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SUMMARY  

The increment in lift due to wing . 

body interference at supersonic speeds is 

calculated approximately for an untapered 

wing, without sweepback. 
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1.1 Introduction  

To estimate the increment in wing lift due 
to the presence of a body, it has been assumed that 
the body is represented by a cone travelling, vertex 
foremost, with its axis at tn.cidenceli. 	The velocity 
field due to the cone may then be considered to be 
generated by an equivalent doublet distribution, along 
the axis of the cone, for which the induced velocity 
is determinable. 	In particular, the upwash velocity 
is evaluated along the mid-chord line of the wing, to 
which Ackeret's theory is applied for the estimation 
of the increment in wing lift due to body interference. 

some calculations are given to show that 
the use of Ackeret's theory is, for all practical 
purposes, permissible. 

While it is believed that the calculations 
contained in this report represent an acceptable 
approximation, further investigation of the subject 
is desirable. 

1.2 Notation  

()_ air density 

V - free stream velocity 

M - Mach number 

Mach angle 

C - semi-vertical angle of cone 

- 1 

,est 	(cote )/(-6 

b - wing span, tip to tip 

- wing chord 

distance of wing leading edge aft of vertex 
of cone. 

distance of wing trailing edge aft of vertex 
of cone. 

- distance of mid-chocd line aft of vertex of 

- (3b/2c' 
	 cone. 

L - lift increment due to wing-body interference 

ACL increment in lift coefficient, based on gross wing area, due to wing-body interference 

--,-ALAr 2
be 

- 

increment in lift coefficient, based on net 
wing area (or area of wing overhang) 
within the iviach cone of the body, due to 
wing-body interference 

=AL/TV2 (b 2c'tane)c /X 

c 
1 

c
2 

- 
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1.2 ilotation  (contd.) 

x - chordwise co-ordinate (measured from 
vertex of cone against the direction 
of flow) 

y spanwise co-ordinate (measured from 
centre line of cone and positive to 
starboard) 

z - normal co-ordinate (measured from centre 
line of cone perpendicular to xy-plane 
and positive downwards) 

C4 - wing incidence (in radians) 

- incidence of cone centre line (in radians) 

Vi - induced velocity potential due to wing 

9/2 - induced velocity potential due to body

- w
c 

downwash velocity induced by body 

A p - pressure increment induced by body 

r, 8 - cylindrical co-ordinates 

2. Analysis  

lt has been shown by 2sien (ref.l, (34.4) -Gnat 
for a cone travelling at supersonic speed the induced 
velocity potential may be expressed in the form 

v = _ cloos e 
2 

f(-x -(1r. cosh u) 

1 	
cosh u du, 

cosh- (-x/(1r) 

where 4771 and (x, r, 8) are cylindrical co-ordinates 
referred to the vertex and axis of the cone (fig.l). 

According to Tsien the appropriate function 
is given by 

f(-x -clr. cosh u) = K( -x -Or. cosh u), 

	

where K is a constant. 	Hence, intebratingp as in 
ref .l, eq. 4a, 

= 	6 cos 	- 	 - 1 - 	cosh 
2 	

(7,,x 
5/ 

	
2 ri5 r N_-. 

2 / x 
-1 . 

k er i' - H) '' i 

The conventional rectangular cartesian 
co-ordinates for an aircraft (figs.l, 2) are related to 
the above cylindrical co-ordinates by the equations 

y = r. sin 8, 	z = r. cos 8 . 

/Hence . 	 



Hence the downwash velocity, w due to the above 
doublet distribution, at a po t in the x-y plane 
(z = 0) is 

Since this downwash velocity, in the x-y plane, due to the 
cone is constant along a line x/y = constant, the 
chordwise average of downwash velocity is approximately 
equal to its value at mid-chord. 	It will now be assumed 
that the lift distribution along a specified chord can be 
estimated by Ackeret's formula, independently of conditions 
elsewhere along the span ('strip theory method'). 	In 
addition it will be assumed that the incidence is in fact 
constant along any given chord, and is given by its actual 
value at mid-chord where 

x = - i(c
1 

 c2 ) = 	e 

Thus the increment in wing lift 6IJ resulting from the 
induced upwash, - w c , of the body will, at supersonic 
speed, be given by 

d(AL)  _ 422.  (- we ), 	  ( 2 ) 
ay 

where c is the wing chord. The validity of this 
approximation is discussed in the appendix. 

Since the interference of the body will only 
exist in its ► after-cone , '  which is of semi-vertical 
angle 

ti-= sin
-1 

(1/1) = cot
-1(3 

and has its vertex and, approximately, its axis coinciding 
with those of the cone, it is necessary to consider two 
cases when evaluating the increment in wing lift: namely 
(i) when the wing extdhds beyond the Mach cone of the body 
and (ii) when the wing tips lie within this Mach cone. 
Then, for a rectangular wing of span b and body cone of 
semi-vertical angle e , the lift increment is 

,c' /(3 

L =  	 (-we  )dy 	 (3a) 
(3 Jotani 

when the wing extends beyond the Mach cone of the body,.and 

/ AL 	 
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jrb/2 
4 (0 Vc 

L = 	L 	 (- wc ) dy 	....... (3h) 
citane 

when the wing tips lie within the Mach cone of the body. 

Indefinite integration of equations (3a) and 
(3b) along the lifting line at x = - c' yields, after 
substituting from equation (1) and writing u = ?y/cl 4: 1, 

4 Vc 

C3 	, 
('% .1 .„-.  

2eVKcc I 	4 

j : 

i 	

u. 

 
-2 - 1 - cosh-1  

ill  - u2-  
= - 2 :%111(cc. 11 -- + u cosh-1 (1 

u 	 t 2  sin
- l
u 

u. 

t. constant. 

(- wc )dy 

(4) 

Now the value of 
by the boundary condition at 
where the velocity component 
is V sinlf so that 

1A 

where ! = ( cotE V?. 

Define (3b/20 1  = 

K is given (ref.1, eq.5b) 
the surface of the cone 
along the negative z--direction 

2 V sin "Iir 

X -1 cosh 1  

After substituting from equations (4) - (7) 
in equations (3a) 	(3b) it is found, on rearrangement, 
that the increment ' CI, in lift coefficient based on 
gross wing area (= bc) may be written 

A CL  = 	
A L

2  e v bc 

sin • 
2 sin (1/,

,?4 
 ) ) - fii  

TS7=------h71 S)-14 cos 

.(8a) 

for a wing extending beyond the Mach cone of the body, 

/or. .. 



or 

AG 
L 

sinip  4 1 + 2 sin-1 (1/S) -')(1/20 2  - 1 - -Xcosh-1 (1/X) 2sin-1 X1 
(I N 	 S S. 2  - 1 cosh 	  (8W) 

when the wing tips lie within the Mach cone of the body. 

The gross wing area employed in evaluating A 01,  includes 
the wing centre section, passing through the body, which does not 
contribute to the lift and upon which there is no body interference. 
It may therefore le preferable in interpreting the results to base 
the increment Ao 	in lift coefficient on the net wing area within 
the Mach cone of 	the body, i.e., area of wing overhang within 
the Mach cone of the body, 	be - 2cItane.c); and this method 
has been adopted in presenting the results (figs.3 4). 	The 
increment in lift coefficientdC is in general 

LiC' L  
2 (b - 2citne)c 

Therefore 

sin 	 4 	1 	2 sin-
1
(1/y 	(9a) 

- 1/s 	 S - I t  cosh--LI 

for a wing extending beyond the Mach cone of the body, and 

■ 

sin 4 	(1 .  

 

 

2 sin-1  (1/3; )-4 (1/ i\,)  2- 1 - cosh-1  (1/)h) - 2 sin=....L1 

shr 2 	cosh is 	 (9b) 

when the wing tips lie within the Mach cone of the body: 	The 
previous result, equation (9a), may or course be deduced from this 
last result b7 substituting A. = 1 within the curly brackets in 
equation (9b), 

There is in each of the above cases an increment in wing 
drag associated with the increment in wing  lift due to body 
interference ,13 .1ch is of mount 

C 	= L t.; -1 44 E.-.
L - 0c 	 

where 01‘ .... wine, incidence (in radians). 



3. Limiting Value of AC L
} 
	for Wings of Small Overhang 

When the wing overhang, b/2 - c'tanE, becomes 
small, tending to zery, it is necessary to calculate the 
limiting value of 4C. 	In this extreme case, the downwash 
velocity, w,, due to the body is constant along the wing 
overhang and equal to its value at the surface of the cone 
where 

X = - ci t 	y = citan E 9 z = 0 

and thus, from ,equations (1) and (5)0 

Kc3 
2 

- cosh-is 
- 

2 

= V sin 
f 	

- 1 - cosh 2 	 -1 

_ 1.or  cosh 

• 

Under these conditions b/2 - c'tanE--70 so that, 
from equation (3b), 

e  
A L -~-74 Vc (- wc ) 

b
(:- - c' tan 41:1) 

2 

from which it follows that 

2 	-1 

6C 1  --Hp 	

 
in 	

g 4 • 	
/1 -1 - cosh y 

l3 ' 	-1-t cosh 

This formulagives the maximum value of ° L . (3/sin -11,  for 
any given s' (= 1/X, under limiting conditions) and is 
plotted as the upper boundary in figure 3. 

Further il0 c 	sin /( asymptotically as 
010 . 	 ' is the abs lute maximum increment 

in Lift coefficient act for any givea wing-body combination 
with a. slender body at ncidence 	and and Mach number 

M  r.-7777  

4. Results  

The interference experienced by a wing attached 
to a slender body is due to the upwash generated by the body 
in its 'after-cone' causing the wing to operate at an 
increased effective incidence. The resulting increment 
in lift is proportional to stalk whilst being a function 
of the Mach number, the cone angle, the position and span 
of the wing as shown in equations (8a) and (8b). 

In general, for a given wing position, c', and 
span, 2b, the increment in lift coefficientaWL , decreases 
with the angle of the cone, 2e (figs. 3 - 4) although 
this apparently does not apply to relatively thick bodies 
( 	3) with wings almost spanning the Mach cone of the 
bo y (i.e., for which A 1--; 1). 	Neglecting this region, 
1 ( y< 3 	a ,d ' 0.7 < 	( 1, in which the 

/approximations... 
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al):proximations are doubtful, it is seen (fig.3) that there 
is least interference, withaO!  /Sin 1,  -----. . 0.3, •  
for a slender bony witn a win g  at least spanning, the 
Mach cone of the body. 	On the other hand, maximum 
interference, with AOL . 0)/sinit = 4, ' - 4 is to be 

expected for a slender body with extremely small 
overhang. 

If these results are to be used for bodies of 
shape other than conical, but approximately so, cot 6 
should be taken to be the ratio of the mean radius of a 
characteristic section of the body to its distance aft 
of the nose of the body. 	The mean radius may, for 
example, be taken to be yr779r, where A is the area 
of the cross-section considered. 
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Ai -4?2hDIX 

Comparison of the 2resent Metnoa with Exact 	(Linearisea) Theory  

It will now be shown that for linear spanwise 
distribution of upwash velocity the lift increment calculated 
by the method adopted in this report is identical with that 
obtained by exact (linearised) theory. 	There is limited 
agreement between the two methods for velocity distributions 
approximating to that given by equation (1). 

In general the induced velocity potential 97/
1 

at 
the point P = (x, y) on the wing is 

dxo dy ri  
( x  _ x0 )2 _ c12 	Ey  _ yo  ) 2 

A 

where the source strength per unit area, or- = w0/ ii is 
evaluated from the downwa,h velocity wc  and integration 
extends over the area A (fig.5) of the 'fore-cone' of the 
point P (refs. 2 and 3). 

1). Linear spanwise veloe.ty distribution 

If it is assumed that 

w
e 	P 	q 

then 

0 

rtx 

dx o  
1 	-17 

 

+- q 

  

    

 

0) 2 +. z2] 

where 	")? 1 
	Y 	(x - x0 ) /c 

and 	7? 2 
= y - (x xo  )41 

2 2 	2 
?4, ) 	Ci ( Y 	Yo )  

PYo 	q  sin -1  

   

dx 

1 

= 	(PY t q)  (x4 ci )1(3. 	 /Now... 	 
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Now by the linearised Eernoulli equation the pressure 
increment at the point (x, y) is 

221 	v(Py 	ci) 
x 

the resulting lift increment over a rectangular area 
bounded by x =.-

1, 
x 	-c.,

' 
 = y

1 , 
and y = y2 -is then 

L = 

-c 
2 	2 A 

L)p. dx. dy Y 16  -Cl 
	1 

el - o 
2 2e, 	

i- cl. 
2  

Y  

= -  	dx 	(PY 	)dY 

1 -.e
l 	

Y
1  

2pVc 
= 

( 	(Y2 - 
P ( Y1 	Y2 )  

2 	
q 

	

since c 	c = c = wing chord. 
2 	1 

Alternativel ,r the lift increment evaluated by 
Ackeret's theory yields an identical result with the present 
velocity distribution since patting, as in equation (2), 

d (AL) 	2 eVc 	we)  

dy 	(3 

and integrating over the lifting line equivalent to the above 
rectangle gives in the present case 

Y2 

	

Ar 	= 
2eVc I: 

(.3
(py+. q)dy 

Y1 
2 e 

Vc( Y 	P (Y t Y2) 

Another way of deriving this results is 
as follsr 

since the flow of a compressible fluid past a 
body of revolution produces small perturbations for which 
the induced velocity potential V satisfies the linearised 
equation of motion 

2 

	

c:1 2 -b  2V 	Zi 2si 	2V 	0,
-    

 (10 ) 

	

-"a x2 	') 72 	z2 
/It 	 

2 2 



it follows that if V = f(x, z) is a solution of equation 
(10) then so is 	= y.f(x, z). 

We conclude that if V is the induced velocity 
potential corresponding to a certain incidence distribution 
which is independent of y, g(x) say, then 9/1  is the 
induced velocity potential corresponding to an incidence 
distribution w' = y.g(x). 	It follows that in order to 
find the lift distribution corresponding to w' = y.g(x), 
we can in fact calculate the precise lift distribution 
corresponding to w = g(x), by Ackeret's theory, and 
multiply the result by y. 

2). Inverse square variation of spanwise velocity 
distribution 

We may express the spanwise velocity distribution 
relevant to the present problem and given equation (1) in 
the approximate form 

P 

- 	2 - we  = 
y

o 

Q , (see fig.6). 

Usine, this expression, it can be shown that 

P 	x 4. c1 
--r. - - ' 	1 	 -  - ( x i.  0  ) 9' 1 	 1 

Y 
 -71

2 	2 (3 

Y - (x4 el )  

2(3  2y  

(" el )2 3/2  

which, on integrating over the same rectangular area as 
previously (see case 1), yields an increment in lift 	 

LI, = .2-122.- 	
P 

(- - y ) kJ 2 	1 	
(3 	-1( 

c (Y2 - Y1
) 	

c ji :( c 
	 sin. 	rv--- 	is  

Ci Yi 	V*4  2 

 - I. (-- + Q 
c 	

? _ 
c ) 

Y2 \I 	• G Yi • i 
which is such that for small values of c/3 y and c/iy 

1 	 2 

A L —) Y2 ‘Y  - -1 	t Q 
Y1 

Y2 

Ahis 

p = -eV [ 	 

2 
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This limiting value is identical with thaL 
obtained by the ap i)roxima -6e theory given in the body 
of this report which, with -che present velocity 
distribution, predicts a lift increment 

2 	Vc 
6 L = 	 

(71  

2 e  V c 
	 (y 	Y ) 

cl 	2 	1. 1  Y1 



FIQURE .1. 

FtcuRe .2. 



N 0 in 0 ❑ 000 
-7 	q.1 	LD hp 

o 6 	bob:- 

U) w 
oC, 9 

c‘t 
ca. 

z z 
w I= 

it a 

Z tu 
cr a z w 

5 

k 

d 
z 
.0  zu 

ty  0 
z 



i.0 

08 

c•6 

1 
I 
10.4- 
i 
1 

3•2 

a 
a 	 0•2 o4 i•o 13•6 

FIG .4. 

CURVES OF CONSTANT ❑ cL. 0 boe;.0  
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FIG. C . 

SPANWISE VARIATION OF UPWAS1-1 VELOCITY 
INDUCED AT WINO MID - CHORD BY THE BODY: 
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