p  = c C

Pi 
+ (1 - c)C

Pe 

3T 	p ah 	 ac 
k 	= — — (h. - h 

8y 	cr ay 	1 	e 	ay 

where the Prandtl number a = I-4(7p  
k 

Substituting these forms in (7) the normal energy flux can be written 

• - Oh p 	 8c 
q 	= + 	(Le - 1) (h 

e 
 - h.)8Y 

coy 	a  

or 	
4  _ ah 8c 

Oy 	8y 

where 	A = 1 — (Le - 1) (he 
	1  - h.) 

and 	 Le is the Lewis number p Ep  D a /lc 

The boundary conditions are 

(i) at the wall y = 0 , 	u = 0 

v = vw(x) 

c = c
w

(x) 

T = Tw
(x) 

where the suffix w denotes the wall value. 

or 

(8)  

(9)  
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(ii) at y= ot. u = u9(x) 

c = 0 

T = T1 (x) 

a
n
u8

n
T

n
c = 	- 

8 ya 	ay
n 	

8 y
n 

- 0 	n a 1 

(10) 

If we define the stagnation enthalpy hs  by 

h
s 

= h + u2/ 2  

it is possible to eliminate the pressure gradient in the energy equation by 
multiplying (3) by u and adding it to (5). The resulting equation for the 
stagnation enthalpy is 

ah
s 	

ahs 
	8a4 

p U 	 p v - -8—y— = 
8x 	 ay {-i4 	( -12,2 	- 8y 

or, on substituting for 4 from (8) 

	

ahs 	ah
s 	8 ( 

8h
s) [ 	 Et _ r  _ 	8 (112 	 A  8c ) 

pU 	pV 

	

Sx 	By 	8y 	-0--  8y - ay a' 	aY I ) 	aY (1.4- 8 Y 

The external flow is assumed to be isentropic so that 

a2 a
2 

o 
h 

y-12 	s 	7-1  
(12) 

where y is the constant ratio of the specific heats in the external flow. 

3. 	The Stewartson- Illinsworth transformation 

In the compressible flow the equation of continuity (2) can be satisfied by a 
stream function 	defined by 

Po 	= 8Y 	Pv -11w v  w(x) 
	

o 8x 
	 (13) 

where the suffix o denotes some constant reference condition and pw(x) is the 

density of the binary mixture at the wall. 

Following Stewartson(9) and Illingworth
(10)

, the x, y co-ordinates of the 
compressible flow field are transformed to X, Y co-ordinates related to x,y by 

X 	= 	
a1  (Z) p (x') 

ap 
	 dx' 

0 	o 

a (x) 
p(x,y) 

 dy
, 

a
o 	o 	Po 

(14) 



it follows that 

and 

a p 
o o 

V =  
at pi 

a p p 
0 0 W  

V 	 V 
w a, p1  po 	w 

a
o

u 	a a 
a, ax a 0 

1 y 

--P- dy 
o o 

(16) 

5 

The velocity components (U, V) in the X, Y plane are now related to those in 
the x, y plane. Thus 

1.t 9i  8X 8lp BY _ + 
po  ay 8X 8y 8Y ay a p BY o o 

and defining U as
8Y 

 we have 

a u 
U - aTz 
	 (15) 

Also 	 - 1 (pv - p
w  vw 

 ) 
Po  

and therefore 

8X +  pi 8Y 
8x 	BX 8x OY 8x 

	

a u 	a 
o 

f y  

atpt  

	
P( x, Ys)  dy

.) - — 	+ — 
a p BX 	a 8x ( a 

o o o po 

aoPo 
a

o
u 

8 ( a 

8X at pi po  
[pv 	p

w
v

w 
+ p

o 
—
a 8x a IY  P- dyi  

o o o 

If we define 
V - vw = - Elt ax 

Writing suffix o to denote stagnation conditions in the mainstream, equation 
(15) with u u, substituted into (12) yields 

U 2  

a2  = a
o  
2 / (

1 4 
2 

(17) 
2 

ao 

Using the transformation equations (14 - 16) the equation of motion (3) 
becomes 

U
9U 	au 	s U  au, + 0 

" BY = h 	1  8X 	P, si 

which can be simplified by putting 

S = 1 - hs/hst  

and 
	

C(X,Y) = P
oPM 

P  oljo 

( ALI  8U  1 (18) 
0 aY \poo  8Y 

(19)  

(20)  
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giving a 	aU U 	8U U 
8  
a—x 	v — = (1 - S) Ut F5 	

(
c +vo ay C  88Y

(21)  
BY 

Similarly transformed the diffusion equation (6) becomes 

U 	
+ V 
	= v  

8X 	BY 	o BY Sc EtY) 
Be 	8c 	S C ac 	 (22) 

The transformed equation for the stagnation enthalpy is (from 11) 

8S 
U + 

8X 
as 	8 

2 s 

[C 8
a BY 	

Ua 
V - 

8Y 	o 8Y 	
- S] +V

o BY cr 
a  [-C- (1 ) a 	1  

8Y  2h o 81 
)] 

[C A 8c 
vo 8Y h 	8Y 	

(23) 
si   

In equation 20 we can, by virtue of (4), replace pi  by p. For the case of 
air injection C can be written 

_ 
T

o
) 

if µ is taken to be proportional to TW . For foreign gas injection µand p are 
concentration dependent as well as temperature dependent, and thus no 
simplification of C is possible. 
The von Mises transformation 

( 	= 	( V - V w  )
x 

--a-- 	U 
1p 

Y/x 
 

(24) 

is now applied to transform from the "pseudo-incompressible" space co-ordinates 
(X, Y) to independent variables (X,0). 
Putting 	

z(x, 	= u:(x) - ua(x, 

the equations of motion (21), diffusion (22) and stagnation enthalpy (23) become 
respectively 

8Z 	8Z 	d Um 	( az 
V 	= s 	+ v u 	c  

8X 	w 	dX 	o 	\etp I 

8c+ V  8c 	8 (UC 8c 
— v 

8X 	w 	0 	Sc BO/ 

BS as 	[UC 8S +v 	[UC (1 
OX 

+ V
w 	= v o 	Q 80 	080 

8 	Us  a' 
-a) alp (—r 

2a h o Bs 

[UCA Be 
+ v — 

o 8ry  h 	Btp 
si 

(25)  

(26)  

(27)  
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Equation (27) can be written alternatively in the form 

as 8X + . V 3S _v -- 
0/  

a ( 
6 8  
uc as ) 	v o (7  - 1)  

w 80 	o 80 a  ( 	
8 tli

uct, s?) 
a2 1+ 1:- 

1 u
----- . --1 	

ao
) 

i 2 2 
o 

In these equations the Prandtl number a-, the Schmidt number Se, the Lewis 
number Le (in Li) and the parameter C are concentration dependent. 7 is the 
ratio of the specific heats of the mainstream gas and is a constant. 

4. 	An approximate solution of the transformed equation of motion  

The first term on the right hand side of the transformed equation of 
motion (25) can be written 

d U2  (X) 
S(X , 	 

dX 

and thus (25) becomes 

a 
8X 

(z, 
X 

f
S(z,0) d U2(z)). vo  

0 

	

( 8Z 	8Z 
U — C — - V  

30 	80 	w 80 
(29)  

Let us now consider the equation 

8G 	 8G 	BG C -8  7 ) - V X( ,0) = vo  
8X 	

( 	
w 80 

where 	 X 
G(X,zp) 	Z -I S(z,0) d U; (z) 

0 

If we replace S(z,0) by some suitably chosen average value S#(z) for small values 
of 0 and by zero for large values of 4 then equation (30) reduces approximately 
to (29) with 	

X 

G(X , = Z -./ 	d 1121(z) 
0 0"0  

and (31) aG 82G G(X,0),
80 	

-. 0 as 0 

One further simplification can be made to equation (30). We may expand 
8 	

alp
) so that (30) becomes 

G(x,o) + [vw(x) 	u 	r (x.0) = 

0 

a2c — 0) (32) 802 

v [7_, u, 
2 lao as 

2 	2 	

a (Ye ti  _ o] az 

ao 

(28) 

X 

S.  —
X 	(z,0) d U21 (z). 

(30)  
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8C Consider the term
0  U 	Reverting back to the original space CO -- 

ordinates (x, y) 

	

8C 	0 
a 

 0
p

B(  Po 	) 
v U 

o 	8r6 	at  p 	
aY  PiPoPo 

1 	a oPo 
8y  (PP) 

p p
0 	

atpl 

Now p and p are functions of temperature and concentration. Thus 

8 , 	 , 	, 	, 8c 

	

p—‘Pi 	• 	P) — — k p PI  8y 	8T 	8y 	8 c 	By 

c 
It is shown later (equation 75) that 8 — is small being directly proportional to 

ay 
the injection mass flow. From tables of properties of gas mixtures (Refs. 13, 14) 
it is seen that Bp is very small for small concentrations of injected gas and it can 

	

8 	 8T 
be inferred thata c —

8c 	 8T 	 B 
(pp) is not large. — (pp) is small and — , which is 

Y 
related to the heat transfer rate, is known to be reduced by air injection. It is 
assumed (and proved by the later analysis) that a greater reduction is obtained 
by light gas injection. The condition under which it is possible to ignore 

8C 
vo 	at  

U — can be assessed by considering the concentration profiles found by 
fr 

Eckert and Schneider
(4) 

for hydrogen injected into air at zero heat transfer in 
incompressible flow. In terms of the similarity parameter n = ly(Ui /v ox) 

we may write 

V - v 
U8C = 
	

Vw 	 8C 1 	
an 0 	azi, 

[ 

2 R 
w 

 

Plotting C against 77 for different wall concentrations of injected hydrogen 
(Fig. 1) it can be seen that 8C is not greater than 0.2. v U 8C can be 

8 n 	
0 -87 

neglected in comparison with Vw  when 

R 2  V 
X w 
U,1  

We may therefore approximate to C(X,#)) in (32) by its value at some value 
of 4. In other words we will assume that C is a function of X only, its value 
having to be determined later. The equation of motion (32) becomes 

83,. G(x,o) = v ou C(X) 
82G

(X,p) -  Vw(X) 
8G 

 (X, zfr) 	(33) 
BO" 

with the boundary conditions X 

(i) at the wall, tfr= 0, 	G(X,O) = U,(X) -J  ?(z) d U: (z) 

» 0.1 



(ii) at 0 = 	 G(X,)) = 0 

(iii) as X 4 0 	GOC 4,) 4'  

(iv) near the wall 	 X 
h'' (z) 

G(X , 0) = 	(0+) - U2 (X, 0) + d i.e (z) 
h (z) 

o si 
h*  

where "the intermediate enthalpy" h: is given by 	= 1 - 
sl 

Provided complete velocity profiles are not required we may use the 
approximation to the velocity distribution near the wall used by Fage and 
Falkner(11)  and by Lighthill‘6)  namely 

U 
	r w(X)Y I 2

w
(X) 	1 	

(34) 
o o 

With this substitution the equation of motion (33) becomes 

8G 	j 2120 
8X = 

0 

with the boundary conditions 

(1) as 0 	, G 	0 

(ii) as X 4 	, G 4 0 

	

2G 	 G 
Tw(X) C 2  (X) ip

8 

	

2- 	V w 
	

O 
(X) — 	(35) 

8  

(iii) as 4, -• 0(36) 
X h*  (z) 	 2 r w(X) 

3/2  
G = U:(0) + 	 d 	(z) 	 + 0(0 ) 

si /..(o 
0 

8G For small values of injection velocity, -6T- can be approximated by its value at 

the wall and we may regard it as a function of X only. Thus the second term on 
the right hand side of equation 35 is taken as a function of X only. 

Putting Vw(X) = 0 in (35) gives the equation for the impermeable wall 

8G 	21jo 	2 	
a 

80 8X 	 T  w(x) C (X) 4,2 86  
- 	

—a 
 0 

or, if 

X 
21.1 

t = f 2 oo T 
w

(X) Ca (X) dX, 
0 	0 

Ot 
G(top) r- 4 2 	(t, 0) 

1  82G 	
( 

with the boundary conditions at the wall 

-9 
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X h* (z) 
G 	(X) = 1111(0) + 	

h 	d Ua,,W 
0 	Si 

8G 
2r (X)  

= 	(X) - 
DO 	a 	 iA

o 

Following Lighthill and using the Laplace transform method, in which 

-pt 
P(p,tp) = 	e - F(t,4))dt, the solution of this equation is 

5  
r 	I_1(q) 	+ (i 	0.1  r(T) Ii(q) 	(39) 

where 12  and I 2  are modified Bessel Functions 
§ 	"5-  

and 	q = 4p 2p4 
3 

The solution of the complete equation of motion (35) for injected flow can be 
obtained from (39) by the method of variation of parameters. 

Let the solution of (35) be 

G=P(ty)G,+Pa (0)G2  

where 	 = 0 2 1 2 (q) 
"5.  

Ix(q) 
3 

The equations for 11 and P2  are then 

dP 	- a2  P, 0-2  

C: '2 "- di  di, 

and 
dp 	G F 

3  

C141 	G2  - 

where, from (35) and (34) 

( 	

P
: p _V w  (X) 	r (X) a G 	 _ F; (X) = Vw(X \87) 2'2 	rw  (X) Ca(X)) 	C(X) a 0 4) 	o  

(41) 

and the prime' denotes partial differentiation with respect to 0. 

It can readily be shown that 

G; G, - 	a: 3 	2'r _ 
sin — 

3 

(38) 

1 2 	1 
G = (9 p2 )3 

2 

(40) 



and thus 
2v  

	

2ir 	f ) 	I2 (q) 
• 3 sin —

3 	 3 

0 

3 
P2 	=+ 	

2 2
ir f F I z(q) do  

3sin T 	o 	
3 

 

giving the operational form of the solution of the equation of motion in the 
form 

4 

a 	
i 

(P,O) - 	
277- 	

0 2  I 2(q) i P3  I. a(q) chp 

	

3s in— 2ir 	-5 	o 	3 
3 

277-  

3sin 27r 
3 

2  I22 P(q) 	, I 2(q) d4, 
- 5 0 

(41) 

4- A4, 2  1 2(q) + B4,2  I2 (q) 
3 

where A and B must be determined from the boundary conditions. 

In the limit as ip 0, and comparing with (38), equation (41) gives 

▪ = A(1 p+) 1/ r(i) 

Differentiating (41) and taking the limit as zp 0 

1 
P2 = B 	p 2 )3 / r(-) 

Hence (41) becomes 

27r 11;  
3 

3 sin- 
27r 
3 

L 12(q) f I2(q) d4,12(q)I 2 (q) dtp] 

(42) 
1 2 

p 2 ) 3 r(*) F tp 2  I 2(q) 	(I p2 ) 3  r(I) F2  0,2  ▪  12(q) 
-s 

Since G 	0 as 	, the coefficients of I2 (q) & 2 (q) must be equal in 
3 	-3 

magnitude and opposite in sign yielding 

27rP 

3sin 71 
j°K 3 	I 2 (q) - 	2(q)) Ett dq dq 

3 

1 2 	
2 

P 2 ) 3  r (1) F; + (s p )-1 r (..1) i = 0 

(43) 

2 . 2sr 3 1 -- r 
 qi 1(2(q) dq 

Now l
[12 (q) - I 2(q)] dq dq = - — sin T. (4) p3 

3 	--s 	dq 	7r  
0 	 2 # 0  

= -r(1) sin - .35- p -Y. ;-r.-  (13 )4  

K2(q) is a modified Bessel function of the third kind. 
3 

(44) 
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Using (44), (43) becomes 
F 	_413 	r () + 3  

= - (s ) 
P  

Taking the inverse transforms of (45) we have 

	

h*(z) 	 X  
s 

U2 	
2 	2 

,(0+) + 	
h 	 p 

d Ui(z) 	_ i V w  (z) rw 
 (z)dz 

	

o si 	 o 0 

(45) 

 

2.3 3  

 

J
o 

X 3 
r‘v  (Xi ){! T w2  (z) C(z)dz] dX 

 	(46) 
r (i)( pol.4 0)3  

Equation (46) is an integral equation for the wall shear stress in terms of the 
external flow conditions, and the intermediate enthalpy distribution. 

5. 	An alternative solution for the equation of motion  
X 

8G 
If we put 1-1(X,O) = G(X,O) +! Vw(X) 	dX 

in equation (35), the equation of motion becomes 

8H 	
2p

o 	 2 	1  82H 

	

= 	- r w(X) C (X) 02 —83 	 802 0 

with boundary conditions 

(1) as 4, 	H y 0 

(ii) as X40 	H-0 

(iii) as 	0 

X h* (z)  
X V (z)r (z) 	2r 

H 	Ui
2 
 (0+) + 	 d Ui

2 
 (z) - 2 	

w

µo 

w 	

P 

	

dz 	zfr + 0(A 
Sio 	 o 

H, (X) + 1-12 (X)0 • 

8G  
In defining H(X,10) it is assumed that 

8 
 is given its wall value and is thus a 

tp 

function of X only. 

Using the operational techniques of the previous section, (47) becomes 

1 
p =

2 
8sH 
802  

which has the solution 

	

p2 )3 	r (I) -5  A) H, + 	pT) 3  1,b 2  r (1) I9 (q) Fla 3  

O 

(47) 
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and since H  4 0 as 04 co the coefficients of the Bessel functions must be 
equal in magnitude and opposite in sign. 
Thus 

= I  3 r 
- (3 p)_

4, 
 H2 

Taking the inverse transforms we obtain 

	

ual (0+) +f 

▪  * 	 X 
h (z) 	 Vw

(z) r
w

(z) 
d 	(z) - 2J 	 dz 

	

h 	 F o s 	 lo  

XX 

f

C(X1) r w3/2 (Xi)[f rw2  ▪  (z) C(z)dz 

which is identical with equation (46). 

6. 	The wall shear stress 

We now transform equation (46) for the wall shear stress into its compressible 
form by using relations stemming from the Stewartson-Illingworth transformation (14) 

3y-1   
2(y-1) 

dX z 
where m (x) = 1 + 2-7-

2  1 
 Ma (x) 

TIT  
3y -1 

P p  v w w 
Di  (X) = a

o
M(x) 	; V

w
(X) = 	

2(y-1) 	
(49) 

0 

where Cw(x) 

Consistent with the previous approximations we put Cw  = C. 

Equation (46) becomes 

2y-1 
x 	(z) • p wvw 	(z)7-

w 
	— 

a
2 
 [4(0)  + 

 f 
	 d M2, (z) 	

2 	
ma y-1  dz 

o s /A  A 0 	C(z) i 	 0  

	

3/ 	3y-2 	x 
) 	 r3-w(z) C3(z) 

dz 2.3' 	 r- w 	2(y-1)[ f 	  

m
y/2(y-1) 	

dx 
r (;)(u 	)1  o o 	o C 2(xd 	 x  

(50) 

We define a wall shear stress parameter tw(x) by 

t
w

(x) = r
vv

(x) (x 
I P  Pu 

3 )1  
a a a 

 

and an injection parameter fw(x) by 

1 
f
w
(x) = nix 	 = p v 

I Palaaua )
2 	in 

w w 

2.33   

NIX popo)1  

(48) 

dX1  

T (X) 	
2y-1 

 
Tw(X) = W 
	y-1 

Cw(x) 

(51)  

(52)  



2y-1 

1V) (o) 
	 + 

flo 

h(z)  
S  d (  i  

M2(z) 	
x 

) - 2 f 
fw(z)  t (z) m Y-1  dz 

w (  

	

Ma 	
hsi 

	

a 	 M
2 

o Ca 
n

a
) 

	

a 	3y -2 

2.3 -  
1 fx t '2 

(x 
' 	m 

w 1  

2(y-1) 	x  
C:(z)t

4 vv 

 T(z) m 
+ 	

y/2(y-1) ii 3 / 

7.171i 
o 

fiCi(X ) -- 
ma 	

x
1 z

- 
- -- 

	

i a i 	
nil 	

dz 	dx 

Substituting in (50) we obtain 
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where the suffix a refers to an arbitrary reference condition in the external 
stream and rn.(x) is the mass flow of injected gas per unit area. 

Furthermore 2 
P 

a
ilaaa 	T a o  

p µ a 	 T 
O 	 o a 

2y--1 
m y 

a
-1 

(53) 

and 
3 3 

[p 1.1 a 

	

a a a 	 3(y-1) 
(1.4 aT o  ) p 	 / m  o o o 	o

T 
 a 	a  

(54) 

(55) 

where 
Pa P 

Ca  = 	 nn(x) = 1 + 	Ma (x) 
Pi Pa1-1a 	

a 
	

2 	a 

T
a  

If we put C
a 

equal to its wall value for air injection, i.e. 	
T 	

, equation (55) 
a w 

is identical-with Stevenson's equation B.6 (Ref, 8). For the impermeable wall 
f
w 	0 in which case (55) becomes the same as Lille?s equation 30 (Ref. 7). 

Equation (55) can be simplified by approximating to the value of the inner 
integral in the second term on the right hand side by writing 

f F(z)dz 	(x xi ) F(x) 
XI  

The equation for tw(z) becomes 

2 y-1 

	

id(o) 	x 11S 
	 + 

f 

o 	

(z) d 
(M21(: 	

2
) 	i 

o  

x  fw(z)  tw(z) i m(z) Y-1  dz 
- a 	h 

	

M
a 	

si 	LI 	 z Ca(z) 	m
a 

 
a 	 i 	5y -3  

1  x ‘/ 

	

2.37 - tw
3 
 (xi) 	cm i(z)ima)3(  Y-1) 

r(t) 	3. 4(x - xi)i ' 	
dz 

a Cs (z) 

(56) 

An alternative form of the wall shear stress equation can be obtained by 
writing (45) as 
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- r() 	4  — 
(i 1)

13 	r(i) 24/3  -1  p 3  F, 
5;) 

or equation (48) as 

1  4/3 	ri 
= 	 p2) 	 1..214 E  

r('t) 

Taking the inverse transforms of either equation, Are obtain 

—1--  t 2  f

x

( 	C(Z) r 2(Z) dZ) -1  
W 

, ( Peo) 3 	1 	 1 

3 3  .I"(1) 	o 

X 	 x 	 k 

k
1 	 1 

•r w  r (X ) V (X )(.1 
A 	 4 	yr 4 	C(z)  r  2 (z) tiZ• 	3  

W 
0 

0 	 X 
I 

T
w

(X) d[u:(x,) 
h*  (z) 

f 	s   
h 	

d U2(z)] 
o 

J  
si 

dX1  

(57) 

Reverting to the compressible flow co-ordinates (x, y) using the relations (49) 
and introducing the shear stress and injection parameters defined in (51) and 
(52), equation 57 becomes 

	

2Y-4- 	x 	x 

	

Y-1 	 2 
3 

C (X) 	r11 	[ 2 	 C-2-1(Z) t 21 (Z) 	M  
a ( 

t (x) = 	
a ) 	 a 	w 	a 

w 	
o( x 	 dz 

z
i 
	Via} 

3 3  r 	m  s 

d  

	

j
1  h*(z) 	

m(z) 	 y-1 f 
[M2(x) 	

x 	
t (x ) 	m 
w 	 w

(x ) 
d 

2) 
o 

C
a
(x

I
) 	l

a M
a 	

o 	 \ M
a 

C2(z) t o  (1) 	( in  142(Y-1) 	--1 
a w 

dz 

	

z4 	 1 

(58)  

or, again approximating to the inner integrals, we have an expression for 
the wall shear stress which lends itself to an iterative evaluation. 

y 

x C (x) 	
x 	 1/6 

Em (x)1 Y-1 	 x 	m bc ) Yi3(Y-1) 
....L 	..i. 

	

a 	a 
tw(x) - 1  	11 Ca3(xi ) tw3(xi ) —1---2- (---  ) m (x) 

3 3  r  (0 	1 	 o 	 (x - x )' 	In
a / 
7y-3  

[
M(X ) 	I h*(z) 	M2(z) 

x 
t 3  (X ) 	f (x

i) 	
3(y-1) 

	

d
hs 	d i la 	_f w 	w _.t. 	dx 

	

M
a 	

o 	 M
a  I 
	o C  a3(xl  ) x

I 
 (x-x 

I
) 3  ( ma)  

(59)  

If conditions in the free stream are known together with the knowledge of the 
injection mass flow and intermediate enthalpy, equation (59) can be solved only 
when C is known. This requires a solution to the diffusion equation, for with 
the  concentration of foreign gas determined, it is then possible to calculate the 
values of density and viscosity at the wall and from these to obtain Ca . 
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7. An approximate solution of the diffusion equation  

Again taking a value of C and Schmidt number independent of 4, , the 
diffusion equation (26) becomes 

3c + 	Be 	C(X) 8 u era c v ex 	w1,20 	
o Sc 	 80 

The velocity near the wall has previously (eqn, 34) been taken as 

1- w(X) 
U = 	 

o 

leading to the diffusion equation in the form 

	

3c 	C(X) 	 a 	2 8c 	 Bc 
0 se ,/ 2 T w(X)120 	 =- V (X) - (60) 

	

ax 	 w eip 

for which the boundary conditions are 

(i) as ;b 	c- 0 

(ii) as X 4  0, 	C 4  0 

ip 	0, 	
2 mo  

(iii) as c = cw(X) cqX)( coo  

where c'(X) = Y DI 
ac 

i.e. at the wall. 
Y=0 

 

X 

If 	t = I 	,j2r 
Scp 

o 	
w(z) 
 o 

dz, (60) becomes 

a 
at 	

(° ae 

80) 
c(t,o) 	 4r22  F

4  (t) 
(61) 

V (X) e(X) pc). Sc 
where F4  (X) - 

2 r 
	

(X) C(X) 	
(62) 

w  

In the notation of the Laplace transform 

PF 
a (,fil 

• 841 
4) 

1 -2 
 Pp) 	 (63) 

The solution of 

at- (ih  
PE.  Vr  app) 

is given by Lighthill as 

4 -1 I 
c 	=a zpi  1 1 (q) 	b ▪  Il(q) ; q 	p tb 

where a and b are constants to be found from the boundary conditions. Using 
Lighthill's solution for the homogeneous equation we can solve (63) by the method 
of variation of parameters. 
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Let the solution of (63) be 

1:13 ( ) 	+ P4 (0 72 

where F = 04  I i (q) 
3 

1 
//) 4  I 1(q) 

P3  and P4  are derived from the equations 

4,  -1 p (p)  
= 	2  

— e 	— — 
C C2 — C1 C2 

Ci rp 	F4  (p) 

— 	I 
e

t 
C2 —  Ci C2 

where the prime denotes partial differentiation with respect to O 

Now 	 T` 	-6" 
1 2 	t 2 

Thus, from (65), 

1 
2 = — sin7/3 

27 

0 _I _ 
P3  . 

2ir  
n

O 4  F4(p) I1(q) do I 
3 sin — 

3 o 

21r- 	1 
P = 

3 sin —
.Tr 1

.. 
Ifi 4  F(p) I i (q) d 

4 	 4 
3 o 	

_3 
 

and the solution of (63) is 

2 	 27i;  (p) 

F(P.0) _ 4  I A) j 	
4 	

4,-4  I1 (q) dip 	ip4  11(g) 	
2D-Tr(p) 	1 

4 	
2P

-41 	
1 (q) dry 

0 	3 sin IL 	5 	 3 	0 3sin —
3 3 

1 
+ A rp`' 1 1(q) + B 04  I1(q) 	 (67) 

where A1  and B have to be determined from boundary conditions. 

The boundary condition as 4  0 can be written in the transform notation as 
1 

E (p,4) = 5(p) + 20 Pie  (p) 

where F (X) = cW(X) 
5 

pin  
F (X) 

6 	= c 4 (x)   2c(x) 

d P 
3 

d ry 

d P 
4 

c141 

(64)  

(65)  

(66)  

(68) 
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From (67) and (68) in the limit as tp 

A 

 

= 7(13,0) = 	(p) 

 

• ik 2 HI) P (01  

1/6  3  p (7) 
(69) 

—c (p, zp) = 6(p) 

Furthermore as tp» 00, c » 0 and hence the coefficients of I 1(q) and IS(q) 
3 

must be equal in magnitude and opposite in sign, i.e. 

	

2/11/1  (14 	1 
A + B + 	4 	p -2  AIi(q) - I_1(q)) dq = 0 I 	I 	w 	 I 	3 3 sin — 

	

3 	o 

Now 
	

f
c°(Ii(q) 	I_1(q)) dq 	r (1) r()  sin w/3 

and therefore 

Al  + B1  = 	F.(p) 	r(1) 

or using (69) 
1 	_2 _ 	• 1 	 1  

Fs  (p) = (1)5  r (I) p 3  F4  (p) - (f) Fu r(1)  r P
... 

 3  F6  (p) (70) 

Taking the inverse transforms of (70) gives an equation for the wall concentration 
of foreign gas 

r(1) 

Cw (X) 

Now 

0 P 0 	r(')
)V w (X1 ) c'(X1) 	f

X 

33 	rd) 0 	1 
w 1) 

 
2 

1 	( p 	i-X  c'(X1) C(X1)( i
x 

_.z  o 
i 	Sc 	

c(  ) 1 
2 	 -3 

Tv/2  (Z) dz ) ciX * - r(f) 370 0 	 '1)( 
Sc 

i 
3y - 1 

c'(X) = 8c 	8c 	c•(x) pop 	2(y-1) cly. 	 I  
rni 8Y8y dY 	P p Y=0 	 w o 

Sc' .(z) dz 
SC W 

dX 

(71) 

and, using the transformations (49) from (X, Y) to (x, y) co-ordinates, equation 
(71) becomes 

1 	x 

	

( t10 P0)3  r(i) 	f rh c Ix ) 	Cr i 	y/2(y-1) C2(x ) P 
c

w
(x) = 

	

--r—  • FM Jo 	A p nai 	__i__ 
3 	 Po 	w 0 

	

2 	3 	

r vIv (xi ) 

x 1  1 	 1 	 1 x 
(f 	C2(z)rw2 (z) dz ) -3  

	

1 	
I.4

0 	f cis) P P 
dxi R7  7.- 

o Se p 
o

p
t  c'(xi) \ x

l Se my/2(y-1) I  
o w o , 

( f z )yl-,,y2  2( 	1 ) - 3 

) 
 \ 

dX 1  
X Sc, 1 	1 

(72) 
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It is now necessary to determine another equation for the concentration 
gradient c'(x). The diffusion equation (6) can be written 

ax 
(Aue) 	

ay 	$ypVC) = 	 ac 
a 

se ay) 

which at the wall becomes 

P V C 
W W W 

8c 
Sc ay )y,..0 

= P
i 
Vi  (73) 

for the injected species, and 

p 
w 

v 
w 

(1 c 
w 

) 	
Sc ey 

1-)-(1 c)) 	0 	 (74) 
y=0 

for the stream gas. 

Adding (73) and (74) shows that 

in . 
w

v
w 
	p v , 

i.e. the mass flow normal to the wall at the wall in the boundary layer is 
equal to the mass flow through the Avail. 

Subtracting gives 
Sc 

c'(x) =(8c) 	- 	(c (x) - 1) 
BY y=0 	Pw 

Eliminating c'(x) in (72) and introducing the wall shear stress and injection 
parameters t

w 
and f

w 
defined by (51) and (52) the equation for the wall 

concentration is 
2 y/2(y-1) 

1 	f 

X „ 	
1.1 cv,,(x1g 	Sc 	(m, 

w( x) = 3 3 1'(s) o xi 1T 	 t (x ) 	C a2 (xi ) 	a 
w 

1 

	

x 	
(z 	(z) ( f 	C2c) 	t w 
	( rn 

M

ay2(y-1) -3 1 fx 
fw 

i 

	

X 	

(x ) 
1 

dz) (ixi + —1------- 
3-ir(t) 0 x 

Sc T~ \ 

	

i 	
z 

7, 	
1 

	 I 
1 , 	 i 	y/2(y-1)

) 	
\ -1 

[1 	cw(x1)11

X 

Ca(z) 
	t 2(z) 
. w 	( 

m 
1.1a 

---"T— • 	 dz) dx 
x Sc 	 1 I 1 

	 (76) 

and, approximating to the interior integrals, 	 2 y  
3(y-1) 

	

4 ) 	w 1 	w i 
x 

f 2 (X ) E _ c (.)] 	Sct/3 	(.(x)) 1 r(  cw(x) = -• 	 dx 
5) 

33 	
r(1"-- 	z 	1 	 m 

0 X 1 3 (X - X$ 
) 3 t3

2 
(X ) 	C-3. (x+ ) 	a 

	

w 1 	a  

	

x ., 	....„___. 
1 f 	

f (x )E1 - c (x 51 
w 	i 	w 1 	Sc 3 	

( M (X) \ 3(y -1) 
i  + 	 dxi 1 	2 1 • "T- 

3 3 r(1) o x3 (x - x )3 t 3(x ) 	c(x ) 	ma 
) 

1 	1 	w I 	a t   (77) 

(75) 
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which with equation (59) makes possible the iterative process to determine 
the wall shear stress. 

8. An approximate solution of the stagnation enthalpy equation  

Considering the function C, the Lewis number and Prandtl number to be 
dependent on X only, being obtained from the intermediate enthalpy, the 
equation for the stagnation enthalpy (28) is 

8S
u4, 

v
o

C 	
a 	aS 	8S 	

v 
o
( y - 1)C 

a5‹ - 73-  K-p (u  57)1- vw b = 
1 	2 	2  

1  + y.-_*. a ) 4,  \ alP/ 
( 	9-) 

1 + 	--2- 
2 

with the boundary conditions 

(i) at 4) = 	S(X,.) = 0 

(ii) as X 0 , 	S » 0 
es(X) o- 

(iii) 4) .0, 	S 	1 
p▪  9-up  aw(X)jpici rvi(X) 

	

1-▪  7 	 4-  • • • • 
si 	si 

(79) 

where the rate of heat transfer from the wall to the boundary layer is, in the 
X, Y co-ordinates, 

k 
w 8Y 

Y=0 

The right hand side of equation 78 can be written 

v 
0

C 
[ 8 (tus8c _ 

a 

	

( 1 - 	a 
84) 	34) 	 o- si 	 2a 2

0  

( U 	 (80) 

since 
aa 

h 
1 

- 
si y- 

2 ) ( 1 + 
2 a2  

c 
Consider UA

a  — near the wall. U has been assumed (eqn. 34) to be 

( 2 w(X) tp )2 
 and A has been defined in equation (8) as 

Led 1 = 	. 
(he 

 - h.) 

which can be rewritten in the form 

ao 

0 	

C(1 -d)[  (Y 1) U-12  I2a20 la u  az 

a us  Y-1 U, 	
84) 

(78) 
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_ 1 (Le - 1a2i(X)  
S 	Z 

cv 	" 2 a2  

where, near the wall, the concentration of injected gas is given by equation (60) 

2 p 
0 	 3 

C = C (X) + CI(X) 7750 	
2 

+ 0( 12) 

and S is given in equation (79) 

  

[h 
2(x) crQw(x)„ a2  rw  

h
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+ 	 — 
SI 	s 	
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T 

0 w 	a2 Po 
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( 2 
rw(X) 

rp; 
0 

8 (log c) 

Expanding log c as a power series, 
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2po  
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c r ) pw  Nj 7 	C r 	si s 
w 	w 	 Po w 	w 	w 	 2a2  

0 

and thus 
1 
2 	r 	 2 

2rw
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4.6 	

6

Le - 1  Po \ 	°- 
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 Qw 	 a 
+ 2 (

c
-* 
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— )2(hsi  hs 

2a 
1.11 - 	) 0 -  + 
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w w 

0 
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Also 	
a  (u 	 T  \µw}/=84) o  

Substituting from (81) and (82) into (80), the right hand side of (78) becomes, 
near the wall, 

	

2r
w 

oC 	C 

c

iaes w + 	
2 

[Le 	1 ( Mo 
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cr 	

) ;A  2(L-) si 
8 
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— 1— u: 
h
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W W 	\ wi 	 2a

2 

o 

aa 
1 -a 	rw 

3/2] 

+ —r— 
2 

2 	 ) Cr) 	

2  ▪  + 0(1) 

2ao 

and the stagnation enthalpy equation can be written, using (79) 

(81)  

(82)  

(83)  
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+ 
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—a—.  - (-13---  .' i -c(TC)) (hs - h* 

	
2 

h 	 1 	s --
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p

w  T5/2 	
2 
   (84) 

The last term in (84) is put zero by Lilley for the impermeable wall on the 
assumption that the recovery enthalpy is independent of the wall temperature 
distribution. 

Taking the approximate form for U given by equation (34) and putting 

X 
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P
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the approximate stagnation enthalpy equation (84) is 
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which, in the notation of the Laplace transform, becomes 
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where F (t) = 	Vw,(t) 

This equation is similar to the transformed diffusion equation (63) and its solution 
is, similarly, 
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where A and B have to be determined from the boundary conditions. 
a 	2 

Now, as 0 y 0, 
h*(X) 

S 	1 	 F (X) 
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and thus, from (88) 
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Furthermore as 0 c, S p  0 and hence §(p, co) 0. This implies that the 
coefficients of I ,(q) and 11(q) in (88) must be equal in magnitude but opposite 
in sign. 

i.e. 	 A2  + B2 	p -2  r(o)r(i) 

or using (89) and (90) 

P9(p) = (1)1  r(t)p-4  P,(p) - 	3 p3 r°)  P( ) 	(91) 

Taking the inverse transforms of (91) we obtain an integral equation for the 
rate of heat transfer in the X, Y co-ordinates 
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Therefore, substituting for V (X) in (92) from (85) and reverting to the 
wi 

compressible flow co-ordinates (x, y) using equations (49) and (93), the equation 
for the heat transfer rate from the wall to the flow is 
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We now put Q(x) in a modified form sw(x) defined by 
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and introduce the non-dimensional wall shear stress and injection parameters 
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Thus the heat transfer rate can be obtained by an iterative process from the 
given external flow conditions once the wall shear stress and wall concentration 
of injected gas are known. 

9. Numerical solutions for the wall shear stress and heat transfer rate 

The wall shear stress and the heat transfer rate must now be found from 
equations (58) and (98) with (77) using an iterative process. Stevenson(8)  was 
able to obtain, for air injection, relations between f 

w 
 , t

w 
 and Nusselt number 

in precise form when it is assumed that the free stream speed, the wall shear 
stress and the wall temperature vary as some power of x. This is possible 
since the viscosity in the boundary layer can be related to the temperature only. 
In the analysis presented in this paper such a treatment is not possible since 
the density and viscosity of the boundary layer are dependent also upon the 
concentration of the injected gas. 

To assess the accuracy of the method the value of t
w 

has been calculated 

for hydrogen injected into an incompressible layer with zero heat transfer and 
zero pressure gradient. The injection velocity is assumed to be proportional 

to x-2  and C
a 
 is given its value at the wall since, in the absence of complete 

concentration profiles, it is not possible to obtain its value elsewhere. The 
relation of t /t 	to f

w 
 is compared in Fig. 2 with the result due to Eckert 

w  41Y°  
and Schneider' . It is seen that the difference between these results is 
approximately the same as that bietAeen the exact results for air injection 
found by Donoughe and Livingood‘12/ and the approximate results obtained 

by Stevenson(8). The agreement between the two solutions for hydrogen 
injection can be improved if the value of C is increased by some 40% above 
its wall value. Values oft

w 
calculated on 

a 
 this basis are given in curve 3 

of Fig. 2. Even closer agreement would be possible if the percentage increase 
of C

a 
was changed with increase of the, injection parameter. Using the curves 

p 1.41 	obtained from the concentration profiles of Ref. 4 it is seen that the 

required 40% increase in Ca  is obtained when n = 0.8 approximately. 

For helium injected into the laminar boundary layer on a cooled wall at 
M = 6, the results of the present paper are compared in Fig. 3 with those of 

Korobkin
(16) 

obtained by considering the variation of the molecular weight of 
the mixture. Since Korobkin's results are approximate it is not possible to 
assess, in this case, the error of the method at M =6 or to estimate the 
alteration necessary to the value of Ca. 

The process of iteration is started by substituting in the concentration 
equation (77) the value oftw  for air injection corresponding to the chosen 
value of f and the external flow conditions. Such substitution gives an 
integral ofwthe form 

x
m-1 

 (1 - x)
n-1 

 dx 
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heat transfer rate to be obtained at supersonic 
t he ratio tw ft

wo 
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and for the cooled wail, T
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= T (Fig. 5). For 

transfer rates Q__wR:4wo  is shown in Fig. 6. In each case the pressure gradient 

is zero. The corresponding exact results for air injection due to Lew and Fanucci
(15) 

and Stevenson's approximate results are shown for comparison. 

reduction in skin friction and 
speeds with foreign gas injection, 
with zero heat transfer (Fig. 4) 

the cooled wall the ratio of heat 
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which is the Beta function, the value of which is immediately obtainable 
from tables of the gamma function. The resulting value of the wall concentration 
is then used to determine the first approximation for wall values of density and 
viscosity by methods given by Hirschfelder et al(13). These density and viscosity 
values are substituted in equation (59) to give a second approximation to tw  and 

in (98) to obtain a second approximation to the heat transfer rate. The higher 
order approximations are obtained similarly. It was found that five iterations 
gave an accuracy of convergence of better than five per cent. In Fig. 2 the 
values of t

w 
for helium injection are also given. In this calculation the values 

of viscosity, Prandtl number and thermal conductivity were obtained from tables 
recently calculated by Eckert, Ibele and Irvine(14). 

10. Conclusions 

The equations for foreign gas injection into a compressible steady laminar 
boundary layer have been solved approximately for arbitrary pressure gradient 
and arbitrary distributions of wall temperature and injection velocity. 

It is shown that substantial reductions in skin friction and heat transfer rate 
can be obtained by injection of a light gas instead of air. 
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