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Abstract

Problems that have more than one objective function are of great importance in engineering
sciences and many other disciplines. This class of problems are known as multi-objective
optimisation problems (or multicriteria). The difficulty here lies in the conflict between the
various objective functions. Due to this conflict, one cannot find a single ideal solution which
simultaneously satisfies all the objectives. But instead one can find the set of Pareto-optimal
solutions (Pareto-optimal set) and consequently the Pareto-optimal front is established. Finding
these solutions plays an important role in multi-objective optimisation problems and
mathematically the problem is considered to be solved when the Pareto-optimal set, i.e. the set of
all compromise solutions is found. The Pareto-optimal set may contain information that can help
the designer make a decision and thus arrive at better trade-off solutions. The aim of this research
is to develop new multi-objective optimisation symbolic algorithms capable of detecting
relationship(s) among decision variables that can be used for constructing the analytical formula of
Pareto-optimal front based on the extension of the current optimality conditions.

A literature survey of theoretical and evolutionary computation techniques for handling multiple
objectives, constraints and variable interaction highlights a lack of techniques to handle variable
interaction. This research, therefore, focuses on the development of techniques for detecting the
relationships between the decision variables (variable interaction) in the presence of multiple
objectives and constraints. It attempts to fill the gap in this research by formally extending the
theoretical results (optimality conditions). The research then proposes first-order multi-objective
symbolic algorithm or MOSA-I and second-order multi-objective symbolic algorithm or MOSA-II
that are capable of detecting the variable interaction. The performance of these algorithms is
analysed and compared to a current state-of-the-art optimisation algorithm using popular test
problems.

The performance of the MOSA-II algorithm is finally validated using three appropriately chosen
problems from literature. In this way, this research proposes a fully tested and validated
methodology for dealing with multi-objective optimisation problems.

In conclusion, this research proposes two new symbolic algorithms that are used for identifying
the variable interaction responsible for constructing Pareto-optimal front among objectives in
multi-objective optimisation problems. This is completed based on a development and relaxation

of the first and second-order optimality conditions of Karush-Kuhn-Tucker.
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Chapter 1. Introduction

1 INTRODUCTION

Problems that have more than one objective function are of great importance in engineering
sciences and many other disciplines. This class of problems are known as multi-objective
optimisation problems (or multicriteria). The difficulty here lies in the conflict between the
various objective functions. Due to this conflict, one can not find a single ideal solution which
simultaneously satisfies all the objectives. But instead one can find the set of the Pareto-optimal
solutions (Pareto-optimal set) and consequently the Pareto-optimal front is established. Finding
these solutions plays an important role in multi-objective optimisation problems and
mathematically the problem is considered to be solved when the Pareto-optimal set, i.e. the set of
all compromise solutions is found. The Pareto-optimal set may contain information that can help
the designer make a decision and thus arrive at better trade-off solutions (Hillermeier, 2001).

The challenge posed by real-life optimisation problems (such as multiple objectives, constraints
and variable interaction) has prompted the engineers to look for rigorous ways of optimising its
design (Kirsch, 1981). Computational techniques are more popular in dealing with these
demands. Traditional trial-and-error method of optimisation is not capable of meeting these
engineering demands.

This research focuses on developing optimisation algorithms based on the extension of the current
optimality conditions to address the complexities of multi-objective optimisation problems. This

chapter attempts to address the following.

4

To define the problem tackled in this thesis and present a brief introduction to
optimality conditions.

+  Togive a brief introduction to evolutionary computation techniques.

+  Toillustrate the problem statement and motivation of this research.

+  To present the thesis layout.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems




Chapter 1. Introduction

1.1 Problem Setting and Optimality Conditions

This section highlights the multi-objective optimisation problem tackled throughout this thesis.
In addition, the first and second-order optimality conditions of Karush-Kuhn-Tucker are

illustrated.

1.1.1 Problem Setting

The general description of the multi-objective optimisation problem used in this thesis is written

as follows (Miettinen, 1999; Jahn, 2004):

(1.1)
Where, and are all twice continuously
differentiable functions and each decision variable has a lower and upper bounds and
respectively.
13 f 2
A A
> f1

. Objective Space
% Decision Space

Figure 1.1: Decision and objective spaces

When dealing with multi-objective optimisation problems, two important spaces attract our
attention. The first one is called the decision space and the other is called the objective space
(Figure 1.1). The link between the two spaces is the map defined in Equation (1.1).
Solving Equation (1.1) means seeking the solution vectors in the decision space which
simultaneously satisfy the inequality constraints. These solution vectors provide the best
compromised solutions between the conflicting objectives. The characteristics of these solutions
are illustrated below. Before going into details on these characteristics, we begin with some basic

notations.
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Chapter 1. Introduction

Let R" be the n-dimensional Euclidean space, and let x,y € R™ be any two vectors such that

T
x=(x;, %5 .., xy)T and y = (yl, Yy ...,yn) ; here, the superscript T refers to the transpose of x.

The inner product of x and y is defined as follows:

n
xl y= Z XiYi
i=1

For x,y € R", the following conventions are used throughout the thesis:

x§y<:>xi éyi,i: 1,2,..,n
x<yex;=y,i=12,..,n, x+y
x<yeoex<y,i=12,..,n

fx+d)—f®) =Vf@)"d+ ||dllZ d),
e(x,d) > 0as|d||—-0

pseudo-convex function if for all x,y € X :

V@ 'y —x) 2 0= f(y) = f(x)

flax + (1 - a)y) < max (f(x), f(¥)), a €[0,1]

In addition, if the function f is differentiable at x € X with convex domain then f is quasiconvex

if and only if the following implication holds:

YEXfO) Sf(x) = V() (y—x)<0

The problem satisfies the Kuhn-Tucker constraint qualification at x if for any direction d € R"
such that Vg;(X)d <0 for all j € (&) = {ie{12 e Y gi(X) = 0}, there does exist a
function ¢: [0,1] — R™ which is continuously differentiable at 0, and some real scalar § > 0, such

that 9(0) = %, g(¢(t)) < 0forall 0 <t < 1and ¢(0) = pd.
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Motzkin’s _Theorem 1.1: Let Aand Cbe given matrices, then either the system of
inequalities Ax < 0, Cx < 0 has a solution x, or the system A"TA+ C"u=0,4> 0,4+ 0, > 0 has
a solution (4, i), but never both (Miettinen, 1999).

Here, we consider the objective functions in problem (1.1) are conflicting. Because of this

conflict and possible incommensurability of the objective functions, it is not possible to find a
single solution that would be optimal for all the objectives simultaneously. Therefore, for
problem (1.1) the solutions are redefined in terms of (weak) Pareto—optimal solutions.
solution to problem (1.1) if and only if there is no x € X such that f(x) < f(%).
For simplicity, if this definition is applied to a minimisation bi-objective optimisation problem,
then a Pareto-optimal solution for this problem means that there is no vector solution that can
cause a decrease in one objective function without causing a simultaneous increase in the other
objective function value (Sawaragi etal., 1985; Ehrgott, 2000).

and only if there is no x € X such that f x) < f®.

Definition_1.9_(Pareto-optimal_set): For a given vector of objective functions f(x), the

Pareto-optimal set " is defined as (Sawaragi et al., 1985; Ehrgott, 2000):
P*:={x € XS R™: AX € X such that f(X) < f(x)}

Definition_1.10_(Pareto-optimal front): For a given vector of objective functions f(x) and

Pareto-optimal set P* the Pareto-optimal front PF" is defined as (Coello et al., 2002):
F* o= () = (A (), fu () x € P)
The following definitions are according to Mishra et al. (2005a, 2005b).
In these definitions, by, by: X X X x [0,1] — R*,b(x,%) = limy_,, b(x, %, 4) and b does not depend
on 4 if the corresponding functions are differentiable, ¢o, 9;: R — Rand 7: XXX — R" is n-
dimensional vector-valued function. Furthermore, @, ¢, satisty the following condition:
u<0= ¢y(u) <0,

us0=¢,(u) =0,
bo(x,)?) > O, bl(x,ff) ; 0

there exist real-valued functions by, by, ¢, ¢; and 1 such that:

bo(x, D)o [fi () — fi(®)] < 0 = Vf,@n(x,2) < 0
—by (6, R)p19;(R) S 0 = Vg;@M(x,7) = 0
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Forall x e X and forall i =1,2,...,p,and j =1,2,..,m.

there exist real-valued functions by, by, ¢, ¢; and ) such that:

by (x, 2) o [fi(x) — (D] < 0 = V/(R)n(x,%) < 0
—b; (%, X)p19;(X) = 0 = Vg;(X)(x,%) = 0

Forall x e X and forall i =1,2,...,p,and j =1,2,..,m.

respect to by, by, g, ¢, and 7 at X € X if there exist real-valued functions by, by, @¢, ¢, and n such

that:

by (x, ) o [fi(x) — (D] < 0 = V/(R)n(x,%X) =0
—b; (X, %)¢19;(X) =0 = Vg;XM(x,x) <0

Forall x e X and forall i =1,2,...,p,and j =1,2,..,m.

to by, by, Po, 91 and 1 at ® € X if there exist real-valued functions by, by, ¢y, ¢, and 1 such that:

bo (%, X)@o[fi(X) = fi(X)] < 0 = Vfi(X)n(x,%X) < 0
—b1 (%, %)919;(X) = 0= Vg;XOn(x,%) <0

Forall x e X and forall i =1,2,...,p,and j =1,2,..,m.

1.1.2  First-order Optimality Conditions

Optimality conditions for multi-objective optimisation problems are thoroughly important in
optimisation. Here, we highlight the first-order optimality conditions of Karush-Kuhn-Tucker

(Miettinen, 1999).

Theorem 1.2 (Karush-Kuhn-Tucker sufficient conditions for Pareto o_ptimality_): Let the

objective and constraint functions of problem (1.1) are convex and continuously differentiable at a
decision vector X € X. A sufficient condition for X to be a Pareto-optimal solution is that there

exist multipliers 0 < 4 € RMand 0 < p € R/ such that:

M .]

D MVE® + ) Vg R) = 0
i=1 j=1

ujg;®) =0forallj=1.2,..,J

Progf: is given in Miettinen, (1999).
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In this thesis, a relaxation on the assumptions imposed in this theorem is considered.
Furthermore, this relaxation is used to propose symbolic algorithms for handling multi-objective

optimisation problems.

1.1.3 Second-order Optimality Conditions

Second-order Optimality conditions (presuming twice continuously differentiable objective and
constraint functions) have been examined substantially less than first-order optimality conditions.
Second-order optimality conditions provide a means of reducing the set of candidate solutions
produced by the first-order optimality conditions but at the same time tighten the assumptions set

of the regularity of the problem.

Definition 1.15 (Regularity): A point X € Xis said to be a regular point if the gradients of the

active constraints at X are linearly independent.

Theorem 1.3 (Second—order sufficient conditions for Pareto optimality)_: Let the objective
and constraint functions of problem (1.1) are twice continuously differentiable at a decision
vector X € X. A sufficient condition for X to be a Pareto-optimal solution is that there exist

multipliers 0 < A € RMand 0 < JIAS R/ for which (2, ) # (0,0) such that

M J
D MVH@ + ) ¥R = 0
i=1 j=1

ujgj(x) =0forallj =12,..,J
M ]
d’ Zaivzfi(x) +Zujvzgj@) d>0
i=1 j=1
for either all d € {0 # d € R™:Vf;(®)"d < Oforalli =1,2,..,M, Vg;(®)7d < 0forallj € J(%)} or

alld e {0+deRu:Vg;®)"d=0forallj € J*(%),Vg;(®)"d < 0forallj € JR\J*®)}

where,

J@ ={je{12,..,/:9;@ =0}
JT@ ={j€j@:u; >0}

1.2 Introduction to Evolutionary Computation Techniques

In the natural world, evolution has created an unimaginably diverse range of designs, having
much greater complexity than mankind could ever hope to achieve. Inspired by this, researchers

have started using the evolutionary computation techniques (or EC Techniques) that use the
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principles of evolution to guide the optimisation process. There are a number of benefits of
evolutionary-based optimisation that justify the effort invested in this area (Gershenfeld, 1999).
The evolutionary-based optimisation techniques have many iterations and each iteration generates
a population of multiple solutions instead of a single solution. This enables them, in principle, to
identify multiple optimal solutions in their final population. These characteristics of the EC
techniques also make them a suitable candidate for handling a combination of features of
optimisation problems in a single run. These features include the presence of multiple objectives,
constraints and interaction among decision variables. This research, therefore, uses a popular
evolutionary technique, NSGA-II, for comparison with the thesis approach. It is important to
mention here that any other stochastic algorithms can be used for the comparison process,

however NSGA-II gives better solutions for the problems tackled in this thesis.

Genetic algorithms or GAs are wise stochastic search techniques widely used in optimisation.
They are based on the mechanism of natural genetics and natural selection. The terminology used
in the field of genetic algorithms based methods is mimic natural evolution (Giotis and
Giannakoglou, 1999). Individuals in a population are called strings or chromosomes which
represent alternative solutions to the given optimisation problem. A population of chromosome is
modified by the probabilistic application of the genetic operators (selection, crossover and
mutation operators) which are applied on the strings. Evaluation of each string that corresponds a
solution in the search space is based on a fitness function that is problem dependent. According to
the fitness function, the high performing individuals are selected for the mating pool, where they

reproduce with other individuals to produce offspring. Figure 1.2 gives a schematic description of

the GAs (Goldberg, 1989; Osyczka, 2002).

v

%\?m/“—J
==

. E==x

Figure 1.2: Schematic description of GAs
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The majority of current implementations of evolutionary algorithms descend from four strongly
related but independently developed approaches: Genetic Algorithms (GAs), Evolutionary
Programming (EP), Evolution Strategies (ESs) and Genetic Programming (GP) (Back et al.,
1997). These approaches are defined below.

¢ The GAs are a type of search and optimisation algorithms that are based on the mechanics of

genetics and natural selection.

¢ The EP, which was originally offered as an attempt to create artificial intelligence, relies on

transformations depending upon a finite set of states and state transition rules.

¢ The ESs, which were initially designed for solving complex optimisation problems, involve

the modification of behavioural traits of solutions.

¢ Finally, the GP is an automated method for creating a working computer program from a
high-level problem statement. The GP does this by genetically breeding a population of
computer programs using the principles of Darwinian natural selection and biologically
inspired operations, (Deb, 2001).

Over the last decade, the GAs has been extensively used as search and optimisation tools in

various problem domains, including engineering design. The primary reasons for their success

over other EC techniques are their broad applicability, ease of use and global perspective

(Goldberg, 1989).

1.3 Problem Statement and Motivation

The problem statement of this research is as follows.

Development qfsymbolic optimisation algorithms that are capable qf dealing with
the challenges of multi-objective optimisation problems using the extension of the

current theoretical results.

The development of robust optimisation algorithms enables the handling of the features of multi-
objective optimisation problems, such as multiple measures of performance (objectives),
constraints and interaction among decision variables. This enhances the effectiveness of
optimisation algorithms by giving them the capability of dealing with a wide variety of problems.
In this way, one of the main inhibitors to their industrial use is addressed, and their popularity and
relevance for industry could be enhanced. This is the main motivation for this research.

Furthermore, the development of the current theoretical results (optimality conditions) for multi-
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objective optimisation problems supports the development of these algorithms and makes a direct

contribution to research.

1.4 Thesis Layout

The layout of this thesis is developed based on the story of this research. This story, which is
pictorially depicted in Figure 1.3, aids the identification of individual chapters. A brief description
of these chapters is given below.

Chapter I discusses the background of this research, briefly explaining the aim of this research. It
presents the problem statement and motivation for this research.

Chapter. 2 provides an overview of optimisation techniques used for solving multi-objective
optimisation problems, and the test problems used for evaluating these techniques. It
presents a critical analysis of the state-of-the-art evolutionary-based optimisation
techniques.

discusses the methodology that is adopted for ensuring that the aim and objectives of

this research are attained.

The first-order optimality conditions for each class are separately proposed and
proved. Furthermore, the duality results for each class are suggested and then some
first-order duality theorems are illustrated and proved. In addition, this chapter
proposes second-order optimality conditions under a generalised type of univexity
functions.

Chapter_ 5 presents a multi-objective symbolic algorithm (MOSA-I) for solving multi-objective
optimisation problems with particular aspects. These aspects include the class of all the
objective functions and inequality constraints that are continuous, differentiable, and
convex. The algorithm is checked by solving some multi-objective optimisation
problems that have been carefully selected from literature according to the state-of-
the art optimisation algorithm, NSGA-II.
between this algorithm (MOSA-II) and the one mentioned in the previous chapter is
that this one includes second-order optimality conditions that are used to reduce

solutions provided by the first-order optimality conditions. This algorithm is a

generalisation of the previous algorithm in such a way that it overcomes some of the
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drawbacks found in the previous one..This algorithm is checked by solving some

multi-objective optimisation problems that are carefully selected from literature.

Chapter 1

Chapter 2

Chapter 3

Chapter 4

Chapter 5

Chapter 6

Chapter 7

Chapter 8

Problem Statement: Development of Symbolic Optimisation
Algorithms for Engineering Design Optimisation Problems

Literature Survey of Optimisation Techniques Used for
Solving Multi-Objective Optimisation Problems

Research Aim & Objectives

Developing First-order Optimality Conditions

Developing Second-order Optimality Conditions

Proposing the
MOSA-I Algorithm

Proposing the
MOSA-II Algorithm

Validation Using Real-life Case Studies

Discussion, Conclusions and
Future Research

Figure 1.3: Thesis layout

design of four-member truss and design of welded beam. The MOSA-II algorithm is

applied to these problems, and the results thus obtained are analysed, compared and

discussed.

Chapter 8 concludes this thesis with a discussion on the generality of this research, contribution

to knowledge, and limitations of the research methodology, proposed algorithms and

optimality conditions. It finally discusses the future research directions that could

follow from this research.
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1.5 Summary

This chapter has addressed the following.

¢ It has defined the problem setting used throughout the thesis.

*

It has presented the first and the second-order optimality conditions of KKT.
¢ It has shown a brief introduction on evolutionary computation techniques.

¢ It hasillustrated the motivation of this research.

*

It has presented the thesis layout.
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2 A REVIEW OF LITERATURE

In mathematics and computer science, optimisation, or mathematical programming refers to the
process of choosing the best alternative from some set of available alternatives. In simple terms,
this means solving problems in which one seeks one or more feasible solutions to minimise or
maximise one or more objective functions by systematically choosing the solutions from within an
allowed set. The need for finding such optimal solutions in a problem comes mostly from an
extreme purpose, such as designing a solution for minimum possible cost of fabrication or for
maximum possible reliability or others. Because of such extreme properties of optimal solutions,
the optimisation algorithms are of great importance in practice, particularly in engineering design.
The aim of this chapter is to give an overview of techniques used for solving multi-objective
optimisation problems, and the characteristics of problems used for evaluating these techniques. It

attempts to achieve the following.

+  To analyse the classical approaches used for tackling multi-objective optimisation
problems

+  To provide an overview of evolutionary computation techniques used for handling
multi-objective optimisation problems and then a comparison between classical
and evolutionary approaches.

+  To provide an overview of theoretical approaches used for tackling multi-objective
optimisation problems.

v  To categorise and classify the articles used in the literature survey.

v  Toidentify the current trends.

v  Todemonstrate the research gap.

2.1 Classical Approaches to Multi- Objective Optimisation

Looking for Pareto-optimal solutions of multi-objective optimisation problems is a complicated
task, particularly when one has nonlinear objectives and constraints. Therefore, finding this sort
of solutions plays an important role in multi-objective optimisation and mathematically the
problem is considered to be solved when the Pareto-optimal set is obtained. As a result, literature

suggests a number of optimisation techniques for handling multi-objective optimisation problems.
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These techniques can be classified into two broad categories: classical and evolutionary. In this
section, an outline review of some popular classical optimisation methods used for this purpose is

given.

2.1.1 Weighted Aggregation Approach

The weighted sum method is one of the most widely used approaches for solving multi-objective
optimisation problems. This method is also called naive approach (Coello, 1998). The simplest
way to apply this technique is to take each objective function, associate a weight with the
objective function and then take a weighted sum of the objective functions. Therefore, a new and

unique objective function is obtained (Ehrgott, 2000; Miettinen, 1999)

Strengths and Drawbacks

The traditional weighted sum approach was the first one used in the field of multi-objective
optimisation after Pareto (1906) introduced the concept of non-inferior solutions in the context

of economics (http://cepa.newschool.edu/het/profiles/pareto.htm) and after that it has been

very popular in many applications. Due to its wide use, researchers have identified its strengths
and weaknesses as follows. From the algorithmic point of view, this technique is very efficient and
casy to implement. Beside that, it is easy to understand. The main usefulness of the weighted sum
approach appears when the feasible space of objective functions is convex. Nevertheless, there are
a number of difficulties with this approach. As discussed in many studies (e.g. Koski, 1985;
Messac et al., 2000; Das et al., 1997; Deb, 2001), this method can not discover Pareto-optimal
solutions hidden in concavities and it is very sensitive to the weight parameters. Moreover, in
handling mixed optimisation problems, such as those with some objectives of maximisation type
and some of minimisation type, all objective functions have to be converted into one type.
Although different conversion procedures can be adopted, the duality1 principle is convenient and
does not introduce any complexity. Furthermore, in nonlinear multi-objective optimisation
problems, a uniformly distributed set of weights does not guarantee a uniformly distributed set of
Pareto-optimal solutions. Albeit the drawbacks aforementioned, this approach is still used in
applications and some modified forms of this technique have been studied recently (Kim and De
Weck, 2005). For more details about the advantages and disadvantages of the weighted sum

technique, see Deb (2001).

! The dua of the partiad order set P = (X, <) is the partial order set P¢ = (X,>). For instance, a
minimum element of P will be a maximum element of P%. Minima and maxima are dual concepts in
order theory.
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2.1.2 &-Constraint Method

The &-constraint approach is another well known technique for solving multi-objective
optimisation problems. Instead of aggregation of criteria, only one of the objective functions is
selected to be optimised, while the other objective functions are transformed to constraints by

setting an upper bound to each one of them (Ehrgott, 2000; Miettinen, 1999).

Strengths and Drawbacks

As mentioned before, this technique is designed to discover Pareto-optimal solutions based on
optimising one of the objective functions while treating the other objective functions as
constraints bound within some allowable range. Like in the traditional weighted sum method, the
problem is repeatedly solved for different values of weights until the entire Pareto-optimal set is
generated. The main advantage of this technique is that it is able to identify a number of non-
inferior solutions on a non-convex boundary curve which are not obtainable using other
techniques. Moreover, the entire Pareto-optimal set can be obtained by varying the values
(Napitupulu, 1990). Furthermore, in terms of the information needed from the user, this
approach requires a vector of values representing, in some sense, the location of the Pareto-
optimal solutions. The major disadvantage of this approach is that when it is used to solve multi-
objective optimisation problems, it largely depends on this chosen vector. Another drawback of
this approach is that it consumes a large amount of computing time, and the programming of the
algorithm can be very hard to do if there are many objective functions. Also, as the number of the
objectives increases, the number of elements in the vector may require extra information from
the user. Inspite of these drawbacks, the relative simplicity of the method has made it popular

(Collette et al., 2003; Engau and Wiecek, 2005, 2007).
2.1.3 Hybrid Method

The introduction of hybrid methods comes from the need to deal with complex industrial
applications whose handling becomes unpractical with GA optimisation techniques. The best
known hybrid method is Corley method. This approach is a combination of weighted sum and &-

constraint method. It is described in Corley (1980), and Wendell and Lee (1977).
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Strengths and Drawbacks

The positive features of the weighting method and the constraint method have been combined in
the hybrid approach. Explicitly, any Pareto-optimal solutions can be found independently of the
convexity of the problem and one does not have to solve several problems or even think about
uniqueness to guarantee the Pareto optimality of the solutions (Miettinen, 1999). Consequently,
it is efficient for various kinds of optimisation problems, whether convex or not. Nevertheless,
the specification of the parameter values may still be difficult since the number of parameters has

been multiplied by two (Miettinen, 1999; Collette et al., 2003).
2.1.4 Weighted Metrics Method

The ideal point is the best outcome of a multi-objective optimisation problem. Yet, when the
objectives are in conflict the ideal values are impossible to obtain. However, it can be used as a
reference point, with the aim being to seek for solutions as close as possible to the ideal point

(Ehrgott, 2000; Sawaragi et al., 1985). So, instead of a weighted sum of the objective functions,

the weighted metrics such as £ p and the distance metrics’ €4 are often used.

Strengths and Drawbacks

For this method to work well, a good reference point must be chosen carefully. Otherwise, the
solutions obtained depending on this reference point will not be optimal. Nevertheless, this
method allows one to discover solutions hidden inside concavities under some conditions as
presented in Messac et al. (2000). An interested reader can find more about the robustness and

the weaknesses of this approach in Miettinen (1999), Collette et al. (2003) and Deb (2001).
2.1.5 Benson’s Method

This method has been presented by Benson (1978). This approach is to some extent similar to the
weighted metrics approach. The main difference between the weighted metrics method and
Benson’s method is that in the later the reference solution is taken as a feasible non-Pareto-

optimal solution.

% The weighted £, distance measure of any solution x from another solution z
1

is€,(x) = (Xm=1 Ol fin(x) = z|P)r, where M is the number of objectives.
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Strengths and Drawbacks

The major strength of Benson’s approach is that if one has shown an appropriate reference
solution, the solutions in the non-convex region can be found (Deb, 2001). The main weakness of
this procedure is the additional number of constraints needed to restrict the search in the region
dominating the chosen reference solution. Moreover, the objective function is non-differentiable,

thereby causing difficulties for gradient-based methods to solve the above problem (Deb, 2001).

2.2  Ewvolutionary Computation Techniques for Multi-objective
Optimisation
Optimisation algorithms such as evolutionary swarm algorithms are heuristic techniques that have
been used to deal with multi-objective optimisation problems (Collette and Siarry, 2003). They
have adequately demonstrated their usefulness in finding a well-converged and a well-distributed
set of near Pareto-optimal solutions (Fletcher and Powell, 1963; De Jong, 1975; Farkas and
Jarmai, 1995; Deb and Kumar, 1995; Coello et al., 2002; Deb, 2001). Because of the extensive
studies and the available source codes available both commercially and freely for these algorithms,
they have been popularly applied in various problem-solving tasks and have received great
attention (Fonseca and Fleming, 1995; Binh and Korn, 1996; Goldberg, 2002; Deb and Sundar,
2006, Dhish, 2008). However, recent studies (Jensen, 2003) have shown that multi-objective
optimisation with fitness assignment based on Pareto-domination leads to long processing times
for large population sizes. This has motivated a considerable amount of research and a wide
variety of approaches have been suggested in the last few years (Musselman and Talavage, 1980;
Osyczka and Kundu, 1995; Los and Eilben, 1996; Viennet et al., 1996, Laumanns et al., 1998;
Narayanan and Azarm, 1999; Poloni et al., 2000; Tapabrata and Liew, 2002; Li and Palusinski,
2003; Shukla and Deb, 2007). Deb et al. (2007) have suggested a verification procedure based on
Kaursh-Kuhn-Tucker (KKT) conditions to build confidence on the optimality of solutions

obtained using an evolutionary optimisation procedure.

Most engineering design optimisation problems are multi-objective in nature since they
normally have several conflicting objectives, say for example, cost and performance, which must
be satistied at the same time. This has encouraged the growth of research in the field of multi-
objective optimisation using evolutionary algorithms (Schwefel, 1995; Rao, 1996; Veldhuizen,

1999; Rogero et al., 2000; Marler and Arora, 2003). This section gives an overview of some
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popular evolutionary-based multi-objective optimisation techniques in terms of their types and

features.

2.2.1 Vector Evaluated Genetic Algorithm (VEGA)

This algorithm has been proposed by Schaffer (1985). In the algorithm, Schaffer has modified the
selection operator of a simple genetic algorithm (SGA) so that at each generation a number of
sub-populations were generated by performing proportional selection according to each objective
function in turn. Schaffer realised that the solutions generated by his method were non-dominated

in a local sense.

Strengths and Drawbacks

The weakness of this algorithm is that one may obtain at the final generation (at the end of
optimisation process) a population composed of mean individuals with respect to all the objective
functions. Such a population does not allow one to obtain a good approximation of the Pareto-
optimal front. Instead, the population will be concentrated around a mean “point”. Moreover, it
has been shown that this algorithm does not have the ability to produce solutions in the presence

of non-convex search spaces (Coello, 1999).

2.2.2 Mulii- Objective Genetic Algorithm (MOGA)

This method is well-presented in Collette et al. (2003) and Fonseca et al. (1993). The comparison
between individuals in this algorithm is based domination in the Pareto sense. The rank of an
individual (an order number which allows one to rank an individual with respect to the others) is
given by the number of individuals which dominate an individual. For instance, if one considers an
individual x; at generation t which is dominated by Pf individuals, the rank of this considered
individual is given by rank(x;t) = 1+ P{. The rank 1 is assigned to all the non-dominated
individuals and dominated ones are penalised according to the population density of the

corresponding region of the Pareto front.

Strengths and Drawbacks

The main strength of this algorithm is that it can be implemented with relative easy (Coello,
1997). In some cases, the MOGA algorithm does not allow one to obtain a good diversity of

solutions for the approximation of the Pareto front.
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2.2.3 Non-Dominated Sorting Genetic Algorithm (NSGA)

The Non-dominated Sorting Genetic Algorithm (NSGA) was proposed by Srinivas et al. (1994).
This algorithm is based on a classification using many levels of individuals. In the first step of the
algorithm, before proceeding to selection, each individual in the population is ranked on the basis
of non-domination (Srinivas et al., 1994). After that, all non-dominated individuals are classified
into one category. To this category, a dummy fitness value, which is proportional to the
population size, is assigned to provide an equal reproductive potential for these individuals. To
Maintain a good approximation of the trade-off surface, or, alternatively, a good diversity of
solutions, these classified individuals are shared with dummy fitness values. Then, this group of
classified individuals is ignored and another layer of non-dominated candidates are considered.
The process continues until all individuals in the population are classified. Since all individuals in
the first front have the maximum fitness value, they get more copies than the rest of the
population. This allows the algorithm to search for non-dominated regions, and results in quick

convergence of the population towards such regions.

Strengths and Drawbacks

The main efficiency of this technique lies in the fact that any number of objective functions can be
handled by reducing them to a dummy fitness function using non-dominated sorting procedure.
Both minimisation and maximisation problems can be handled. Some researchers have reported a
drawback of this method (Coello, 1997). The main weakness of this algorithm is that it is sensitive
to the value of the sharing factor. In addition, it is more inefficient computationally and in terms
of quality of the Pareto-optimal fronts produced than MOGA. Other authors report that the
NSGA algorithm performed well in terms of coverage of the Pareto-optimal front (Zitzler et al.,

1998, 1999).
2.2.4 Niched Pareto Genetic Algorithm (NPGA)

This algorithm is based on the NSGA method described in the preceding sub-section. The main
difference occurs during the selection process (Horn et al., 1993). In a classical genetic algorithm,
the method of selection between two individuals uses a selection wheel, but in this method, the
way in which one can select individuals is changed. Instead of comparing two individuals, a group
of individuals (typically around 10) is used to help determine dominance. Based on whether the
individuals are dominated or non-dominated, a sharing fitness is decided through the tournament

selection.
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Strengths and Drawbacks

As this method does not use the Pareto selection on the whole population, but just on a part at
each run, its main strengths are that it is very fast and can produce good non-dominated fronts
that can be kept for a large number of generations. Nevertheless, its main weak point is that
besides requiring a sharing factor, this approach also requires a good choice of the size of the

tournament to perform well.
2.2.5 Strength Pareto Evolutionary Algorithm (SPEA)

SPEA algorithm is well-presented in Zitzler et al. (1999). In brief, Zitzler et al. (1999) have
suggested an elitist MOEA with the concept of non-domination. Starting from the initial
population, they proposed maintaining an external population at every generation storing a set of
non-dominated solutions (Zitzler et al., 2001a). A combined population with the external and the
current population is first constructed. All non-dominated solutions in the combined population
are assigned a fitness based on the number of solutions they dominate. For maintaining the
diversity, Zitzler et al. (1999) assigned more fitness to a non-dominated solution having more
dominated solutions in the combined population. Conversely, solutions dominated by more

solutions in the combined population are also assigned by less fitness.

Strengths and Drawbacks

The advantage of this algorithm is that the clustering used is parameter-less, thereby making it
attractive to use. In the absence of the clustering algorithm, the SPEA has a similar convergence to
that of Rudolph’s algorithm which is presented elsewhere (Deb, 2001). The fitness assignment
procedure in the SPEA is similar to that of Fonseca and Fleming’s MOGA (Deb, 2001) and is easy
to calculate. One of the drawbacks of this algorithm is that the overall complexity needed in each
generation of the SPEA is O(MN?), where M is the number of objectives and N is the size of the
population. The SPEA introduces an extra parameter, the size of the external population. It is
extremely important for achieving a successful working of the SPEA to balance between the
regular population size and the external population size. If the external population size is large
comparable to the regular population size, the selection for the elites will be large and the SPEA
may not be able to converge to the Pareto-optimal front. Here too, the SPEA shares a common
problem with the MOGA. The problem is that the fitness assignment has a bias to not favour all

non-dominated solutions of the same rank equally.
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2.2.6 Strength Pareto Evolutionary Algorithm (SPEA2)

In 2001, the strength Pareto evolutionary algorithm presented above has been improved by
Zitzler et al. (2001b). The main differences in SPEA2 in comparison to SPEA are (Zitzler et al.,
2001b): (i) an improved fitness assignment scheme is used, which takes into account (for each
individual) how many individuals it dominates and is dominated by, (ii) a nearest neighbour
density estimation technique is incorporated which allows a more precise guidance of the search
process, and (iii) a new archive truncation method which guarantees the preservation of boundary

solutions.

Strengths and Drawbacks

SPEA? differs from SPEA and NSGA-II (which will be presented in the next sub-section) only in
how it does fitness assignment and selection (this makes SPEA2 among the most popular multi-
objective optimisation algorithms). The main strength of the SPEA2 method is that it is much
better than the original SPEA in all aspects of test problems. The found solutions are closer to the

outlying edges of the Pareto-optimal front, making it a weak point of this algorithm.

2.2.7 Non-Dominated Sorting Genetic Algorithm (NSGA-II)

This algorithm is currently one of the most popular multi-objective optimisation algorithms. The
author of this algorithm and his students (Deb, 2000a; Deb et al., 2002) suggested an elitist non-
dominated sorting GA (termed NSGA-II) in 2000. This algorithm does not have much similarity
with the original NSGA, but the authors kept the name NSGA-II to emphasise its genesis and
place of origin (Deb, 2001; Deb et al., 2002). The NSGA-II carries out a non-dominated sorting
of a combined parent and offspring generation. Thereafter, starting from the best non-dominated
solutions, each front is accepted until all population slots are filled. This makes the algorithm an
elitist type. For the solutions of the last allowed front, a parameter-less crowded distance-based
niching strategy is used to resolve which solutions are carried over to the new population. The
algorithm also has a crowded distance metric, which makes it fast and scalable to more than two

objectives.

Strengths and Drawbacks

A crowding comparison procedure is used with the tournament selection during the population

reduction phase to achieve the diversity among the non-dominated solutions. Also in this
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algorithm, no niching parameters is required. In the absence of the crowded comparison
operator, this algorithm displays a convergence proof to the Pareto-optimal solutions, but the

population size would grow with the generation number. Therefore, the overall complexity will

be O(MN?), where M is the number of objectives and N is the size of the population. In addition,
the elitism mechanism does not allow an already found Pareto-optimal solution to be deleted.
Recent study has been proposed to reduce the run time complexity of the NSGA-II and other
algorithms (Mikkel, 2003). The weak point of this algorithm is that when the crowded
comparison is used to restrict the population size, the algorithm loses its convergence property.
Only if the size of the non-dominated set is not larger than the population size, the algorithm
preserves the convergence property. However, in later generations, when more than N
individuals belong to the first non-dominated set in the combined parent-offspring population,
some closely packed Pareto-optimal solutions may give their places to other non-dominated but
non-Pareto-optimal solutions (Deb, 2001). Additionally, a comparison between NSGA-II and
SPEA2 has been presented by Lam et al. (2004). The results derived from this comparison show
that the SPEA2 outperforms NSGA-II in the early generations; however NSGA-II is superior
during later generations irrespective of the level of noise present in the problem. Recently, a
modified version of NSGA-II has been proposed by Babbar et al. (2003). In this paper, a clustering
based modification to the NSGA-II ranking scheme, that improves the performance of the

algorithm in noisy environment, is presented.

2.2.8 A Multi-objective Evolutionary Algorithm Based on Decomposition
(MOEA/D)

The majority of existing MOEAs are based on Pareto dominance (Deb, 2001). In these
algorithms, the utility of each individual solution is mainly determined by its Pareto dominance
relations with other solutions visited in the previous search. Since using Pareto dominance alone
could discourage the diversity of search, some techniques such as fitness sharing and crowding
have often been used as compensation in these MOEAs. NSGA-II and SPEA-II are among the most
popular Pareto dominance based MOEAs. Arguably, NSGA-II (Deb, 2001) is the most popular
Pareto dominance based MOEAs. The characteristic feature of NSGA-II is its fast non-dominated
sorting procedure for ranking solutions in its selection.

A Pareto-optimal solution to a multi-objective optimisation problem could be an optimal solution
of a scalar optimisation problem in which the objective is an aggregation function of all the
individual objectives. Therefore, approximation of the Pareto-optimal front can be decomposed

into a number of scalar objective optimisation subproblems. This is a basic idea behind many
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traditional mathematical programming methods for approximating the Pareto-optimal front. A
very small number of MOEAs adopt this idea to some extent, among them the Multi-objective
Evolutionary Algorithm Based on Decomposition (MOEA/D) is a very recent one (Zhang and Li,
2007). MOEA/D attempts to optimise these subproblems simultaneously. The neighborhood
relations among these subproblems are defined based on the distances between their aggregation
coefficient vectors. Each subproblem (i.e., scalar aggregation function) is optimized in MOEA/D

by using information only from its neighboring subproblems.

Strengths and Drawbacks

One of the major advantages of MOEA/D over Pareto dominance based MOEAs is that single
objective local search techniques can be readily used in MOEA/D. A comparison on some multi-
objective optimisation problems has been carried out between MOEA/D and NSGA-II (Li and
Zhang, 2010). The results have shown that no solution obtained in NSGA-II dominates any
solutions in MOEA/D but most solutions in NSGA-II are dominated by the solutions in

MOEA/D
2.3  Classical Versus Evolutionary Approaches

Both classical and evolutionary approaches have their own drawbacks in tackling multi-objective
optimisation problems. Most classical methods, such as weighted sum, convert multiple
objectives into one objective using different heuristics (Miettinen, 1999). Since multiple
objectives are converted into one objective, the resulting solution to the single objective
optimisation problem usually depends on the weights. Although this is a weak point of this
approach, this approach can handle any number of objectives; say for instance five objective
functions. When using evolutionary algorithms to handle multi-objective optimisation with such

number of objectives, the performance of most of the evolutionary algorithms gets poor.

Classical and evolutionary approaches also suffer from serious limitations in handling the
complexity of multi-objective optimisation problems (Wang and Yan, 1991). The presence of
variable interaction (such as linearity and nonlinearity between decision variables) may introduce
some additional features in the optimisation problems. Literature reveals that neither classical nor
evolutionary approaches can handle this situation except using numerical methods such as
regression analysis that can approximate a curve/surface of the Pareto-optimal front. Classical
approaches, in some simple cases of multi-objective problems, can provide an exact curve for

both the relationship between the decision variables and the curve of the Pareto-optimal front
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(Collette et al., 2003; Arora, 2004). Despite a wide spread applicability of evolutionary
optimisation algorithms over the past few decades, evolutionary researchers still face criticism
about the theoretical optimality of the solutions obtained by evolutionary techniques (Deb et al.,

2007).

2.4 Theoretical Approaches for Multi-objective Optimisation

Problems with two or more objectives (called multi-objective or multi-criteria) are very
common in engineering and many other disciplines (Collette et al., 2003). The solutions of such
problems are difficult because their objectives tend to be in conflict. In this situation, one can not
find a single ideal solution which simultaneously satisfies all the decision variables across all
criteria. So, a solution that is extreme with respect to one objective function requires a
compromise in other objectives (Deb, 2001). Because of such properties of these solutions,
optimisation methods are of great important in practice, particularly in engineering design,
scientific experiments, and business decision-making (Deb, 2001). The general consensus of the
engineers and mathematicians working in this area is that the Pareto-optimal set may contain
information that can help the designer to make a decision and thus arrive at better trade-off
solutions. Also, this information might show the designer an issue that has been ignored such as
the ease of manufacture or assembly. The main goal of this section is to give an overview of
current optimality conditions along with the existing analytical methods which have been used so
far for solving multi-objective optimisation problems.

Optimality conditions for multi-objective optimisation problems have been studied extensively
in the literature. Many efforts have been made to derive first-order necessary and/or sufficient
conditions for a feasible solution to be an optimal solution. Several studies relating to first-order
optimality conditions have been reported and have drawn much attention for a long time, and
many beneficial results have been obtained over the past several years since the appearance of the
paper by Kuhn and Tucker (1950). Herein, some important results regarding the development
and extension applied to first and second-order optimality conditions are reported (Beale, 1958;
Box, 1966; Lin, 1976; First et al., Kanniappan, 1983, 1990; Zalmai, 1985a; Singh, 1987; Wang,
1988; Zemin, 1996; Majumdar, 1997; Bigi and Castellani, 2000; Messac et al., 2000; Miettinen
and Makela, 2001; Zheng et al., 2007; Ginchev and Ivanov, 2008). However, little work has been
concerned with second-order optimality conditions for multi-objective optimisation problems.

Convexity plays a very important role in various branches of engineering in management
science and operations research, in mathematical economics, in pure and applied mathematics, in

optimisation theory and in statistics. In recent years, there has been an ever-increasing interest in
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the generalisations of basic convexity concepts with the hope of extending well known properties,
characterizations and applications. Many excellent texts and hundreds of articles have appeared in
recent years. The optimisation theory of Dubovitskii and Milyutin (1965) has been used by
Censor (1977) to produce optimality conditions for differentiable convex vector optimisation.
Benson (1978) has examined the existence of efficient and properly efficient solutions for the
vector maximisation problem. Kuhn-Tucker necessary conditions (Miettinen, 1999) for a
maximum point of a convex function subject to convex constraints have been stated and proved
by Batson (1986). Zalmai (1985a,1985b) has adopted a geometric point of view and developed
continuous-time analogues of the Fritz-John (Miettinen, 1999) and Kuhn-Tucker (Miettinen,
1999) optimality conditions in the spirit of finite-dimensional nonlinear programming.
Furthermore, the relationship between the first-order stationary-point necessary optimality
criteria and saddle-point optimality conditions has been discussed. A generalisation of Kuhn-
Tucker sufficiency conditions has been presented by Hanson (1994). The P-norm surrogate
constraint method (Li, 1996) has been applied by Li (1999) to make convex non-inferior frontier
into non-convex multi-objective optimisation problems under certain conditions. Theoretical
results concerning the set of non-inferior solutions and a computational algorithm for obtaining a
characteristic set of non-inferior solutions have been discussed by Beeson et al. (1971). Craven
(1984) has presented a modified kind of Kuhn-Tucker condition applicable to the minimisation

problem but not necessarily assuming convexity.

Kuhn-Tucker saddle-point and stationary-point optimality criteria and Lagrangian duality for a
class of continuous-time convex programming problems have been established by Zalmai (1985b).
Mishra et al. (1996) have extended the concept of V-pseudo-invexity and V-quasi-invexity of
multi-objective programming to the case of nonsmooth multi-objective programming problems.
A necessary global optimality conditions for quadratic optimisation problems with binary
constraints have been established by Beck et al. (2000). Three optimality concepts, weak, proper,
and Pareto optimality have been presented by Miettinen et al. (2001) using cones. Svanbery
(2002) has presented and investigated a class of globally convergent optimisation methods based
on the concept of conservative convex separable approximations. Huy et al. (2006) have
developed sufficient global optimality conditions for identifying the global minimisers of a general
non-convex smooth minimisation model problem involving linear matrix inequality constraints
with bounds on the variables. Jeyakumar et al. (2006) have established conditions which ensure
that a feasible point is a global minimiser of a quadratic minimisation problem subject to box

constraints or binary constraints. New necessary optimality conditions of Fritz-John and Karush-
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Kuhn-Tucker type, called G-F-John and G-Karush-Kuhn-Tucker conditions for differentiable

constrained optimisation problems have been established by Antczak (2007).

Investigation of duality theory for the field of multi-objective optimisation problems (MOOP)
has also grown and become one of the most interesting results in this field. It has been further
extended by the applications of varied types of generalisations of convexity concept, with and
without differentiability assumptions. Mishra et al. (2005a) have extended the class of generalised
type I vector-valued functions introduced by Aghezzaf and Hachimi (1999, 2000). In this study, a
number of Kuhn-Tucker (KT) type sufficient optimality conditions and duality results have been
discussed. Maeda-type regularity conditions (1994) for second-order Kuhn-Tucker necessary
conditions have been generalised by Rizvi and Nasser (2006). Particularly, much of the recent
work in this area can be found in Mishra (1996, 1998, 2000), Mishra et al. (2000a,2000b,2002),
Rueda et al. (1995), and Zhian et al. (2001).

As mentioned earlier, the convexity concept plays an important role in these conditions. Many
authors have extended this concept and different kinds of functions have been established, with
and without differentiability assumptions. New classes of generalised convex vector functions,
namely V-invex functions, have been suggested by Jeyakumar and Mond (1992). In this work, the
authors have introduced a class of invex functions which preserves the optimality and duality
conditions in the scalar case, and avoids the major difficulty of verifying that the inequality holds
for the same function. Assuming that the objective functions to be handled in a MOOP are
differentiable and second-order pseudoconvex, a notion introduced by Ginchev and Ivanov (2007)
has obtained second-order optimality conditions for a multi-objective optimisation problem with
inequality constraints and a set constraint in nonsmooth settings using second-order directional
derivatives.

Strict convexity, strong convexity, strict quasiconvexity, strict pseudo convexity etc, of
functions, their properties, characterisations, applications to economics and optimisation theory
are presented by Schaible and Ziemba (1981). Aleman (1985) gave generalisations of convex sets
and functions while Dombi (1985) gave sufficient conditions for the existence of a strict local
minimum of a quasiconvex function. Degiovanni et al. (1985) studied certain types of convexity
via monotonicity of a sub-differential. Hirche (1985) derived general conditions under which
sums and products of absolute values of functions are pseudoconvex while Crouzeix and Lindberg
(1986) characterised additively decomposed quasiconvex functions. Martinez-Legaz (1988)
characterised a class of functions which is contained in the class of quasiconvex lower semi-

continuous functions. Castagnoli and Mazzoleni (1989a) studied derivatives of generalised
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concave functions, while, in (1989b), they investigated a unified approach to generalised
convexity. Luc (1989) considered three generalisations of quasiconvexity and studied their
relationships. Aze and Volle (1990) studied stability under quasiconvexity, while Borde and
Crouzeix (1990) investigated continuity properties of normal cones to the level sets of
quasiconvex function. Higgins and Polak (1990) studied the minimization of a pseudoconvex
function over a compact set. Chavent (1991) investigated quasiconvex sets. Characterisations of
classes of quasiconvex functions, differences of convex functions, the lower functions, semi-
smooth functions and quasi-differentiable functions in terms of their properties of generalized
Clarke's gradient were done by Ellaia and Hassouni (1991). Crouzeix, Ferland and Schaide (1992)
investigated a characterisation of pseudoconvexity on affine subspaces. Properties of quasiconcave
functions and their characterisations were investigated by Danao (1992) while Radzik (1991)
established necessary and sufficient conditions for the existence of saddle-points of matrices that
are closely related to functions of two variables and are quasiconvex/quasiconcave.

Parallel to the above development in the optimality conditions of multi-objective optimisation,
there has been a very popular growth and application of the invexity theory. The concept of
invexity introduced by Hanson (1981) was also generalized by Hanson and Mond (1987). They
defined the so-called type I and type II objective and constraint functions. Rueda and Hanson
(1988) characterised these classes of functions and presented classes of generalised type I and type
II functions. Antczak (2001, 2002) extended the concepts of type I and type II objective and
constraint functions and he introduced the classes of (p, r)-type I and (p, r)-type II objective and
constraint functions for differentiable mathematical programming problems. Despite substituting
invex for convex, many theoretical problems for differentiable programming can also be solved.
But the corresponding conclusions cannot be obtained for nondifferentiable programming with
the aid of invexity introduced by Hanson because the derivative is required in the definition of
invexity (Hanson, 1981). While the derivative is required in the definition of invexity, there
exists a generalisation of invexity to locally Lipschitz functions, with derivative replaced by Clarke
generalised gradient (Craven, 1986, 1989). In these papersD, the directional derivatives have
been wused. Antczak (2009) has continued the extension of invexity notion into the
nondifferentiable setting by defining a generalised notion of invexity for directionally
differentiable vector-valued mappings. Thus, he has extended the concept of r-type objective and
constraint functions introduced earlier in (Antczak, 2002) for differentiable functions. For vector
optimisation problems, which constituting functions are directionally differentiable, he has
defined the various classes of (generalised) d-r-type I objective and constraint functions. By

considering the concept of a (weak) Pareto solution, he has proved sufficient optimality
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conditions and duality results in the sense of Mond-Weir for non-differentiable multi-objective
programming problems with functions belonging to the classes of functions introduced in
(Antczak, 2009). To prove these results, he used the Karush-Kuhn-Tucker necessary optimality
conditions previously established in (Antczak, 2002) for directionally differentiable vector
optimisation problems. Further, he has shown that weak duality in the sense of Wolfe is not
satisfied between the considered non-differentiable multi-objective programming problem and its
Wolfe duals in the case when the functions constituting these vector optimisation problems are d-
r-type I objective and constraint functions. Antczak has illustrated this result by a suitable
nondifferentiable multiobjective programming problem.

In the theory of constrained multi-objective optimisation problems, optimality conditions and
duality results for differentiable nonlinear constrained problems are important theoretically as
well as computationally and can be formulated in several different ways. In general, these criteria
can be classified as either necessary or sufficient. As mentioned earlier, the best-known necessary
optimality criterion for a constrained mathematical programming problem is constituted by the
Karush—Kuhn—Tucker optimality conditions. However, the F-John criterion is in a sense more
general. In order for the KKT optimality conditions to hold, one must impose some suitable
constraint qualification (Miettinen, 1999) on the constraints of the optimisation problem. On the
other hand, no such constraint qualification need be imposed on the constraints in order for the F-
John optimality conditions to hold. In constrained optimisation, these necessary optimality
conditions are also sufficient for optimality if the functions delimiting the mathematical
programming problem are convex or satisfy certain generalised convexity properties such as
pseudo-convexity or quasi-convexity (Mangasarian, 1969).

Karush-Kuhn-Tucker conditions are sufficient for optimality if the functions involved are
convex. However, application of the Kuhn-Tucker conditions as sufficient conditions for
optimality is not restricted to convex problems, and various generalisations of convexity have
been made in order to explore the extent of this applicability. This raises the problem of finding
exhaustive classes of functions which will ensure that the Kuhn-Tucker conditions are sufficient
for optimality in constrained multi-objective optimisation problems. Under very general
conditions Hanson and Mond (1987) have given an answer to this by introducing two new classes
of functions, both closely related to, but more general than, invex functions. These two classes
have been called preinvex functions. These two classes are associated with primal and dual
problems respectively.

In Antczak (2007), a new class of non-convex functions, called G-invex functions has been

introduced. He has extended an invexity notion (Hanson, 1981) since the defined class of
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functions contains many various invexity concepts. A characteristic global optimality property of
various classes of invex functions has also been proved in the case of a G-invex function. It has
been turned out that every stationary point of a G-invex function is its global minimum point. A
sufficient condition for G-invexity has also been proved in (Antczak, 2007). In addition, some
relations between the introduced class of G-invex functions with respect to 1) and various classes
of invex functions with respect to 7 have been stated. Furthermore, new F- John-type and
Karush—Kuhn—Tucker-type problems, called G-F-John and G-Karush—Kuhn—Tucker problems
have been introduced, respectively; they were defined assuming differentiability of the functions
involved. Then, Antczak (2007) has applied the G-invexity notion introduced to develop
optimality conditions of F-John type and Karush—Kuhn—Tucker type for constrained differentiable
mathematical programming problems. He has proved the sufficiency of the necessary optimality
conditions of G-type defined for differentiable constrained optimisation problems involving G-
invex functions with respect to the same function 7], but not necessarily with respect to the same
function G. In particular, He has finally obtained optimality conditions of F-John type and
Karush—Kuhn—Tucker type that are weaker than previous conditions presented in literature.
Further considerations have been devoted to duality in differentiable constrained mathematical
programming problems. He has defined a new dual of Mond—Weir type, called the G-Mond—
Weir dual, for the constrained optimisation problem considered. Then various duality theorems
have been proved between the mathematical programming problem considered and the G-Mond—
Weir dual problem introduced. The main tool in proving these duality results was the concept of
G-invexity introduced. As in the case of establishing the sufficiency property for optimisation
problems of this type, Antczak has assumed that all functions involved in the original optimisation
problems is G-invex with respect to the same function 77, but not necessarily with respect to the
same function G. In addition, some examples have been given to illustrate a nature of the class of

non-convex functions introduced by Antczak (2007).
2.5 Literature Review Analysis

In this section, an extensive literature survey is carried out in order to analyse and classify
theoretical approaches used in tackling multi-objective optimisation problems. The literature
research involves the investigation of 156 journal articles concerned with theorems and
applications of multi-objective optimisation. These articles are drawn from the period 1993-2010.
The articles have been classified by refereed journal articles from across some popular disciplines.

Although there have been many books and conference proceedings in multi-objective
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optimisation, the literature survey has focused on journal articles and some selected fundamental
books only. Conference proceedings are generally not included in this literature analysis. This for
a simple reason that many theoretical results are regularly published in journal papers. The
articles before 1993 are not included since the number of applications before 1993 is not
significant in comparison with the duration after 1993. However, there exist some important
theoretical works concerned with Karush-Kuhn-Tucker theorem and Fritz-John (F]) as mentioned

in the introduction.

2.5.1 Number of Articles

Figure 2.1 incorporates the references of multi-objective optimisation in the period mentioned
above. Classification and analysis of these journal articles in certain areas will be discussed in detail
in next sub-section. The diagram shows that there are several factors influencing this curve.
Firstly, due to the importance of Pareto-optimal solutions for scientists and engineering designers,
a lot of improvements on Karush-Kuhn-Tucker and Frit-John conditions have been proposed
(Birbil et al., 2007; Lu et al., 2007; Li and Zhang, 2005; Vazquez aRuckmann, 2005; Shi et al.,
2005; Brosowski, 2001). In these studies, different proofs of Fritz-John and Karush-Kuhn-Tucker
conditions for nonlinear finite dimensional programming problems with equality and/or
inequality constraints have been given. These avoid the implicit function theorem usually applied
when dealing with equality constraints and use a generalisation of Farkas lemma and the Bolzano-
Weierstrass property for compact sets (Birbil et al., 2007). Moreover, for an inequality
constrained nonsmooth multiobjective optimisation problem, where the objective and constraint
functions are locally Lipschitz (Miettinen, 1999), stronger Kuhn-Tucker type necessary optimality
conditions have been derived that are expressed in terms of upper convexificators (Li and Zhang,
2006). In addition, other constraint qualifications sufficient for the nonsmooth analogue are
introduced and their relationships are presented. Furthermore, a proof of Karush-Kuhn-Tucker
conditions has been illustrated using Zorn's Lemma (Ehrgott, 2000). Secondly, several
mathematical optimisation approaches have been devised to deal with multi-objective
programming problems. For instance, and as mentioned in the previous sections, the weighted-
sum approach is the most popular one used in this context. However, it has some disadvantages
(Miettinen, 1999; Collette, 2003; Deb, 2001). Recently, an adaptive weighted-sum method has
been proposed by Kim and De Weck (2005) to overcome some of these drawbacks. Thirdly, the

existence and importance of multiple objectives in various disciplines has made researchers very
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keen to find out new approaches and algorithms to tackle multi-objective problems (Zhao and

Dimirovski, 2004; Balbas et al., 2002).
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Figure 2.1: Articles in the period 1993-2010. These articles show the theoretical techniques used to

solve MOOP. The evolutionary algorithms have not been included.
2.5.2  Analysis of Articles by Application Areas

In this sub-section, a breakdown of the articles in four application areas is carried out. These areas
are theoretical, Operations Research (OR), Mechanical engineering, and Finance applications.
The theoretical articles have the highest number among the application areas. From 156 articles in
this literature analysis, there are 124 theoretical articles, i.e. 79%. This high percentage has been
influenced by several factors. Firstly, this area has techniques that have been used not only in real-
life applications but also in simple multi-objective optimisation problems (Zhou et al., 2007; Luo
et al., 2006). For instance, it has been proven that the Kuhn—Tucker point of nonlinear
programming problem is an asymptotically stable equilibrium point of a system of differential
equations. Secondly, the KKT optimality conditions are valid for convex and continuously
differentiable constraints and objective functions; so an extension and modification of these
optimality conditions have been proposed (Maeda, 2004; Stein, 2006; Taa, 2005). In these
extensions, second-order Kuhn-Tucker type necessary conditions for efficiency under constraint
qualification have been introduced. In addition, optimality conditions in terms of Fritz-John and
Karush-Kuhn-Tucker multipliers for vector optimisation problems when the objective and
constraints are defined by the difference of convex mappings have been investigated. Thirdly, in
the theoretical part, there are many papers dealing with multiple objective functions (higher
dimensions in the objective space) and are involved in theorem developments (Jeyakumar et al.,

2007; Lv et al., 2008; Maity and Maiti, 2007). For example, Kuhn-Tucker sufficiency conditions
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for possibly multi-extremal non-convex mathematical programming problems, which may have
many local minimisers’ that are not global, have been demonstrated. Regarding the other areas,
an observation arising from analysing the articles is that there are some theoretical articles that
have been applied in both OR and Finance application areas (Zhang and Hua, 2008; Birbil et al.,
2007; Miglierina et al., 2008; Wu, 2007). The KKT conditions have been used to solve problems
in these areas. However, there are only a few theoretical applications which have been used to
solve even simple mechanical engineering problems (Primbs and Giannelli, 2001; Sadegh, 1997).
This small number of theoretical applications applied to engineering problems is because of their
complexity. Evolutionary algorithms have been used generally to optimise a larger class of
engineering problems. There are a plenty of papers as mentioned in the previous sections used for
this purpose. As mentioned before, the scope of the literature survey is the analytical optimisation
methods not the evolutionary techniques, so any details about these evolutionary algorithms are
left out from this literature as has been given previously. Real-life applications or specifically
engineering applications are a significant class of multi-objective problems that might still need to
be solved using these theoretical approaches to find out any mathematical relationship between
decision variables that might help the engineering designer (Deb, 2003). Figure 2.2 illustrates the

breakdown of the articles into four important areas of application.
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Figure 2.2: Analysis of articles by application areas

2.5.3 Itemisation of Articles by Theoretical Approaches

Figure 2.3 demonstrates the prevalence of theoretical approaches that have been applied to solve

MOOP in many disciplines. The KKT and FJ conditions are the core of all studies (Li and Zhang,

Let be a function of a single variable with continuous first and second derivatives. Suppose isa
stationary point of intheinterior of — Af— then isalocal maximiser.
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2006; Gutierrez et al., 2005; Gutierrez et al., 2006; Liu and Sun, 2004; Martinez and Svaiter,
2003; Ye and Zhu, 2003) that have been analysed in the literature survey. For instance in these
studies, the constraint qualifications and Kuhn-Tucker type necessary optimality conditions for
minimisation and maximisation problems with arbitrary set constraints or inequality constraints,
where the objective and the constraint functions are real-valued and locally Lipschitz continuous,
have been developed. The qualifications and the necessary optimality conditions have been stated
in terms of upper or lower convexificators. Moreover, Fritz-John and Kuhn-Tucker type
necessary and sufficient conditions for Helbig's approximate solutions (Gutierrez et al., 2006) to
deal with approximate Pareto solutions in convex multiobjective optimisation problems have been
obtained. In addition, Fritz-John and Kuhn-Tucker necessary and sufficient conditions for a
nondifferentiable convex multiobjective optimisation problem whose feasible set is defined by
affine* equality constraints, convex inequality constraints, and an abstract convex set constraint
have been obtained. According to the literature survey, approximately 70 % of the articles in the
literature are using KKT conditions as a basis of all the modifications needed to achieve
relaxations of the existing analytical approaches utilised in solving multi-objective optimisation
problems. Recently, fuzzy logic has been applied to tackle multi-objective optimisation as well
(Maity and Maiti, 2007; Abo-Sinna et al., 2008; Mahapatra and Roy, 2006; Wu, 2004). For
example, a fuzzy-stochastic approach has been applied to solve real-life multi-objective
optimisation applications. In additions, fuzzy multi-objective mathematical programming with
generalised triangular fuzzy number has been applied to a reliability problem subject to complex
system design and consequently a new fuzzy multi-objective optimisation method has been
introduced and used for decision making of series and complex system reliability with two
objectives. Fuzzy logic has got 5.8 % of the articles used in this literature analysis. As one can see,
this percentage is very small in comparison with the area of KKT. This reveals that this area is a
fresh area of research and can address further challenges in the field of multi-objective
optimisation problems. As can be seen from Figure 2.3, Karush-Kuhn-Tucker conditions (Sharma
etal., 2007; Mijangos and Nabona, 2000; Preda and Chitescu, 2000) are still widely-used to solve
MOORP. This is for a simple reason that most of multi-objective optimisation problems satisfy
KKT conditions and it is a better way to check the Pareto optimality of the solutions obtained by

these approaches.

* A function f:R™ — R" is called affine if there is a linear function L: R™ — R™ and a vector b in R™
such that A(x) = L(x) + b for all x inR™
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Figure 2.3: Analysis of articles by theoretical approaches

2.5.4 Analysis of Articles by Objective Functions and

Constraints

In Figure 2.4, the objective functions involved in the articles are categorised. The figure shows
that a large number (approximately 61.1 %) of the objective functions in literature are non-linear
constrained objective functions (Li et al., 2008; Zishuang and Zheng, 2007; Antczak, 2007;
Dahiya et al., 2007; Golishnikov and Izmailov, 2006; Bahahadda and Gadhi, 2006; Sach et al.,
2005; Balbas et al., 2005). One reason for this high percentage is that a large number of real-life
multi-objective optimisation problems are non-linear constrained problems. Another important
reason is that the intricacies that appear when dealing with the analytical calculations involved in
the optimisation process make this sort of multi-objective optimisation problems very significant
in applications. Later on, a number of these problems will be used in the test and validation

process of the proposed approaches.

60
4
g 50
8 40
S 30
]
a 20
£ 10
2
0 T T T _ 1
Linear Linear Non-linear Non-linear
constrained unconstrained constrained unconstrained
objective objective objective objective
functions functions functions functions

Classifying of objectives by constraints

Figure 2.4: Analysis of articles by objective functions
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2.5.5  Analysis of Articles by Optimisation Approaches

Figure 2.5 clearly demonstrates the optimisation techniques used in literature. Approximately
80.1% of all articles have used theoretical approaches for solving multi-objective optimisation
problems. A large percentage of these theoretical approaches are dependent on the extensions of
Karush-Kuhn-Tucker conditions. Out of this large percentage, there is a small number of articles
that have been applied to simple multi-objective problems in order to get the Pareto-optimal
solution analytically (Luo et al., 2006; Roger et al., 1993). The simulated annealing and simplex
method have been employed to solve different benchmark nonlinear constrained problems. Some
of these articles are also modification or extension of KKT conditions. The overall number of
theoretical approaches reflects that the theoretical techniques of optimisation still need

modifications and extensions to formulate and solve multi-objective optimisation problems.

3.2% or 5 articles
16.7% or 26 articles

80.1 % or 125 articles

W Statistics
M Theoretical/Analytical

Numerical

Figure 2.5: Analysis of articles by optimisation approaches
2.5.6  Analysis of Articles by Statistical/Numerical Approaches

There are only a few statistical and numerical approaches that have been used to solve multi-
objective optimisation problems. These have got 3.2% and 16.7% respectively out of all the
articles included in the literature. For instance, a finite series of Monte-Carlo estimators for the
construction of gradient-type methods to develop implementable algorithms of stochastic
programming have been developed. Furthermore, the inexact Newton approach has been used to
solve the constrained system of nonlinear equations obtained by the Karush—Kuhn—Tucker (KKT)
optimality conditions. There are other approaches that have been used to solve multi-objective
optimisation problems numerically. Some of these approaches are gradient method, simplex

method, reliability index method and interior point method. The table below gives some selected
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articles which have used numerical or statistical methods to deal with multi-objective optimisation

problems. Within Table 2.1, LCOF means Linear Constrained Objective Functions and NLCOF

means Nonlinear Constrained Objective Functions. Not all the articles using numerical and

statistical approaches in the literature are involved in this table. This is just a sample of the

numerical and statistical approaches used so far.

Table 2.1: Some selected papers on statistical and numerical approaches from literature

2.6

Numerical/Statistical Type _of Application Selected Articles
Approaches Objectives Area
LCOF Finance Luetal. (2007)
Simplex method Yang et al. (2002)
LCOF Theoretical Luo et al. (2006)
LCOF Finance Sakalauskas (2002)
Monte-Carlo method
NLCOF Theoretical | Agarwal et al. (2004)
Abo-Sinna et al. (2008)
Gradient method NLCOF Theoretical | Bonettini et al. (2007)
Qi et al. (2004)
e e - Mechanical
Reliability index method ‘ NLCOF echanical | pjaeda (2004)
engineering
Bonettini et al. (2005)
NLCOF . Golishnikov et al. (2006)
Newton method NLCOF Theoretical Herskovits (1998)
Kanzow et al. (1995)
Interior point method LCOF/NLCOF Theoretical Pacelli et al. (2001)
Roger et al. (1993)

Current Research Trends

From analysing the literature survey, the following main research trends are identified.

»

The first point to note is that there is a trend to modify the existing techniques of
optimisation. For example, previous research has shown that the weighted-sum technique
often produces poorly distributed solutions along Pareto-optimal front, and that it does not
find Pareto-optimal solutions in non-convex regions (Miettinen, 1999; Collette, 2003).
Kim and De Weck (2005) have recently proposed a modification of this approach so as to
produce well-distributed solutions in a non-convex area.

The well-known Karush-Kuhn-Tucker conditions have been extended so that they can
provide necessary and sufficient conditions for multi-objective optimisation problems. For
example, Lu et al. (2007) have extended the KKT approach to deal with linear referential
uncooperative bi-level multi-follower decision problem. Jeyakumar et al. (2007) have
presented new KKT sufficiency conditions for possibly multi-extremely non-convex

mathematical optimisation problems.
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B  Due to the presence of non-convex objective functions that make most of the algorithms
get stuck to local minima that are not global minimisers, a new direction to develop new
conditions for identifying the global minimisers for such problems is thoroughly being
researched (Huy et al., 2006; Jeyakumar et al., 2006).

B Since the optimality conditions and duality results for differentiable nonlinear constrained
problems are extremely important (Sheng and Liu, 2006; Mishra et al., 2000b, 2008),
another current research trend to introduce new class of differentiable functions (Antczak,
2007; Mishra et al., 2004, 2009) is being developed to tackle the challenges posed by

multi-objective optimisation problems.
2.7 Research Gaps

Section 2.6 presented and classified the references on optimisation techniques for multi-
objective optimisation. The review of theoretical and evolutionary optimisation approaches was
based on the classification of the types of multi-objective optimisation problems handled using
these approaches. These classifications resulted in visually highlighting a number of interesting
observations and especially the lack of certain approaches.

Optimising multi-objective problems for finding the Pareto-optimal front is a significant
research area and still needs extra work to challenge the established ideas and propose new
innovative ideas that can add to this field. From the salient observations which have been obtained

from analysing the literature articles, the following research gaps can be identified:

¢ Formulating and developing the optimality conditions of multi-objective optimisation, such
as KKT conditions, in another way to help researchers to find out more mathematical
characteristics of the Pareto-optimal set (Roghanian et al., 2008; El Maghri and Bernoussi,
2007; Rizvi et al., 2006; Zhou and Zhang, 2005).

¢ Developing new classes of multi-objective optimisation problems and discussing the

optimality conditions and duality results for these classes.

¢ Developing symbolic algorithmic packages for handling multi-objective optimisation

problems to overcome the challenges posed by real-life problems.

. Finding out the relationship between decision variables (variables interaction) in an
analytical form for multi-objective optimisation problems. Discovering this relationship
will provide exact design principles to the engineering designers and will give insights

about the problem at hand.
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2.8 Summary

This chapter has achieved the following.

¢ It has presented a literature review of the theoretical results regarding optimality conditions

of multi-objective optimisation problems.
¢ It has presented an overview of EC techniques for solving MOOP.
¢ It has classified the articles identified in the literature survey.
¢ It has identified the current trends.

¢ It has finally identified the research gaps.

As mentioned in Chapter 1, this research attempts to develop symbolic optimisation algorithms
that are capable of dealing with the challenges of multi-objective optimisation problems based on
the extension of current theoretical results. The current chapter has given an overview of the
theoretical results for handling these problems. This survey of literature enables the identification

of the research aim and objectives in the next chapter.
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3 RESEARCH AIM, OBJECTIVES AND
METHODOLOGY

This chapter identifies and discusses the aim and objectives of this research. Based on these, the
research scope and methodology are also elaborated and discussed. This chapter discusses the

following:

v  Research aim.
+  Objectives.
+  Scope.

v  Methodology.

3.1 Research Aim

The research aims to develop new multi-objective optimisation symbolic algorithms capable of
detecting relationship(s) among decision variables that can be used for constructing the analytical
formula of Pareto-optimal front based on the extension of the current theoretical research. This
research will extend the theoretical optimality conditions that are regularly used in multi-
objective optimisation problems to deal with the challenges posed by certain features of multi-
objective optimisation problems such as multiple objectives, constraints and interaction among
decision variables. This would enhance the effectiveness of optimisation algorithms by giving them

the capability of dealing with a wide variety of real-life problems.

3.2 Research Objectives

There are a number of research issues that are involved in the fulfilment of the aim of this
research. The research objectives which address these issues are broken down into specific

objectives as follows.

1. To construct the first-order optimality conditions of Karush-Kuhn-Tucker under

univexity concept for multi-objective optimisation problems.

2. To demonstrate the duality results corresponding to the first-order optimality

conditions.
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3. To extend the second-order optimality conditions of Karush-Kuhn-Tucker under a

relaxation of the convexity concept.

4. To propose multi-objective symbolic algorithms based on the extension of the existing
theoretical results of multi-objective optimisation for extracting the relationship among

the decision variables used in constructing the Pareto-optimal front.

5. To compare the performance of the proposed algorithms with a popular optimisation

algorithm (NSGA-II) using selected test problems from literature.

6. To validate the performance of the proposed algorithms using three appropriately

selected real-life case studies.

3.3 Research Scope

Based on the research objectives mentioned above, the scope of this research can be summarised
as follows.

Centeat: The optimality conditions and solutions proposed in this research are with regard to

multi-objective optimisation problems.

Demain: This research focuses on multi-objective optimisation problems.

Optimality Cenditions: As mentioned in the previous chapter, this research concentrates on

the optimality conditions of Karush-Kuhn-Tucker due to their broad applicability to multi-

objective optimisation problems.

Literature Suwey: The literature survey in this research concentrates on the analytical and

evolutionary computation techniques used for tackling multi-objective optimisation problems

with certain features: multiple objectives, constraints and variable interaction.

Development of Optimality Conditions: This research focuses on the development of

optimality conditions of Karush-Kuhn-Tucker. The convexity concept in these conditions is

relaxed in both the first and second-order optimality conditions. In addition, the first-order

optimality conditions are established under the univexity concept.

Development of symbolic Optimisation algoxithms: In this research, symbolic optimisation

algorithms are proposed for handling certain characteristics of multi-objective optimisation

problems: multiple objective functions, constraints and variable interaction.

Validation: In this research, the validation is carried out using multi-objective test problems

and real-life case studies borrowed from literature. These case studies are analysed, and three of

them are selected in such a way that a board spectrum of characteristics is analysed.
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3.4 Research Methodology

As research methodology is one of the most significant steps required to achieve the main
activities of this research, it is clarified and explained here in more details. A pictorial
representation of this methodology is given in Figure 3.1, which also forms the basis for the layout

of this thesis.

3.4.1 Problem Identification

As mentioned in chapter 1, this research is dedicated to discover the relationship(s) among
decision variables responsible for constructing a complete curve/surface of Pareto-optimal front.
The problem statement of this research is derived based on the argument found elsewhere (Deb
and Srinivasan, 2008) that is Pareto-optimal solutions are not arbitrary solutions, but rather
solutions which mathematically must satisfy the so-called Karush-Kuhn-Tucker conditions.
Hence, this research shares the vision of proposing symbolic optimisation algorithms capable of

exploiting the Karush-Kuhn-Tucker conditions for detecting these relationship(s).

3.4.2 Literature Survey

An extensive literature survey is carried out as part of this research in order to analyse and
classify the analytical approaches and evolutionary computation techniques used for handling
multi-objective optimisation problems. Based on the primary focus on analytical approaches and
evolutionary techniques for multi-objective optimisation problems, the literature survey is carried
out with respect to certain characteristics of these problems: multiple objectives, constraints and
variable interaction. The literature research involves the investigation of books, peer reviewed
journals and conferences, on-line articles in order to attain an in-depth knowledge. This assists in
reaching a clear understanding of the existing work in terms of its strengths and weaknesses and in

identifying the research gap.
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Figure 3.1: Main steps of the research methodology

3.4.3 Identification of Research Aim, Objectives and Scope

Along with the problem statement, the survey of literature provides evidence on the main
research issues that need to be addressed in order to push forward the domain knowledge and

provide solutions for handling optimisation problems. This enables the precise definition of the
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aim and objectives that this research seeks to address. The literature survey also enables the
identification of the drawbacks of the evolutionary computation algorithms in tackling certain
characteristics of optimisation problems. In addition, it provides the limitations of the current
optimality conditions used in multi-objective optimisation. These limitations of existing

evolutionary techniques and current optimality conditions define the focus of this research.

3.4.4 Development of Optimality Conditions

In this research, optimality conditions, particularly Karush-Kuhn-Tucker and Fritz-John
conditions are analysed and further developed. First-order optimality conditions of Karush-Kuhn-
Tucker under a generalised type of univexity functions are developed. In chapter 4, some
theoretical classes of multi-objective optimisation problems are proposed. For these classes, extra
conditions are imposed on the objectives and constraints to achieve univexity concept. Based on
these additional conditions, the first-order optimality conditions for the problems in each class are
separately proposed and proved. Furthermore, the duality results for each class are suggested and
some first-order duality theorems are illustrated and proved. In addition, some sufficient second-
order optimality conditions for multi-objective optimisation problems are established. Three
important theorems regarding the second-order optimality conditions are proposed and proved.
In these theorems, a generalised form of the convexity concept (such as strong pseudoquasi type I
univex, weak strictly pseudoquasi type I univex and weak quasistrictly pseudo type I univex) is
used to relax the KKT conditions. Based on these types of convexity, new second-order KKT
optimality conditions are given and proved. Consequently, the applicability of KKT conditions to

multi-objective optimisation is being extended.

3.4.5 Development of Symbolic Optimisation Algorithms

Based on the argument found in Deb and Srinivasan (2008), that it can be said Pareto-optimal
solutions are not arbitrary solutions, but rather solutions which mathematically must satisfy the
so-called Karush-Kuhn-Tucker conditions. Two multi-objective symbolic algorithms are proposed
in this research to address the drawbacks of existing ones in handling multiple objective functions,
constraints and variable interaction. The establishment of these algorithms is carried out in a
systematic, step-by-step fashion based on the relaxation of existing optimality conditions of
Karush-Kuhn-Tucker. In chapter 5, MOSA-I algorithm is proposed. This algorithm is used to
solve multi-objective optimisation problems that involve differentiable and convex objectives. It is
used to discover the relationship responsible for constructing the Pareto-optimal front. It is also

used to provide an analytical formula of the relationship between the conflicting objectives. In
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chapter 6, a generalised version of the above algorithm, called MOSA-II, is introduced. This
algorithm is used to deal with a widen class of multi-objective optimisation problems in which the
convexity concept is generalised. This algorithm is capable of tackling multi-objective
optimisation problems using second-order optimality conditions. The second-order optimality
conditions are used to reduce the solutions obtained by the first-order optimality conditions
included in MOSA-I. The MOSA-II algorithm is more robust than the previous one. It does not
need the objectives to be convex. Hence, multi-objective optimisation problems that have
differentiable objectives and constraints or even have objectives and constraints which are not
convex can be solved by this algorithm. It only needs the mathematical descriptions of the
objectives and constraints.

The performance of the proposed algorithms is compared, using some popular test problems that
are carefully selected from literature, with a state-of-the-art optimisation technique, NSGA-II, in
its standard form. Furthermore, the proposed algorithms are used for measuring the performance
of NSGA-II. The performance of NSGA-II is measured using the generational distance metric

(Coello et al., 2002). This is explained and shown later on in more detail in chapter 6.

3.4.6 Performance Analysis Using Test Problems

Multi-objective optimisation test problems are problems that have been artificially framed to
examine and confirm the performance of algorithms. A number of these exist for multi-objective
optimisation in the evolutionary multi-objective evolutionary optimisation (EMO) literature (Deb
et al., 2001; Zitzler et al., 2002). The reason for developing controllable yet challenging test
problems for optimisation and using them to test an optimisation methodology is to investigate
the problem difficulties, for which a method performs well and problem features, for which they
do not perform so well. Such problem features will enable developers and researchers to get a
better insight to the working of different algorithms, a process which may help them develop
better and more efficient algorithms. Since the exact Pareto-optimal fronts were known to most
of these test problems, these test problems could simply be used to investigate if an algorithm is
able to find well-represented set of Pareto-optimal solutions or not. If they did, the applied
optimisation procedure might be considered to have overcome whatever difficulties these
problems were providing. If they did not, it faces difficulties in analysing why the applied
methodology could not solve the problem and what can be done to improve the algorithm for
solving the problem. Here, the performance of the proposed symbolic algorithms is compared
with a state-of-the-art optimisation technique. The comparison is implemented using a wide

spectrum of test problems carefully chosen from literature. These selected problems are solved by
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the state-of-the-art stochastic algorithm, NSGA-II. The choice of NSGA-II for comparison is based
on the fact that it has been shown in literature to outperform all existing techniques in tackling
these selected test problems within this thesis. The reason for choosing these problems is the way
they have complex inseparable function interaction leading to multi-modality in the search space,

discontinuity in Pareto-optimal front and bias in the search space.

3.4.7 Validation Using Real-life Case Studies

Along with the test problems used to analyse the performance of the proposed symbolic
algorithms, some real-life problems are also used in the validation process. Here, a set of real-life
engineering design problems reported in literature are analysed from the perspective of the
challenges that they pose for optimisation algorithms. The performance of the proposed symbolic
optimisation algorithm, MOSA-II, is validated using three appropriately chosen real-life case
studies. These real-life case studies are: the design of a pressure vessel, a three-member truss and
a welded beam. They are selected based on some characteristics such as, the number of the
objective functions, the number of the constraints, and the complexity of the search space (non-
linearity, convexity, concavity, discontinuity of the Pareto-optimal front...etc.). Many criteria
are used for comparison between these real-life case studies such as complexity of the objective
functions (convergence to the Pareto-optimal front, diversity of solutions on the Pareto-optimal
front). An elaborate description of these real-life case studies and the criteria is presented in
chapter 7.

Although MOSA-T is applied to test problems, it requires the objectives and constraints to have
their mathematical descriptions. In addition, the objectives and constraints should be continuous,
differentiable and convex. Therefore, using multi-objective optimisation problems that do not
involve the above aspects makes MOSA-I fail to tackle this sort of problems. For these reasons,
MOSA-II is chosen for the validation process as it overcomes some of the above mentioned
aspects. In this way, this research proposes a fully tested and validated methodology for dealing

with multi-objective optimisation problems.

3.4.8 Identification of Contributions, Limitations and Future
Research Directions

Finally, the contributions and limitations of the research methodology and the proposed

theoretical developments and symbolic optimisation algorithms are identified. Based on this

contributions to knowledge made by this thesis are established and the corresponding future

research directions are proposed.
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3.5 Summary

This chapter has discussed the following.

*

¢

It has stated the research aim.
It has outlined the objectives that address the aim of this research.
It has summarised the scope of this research based on its objectives.
This chapter has finally discussed the methodology that has guided this research to
achieve its aim and objectives. This methodology composes of seven main parts, as given
below.
v" Problem identification.
Literature survey.
Identification of research aim and objectives.
Development of Pareto-optimality conditions.
Development of symbolic optimisation algorithms.

Testing and validation.

LSS

Identification of contributions, limitations and future research

directions.

As stated in this chapter, the aim of this research is to develop symbolic optimisation algorithms

that are capable of dealing with the challenges of multi-objective optimisation problems based on

the extension of the current theoretical results. The next chapter develops first and second-order

optimality conditions for handling these challenges.
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4 FIRST AND SECOND-ORDER OPTIMALITY
CONDITIONS FOR MULTI-OBJECTIVE
OPTIMISATION PROBLEMS UNDER
GENERALISED TYPE I UNIVEXITY FUNCTIONS

In this chapter, the univexity concept (Chapter 1) is applied to selected classes of multi-
objective optimisation problems. Some different theoretical classes of multi-objective
optimisation problems are proposed. For each class, extra conditions are imposed on the objective
and constraint functions so that they can achieve the univexity concept. Based on these additional
conditions, the first-order optimality conditions for problems in each class are proposed and
proved. Furthermore, the duality results for each class are suggested and then some first-order
duality theorems are illustrated and proved. In addition, the second-order optimality conditions
of Karush-Kuhn-Tucker under a generalised type of univexity functions are proposed.
Consequently, some sufficient second-order optimality conditions for multi-objective
optimisation problems are established. Three important theorems regarding the second-order

optimality conditions are proposed and proved. This chapter attempts to achieve the following.

+  To propose theoretical multi-objective optimisation problems.

+ To propose first-order optimality conditions for the proposed multi-objective
optimisation problems.

v  Toestablish duality results for the above problems.

+  Topropose second-order optimality conditions.

4.1 Proposed Multi- Objective Optimisation Theorems

In this section, some theoretical multi-objective optimisations problems are presented. To

illustrate the univexity of the functions involved in these problems, additional conditions are

included.
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fx) = (fi(z (@), f(x(x)), ---J%(T(x)))T
Where fi: R" — R,i = 1,2, ..., p are strongly pseudoconvex functions with real positive functions
a;(x,%), 7(x): R* — R"is surjective' with Vt(%) onto for each & € R", then the function f(x) is
strong pseudoquasi type I univex.

Proof:
To see that, let x,x € R" and with the surjective of 7 there exist u,v € R" such that 7(x) =

u,7(X) = v. By the strong pseudo convexity one can get,

fie(x) — fiz () = fi(w) — f;(v)
> a;(u,v)Vf;(v)(u —v)

As Vz(X)onto for cach ¥ € R", then u — v=V1(&)n(x,X) can be solved for some n(x,%) € R".

Hence,

i) — fiz(>®) = fi(w) — fi(v)
> a;(u, V)V, w)Vt(X)n(x, x)

=a;(x,X)Vf; (T(E))VT(Q)n(x, x)
= &, DV (f,(z@®)) n(x®)

Where, @;(x, %) = a;(u,v) = a;(t(x), 7(%)) > 0. Assuming that @, is a positive function, we have

bo(x B)polfi(x(%)) — fi(z(®)] 2 bo(x, D)o (£, DV (£,(z(®) ) n(x, %)

Therefore,

bo(x D)ol fi(1(®)) — fi(z@)] < 0= ¥ (£:(x(®) ) n(x,%) < 0

f0) = (i@ @), L@ @), o fo (1 (1))

Where for each i = 1,2,...,p,7: X > R is continuously differentiable and pseudolinear with the
positive proportional function a; (x,x) and f: R — R being convex. Then, the function f(x) is
strong pseudoquasi type [ univex with p(x, %) = x — %.

Proof:

This can be illustrated as follows. From the convexity of f; and the pseudolinearity of 7; one

gets,

L A function f:X — Y is surjective if and only if for every y € Y there is at least one x € X such that

fG) =y
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i) — fim@) =2V (fi(z@®)) (1:(x) — 7:(2))
= a; (% RV (1;(R)Vr; (®) (x — )
= & (% DV(f; ° 1) ®)m (%, %)

Assuming that ¢, is a positive function, we have

bo (%, X) o[ f; (7: () = fi(z:(3))] = bo (x, D) poa; (x, X)V(f; o ;) (X)) (%, X)

Therefore,

bo (%, X [f; (7:(x)) — fi(r;(X)] = 0 = V(f; o 1) ()N (x, %) < 0

T
16 = (Ao @) fo((52 2 O, s fy (15 ° O) @)

Where 7;;:R" - R,i =1,2,...,p is pseudolinear with proportional functions a;(x,%). 8: R"® — R"
is a differentiable onto function such that VO(%) is surjective for each ¥ € R", and f;: R — Ris
convex for each i. Then, the function f(x) is strong pseudoquasi type I univex.

Proof:

To see that, let 6(x) = u,0(X) = v. Then, by the pseudolinearity,

7,(0(x)) —7;(6(%)) = 7;(w) — 7;(v)

= a;(uw,v)Vr;(v) (u — v)
As VA(%) is onto for each X € R", u—v = V8@)N(x,%) can be solved for some n(x, %) € R™.

Hence,

7;,(0(x) —1;(6(®) = 7;(w) — 7;(v)
= a;(uw,v)Vr;(v) (u — v)
= a;(u, v)Vr;(w)Vo(X)n(x, x)
= a;(x, Q)Vri(e (Q))V@ n(x,x)
= a;(x,X)V(z; ° 0) XN (x, %),

Where @;(x,%) = a;(u,v) = ai(r(x),r(i)) > 0. Using the convexity of f;, we get

fi(@i 0 () = fi(@i 0 OY®) = V(i ° )®)(G1 ° )®) = (112 O)(®)
= V(G ° )®) @ (x, DV (z; © 0)(®)m(x, )
= &(x DV (fi((@ e O)®) ) 1% ®)

Assuming that ¢, is a positive function, we have

bo(x D)o [fi((x: © 0)(X)) — fi(zi © OI®))] 2 bo(x, D)o (%, D)V (fi((zi » O)®)) ) 1 (%, ®)

Therefore,
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bo(x, B o[ fi((zi ° 0)(®)) — fi(z1 e )@))] < 0= V (£((r: » O)®) ) n(x,B) < 0

T
(P1(0)?*  (pr(0))?
flx) = .
01(x) or(x)

Where, p;: X —> R 0;: X — R, i=12,..,r Assuming that X is convex set over R and p;(x) =
0,0;(x) > 0 for each x € X. Let p; is convex and g; is concave, then the function f(x) is strong
pseudoquasi type [ univex with p(x,X) = x — %.

Proof:

To see that, consider the following

a@® ()" - (@) = @ {(:0)" - (@)} - (@) {6:(0) - @)}
= 5 @{(p:0) - pi®)(pi() + P @)} -
~(p®)" {01 (x) — (@)}

As p; is convex and o; is concave, we have

5:®)(p:(0))* = 5;()(0:®)” = @V @M(x, D)pi(R) — (0:®) Vo, @m(x, ®)
> 20,(®)Vp; @M (x, R)p; @) — (0:(®)) Vo @)n(x, %)
(@)’ {zfn@)wi@)pi ® - (@) Vo @ x)}n s
(a:(®)
(p:®)"

0;(%)

_ (am)zv{ }nm

Now, dividing the inequality by ;(x)g;(X) > 0, one gets

i 2 (™)) 2 (¥ ()2
bo (5, D)0 <(pl(x)) _(ei(®) )2 bo (5, D)0, (Gl(x))v<(pl(x)) >n(x.?)

o;(x) g;(X) a;(x) 0;(X)

Hence,

) 2 V)2 =) 2
bo(x, 200 <(pUlF2)) B (p(;.((r;))) ) <0 V<(pal.((7;)))

>11(x,§) <0

description:

p1(x)  pr (x))T

01(x)" " 0p (%)

feo =

Where, p;:X - R,0;:X > Ri=12,..,rand g: X — R™.

Proof:
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Assuming that X is convex set over R and p;(x) = 0,0;(x) > 0 for each x on the feasible set I' =
{x € X: g(x) < 0}. The problem (4.1.5) is said to be a convex-concave fractional problem if p;
is convex and ; is concave. It is said to be strong pseudoquasi type I univex at X € X if there exist

real-valued functions by, by, ¢, ¢, and 5 such that:

A p;(x)  p,(X) p,(X) .
bo(x, %), (Ji(x) - ai(ﬁ)) <0=V <%) n(x,x)<0

—by (%, %), g(&) =0 = Vg(@)n(x,%) =0

This definition is equivalent to,

bo(x, D)oy (p,() = D) < 0 = V(p,@®)n(x,%) <0
by (x, %) (0;(x) — 0;()) = 0 = V(o;(X))n(x, %) = 0
—b;(x, %), g(®) =0 = Vg(®)n(x,%) =0
foralx e X andi =12, ...,r.
This function is also said to be weak quasistrictly pseudo type I univex with respect

to by, by, 9o, 91 and n at ® € X if there exist real-valued functions by, by, ¢y, ¢, and 1 such that

bo(x D)@, (0, (1) — D) < 0= V(p,@®)n(x %) = 0
bo(x, D), (0;(x) — 0:(%)) Z 0 = V(o;(®)n(x,2) 2 0
—b; (%, )9, 9(X) =0 = VgR)n(x,%) <0

forallx eX andi = 1,2, ...,7.

4.2  First-Order Optimality Conditions

In this section, the author presents first-order optimality conditions for the multi-objective

problems discussed in the previous section.

Minimise f(x) = (f1 (@), f2(x(x)), e, f (T(x)))T

Subjectto  g(x) = (g1 (x), g2(%), ..., g (X" = 0
XxXEXCR"

(4.1)

and suppose that:
[. xeX
II. f(x) is strong pseudoquasi type I univex with respect to by, by, 9o, 91 and nat X € X

III. there exist A € RP,A > 0,u € R™, u = 0 such that
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a) AVfF(X)+puvg(x) =0
b) pg(®) =0
c)le=1e=(11,..,1D)TERP

Then, X is a Pareto-optimal solution to (4.1).

Proof: Suppose the contrary that ¥ is not a Pareto-optimal solution to (4.1). Then, there is

another feasible solution x to (4.1) such that

fie(®) — fi(z(x)) = 0
By condition (II) and the above inequality, one gets
bo (%, D)o (fi (%)) — £:(z(®)) < 0 = V(£i(z(®))n(x,3) < 0
As X is a feasible solution, we have
—ug(@ =0
By condition (II) and the above inequality, one gets
—b1 (£, X)p19(X) =0 = Vg()n(x, %) = 0 = pvg(X)n(x,x) = 0

Since 4 > 0, (4.2) and (4.3) give

(AVf () + pvg(@D)n(x, %) <0,
This contradicts condition (III). So, the proof'is completed.

Minimise  f(x) = (i(t; (), fo (22 (1), .-, fp (T ()"

Subjectto  g(x) = (g1 (%), g2(%), .., g (X)T = 0
xEXCR"

and suppose that:

I. xeX

II.  f(x) is strong pseudoquasi type I univex with respect to b, by, @o, ¢; and nat X € X

III. thereexist A € R?,A > 0,u € R™, u = 0 such that

a) AVf(X)+puvgx) =0
b) ng(x) =0
c)le=1e=(11,.., DT ERP

Then, X is a Pareto-optimal solution to (4.4).

(4.2)

(4.3)

(4.4)

Proof: Suppose the contrary that X is not Pareto-optimal solutions to (4.4). Then, there is

another feasible solution x to (4.4) such that

fiti(x) — fi(m; (X)) <0

By condition (II) and the above inequality, one gets

bo (%, D)o (fi (71 (1)) = fi(: (%)) < 0 = V(fi(z; (X)) (%, %) < 0

(4.5)
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As X is a feasible solution, we have
—pg(x) =0
By condition (II) and the above inequality, one gets
—b1 (%, X)p19(X) =0 = Vg(@)n(x,X) = 0= puVg(@n(x,x) =0 (4.6)
Since 4 > 0, (4.5) and (4.6) give
Avf(x) + uvg(x))n(x,x) <0,

This contradicts condition (III). So, the proof'is completed.

T
Minimise f(x) = (fl((rl °0)(0)), f2((r2° (@), . fy (7 © 9)(x)))

Subjectto  g(x) = (g1(%), g2(%), ., g (X)NT = 0
xeEXCR"

(4.7)

and suppose that:
[. xeX
II. f(x) is strong pseudoquasi type I univex with respect to by, by, 9o, 91 and nat X € X

III. there exist A € RP,A4 > 0,u € R™, u = 0 such that
a) AVfF(X)+puvg(x) =0
b) ug(®) =0
c)le=1e=(11,.., DT ERP

Then, X is a Pareto-optimal solution to (4.7).

Proof: Suppose the contrary that ¥ is not a Pareto-optimal solution to (4.7). Then, there is

another feasible solution x to (4.7) such that
fi(@ie @) — fi((Ti e (@) <0
By condition (II) and the above inequality, one gets
bo(x )90 (fi(xi ° O(®) — fi(x1 ° OI®)) < 0= V(7 ° OH(®)) n(x,%) < 0 (4.8)
As X is feasible solution, we have
—ug(®) =0

By condition (II) and the above inequality, one gets

—bi1(x,X)p19(%) =0 = Vg(®)n(x,%) = 0 = uVg(X)n(x,%) = 0 (4-9)

Since 4 > 0, (4.8) and (4.9) give
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(AVf(X) + npvg())n(x,%x) <0,
This contradicts condition (III). So, the proof'is completed.

(p1(x))? (pr(x))Z)T

o) "7 or(®)

Minimise f(x) = (

) 4.10

Subjectto  g(x) = (g1(x), g2(%), ..., g (X)NT = 0 (4.10)
XEXCR"

and suppose that:

L. p(x) and 0 (x) are continuously differentiable at x = x

. f(x) is strong pseudoquasi type I univex with respect to by, by, 9o, ¢, and nat X € X
III. thereexistA € R?,A>0,u € R™, u = 0 such that
a) AVf(X)+puvgx) =0
b) ug(x) =0
c)ie=1e=(11,.., DT ERP
Then, X is a Pareto-optimal solution to (4.10).
Proof: Suppose the contrary that X is a not Pareto-optimal solution to (4.10). Then, there is

another feasible solution x to (4.10) such that

<(p(x))2 (p(?c))2> <0
o(x) a(x)

By condition (II) and the above inequality, one gets

2 ./X\ 2 32 2 N
bo (%, %) 0, (M—M) <0= V((’;(T))))n(x, %) <0 (4.11)

o(x) o(®)
As X is a feasible solution, we have

—pg(x) =0
By condition (II) and the above inequality, one gets

b (, )P g@) =0 = Vg@n(x,x)=0= uVg@nx,x)=0 (4.12)
Since 4 > 0, (4.11) and (4.12) give

Arfx) + uvg(D)n(x,x) <0,

This contradicts condition (III). So, the proof'is completed.

N pi®  pr\T
Minimise (al(x) . —ar(x))
Subjectto  g(x) = (g1(x), g2 (%), ..., gm(x)T = 0
x€€EXCR"

(4.13)
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Suppose the following for problem (4.13),
I. p(x) and o (x) are continuously differentiable at x =
II. p(x)and o(x) are strong pseudoquasi type I univex with respect to bg, by, @o, 1 and 7 at
xeX
III. thereexist A€ R",A> 0,u € R™, u = 0 such that
p(%)

a) AV (@) +uvg(x)=0

b) ng(x) =0
c)le=1e=(11,.., DT ER"

Then, X is a Pareto-optimal solution to (4.13).

Proof: Suppose the contrary that X is not a Pareto-optimal solution to (4.13). Then, there is

another feasible solution x to (4.13) such that

IO
o(x) a(x)
By condition (II) and the above inequality, one gets
bo(x D)o (B2 -22) < 0= 7 (£2) n(x,2) < 0 (4.14)
As X is a feasible solution, we have
—pg(x) =0

By condition (II) and the above inequality, one gets
b (,X)p1gX) =0 = Vg@)nx,x) =0= pvg(xX)n(x,x) =0 (4.15)

Since 4 > 0, (4.14) and (4.15) give

(AV (Zgg) + qu(Q)) n(x,x) <0,

This contradicts condition (III). So, the proof'is completed.
I.  p(x) and g(x) are continuously differentiable at x = ¥
II. p(x)ando(x) are weak quasistrictly pseudo type I univex with respect to
bo,bl, Do, P1 and n at .’f eX

III. thereexistdA € R",A>0,u € R™, u = 0 such that
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a) AV (%) +uvg(x)=0
b) ug(x) =0
c)de=1e=(11,..,1DTER"

Then, X is a Pareto-optimal solution to (4.13).
Proof: Suppose the contrary that X is not a Pareto-optimal solution to (4.13). Then, there is

another feasible solution x to (4.13) such that

IO
o(x) oa(x)
By condition (II) and the above inequality, one gets
bo(x, )00 (% - %) <0=7 (%)n(x, £)<0 (4.16)
As X is a feasible solution, we have
—rg(X) =0

By condition (II) and the above inequality, one gets
b (,X)p1gX) =0 = Vg@)nx,x) =0= pvg(xX)n(x,x) =0 (4.17)

Since 4 > 0, (4.16) and (4.17) give

(AV (Zgg) + qu(Q)) n(x,x) <0,

This contradicts condition (III). So, the proof'is completed.

4.3  Duality Results

The duality results corresponding to the optimality conditions previously illustrated are derived

in this section. Consider the following problem,

Maximise  £(§) = (f; @), L@@, o o)),
Subjectto  AVf({) +uvg({) =0, (4.18)

ug(z0,1z0,n20,
le=1e=(11,.., DT eR?
Let

A={A4Lm:27f({) +pnvg(@) = 0,ug({) 20,1 € R’ ,u € R™, u = 0}

denotes the set of feasible solutions of problem (4.18). The following theorem is suggested.
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I. xeX;

Il f(Q) is strong pseudoquasi type I univex with respect to by, by, 9o, 91 and 7 at §;

M. (¢4 % €Aandd > 0;
Then f(x) £ f({).

Proof: Suppose the contrary, i.e.,
fiw(®) < fi,(z(D)
By condition (II) and the above inequality, one gets
bo(x, Do (fi(x(x)) = fi(x())) < 0 = V(fi(z(@))n(x,) < 0 (4.19)
As (¢, A, 1) € Ais a feasible solution, we have
—ug( =0
By condition (III) and the above inequality, one gets

—b1(x,p19) =0 = Vg(Onx, ) = 0= puVg(OHnx,{) =0 (4.20)

Since 4 > 0, (4.19) and (4.20) give

AVf () +uvg(On(x,9) <0,

This contradicts condition (III). So, the proof'is completed.

Consider the following problem,

Maximise  £(§) = (fi(z1(D), (T2 (@), -, fp (T @)

Subjectto AVf({) + uvg(Q) =0, (4.21)
1g(§)z0,A20,uz0,
le=1e=(11,.., )T eR?

The following theorem is suggested.

I. x€eX;
II.  f(Q) is strong pseudoquasi type I univex with respect to by, by, 9o, ¢, and 71 at {;
M. ({Ap) €Aand 2> 0;

Then f(x) £ f(9).

Proof: Suppose the contrary, i.e.,

fitti(x) < fi(z:(D) (4.22)

By condition (II) and the above inequality, one gets
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bo(x, Do (fi(x:(x)) — fi(1:(9)) < 0 = V(f;(z:(9))n(x,{) < 0 (4.23)
As (, 4, 1) € Ais a feasible solution, we have
—ug( =0
By condition (III) and the above inequality, one get

—b1(x,p19) =0 = Vg(Onx, ) = 0= puVg(OHnx,{) =0 (4.24)

Since 4 > 0, (4.23) and (4.24) give

AVf () +uvg(Onx, 9 <0,

This contradicts condition (III). So, the proof'is completed.

Consider the following problem,
T
Maximise £@) = (f,((@1 © YD), (2 ° @), fy (7 ° D))

Subjectto AVf({) + uvg({) =0, (4.25)
ug(§z0,1z0,puz0,
le=1e=(11,.. 1) eRrRr

The following theorem is suggested.

I. x€eX
II.  f(Q) is strong pseudoquasi type I univex with respect to by, by, 9o, ¢, and 1 at {;

. ({,4,u)€eAand 1> 0;
Then f(x) £ f({).

Proof: Suppose the contrary, i.e.,
fi((xi 0 0)() < fi((x: © )(D)
By condition (II) and the above inequality, one gets
bo(x, )0 (fi(xi ° 0)(®)) — fi((x: ° )(©)) < 0 = 7 (£((z: ° O)()) ) (x,8) < 0 (4.26)
As (¢, A, 1) € Ais a feasible solution, we have

-ng(@ =0

By condition (III) and the above inequality, one get

—b1(x,p19) =0 = Vg(Onx, ) = 0= puvg(OHnx,{) =0 (4.27)

Since 4 > 0, (4.26) and (4.27) give
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AVf () +uvg(Onx, ) <0,

This contradicts condition (III). So, the proof'is completed.

Consider the following problem,

- @2 @@\’
Maximise f({) = ( !;11((()) P l;rr((;) ) '

Subjectto  AVf({) +uvg({) =0, (4.28)
ug()z0,4z0,uz0,
le=1e=(11.., D eR"

The following theorem is suggested.

I. x€X;

II.  f(Q) is strong pseudoquasi type I univex with respect to by, by, 9o, ¢, and 71 at {;

. ({,4,u) €eAand 1> 0;
Then f(x) £ f({).

Proof: Suppose the contrary, i.e.,

(p@)* _ (EN%\ _
a(x) al )

By condition (II) and the above inequality, one gets

() _ (p®))* (p(§))?
bo(x, g0 (Lo = 05) < 0=V (LB ) nx O <0 (4:29)

As (¢, A, 1) € Ais a feasible solution, we have

kg =0
By condition (IIT) and the above inequality, one gets

—b1(x,0)919(§) =0 = Vg(On(x,{) = 0= uvg(Hn(x,{) =0 (4.30)
Since 4 > 0, (4.29) and (4.30) give

AVf) +puvg(Oinx,{) <0

This contradicts condition (III). So, the proof'is completed.

Consider the following problem:

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 4. First and Second-order Optimality Conditions

p1({) pr(O)T
a1’ (@)

Subjectto AV (%) +nuvg(Q) =0, (4.31)

ug(§z0,1z0,puz0,
le=1e=(11,.., )T eRr"

Maximise (

Let

A= {((, A w): AV (%) +uvg(Q) =0,ug({) Z0,1eER, ueR", u= 0}

denotes the set of feasible solutions of problem (4.31). The following theorems are suggested.

L. x €EX;

II. p(§) and 0({) are continuously differentiable at {,

1. p({) and 6() are strong pseudoquasi type I univex with respect to by, by, 9o, 91 and 7 at
Iv. (¢, A pn) EAand 4 > 0

P . PQ)
Then 20 * 0@

Proof: Suppose the contrary, i.e.,

o) _ )
o(x) " a(d)

By condition (III) and the above inequality, one gets

px)  p©® P&
bo(x, )90 (55— ) <0 =7 (45) 1w < 0 (432)

As (¢, A, 1) € Ais a feasible solution, we have

-ng( =0

By condition (III) and the above inequality, one gets

—b1(x,p19) =0 = Vg(Onx, ) = 0= puVg(OHnx,{) =0 (4.33)

Since 4 > 0, (4.32) and (4.33) give

(/W (%) + qu(O) nx,4) <0

This contradicts condition (IV). So, the proof is completed.

L. x €X;

II.  p(§) and 0({) are continuously differentiable at {;
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. p(Qando({) are weak quasistrictly pseudo type I wunivex with respect to

bo, b1, @, @, and 7 at {;
IV. ({,An) €EAand A > 0;

px) . pK)
Then ) * Pre)

Proof: Suppose the contrary, i.e.,

o _r©
o(x)  o({)

By conditions (Ill) and the above inequality, we get (4.32). By the feasibility of (¢, 2, ) and
condition (III), we get (4.33). By inequalities (4.32) and (4.33) with condition (III), we have

v (%2) n(x, ) <0 (4.34)
and
ugOn(x,¢H =0 (4.35)
Since 4 > 0, (4.34) and (4.35) give
(47 (23) + w79@) ) nx §) <0

This contradicts condition (IV). So, the proof is completed.

4.4 Proposed Second-order Optimality Conditions

In this chapter, second order optimality conditions for multi-objective optimisation problems
are proposed under a generalised form of univexity concept. Before we discuss these results, let

us recall Equation (1.1):

Minimise f(x) = (fl(x),fz (x), ...,fp(x))T

SUbjeCt to g(x) = (gl(x)r gZ(x)r --"gm(x))T é 0
xeEXCR"

(4.36)

Where, f: X — R and g: X — R™ are continuously differentiable real-valued functions and X is
an open set.

In this section, some sufficient second-order optimality conditions for multi-objective
optimisation problems defined in (4.36) are established. The objective functions and inequality
constraints involved in these conditions should satisfy certain features of type I univex functions

previously defined.
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some bg, by, o, 91 and 7 (critical direction) for all feasible x. Assuming that f,g are twice
continuously differentiable at X € X. If for each critical direction n(x,%) # 0, there exist A € R?,

1 € R™ such that:
p m
I. Zaim@) + ZMJ-ng@) -0,
i=1 =

p m
o Y A h@ + Y wrig® |am 2o,
=1 =
1 {/1 >0,u204=0viezZm) ={ie{l2..,p}:Vfi(X)n =0}
lw=ovievm ={je{12,..,mhg;® =0,Vg;(®n =0}
Then, X is a Pareto-optimal solution to problem (4.36).
Proof: Assume that, for each critical direction 3(x,x) # 0, there exist 1 € R?, u € R™ such

that (I)-(Il) hold and that X is not a Pareto-optimal solution for (4.36). Then, there exists a

feasible x to (4.36) such that

fO<sf®

By the strong pseudoquasi type I univex and the above inequality, one gets

bo(x, X)@olf () — f(X)] < 0 (437)

Since x is a feasible solution, one has

—ug® =0
Using the above inequality with the strong pseudoquasi type I univex, we have
—b; (X, X)p19(X) = 0 (4.38)
From (4.37) and (4.38), we have

Vf(®n(x,%) <0,
uvg@n(x,x) = 0
Since 4 > 0, the above inequalities with Motzkin’s theorem of alternative (Dax and Sreedharan,
1997) imply that the following system is inconsistent:
p m
D ATH@ + ) w79, =0,
=1 =
thereby contradicting condition (I). Therefore, X is a Pareto optimal solution to problem (4.36).

Asn(x,X) # 0 is a critical direction, then the system
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Vfg(n) (®)z + szg(n) &mmn) <0

. R (4.39)
ngp(n) (®)z + Vzgw(n) @mn) =0

has no solution z. This is equivalent to

VfE(n) (*)z + szg(,,) ®mmt<o0
Vg’{’(n) ('&")Z + Vzglp(") (52') (71' ﬂ)t =0
—-t<0

which has no solution z € R",t € R. By Motzkin’s theorem of alternative, there exist multipliers

§ R, 1€ RP, u € R™ such that

14 m
DAV ® + ) g @ =0
i=1 =1
14 m
Y arr®+ ) wrtg® |mm-§=0,
i=1 =1

48 =0,pz0,4=0Vi¢ 5(71),111- =0vj¢g ¥
Since (4,§) = 0 implies
(A=0andé=0)or(A=0andé > 0),

there exist multipliers 4 € RP, u € R™ such that either (4.40) or (4.41) below holds:

p
szm+2wmww
i=1 =1
AZM@+ZWW@@)WM>0
/1;0 =0 -=0Vl$ E(m),u;=0Vje ¥
(4.40)
Or,
14 m
ZMM®+waﬁFO
14
ZAWM@+ZWW%@ (>0,
A;Ouéo,li—OVlﬁu(n).#j—OV]Gé'P(n)
(4.41)

Assuming that (4.40) does not hold. This is equivalent to the inconsistency of the system:
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p m
DAVE® + ) w7g,® =0,
i=1 =1

m
WVH®) + ) w72 ® | >0,
j=1

L

A=0,pz08Z0,4,=0VigZm,u=0v;e¥m

By Motzkin’s theorem of the alternative, there exist z and t = 0 satisfying

Vo @2z + V2 f oy @) (@mm)t < 0
VG B2 + V2 g4y D ,m)e = 0

Since (4.39) has no solution, we have t = 0; hence,

Vfem) ®z<o0
Y94 ®)z=o0

However,

Vf oy @M = 0,7f @0 < 0,L = {12, ..., p)
Vg‘i”(n)(&)" =0, Vgx\q/(,,)(&)ﬂ <0,K={12,..,m}

As 1(x, %) is critical, this implies

Vf(xX)(n+¢&ez) <0,
VgxX)(n+ez)=0

For any sufficiently small € > 0, this contradicts the first-order optimality conditions. This

completes the proof.

The proof of theorem 4.4.2 is similar to theorem 4.4.1 proof and is omitted here.

respect to some by, by, 9, @1 and n for all feasible x. Assuming that f, g are twice continuously

differentiable at * € X. If for each critical direction n(x, X) # 0, there exist 2 € R?, u € R™such

that:
14 m
I ZAiVﬁ(£)+Zﬂj7g,@)=o,
i=1 =
p m
1 Y A R@® + ) wrg® | 2o,
i=1 =

i {,1 >0,u=0,1=0vi¢gZm) ={i€{l2..,p:Vfi(@)n =0}
“lw=ovjewm ={je{12..,mhg;& =0,Vg;@n =0}
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Then, X is a Pareto-optimal solution to problem (4.36).

respect to some by, by, @y, ¢, and 1 for all feasible x. Assuming that f, g are twice continuously

differentiable at ¥ € X. If for each critical direction n(x, X) # 0, there exist 2 € R?, u € R™such

that:

14 m
I Zzini@) + Zijgj(Q) —0,
=1 =1

p m
1 Y A R@® + ) w7 ® | @ >o,
i=1 =1

11 {/1 >0uz01,=0viezZ(m) ={ie€{12 .., p}:Vfi(X)n =0}
“ly=ovjiewm ={je{12..,mhg;®) =0,Vg;®n = 0}
Then, X is Pareto-optimal solution to problem (4.36).
Proof: Assume that, for cach critical direction n(x, %) # 0, there exist 4 € R?, y € R™ such
that (I)-(II) hold and that X is not a Pareto-optimal solution for (4.36). Then, there exists a
feasible x to (4.36) such that
f)=fXx)

By the weak quasistrictly pseudo type I univex and the above inequality, one gets

Vf@n(x,x) =0,
Vg@n(x,x) <0

Two cases are to be considered:

Case 1: If Vf(®)n(x,X) <0, n(x,X) = x — X # 0 and from the feasibility of X, one gets

VF(n(x, %) <0,
nvg(Xn(x,%) < 0

Since 4 2 0, the above inequalities give

(}LVf(Q) + qu(i))n(x, x)<0
This contradicts the condition (I).
Case 2: If Vf/(Xx)n(x,x) = 0and let X(t) = X+ tn,t € (0,1], one can get the following using
the differentiability and the weak quasistrictly pseudo type I univex conditions:

1
fE+Em) —f@) = tVf @+ V@@ + o(t*) <0

Therefore,
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VF@n + 1 o ®mm + 22 <o (4.42)

Similarly,

N + 2 tV2g(R ot?) <
Vgm +5 tvigR)mm +=—-=0 (443)

Using (IIT) in (4.42) and (4.43) we have

2
(497 @) + pIg @)+ ¢ <('sz ®) +nV2g(®) 0. m) + %> <0
From (I) and since t > 0 we obtain

(AVZF(R) + uVig(®)(m,m) < 0

This contradicts (I). So the proof is completed.

4.5 Summary

This chapter has proposed first and second-order optimality conditions for dealing with multi-
objective optimisation problems. The first-order optimality conditions for some specified classes
of multi-objective optimisation problems have been illustrated and proved. Furthermore, the
duality results corresponding to the first-order optimality conditions have been illustrated. These
classes are general classes of multi-objective optimisation problems that cover the test and real-life
cases studies tackled in the next chapters. For example, all the test problems that are solved in the
next two chapters are examples of the class represented by the equation 4.1. The other classes are
more general classes that cover problems different from those used in this thesis or may be used

to cover problems in the future.

This chapter has achieved the following.

*

It has proposed some classes of multi-objective optimisation problems.

¢ It has proposed first-order optimality conditions under univexity concept for these classes.

¢ It has identified the duality results corresponding to the first-order optimality conditions
proposed above.

¢ It has proposed second-order optimality conditions for multi-objective optimisation

problems under univexity concept.
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This chapter has proposed first and second-order optimality conditions for handling the challenges
of multi-objective optimisation problems where the objectives and the constraints should satisfy a
generalisation type of the univexity aspect. However, there is a need to develop symbolic
algorithms based on these theoretical results that can be used to deal with these challenges in a
systematic way. The next chapter aims to propose a multi-objective optimisation symbolic
algorithm based on the first-order optimality conditions. It is used to get an analytical formula for
the Pareto-optimal front along with analysing the relationships among the decision variables used

for constructing this formula in an analytical way.
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5 PROPOSED FIRST-ORDER MULTI-OBJECTIVE
OPTIMISATION SYMBOLIC ALGORITHM (MOSA-I)

This chapter aims to present a multi-objective symbolic algorithm (MOSA-I) for solving multi-
objective optimisation problems with particular aspects. These aspects include the class of all
objective functions and inequality constraints that are continuous, differentiable, and convex. The
algorithm is used to identify the relationship between the decision variables that leads to the
analytical formula of the Pareto-optimal front between the conflicting objective functions. This
relationship is provided by the symbolic algorithm as functions of Lagrange’s multipliers. It is
demonstrated that in some cases better solutions are obtained compared to those obtained by
state-of-the-art optimisation algorithms. The algorithm’s steps have been coded using
Mathematica toolbox" and the core of it is based on Karush-Kuhn-Tucker (KKT) conditions. The
algorithm is tested by solving some multi-objective optimisation problems that have been
carefully selected from literature. A state-of-the art optimisation algorithm, NSGA-II, has been
used for comparison as it has given better solutions for these problems than the current

optimisation algorithms. This chapter attempts to achieve the following.

+  Topropose a multi-objective symbolic algorithm (MOSA-I).

+  Topresent some test problems used to test the proposed algorithm.

+  Todiscuss and compare the results from the algorithm with those from NSGA-II.
+  Tomeasure the performance of NSGA-II.

+  Toanalysis the advantages and disadvantages of the proposed algorithm.
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5.1 Mulii-objective Symbolic Algorithm (MOSA-I)

In this section, a multi-objective symbolic algorithm, called MOSA-I, is presented for solving
multi-objective optimisation problems. The algorithm’s steps are entirely described below. Each
step of the algorithm is coded by Mathematica Toolbox®. Details on the performance of the

algorithm on some well-known test problems are shown later. Figure 5.1 shows the flow chart of

the proposed symbolic algorithm. The following steps are given:

Step 1: Define the objective functions f;,i = 1, ..., M to be minimised.
Step 2: Define the inequality constraints g;,j = 1, ..., /.
Step 1 and Step2 of the MOSA-I algorithm are given. They present the mathematical formulae of

the objective functions and the constraints. They only need to be typed under Mathematica

Toolbox©.

ke algotithm’s main steps:

Step 3: Check the continuity and differentiability of the objective functions and constraints. If yes,
go to step 4, otherwise terminate.

Step 4: Calculate the second-order partial derivatives of each objective function separately.

Step 5: Form the Hessian matrix H for each objective function. For example, the Hessian matrix

for f can be written as follows:

0°f1 0°fy 0 fy
0x?  0x,0x, " 9x,0x,
0°f1 0’ fy 0°fy
H =1 9x,0x, 6_x22 0x,0x,
\azﬁ 0°fy azf1}
0x,0x; 0x,0x,  0x2

Step 6: Check if the Hessian matrix H is positive semi-definite, i.e., x'Hx = 0 for all solution
vector x # 0. If yes, then, in this case, f;is convex, otherwise go to step 7.

Step 7: Check if the condition Vf(x)"(y — x) < 0 is satisfied for one y in the feasible space. If yes,
go to step 8, otherwise terminate.

Step 8: Solve the system of equations ¥iL; 4,V f;(x) + Z§=1 u;Vg;(x) = 0 to find x = x(4, u).

Step 9: Solve the system of equations u;g;(x) =0, for all j & ez .. gj(x) = 0} to
getp = p(4).

Step 10: Substitute by the results obtained from step 9 in step 8 to obtain x = x(4).
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Step 11: Substitute the results from step 10 in the objective functions (Step 1) to formulate the
analytical formula of the Pareto-optimal front, as for example, f;is a function of f;, i.e.,
f2 = ¢(f1). Note that, in some cases, the multiplier 4 can not be removed and the thus
the relationship between the conflicting functions will depend on that multiplier. To
overcome this, different values for this multiplier are given by trial and error and
consequently, the Pareto-optimal front is found.

Step 12: End

Clatification of the a@ottt/un 3 steps:

Stepa - Step2: Both steps are given. Their mathematical description should be firstly coded under
Mathematica so that the other steps can be executed.

Step3: As MOSA-I algorithm is created to solve multi-objective optimisation problems that have
continuous and differentiable objectives and constraints; this step is used to make sure that
the objectives and constraints are continuous and differentiable.

Step4-Step6: To the check the convexity of the objectives, the second-order partial derivatives
are used. Using step 1, setp? and the second-order partial derivatives for each
objective function, the matrix of the Hessian is now formed. After that the positive
semi-definite of the Hessian is checked.

Stepy: This step is an alternative one to step 4. It is used to identify the convexity of the objectives
using the first-order partial derivatives when the second-order partial derivatives
are not exist or the Hessian matrix is not positive semi-definite.

Step8: In this step, all the gradient vectors are known and only unknown vectors are 4,y and x.

This step can be rewritten as follows:

[0 0h . Oh] [09: 091 = 091
ox, 0x, x, |0x; dx, oxy, |
(06 0% Of| |29: 09: 09|
(4 = Amlixm|0x,  0x, 0x, +[He o Wl oax,  ox, 0x, =0
O Ofu 7 %J 109, 99, 7 99,
dx; Ox, 0xnd 0x; Ox, 0xy xn

So the number of unknown variables in the above systems is now M +n + J. The above
system is solved to get x = x(4, ).

Step 9: This step is used to reduce the number of unknown variables in step 8. The system is this
step is solved to get p as functions of 4. Here, we solve the system of equations u;g;(x) =

0,forallj & {j € {1,2,..,/3}| g;(x) = 0} to get u = p(A).
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Step 10: This step is used to form the Pareto set as functions of 4 multiplier. This Pareto set is
used later to form the Pareto-optimal front. Note that, in some cases, the multiplier 4 can
not be removed and the thus the relationship between the conflicting functions will
depend on that multiplier. To overcome this, different values for this multiplier are given

by trial and error and consequently, the Pareto-optimal front is found.

Start

Define: fii=12..,M;g;,j=12,..,]

!

Cal cul at e H ‘

v

Yes No

Is x'Hx >0

! _

Solve S, AVfi(x) + Xl u;Vg;(x) =0

Sel ect one direction y
that satisfies the
constraints

A 4 Yes
Sol ve pjg;(x) =0, j=12,..,] ‘ x = x(A ). Check

l V()@ —x)<0

!
p=pd) —— >

x = x(A) Terminate |

l

fo = o(f1(x(2)))

i

End

Figure 5.1: The flow chart of the proposed MOSA-I algorithm.

5.2 Test Problem Formulation

In order to test and validate MOSA-I, some problems that have been solved using the state-of-
the-art optimisation algorithms were selected from the literature (Mehnen, 2006). The test
problems ZDT1 to ZDT6 are known as complex benchmark problems and have not been
analytically solved yet using KKT conditions. What we mean here by analytically solved is that the

analytical relationship between the decision variables that is used to construct the analytical
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formula of the Pareto-optimal front has not found yet as functions of KKT multipliers. As can be
seen below, these problems have been framed such that the function g has the effect of producing
difficulty in progressing towards the true Pareto-optimal front and the function h has the effect of
causing difficulty for spread along the Pareto-optimal front. Here, three of these problems ZDTT,
ZDT2 and ZDT4 along with other problems carefully selected from literature are used to check
the algorithm. These problems have been chosen because they have different characteristics such
as, for example, the shape of the Pareto-optimal front, convexity and concavity of the Pareto-

optimal front. A complete description about the features of these problems is given below (Table

5.1):

Table 5.1: Features of test problems

Problem features
Problems constraints No. of Pareto-optimal front features
objectives ' Geometry @ Connected Disconnected Convex | Concave

ZDTa
v v
(Deb,2001) Box 2 Curve
ZDT2
v v
(Deb,2001) Box 2 Curve
ZDT4
v v
(Deb,2001) Box 2 Curve
Deb 2
v v
(Deb,2001) Box 2 Curve
FON
v v
(Deb,2001) Box 2 Curve
VNT21
v v
(Coello,2002) Box 3 Surface
Constrained-
problem Inequalities 2 Curve v v
_ (Deb,2001) |

Problem formulation (ZDT1)

This problem can have any number of variables and the Pareto-optimal front for any number of
variables is convex. It has two objective functions which are to be minimised (Deb, 2001). The
analytical formulation of this problem is as follows.

f 1 (x) = xl!

f2(x) = g(x) X h(f1,9)

9
gx) =1+ -—=¥i,x

W) =1- [

0<x<1,i=12,..,n

(5.1)

The Pareto-optimal set for this problemis 0 < x; < land x; = 0,i = 2,3, ..., n (Deb, 2001).

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 5. MOSA-I Algorithm

Problem formulation (ZDT2)

This problem can have any number of variables and the Pareto-optimal front for any number of
variables is non-convex. It has two objective functions which are to be minimised (Deb, 2001).
The analytical formulation of this problem is as follows.

fi(x) = x4,

f2(x) = g(x) X h(f1,9)
gx) =1 +& i=2 Xi (5.2)

_1_(hY
nug) =1-(2)
0<x;<1,i=12,..,n
The Pareto-optimal set for this problemis 0 < x; < 1land x; = 0,i = 2,3, ...,n (Deb, 2001).
The only difficulty with this problem is that the Pareto-optimal front is non-convex. Thus, the
weighted approaches will have difficulty in finding a good spread of solutions on the Pareto-

optimal front.

Problem formulation (ZDT 4)

This problem can have any number of variables and the Pareto-optimal front for any number of
variables is convex. It has two objective functions which are to be minimised (Deb, 2001). The
analytical formulation of this problem is as follows.

fi(x) = x4,

f2(x) = g(x) X h(f1,9)
gx) =1+10(n—1) + XL, (xf — 10cos(4m - x;))

5.3
h(ﬁ.g)=1—j§ (53)

x, € [0,1]

x; € [-5,5],i=2,..,n
The Pareto-optimal set for this problemis 0 < x; < 1and x; = 0,i = 2,3, ..., 1 (Deb, 2001).
This problem is more difficult than ZDT1. It has a large number of local Pareto-optimal fronts

which produce hurdles for optimisation algorithms to converge to the global Pareto-optimal front

(Deb, 2001).

Problem formulation (FON)

This problem is a typical multi-objective optimisation benchmark problem. It consists of two

objective functions to be minimised and n decision variables. It has the following mathematical

description:
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2
L=1— e_z?“(xi_\/iﬁ)

112
for=1- o~ 2kt ) (54)

—4SX1'S4

Problem formulation (Deb 2)

This problem is a two-variable problem. It consists of two objective functions to be minimised. It

has the following mathematical description:

filx) = f(x) = x,

f2(x) = g(¥) X h(f, 9),

gy)=1+10y

hif,g)=1- (g) —G)-sin(Zn-q-f),a’ =2

with g defined as the number of legs in [0,1]
0<x,y<1

(5.5)

The parameter q allows us to define the number of discontinuous areas in the interval [0,1]. The

parameter & is often chosen to be equal to 2.

Problem formulation (VNT1)

This problem is a two-variable problem. It consists of three objective functions that have the

following form:

filx,y) = x* + (y — 1)%,

fay) =x*+ @+ 1> +1,

f3(6y) = (x—1)*+y* +2
—-2<x,y<2

(5.6)

Problem formulation (Constrained problem)

This problem is a two-variable problem. It consists of two objective functions and two inequality

constraints. It has the following mathematical description:

fi(x) = xy,
ft) = =7
91(x) =x,+9x, 26 (5.7)

go(x) = —x,+9x, > 1
01<x,<10<x,<5
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5.3 Comparison of Results

The following results and observations have been found after executing MOSA-I on the test
problems defined in the previous section. The results provided by NSGA-II have been obtained

using a standard code of NSGA-II.

The following results are obtained:

Results analysis of Problem 1 (ZDT1): step 1 to step 4 are very simple to implement. They
need one to be familiar with Mathematica to define the objectives and constraints and to check
their continuity and differentiability.

Step 5: This step gives the following Hessian matrices for f; and f5:

0 0 O
H,={0 0 0
0 0 O
]H[fz
r 1 9x1 9x1
3 - 3 . 3 )
NEER {CTRON R (NP | TR, Y (E T
1+7(x2+x3) 1+7(x2+x3) 1+7(x2+x3)
9x, 81x? 81x?

|

X1

1+%(x2+x3)

w

9x,1

2 2
> (1 +%(x2+x3)) 16(

X1

1+%(x2+x3)

81x?

: .
> (1 +%(x2+x3)) 16<

X1

1+%(x2+x3)

81x?

2 ;
> (1 +%(x2 + x3))

X1

X1

2 2 % 3 2 3
8| ———— * (1 + % (x, + x3)> 16 —g——— <1 + % (x, + x3)> 6\ —g——— (1 + % (2 + x3)>
|\t 50+ 145 (x +x3) 14500 +x5) |

8te,o 6: For the matrix Hy,, x* ]Hlflx = 0 for all non-zero x € [0, 1]. This means that f; is convex.
For the matrix H‘]Ifz , we have the following:
(=9(b + c)x; + a(2 + 9x, + 9x3))?

X1
W2 (53 9%, ¥ 9x;

xt ]I-]Ifzx =

3
) (2 + 9x; + 9x5)°
This means that x* ]H[fzx > 0 for all non-zero x = (@, b, ¢). Thus, f3 is strictly convex function.

Step 8-10: By solving the two systems in step 8 and 9, one can see that the global Pareto-optimal

AZ
set is ( z

vl 0,0), where 4; and 4, are KKT multipliers. This means that the exact Pareto-optimal
1

. . . A3
front occurs at g(x) = 1. Some other dominated solutions are found by Mathematica at (ﬁ(l +
1

§(a+ﬁ)>,a,ﬁ) where 0 < a,f <landa = 00orf = 0. For example, if @ = 0and g = 1, then
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the Pareto-optimal front in this case is — with —. This means that

the Pareto-optimal setis —

&tep 17: Substituting by the global Pareto-optimal set calculated in the previous step, the exact

Pareto-optimal front for ZDTT at takes the form:

(5.8)

This exact Pareto-optimal front is constructed by the Pareto-optimal set — . It is clear

that this Pareto-optimal front is convex (see Figure 5.2). Figure 5.2 shows the exact and
approximated Pareto-optimal front found by MOSA-I and NSGA-II at The tests reported
here are carried out using population size, generations, crossover probability,
mutation probability, and simulated binary crossover with  crossover distribution and
mutation distribution indexes for NSGA-II. Here, we have used the NSGA-II algorithm because it

gives better solutions for these problems.

0.9 4

N Near Pareto-optimal solutions obtained by NSGA-II
0.7 X 4
0.6 F S N B
. Exact Pareto-optimal front
0.4 NS i i

0.3+ TR 8

0.1 =

0 1 ! ! 1 1 ! 1 1 - =
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

Figure 5.2: The exact and approximated Pareto-optimal front for ZDTa at

It has been mentioned in Deb (2001) that evolutionary algorithms face difficulty in tackling a large
number of decision variables in this problem. MOSA-I has not found any difficulty in solving this
problem with high dimensions in the decision space. The exact Pareto-optimal front for this

problem with using MOSA-I takes the same form as Equation (5.8) with at

Pareto-optimal set — . Some other dominated solutions are found by Mathematica
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at are in the form — with Pareto-optimal set —
. For example, if and then the Pareto-optimal
front in this case is —. In general, when solving this problem at , MOSA-I

yielded the following equations:

(5.9)

The solution of (5.9) takes the following form:
— (5.10)
If then the Pareto-optimal set becomes — and the corresponding

Pareto-optimal front is the same equation as equation (5.8). Other dominated Pareto-optimal
front can be obtained at — for at least one

. Figure 5.3 shows the exact and approximated Pareto-optimal front using MOSA-I and
NSGA-IL. The tests reported here are carried out using population size, generations,
crossover probability, mutation probability, and simulated binary crossover with

crossover distribution and  mutation distribution indexes for NSGA-II.

0.91\% . _ _
Near Pareto-optimal solutions obtained by NSGA-II
<

0.8 Q 4

0.6F N ,
Other solutions found by
« 05¢ ) Mathematica 7

0.4r 4
0.3 Exact Pareto-optimal front
\...

0.2r S|

0.11

Figure 5.3: The exact and approximated Pareto-optimal front for ZDT1 at
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Results analysis of Problem 2: step 1 to step 4 are very simple to implement.

Step 5: This step gives the following Hessian matrices for f; and f5:

0 0 O
H,=[0 0 0
0 0 O
-2 9x1 9x1
9 9 ’ 9 :
1450 +x3) (1 +§(x2+x3)) (1 +5(x, +x3)>
9%, 81x2 81xf
Hy, = 9 2 9 P 9 :
f2 <1+7(x2+x3)> 2<1+7(x2+x3)> 2<1+7(x2 +x3)>
9x, 81x? 81x?
2 3 3
(1 +%(x2 +x3)) 2(1 +%(x2 +x3)> 2(1 +%(x2 +x3)>

8te,o 6: For the matrix Hy,, x* ]Hlflx = 0 for all non-zero x € [0, 1]. This means that f; is convex.

For the matrix ]Hlfz , we have the following:

4(=9(b + c)x; + a(2 + 9x, + 9x3))?
(2 +9x, + 9x3)3

xtHpx =
This means that xt Hg, x < 0 for all non-zero x = (a, b, ). Then, we go to step 7.
step 7: For one y = (0,1,1) one can easy find that VF(x)T(y — x) < 0. This means that f; is
pseudoconvex function.
8te,o 8-70: By solving the two systems in step 8 and 9, one can see that the global Pareto-optimal
set is (;le, 0,0), where 4; and A, are KKT multipliers. This means that the exact Pareto-optimal

front occurs at g(x) = 1. Some other dominated solutions are found by Mathematica at (;Tl (1 +
2

92a+B,a,p where 0<a,f<1 and a=0 or f=0. For example, if =0 and f=1, then the Pareto-

11
optimal front in this case is f, = 1 — 12—1 f2,0 < f, <1 with g(x) = 5 This means that the Pareto-

112
optimal set in this case is —L0,1).
"y

2

Step 11: Substituting by the global Pareto-optimal set calculated in the previous steps, the exact

Pareto-optimal front for ZDT2 at n = 3 takes the form:

fL=1—-f50<fi<1 (5.11)

. . . . A .
This exact Pareto-optimal front is constructed by the Pareto-optimal set (j, 0,0). It is clear that
2

Equation 5.11 of the Pareto-optimal front is non-convex (see Figure 5.6). Figure 5.4 shows the
exact and approximated Pareto-optimal front found by MOSA-T and NSGA-Il at n = 3. The tests

reported here are carried out using 100 population size, 16000 generations, 0.8 crossover
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probability, mutation probability, and simulated binary crossover with crossover
distribution and  mutation distribution indexes for NSGA-II.

When solving this problem at , MOSA-Tyielded the following equations:

(5.12)

The solution of (5.12) takes the following form:
— — (5.13)
If then the Pareto-optimal set in this case becomes — and the

corresponding Pareto-optimal front is the same equation as equation (5.11). Some other
dominated solutions are found by Mathematica at — —

for at least one . It is worthy to mention here that since the exact Pareto-optimal
front for this problem is non-convex, the weighted-sum approach has difficulty in finding a good

spread of solutions on the Pareto-optimal front.

09F i i -
0.8 B

0.7 A =
Near Pareto-optimal solutions

060 obtained by NSGA-II i

0.4 B

03hF Exact Pareto-optimal front
obtained by the symbolic algorithm

0.1F B

Figure 5.4: Pareto-optimal front obtained by the symbolic algorithm and NSGA-II for ZDT2 at

Results analysis of Problem 3: step 1 to step 6 are very simple to implement such as ZDT1

and ZDT?2.
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8te/1 8-70: By solving the two systems in step 8 and 9, one can see that the global Pareto-optimal

setis — , where  and  are KKT multipliers. This means that the exact Pareto-optimal
front occurs at . This means that the exact Pareto-optimal front takes the form:

- (5.14)
This exact Pareto-optimal front is constructed by the Pareto-optimal set — . It is clear that

this Pareto-optimal front is convex (see Figure 5.5). In general, the Pareto-optimal set for this
problem at is — with the same Pareto-optimal front equation as equation

(5.14). Figure 5.5 shows the exact and approximated Pareto-optimal front obtained by MOSA-I

and NSGA-II.
1
0.9 B
Exact Pareto-optimal front
08 /obtained by the proposed algorithm |
0.7 B
0.6 Near Pareto-optimal solutions i
’ obtained by NSGA-II
051 b
0.4 " 4
0.3 B
021 S 4
0.1F TUSS B
0 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5.5: Pareto-optimal front obtained by the symbolic algorithm and NSGA-II for ZDT4 at

For this problem at , the following equations for the decision variables are obtained by

the MOSA-I algorithm:

The solution of above system is:
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This means that and hence the exact Pareto-optimal front is the same equation as

equation (5.14). The Pareto-optimal set corresponding to this case is — . This problem

can be solved by MOSA-I for any number of decision variables. In addition, the equations
provided by the MOSA-I algorithm will be the same as in equation (5.14). However, NSGA-II
faces difficulty in converging to the exact Pareto-optimal front as this problem has huge number

of local Pareto-optimal sets.

Near Pareto-optimal solutions
obtained by NSGA-II

OQ)GD 7
ZOQDQZDOO
L 0
3 Woogy Cag
Qagy,
o 251 b
2 |- —
15k Pareto-optimal front obtained by the |
' symbolic algorithm
1 —
0.5r i
O L L L L L L L L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

Figure 5.6: Exact and approximated Pareto-optimal front found by the MOSA-1 and NSGA-II
algorithms for problem ZDT 4 at

The tests reported here are carried out using population  size, generations,
crossover probability, mutation probability, and simulated binary crossover with
crossover distribution and mutation distribution indexes for NSGA-II. Figure 5.6 shows the

results obtained by NSGA-II and the MOSA-I algorithm.

Results analysis of Problem 4: step 1 to step 6 are very simple to implement.
&tep 8-70: By solving the two systems in step 8 and 9 for Fonseca and Fleming problem (Deb,

2001) at , one can see that the global Pareto-optimal set is taken the following form:

_ (5.15)

where  and  are KKT multipliers. After separating KKT multipliers from equation (5.15),

one gets
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(5.16)

Using equation (5.16), the analytical formula of the exact Pareto-optimal front is given by step

11 of MOSA-I algorithm as follows:

(5.17)

Although both the objective functions are convex functions, the exact Pareto-optimal front is a

non-convex curve as can be seen in Figure 5.7.

0.9

0.8

0.7

Exact Pareto-optimal front

0.6

0.4r Near Pareto-optimal solutions
obtained by NSGA-II

02l X

0.1F X A

Figure 5.7: Objective space of Fonseca and Fleming problem

The above curve of the exact Pareto-optimal front is constructed by the linear relationship

(equation 5.16) between the decision variables (red colour, Figure 5.8).
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Figure 5.8: Decision space of Fonseca and Fleming problem

As can be shown from Figure 5.8, not all the linear relationships between the decision variables
are used to construct the exact Pareto-optimal front.

This problem has been solved using the state-of-the-art evolutionary algorithm, NSGA-II, with
population size 100 and 100 generations using standard parameters. The result is plotted in Figure
5.6 (red circles). It is shown that NSGA-II is robust in finding uniform solutions near the exact
curve of the Pareto-optimal front. MOSA-I algorithm provides a connected curve of the Pareto-
optimal front. Furthermore, it is guided to the relationship between the decision variables
responsible for constructing that curve. In addition, this problem has been solved using the

MOSA-I algorithm at and has yielded the following:

(5.18)

This means that the dimension of the search space has no direct impact on the shape of the Pareto-
optimal front; only the range of the objective  will be changed. The algorithm shows that the

Pareto-optimal solutions for this problem satisfy the equation:

(5.19)

Results analysis of Problem 5: step 1 to step 6 are very simple to implement.
8tep 8-70: By solving the two systems in step 8 and 9 for Deb 2 at , the following

solutions are found:
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Solution 1: , this is a dominated Pareto-optimal point (see figure
5.8).
Solution 2: , this is also a dominated Pareto-optimal point (see Figure
5.8).
Solution 3: and  satisfies the equation:

— (5.20)

where  and  are KKT multipliers. Using equation (5.20) with step 11 of MOSA-I algorithm,

the exact curve of the Pareto-optimal front is constructed as follows:

(5.21)

This formula is plotted in Figure 5.8 (black bold curve). Figure 5.9 shows a disconnected Pareto-
optimal front. Cases 1 and 2 are dominated by points on this curve. This problem has been solved
using NSGA-II with population size 100 and 100 generations using standard parameters. The

results are plotted in Figure 5.9 (red circles).

This curve includes exact Pareto-optimal front

Near Pareto-optimal solutions obtained by NSGA-I

_1 I 1 1 I I 1 I I I bt
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5.9: Exact and approximated Pareto-optimal front for Deb2 problem

Results analysis of Problem 6: step 1 to step 6 are very simple to implement.
&tep 8-70: By solving the two systems in step 8 and 9 for VNT1, one can see that the global

Pareto-optimal set is taken the following form:

— (5.22)
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where  and  are KKT multipliers. Using equation (5.22), the analytical formula of the exact

Pareto-optimal front is given by step 11 of MOSA-I algorithm as follows:

(5.23)

This equation represents the hyper-surface involving the exact Pareto-optimal front. Figure 5.10
shows the surface of this equation including the Pareto-optimal solutions (cross points) obtained
by NSGA-IL. The interesting observation here is that this curve is constructed using the linear

relationship between the decision variables (equation 5.22).

The tests reported here are carried out using population size, generations, crossover
probability, mutation probability, and simulated binary crossover with  crossover

distribution and  mutation distribution indexes for NSGA-II.

14
The hyper-surface that

12 Near Pareto-optimal solutions involves the exact Pareto-optimal
obtained by NSGA-II front

10

15

Figure 5.10: Exact and approximated Pareto-optimal front for VNT1 problem

Results analysis of Problem 7: step 1 to step 6 are very simple to implement.
&'tep 8-10: By solving the two systems in step 8 and 9 for the constrained problem, step 10 of
MOSA-I algorithm has given the mathematical formulae for the relationship among the decision

variables as functions of Lagrange multipliers. These formulae are as follows.

(5.24)
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To eliminate from Equation (5.24) step 9 in the algorithm gives 19 cases that
represent the relationship between and . Not all these case are accepted. Only 8 cases are
accepted and the rest is rejected. The rejected cases contain complex relationship between

and  and therefore are out of the feasible search space since it is real space. The 19 cases are as

follows:

Case 1: - - —
This case gives the point on the border of the feasible decision space (bold line,
Figure 5.11). It satisfies the inequality constraints imposed on the problem. The corresponding

point in the feasible objective space is on the region A (bold curve, Figure 5.12).

(0.6667, 5) C @,5)

3.5

Feasible decision space
0.3889, 2.5) B

0.5+ 0(0.8,0.44)
0 ‘ B . (1,0)
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
*
Figure 5.11: Decision space of the constrained problem
Case2:
This case yields the point in the feasible decision space (bold point, Figure 5.11). It

satisfies the inequality constraints imposed on the problem. The corresponding point in the
feasible objective space is (bold point, Figure 5.12). This point is better than some

points in region  and is dominated by some points from regions  and
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(03889,8.9997) (0.6667,8.9996)

Feasible objective
Space 1

‘ Exact Pareto front ‘

1 |

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5.12: Objective space of the constrained problem obtained by MOSA-I algorithm

Case 3: —_—

This case gives the following relationship between the decision variables:

(5.25)
This relationship between and represents the bold line in the decision space (Figure
5.11). The points satisfying this line are used to construct the formula:
- (5.26)
This formula is the first part of the exact Pareto-optimal front (bold curve , Figure 5.12).
Case 4: o
This case gives the following relationship between the decision variables:
o (5.27)

The relationship (5.27) between  and  is represented by the bold line  in the decision space

(Figure 5.11). The points satisfying this line are used to construct the formula:

(5.28)
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This formula is the second part of the exact Pareto-optimal front (bold curve B, Figure 5.12).
Case 5: 4y = 0,4, = 0.1111114; — 1.54,, pg = py = g = 0, us = —0.1111114,.

This case yields the point (0.6667,5) in the feasible decision space (bold point on the bold line C,
Figure 5.11). It satisfies the inequality constraints imposed on the problem. The corresponding
point in the feasible objective space is (0.6667,8.9996) (bold point on the curve C, Figure 5.12).

This point is dominated by points on the curve A.

’/1/1
Case 6: iy = iy =3 = ply = s = 0, g = — %.

This case gives the following relationship between the decision variables:

= [
= w T (5.29)

0.6667 < x; < 1

The relationship (5.29) between x; and x;, is represented by the bold line C in the decision space

(Figure 5.11). The points satisfying this line are used to construct the formula:

_s
fa=g (5.30)
0.6667 < f, < 1

This formula creates the part C (red curve in Figure 5.12). This Pareto-optimal front is dominated
by both curves A and B (Figure 5.12).

Case7:uy = py=p3 =0, g =—A + 2, s =2, pe =0.

This case yields the point (1,0) on the border of the feasible decision space (bold line B, Figure
5.11). It satisfies the inequality constraints imposed on the problem. The corresponding point in
the feasible objective space is (1,1) on the border of the region B (bold curve, Figure 5.12).
Case8:uy = py =p3 =0, py = =4 + 61, s =0, pg = —14,.

This case yields the point (1,5) on the border of the feasible decision space (bold line C, Figure
5.11). It satisfies the inequality constraints imposed on the problem. The corresponding point in
the feasible objective space is (1,6) on the border of the region C (red bold curve, Figure 5.12).
This point is dominated by the point (1,1).

Case 9: gy = py = pis = e = 0,14, = =104, ps = 1.

This case is rejected since it gives values for the decision variables which are not included in their
range.

Case 10: uy = pz = ps = pe =0,y = =1y, Uy = —14.

This case is rejected since it gives values for the decision variables which are not included in their

range .
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Case 11: u3 = py = us = g = 0,4, = 0.05555564,, pu, = 0.05555564; — 2.5714321,.

This case is rejected since it gives values for the decision variables which are not included in their
range.

Case 12: u; = 0.1111114; — 544,, uy = s = Uy = s = 0,4 = 0.1111114; — 6341,.

This case is rejected since it gives values for the decision variables which are not included in their
range.

Case 13: yu; = 0.1111114; — 0.254,, Uy = g = Uy = e = 0, us = —0.1111111, — 1.51,.

This case is rejected since it gives values for the decision variables which are not included in their

range .

A
Case 14: y; = —‘,172:#2 =3 =Yy = Us = g = 0.

This case is rejected since it gives values for the decision variables which are not included in their
range.

Case 15: yu; = 0,4, = 01111114, —94,, p3 = py = pg = 0,45 = 0.1111114,.

This case is rejected since it gives values for the decision variables which are not included in their
range.

Case 16: pu, = p, = py =p, = pg = 0, = — /114,

This case is rejected since it gives values for the decision variables which are not included in their
range.

A1l

Case 17: iy = pp = pi3 = pa = s = 0,186 = _|=—

This case is rejected since it gives values for the decision variables which are not included in their
range.

Case 18: yy = 104, uy = g = Us = g = 0,u3 = 4, — 700.

This case is rejected since it gives values for the decision variables which are not included in their
range.

Case 19: yy = uy =py =pus =0, u3 = A, — 600, pg=—104,.

This case is rejected since it gives values for the decision variables which are not included in their
range.

The tests reported here are carried out using 100 population size, 500 generations, 0.8 crossover
probability, 0.05 mutation probability, and simulated binary crossover with 10 crossover
distribution and 50 mutation distribution indexes for NSGA-II. Figure 5.13 shows the results

obtained by NSGA-II for this problem.
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Figure 5.13: The approximated Pareto-optimal front for the constrained problem using NSGA-II

5.4 Performance Comparison Between MOSA-I and NSGA-II

The term performance is always involved when comparing different optimisation techniques
experimentally. In the case of multi-objective optimisation, the definition of quality is
substantially complex because the optimisation goal itself consists of multiple objectives (Zizler et
al., 2002):
® The distance of the resulting non-dominated set to the Pareto-optimal front should be

minimised.
® A good (in most cases) uniform distribution of the solutions found is desirable. The assessment

of this criterion might be based on a certain distance metric.
® The span of the obtained non-dominated front should be maximised, i.e., for each objective, a
wide range of values should be covered by the non-dominated solutions.
In the literature, some attempts can be found to formalise the above definition (or parts of it) by
means of quantitative metrics (Coello et al., 2002). Within this chapter, the generational distance
GD metric is used. This metric is the average distance from the obtained Pareto-optimal front
PF g 0um to the true Pareto-optimal front PFy,.,,. and is defined as follows (Coello et al., 2002).

1
Tiidp)P

6p = (5.31)
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where, nis the number of vectors in PFgpn, P = 2 and d; is the Euclidean distance (in objective

space) between each vector and the nearest vector of PFgy,. The result GD =0

indicates PFgnown = PFyrye; any other value indicates PFy,,,,,, deviates from PFyp,.

The performance of MOSA-I and NSGA-II has been illustrated on the FON problem that has been

randomly chosen from the set discussed in the previous sections. The performance of MOSA-I

and NSGA-II can be easily measured for the rest of the problems as the FON problem. Here, the

NSGA-II with 100 generations and 100 individuals in each generation has been executed on

FON problem. The exact Pareto-optimal front for this problem is given by MOSA-I (Eq. 5.17).

This means that 6D = 0 for MOSA-1.

By choosing 100 values on the true Pareto-optimal front (provided by the MOSA-I algorithm)

next to 100 individuals obtained by NSGA-II, the generational distance metric has been calculated

for each experiment separately using Equation (5.31). The experiments show that with a

minimum GD = 0.00082983, NSGA-II can approximate the Pareto-optimal front in some runs.

However, in other runs, the approximated Pareto-optimal front obtained by NSGA-II is worse

since maximum GD = 0.001065864. The mean and standard deviation of all the 10 experiments

are u = 0.982912E — 3 and ¢ = 7.23078 E — 5, respectively. The small standard deviation shows
that the GD values after 100 generations of the NSGA-II are already close to the mean. However,

a 6D different from zero indicates an approximation. As expected from a stochastic technique,

NSGA-IIL is able to find some points but not all the points on the true Pareto-optimal front in its

final generation. There are also some minor deviations from the exact Pareto-optimal front as

shown by the value of the GD.

From the above results, one can conclude the following:

* The proposed MOSA-I algorithm outperforms NSGA-II algorithm in providing an exact
curve/hyper surface representing the conflicting between the objectives which is not obtained
by NSGA-IL.

® The proposed MOSA-I algorithm outperforms NSGA-II in providing an analytical equation of
the exact Pareto-optimal front. This is also not provided by NSGA-II.

® The proposed MOSA-I algorithm outperforms NSGA-II in providing the relationship between
the design variables in an analytical form that is responsible for forming the exact Pareto-
optimal front. This is also not provided by NSGA-II.

® The proposed MOSA-I algorithm, by providing a formula of the Pareto-optimal front, allows a
precise statistical analysis of the performance of stochastic multi-objective optimisation

techniques such as NSGA-II using an absolute performance measure such as the GD. Figure
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5.14 and Figure 5.15 illustrate the residuals between the approximated Pareto-optimal front

and the exact Pareto-optimal front.
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Figure 5.14: The residual plot between the approximated Pareto-optimal front and the exact
Pareto-optimal front for FON problem
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Figure 5.15: The residual plot between the approximated Pareto-optimal front and the exact
Pareto-optimal front for FON problem
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5.5 Discussion

The most important contribution in this chapter is the development of a multi-objective
symbolic algorithm (MOSA-I) which is able to solve a certain class of multi-objective optimisation
problems. The main advantage of the MOSA-I algorithm is its ability to find exact solutions as
opposed to the approximated solutions provided by evolutionary optimisation algorithms. The
proposed MOSA-I algorithm provides the exact curve/hyper surface of the Pareto-optimal front
which contains all the exact compromised solutions for the multi-objective problems at hand. In
addition, this algorithm provides important relationship between the decision variables
(innovative design principles). This relationship may be a linear or nonlinear relationship between
the decision variables and between the objectives and can be used to form the true Pareto-optimal
front analytically. This relationship is also used to discover which decision variables have effects
on the relationship between the conflicting objective functions. This relationship is not provided
by evolutionary optimisation algorithms. It can be found numerically by optimisation algorithms
using for instance regression analysis. The results obtained by the proposed MOSA-I algorithm
have demonstrated the importance of this relationship not only in constructing the analytical
formula of the true Pareto-optimal front but also in supporting the process of innovation. As can
be seen from the four-bar plane truss results found by the MOSA-I algorithm (chapter 7), if the
engineering designer wants to get the best trade-off for this problem, he/she should create bars
with cross sections that satisfy the relationship found by the proposed algorithm.

One of the most important difficulties that stochastic algorithms face at the current time is the
problem of high dimension in the objective space. MOSA-I algorithm can be applied to multi-
objective problems with high dimensions in both the decision space and the objective space. This
because step 8 in MOSA-I algorithm tackles the high dimensions in both spaces. Moreover,
MOSA-I can be used to evaluate the performance of a stochastic algorithm and can help in
supporting stochastic algorithms in identifying a termination criterion. This is because many
performance metrics (Coello et al., 2002) depend on knowing the exact formula of the Pareto-
optimal front. So, they can not be applied to evaluate the performance of the stochastic algorithms
unless this exact formula is shown. So, knowing the exact Pareto-optimal front in an analytical
form will help to measure the robustness of stochastic algorithms using quantitative metrics. In
addition, obtaining the analytical equation that represents the Pareto-optimal set will help
researchers to find out unknown information about the problem at hand.

The disadvantage of MOSA-I algorithm is that in some cases, e.g., the algorithm cannot find the

relationship between the decision variables responsible for constructing the Pareto-optimal front,
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and therefore the equation of the Pareto-optimal front may not be found. However, better
solutions than the solutions identified by stochastic algorithms can be found by trying different
values for Lagrange multipliers (this is shown later on in chapter 7).

Another disadvantage of this algorithm is that it fails to solve multi-objective optimisation
problems that have Pareto-optimal front constructed by non-linear relationship between the

decision variables.

5.6 Summary

This chapter has proposed a novel analytical algorithm capable of handling some classes of multi-
objective optimisation problems. As illustrated below, the proposed MOSA-I algorithm meets all
its proposed characteristics as mentioned at the beginning of this chapter.
¢ This algorithm can handle the interactions between the objectives and between the variables

for a certain class of multi-objective optimisation problems.
¢ The proposed MOSA-I algorithm exhibits better performance that the high-performing
NSGA-II on a variety of multi-objective optimisation problems.
® A complete curve/surface of the exact Pareto-optimal front can be obtained.
® Better distribution of the Pareto-optimal solutions can be obtained.

This chapter has achieved the following.

¢ It has identified the challenges that the interactions between variables and between objectives

pose for multi-objective optimisation problems.

¢ It has detected the interactions between variables and between objectives in an analytical

form.
¢ It has proposed a new multi-objective optimisation algorithm (MOSA-I).

4 It has analysed the performance of the proposed algorithm using existing test problems and
engineering applications.

This chapter has proposed the MOSA-I algorithm for handling multi-objective optimisation

problems. The aim of the next chapter is to propose a second-order multi-objective symbolic

algorithm. It modifies MOSA-I so that it can deal with a wider class of multi-objective

optimisation problems.
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6 PROPOSED SECOND-ORDER MULTI-OBJECTIVE
OPTIMISATION SYMBOLIC ALGORITHM (MOSA-II)

This chapter aims to modify MOSA-I presented in the previous chapter. To carry out this
modification, the second-order optimality conditions of Karush-Kuhn-Tuck are relaxed. This
relaxation involves the pseudoconvex' and quasiconvex concepts. Based on these conditions the
modified version, called MOSA-II, is used to solve multi-objective optimisation problems with
more general aspects. These aspects include the class of the objective functions and inequality
constraints that are continuous, differentiable, convex, pseudoconvex, quasiconvex, and satisfy
the univexity concept. The only difference between the MOSA-II algorithm and previous
algorithm mentioned in the previous chapter is that this one includes second-order optimality
conditions that are used to reduce solutions provided by the first-order optimality conditions. In
this way, the class of the problems tackled by MOSA-II is extended. The MOSA-II algorithm is
used to identify the relationship between the decision variables that leads to the analytical formula
of the Pareto-optimal front between the conflicting objective functions. This relationship is
provided by the MOSA-II algorithm as functions of Lagrange’s multipliers. As the previous
algorithm, the algorithm’s steps are coded using Mathematica toolbox . The algorithm is checked
by solving some multi-objective optimisation problems that are carefully selected from literature.
Comparison is carried out with the state-of-the art optimisation algorithm, NSGA-II, since it has
given better solutions for these problems than the other optimisation algorithms. This chapter

attempts to achieve the following.

v  Topropose the MOSA-II algorithm.
+  Toillustrate the purpose of using second-order optimality conditions.
v  Toillustrate MOSA-Il on a test problem.

+  Toanalysis the advantages and disadvantages of the proposed MOSA-II algorithm.

! Let f be adifferentiable function defined on the open convex set X. It turns out that f is pseudoconvex
(quasiconvex) on X if and only if for al x,y € X (x =), f(x) < fO(F(x) < f) = x —yVf(y) < 0.
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6.1 Multi-objective Optimisation Symbolic Algorithm (MOSA-
1)

Considering the optimality conditions derived in the previous chapters, a symbolic algorithm,
called MOSA-II, based on both the first and second-optimality conditions for multi-objective
optimisation is proposed here. The purpose of this algorithm is to reduce the solutions provided
by the first-order optimality conditions and also detect the relationship between the decision
variables that is used to create the analytical curve (or hyper-surface) of Pareto-optimal front. The
algorithm’s steps are entirely described below. The MOSA-II algorithm is coded by Mathematica
Toolbox©. Details on the performance of the algorithm are shown later. Figure 6.1 shows the

flow chart of the proposed symbolic algorithm. The following steps are given:

Step 1: Define the objective functions f;,i = 1, ..., M to be minimised.
Step 2: Define the inequality constraints g;,j = 1, ..., /.
Step 1 and Step2 of the MOSA-II algorithm are given. They present the mathematical formulae of

the objective functions and the constraints. They only need to be typed under Mathematica

Toolbox .

The algorithm’s main steps:

Step 3: Check the continuity and differentiability of the objective functions and constraints. If yes,
go to step 4, otherwise terminate.

Step 4: Calculate the second-order partial derivatives of each objective function separately.

Step 5: Form the Hessian matrix H for each objective function. For example, the Hessian matrix

for f; can be written as follows:

0*fy 0*fi 0*fi
0x?  0x,0x; " 9x.0%,
0*fy 0*fi 0*fi
H = ax,0x, a_xzz 0x,0xy,
0*fy 0*fi 0*fi
0x,0x; 0x,0x; a_x,zl

Step 6: Check if the Hessian matrix H is positive semi-definite, i.e., x'Hx = 0 for all solution
vector x # 0. If yes, then, in this case, f;is convex, otherwise go to step 7.
Step 7: Check if the condition Vf(x)"(y — x) < 0 is satisfied for one y in the feasible space. If yes,

go to step 8, otherwise terminate.
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Step 8: Solve the system of equations ¥iL; 4,V f;(x) + Zle u;Vg;(x) = 0 to find x = x(4, u).

Step 9: Solve the system of equations u;g;(x) =0, for all jef{ie{12, ...,]}|g]-(x) =0} to
getp = p(4).

Step 10: Substitute by the results obtained from step 9 in step 8 to obtain x = x(4).

Step 11: Check if A = d°¢ ( LIAVA (0 + ijluivzgj(x)) d > 0,where, d=y—x+0. If
yes, go to step 12 and, in this case, the solutions provided by step 8 are reduced. If no,
we will only have the solutions provided by step 8 which include solutions from the
infeasible space or may have complex solutions that do not belong to the feasible space.

Step 12: Substitute the results from step 10 in the objective functions (Step 1) to formulate the
analytical formula of the Pareto-optimal front, as for example, f,is a function of f;, i.e.,
f2 = ¢(f1). Note that, in some cases, the multiplier 2 can not be removed and the thus
the relationship between the conflicting functions will depend on that multiplier. To
overcome this, different values for this multiplier are given by trial and error and
consequently, the Pareto-optimal front is found.

Step 13: End

Clacification of the a@ot[t/zm. 3 steps:

Stepa - Step2: Both steps are given. Their mathematical description should be firstly coded under
Mathematica so that the other steps can be executed.

Step3: This step is used to make sure that the objectives and constraints are continuous and

differentiable.

Step4-Step6: To the check the convexity, pseudoconvexity and quasiconvexity of the objectives,
the second-order partial derivatives are used. Using step 1, setp2 and the second-
order partial derivatives for each objective function, the matrix of the Hessian is
now formed. After that the positive semi-definite of the Hessian is checked.

Step7: This step is an alternative one to step 4. It is used to identify the convexity,
pseudoconvexity and quasiconvexity of the objectives using the first-order partial
derivatives when the second-order partial derivatives are not exist or the Hessian
matrix is not positive semi-definite.

Step8: In this step, all the gradient vectors are known and only unknown vectors are 4, @ and X.

This step can be rewritten as follows:
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[0h Oh Oh] [09: 091 = 091
0x; 0x, 0%, |6x; 9x, 0x,, |
oh O O 002 092 99|
(A1 Aulixm|dx, dx, %, +[H o Hliggox, ox, A%y, =0
O Ofu %J l% 29 . %J
dx; Ox, 0xnd 0x; O0x, 0xy xn

So the number of unknown variables in the above systems is now M + n + J. The above
system is solved to get x = x(4, ).

Step 9: This step is used to reduce the number of unknown variables in step 8. The system is this
step is solved to get p as functions of 4. Here, we solve the system of equations u;g;(x) =
0,forallj & {j € {1,2,..,/}| g;(x) = 0} to get u = p(A).

Step 10: This step is used to form the Pareto set as functions of 4 multiplier. This Pareto set is
used later to form the Pareto-optimal front.

Step 11: This step shows the difference between MOSA-T and MOSA-IL. In this step, one direction
vector y satistying the condition Vf(x)"(y — x) < 0 is selected from the feasible space.
After that, substituting the solutions obtained by steps 9 and 10 (solutions obtained by the
first-order conditions) in step 11. Solutions that do not satisty the conditions in step 11
should be rejected and therefore, the solutions provided by the first-order conditions are

reduced.
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e ———e)

Define: fii=12,..,M;g;,j=12,..,]

!

Cal cul at e H ‘

v

Yes No

l Is x'Hx >0

Solve B, AVfi(x) + X u;Vg;(x) = 0

Sel ect one direction y
that satisfies the
constraints

A4 Yes
Sol ve jg;(@) =0, j=12,..,] ‘ x = x(A, ). Check

l V()@ —x)<0

|
p=p@d) — >
x = x(4) Terminate )
s A>0? _Yes | solutions
reduced

INO

fo = o(f1(x(2)))

End

Figure 6.1: Flow chart of the proposed MOSA-II algorithm

6.2 Illustration of the effectiveness of second-order optimality

conditions

Here, MOSA-II is applied to the constrained problem used in the previous chapter to illustrate
the impact of the second-order optimality conditions in reducing the solutions obtained by the
first-order optimality conditions. Because the only difference between this algorithm and MOSA-I
is the second-order optimality conditions involved in MOSA-II, there is no need to show the
application of MOSA-II to all the test problems tackled by MOSA-I if the results obtained by

MOSA-I are similar to those obtained by MOSA-II. We have only selected the constrained
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problem since it shows the importance of using second-order optimality conditions to reduce the
solutions provided by first-order conditions. The following results have been found after

executing the MOSA-II algorithm on the constrained problem.

Results analysis of constrained problem: For this problem, the MOSA-II algorithm has
given the same results as in chapter 5 but the only difference is that some previously accepted
cases are rejected as they do not satisfy step 11 in the algorithm presented in this chapter. To
show that, let us implement MOSA-II on this problem.

Step 1-4: step 1 to step 4 are very simple to implement. They need one to be familiar with
Mathematica to define the objectives and constraints and to check their continuity and
differentiability.

Step 5: This step gives the following Hessian matrices for f; and f5:

0 0
Hﬁ = 0 0]
2(1+ x3) 1
- 3 T2
_ X1 X1
]H[fz - 1
—-—— 0
| x? |

8te,o 6: : For the matrix Hy,, x* ]Hlflx = 0 for all non-zero x. This means that f; is convex. For the

matrix Hfz , we have the following:

2a (a — bx; + ax,)
3
1

xtHyp x =
This means that xt ]I'Hfzx < 0 for all non-zero x = (@, b). Then, we go to step 7.
Step 7: Let y = (1,5) and x = (1,0) then the condition Vf,(x)"(y — x) < 0 is satistied. This
means that f is pseudoconvex function.

8te,o 8-70: After executing these steps the following cases are obtained:

A A 184,
Case 1: i =é;#2 =1_;— 72;#3 =4 = s = Ug = 0.

Substituting by this case in Eq. 5.24, one gets the point (0.3889,2.5) on the border of the feasible
decision space (bold line, Figure 6.2). It satisfies the inequality constraints imposed on the
problem. The corresponding point in the feasible objective space using step 12

is (0.3889,8.9997) in the region A (bold curve, Figure 6.3). It is easy to check that this point
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Figure 6.2: Feasible search region for the constrained problem in the decision variable space
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9 (0-3889,A8-9997) (0.6667,8.9996)
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‘ Exact Pareto front ‘ L 4
1 ‘ >
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Figure 6.3: Exact and local Pareto front for the constrained problem in the objective space

Case 2:

Substituting by this case in Eq. 5.24, one gets the point in the feasible decision space
(bold point, Figure 6.2). It satisfies the inequality constraints imposed on the problem. The
corresponding point in the feasible objective space using step 12 is (bold point, Figure
6.3). This point is excluded as it does not satisfy the second order optimality condition of the

MOSA-II algorithm at . Therefore, this case is rejected.

Case 3: —_—
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Substituting by this case in Eq. 5.24, one gets the following relationship between the decision

’ A
x1 = 7Tf,xZ = 6 - 9x1 (6.1)

0.3889 < x; < 0.6667

variables:

This relationship between x; and x, represents the bold line A in the decision space (Figure 6.2).

The points satisfying this line are used to construct the following formula using step 12:

7
=—-9
f2 f ’
0.3889 < f; < 0.6667

(6.2)

This formula is the first part of the exact Pareto-optimal front (bold curve A, Figure 6.3).

Case d: iy = py = Pz = py = pe = 0,45 = 11 45.

Substituting by this case in Eq. 5.24, one gets the following relationship between the decision

X, = |2,x, =
1= a2 (6.3)

0.6667 < x; < 1

variables:

The relationship (6.3) between x; and x, is represented by the bold line B in the decision space
(Figure 6.2). The points satisfying this line are used to construct the following formula using step

12:

fa=g (6. 4)
0.6667 < f, < 1

This formula is the second part of the exact Pareto-optimal front (bold curve B, Figure 6.3).

Case 5: uy = 0,4, = 01111114, — 1.54,, ug =y = g = 0, us = —0.1111114,.

Substituting by this case in Eq. 5.24, one gets the point (0.6667,5) in the feasible decision space
(bold point on the bold line C, Figure 6.2). It satisfies the inequality constraints imposed on the
problem. The corresponding point in the feasible objective space is (0.6667,8.9996) (bold point

[212
Case 6: [y = Uy =3 = g = s = 0, g = — %.
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Substituting by this case in Eq. 5.24, one gets the following relationship between the decision

’6/1
x1 = T:,xz = 5 (6.5)

0.6667 < x; < 1

variables:

The relationship (6.5) between x; and x, is represented by the bold line € in the decision space
(Figure 6.2). The points satisfying this line are used to construct the following formula using step

12:

_s
fa=7g (6.6)
0.6667 < f, < 1

This formula creates the part C (red curve in Figure 6.3). This is rejected as it does not satisfy ste

Case7: 1y = Uy =p3=0, y = =41+ 1y, us =14,, ug =0.

Substituting by this case in Eq. 5.24, one gets the point (1,0) on the border of the feasible
decision space (bold line B, Figure 6.2). It satisfies the inequality constraints imposed on the
problem. The corresponding point in the feasible objective space using step 12 is (1,1) on the

border of the region B (bold curve, Figure 6.3).

Case8:py = Uy =3 =0, gy = -4, +6A4,, us =0, pug = —1,.
Substituting by this case in Eq. 5.24, one gets the point (1,5) on the border of the feasible
decision space (bold line C, Figure 6.2). It satisfies the inequality constraints imposed on the
problem. The corresponding point in the feasible objective space using step 12 is (1,6) on the
border of the region C (red bold curve, Figure 6.3). This point is dominated by the point (1,1)
With these results discussed above, it has been shown how the proposed second-order optimality
conditions are helpful in reducing the solutions provided by the first-order optimality conditions.
Now, we have selected the ZDT3 problem from literature as a box-constrained problem to be
solved by MOSA-II. The reason for choosing this problem is that the Pareto-optimal front of it is

discontinuous. The mathematical description of the ZDT3 problem takes the following form:
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fi(x) = x;
f2(x) = g(x) - h(f1, 9)

9
g(x)=1+n_1xzz:xi,n=3o
=

_ fi (f)
h(fi,g) =1 —\[;— (g) X sin(107f;)

0<x;<li=1,.,n

Let us implement MOSA-II on this problem. As previously shown, the steps from 1 to 7 are

easy to implement:

81'2/) 8: After executing this step the following two systems are obtained:

72
2 X1

1+ 9x,
xl _
A2 ,1 +9x, 24,

The above two systems have no solutions. This does not mean that MOSA-II faces a difficulty in

n( )
A= 2sin(10mx,) + 20mx, cos(10mx,) + —/

solving this problem because of the insolvability of the first-order optimality system. The
difficulty is in the problem itself. The ZDT3 problem has been artificially framed such that no
analytical solutions can be found for it. To explain this, let us solve ZDT3 using MOSA-II

atn = 2, M = 2 (for simplicity). Step 8 of MOSA-II gives the following equation:

1
2%,

The above equation can not be solved for any values of A;and 4;. This means that Pareto-

A+ 2, ( — sin(10mx;) — 10mx? COS(10TL'X1)> =0

optimal solutions based on KKT conditions can not be found. This does not mean that NSGA-II or
any other evolutionary algorithms outperform MOSA-II in solving this problem. For simple
reason which is, NSGA-II still faces criticism about the theoretical optimality of the obtained
solutions.

Another way to get solutions for this problem is by looking in the decision space of ZDT3. It

takes the following form (n = 3):
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11
1,0,0) (1,1,0)

X1
Figure 6.4: Decision space for ZDT3atn = 3

As shown in Figure 6.4, the research space of the ZDT3 problem is divided into five regions as

follows:

ﬂ_egion I: This region is represented by the following relationship:

OSX1S1,x2=X3=0 (67)

By substituting (6.7) in step 1 of MOSA-II, one gets

fo =1-=fi — fo x sin(10mfy), (6.8)

0<fi=s1

Equation (6.8) represents the Pareto-optimal front between the two objective functions based on
the relationship (6.7). It is easy to check that this Pareto-optimal front is constructed at g(x) = 1.
This gives us confidence about the solutions represented by the relationship (6.7) because the
ZDT problems have been artificially framed in such a way the exact Pareto-optimal front is
constructed at g(x) = 1. Figure 6.5 shows this Pareto-optimal front. Interestingly, one can
clearly see that the near Pareto-optimal solutions provided by NSGA-II (red circles) matches this
one.

ﬂ_egion II: This region is represented by the following relationship:

OSX1S1, x2=1,X3=0 (69)

By substituting (6.9) in step 1 of MOSA-II, one gets

11 2fi  2f; ;
fo=~ Q- |7+ -7} xsin(10nf), (6.10)
0<fi<1

Equation (6.10) represents the Pareto-optimal front between the two objective functions based

on the relationship (6.9). It is easy to check that this Pareto-optimal front is constructed
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11
at g(x) = ’E This means that solutions on this Pareto-optimal front are dominated by solutions

on the exact Pareto-optimal front represented by the equation (6.8).This case is shown in Figure
6.5.

ﬂ_egion III: This region is represented by the following relationship:

0Sx1S1, XZ=1, x3=1 (6.11)

By substituting (6.11) in step 1 of MOSA-II, one gets

S =10(1 — \/% - L4 xsin(10mfy), (6.12)
0<fi=<1
Equation (6.12) represents the Pareto-optimal front between the two objective functions based
on the relationship (6.11). It is easy to check that this Pareto-optimal front is constructed
at g(x) = 10. This means that solutions on this Pareto-optimal front are dominated by solutions
on the exact Pareto-optimal front represented by the equation (6.8).This case is shown in Figure
6.5.

(Rgion. IV: This region is represented by the following relationship:

0S9S1,x1=x2=X3=9 (6.13)

By substituting (6.11) in step 1 of MOSA-II, one gets

f f .
f=0+9f,)x1- T‘;fl_r‘;fl X sm(107rf1),

0<fi<1

(6.14)

Equation (6.14) represents the Pareto-optimal front between the two objective functions based
on the relationship (6.13). It is easy to check that this Pareto-optimal front is constructed
at g(x) = 14+ 96. This means that solutions on this Pareto-optimal front are dominated by
solutions on the exact Pareto-optimal front represented by the equation (6.8).This case is shown

in Figure 6.5.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 6. MOSA-II Algorithm

10

T T
Local fron
(Region lll)

Local points
(otherregions)

Localfront

< (Regionl)

Localfront
(Region IV4)
Near Pareto-optimal solutions obtained by NSGA-II

Exact Pareto-optimalfront
(Region 1)
I 1 1 I I 1 I I I

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 6.5: Pareto-optimal front obtained by the MOSA-II algorithm and
NSGA-Il for ZDT3

As can be seen from the first example, the results provided by the MOSA-II algorithm make the
algorithm competent because these solutions are KKT based solutions. The algorithm provides an
analytical equation for the Pareto-optimal front. This Pareto-optimal front is formed based on
KKT relationship(s) between the decision variables and therefore, the Pareto-optimal solutions
found have theoretical meanings. It is really important to note that these relationship(s) can be
used to show which decision variable has influences on the objectives and the constraints.

It has been seen from ZDT3 problem that the linearity between the decision variables within the
box constraints is responsible for constructing the curve of the exact Pareto-optimal front
however, in other examples; the borders are responsible for this. The main difference between
this algorithm and evolutionary algorithms is that this algorithm provides us with the analytical
formula representing the Pareto-optimal front that is not provided by the evolutionary
algorithms. Furthermore, the relationship between the decision variables is another important

benefit that is not obtained by the evolutionary algorithms.

6.3 Discussion

This chapter proposes MOSA-II algorithm, which is based on second-order optimality
conditions in order to solve multi-objective optimisation problems. The main contribution of this
chapter is the capability of the proposed MOSA-II algorithm to deal with a broader class of multi-
objective optimisation problems. Another important advantage of the proposed MOSA-II

algorithm is its ability to find exact solutions compared to the approximated solutions provided by
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optimisation algorithms. It provides the exact curve/hyper surface of the Pareto-optimal front
which inevitably contains all the exact compromised solutions for the multi-objective problem in
hand. In addition, this algorithm provides the important relationship between the decision
variables; this relationship may be linear or nonlinear relationship(s) between the decision
variables and can be used to form the true Pareto-optimal front analytically. This relationship can
also be used to discover which design variable (decision variable) has an effect on the relationship
between the conflicting objective functions. This relationship is not provided by optimisation
algorithms.

Furthermore, the proposed MOSA-II algorithm can be used to measure the performance of
NSGA-II or any other stochastic optimisation algorithm. This has already been discussed in the
previous chapter. The proposed MOSA-II algorithm can also help to support stochastic algorithms
in identifying a termination criterion. In addition, MOSA-II can be used to reduce the optimal
solutions obtained by the first-order optimality conditions as has been shown in the constrained
problem.

The disadvantage of this algorithm is that in some cases (cases where Lagrange multipliers can
not be separated from the relationship between the decision variables) the algorithm can not find
the relationship between the decision variables responsible for constructing the Pareto-optimal
front and therefore the equation of the Pareto-optimal front can not be found. However, better
solutions than those identified by stochastic algorithms can be found by trying different values for

Lagrange multipliers.

6.4 Summary

This chapter has modified the MOSA-I algorithm (presented in the previous chapter) based on
the second-order optimality conditions of Karush-Kuhn-Tucker. The new algorithm is called
MOSA-II. This algorithm is capable of handling the variable interaction in multi-objective
optimisation problems. As illustrated below, the proposed MOSA-II algorithm meets all its
objectives as mentioned at the beginning of this chapter.
¢ Although this algorithm can handle a broader class of multi-objective optimisation problems,
it is expected that the algorithm would perform better than the existing ones in finding
Pareto-optimal solutions based on theoretical optimality conditions.

¢ The proposed MOSA-II algorithm exhibits better performance than the high-performing
NSGA-II on a variety of multi-objective optimisation problems.

® A complete curve/surface of the exact Pareto-optimal front can be found by MOSA-IL.
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® Better distribution of the Pareto-optimal solutions can be found using MOSA-II.

¢ Such as MOSA-I, MOSA-II can be used for measuring the performance of stochastic
algorithms.

This chapter has achieved the following.

¢ It has extended the MOSA-I algorithm by proposing the new MOSA-II algorithm.

¢ It has illustrated the purpose of the second-order optimality conditions for multi-objective
optimisation problems.

¢ It has illustrated the MOSA-II on a test problem.

¢ It has analysed the advantages and disadvantages of the proposed MOSA-II algorithm.

The next chapter validates the observations made in this chapter using a set of real-life case studies

in the area of engineering optimisation. A brief analysis of the features of a selection of real-life

problems is also presented in the next chapter.
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7 REAL-LIFE CASE STUDIES

In the previous chapters, two symbolic algorithms (MOSA-I and MOSA-II) were proposed for
tackling multi-objectives, constraints and variable interaction in optimisation problems. A number
of test problems that have been commonly used in the literature were selected to analyse the
performance of these proposed algorithms. The results found so far show that these algorithms
are competent in finding good solutions for multi-objective optimisation problems in comparison
with numerical solutions provided by stochastic algorithms. The aim of this chapter is to validate
the observations made for the MOSA-II algorithm in the previous chapter using real-life case
studies. MOSA-II is more general than MOSA-I because it involves the second-order optimality
conditions that are used in reducing the optimality solutions obtained by the first-order optimality

conditions involved in MOSA-I. For this reason MOSA-II is used for the validation process.

The aim of this chapter is realised through the achievement of the following.

+  Toapply the MOSA-II to a number of the real-life case studies and therefore report
the experimental results obtained by this algorithm for these applications.

+  Toapply the NSGA-Il algorithm to these applications.

+  Toanalyse the results obtained by the MOSA-II algorithm with the results provided
by NSGA-Il in order to validate the performance of the proposed MOSA-II

algorithm.

7.1 Real-Life Case Studies

This section introduces some real-life case studies from real-life engineering optimisation and
analyses the features of these case studies. It has been reported in the literature that evolutionary
algorithms have been successfully used in solving these case studies. In this chapter, three
applications are chosen for analyse. The features of the chosen applications are tabulated in table
7.1. This table presents the features of these applications in terms of the number and nature of the
variables and the number of the objective functions and constraints. It further looks at the
application features that influence interaction between the decision variables. Another important
feature is that, as the inseparable objective functions have interaction which is caused by the

conflict among them, this table analyses the complexity of the objectives and the constraints. The
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complexity of the shape of the Pareto-optimal front together with the relationship involving
design variables (innovative design principles) that lead to the Pareto-optimal front are also
reported in this table. This relationship reveals the features among the design variables
themselves. These features are related to the presence and nature of variables interactions in the
applications. The table categorises these features for each application separately. Finally, some
published results obtained from the application of stochastic optimisation algorithms on these
applications are presented in the table. The following gives a brief description of these case

studies.

1>  Pressure Vessel Design (Knowles, Corne and Deb, 2008): This application involves
the design of a cylindrical vessel capped at both ends by hemispherical heads. The objective of the
pressure vessel design is to minimise the total cost, including the cost of the material, forming and
welding. There are four design variables for this problem:x; = T (thickness of the shell),
X3 = Ty, (thickness of the head), x3 = R (inner radius) and x, =# (length of the cylindrical
section of the vessel, not including the head). Ty and T, are integer multiples of 0.0625 inch,
which is the available thickness of the rolled steel plates, and R and L are continuous. Although
this application is a single objective function with four inequality constraints and has been solved
by many evolutionary algorithms as a single objective problem, it has been recently reported in
the literature that the average percentage of feasible solutions found by CHNPGA (CH stands for
constraint-handling, NPGA stands for niched Pareto genetic algorithm) during a single run is 33%
with respect to the full population (Knowles, Corne and Deb, 2008). In this research, this
problem is solved as two-objective functions and the second objective function to be minimised is
the third inequality constraint. The reason for choosing this constraint to be the second objective

function is that it has more non-linear terms in comparison with the other constraints.

——> T
N

Figure 7.1: Pressure vessel (Source Knowles, Corne and Deb, 2008)

123 Four-Member Truss Design (Ray and Liew, 2002): This mechanical engineering
problem is a typical real-life problem. It was first introduced by Stadler and Dauer (1992). The
aim of this application is to determine the cross-sectional areas of four joined bars (design

variables) and the following objectives are to be minimised: [i] the volume of the structure [ii] the
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displacement at the joint points. In this application, only physical restrictions (or design variables
intervals) regarding the feasible cross-sectional areas of the bars are given. It has non-linear,
convex and continuous Pareto-optimal front. In literature, most of the evolutionary optimisation
algorithms perform well when dealing with this application. Complete information about the
problem is as follows:

x; = the cross — sectional of the first bar

X, = the cross — sectional of the second bar
x5 = the cross — sectional of the third bar
x, = the cross — sectional of the fourth bar

Design variables:

Objective functions: The problem is formulated as two conflicting objective functions of
minimising both the volume V' of the truss (or f;) and the displacement A at the joint (or f3)
subject to given physical restrictions regarding the feasible cross-sectional areas x4, x, x3 and x4 of
the four bars. The stress on the truss is caused by three forces of magnitude F and 2F as depicted

in Figure 7.2 below (Mezura-Montes and Coello, 2003).

Figure 7.2: Four-bar plane truss (Source: Mezura and Coello, 2003)

3> Welded Beam Design (Knowles, Corne and Deb, 2008): The welded beam design
application is considered as an important non-linear constraint problem for both single and multi-
objective optimisation. As a single objective problem it has been well studied by Reklaitis et al.,
(1983). After that, it has been used by several authors and has become a significant case study to
demonstrate the robustness and drawback of the stochastic algorithms. Here, we refer to two
important papers (Coello, 2000; Mezura-Montes and Coello, 2008) which provide up-to-date
results to the single objective version of this application. Later this problem was modified to be a
bi-objective problem(Knowles, Corne and Deb, 2008). In this chapter, we use the bi-objective
version to validate our techniques. Recently, new results for this version have been discovered

(Deb, 1999; Deb and Srinivasan, 2008).
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Figure 7.3: Welded beam design (Source: Knowles, Corne and Deb, 2008)

In this application, a beam needs to be welded on another beam and must carry a certain load
(Figure 7.3). The objective of the design is to minimise the cost of beam fabrication (first
objective function) and simultaneously minimise the vertical end deflection (second objective
function) due to the load at the end of the beam. Here, the overhang portion of the beam and the
applied force  are specified, making the cross-sectional dimensions of the beam and the
weld dimensions as the design variables. There are four non-linear inequality constraints in
this application. The first constraint involves the shear stress at the support location of the
beam. The purpose of this constraint is to make sure that this shear stress is smaller than the
allowable shear strength of the material which in this case is . The second constraint
includes the normal stress at the support location of the beam. The purpose of this constraint
is to make sure that this normal stress is smaller than the allowable yield stress of the material
which in this case is 30 . The third constraint makes sure that the thickness of the beam is
not smaller than the weld thickness from a practical standpoint. Finally, the fourth constraint
makes sure that the allowable buckling load (along  direction) of the beam is more than the
applied load ~ which in this case is . It is worth mentioning here that any violation of the
above four constraints will make the design unacceptable. Thus, in terms of discussion in Ignizio
(1986), satisfaction of these constraints is the first priority. This application has non-linear convex
Pareto-optimal front. NSGA-II with simulated binary crossover (SBX) and polynomial mutation
operator has been shown to converge to the Pareto-optimal front and to distribute the solutions
uniformly across the front.

The purpose of these case studies is to use them in this chapter for validating the performance of
the MOSA-II algorithm. For this reason, we attempt in this section to present a set of applications

that together represent some aspects, for example, multi-objectives, constraints and variable
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interactions in multi-objective optimisation problems. The following list identifies key aspects of
real-life applications:

®  Multiple variables.

® Integer, discrete and real variables.

®  Multiple constraints.

® Polynomial, rational or complex objective functions.

® Implicit and multi-layered objective functions.

® Implicit and multi-layered constraints.

* Polynomial, rational or complex constraints.

®  Unknown Pareto front.

®  Multi-dimensional Pareto front.

®  Non-linear (convex/concave) Pareto front.

"  Continuous or discontinuous Pareto front.

® Biased search space.

®  Multi-front (multiple local Pareto fronts).

®  Variable interactions.
This list is used to select the presented applications so that all the above reported aspects are
represented. This led to the selection of three applications listed below (shown as shaded regions
in Table 7.1).

4| Design of pressure vessel.

4| Design of two-member truss.

] Design of welded beam.
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Table 7.1: Case studies from real-life engineering optimisation

Application - 1 Application -2
Real-life Case Studies Four-member
Pressure Vessel
Truss
No. of Variables 4 4
fl‘\;atl.lrl:‘:l 4 real 4 real
Corawl of Variables
Problem No. of Objectives 1 2
No. of
Features Inequality
. 4 0
Constraints (+
Var. Bounds)
. . 1. Linear function
Complexity Non-linear .
. 2. Rational
of function functi
5 Objectives (O (3)) tction
2 (0(0)/O(1))
E Nature of 3 linear Only variable
i Constraints 1 non-linear bound
=)
- Reported
. g Pareto- Only one
Variable = . Y Unknown
I . g optimal point
nteraction 3 Front
< * Non-li
= ® The best average IR,
< . convex &
= Reported percentage of .
o, . o . continuous
o' | Complexity feasible solutions .
* § . Pareto-optimal
g of Search found during a
= . . front
Space single run is 33% )
. ® Biased search
® Biased search space
space
Order of
performance: Most algorithms
Single Objective | CHNPGA> give solutions on
Optimisers CHVEGA> estimated Pareto-
Published CHMOGA> optimal front
COMOGA
Results
f ® Order of
. r(?m . ¢ Order of performance performance for
OPtlmlsatlon for convergence: convergence:
Algorithms Multi-objective | NSGA-I>SPEA2 NSGA-II>SPEA2
Optimisers ® Order of performance | ®Order of
for distribution: performance for
NSGA-II>SPEA2 distribution:
NSGA-II>SPEA2
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Table 7.1: Case studies from real-life engineering optimisation (contd.)

q q Application - 3
Real-life Case Studies T .
No. of Variables 4
Nature of Variables 4 real
General No. of Objectives 2
Problem No. of
Features Inequality 4
Constraints (+
Var. Bounds)
1. Polynomial
Complexit o
PO oo
o
.. 2. Rational
o Objectives )
3 function
E [0(0)/O0#)]
e .
£ Nature of ol Lil:jaalr ’((1)<5))
—_ Constraints POty K
g & 2 rational
Variable %] Reported
. Q Corresponds to
Interaction g Pareto- fixed values of
= optimal .
K 3 variables
_g Front
= * Non-linear,
& &
o Reported C(')nvex
=] . disconnected
- D Pareto-optimal
of Search P
front
Space .
® Biased search
Space
e Simple GA
lution lies
Single Objective * o ,unon reson
.. estimated
Optimisers .
Pareto-optimal
front
. e  Order of
Published
performance
Results for
from convergence:
Optimisation NSGA-IT >
Al g e Multl—.ob!ectlve SPEA2
Optimisers e Order of
performance
for
distribution:
NSGA-II >
SPEA2

7.2  Design of Pressure Vessel

This design is shown in Figure 7.1, and is briefly described in section 7.1. The mathematical

model of this design is given in Equation 7.1 as follows:

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 7. Real-Life Case Studies

fi(X) = 0.6224x1x3%, + 1.7781x,x% + 3.1661x%x, + 19.84x2xs,
91(x) = —x; +0.0193x3 < 0,

92(x) = —x, + 0.00954x;3 < 0,

f2(2) = g5(x) = —mxdx, — 3mxd + 1,296,000 < 0,

94(x) = x4, — 240 <0,

1<% <99,1<x,<99,10 < x; < 200and 10 < x, < 200

(7.1)

where, f; is the total cost including the cost of material, forming and welding. The g;,i = 1,2,3,4
is the constraints imposed on the design variables.

7.2.1  Experimental Results

Let us apply the MOSA-II steps on this problem as follows:

Steps 1-4: Step 1 to step 4 are simple to implement. They need one to be familiar with
Mathematica to define the objectives and constraints and to check their continuity and
differentiability. The design variables are denoted as xy, X5, X3 and x,.

Step 5: This step gives the following Hessian matrices for f; and f5:

[ 39.68x3 + 6.3322x, 0 39.68x, + 0.6224x, 6.3322x, + 0.6224x4‘|
H. = 0 0 3.5562x; 0
771 39.68x, +0.6224x,  3.5562x, 3.5562x, 0.6224x,

6.3322x; + 0.6224x; 0 0.6224x, 0

0 0 0 0

H 0 0 0 0

2710 0 —8mx;—2mx, —2mxs
0 0 —2mX3 0

8te,o 6: For the matrix Hyp, , we have the following:

xt Hy x = (79.36 ac + 12.6644 ad + 1.2448 cd)x, + 3.5562 c?x, +39.68 a’x; + 7.1124 bcxs
+ 1.2448 adx; + 6.3322 a’x, + 1.2448 ac x, > 0

for all non-zero x = (a, b, ¢, d). This means that f; is strictly convex.
For the matrix H, , we have the following:

xt ]HIfo = —2cm[2(2¢c + d)x; + cx,]
This means that xt ]H[fzx < 0 forall non-zero x = (a, b, c,d). Then, we go to step 7.
8te,o 7: Foroney = (99,99,200,200), one can easy find that VF(x)T(y — x) < 0. This
means that f5 is pseudoconvex function.
Step 8: For the pressure vessel problem, a set of trade-off solutions for this problem obtained by
this step is presented in tables 7.2 and 7.3. Four solution vectors (as functions of Lagrange
multipliers) have been found by MOSA-II algorithm. Three of them have been rejected because
some of the decision variables were out of the range. The fourth vector of solutions gives better

solutions than the solutions found in the literature (see Table 7.4).
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Table 7.2: Trade-off Solutions Obtained by MOSA-II Algorithm

0.8123
0.8092
0.8099
0.8105
0.8107
0.8112
0.8124
0.8125
0.8126
0.8125
0.8125
0.8123
0.8131
0.8138
0.299997

0.3999
0.3982
0.3986
0.3989
0.3992
0.3992
0.3998
0.3999
0.3999
0.3999
0.3999
0.3999
0.4002
0.4005
0.357384

42.0898
41.9182
41.9560
41.9867
42.0163
42.0230
42.0831
42.0898
42.0965
42.0898
42.0898
42.0898
421232
42.1566
29.762

176.877
180.819
180.579
180.383
180.233
180.191
179.809
179.73

179.688
179.767
179.826
180.068
179.556
179.345
151.576

5944.06
5981

5987

5993.36
5997.05
6000.66
6011.87
6012.13
6012.95
6013

6014.37
6018.63
6018.67
6025.05
1501.54

0.00003314
-0.00017874
-0.0001492
-0.00015669
0.00021459
-0.0001561
-0.00019617
-0.00016686
-0.000013755
-0.00016686
-0.000016686
0.00003314
-0.00012224
-0.00017762
0.2756

0.00163669
0.00169963
0.00166024
0.00165312
0.0016355

0.00169942
0.00167277
0.00163669
0.00170061
0.00163669
0.00163669
0.00163669
0.00165533
0.00167762
-0.0746448

-1263.49
-11213

-12522.7
-13579.2
-14813.1
-15047.7
-17120.2
-17148.2
-17382.2
-17354.2
-18381.3
-19030.1
-18511.2
-19666.8
763775

-63.123
-59.181
-59.421
-59.617
-59.767
-59.809
-60.191
-60.27
-60.312
-60.233
-60.174
-59.932
-60.444
-60.655
-88.4239

Table 7.3: Lagrange Multipliers Corresponding to Trade-off Solutions in Table 7.2

Ao

Uz ‘#3

419876 x 10°®
4.19999 x 10°®
4.19999 x 10°®
4.19999 x 10°®
4.19999 x 10°®
4.19999 x 10°®
4.19999 x 10°®
4.19999 x 10°®
4.19999 x 10°®
4.19999 x 10°®
4.19999 x 10°®
4.19876 x 10°®
4.19999 x 10°®
4.19999 x 10°®
4.19876 x 10°®

Uy
0.0689999 0.0315 0
0.0699 00312437 | 0
0.0699 0.0313 0
0.0699 00313459 | 0
0.0699116 0.03139 0
0.0699116 0.0314 0
0.0699116 0.03149 0
0.0699 0.0315 0
0.0699 0.03151 0
0.0699116 0.0315 0
0.06993 0.0315 0
0.07 0.0315 0
0.0699116 0.03155 0
0.0699116 0.0316 0
0.0689999 0.0315 0
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Figure 7.4: The relationship between the objectives for the pressure vessel

7.2.2  Discussion of Results

The salient observations from the above mentioned results are as follows. Tables 7.2 and 7.3
present Pareto-optimal solutions obtained by MOSA-II algorithm. Table 7.2 shows some Pareto-
optimal solutions and the values of the objective functions corresponding to these solutions. Table
7.3 presents the KKT multipliers corresponding to these solutions. It is interesting to note how

parameter affects the first objective function. It shows that any increase to this parameter gives
better values for  and, at the same time, gives worst values for ~and  and, therefore, the

constraints are unsatisfied.
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Table 7.4: Best Solutions found in Literature for the Pressure Vessel Design Problem

Design

Variables LI

results

Details of the best solutions found

Mezura-
Montes and
Coello (2003)

Kannan and

Deb (1997)

Kramer
(1994)

Sandgren
(1988)

0.8123 0. 812500 0. 9375 1.125 1.125
0.3999 0. 437500 0. 5000 0.625 0. 625
42.0898 42. 098370 48. 3290 58. 291 47.700
176.877 176. 637146 112. 6790 43.690 117. 701
5944.06 6059. 714355 6410. 3811 7198. 0428 8129. 1036
0.00003314 -0. 000001 -0. 004750 0. 000016 -0. 204390
0.00163669 -0. 035882 -0. 038941 -0. 068904 -0. 169942
-1263.49 -0. 835772 -3652. 876838 | -21.220104 54. 226012
-63.123 -63. 362858 -127.321000 | -196.310000 | -122. 299000

7.3 Design of Four-Member Truss

This design is shown in Figure 7.2, and is briefly described in section 7.1. The mathematical
model of this design is given in Equation 7.2 as follows:

fi(x) = L(2x; + V2x, +V2x3 + x4)

_FL(2  2v2 242 |1
fZ(x)_E(x1+xz+x3 +x4)

ssux <3 (0), V2(7) sxex <3 (()

F=10KN,E =2x10% (KN/cm?),L = 200 cm,0 = 10 (KN/cm?)

(7.2)

7-3-1  Experimental Results
Figure 7.5 depicts the results obtained by applying NSGA-II and MOSA-II to the optimisation of a
four-member truss design. The tests reported here are carried out using 100 population size, 500

generations, 0.8 crossover probability, 0.05 mutation probability, and simulated binary crossover

with 10 crossover distribution and 50 mutation distribution indexes for NSGA-II.
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Figure 7.5: The Exact and Approximated Pareto-optimal Front for the Four-bar Plane Truss
Problem Using MOSA-Il and NSGA-II Algorithm.

7-3.2  Discussion of Results

Let us apply the MOSA-II steps on this problem as follows:

8teps 7-4: Step 1 to step 4 are simple to implement. They need one to be familiar with
Mathematica to define the objectives and constraints and to check their continuity and
differentiability. The design variables are denoted as and

&'tep 5: This step gives the following Hessian matrices for  and

&tep 6: For the matrix , for all non-zero . This means that  is convex. For the
matrix , we have the following:
This means that for all non-zero . Then, is strictly convex.
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Step 8: For the four-bar plane truss problem, this step gives the following mathematical formula

for the exact Pareto-optimal front:

_ (49FL*\ 1
f2 ( E )fl (7.3)
7LF 21FL )
> Sh=s—0

As can be seen, Equation (7.3) is a non-linear convex relationship (see Figure 7.5) between the

two conflicting objective functions. Figure 7.5 shows the Pareto-optimal front for this problem.

The following observations for this problem are found by the MOSA-II algorithm:

¢ Equation (7.3) is constructed based on linear relationship between the decision variables that

takes the following form:

FA, _ _ [eFa,
=X X2 = EA

EA, :.X3,}.:(/11,12)>0

x1=

o (7.4)

\/Exl =Xy = X3 = \/§x4

This means that the designer has to use bars with cross-sectional areas satisfying the
relationship (7.4) so as to get the minimum values for both the volume V of the truss and
the displacement A of the joint. Knowing the exact relationship between the design variables
(which is used for formulating the Pareto-optimal front) helps the designers to find the exact
optimal solutions for this problem.

Interestingly, there are further relationship(s) involving the design variables. For example,
the design variable x; has opposite effects on the two objectives. Thus, the optimal solutions

reflect a similar pattern of variation for variable x; : a reduction in x; causes a reduction in

1
the volume of the truss (f; « x;) and an increase in the displacement of the joint (f2 o —).
X1

7.4 Design of Welded Beam

This design is shown in Figure 7.3 and is briefly described in section 7.1. The mathematical model

of this design is given in Equation 7.5. This equation assumes the following values.

Overhang portion of the beam = 14 Inch.
F = 6000 Ib Force.
Allowable shear strength of the material = 13,600 psi.

Allowable yield strength of the material = 30,000 psi

Cost = f,(x) = 1.10471 k2L + 0.04811 t b (14.0 + 1),

Minimise 7.5
End of Deflection = f,(x) = % (7:5)
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Subject to constraints
g1(x) =t(x) — 13,600 < 0,

g2(x) = o(x) — 30,000 <0,

g93(x) =h—b <0,

gas(x) =6000—P.(x) <0

0.125<h,b <5.0 and 0.1 <[t <10.0

Where,

T(x) = sz + 12 + 111 /30.25(12 + (h + t)2),

, . 6000
t(x) = m
Fx) = 6000(14.0 + 0.50)4/0.25(12 + (h + t)?)
2 {0.707 hl (% +0.25(h + t)Z)} '
504000
o0 ="

P.(x) = 64746.022(1 — 0.0282346 t)th>.

7-4.1  Experimental Results

Let us apply the MOSA-II steps on this problem as follows:

Steps 1-4: Step 1 to step 4 are simple to implement. They need one to be familiar with
Mathematica to define the objectives and constraints and to check their continuity and
differentiability. The design variables are denoted as x4, X7, X3 and x, (for h,¥,t and b).

Step 5: This step gives the following Hessian matrices for f; and f5:

[2.20942x,  2.20942x, 0 0 1
H,, = [220942x, 0 0.04811x, 0.04811x;,
! 0 0.04811x, 0 0.04811(14.0 + x,)
0 0.04811x;  0.04811(14.0 + x,) 0
[0 0 0 0
R P
| 263424 6.5856
]H[fz = |O 0 xg X4 xé x% |
lo 6.5856  4.3904 |
[ x4 x? x3x; |

8te,o 6: For the matrix ]I'Hfl, we have the following:
xt Hflx = 1.34708 cd + 4.41884 abx; + (2.20942 a? + 0.09622 cd)x, + 0.09622bdx,
+ 0.09622 bcx,

This means x* Hy x>0 for all non-zero x = (a, b, ¢, d). Then, f; is strictly convex.
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For the matrix , we have the following:

This means that for all non-zero . Then, is strictly convex.

8tep 8: In this step, the KKT systems give a complicated form for the design variables as
functions of KKT multipliers. Therefore, these multipliers can not be separated from the variables
to detect the relationship between them. So, the procedure used to solve ZDT3 in the previous
chapter is performed here. Figure 7.6 and Figure 7.8 respectively depict the results obtained by
applying NSGA-II, SPEA2 and the proposed procedure. The tests reported here are carried out
using population size, generations, crossover probability, mutation probability,
and simulated binary crossover with crossover distribution and mutation distribution
indexes for NSGA-II and SPAE2. Figure 7.7 and Figure 7.9 show the impact of the decision

variables on the two objective functions.

0.014
0.012 - 2<<— Near Pareto-optimal solutions obtained by NSGA-IT |
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Figure 7.6: Results from NSGA-Il, SPEA2 and the proposed procedure (part one)
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Figure 7.7: Impact of on the relationship between cost and deflection
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Figure 7.8: Results from NSGA-II, SPEA2 and the proposed procedure (part two)
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Figure 7.9: Impact of on the relationship between cost and deflection

7-4.2  Discussion of Results

The salient observations from the above mentioned results are as follows.

¢ The problem has a search space that is biased towards high values of cost and low values of
deflection. Furthermore, the Pareto-optimal front of this problem is convex and
discontinuous in nature.

¢ Although step 8 in MOSA-II could not be solved to separate the KKT multipliers from the
design variables, the procedure performed for ZDT3 in the previous chapter has still given
the exact Pareto-optimal front. Using this procedure, we first divide the relation between
and  into straight lines and fix the values for and until we get the best relationship
between the conflicting objective functions. This can be clearly seen from the results plotted
in Figure 7.7 and Figure 7.9. Moreover, the proposed procedure has provided the
relationship between the design variables responsible for the conflicting relationship between
the objectives.

¢ It is clear that NSGA-II and SPEA2 converge to the Pareto-optimal front. Figure 7.6 and
Figure 7.8 show two parts of the exact Pareto-optimal front.

¢  Figure 7.6 shows a part of the relationship between the two conflicting objectives obtained
by the proposed procedure; this relationship is marked by a solid curve. Interestingly, this

relationship reduces the dimensionality of the two objectives as follows:
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f, = 0.110471 b? + 6.78351 b,
(7.6)

_0.0021952

fo=—,
Hence, the analytical equation between the two objective functions can be written in the
following form:
0.0021952

fo= 7
/m+942.654—30.6792 (7.7)

17.1877 < f; < 36.6792

¢ For the above part of the Pareto-optimal front, an important relationship between the design
variables is found. This relationship is used to construct equation 7.6 and takes the following

form:

2437 <h<5,b=h,
(7.8)
l=01,t=10

This means that for this part of the Pareto-optimal front all the design variables satisfy the
relationship 7.8. This indicates that for this part the width of the beam t must be set to its
upper limit.

¢ Figure 7.7 reveals that for optimal design the width of the beam needs to be fixed to its
upper limit. Therefore, if solutions close to smaller deflection are desirable a beam with
width t = 10 needs to be procured.

¢ Figure 7.8 shows the other part of the relationship between the two conflicting objectives

obtained by the propose procedure; this relationship is marked by a solid curve.

Interestingly, this relationship reduces the dimensionality of the two objectives as follows:

fi =0.110471 (1.10856 b + 2.29843)? + 6.78351 b,

_ 0.0021952 (79)
fo=—p—

Hence, the analytical equation between the two objective functions can be written in the

following form:

0.0021952

f2=
/O_Jﬁwgs.eoz—so.oom (7_10)

1.51733 < f; < 19.2352

¢ In equations 7.6 and 7.9, the end of deflection (f;) has the same analytical equation. This

equation reveals an interesting innovisation principle involving the design variables. It is
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observed that the thickness of the beam b needs to be inversely reduced (b «é) with
deflection f; to retain optimality.

¢  For the second part of the Pareto-optimal front, an important relationship between the
design variables is found. This relationship is used to construct equation 7.10 and takes the

following form:

b =0.90207h — 2.07334,2.437 < h <5,
(7.11)
l=01,t=10

This indicates that for low-cost optimal solutions all the design variables satisty the
relationship 7.11. This means that for this part of the Pareto front the width of the beam ¢t
must be set to its upper limit.

¢ Other innovisation principles can be obtained when the designer tries to minimise cost and
deflection separately. If low-cost solutions are desirable, t must be fixed to its upper limit,
while increasing ! and setting b = h,0.125 < b < 5.

¢ Figure 7.9 shows that for optimal design the length of the weld needs to be fixed to its lower
limit. Therefore, if low-cost solutions are desired the length of the weld £ = 0.1 needs to be
procured. In this way, this gives another innovisation principle between the design variables

of the objective functions.

7.5 Validation of Results

The results obtained from the MOSA-II algorithm are validated here through comparison with

results published in literature.

7-5.1  Design of Pressure Vessel

The results obtained by the MOSA-II algorithm when compared with results provided by NSGA-
II clearly depict that the MOSA-II algorithm has been able to construct Pareto-optimal solutions
for this problem (Table 7.2). Furthermore, the MOSA-II algorithm has provided values for the
KKT multipliers used to construct these solutions (Table 7.3). Knowing the multipliers that lead
to these solutions is a key contribution of the MOSA-II algorithm and is not provided by NSGA-II
or any other stochastic algorithm. Literature reveals that in solving this problem the stochastic

algorithms could not obtain better solutions than the Pareto-optimal solutions obtained by

MOSA-I (Table 7.4).
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7-5.2  Design of Four-Member Truss

The results obtained by the MOSA-II algorithm when compared with results provided by NSGA-
II clearly depict that the MOSA-II algorithm has been able to construct a complete curve for the
Pareto-optimal front (Figure 7.5). Furthermore, the MOSA-II algorithm has provided the
mathematical equation that presents the Pareto-optimal front between the two objective
functions. This equation can be used to create well distributed solutions across the Pareto-optimal
front. Many innovative design principles for this problem have been detected by the MOSA-II
algorithm.

Literature reveals that this problem has been solved by many stochastic algorithms (Coello et al.,
2002); NSGA-II gives better solutions for this problem so far. Figure 7.5 depicts the NSGA-II
results on this problem. Even though NSGA-II has been able to converge to the Pareto-optimal
front, it does not give a mathematical formulation for the relationship between the design
variables of the Pareto-optimal front. This is because NSGA-II is a stochastic algorithm.
Moreover, the Pareto-optimal solutions obtained by MOSA-II are KKT based solutions, giving

confidence about this Pareto-optimality.

7-5.3 Design of Welded Beam

The Pareto-optimal front for this problem is made up of two discontinuous parts. The results
obtained by the proposed procedure (as also used for ZDT3) and the results provided by NSGA-II
and SPEA?2 clearly depict that the procedure has been able to construct a complete curve for the
two parts of the Pareto-optimal front (Figures 7.8 and 7.9). Furthermore, the procedure has
provided the mathematical equation that represents these two parts. This equation can be used to
generate well distributed solutions across the two parts of the Pareto-optimal front. Knowing the
relationship (innovative design principles) among the design variables, that leads and helps to
construct this equation, helps the designer to move from one Pareto-optimal solution to another.
It may as well contain information which can assist the designer make a decision and thus arrive at
better designs. It is worth mentioning here that this relationship is a key contribution and is not
provided by NSGA-II or any other stochastic algorithm.

It has been reported in literature that in solving this problem NSGA-II and SPEA2 give better
performance than all other algorithms (Deb, Pratap and Moitra, 2000b; Deb and Srinivasan,
2008). Figures 7.6 and 7.8 depict the results obtained by NSGA-IIl and SPEA2. It can be seen
from these Figures that NSGA-II is better than SPAE2. It is evident that even though NSGA-II has

been able to converge to the Pareto-optimal front and it does exhibit uniform distribution of
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solutions, it does not give a mathematical formulation for the relationship between the design
variables or between the objective functions for the solutions on the Pareto-optimal front. This is

because NSGA-IL is a stochastic algorithm.

7.6 Summary

In this chapter, it has been demonstrated how the MOSA-II algorithm is competent in solving
three real-life engineering optimisation problems: design of pressure vessel, design of four-
member truss and design of welded beam. Since these three problems constitute a representative
set, it can be said that the application of the MOSA-II algorithm on these problems ensures its
success in solving other problems. In this way, this chapter has used real-life problems to validate
the observations made previously regarding the capability of the MOSA-II algorithm in tackling
multiple objectives, constraints and variable interactions in multi-objective optimisation
problems. This chapter has also demonstrated that the MOSA-II algorithm outperforms a state-of-
the-art optimisation algorithm, NSGA-II, on a variety of multi-objective optimisation problems.
In conclusion, this chapter has achieved the following.

¢ It has analysed a number of case studies from real-life engineering optimisation.

¢ It has reported the experimental results obtained by the MOSA-II algorithm and NSGA-II on

these case studies.

¢ It has finally analysed these results in order to validate the performance of the MOSA-II

algorithm.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 7. Real-Life Case Studies

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 8. Discussion and Conclusions

8 DISCUSSION AND CONCLUSIONS

This chapter is devoted to concluding this thesis with a discussion on the deliverables of this
research. It also identifies the limitations of this work and highlights the corresponding future

research activities. This chapter aims to achieve the following.

»  Tosummarise key observations from this research.
+»  Toidentify the main contributions of this research.
»  Todiscuss the limitations of this research.

»  To frame future research activities based on this work.

8.1 Discussion

This section discusses the key observations from this research. The generality of this research is

discussed in this section as well.

8.1.1 Key Observations from this Research

This research aims to develop new multi-objective optimisation techniques based on the
extension of the current theoretical results to handle the challenges posed by three features of
multi-objective optimisation problems: multiple objective functions, constraints and interaction
among decision variables. This is a part of board initiative to make symbolic optimisation
algorithms popular in handling real-life engineering optimisation problems and help improve the

current optimisation algorithms. The key observations of this research are summarised here.

8.1.1.1 Literature Survey

This research has investigated the popular theoretical and evolutionary computing approaches in
literature. It has surveyed the optimisation approaches for handling multi-objective optimisation
problems. It has analysed the drawbacks of current theoretical approaches as well as evolutionary
computing algorithms. Even though evolutionary computing algorithms are growing very quickly
and many developments on these algorithms have been used to deal with complicated real-life
multi-objective optimisation problems, it has been surveyed that evolutionary researchers still

face criticism about the theoretical optimality of the obtained Pareto-optimal solutions found by
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their evolutionary techniques. The research in this thesis carried out a detailed survey of these
techniques and the theoretical techniques with respect to the key features of the engineering
optimisation problems such as: number of objective functions (multiple objectives), nature of
constraints (linear, nonlinear), and design variable interactions.

When tackling multi-objective optimisation problems, the two main goals that researchers seek
are convergence to the Pareto-optimal front and at the same time maintenance of diversity across
the Pareto-optimal front. It is observed that the elitist multi-objective optimisation techniques
that use Pareto domination and diversity-preserving operators perform better than other multi-
objective optimisation techniques. Nevertheless, it is observed that there are a few evolutionary
computing techniques that specialise in handling constraints in multi-objective optimisation
problems. Recently, some constraint-handling techniques have been introduced (Deb, 2000;
Coello, 1997, 2000; Coello et al, 2002). These constraint-handling techniques incorporate
constraint violations in the definition of Pareto domination and have shown success in handling a
variety of constrained multi-objective optimisation problems.

This research has further developed the current theoretical techniques to detect the analytical
relationship among the design variables that consequently lead to constructing the Pareto-optimal
front. Most of the evolutionary computing techniques that are discussed above fail to provide a
complete curve of the Pareto-optimal front or give the analytical form of the relationship between
the design variables that lead to this complete curve. The few evolutionary-based techniques that
are used for handling variable interactions have limited usefulness for real-life optimisation
problems since in most cases they cannot handle multiple objective functions and their
performance is strongly dependent on the nature of the decision space. The presence of variable
interactions introduces an additional level of complexity to the constrained, inseparable multi-
objective optimisation problems. This reveals two important aspects that are not incorporated in
evolutionary computing techniques. These two aspects are: identification of relationship between
decision variables of Pareto-optimal solutions (aspect 1) and the theoretical optimality of variables
(aspect 2). Although some techniques that can individually deal with these two aspects have been
recently reported, there is a complete lack of dedicated theoretical and evolutionary computing
frameworks to deal with variable interactions in optimisation problems.

The literature survey also analysed the existing theoretical approaches that have been applied to
tackle multi-objective optimisation problems in many practical disciplines. It is observed that
Karush-Kuhn-Tucker and Fritz-John conditions are the core of all the current researches reported
in the literature. Recently, Mishra and Giorgi (2005) extended the Karush-Kuhn-Tucker first-

order optimality conditions for a specific class of multi-objective optimisation problems. In this
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study, convex-concave fractional multi-objective optimisation problems were not included. This
research further develops the current Karush-Kuhn-Tucker optimality conditions. The first-order
and second-order optimality conditions of Karush-Kuhn-Tucker for convex-concave fractional
multi-objective optimisation problems are proposed and discussed. Furthermore, weak and strong
duality conditions for convex-concave fractional multi-objective optimisation problems are
shown. An observation was made regarding these optimality conditions, where it was observed
that there is a complete lack of research in relaxing these conditions. Relaxation of these

conditions helps designing new algorithms and is useful for sensitivity analysis.

8.1.1.2 Gap Analysis: Theoretical Approaches

This research analyses the existing multi-objective optimality conditions along with the
characteristics of the problems solved such as convexity, concavity, pseudo-convexity and quasi-
convexity. This analysis reveals that the classical forms of sufficient optimality conditions
involving Karush-Kuhn-Tucker multipliers often require the Lagrange function to be convex.
However, there is a research gap in relaxing these conditions for handling various types of
characteristics relating to the objectives and constraints. This gap identifies a focus of this
research, which is to relax the first and second-order optimality conditions of Karush-Kuhn-
Tucker to involve additional characteristics of the objectives and constraints such as pseudo-
convexity, quasi-convexity and concavity that are important for solving real-life multi-objective

optimisation problems.

8.1.1.3 Gap Analysis: Symbolic Algorithms

The solutions provided by the existing optimisation techniques still face criticism about their
theoretical optimality. Moreover, by using these algorithms one cannot analyse the characteristics
of the constructed shape of the Pareto-optimal front. This gap identifies the main focus of this
research, which is to develop multi-objective symbolic algorithms that can effectively handle the
above challenges in constrained multi-objective optimisation problems and give a complete

description of the Pareto-optimal front.

8.1.1.4 Development of Optimality Conditions

The development of the first and second-order optimality conditions of Karush-Kuhn-Tucker
require relaxation of the current conditions. This research has handled the class of multi-objective

optimisation problems that satisfy the univexity concept. Firstly, different theoretical classes of
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multi-objective optimisation problems are presented. The first-order optimality conditions for the
problems in each class are proposed and proved. Furthermore, the duality results for each class
are separately suggested and some first-order duality theorems are illustrated and proved.
Secondly, the research proposes second-order optimality conditions for Karush-Kuhn-Tucker
under a generalised type of univexity functions. Finally, three theorems regarding the second-

order optimality of Karush-Kuhn-Tucker conditions are proposed and proved.

8.1.1.5 Development of MOSA-I

This research identifies the challenges that objective functions and constraints pose for multi-
objective optimisation problems. These challenges include multi-modality, deception and isolated
optimum solutions that impede the current optimisation algorithms from convergence to the
Pareto-optimal front, and discontinuity, non-uniformity and shape complexity of Pareto-optimal
front that impede the optimisation algorithms from sustaining the diversity of Pareto-optimal
solutions. This research proposes a symbolic solution strategy to deal with these challenges. It
applies this solution strategy to develop a symbolic algorithm, the MOSA-I algorithm, which is
capable of tackling constrained multi-objective optimisation problems having complex inseparable
objective functions. The MOSA-I algorithm is based on the existence of relationship(s) — which
are functions of Karush-Kuhn-Tucker multipliers — among the design variables of the solutions
belonging to the exact Pareto-optimal front. It discovers this relationship using the first-order
optimality conditions of Karush-Kuhn-Tucker. The relationship thus obtained is used to construct
the analytical formula of the Pareto-optimal front. Two important steps are included in the
MOSA-T algorithm for enabling it to cope with a broader class of multi-objective optimisation
problems that have inseparable objectives and constraints characterised by pseudo-convex and
quasi-convex features. The MOSA-I algorithm has been shown to outperform the existing state-
of-the-art multi-objective optimisation algorithm, NSGA-IL. It has also been proved to be effective
in tackling a variety of multi-objective optimisation problems. This algorithm can be used to
measure the performance of multi-objective optimisation algorithms as long as the analytical
formula of the Pareto-optimal front exists. However, it is still dependent on the first-order

optimality conditions of Karush-Kuhn-Tucker.

8.1.1.6 Development of MOSA-II

This research also proposes a second-order multi-objective symbolic algorithm, MOSA-II, to

deal with the above challenges. It is a generalisation of MOSA-I. It is used to solve constrained
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multi-objective optimisation problems having complex inseparable objective functions. The
MOSA-II algorithm is based on the existence of relationship(s) — which are functions of Karush-
Kuhn-Tucker multipliers — among the design variables (same as the previous algorithm, MOSA-
I). But the difference between this algorithm and the previous one is that the idea of this algorithm
is based on the second-order optimality conditions of Karush-Kuhn-Tucker (presuming twice
continuously differentiable objective and constraint functions). The reason for using the second-
order optimality conditions is their ability to reduce some of the Pareto-optimal solutions
obtained by the first-order optimality conditions (see the constrained problem in chapter 5). The
MOSA-II algorithm has been shown to outperform the existing state-of-the-art multi-objective
optimisation algorithm, NSGA-II. It has also been proved to be effective in tackling a variety of
multi-objective optimisation problems. It has been observed that the first-order optimality
conditions involved in this algorithm may cause difficulty when solving them to get the design
variables separated from the KKT multipliers. Therefore, to overcome this drawback, a simple
procedure to solve the first-order optimality conditions has been proposed. The use of this
procedure commences when the first-order systems cannot be solved. This procedure depends on
dividing the decision spaces using border and straight lines inside the decision space with different
slopes, then substituting these lines in the objective functions. Once the borders or straight lines
leading to the desired Pareto-optimal front have been identified, they consequently form the
corresponding Pareto-optimal set for the problem at hand. They also give some insights about

which design variable has impacted the conflicting relationship between the objectives.

8.1.1.7 Performance Analysis of MOSA-I and MOSA-II Algorithms

This research applies the MOSA-I and MOSA-II algorithms to a set of multi-objective test
problems that have the required characteristics (multiple objectives, constraints and variable
interactions) and enable controlled testing of the proposed symbolic algorithms. This research
applies these algorithms to some real-life case studies that have been recently tackled by
evolutionary algorithms and are available in literature. The choice of NSGA-II for comparison is
based on the observation that it has been shown in literature to outperform most of the existing
evolutionary computing techniques in dealing with multi-objective optimisation problems in real
domains. The multi-objective test problems that are chosen for analysis have complex inseparable
function interactions leading to multi-modality in the search space, discontinuity in Pareto-
optimal front and bias in the search space. It is shown that in all cases these symbolic algorithms
identify exact Pareto-optimal solutions. This is because of many reasons: (1) NSGA-II (and other

stochastic algorithms) uses Pareto-optimal/elitism strategy that ceases to produce the driving
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force towards the global Pareto-optimal front once most of the solutions of the population share
the same non-dominated level, and (2) the proposed symbolic algorithms use relaxation of
Karush-Kuhn-Tucker conditions which guarantee Pareto-optimal solutions. These optimality
conditions help finding out the relationship between the design variables for solutions on the
Pareto-optimal front and therefore a complete curve/surface of the corresponding Pareto-optimal
front can be formed. It is also observed that in most test problems the symbolic algorithms
provide a mathematical formula for the Pareto-optimal front. With this mathematical formula of
the Pareto-optimal front, better distribution of solutions can be obtained as compared to NSGA-
II. As reported in literature, NSGA-II or any other stochastic optimisation algorithm still faces
difficulties in providing uniform distribution on the Pareto-optimal front. The reason for this is
that the crowded comparison operators used in these algorithms to attain solution diversity use
external means without addressing the inherent characteristics that lead to diversity problems.
The proposed symbolic algorithms address the core issue of this problem by determining the
relationship(s) among the design variables of the Pareto-optimal solutions, and then using it to
generate well distributed solutions over the Pareto-optimal front. These algorithms are able to
identify variable interactions, and hence converge to the exact Pareto-optimal front.
Furthermore, it is observed that since these symbolic algorithms use first and second-order
optimality conditions as their optimisation engine, they have all the characteristics for effectively

deal with inseparable function interactions in multi-objective optimisation problems.

8.1.1.8 Validation Using Real-life Problems

The performance of MOSA-II algorithm is also tested on a set of real-life engineering
optimisation problems that together represent a variety of challenges that multiple objectives,
constraints and variable interactions pose for optimisation algorithms. Here, the generalised form
(MOSA-II algorithm) is used in the validation process rather than the MOSA-I algorithm. The set
of real-life problems includes the design of a pressure vessel, a four-member truss and a welded
beam. The validation of results is performed here based on the published results obtained for
these problems using stochastic algorithms. The results from the testing of the MOSA-II algorithm
are validated here. Particularly, the application of the MOSA-II algorithm on these real-life
problems demonstrates its capability in dealing with multiple objectives, constraints and

inseparable function interactions in multi-objective optimisation problems.
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8.1.2  Main Contributions

In this research, a significant contribution to understanding about the handling of variable
interactions in multi-objective engineering optimisation problems has been illustrated. The
research has proposed two multi-objective symbolic algorithms for handling variable interactions
in the presence of multiple objectives and constraints. In addition, some extensions of the first and
second-order optimality conditions have been proposed.

The following points clearly identify the main contribution to knowledge of this work. There

was a research gap in all these areas that has subsequently been filled by this research.

¢ Critical analysis_of the. existing evolutionary computing. techniques: The literature
survey carried out in this research compares the capabilities of the existing evolutionary
computing techniques against the challenges posed by multiple objective functions,
constraints and variable interactions in finding a complete curve for the Pareto-optimal front.
Based on the above analysis, this research has identified that there is a lack of techniques for
handling variable interaction to form a complete curve for the Pareto-optimal front in multi-
objective optimisation problems. This has led to the development of optimisation algorithms

based on the development of the first and second-order optimality conditions of Karush-

Kuhn-Tucker.

variables that lead to constructing the curve/surface of the Pareto-optimal front. It has

further developed innovative design principles for each of these categories.

¢ Relaxation_ of optimality. conditions: This research has analysed optimality conditions,
especially Karush-Kuhn-Tucker and Fritz-John conditions. It has analysed different
theoretical classes of multi-objective optimisation problems under univexity concept. For
these classes, extra conditions are imposed on the objectives and constraints to achieve
univexity. Based on these additional conditions, the first-order optimality conditions for the
problems in each class are separately proposed and proved. Furthermore, the duality results
for each class are presented and some first-order duality theorems are illustrated and proved.
In addition, this research has proposed second-order optimality conditions of Karush-Kuhn-
Tucker under a generalised type of univexity functions. A set of sufficient second-order
optimality conditions for multi-objective optimisation problems is established. Three

important theorems regarding the second-order optimality conditions of Karush-Kuhn-

Tucker are proposed and proved.
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Development. of MOSA-I _and. MQOSA-II_ for_ handling . variable_ interactions: This
research has proposed MOSA-I and MOSA-II algorithms for tackling inseparable function
interactions in multi-objective optimisation problems. The two algorithms need the objective
functions and constraints to be continuous and differentiable. Furthermore, the research has
compared the performance of these algorithms with NSGA-II based on a set of test problems
carefully selected from literature. The algorithms are also validated using three real-life case
studies. Moreover, these algorithms can be used to measure the performance of stochastic

algorithms and can also be used to design stopping criteria for stochastic algorithms.

8.1.3 Research Limitations

An attempt has been made in this research to keep it as general as possible. However, as with

any other research, this work also has some limitations. Here, some of these limitations are

identified.

8.1.3.1 Limitations of Research Methodology

The following are the main limitations of the methodology used in this research.

*

Although the literature review has systematically reported and analysed many articles related
to theoretical and evolutionary approaches in the area of multi-objective optimisation, the
analysis provided little insight into the statistical aspects of the information gathered.

The algorithm used for comparison in this research is only NSGA-II. The choice of this
algorithm is justified since it outperforms most of the existing optimisation algorithms in
dealing with multi-objective optimisation problems.

The real-life case studies that have been used in this research for the validation process are
borrowed from literature. This has provided a limited insight into the process of model
development for optimisation. Furthermore, the nature of these case studies could have been
better if they were designed in consultation with the industrial designers.

The literature review carried out in this research has shown that Karush-Kuhn-Tucker
optimality conditions are the core of all extensions applied to optimality conditions.

Therefore, this has focused this research only on Karush-Kuhn-Tucker optimality conditions.
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8.1.3.2 Limitations of MOSA-I

The limitations of the MOSA-I algorithm are as follows.

¢

The performance of the MOSA-I algorithm is dependent on some characteristics of the
objectives and constraints. It requires that the objectives and constraints should have a well-
defined mathematical formula. In addition, the objectives and constraints should be
continuous, differentiable and convex. Hence, use of multi-objective optimisations problems
that do not involve these aspects make the MOSA-I algorithm to fail. So to overcome this
limitation some modifications should be added to the MOSA-I algorithm. These
modifications are incorporated in the MOSA-II algorithm.

The MOSA-T algorithm depends on the first-order optimality conditions of Karush-Kuhn-
Tucker. These conditions are used to get the analytical relationship(s) between the design
variables and in this way the Pareto-optimal front is constructed. Hence, some complicated
non-linear multi-objective optimisation problems could make these conditions unsolvable

and therefore the MOSA-I algorithm may fail to find the analytical relationship in some cases.

For complex relationship(s) (high order, non-linear) among the design variables of the
Pareto-optimal solutions, the performance of the MOSA-I algorithm has not been tested yet.
As the number of dimensions and objectives in the problem is increased, the MOSA-I
algorithm’s performance is not directly affected but the first-order optimality conditions in
these cases become difficult to be solved.

In certain classes of multi-objective optimisation problems, the MOSA-I algorithm finds out
the relationship between the design variable as functions of Karsh-Kuhn-Tucker multipliers.
In these problems, the analytical formula of the Pareto-optimal front cannot be

mathematically formulated in some cases.

Solutions provided by the MOSA-I algorithm can be categorised into two parts: the first part
satisfies the constraints imposed on the problem and the other part contains solutions that do
not satisfy the constraints. This is an inherent limitation of the first-order optimality

conditions used in this algorithm.

8.1.3.3 Limitations of MOSA-II

The limitations of the MOSA-II algorithm are as follows.

*

Although the MOSA-II algorithm tackles the drawbacks of the MOSA-I algorithm, its

performance is still dependent on some characteristics of the objectives and constraints.
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MOSA-II algorithm can deal with concave problems, but the use of multi-objective

optimisations problems that have discontinuous objectives make it fail.

¢ The MOSA-II algorithm depends on the second-order optimality conditions of Karsh-Kuhn-
Tucker. Although these conditions reduce the solutions provided by the first-order
optimality conditions, the solutions still may contain those that are in the infeasible decision

space.

¢ For very complex relationship(s) (high order, non-linear) among the design variables of the
Pareto-optimal solutions, the performance of the MOSA-II algorithm has not been tested

yet.

¢ As the number of dimensions and objectives in the problem is increased, the MOSA-II
algorithm’s performance is not directly affected but the first-order optimality conditions in

these cases become difficult to be solved.

4  For combinatorial multi-objective optimisation problem, the performance of the MOSA-II

algorithm has not been tested yet.

¢ When the first-order optimality systems cannot be solved, the decision space is divided. So,
the performance of the MOSA-II algorithm is dependent on dividing the decision space into
straight lines (liner relationship(s) between the design variables) and checking if these lines
guide to the Pareto-optimal front. Hence, multi-objective optimisation problems that have
Pareto-optimal front constructed by non-linear relationship(s) make the MOSA-II algorithm

fail and consequently the proposed procedure needs some modifications.

8.2 Future Research

This research concentrates on multi-objective optimisation problems. There is a need to extend
this research to incorporate other areas of optimisation, such as combinatorial problems (e.g.
knapsack problem). The extension of optimality conditions and optimisation strategies could
enhance the capabilities of the proposed symbolic algorithms and might help evolutionary
algorithms indentifying the theoretical optimality of the solutions obtained by them. More
experiments are required to compare the performance of the proposed algorithms against other
optimisation algorithms.

The future research activities corresponding to the optimality conditions are as follows.

¢  Further research needs to be carried out to relax optimality conditions based on the

optimisation theory of Karsh-Kuhn-Tucker and Fritz-John.
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Sensitivity analysis and mathematical stability are not universally defined in the literature and
have been widely ignored in the area of multi-criteria optimisation. Further research needs to

be carried out in this area.

Non-differentiable optimality conditions under constraints qualifications based on directional
derivatives need to be relaxed.

Multi-objective optimality condition using fractional derivatives is another area of future

research.

Further research needs to be carried out to enhance the MOSA-I algorithm for tackling
discontinuous, non-differentiable and black-box multi-objective optimisation problems.
The first-order optimality conditions need to be relaxed so that the MOSA-I algorithm can

deal with a wider class of multi-objective optimisation problems.

Further research needs to be carried out to enhance the MOSA-I algorithm for incorporating
designers’ preferences in certain classes of problems at an intermediate stage of the
optimisation process.

An estimation tool should be included in the MOSA-I algorithm to get estimated values for
Karsh-Kuhn-Tucker multipliers in case the MOSA-I algorithm is not able to give solutions of
the first-order optimality conditions.

The MOSA-I algorithm needs more enhancements to deal with multi-objective optimisation
problems that have noisy objective functions that prevent the algorithm from reaching the
exact Pareto-optimal front.

Although the first-order optimality conditions in the MOSA-I algorithm have been developed
to cover a wider class of multi-objective optimisation problems, the algorithm still needs a
relaxation in these conditions to handle fractional non-convex multi-objective optimisation

problems.

A systematic procedure to show how an arbitrary direction is selected to check pseudo-

convexity and quasi-convexity is needed to be included in the MOSA-I algorithm.
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8.3

Although the MOSA-II algorithm covers a broader class of multi-objective optimisation
problems than the MOSA-I algorithm, further research needs to be carried out to enhance it

for incorporating optimality condition for discontinuous and non-differentiable problems.

A systematic procedure to show how an arbitrary direction is selected to check the second-

order optimality conditions is needed to be included in the MOSA-II algorithm.

An estimation tool should be included in the MOSA-II algorithm to get estimated values for
Karsh-Kuhn-Tucker multipliers in case the algorithm is not able to check the second-order
optimality conditions.

The enhancement of this algorithm to deal with noisy objective functions is another area of
future research.

The performance of this algorithm needs to be studied for other multi-objective optimisation
problems which have non-linear relationship(s) among design variables or more complicated
Pareto set (Li and Zhang, 2010).

A neural network strategy could be incorporated into the algorithm to enable it to get the
relationship(s) among design variables.

A systematic procedure should be added to the algorithm to enable it to calculate points of
intersection among the borders used to construct the feasible space.

Further research needs to be carried out to enhance this algorithm for incorporating
designers’ preferences in certain classes of problems at an intermediate stage of the
optimisation process.

Further research needs to be carried out to combine the MOSA-II algorithm with any other

algorithms (either stochastic or analytical).

Conclusions

This section compares the achievements of this research with the objectives stated in chapter 3.

The following discussion analyses each research objective and compares it with what is achieved in

this research.

¢

This thesis provides a literature review of the theoretical and evolutionary computing
approaches used for solving multi-objective optimisation problems. It analyses theoretical
techniques and evolutionary computing techniques with respect to the key features of
engineering optimisation problems such as: number of objective functions (multiple
objectives), nature of constraints (linear, nonlinear), and design variables interactions. This

survey reveals that there are effective techniques available in literature for handling the above
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features. However, there is a research gap in these techniques for handling variable
interactions. This gap defines the main focus of this research which is to develop new multi-
objective optimisation techniques (based on the extension of the current theoretical
approaches) that can effectively construct the relationship(s) among the design variables and

therefore generate the Pareto-optimal front.

This research also proposes extension of the optimality conditions of Karsh-Kuhn-Tucker.
The convexity assumption in first and second-order optimality conditions is relaxed. Some
classes of multi-objective optimisation problems are proposed. The first-order optimality
conditions for these classes are established under the univexity assumption. Furthermore, the

duality results corresponding to these classes are established.

This research proposes two symbolic algorithms, MOSA-I and MOSA-II, for identifying
interactions among design variables that are used to construct Pareto-optimal front for multi-
objective optimisation problems. The algorithms are dependent on the first and second-order
optimality conditions of Karush-Kuhn-Tucker and deal with specified classes of multi-
objective optimisations problems. The second algorithm is more general than the first one. It
provides a complete framework for handling multiple objectives in the presence of

constraints and inseparable function interactions.

This research shows how the two symbolic algorithms can be used for measuring the
performance of stochastic algorithms. It is observed that these symbolic algorithms give a
measurement for the performance of stochastic algorithms and can be used to design

termination criteria for them.

This research selects a representative set from these problems, and analyses the performance
of the MOSA-II algorithm on this representative set of real-life engineering optimisation.
The reason for choosing the MOSA-II algorithm is that it is a generalisation of MOSA-I one
and can deal with a wider class of multi-objective optimisation problems. The performance
of the MOSA-II algorithm is also compared with NSGA-II on these problems. The validation

is performed here based on the results published in literature.

The achievements of this research can be briefly and precisely stated as follows.

*

Critical analysis of the existing theoretical and evolutionary computing techniques.
Extension of the optimality conditions of Karush-Kuhn-Tucker.
Establishment of the duality results under the univexity assumption.

Development of two symbolic algorithms for multi-objective optimisation problems

(MOSA-I and MOSA-II).
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In this way, the research aim which is dedicated to develop a new multi-objective optimisation
technique capable of detecting relationship(s) among decision variables that can be used for
constructing the analytical formula of Pareto-optimal front based on the extension of the current

theoretical research, has been achieved.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

9 REFERENCES

Abo-Sinna, M.A., Amer, A.H. and Ibrahim, A.S. (2008), ‘Hierarchical
generation of a-Pareto optimal Solutions in large-scale multi-
objective non-linear systems with fuzzy parameters’, Applied

Mathematical Modelling, Vol. 32, No. 6, pp. 930-957.

Agarwal, H., Lee, J.C., Watson, L.T. and Renaud, J.E. (2004), ‘A unilevel
method for reliability based design optimisation", Collection of
technical papers-AIAA/ASME/ASCE/AHS/ASC 45t  structures,

Structural Dynamics, and Materials Conference, Palm Springs, CA.

Aghezzaf, B. and Hachimi, M. (1999), ‘Second-order optimality conditions in
multiobjective optimisation problems’, Journal of Optimisation

Theory and Applications, Vol. 102, No. 1, pp. 37-50.

Aghezzaf, B. and Hachimi, M. (2000), ‘Generalised Invexity and duality in
multi-objective  programming problems’, Journal of Global

Optimisation, Vol. 18, No.1, pp. 91-101.

Aleman, A. (1985), ‘On some generalisations of convex sets and convex
functions’, Annals of Numerical Analysis and Approximation Theory,

Vol. 14, No. 1, pp. 1-6.

Antczak, T. (2001), ‘(p, r)-invex sets and functions’, Journal of Mathematical

Analysis and Applications, Vol. 263, pp. 355-379.

Antczak, T. (2002), ‘Multiobjective programming under d-invexity’, European

Journal of Operational Research, Vol. 137, No. 1, pp. 28-36.

Antczak, T. (2007), ‘New optimality conditions and duality results of G. type in
differentiable mathematical programming’, Nonlinear Analysis, Vol.

66, No. 7, pp. 1617-1632.

Antczak, T. (2009), ‘Optimality conditions and duality for nondifferentiable

multiobjective programming problems involving d-r-type I functions’,

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Journal of Computational and Applied Mathematics, Vol. 225, pp.
236-250.

Arora, J.S. (2004), Introduction to optimum design, Elsevier Academic Press,
UK.

Askar, S.S. and Tiwari, A. (2009a), ‘Multi-objective optimisation problems: A
symbolic algorithm for performance measurement of evolutionary
computing techniques’, In: Matthias Ehrgott, Carlos M. Fonseca,
Xavier Gandibleux, Jin-Kao Hao and Marc Sevaux (editors),
Evolutionary Multi-Criterion Optimisation. The 5th International
Conference, EMO 2009, Nantes, France, April 2009. Lecture Notes in

Computer Science Vol. 5467, pp. 169-182.

Askar, S.S. and Tiwari, A. (2009b), ‘Finding exact solutions for multi-objective
optimisation problems using a symbolic algorithm,” In: Proceedings

of IEEE Congress on Evolutionary Computation (CEC 2009), Norway,
pp. 24—30.

Askar, S.S. and Tiwari, A. (2009c), ‘First-order optimality conditions and
duality results for multi-objective optimisation problems’, Annals of

Operations Research Journal, Springer, Vol. 172, No. 1, pp. 277-289.

Askar, S.S., Tiwari, A., Mehnen, J. and Ramsden, J. (2008), ‘Solving real-life
multi-objective optimisation problems: A mathematical approach’,
Cranfield Multi-Strand Conference: Creating Wealth through
Research and Innovation (CMC, 6-7 May 2008), Cranfield

Management Research Institute, Cranfield, UK.

Aze, D. and Volle, M. (1990), ‘A stability result in quasiconvex programming’,
Journal of Optimisation Theory and Applications, Vol. 67, No. 1, pp.

175-184.

Babahadda, H. and Gadhi, N. (2006), ‘Necessary optimality conditions for bi-
level optimisation problems using convexificators’, Journal of Global

Optimisation, Vol. 34, No. 4, pp. 535-549.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Babbar, M., Lakshmikantha, A., and Goldberg, D. (2003), ‘A modified NSGA-II
to solve noisy Multi-objective Problems’, In James Foster, editor,
2003 Genetic and Evolutionary Computation Conference. Late-
Breaking Papers, pages 21—27, Chicago, Illinois, USA, July 2003.
AAAL

Back, T., Hammel, U. and Schwefel, H.P. (1997), ‘Evolutionary computations:
Comments on the history and current state’, IEEE transactions on

evolutionary computation, Vol. 1, No. 1, pp. 3-17.

Balbas, A., Galperin, E. and Jimenez-Guerra, P. (2002), ‘Radial solutions and
orthogonal trajectories in multi-objective global optimisation’,

Journal of Optimisation Theory and Applications, Vol. 115, No. 2, pp.
315-344.

Balbas, A., Galperin, E. and Jimenez-Guerra, P. (2005), ‘Sensitivity of Pareto
solutions in multi-objective optimisation’, Journal of Optimisation

Theory and Applications, Vol. 126, No. 2, pp. 247-264.

Batson, R.G. (1986), ‘On constrained maxima of convex functions’, Operations

Research Letters, Vol. 5, No. 1, pp. 51-54.

Beale, E.M.L. (1958), ‘On an iterative method for finding a local minimum of a
function of more than one variable’, Technical Report No. 25,
Statistical Techniques Research Group, Princeton University,
Princeton, NJ, USA. (unpublished).

Beck, A. and Teboulle, M. (2000), ‘Global optimality conditions for quadratic
optimisation problems with binary constraints’, SIAM Journal of

Optimisation, Vol. 11, No. 15, pp. 179-188.

Beeson, R.M. and Meisel, W.S. (1971), ‘The optimisation of complex systems
with respect to multiple criteria’, IEEE Systems, Man and Cybernetics

Group Annual Symposium, pp. 144-149.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Benson, H.P. (1978), ‘Existence of efficient solutions for vector maximisation

problems’, Journal of Optimisation Theory and Applications, Vol. 26,
No. 4, pp. 569-580.

Bigi, G. and Castellani, M. (2000), ‘Second order optimality conditions for
differentiable multiobjective problems’, RAIRO Operations Research,
Vol. 34, No. 4, pp. 411-426.

Binh, T.T. and Korn, U. (1996), ‘An evolution strategy for multi-objective
optimisation’, In: The Second International Conference on Genetic
Algorithms (Mendel 96), Brno, Czech Republic.

Birbil, S.I., Frenk, J.B. and Still, G.J. (2007), ‘An elementary proof of the Fritz-
John and Karush-Kuhn-Tucker conditions in nonlinear

programming’, European Journal of Operational Research, Vol. 180,

No. 1, pp. 479—484.

Bonettini, S., Galligani, E. and Ruggiero, V. (2005), ‘An inexact Newton method
combined with Hestenes multipliers’ scheme for the solution of
Karush-Kuhn-Tucker  systems’, Applied Mathematics and
Computation, Vol. 168, No. 1, pp. 651-676.

Bonettini, S. and Ruggiero, V. (2007), ‘Some iterative methods for the solution
of a symmetric indefinite KKT system’, Computational Optimisation

and Applications, Vol. 38, No. 1, pp. 3-25.

Borde, J. and Crouzeix, J. P. (1990), ‘Continuity properties of the normal cone
to the level sets of a quasiconvex functions’, Journal of Optimisation

Theory and Applications, Vol. 66, pp. 415-429.

Box, M.J. (1966), ‘A comparison of several current optimisation methods and
the use transformations in constrained problems’, the Computer

Journal, Vol. 9, No. 1, pp. 67-77.

Brosowski, B. (2001), ‘Another proof of the Kuhn-Tucker theorem’,

Optimisation, Vol. 49, No. 1-2, pp. 39-50.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Castagnoli, E. and Mazzoleni, P. (1989a), ‘About derivatives of some generalised
concave functions’, Journal of Information and Optimisation

Sciences, Vol. 10, pp. 53-64.

Castagnoli, E. and Mazzoleni, P. (1989b), “Towards a unified type of concavity’,
Journal of Information and Optimisation Sciences, Vol. 10, pp. 225-

240.

Censor, Y. (1977), ‘Pareto optimality in multi-objective problems’, Applied
Mathematics and Optimisation, Vol.4, No. 1, pp. 41-59.

Chavent, G. (1991), ‘Quasiconvex sets and size x curvature conditions
applications to nonlinear inversion’, Applied Mathematics and

Optimisation, Vol. 24, No. 1, pp. 129-169.

Coello, C.A.C. (1997), An empirical study of evolutionary techniques for multi-
objective Optimisation in Engineering design, PhD Thesis,
Department of Computer Sciences, Tulane University, New Orleans,
LA, USA.

Coello, C.A.C. (1998), ‘An updated survey of GA based multi-objective
optimisation techniques’, Technical Report Lania-RD-98-08,

available online at (http://www.lania.mx/~ccoello/EMOO).

Coello, C.A.C. (1999), ‘A comprehensive survey of evolutionary-based multi-
objective optimisation techniques’, Knowledge and Information

Systems, vol. 1, No. 3, pp. 129-156.

Coello, C.A.C. (2000), ‘Constraint-handling using an evolutionary multi-
objective  optimisation technique’, Civil Engineering and

Environmental Systems, Vol. 17, No. 4, pp. 319-346.

Coello, C.A.C and Van Veldhuizen, D.A., Lamont, G.B. (2002), Evolutionary
algorithms for solving multi-objective optimisation problems, Kluwer
Academic Publisher: New York

Collette, Y. and Siarry, P. (2003), Multi-objective optimisation: Principles and

case studies, Springer, Berlin.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Corley, H. (1980), ‘A new scalar equivalence for Pareto optimisation’, IEEE

Transactions on automatic Control, Vol. 25, No. 4, pp. 829-830.

Craven, B.D. (1984), ‘Modified Kuhn-Tucker conditions when a minimum is not

attained’, Operations Research Letters, Vol. 3, No. 1, pp. 47-51.

Craven, B.D. (1986), ‘Non-differentiable optimisation by smooth

approximations’, Optimisation, Vol. 17, No.1, pp. 3-17.

Craven, B.D. (1989), ‘Nonsmooth multiobjective programming’, Numerical

Functional Analysis and Optimisation, Vol. 10, No. 1, pp. 49-64.

Crouzeix, J. P. and Lindberg, P. 0. (1986), ‘Additively decomposed quasiconvex
functions’, Mathematical Programming, Vol. 35, No. 1, pp. 42-57.

Crouzeix, J. P., Ferland, J. A. and Schaible, S. (1992), ‘Generalised convexity on
affine subspaces with an application to potential function’,

Mathematical Programming, Vol. 56, No. 1-3, pp. 223-232.

Dahiya, K., Suneja, S.K. and Verma, V. (2007), ‘Convex programming with
single separable constraint and bounded variables’, Computational

Optimisation and Applications, Vol. 36, No. 1, pp. 67-82.

Danao, R. A. (1992), ‘Some properties of explicitly quasiconcave functions’,

Journal of Optimisation Theory and Applications, Vol. 74, No. 3, pp.
457-468.

Das, I. and Dennis, J. (1997), ‘A closer look at drawbacks of minimising
weighted sums of objectives for Pareto set generation in multicriteria
optimisation problems’, Structural Optimisation, vol. 14, No. 1, pp.

63-69.

Dax, A. and Sreedharan, V.P. (1997), ‘Theorems of the Alternative and Duality,
Journal of Optimisation Theory and Application, Vol. 94, No. 3, pp.
561-590.

De Jong, K. (1975), ‘An analysis of the behaviour of a class of genetic adaptive
systems’, PhD. Thesis, University of Michigan, Ann Arbor, MI, USA.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Deb, K. (1997), ‘GeneAS: A robust optimal design technique for mechanical
component design’, In proc.: Dasgupta, D. and Michalewicz, Z. (eds),

Evolutionary Algorithms in Engineering Applications, Berlin:

Springer, pp. 497-514.

Deb, K. (1999), ‘Solving goal programming problems using multi-objective
genetic algorithms’, IEEE Congress on Evolutionary Computation
(CEC, 1999), Washington, DC , USA.

Deb, K. (2000), ‘An efficient constraint handling method for genetic
algorithms’, Computer Methods in Applied Mechanics and
Engineering’, Vol. 186, No. (2-4), pp. 311-338.

Deb, K. (2001), Multi-objective optimisation using evolutionary algorithms,
Wiley: UK.

Deb, K. (2003), ‘Unveiling innovative design principles by means of multiple
conflicting objectives’, Engineering Optimisation, vol. 35, No. 5, pp.

445-470.

Deb, K., Agrawal, S., Pratap, A., and Meyarivan, T. (2000a), ‘A fast elitist non-
dominated sorting genetic algorithm for multi-objective optimisation:
NSGA-II, In Proceedings of Parallel Problems Solving from Nature VI
(PPSN-VI), pp. 849-858.

Deb, K., Pratap, A., and Meyarivan, T. (2001), ‘Constrained test problems for
multi-objective evolutionary algorithms’, In: Evolutionary Multi-
criteria Optimisation, edited by Zitzler, E., Deb, K., Thiele, L., Coello,
C.A.C and Corne, D., Springer-Verlag, Berlin, Germany. Lecture Notes
in Computer Science (LNCS), Vol. (1993/2001), pp. 284-298.

Deb, K. and Kumar, A. (1995), ‘Real-coded genetic algorithms with simulated
binary crossover: Studies on multi-model and multi-objective

problems’, Complex systems, Vol. 9, No. 6, pp. 431—454.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Deb, K., Pratap, A., Agarwal, S. and Meyarivan, T. (2002), ‘A fast and elitist
multi-objective genetic algorithm: NSGA-IT’, IEEE Transactions on
Evolutionary Computation, Vol. 6, No. 2, pp. 182-197.

Deb, K., Pratap, A. and Moitra, S. (2000b) ‘Mechanical component design for
multi-objective using elitist non-dominated sorting GA’, In: Parallel
Problem Solving from Nature V (PPSN-V), Springer—Verlag: Berlin.
Lecture Notes in Computer Science, Vol. (1917/2000), pp. 859-868.

Deb, K. and Srinivasan, A. (2008), ‘Innovisation: Discovery of innovative design
principles through multiobjective evolutionary optimisation’, In:
Knowles, J., Corne, D. and Deb, K., Multiobjective problem solving

from nature. Springer—Verlag: Berlin.

Deb, K. and Sundar, J. (2006), ‘Reference point based multi-objective
optimisation using evolutionary algorithms’, GECCO’'06 Proceedings
of the 8th annual conference on Genetic and evolutionary
computation, July 8—12, 2006, Seattle, Washington, USA, pp. 635-
642.

Deb, K., Tewari, R., Dixit, M. and Dutta, J. (2007), ‘Finding trade-off solutions
close to KKT points using evolutionary multi-objective optimisation’,
IEEE Congress on Evolutionary Computation (CEC 2007), 25-28
Sept. 2007, Singapore.

Degiovanni, M., Marino, A. and Toques, M. (1985), ‘Evolution equations with

lack of convexity’, Nonlinear Analysis, Vol. 9, No. 12, pp. 1401 -1443.

Dhish, S. (2008), On determination of redundant objectives and constraints in
multi-objective optimisation problems, PhD Thesis, Department of
Mechanical Engineering, Indian Institute of Technology, Kanpur,

India.

Dombi, P. (1985), ‘On extremal points of quasiconvex functions’, Mathematical

Programming, Vol. 33, No. 1, pp. 115-119.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Dubovitskii, A. YA. and Milyutin, A. A. (1965), ‘Extremum problems in the
presence of restrictions’, U.S.S.R. Computational Mathematics and

Mathematical Physics, Vol. 5, No. 3, pp. 395-453.

Ehrgott, M. (2000), Multicriteria optimisation: Lecture notes in economics and

mathematical system, Springer-Verlag, Berlin.

Ellaia, R. and Hassouni, A. (1991), ‘Characterisation of nonsmooth functions
through their generalised gradients’, Optimisation, Vol. 22, No. 3, pp.
401-416.

El Maghri, M. and Bernoussi, B. (2007), ‘Pareto optimizing and Kuhn-Tucker
stationary sequences’, Numerical Functional Analysis and

Optimisation, vol. 28, No. 3-4, pp. 287-305.

Engau, A. and Wiecek, M.M. (2005), ‘Exact generation of epsilon-efficient
solutions in multiple objective programming’, Technical Report
TR2005_10_EWa, Clemson University, Department of Mathematical
Science, USA [http://www.math.clemson.edu/reports/TR2005].

Engau, A. and Wiecek, M.M. (2007), ‘Generating e-efficient solutions in multi-

objective programming’, European Journal of Operational Research,

Vol. 177, No. 3, pp. 1566-1579.

Farkas, J. and Jarmai, K. (1995), ‘Multi-objective optimal design of welded box

beams’, Microcomputers in Civil Engineering, Vol. 10, No. 4, pp. 249-

255.

First, Z., Hackman, S. T. and Passy. U. (1990), ‘Matrix criteria for the pseudo-P-
convexity of a quadratic form’, Linear Algebra and its Applications,

Vol. 136, pp. 235.-255.

Fletcher, R. and Powell, M.J.D. (1963), ‘A rapidly convergent descent method
for minimisation’, The Computer Journal, Vol. 6, No. 2, pp. 163-168.

Fonseca, C. and Fleming, P. (1993), ‘Genetic algorithms for multi-objective

optimisation: Formulation, discussion and generalisation’, In

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Proceedings of the Fifth International Conference on Genetic

Algorithms, San Mateo, California, pp. 416-423.

Fonseca, C.M. and Fleming, P.J. (1995), ‘An overview of evolutionary algorithms
in multi-objective optimisation’, Evolutionary Computation Journal,

Vol. 3, No. 1, pp. 1-16.

Gershenfeld, N. (1999), The nature of mathematical modelling, Cambridge
University Press, Cambridge, UK.

Gincheyv, I. and Ivanov, V.I. (2007), ‘Higher-order pseudoconvex functions’, In:
LV. Konnov, D.T. Luc, A.M. Rubinov (Eds), Generalised convexity
and related topics. Lecture Notes in Economics and Mathematical

System, 2006, Vol. 583, Part II, pp. 247-264.

Ginchev, I. and Ivanov, V.I. (2008), ‘Second-order optimality conditions for
problems with ! data’, Journal of Mathematical Analysis and
Application’, Vol. 340, No. 1, pp. 646-657.

Giotis, A.P. and Giannakoglou, K. (1999), ‘Single and multi-objective airfoil
design using genetic algorithms and artificial intelligence’, EUROGEN
99, Evolutionary Algorithms in Engineering and Computer Science,
Jyvaskyle, Miettinen K. et al (Eds.), John Wily & sons, Finland.

Goldberg, D.E. (1989), Genetic algorithms in search, optimisation and machine

learning, Addison-Wesley Publishing Company, Massachusetts, USA.

Goldberg, D.E. (2002), The design of innovation: Lessons from and for

competent genetic algorithms, Kluwer Academic Publishers, USA.

Golishnikov, M.M. and Izmailov, A.F. (2006), ‘Physics Newton-type methods
for constrained optimisation with non-regular constraints’,

Computational Mathematics and Mathematical Physics, Vol. 46, No.
8, pp. 1299-1319.

Gutierrez, C., Jimenez, B. and Novo, V. (2005), ‘Multiplier rules and saddle-

point theorems for Helbig's approximate solutions in convex Pareto

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

problems’, Journal of Global Optimisation, Vol. 32, No. 3, pp. 367-
383.

Gutierrez, C., Jimenez, B. and Novo, V. (2006), ‘e-Pareto optimality conditions
for convex multi-objective programming via max function’, Numerical

Functional Analysis and Optimisation, Vol. 27, No. 1, pp. 57-70.

Hanson, M. A. (1981), ‘On sufficiency of the Kuhn-Tucker conditions’, Journal

of Mathematical Analysis and Applications, Vol. 80, pp. 545-550.

Hanson, M.A. (1994), ‘A generalisation of the Kuhn-Tucker sufficiency
conditions’, Journal of Mathematical Analysis and Applications, Vol.

184, No. 1, pp. 146-155.

Hanson, M.A. and Mond, B. (1987), ‘Necessary and sufficient conditions in

constrained optimisation’, Mathematical Programming, Vol. 37, No. 1,

pp. 51-58.

Herskovits, J. (1998), ‘Feasible direction interior-point technique for nonlinear
optimisation. Journal of Optimisation Theory and Applications’, Vol.

99, No. 1, pp. 121-146.

Higgins, J. E. and Polak, E. (1990), ‘Minimising pseudoconvex functions on
convex compact sets’, Journal of Optimisation Theory and

Applications, Vol. 65. No. 1, Pp. 1-27.

Hillermeier, C. (2001), Nonlinear multi-objective optimisation: A generalised

homotopy approach, Verlag, Birkhauser.

Hirche, J. (1985), ‘Some remarks on generalised convexity of sums and
products’, ZAMM - Journal of Applied Mathematics and Mechanics,
Vol. 65, No. 1, pp. 62-63.

Horn, J. and Nafpliotis, N. (1993), ‘Multi-objective optimisation using the
Niched Pareto Genetic Algorithm’, Technical Report IlliGAl Report
93005, University of Illinois at Urbana-Champaign, Urbana, Illinois,
USA.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Huy, N.Q., Jeyakumar, V. and Lee, G.M. (2006), ‘Sufficient global optimality
conditions for multi-extremal smooth minimisation problems with

bounds and linear matrix inequality constraints’. ANZIAM Journal,

Vol. 47, No. 4, pp. 439-450.

Ignizio, J. P. (1986), * A Review of goal programming: A tool for multi-objective
analysis’, Journal of Operations Research Society, Vol. 29, No. 11, pp.

1109-1119.
Jahn, J. (2004), Vector optimisation, Springer-Verlag, Germany.

Jensen, M.K. (2003), ‘Reducing the run-time complexity of multi-objective EAs:
The NSGA-II and other algorithms’, IEEE Transactions on
Evolutionary Computation, Vol. 7, No. 5, pp. 503-515.

Jeyakumar, V. and Mond, B. (1992), ‘On generalised convex mathematical

programming’, Journal of the Australian Mathematical Society Series

B, Vol. 34, No.1, pp. 43-53.

Jeyakumar, V., Rubinov, A. M. and Wu, Z. Y. (2006), ‘Sufficient global
optimality conditions for non-convex quadratic minimisation

problems with box constraints’, Journal of Global Optimisation, Vol.

36, No. 3, pp. 471-481.

Jeyakumar, V., Srisatkunrajah, S. and Huy, N.Q. (2007), ‘Kuhn-Tucker
sufficiency for global minimum of multi-extremal mathematical
programming problems’, Journal of Mathematical Analysis and

Applications, Vol. 335, No. 2, pp. 779-788.

Kannan, B.K. and Kramer, S.N. (1994), ‘An augmented Lagrange multiplier
based method for mixed integer discrete continuous optimisation and
its application to mechanical design’, Journal of Mechanical Design

Transactions of the ASME, vol. 116, pp. 318-320.

Kanniappan, P. (1983), ‘Necessary conditions for optimality of non-
differentiable convex multiobjective programming’, Journal of

Optimisation Theory and Applications, Vol. 40, No. 2, pp. 167-174.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Kanzow, C. and Kleinmichel, H. (1995), ‘Class of Newton-type methods for
equality and inequality constrained optimisation’, Optimisation

Methods and Software, vol. 5, No. 2, pp. 173-198.

Kim, 1.Y. and de Weck, O. L. (2005), ‘Adaptive weighted-sum method for bi-
objective optimisation: Pareto front generation’, Structural and

Multidisciplinary Optimisation. Vol. 29, No. 2, pp. 149-158.
Kirsch, U. (1981), Optimal structural design, McGraw-Hill, New York.

Koski, J. (1985), ‘Defectiveness of weighting method in multicriteria
optimisation of structures’, Communications in Applied Numerical

Methods, vol. 1, No.6, pp. 333-337.

Knowles, J., Corne, D. And Deb, K. (2008), Multi-objective problem solving

from nature, Springer-Verlag: Berlin.

Kuhn, H.W. and Tucker, A.W. (1950), ‘Nonlinear Programming’, In Proceedings
of the Second Berkeley Symposium on Mathematical Statistics and

Probability, pp. 481-491.

Lam, T., Essam, D., Hussein, A. and Green, D. (2004), ‘Performance analysis of
evolutionary multi-objective optimisation methods in noisy
environments’, In proceedings of the 8th Asia Pacific Symposium on

Intelligent and Evolutionary Systems, pp. 29-39.

Laumanns, M., Rudolph, G. and Schwefel, H.P. (1998), ‘A spatial predator-prey
approach to multi-objective optimisation: A preliminary study’, In
proc.: A.E. Eiben, M. Schoenauer and H.P. Schwefel, editors, Parallel
Problem Solving From Nature (PPSN V), Amsterdam, Holland,
Springer-Verlag, pp. 241-249.

Li, D. (1996), ‘Convexification of a nonlinear frontier’, Journal of Optimisation
Theory and Applications, Vol. 88, No. 1, pp. 177-196.

Li, D. (1999), Zero duality gap in integer programming: P-norm surrogate
constraint method’, Operations Research Letters, Vol.25, No. 2, pp.
89-96.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Li, H. and Zhang, Q. (2010), 'Multiobjective optimisation problems with
complicated Pareto sets, MOEA/D and NSGA-II', IEEE Transactions

on Evolutionary Computation, Vol. 12, No. 2, pp. 284-302.

Li, L. and Li, J. (2008), ‘Equivalence and existence of weak Pareto optima for
multi-objective optimisation problems with cone constraints’, Applied

Mathematics Letters, Vol. 21, No. 6, pp. 599-606.

Li, Q. and Palusinski, Q. (2003), ‘Application of multi-objective optimisation in
selection of printed wiring boards’, IEEE Transaction on advanced

packaging [http://ieeexplore.ieee.org/iels].

Li, X.F. and Zhang, J.Z. (2005), ‘Stronger Kuhn-Tucker type conditions in non-
smooth multi-objective optimisation: Locally Lipschitz Case’, Journal
of Optimisation Theory and Applications, Vol. 127, No. 2, pp. 367-
388.

Li, X.F. and Zhang, J.Z. (2006), ‘Necessary optimality conditions in terms of
convexificators in Lipschitz optimisation’, Journal of Optimisation

Theory and Applications, Vol. 131, No. 3, pp. 429-452.

Lin, J.G. (1976), ‘Maximal vectors and multi-objective optimisation’, Journal of

Optimisation Theory and Applications, Vol. 18, No. 1, pp. 41-64.

Lis, J. and Eiben, A.E. (1996), ‘A multi-sexual genetic algorithm for multi-
objective optimisation’, In: Toshio Fukuda and Takeshi Furuhashi,
editors, Proceedings of the 1996 International Conference on

Evolutionary Computation, Nagoya, Japan, IEEE, pp. 59-64.

Liu, X. and Sun, J. (2004), ‘A robust primal-dual interior-point algorithm for
nonlinear programs’, SIAM Journal on Optimisation, Vol. 14, No. 4,

pp- 1163-1186.

Lu, J., Shi, C., Zhang, G. and Dillon, T. (2007), ‘Model and extended Kuhn-
Tucker approach for bi-level multi-follower decision making in a
referential-uncooperative situation’, Journal of Global Optimisation,

vol. 38, No. 4, pp. 597-608.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Luc, D. T. (1989), ‘On three concepts of quasiconvexity in vector optimisation’,

Acta Mathematica Vietnamica, Vol. 15, PP. 3-9.

Luo, Y., Lei, Y. and Tang, G. (2006), ‘Remarks on a benchmark nonlinear
constrained optimisation problem’, Journal of Systems Engineering

and Electronics, Vol. 17, No. 3, pp. 551-553.

Lv, Y., Hu, T. and Wan, Z. (2008), ‘A penalty function method for solving
inverse optimal value problem’, Journal of Computational and

Applied Mathematics, Vol. 220, No. 1-2, pp. 175-180.

Maeda, T. (1994), ‘Constraint qualification in multiobjective optimisation
problems: Differentiable case’, Journal of Optimisation Theory and

Application, Vol. 80, No. 3, pp. 483-500.

Maeda, T. (2004), ‘Second-order conditions for efficiency in non-smooth multi-
objective optimisation problems’, Journal of Optimisation Theory and

Applications, Vol. 122, No. 3, pp. 521-538.

Mahapatra, G.S. and Roy, T.K. (2006), ‘Fuzzy multi-objective mathematical
programming on reliability optimisation model’, Applied

Mathematics and Computation. Vol. 174, No. 1, pp. 643-659.

Maity, K. and Maiti, M. (2007), ‘Necessity constraint in two plant optimal

production problem with imprecise parameters’, Information

Sciences, Vol. 177, No. 24, pp. 5739-5753.

Majumdar, A.A.K. (1997), ‘Optimality conditions in differentiable multi-
objective programming’, Journal of Optimisation Theory and

Applications, Vol. 92, No. 2, pp. 419-427.
Mangasarian, O.L., (1969), Nonlinear Programming, McGraw-Hill, New York.

Marler, T. and Arora, J. (2003), ‘Review of multi-objective optimisation
concepts and algorithms for engineering’, Technical Report ODL-

01.03, University of Iowa, Optimal Design Laboratory.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Martinez, J.M. and Svaiter, B.F. (2003), ‘A practical optimality condition
without constraint qualifications for nonlinear programming’, Journal

of Optimisation Theory and Applications, Vol. 118, No. 1, pp. 117-133.

Martinez-Legaz, J. E. (1988), ‘On lower subdifferentiable functions’, Trends in
Mathematical Optimisation, Proceedings International Conference

Irsee, Birkhauser, Basel, Boston, pp. 197-232.

Mehnen, J. (2006), ‘A library of multi-objective functions with corresponding

graphs’, Technical Report, University of Dortmund, ISSN 1433-3325.

Messac, A., Sundararaj, G., tappeta, R., and Renaud, J. (2000), ‘Ability of
objective functions to generate points on nonconvex Pareto frontiers’,
The American Institute of Aeronautics and Astronautics (AIAA)

journal, vol. 38, No. 6, pp. 1084-1091.

Mezura-Montes, E. and Coello, C.A.C. (2008) ‘Constrained optimisation via
multi-objective evolutionary algorithms’, In: J. Knowles, D. Corne,
and K. Deb, Multiobjective Problem Solving from Nature. Springer—
Verlag: Berlin, 2008, pp. 53-75.

Mezura-Montes, E., Coello, C.A.C and Landa-Becerra, R. (2003), ‘Engineering
optimisation using a simple evolutionary algorithm’, In Proceedings
of the Fifteenth International Conference on Tools with Artificial
Intelligence (ICTAI 03), IEEE Computer Society, Sacramento,
California, pp. 149-156.

Miettinen, K. (1999), Nonlinear multi-objective optimisation, Kluwer, Boston.

Miettinen, K. and Makela, M. M. (2001), ‘On cone characterisations of weak,
proper and Pareto optimality in multi-objective optimisation’,
Mathematical Methods of Operations Research, Vol. 53, No. 2, pp.
233-245.

Miglierina, E., Molho, E. and Recchioni, M.C. (2008), ‘Box-constrained multi-

objective optimisation: A gradient-like method without “a priori”

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

sacralisation’, European Journal of Operational Research, Vol. 188,

No.3, pp. 662-682.

Mijangos, E. and Nabona, N. (2000), ‘On the first-order estimation of
multipliers from Kuhn-Tucker systems’, Computers and Operations

Research, Vol. 28, No. 3, pp. 243-270.

Mikkel, T. (2003), ‘Reducing the run-time Complexity of Multi-objective EAs:
The NSGA-II and other algorithms’, IEEE Transaction on
Evolutionary Computation, Vol. 7, No. 5, pp. 503-515.

Mishra, S.K. (1996), ‘Generalised proper efficiency and duality for a class of
nondifferentiable multiobjective variational problems with v-
Invexity’, Journal of Mathematical Analysis and Applications, Vol.

202, No. 1, pp. 53-71.

Mishra, S.K. (1998), ‘On multiple-objective optimisation with generalised
univexity’, Journal of Mathematical Analysis and Applications, Vol.

224, No. 1, pp. 131-148.

Mishra, S.K. (2000), ‘Multiobjective second order symmetric duality with cone
constraints’, European Journal of Operational Research, Vol. 126,

No.3, pp. 675-682.

Mishra, S.K. and Giorgi, G. (2000a), ‘Optimality and duality with generalised
semi-univexity’, OPSEARCH, Vol. 37, pp. 340-350.

Mishra, S.K. and Giorgi, G. (2008), Invexity and optimisation, Nonconvex

optimisation and its applications, Vol. 88, Springer, Berlin.

Mishra, S.K. and Mukherjee, R.N. (1996), ‘On generalisation convex multi-
objective non-smooth programming’, Journal of Australian

Mathematical Society Series B, Vol. 38, No.1, pp. 140-148.

Mishra, S.K. and Rueda, N.G. (2000b), ‘Higher-order generalised Invexity and
duality in mathematical programming’, Journal of Mathematical

Analysis and Applications, Vol. 247, No.1, pp. 173-182.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Mishra, S.K. and Rueda, N.G. (2002), ‘Higher-order generalised Invexity and
duality in nondifferentiable mathematical programming”, Journal of

Mathematical Analysis and Applications, Vol. 272, No.2, pp. 496-506.

Mishra, S.K., Wang, S.Y. and Lai, K.K. (2004), ‘Optimality and duality in non-
differentiable and multi-objective programming under generalised d-

Invexity’, Journal of Global Optimisation, Vol. 29, No. 4, pp. 425-438.

Mishra, S.K., Wang, S. and Lai, K.K. (2005a), ‘Optimality and duality for multi-
objective optimisation under generalised type I univexity’, Journal of

Mathematical Analysis and Applications, Vol. 303, No.1, pp. 315-326.

Mishra, S.K., Wang, S.Y. and Lai, K.K. (2005b), ‘Non-differentiable multi-
programming under generalised d-univexity’, European Journal of

Operational Research, Vol. 160, No.1, pp. 218-226.

Mishra, S.K., Wang, S.Y. and Lai, K.K. (2008), ‘V-invex functions and vector
optimisation’, Optimisation and its applications, Vol. 14, Springer,
New York.

Mishra, S.K., Wang, S.Y. and Lai, K.K. (2009), ‘Generalised convexity and vector
optimisation’, Nonconvex Optimisation and its applications, Vol. 9o,

Springer, Berlin.

Musselman, K. and Talavage, J. (1980), ‘A trade-off cut approach to multiple

objective optimisation’, Operations Research, Vol. 28, No. 6, pp.

1424-1435.

Napitupulu, H. (1990), ‘Optimal design, redundancy and reliability analysis of
truss systems’, PhD thesis, Department of Civil, Environment and

Architectural Engineering, University of Colorado.

Narayanan, S. and Azarm, S. (1999), ‘On improving multiobjective genetic
algorithms for design optimisation’, Structural Optimisation, Vol. 18,

No.2, pp. 146-155.

Osyczka, A. (2002), Evolutionary algorithms for single and multicriteria design

optimisation, Physica-Verlag: New York.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Osyczka, A. and Kundu, S. (1995), ‘A genetic algorithm-based multicriteria
optimisation methods’, In: Proceedings of First World Congress of
Structural and Multidisciplinary Optimisation, Elsevier Science, pp.

909-914.

Pacelli, G. and Recchioni, M.C. (2001), ‘An interior point algorithm for global
optimal solutions and KKT points’, Optimisation Methods and
Software, Vol. 15, No. 3-4, pp. 225-256.

Poloni, C., Giurgevich, A., Onesti, L. and Pediroda, V. (2000), ‘Hybridisation of
a multi-objective genetic algorithm, a neural network and a classical
optimiser for complex design problem in fluid dynamics’, Complex

Methods in Applied Mechanics and Engineering, Vol. 186, No. 2-4,
PP. 403-420.

Preda, V. and Chitescu, I. (2000), ‘On constraint qualification in multi-objective
optimisation problems: Semi-differentiable case’, Journal of

Optimisation Theory and Applications, Vol. 106, No. 1, pp. 417-433.

Primbs, J.A. and Giannelli, M. (2001), ‘Kuhn-Tucker-based stability conditions
for systems with saturation’, IEEE Transactions on Automatic

Control, Vol. 46, No. 10, pp. 1643-1647.

Qi, H., Qi, L. and Sun, D. (2004), ‘Solving Karush-Kuhn-Tucker systems via the
trust region and the conjugate gradient methods’, SIAM Journal on

Optimisation, Vol. 14, No. 2, pp. 439-463.

Radzik, T. (1991), ‘Saddle point theorems’, International Journal of Game

Theory, Vol. 20, No. 1, pp. 23-32.

Rao, S.S. (1996), Engineering optimisation — theory and practice, Wiley-

Interscience, USA.

Ray, T. and Liew, K.M. (2002), ‘A Swarm metaphor for multi-objective design

optimisation’, Engineering Optimisation, Vol. 34, No. 2, pp. 141-153.

Reklaitis, G.V., Ravindran, A. and Ragsdell, KM. (1983), Engineering

optimisation methods and applications, Wiley, New York.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Rizvi, M.M. and Nasser, M. (2006), ‘New second-order optimality conditions in
multi-objective optimisation problems: Differentiable case’, Journal

of the Indian Institute of Science, Vol. 68, No. 3, pp. 279-286.

Rogero, J.M., Tiwari, A., Munaux, O., Rubini, P.A., Roy, R. and Jared, G.
(2000), ‘Applications of evolutionary algorithms for solving real-life
design optimisation problems’, In: 6th International Conference on
Parallel Problem Solving from Nature (PPSN-VI) Workshop on Real-

life Evolutionary Design Optimisation, Paris, France.

Roger, L.T., Terry, L.F. and Nihal, J.M. (1993), ‘K-K-T multiplier estimates and
objective function lower bounds from projective SUMT’, Operations

Research Letters, Vol. 13, No. 5, pp. 305-313.

Roghanian, E., Aryanezhad, M.B. and Sadjadi, S.J. (2008), ‘Integrating goal
programming, Kuhn-Tucker conditions, and penalty function
approaches to solve linear bi-level programming problems’, Applied

Mathematics and Computation, Vol. 195, No. 2, pp. 585-590.

Rueda, N.G. and Hanson, M.A. (1988), ‘Optimality criteria in mathematical
programming involving generalised Invexity’, Journal of

Mathematical Analysis and Applications, Vol. 130, No.2, pp. 375-385.

Rueda, N.G., Hanson, M.A. and Singh, C. (1995), ‘Optimality and duality with
generalised convexity’, Journal of Optimisation Theory and

Application, Vol. 86, No.2, pp. 491-500.

Sach, P.H., Kim, D.S. and Lee, G.M. (2005), ‘Generalised convexity and non-
smooth problems of vector optimisation’, Journal of Global

Optimisation, Vol. 31, No. 3, pp. 383-403.

Sadegh, P. (1997), ‘Constrained optimisation via stochastic approximation with
a simultaneous perturbation gradient approximation’, Automatica,

Vol. 33, No. 5, pp. 889-892.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Sakalauskas, L.L. (2002), ‘Nonlinear stochastic programming by Monte-Carlo

estimators’, European Journal of Operational Research, Vol. 137, No.

3, pp- 558-573.

Sandgren, E.E., (1988), ‘Nonlinear integer and discrete programming in
mechanical design’, In: Proceedings of the ASME Design Technology

Conference, Kissimine, Florida, pp. 95-105.

Sawaragi, Y., Nakayama, H. and Tanino, T. (1985), Theory of multi-objective

optimisation, Academic Press Inc, London.

Schaffer, D. (1985), ‘Multi-objective optimisation with vector evaluated genetic
algorithms’, In Genetic Algorithms and their Applications: In
Proceedings of the first International Conference On Genetic

Algorithms, Lawrence Erlbaum, pp. 93-100.

Schaible, S. and Ziemba, W. T. (1981), Generalised concavity in optimisation

and economics, Academic Press, New York.

Schwefel, H.P. (1995), Evolution and optimum seeking, John Wiley & Sons, Inc.,
New York, USA.

Sharma, V., Jha, R. and Naresh, R. (2007), ‘Optimal multi-reservoir network
control by augmented Lagrange programming neural network’,

Applied Soft Computing, Vol. 7, No. 3, pp. 783-790.

Sheng, B.H. and Liu, S.Y. (2006), ‘Kuhn-Tucker condition and Wolfe duality of
preinvex set-valued optimisation’, Applied Mathematics and

Mechanics (English Edition), Vol. 27, No. 12, pp. 655-1664.

Shi, C., Lu, J. and Zhang, G. (2005), ‘An extended Kuhn-Tucker approach for
linear bi-level programming’, Applied Mathematics and Computation
(New York), Vol. 162, No. 1, pp. 51-63.

Shukla, P.K. and Deb, K. (2007), ‘On finding multiple Pareto-optimal solutions
using classical and evolutionary generating methods’, European

Journal of Operational Research, Vol. 181, No. 3, pp. 1630-1652.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Singh, C. (1987), ‘Optimality conditions in multiobjective differentiable

programming’, Journal of Optimisation Theory and Applications, Vol.

53, No.1, pp. 115-123.

Srinivas, N. and Deb, K. (1994), ‘Multi-objective optimisation non-dominated

Sorting in genetic algorithms’, Evolutionary Computations, Vol. 2, No.

3, pPp. 221-248.

Stadler, W. and Dauer, J. (1992), ‘Multicriteria optimisation in engineering: A
tutorial and survey’, In: Kamat MP (ed) Structural optimisation:
status and promise, American Institute of Aeronautics Astronautics

(AIAA), Washington, DC, pp. 209-249.

Stein, O. (2006), ‘On Karush-Kuhn-Tucker points for a smoothing method in
semi-infinite optimisation’, Journal of Computational Mathematics,

Vol. 4, No. 6, pp. 719-732.

Svanberg, K. (2002), ‘A class of globally convergent optimisation methods based
on conservative convex separable Approximations’, SIAM Journal of

Optimisation, Vol. 12, No. 2, pp. 555-573.

Taa, A. (2005), ‘Optimality conditions for vector optimisation problems of a

difference of convex mappings’, Journal of Global Optimisation, Vol.

31, No. 3, pp. 421-436.

Tapabrata R. and Liew, K.M. (2002), ‘A swarm metaphor for multi-objective
design optimisation’, Engineering Optimisation, Vol. 34, No. 2, pp.

141-153.

Vazquez, F.G. and Ruckmann, J.J. (2005), ‘Extensions of the Kuhn-Tucker
constraint qualification to generalised semi-infinite programming’,

SIAM Journal on Optimisation, Vol. 15, No. 3, pp. 926-937.

Veldhuizen, D.A.V. (1999), ‘Multi-objective evolutionary algorithms:
Classification, analysis, and new innovations’, PhD. Thesis, Air Force

Institute of Technology, Dayton, USA.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Viennet, R., Fontiex, C. and Marc, 1. (1996), ‘Multicriteria optimisation using a
genetic algorithm for determining a Pareto set’, Journal of Systems

Science, Vol. 27, No. 2, pp. 255-260.

Wang, S.Y. (1988), ‘A note on optimality conditions in multiobjective

programming’, Systems Science and Mathematical Sciences, Vol. 1,

pPp- 184-190.

Wang, S.Y. and Yan, F.M. (1991), ‘A gap between multi-objective optimisation
and scalar optimisation’, Journal of Optimisation Theory and

Applications, Vol. 68, No.2, pp. 389-391.

Wendell, R. and Lee, D. (1977), ‘Efficiency in Multiple objective optimisation
Problems’, Mathematical Programming, vol. 12, No. 3, pp. 406-414.

Wu, H.C. (2004), ‘An (a, B)-optimal solution concept in fuzzy optimisation

problems’, Optimisation, Vol. 53, No. 2, pp. 203-221.

Wu, H. C. (2007), ‘The Karush-Kuhn-Tucker optimality conditions in an
optimisation problem with interval-valued objective function’,

European Journal of Operational Research, Vol. 176, No. 1, pp. 46-59.

Yang, J.B. and Li, D. (2002), ‘Normal vector identification and interactive trade-
off analysis wusing minimax formulation in multi-objective
optimisation’, IEEE Transactions on Systems, Man, and Cybernetics

Part A: Systems and Humans, Vol. 32, No. 3, pp. 305-319.

Ye, J.J. and Zhu, Q.J. (2003), ‘Multi-objective optimisation problem with
variational inequality constraints’, Mathematical Programming,

Series B, Vol. 96, No. 1, pp. 139-160.

Zalmai, G.J. (1985a), ‘The Fritz-John and Kuhn-Tucker optimality conditions in
continuous time nonlinear programming’, Journal of Mathematical

Analysis and Applications, Vol. 110, No.2, pp. 503-518.

Zalmai, G.J. (1985b), ‘Optimality conditions and Lagrangian duality in
continuous-time nonlinear programming’, Journal of Mathematical

Analysis and Applications, Vol. 109, No.2, pp. 426-452.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Zemin, L. (1996), ‘The optimality conditions of differentiable vector
optimisation problems’, Journal of Mathematical Analysis and

Application, Vol. 201, No.1, pp. 35-43.

Zhang, B. and Hua, Z. (2008), ‘A unified method for a class of convex separable
nonlinear knapsack problems’, European Journal of Operational

Research, Vol. 191, No.1, pp. 1-6.

Zhang Q and Li H (2007),  MOEA/D: A multi-objective evolutionary algorithm
based on decomposition’, IEEE Transactions on Evolutionary

Computation, Vol. 11, pp. 712-731.

Zhao, J. and Dimirovski, G.M. (2004), ‘Quadratic stability of a class of switched

nonlinear systems’, IEEE Transactions on Automatic Control, Vol. 49,

No. 4, pp. 574-578.

Zheng, X., Xu, Z. and Li, C. (2007), ‘Constraint qualification in a general class of
non-differentiable mathematical programming problems’, Computers

& Mathematics with Applications, Vol. 53, No. 1, pp. 21-27.

Zhian, L. and Qingkai, Ye. (2001), ‘Duality for a class of multiobjective control
problems with generalised Invexity’, Journal of Mathematical

Analysis and Applications, Vol. 256, No.2, pp. 446-461.

Zhou, L.M. and Zhang, L.W. (2005), ‘A differential equation approach to finding
a Kuhn-Tucker point of a nonlinear programming problem’, Dalian
Ligong Daxue Xuebao/Journal of Dalian University of Technology,

Vol. 45, No. 6, pp. 920-924.

Zishuang, T. and Zheng, X.J. (2007), ‘Constraint qualification in a general class
of Lipschitzian mathematical programming problems’, Journal of

Global Optimisation, Vol. 38, No. 4, pp. 625-635.

Zitzler, E. and Thiele, L. (1998), ‘Multi-objective optimisation using
evolutionary algorithms: A comparative study’, In: Parallel Problem
Solving from Nature (PPSN-V), Amsterdam, The Netherlands,

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

September 27—-30, 1998. Lecture notes in computer science (LNCS),

Vol. 1498, pp. 292-301.

Zitzler, E. and Thiele, L. (1999), ‘Multi-objective Evolutionary Algorithms: A
comparative case study and the strength Pareto approach’, IEEE
Transactions on Evolutionary Computation, Vol. 3, No. 4, pp. 257-

271.

Zitzler, E., Deb, K. and Thiele, L. (2002), ‘Comparison of multi-objective
evolutionary  algorithms:  Empirical results’,  Evolutionary

Computation, Vol. 8, No. 2, pp. 173-195.

Zitzler, E., Deb, K., Thiele, L. and Laumanns, M. (2001a), ‘On the convergence
and diversity-preservation properties of multi-objective evolutionary
algorithms’, Technical Report 108, Computer Engineering and
Networks Laboratory, Swiss Federal Institute of Technology (ETH),

Zurich, Switzerland.

Zitzler, E., Laumanns, M. and Thiele, L. (2001b), ‘SPEA2: Improving the
strength Pareto evolutionary algorithm’, Technical Report 103,
Computer Engineering and Networks Laboratory (TIK), Swiss Federal
Institute of Technology (ETH), Zurich, Switzerland.

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Chapter 9. References

Symbolic Approaches And Artificial Intelligence Algorithms for Solving Multi-Objective Optimisation Problems



Appendix

APPENDIX

\\ MOSA-I Mathematica code for the constrained problem
\\ Define the objective functions and the constraints

f1[x1 ,x_2]:=x1,;

f2[x1_,x2_]:=(1+x2)/x1;

g1[x1 ,x2 ]:=6-x2-9*x1;

02[x1 X2 ]:=1+x2-9*x1,;

g3[x1 ,x2 ]:=0.1-x1;

04[x1 ,x2 ]:=x1-1;

g5[x1 ,x2 ]:=x2;

g6[x1 ,x2 ]:=x2-5;

\\ Calculate the Hessian matrix for each objective function
\\ Hessian matrix for f1

ml:{{ axl,xlfl, axl,xzfl} ’{ axz,xlf:l-’ axz,xzfl}} ;

\\ Form m1 as a matrix

MatrixForm[m1];

\\Hessian matrix for f2

M2={{0x1,x172, Ox1x2f2} {Ox2 112, Ox222f2}}
\\ Form m2 as a matrix

MatrixForm[m2]

\\ Check the positive semi-definite for the matrix m1

\\ Define a symbolic matrix m3 that represents the vector x
m3={{a} {b}};

m4=Transpose] m3]* m1*m3

Simplify[md]

\\ Check the positive semi-definite for the matrix m2
m5=Transpose] m3]* m2*m3
Simplify[m5]

\\ If m4>=0 and m5>=0 then solve the following first-order system

EQs={ A1 # 0,1f1+ A2 * 0,1 f24+ul * 0,1 g1+ u2 * 0,1 g2+ u3 * 0,1, g3+ pé *
0194+ U5 * 0,1 g5+ U6 * 0,1 g6==0, A1 * 0,,f1+ A2 * 0,,f2+ul * 0,, g1+ u2 *
Ox2g2+ U3 * 0y 93+ 14 * Oy g4+ U5 * Oy g5+ U6 * 0, 96==0}

Solve [Egs, {x1,x2}]

\\ Removing ul, u2, u3, u4, u5 and u6
Eq={ u1g1==0, u292==0, u393==0, u4g4==0, u5g5==0, u6g6==0}
Solve[Eq, { ul, u2, u3, u4, u5, 16}]

\\If m4<0 or m5<0 or both do the following
\\ Define oney

y={{a} {b} {c}}
\\ Calculate the gradient at any solution x
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grade f1={{ 0,171} { 0,1} }

grade f2={{ 0,112} { 0,2} }

m6=Transpose| grade f1]* (y-x)

m7=Transpose| grade f2]* (y-x)

\\ If m6<=0 then f1 is pseudoconvex and then go to solve the first-order system
\\ If m7>=0 then f2 is quasiconvex and then go to solve the first-order system
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