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An investigation, both theoretical and experimental in nature, has 
been undertaken to develop a simple method for the design of 
supersonic nozzles and, indeed, inlets of quite complex shapes from 
known or calculated axisymmetric flowfields. 

1he axisymmetric flowfield is determined using a computer program 
based on the method of characteristics. Streamlines are calculated by 
direct integration of the axisymmetric stream function. 

7he desired shape is chosen at the exit of the computed 
axisymmetric nozzle having the desired length and Mach number. Its 
describing points are then traced along the corresponding streamlines 
back to the throat. Streamsheets formed by these streamlines define 
the new shape. 

Following this approach, two three-dimensional nozzles were 
designed : one of elliptical cross-section and a two-dimensional 
wedge. Flows within the two configurations were further simulated 
using a general purpose three-dimensional CFD code, "PHOENICS", while 
the elliptical nozzle was subsequently manufactured and submitted to 
experimental tests. 

Results from the experimental tests and three-dimensional 
numerical simulation, as well as predictions of the performance of 
the nonaxisymmetric nozzles and their axisymmetric counterparts were 
obtained and compared. 

Good agreement was achieved between the several components of the 
study demonstrating that it is possible, using this relatively simple 
method, to design satisfactory three-dimensional nozzles. 
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NOTATION : 

1. The coordinate system 

In the two-dimensional computations ( comprised in sections 3 and 
4) involving the calculation of the flowfield within the axisymmetric 
nozzle, the system of coordinate is represented by:, 

x: axial coordinate direction, 
y: radial coordinate direction, 
u: axial component of the velocity, 
v: radial component of the velocity. 

When the three-dimensional computations are involved ( section 6 
and 7 the system of coordinate is then represented by: 

z axial coordinate direction, 
y radial coordinate direction, 
x azimuthal coordinate direction, 
w axial component of the velocity, 
v radial component of the velocity, 
U azimuthal component of the velocity. 

2. If not otherwise stated, the main notation followed are: 

a speed of sound 
A* area 
A throat area 
A Attachment angle 
Aa exit angle 
Ae coefficient of the wall contour parameter w 
B: coefficient in the law-of-the-wall equation chapter 2.4.4 
Bw: coefficient of the wall contour polynomial 

Ca: parameter related to axisymmetric flow 
C: throat contraction factor 
Cc: specific heat capacity at constant pressure 
CP : coefficient of the wall contour polynomial w 
d: density ratio, (pe /P 

f, : velocity defect profile, (Peu 
e-Pu 

)/Pe ue 

g: standard gravitational acceleration 
9: enthalpy defect profile, (ht, 

e -h t 
)/h 

te 

h: enthalpy 
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K: molecular kinematic conductivity 
K: effective kinematic conductivity 

t: turbulent kinematic conductivity 

i: mass flow per unit time 
M: Mach number 

P: pressure ( except in equation D. 12 where it represents the 
parameter defined in equation D. 14 

P: molecular Prandtl number 
Pr: turbulent Prandtl number rt 

q: local heat flux 
Q: parameter in equation D. 12 defined in equation D. 15 

r radius 
R specific gas constant ( except in equation D. 12 where it 

represents the parameter defined in equation D. 16 
R 

td nozzle throat downstream radius of curvature 
R 

tu nozzle throat upstream radius of curvature 
R6* Reynolds number based on displacement thickness, 6 ue /\j 

T: temperature 
T(+); T(_) : coefficients in finite-difference equations ( Appendix 

A ). 

"e axial velocity at the edge of the boundary layer 
U+ Y'YT 1/2 

"T friction velocity, (Tw /PW ) 

"a: axial coordinate of attachment point 
"e: axial coordinate of exit-lip point 

ya: radial coordinate of attachment point 
Ye : radial coordinate of exit-lip point 
Yt : throat radius 

Y+ : U/UT 

YT : length scale of the wall region, v/u Ir 

, 
Greek notation : 

ot : molecular diffusivity or angle 
(I e: effective heat conductivity 

y: specific heat ratio 

coefficient in gas dynamic equation ( 3.1 and A. 12 ) 
6-0 for planar flow and 6-1 for axysimmetric flow 
or flow boundary layer thickness ( Appendix E 
boundary layer displacement thickness 

K: kinematic displacement thickness 
I, KP 

eUe -Pu MPue (r/r ))] dy 
: temperature bounaary laywer thickness 
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CF ; CF : coefficients in the compatibility and characteristic 11 2 
equations ( Appendix A ). 

n: non-dimensional coordinate normal to the wall, y/6 
* 

slopes of the left-hand and right-hand characteristics 
respectively. 

V: molecular kinematic viscosity 
ve : effective kinematic viscosity 
vt : turbulent kinematic viscosity 

lp : stream function 

density 

flow angle ( except in equation D. 20 where it represents the 
boundary layer momentum thickness ). 

T: shear stress 
T: non-dimensional effective viscosity, VAu 
T9: non-dimensional effective conductivity, Ke /T Ue 

ff, O : inner and outer effective 'viscosity functions 

wall and defect wall variables for the effective kinematic 
viscosity function. 

Subscript and superscript : 

)a 
)tg 
)t, 

e )th 

w 
)2 

4 T 

: ambient state 
: state of mercury 
: total state. 
: total state at the edge of the boundary layer 
: state at throat 
: wall state 
: known or calculated point 
: known or calculated point 
: solution point 
: predicted value at solution point 
: corrected value at solution point 
: along left-kand characteristic 
: along right-hand characteristic 
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SECTION 1: Introduction 

1.1. General 

A variety of aerospace applications require three-dimensional 
supersonic internal flow analysis. 7hese include three-dimensional 
nozzles for propulsion engines having nonsymmetric area constraints 
and for aircraft where airframe/propulsion integration plays an 
increasingly important role as the mission requirements for advanced 
tactical aircrafts become more stringent. 

Methods which solve three-dimensional flows are available. Special 
techniques are usually used for specific cases but the basic tendency 
has been towards developing a general method, involving the 
introduction of more and more sophistication into complex numerical 
programs. This creates substantial difficulty for the user in 

understanding the program and preparing the inputs. Long operating and 
turn-around times are necessary and consequently high costs. 

One of the most popular methods for the solution of two and 
three-dimensional flowfields is the finite-difference method ( FUM ). 
While its application has now become common place in industry, one of 
the most important remaining technological deficiencies is in the 
area of geometric modeling. FDM computer codes are generally tailored 
to a specific grid topology. Body geometries that fit this topology 

are analysed accurately by the corresponding MI computer code. 
However, severe loss of grid line orthogonality often occurs as a grid 
is body fitted about a new geometry not suited to the particular 
t opology. The effects of nonorthogonality may be reduced by increasing 

the number of grid points or by redesigning the grid for each complex 
geometry. 7he first approach is very costly while the second is 
inconvenient at best, possibly requiring a separate computer code for 

each grid configuration. 
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1.2. Applications aryl Scope 

1.2.1 Applications 

This work involves the investigation of a simple method for 
determining theoretical wall contours of supersonic nozzles and inlets 

of arbitrary cross-section shape from known axisymmetric flows. It 

would also make available a wide range of complicated shapes whose 
investigation would be quite difficult even with three-dimensional 
computational approaches. It may also provide a method of solving 
some other critical aerodynamic problems encountered in hypersonic 
flows. 

In the particular case of a hypersonic wind tunnel, it would be 

very helpful if a three-dimensional expansion could be used to avoid 
the usual thin slit which would appear at the throat of such a nozzle 
if it were two-dimensional. Furthermore, at hypersonic Mach numbers2 
calculations involving low Reynolds number flows are not perfect and 
the desired axisymmetric contours ( region IRI in Figure 1.1. a ) tend 

to generate disturbances which seem to focus at a point on the 

centreline, changing the flow properties ( point 'P 1' of Figure 
1.1. b ). This causes particular problems for aerodynamic models which 
are mounted on the axis in order to be tested. Such concentration 
is assumed to be caused by the cross-section constant radius. 
This symmetry tends to focus any disturbance to a single spot. One 

simple way of avoiding that happening is to make the radius vary 
within the cross-section, shifting the foci to points P2 and P3 of 
Figure 1.1. c for example, and resulting in a nonaxisymmetric 
cross-sectional contour. 

Concerning supersonic flows, there seems to be considerable 
potential for the integration of two-dimensional wedge nozzles into 
fighter aircraft ( Figure 1.2 ). This, for example, would reduce the 

cruise drag allowing a lower fuel consumption and therefore greater 
mission range. This application is examined fairly extensively in the 
literature reviewed in Section 3. 

A better integration of nozzles into propulsion engines having 

nonsymmetric area constraints would enhance their performance. The 
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integration of three-dimensional propulsion nozzle into a supersonic 
missile ( Figure 1.3 ) would reduce its drag, resulting in an increase 

of its thrust. 

1.2.2 Scope 

The method investigated herein is based an three main features of 

axisymmetric inviscid flows : 
1. Streamlines of such flows lie in planes through the streamwise 

axis, 
2. Flow in any one such plane is the same as that in any other, 
3. Streamsheets ( formed by the above streamlines ) form surfaces 

across which there is no flow and, hence, may be replaced by solid 
boundaries. 

These characteristics will be exploited in order to calculate 

comparatively simply the nozzle having the desired shape. First, the 

axisymmetric nozzle having the desired length and Mach number is 

computed. Then, choosing the desired cross-section shape at the exit, 
the streamlines which pass through its periphery are located and 

traced back to the throat. The streamsheets formed by these 

streamlines will then constitute the walls of the desired nozzle. 
Utilising this approach, two three-dimensional nozzles were 

designed: me of elliptical cross-section and a two-dimensional wedge. 
Validation of the performance of the design method was carried out by 

performing a detailed analysis of the flowfield within the 

nonaxisymmetric configurations. Furthermore, a nozzle was constructed 

to the specifications of the elliptical nozzle and tested with air as 
the flowing medium. While the method of characteristics used to carry 

out the axisymmetric flowfield computations illustrates the general 

performance of the initial axisymmetric configurations, the 

three-dimensional computations performed by'Phoenics' as well as the 

experimental investigation would demonstrate the behaviour of the 

flowfield within the nonaxisymmetric nozzles. Comparison between the 

several components of such investigation, performed in terms of static 

pressure ditributions, developed thrust and exit velocity would then 

demonstrate the ability of the approach to design satisfactory 



4 

three-dimensional nozzles. 
This thesis has been divided into nine main sections. While the 

first briefly introduces the method investigated and its main 
applications, the second section reviews some of the literature which 
has been used in the development of the research. This includes 

analytical detail as with the method of characteristics ( for main 
flow computations ) and boundary layer calculation methods, as well as 
a broader view of the concept of integrating nonaxisymmetric nozzles 
into fighter aircraft and its applicability. 

Section 3 describes the specific implementation of the method of 
characteristics as well as the computations of the inviscid flows 

within the two axisymmetric contours. The subsequent section deals 

with the calculation of the viscous boundary layer, under the 

assumption that the viscosity is small enough for its influence to be 

confined in the immediate neighbourhood of the walls. Its implications 
for the inviscid flowfield are assessed. 

Section 5 shows how, using the method investigated, the 

axisymmetric nozzles are transformed into nonaxisymmetric ones. 
Section 6 and 7 introduce the studies undertaken to validate this 

design procedure. Section 6 will deal with the experimental programmeý 
involving design, manufacture and testing of a supersonic nozzle of 

elliptical cross-section whilst that which follows investigates the 

three-dimensional simulation using a grid generation code "I-Deas" and 

a generalized flow analysis code "Phoenics". 

Results,. comparisons and conclusions are presented in the last two 

sectims. 
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SEMON 2: Literature survey 

2.1. General 

This chapter will deal with a survey of the literature concerning 
nozzle flows but emphasising three relatively distinct areas. It 

starts with a review of the early work in design of rocket nozzles 
followed by the development of the method of characteristics for 
two-dimensional, irrotational flows. 

In order to realistically simulate a fluid flow, viscosity has to 
be taken into account. However, it is appropriate in many applications 
to assume its influence is small enough to be confined to the 

vicinity of the wall. Boundary layer theory is briefly reviewed from 

early model assumptions to the actual calculation methods. 
For the last ten yearsý considerable interest has turned towards 

integrating two-dimensional wedge nozzles into supersonic aircraft. 
7his would enhance cruise performance at supersonic speeds and enable 
them to land and take-off from shorter runways. A summary of recent 
work and test results is provided. 

In the present research programme, experimental tests have been 

carried out on an elliptical cross-section nozzle and the measurement 
of static pressure, both in the exit plane and along its centreline) 
necessitated the design of appropriate probes. A brief survey of the 

available methods is also presented in this chapter. 

2.2. Rocket nozzles 

One of the major parameters in the design of rocket motors is 
the determination of the optimum contour of the exhaust nozzle. This 
has a great effect upon the determination of the thrust developed by 

the rocket. 
A convergent-divergent De Laval nozzle is typically used to 
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convert the heat liberated in the combustion chamber into kinetic 

energy for propulsion. 7hrust is mainly produced by the momentum 
imparted to the products of combustion when discharging through the 

exhaust nozzle. During their passage, the gases are continuously 
accelerated from low subsonic to high supersonic velocities. 

The Con-di nozzle may be divided into three parts : 
1. the convergent subsonic section whose design influences the 

mass flow of the exhaust gases and, to some extent, the combustion 
efficiency achieved in the chamber, 

2. the throat section which determines, with the operating 
conditions in the combustion chamber, the mass flow rate through the 

nozzle, and 
3. The divergent supersonic section whose wall configuration, 

together with the exit area, determines the additional velocity 
imparted by the expansion of gases through this portion of the nozzle. 

7his division is most appropriate because of the different effects 
each part has in determining the thrust developed, and because of the 
different methods of analysis which have to be used for computing the 
flowfield in each one of the regions. 

2.2.1 Parameters describing a Con-di nozzle 

Study of the flow in nozzles has led to the definition of a 

certain number of parameters,, characteristic of the propellant-motor 
combination. 7hey are: the mass flow,, the pressure and area ratios, 
the thrust, -the thrust coefficient and the characteristic velocity. 

For a given fluid, the ratio of the exit area to the throat area 
is a function of the pressure ratio only. 7he thrust coefficient2 
defined as the ratio of the thrust to the chamber pressure times the 
throat area, is a parameter characteristic of the gas flow accelerated 
through the nozzle. 7he characteristic velocity is a parameter 
representative of the combustion chamber. 7hese last two parameterss 
when combined together, will characterise the whole system. 

By making use of a one-dimensional simple model, the above 

parameters may be described in a simple and straightforward way ( i. e. 
'Barrere et al. 1960 ). 
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2.2.2 Different rocket nozzle configurations 

2.2.2.1 Ideal nozzles 

Ihe thrust developed by a nozzle reaches a maximum when this 
latter is discharging the gases in a uniform parallel manner ( no flow 
divergence ) at a pressure equal to the ambient pressure. Such a 
nozzle-is known as ideal. For rocket engines operating at high 

altitudes where the pressure ratio is very small, large area ratios 
would be required for the ideal nozzle. At sea level, the ratio would 
be relatively high and small area ratios would be needed. 

Because of that dependance upon the ambient pressure, the 

performance unit of the divergent supersonic nozzle is measured in 

terms of its vacuum thrust coefficient, defined as : 

Cfv thrust when discharching to vacuum 
see ( 2.1 

p 
cc 

Ath 

As can be seen from Figure 2.1 which shows the comparative length 

as a function of the area ratio for various types of nozzles, the 

ideal nozzle that gives maximum thrust performance is particularly 
long and consequently heavy. 

44) 

so 

LIN, to 

00 
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One way of reducing nozzle lengths and therefore its weight, 
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without appreciable loss in thrust performance is to alter its shape. 

2.2.2.2 Conical nozzle 

7hough the exit velocity of a conical nozzle is. essentially equal 
to the one-dimensional value corresponding to the area ratio, the flow 

direction is not all axial, and hence a thrust decrement arises due to 
the flow divergence. 

Malina, 1940 ) showed that the exit momentum is equal to the 

value from one-dimensional theory multiplied by a factor X. The thrust 

coefficient of such a nozzle discharging into vacuum is : 

Cfv, 
conical 

ý Ve + Pe Ae 2.2 
Pcc Ath 

where + Cos 0, - 2.3 
2 

In the case of small rocket engines fitted with small area ratio 

nozzles, simple fabrication methods are prefered and it is common 

practice to use conical nozzles. Usually, a half cone of 15* is used 
for the divergent section ( Figure 2.2 ). 

Figure 2.1 shows that the length of a 15* conical nozzle is less 

than that of an ideal nozzle. 7he decrement in thrust coefficient of 
the latter, when compared to the uniform exit nozzle, is only about 
1.7%. 

2.2.2.3 Contoured nozzle 

The reduction in thrust of a conical nozzle, duý- to flow 

divergence, becomes large with increasing cone angles associated with 

reduction in nozzle length. By contouring the nozzle wall, as shown in 

figure 2.3, the flow can be turned closer to axial direction and the 
loss in thrust is, to some extent, reduced. 
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Fig. 2.2: Conicat nozzte. Fig. 2.3: Contou4ed nozzte. 

A direct and elegant approach to nozzle contour design was first 

proposed by ( Guderley & Hantsh, 1955 ). 7hey formulated the problem 
of calculating the exit area and nozzle contour to yield optimum 
thrust subject to the nozzle length and ambient pressure assuming 
prescribed values. Using the calculus of variations, they solved the 

problem of the exit flow field required to deliver optimum thrust 

under the prescribed restrictions. After the required exit flow is 

achieved, the method of characteristics was used to develop the nozzle 
contour between the throat and exit. 

Because of the complicated nature of the solution presented, 
optimum thrust contours for rocket nozzles were largely neglected 
until ( Rao, 1958 ). in reformulating the problem, found a simplified 
approach to the contour calculation. Considering the nozzle length, 

ambient pressure and flow conditions in the immediate vicinity of the 
throat as governing conditions under which the thrust could be 

maximized and assuming the flow to be isentropic, he formulated the 

variational integral of this maximization problem with the aid of a 
suitably chosen control surface. The nozzle contour, giving the 

optimum flow, was again constructed using the method of 
characteristics. 

In general, rocket nozzle contours chosen for optimum thrust 

performance require wall angles of about 280 to 3(r downstream of the 
throat. 7he required wall inclination at the nozzle exit is about 10" 

to 140 depending upon the required area ratio and length. Nozzle 

contours having such parameters are widely used for liquid rocket 
engines and no specific difficulties attributable to the contour have 
been experienced with hot exhaust gases. 
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However, exhaust products of solid rocket engines often contain 
particles of metal oxides. ( Kliegel & Nickerson, 1961 ) analysed 
flows of such gas particle mixtures through several contoured nozzles. 
They concluded that, in the case of highly curved nozzle walls, the 
gas particles impinge on the wall at the exit producing a decrement in 
thrust and aggravating the problems of erosion. Consequently, for 

solid rocket engine applications, they suggested the use of contours 
with less turning than the optimum thrust contours. 

2.2.2.4 Annular nozzle 

The throat section of such nozzle is an annulus formed between a 
central plug and an outer tail pipe ( Figure 2.4 ). Downstream of the 
throat, the exhaust gases are made to expand in a diverging annulus 
formed between the diverging tail pipe and the converging central 
plug. The thrust loss due to flow divergence in an annular nozzle, 
with diverging walls formed by conical surfaces, would be less than 
that of a conical nozzle of the same area ratio and length ( Rao, 
1961 ). 

L 

Re 

Fig. 2.4: Annuta4 nozzte. 

2.2.2.5 Self-adjusting type nozzle 

7he expansion process within the type of nozzle discussed above is 

exclusively governed by the diverging walls. The ambient pressure has 

practically no influence on the expansion and this latter would 
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proceed to pressures considerably below the ambient pressure, until 
the flow separates. the nozzle wall pressure would then rise abruptly 

accross an oblique shock. Occurence of such a phenomenon was first 

observed by Winpress, 1950 ) and later confirmed by ( Summerfield et 

al., 1954 They indicated that the separation occured when the gas 
had been expanded to a static pressure approximatively 0.4 times the 

surrounding pressure. A similar result was obtained by ( McKenny, 

1949 ) whose spark-shadowgraph ( Figure 2.5 ) shows clearly the 

oblique shock originating at the point of separation. 

Fig. 2.5: Spa4k-, 6hadowg4aph oý 6tow in 
ove4expanded conve4gent-dive4gent nozzte. 

Attention, for some time, turned towards developing nozzles in 

which the expansion process would be directly or indirectly regulated 
by the ambient pressure. ( Rao, 1961 denoted them as a 
'Self-adjusting' type and classified them into two categories 

1. Plug nozzles, and 
2. Expansion-Deflection nozzles ( E-D nozzles 

2.2.2.5.1 Plug nozzle 

The throat of such nozzle, as shown in figure 2.6, is located as 

an annulus at the outer diameter. At the outer edge of the annulus, 
the exhaust gases expand abruptly to the ambient pressure. The plug 

surface may be designed in order to produce uniform exit flow parallel 

to the nozzle axis. The cowl-lip diameter would be the same as the 

exit diameter of a uniform flow of a Con-di nozzle expanding the gases 
to the same ambient pressure. However, the plug-type would be much 

i 
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shorter than the equivalent Con-di one. 

-T - R 

Fig. 2.6: Ptug nozzie. 

Performance comparisons between conventional and plug nozzles 
was reported by ( Berman, 1960 ) from which figure 2.7 was 
reproduced. The plug-type nozzle shows a thrust advantage over its 
Con-di counterpart at pressure ratios below design. This is caused by 
the self-adjusting nature of the flow within such a nozzle. 
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Fig. 2.7: Th4u-6t compa4i, 6on o6 ptug 
and conventionat nozztez. 

At below design operating pressure ratios, the expansion wave 
intersects with the plug wall at a point where wall pressure is nearly 
equal to the ambient pressure. At that point, the expansion is 
interrupted and the convex surface of the plug downstream of this 

point causes a gradual compressive turning of the exhaust gases. 
Consequently, the wall pressure downstream of this location would rise 
to values higher than the ambient pressure. These increased pressures 

1. ____ 
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are the cause of the thrust increment of plug nozzles over that of a 
Con-di one. 

2.2.2.5.2 Expansion-Deflection nozzle 

E-D type nozzles are constructed as a compact combustion chamber 
with the throat section annulus located close to the nozzle 
centreline. Me exhaust gases are issue from the throat in an outward 
direction and expand around the shoulder of the central plug ( Figure 
2.8 ). 7he nozzle wall contour would then turn them into a nearly 
axial direction. 

Re 

Fig. 2.8: Expan. 6ion-deitection nozzte. 

7he self adjustment of the flow in an E-D nozzle occurs because 

the pressure at the base of the central plug limits the amount of 
expansion of the exhaust gases. Hence, a certain amount of compressive 
turning takes place along the nozzle wall in a manner similar to that 
occuring in a plug nozzle. 

7he E-D type nozzle and its essential features were discussed by 
Rao, 1960 ). He observed that, when the ratio of chamber pressure to 

ambient pressure is sufficiently high, the performance of an E-D 

nozzle would be the same as that of a plug nozzle designed with 
comparable parameters. Howevers when this operating pressure ratio is 
low, the E-D flow adjusts itself to the pressure occuring behind the 

central plug which can be lower than the ambient ( whereas the plug 
flow adjusts itself to the pressure at the cowl-lip which is always 
equal to the ambient ). 7hus, under similar conditions, the E-D type 

L 
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may show lower thrust performance than that of a plug nozzle. 

2.2.3 Design of contoured nozzles 

Nozzle contour design procedures based on the calculus of 
variations developed by ( Rao, 1958 ) have been shown to develop the 
highest thrusts. A major drawback of this procedure is that if the 
nozzle configuration or the gas dynamic model are changed, then the 
entire optimization analysis and corresponding computer program must 
be reworked. 

( Allman & Hoffman, 1981 ) investigated a way of developing a 
method for the design of maximum thrust nozzle contours by direct 

optimization methods. The nozzle contour was specified as a 
second-order polynomial of the form : 

y(x) -Aw+Bwx+Cwx2 

where the coefficients Piw, Bw, and Qw are determined by specifying the 

attachment angle, the exit radius and by requiring that the polynomial 
contour attach continuously to the circular-arc initial expansion 

contour. 
In order to assess whether such a simulated shape pan develop 

thrusts comparable to the ones developed by the calculus of variations 
contours, the authors compared thrusts developed by the latter 

contours ( Rao's method ) with the thrusts developed by polynomial 
contours. It was found that both methods predict essentially the same 
maximum thrust ( i. e. for zero ambient pressure, agreement was within 
0.2% ) justifying the new proposed approach. 

7his approach was used to simulate the contoured wall of the 

axisymmetric nozzles investigated in this study. 

2.3 Method of characteristics 

Linearized approximation techniques have their place in the 
derivation of analytical relations enabling simplified solutions to be 

reached quickly. 7here are, however, many instances in which more 
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accurate calculations are necessary. Such flow fields must, therefore, 
be analysed by methods that obtain solutions to the pertinent partial 
differential equations. 7hese solutions are, generally, based on 
applying numerical methods of analysis which depend on the type of 
equations governing the flow. 

For a subsonic flow, the governing equations are of elliptic form 

and their solution would depend on the specification of all the 
boundary conditions, that is those upstream and downstream of the 
region of interest. For these equations, the relaxation method is 

appropriate. 
For supersonic flows, the governing equations are of hyperbolic 

form and the region of influence is restricted to a finite region 
upstream of the point of interest. In this case, marching type 

numerical methods may be applied, the most accurate one being the 
method of characteristics. 

The method of characteristics permits the reduction of a system of 
partial differential equations to one of ordinary differential 

equations that are valid along the characteristic curves, which 
represent the path of propagation of disturbances in such flows. From 

a rigorous point of view, a characteristic may be defined as a curve 
along which the governing partial differential equations reduce to an 
'interior operator's that is a total differential equation known as 

the compatibility equation. 7hus, along a characteristic, the 
dependant variables may not be specified arbitrarily, being compelled 
to satisfy the compatibility equation. 

Uien the flow involves three independant variables, the system of 
equations can no longer be reduced to a system of ordinary 
differential equations. Instead, the equations can only be reduced to 

a system of partial differential equations valid on characteristic 
surfaces. Consequently, any integration scheme must include numerical 
evaluation of the pertinent derivatives in two independant variables. 

A review of the literature for the method of characteristics in 

two independant variables will not be given here as the volume of such 
literature is enormous, since the concept of characteristic directions 

was first discussed by ( Massau, 1899 ) and has only indirect bearing 



17 

with the problem at hand. 
However, the method has been applied in this study to a steady, 

axisymmetric irrotational flow. 7be computer program generated from 
the implementation of the method of characteristics for this 
particular flow has been used to calculate the flowfield within the 
investigated axisymmetric contours. 

Details of this particular application can be found in appendix A. 

2.4 Boundary layer 

2.4.1 General 

Methods for calculating turbulent, compressible boundary layer 
development have been a topic of extensive research for many years. 
However, until the advent of high speed computers, most of this 
research effort was concerned with prediction methods which would be 

applied by using hand calculations or very simple machine 
computations. In recent years, rapid development of numerical- 
techniques have been achieved. 

Methods which solve the compressible, two-dimensional turbulent 
flow may be divided into two general categories: 1) traditional 
methods and 2) numerical solution procedures. 

2.4.2 Traditional methods 

The simplest of these methods are the correlation methods. 7hey 

are applicable only for axisymmetric flows with zero pressure and wall 
temperature gradients. ( Spalding & Chi, 1964 ) presented a good 
summary of available correlations methods for compressible turbulent 
flows and classified them as follows: 

1. Methods using the Prandtl or Von Karman differential equation. In 

this category, the shear stress is assumed constant through the 
boundary layer and equal to its value at the wall. Van Driest used the 
two mixing length concepts as differential equations :( Van Driest, 

1951 ) used the Prandtl's mixing length and ( Van Driest, 1956 ) the 
Von Karman mixing length. 
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2.7heories based upon other differential equations. Also, in 
this category, the shear stress is assumed constant and equal to its 

wall value. 
3.7heories based upon a fixed velocity profile assumed to be 

independant of compressibility. 
4.7heories based upon incompressible formulae with reference 

properties. In this category, the incompressible relations are assumed 
to apply for compressible flows if the gas properties are evaluated at 
a reference temperature which is function of Mach number, ratio of 
wall to edge temperature, and recovery factor. 7his method has been 

used by ( Sommer & Short, 1955 ) and by Eckert ( Eckert, 1955 ). 

The method of integral equations was originally developed as a 
tool for systematically reducing partial differential equations to a 
few coupled ordinary differential equations. All integral methods 

solve the Von-Karman integral momentum equation, along with various 
auxiliary relations. 

Most earlier methods utilized a compressibility transformation, 

and then solve the equations in the incompressible plane. An example 

of these methods is the one developed by ( Reshotko & Tucker, 
1957 ). The authors solved the momentum integral and the moment of 

momentum equations in the transformed plane defined by using 
Stewartson's transformation ( Stewartson, 1949 ). ( Flaherty, 1968 ) 

improved the latter method by introducing an empirical expression for 

the shear stress integral through the boundary layer and, by providing 
for the calculation of the wall heat transfer. 

In recent years, integral methods which do not use a 

compressibility transformation but rather auxiliary relations have 
found considerable favour. A second equation used in several methods 
is the mean energy integral equation. ( Pickney, 1971 ) solved the 

momentum integral, the moment of momentum and the integral energy 
equation. Comparison of Pickney's results with experimental datas for 

an axisymmetric compression surface at both Mach 5 and Mach 8, were 
favorable ( Stroud & Miller, 1965 ). 

An alternate additional equation is derived from the notion that 

the turbulent boundary layer grows by a process of lentrainment' of 



19 

non turbulent fluids at the outer edge of the layer into the turbulent 

region. Green et al, 1973 ) used the entrainment relation as an 
additional equation to close the boundary layer set of governing 
equations. 

2.4.3 Numerical solution procedures 

Numerical solution methods that solve the compressible turbulent 
boundary layer problem may be categorized as 

1. Conventional finite-difference methods, 
2. Finite-difference variants, and 
3. Methods employing analytical functions. 

2.4.3.1 Conventional finite-difference methods 

Conventional finite-difference methods have been the most popular. 
After the early techniques reviewed by ( Rosenhead, 1963 ), emphasis 
turned to solutions of the boundary layer equations in the Crocco 
form. Using this approach, ( Baxter & Flugge-Lotz, 1957 ) employed an 
explicit finite-difference scheme. The step size along the wall, in 
this procedure, was restricted by stability considerations. In order 
to avoid that, ( Kramer & Liberstein, 1959 ) employed an implicit 

scheme. 
By using the Von-Mises transformation, the continuity equation can 

be eliminated from the governing boundary layer equations. Such 
transformed system has been solved with an explicit scheme by 
( Mitchell, 1961 ). Using the stream function as an independant 

variable across the layer, ( Patankar & Spalding, 1967 ) developed an 
implicit finite-difference scheme for solving the V. -, n-Mises tranformed 
boundary layer equations. 7he nondimensional stream function was 
defined such that it varies from 0 to 1 from the wall to the outer 
edge respectively. 

Solution of the boundary layer equations in untransformed or 
physical coordinates appears to be the next development in numerical 
procedures. In the Soviet Union, 

'( 
Chudov & Brailovskayaý 1960 ) 

studied it using an implicit six-point finite-differece scheme. 
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( Paskonov, 1963 ), later, developed the method into a standard 
program in which a procedure was described which allows the step size 
accross the layer to vary. At about the same times in the United 
States, a similar implicit technique was developed independantly by 
( Flugge-Lotz & Blottner, 1963 ). 

2.4.3.2 Finite-difference variants 

Three methods may be classified as variants of finite-difference 
techniques. The 'shooting method' uses finite differences in the flow 
direction but solves an ordinary difference equation in the transverse 
direction. Several users of this approach ( i. e. Albers & Gregg, 
1974 ) encountered stability problems, especially with wall heating or 
cooling. 

With the 'box method', the equations are reduced to a first order 
system and then solved using a Newton iteration procedure and 
two-point differencing. This procedure which is of more recent vintage 
than other finite-difference methods, is quite efficient for boundary 
layers ( Keller & Cebeci, 1972 ). 

The last variant discussed has been developed at the Imperial 
College of Science and Technology. In the 'micro-integral' method 
( Patankar & Spalding, 1970 ), the boundary layer growth is accounted 
for by use of a stream function as a transverse variable. Ibis permits 
the reduction of the required number of nodes. Although this solution 
is one of the most efficient ones available, use of the Couette flow 

analysis near the wall and an explicit formulae for grid control may 
give rise to problems when large longitudinal increments are used. 

2.4.3.3 Methods employing analytical functions 

Ihe method of weighted residuals ( or method of integral 

relations ) uses weighting and approximating functions ( Kuhn, 1970 ). 
7he advantage of this procedure is the small number of nodes involved. 
For turbulent flows, the computation time can be of the same order as 
for the conventional finite-difference techniques. 
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2.4.4 Law of the wall 

At a solid boundary at rest, the mean velocity is zero due to the 

no slip condition but so also are the fluctuations which are damped by 

the presence of the wall. Away from the wall, on the other hand, the 

turbulence generates Reynolds stresses which are large compared with 

viscous stresses. 
This behaviour has led to a division of the turbulent boundary 

layer into inner and outer regions. The outer region contains 80 to 
907. of the boundary layer thickness and its velocity profile is not 
influenced by viscous effects. 

The thickness of the inner region is about 10 to 207. of the shear 
layer thickness. Analysis of the inner layer velocity profile is based 

on the plausible assumption that, in the near-wall regions the flow 

should be independant of the outer layer characteristics such as the 

boundary layer thickness and free stream velocity. It should instead 

depend on the distance from the wall, the surface shear stress and the 
fluid properties. Elementary dimensional analysis shows that the 

velocity is given by the 'law of the wall' ( Cebeci & Bradshaw, 

1977 ): 

u+-A Ln y++B 

where : 

U+y+y 
UT 

U. T 
Tw 

)k 
, vw and U-T Tw- 

K being the Von-Karman constant ( found experimentally to be about 
0.41 ), and Ba constant of value 5.0-5.2 for a smooth surface. 

Modifications to the law of the wall for surface roughness ( Hama, 
1954 ) and wall injection ( Stevenson, 1963 ) are available. , 

7he successful application of the law of the wall velocity profile 
for incompressible flows has naturally led to numerous attempts to 

apply similar concepts to compressible flows. ( Sun & Childs, 
1973 ), instead of assuming the shear stress constant, used the 
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following relation : 

"1 

7he relation with b-1 was found to be a reasonable fit to experimental 
data for both subsonic and supersonic flows. 

2.5. Nonaxiqymmetric nozzle concept for advanced fighter aircraft 

Because of the high internal performance attainable with 
axisymmetric nozzles, these have been used in past and current 
aircraft designs. During the 60's and early 70's the main concern, in 
the design of jet engine exhaust nozzles, was to reach configurations 
where the installed system did not cause excessive drag or thrust 
loss. Research and development programs have investigated various 
design variables including nozzle type, tail location and nozzle 
spacing. This has resulted in some interesting configurations using 
axisymmetric nozzle installations that are very efficient, with low 
drag and thrust penalties ( F16 & F18 ). Other configurations, 
however, did not fare as well ( i. e. the F-111 afterbody/nozzle was 
designed for optimum thrust but not necessarily for minimum drag. 
Tests attributed as much as 30 to 607. of the total aircraft drag to 
the afterbody/nozzle installation ( Bergman et al, 1977 )). 

Among the more promising design techniques proposed to minimize 
the drag were concepts incorporating two-dimensional ( 2-D ) nozzles 
into aircraft. Such nozzles integrate well with tapering, nearly 
rectangular afterbody fuselage contours, thereby improving 
thrust-minus-drag performance. Thrust vectoring and reversing, shown 
to be better suited for incorporation into 2-D nozzles, would further 
improve the aircraft manoeuvrability and reduce take-off and landing 
distances. 

All these improvements are reflected in the design targets needed 
in future aircraft ( Petty et Al, 1986 ). ( Cal-Or. 1984 ) presented 
an excellent review of the available literature showing the advantages 
of the 2-D vectoring/reversing nozzles over current production 
configurations. 
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In a series of wind-tunnel tests, ( Maiden & Petitý 1976 ) 
investigated 2-D wedge nozzle performance characteristics including 
cruise performance, aircraft manoeuvring and application for SML. The 
investigation was conducted on an isolated nacelle integrated, in a 
first phase with a single 2-D nozzle and, in a second phase with twin 
2-D nozzle. 

The thrust-minus-afterbody drag performance of the twin 2-D nozzle 
integration was found to be significantly higher, for speeds greater 
than Mach 0.8, than the performance achieved with twin axisymmetric 
nozzle installations. 

Figure 2.9 presents a comparison between twin axisymmetric and 
twin 2-D nozzles at Mach 1.20.7hese data show that the dry power 2-D 

nozzle performance is clearly superior to the axisymmetric one. This 
is very interesting because future aircaft design stresses supersonic 
persistence and, in this case, 2-D wedge nozzles seeia to be* an 
attractive installation. 

For afterburner power, the nonaxisymmetric nozzles again exhibits 
high performance compared to axisymmetric convergent-divergent with 
similar expansion area ratio. 
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But, when choosing a nozzle, aerodynamic considerations alone 
cannot be the final determinant in the selection. Considerations have 
to be turned towards total weight, cooling requirements and internal 

performance. 7he degree of thrust vectoring and reversing will also 
drive nozzle selection. 
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In 1981, trade-off studies were performed ( Glidewell & Warburton, 
1981 ) in order to determine the effects of the above factors. 

Nonaxisymmetric as well as axisymmetric nozzles were used. Comparisons 

were performed between three groups of configurations. 'Group 1' 

provided a comparison between axisymmetric and nonaxisymmetric nozzles 

with jet area and exit area controls only, whereas 'group 2' compares 
the same configurations with the added functions of thrust reversing. 
Finally 'group 3' compares the two types of nozzles with jet area 

control, exit area control, thrust vectoring and thrust reversing. 
When considering nozzle weight, it has been found that the 

axisymmetric nozzle with jet area and exit area controls had a 10% 

advantage over the same nonaxisY; Metric configuration. When thrust 

reversing is added to each of the nozzle concepts, the nonaxisymmetric 
on? men showed a 9% advantage over the axisymmetric. 

Flat surfaces resist internal performance loads in bending, which 

require a box structure with considerable depth. Round structures 

resist them in tension and, then, require only a thin skin. 7his seems 
to be the reason for finding the first nonaxisymmetric configuration 
heavier than the same axisymmetric one. When thrust reversing was 

added things changed, due probably to the better suitability of 2-D 

nozzles for reverser installation. 

An overall advantage of nonaxisymmetric configurations was found 

when cooling requirements were involved. The nonaxisymmetric with area 

control required 28% less cooling than its axisymmetric counterpart. 
The same trend was found to be true when thrust reversing is added and 
the difference became 22%. Results also showed that no substantial 

additional cooling was required when thrust vectoring is added. 7his 

clear advantage may be found in the 'squared shape' of the 2-D wedge 

nozzle which lend itself better to more efficient cooling techniques. 
7he same main results were achieved during a program, completed in 

1978 by McDonnell Aircraft Company ( McDonnell Airc. Co., 1978 ). In 

this investigation, static as well as wind tunnel tests were conducted 
in order to determine the internal and installed performance 

characteristics of five selected nonaxisymmetric nozzles versus an 

axisymmetric baseline nozzle. 7he programg outlined in Figure 2-10S 

comprised three phases involving nozzles of three generic classes : 
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1) Internal expansion Con-di, 2) external expansion single ramp and 
3 )external expansion double ramp ( or plug ). 

All the five nonaxisymmetric configurations, some with vectoring 
and some with both vectoring and reversing capabilities when full 

scale weights were estimated, were from about 60 to 900 lbs heavier 

than the nominal axisymmetric Con-di. 
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Fig. 2.10: P4og4am etement, 6. ( Laugh4ey, 1979 ) 

When cooling is considered, flat sidewall and flap systems of the 
2-D design made it possible to use more efficient cooling and sealing 
systems. 

Static tests were performed on all the full-scale nozzle concepts. 
7he highest static internal performance was demonstrated for the 

nonaxisymmetric Con-di nozzle types which exhibited gross thrust 

coefficient values that were within 1% of the baseline axisymmetric 

nozzle. 
Vectoring was found to improve the untrimmed lift-to-drag ratio 

for all nonaxisymmetric nozzles at all positive thrust vector angles. 
Based on the concept of nonaxisymmetric nozzles of fixed external 

t 
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contours, wedge closure and a uniquely variable centrebody wedge, 
a 2-D Airframe Integrated Nozzle ( 2D-AIN ), designed by Boeing 
( Figure 2.11 ) was put to transonic wind tunnel testing during the 

year 1974 ( Goetz et al, 1976 ). 
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The tests demonstrated the 2D-AIN to have high levels of 
performance and the design approach showed a well suitability for 

closely spaced, twin engine installations. Figure 2.12 shows the 
extent of the afterbody structural arrangements for an example F-111 

aircraft. 
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The F-111 has been selected for testing because of its 

characteristics such as fuel-to-weight fraction, wide Mach/altitude 

range and variable wing sweep capability wiAch allow a multitude of 
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aircraft types and configurations to be simulated. 
Performance estimates showed a 0.8% to 11.7% ( of ideal gross 

thrust ) increase in installed performance when the 2D-AIN nozzles 
were installed, compared to the existing F-111 previous installation. 
When applying the estimated operating weight and drag changes related 
to the 2D-AIN airplane modification study, this resulted in a net 
improvement of 20 nautical miles to the total subsonic mission radius. 

In 1984, the USAF has presented US engine makers with design 

targets of a new engine that would propel the new Advanced Tactical 
Fighter ( ATF ) required for the mid-1990s. The above estimates, test 

results and comparisons performed along the last 10 years have shown 
the advantages of the, 2-D nozzles over their current production 
axisymmetiic counterparts. The new engine will include a 2-D, 

converging-diverging, vectoring/reversing nozzle which will be fully 

integrated with aircraft flight controls. 
In order to assess the performance of the method investigated in 

this thesis, a 2-D wedge Con-di nozzle will also be designed from a 
full-scale axisymmetric nozzle. 

2.6 Measurement methods in compressible flows 

2.6.1 General 

In this section, we shall discuss briefly some of the methods used 
for measuring the properties of a compressible flow. Important 

variables that require measurement are pressure, temperature, 

velocity, flow direction and density. 
. 

We shall restrict ourselves to pressure measurement techniques, 

since it was the principal property which needed measurement in the 

tests performed in the present study. 

2.6.2 Pressure measurement 

Static pressure is the pressure indicated by a measuring device 

moving at the flow velocity or, in other words, by a device that 
introduces no disturbance or velocity change to the flow. 



28 

Along a wall, the usual method used f or measuring a static 
pressure is to drill a small hole normal to the surface of the wall 
and connect it to a manometer, pressure gauge or any other similar 
device. Ihe holes must be small with respect to the boundary layer 

thickness and must be free from roughness or burrs that might disturb 

the flow. Since there is no pressure change through the boundary layer 

in a direction normal to the wall, the pressure indicated is a true 

measure of the free-stream static pressure ( Figure 2.13 ). 

MM - Poo 

Boundary layer 

T"T"MIM-111111111 M/ ý/, /7777, 

0 Pressure gauge 

Fig. 2.13: Static ptuzme mea, 6u4ement atong watt 

In the interior of a flow, static pressure can be measured in a 

. similar fashion by introducing a probe, which in a sense, creates a 

wall in the flow. A typical static pressure probe is shown in Figure 

2.14. a. 
The probe, generally, has a sharp, conical nose with the pressure 

tap located far enough downstream to be out of the influence of the 
disturbance introduced by the nose. 

For supersonic flow, there will be an attached shock at the nose. 
There will also be an expansion where the nose joins the cylindrical 
section. So, the pressure measurement at the tap'P1 of Figure 2.14. b, 

at least for a weak attached shock, will be very close to the 
free-stream static pressure. 

The probe is very sensitive to flow alignment. This sensitivity 
can be reduced by drilling several holes around the circumference of 
the probe at the tap. Considerable care must be exercised in the 
interpretation of the results of static pressure probe measurements in 

a supersonic flow field in which a shock is present ( cf. section 6 ). 
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Lg. 2.14. b 

Fig. 2.14: Typicat 6tatic p4e, 6.6u4e pube. 

The stagnation pressure is the pressure measured by an instrument 
that brings the flow isentropically to rest. Such a device is a simple 
pitot tube ( Figure 2.15. a ) 

In supersonic flow, since the probe is essentially a blunt-nosed 
body, there will be a detached normal shock in front of the probe 
( Figure 2.15-b ). 

Pi. 
p= 
M. 

12 =--0- To manonieter 

To gatige or manomeler 

Fig. 2.15. a Fig. 2.15. b 

Fig. 2.15: Typicat totat p4ezzu4e pube. 

In this case, the stagnation pressure indicated on the manometer 
or gauge will be the stagnation pressure after a shock that is normal 
to the flow direction. However, in subsonic flow the stagnation 
pressure measured by the Pitot tube is the true stagnation pressure 
(c. f. JOHN, 1984 ). 
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dr 

SEMON 3: Inviscid flow computation. using the method 
of characteristics. 

3.1 General 

7he application of the method of characteristics to 
two-dimensionals steadyg irrotational supersonic flow is described in 
detail in Appendix A. Although this method can describe a flowfield 

within a nozzle of any shape, the one implemented into the computer 
program in this study was bell-shaped. 

As illustrated in Figure 3.1, the nozzle has a throat comprising 
of two circular arcs of different radii of curvature. 7he one 
downstream of the throat is joined tangentially, continuous in first 
derivative at the attachment point, to a simulated second order 
quadratic polynomial wall. 

yA- 
y-a+bx+CX2 

A 
-42 

Attachment point 

Rtu Rt Aa 

Yt Ya 

Xe ol 

Fig. 3.1: Nozzte geometAy imptemented into 
the pAog4am. 

3.2 Governing equations 

Ye 

x 

Equations governing the flow described above are : the gas dynamic 

equation ( Equation 3.1 ), the irrotationality condition ( Equation 
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3.2 ) and the speed of sound relationship ( Equation 3.3 ): 

u2 -a 
2) 

_Lu +( v2 -a 
2) 3v +2 uv -Lu -6 a2v -03.1 ax ay ay y 

au 
- 

av 
M0 oet ( 3.2 ) 

ay 5x 

u, v ) ooo ( 3.3 ) 

where, in equation 3.1 : 
for planar flow, 
for axisymmetric flow. 

Equation 3.1 is derived f rom the continuity, Navier-stokes 

equations and isentropic relationships, assuming the flow to be 

steady, two-dimensional and free from the action of any external work 
or body forces. 

Equation 3.3 is obtained from the general thermodynamic properties 
of an homoenergetic flow. It may be algebraic ( for a perfect gas ), 

or in tabular form ( for the case of an equilibrium gas mixture having 

variable specific heats, for example ). 

7he above system comprises a set of two coupled partial 
differential equations involving the velocity components u and v. 7his 

system may be replaced by an equivalent one of two total differential 

equations, details of which are given in Appendix A. 

3.3 Program description 

7he computer program consists of a core program ( MAIN ) and eight 

subroutines. 'MAIN' contains the overall logic for the nozzle 
flowfield analysis. It starts by reading the needed data which may be 

divided into three categories: 1) thermodynamic inputs, 2) geometrical 
inputs and 3) control inputs. 7he thermodynamic inputs include the 

data describing the state of the flow at the throat ( e. g. the 
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stagnation pressure and temperature ). 7he geometrical data are the 

parameters describing the nozzle shape and boundaries ( e. g. the 

throat radiuss the upstream and downstream radii of curvature, the 

attachment and exit angles ). 7he last category represent the choices 

open to the user ( e. g. the number of stations along the initial-value 

line, the order of accuracy needed to stop the iterations of the 

corrector algorithm ). A summary of the input data for the two 

axisymmetric configurations from which the elliptic and 
two-dimensional wedge nozzle designs were developed subsequently is 

given in chapter 3.4-4. 

The output of 'MAIN' are the different thermodynamic and flow 

properties calculated at each station within the network described 
below ( velocity, Mach number, pressure, temperature, density and flow 

direction ). 

3.3.1 Definition of the initial-value line 

In order to start the computations of the flowfield by the method 
of characteristicsg a starting line must be established that is 

everywhere supersonic. Along that line, the different stations at 

which the transonic flow would be computed are defined. 
The transonic flow region in Con-di nozzles under chocked flow 

conditions has been widely studied. Different investigators, e. g. 
( Sauer, 1947 ), ( Hall, 1962 ) and ( Kliegel & Levine, 1969 ), have 

employed various expansion techniques ranging from double power series 
expansion to small parameter expansions about the sonic conditions. 
Ail of t1nese methods are essentially the same, being perturbations 

. Rbout the one-dimensional flow solution. 
Of the several methods that have been proposed for analyzing the 

flowfield in the throat region of a Con-di nozzle, that due to Sauer 
is the simplest and is used in the present study. Although it is not 
the most accurate of the methods mentionned above, it does have the 
desirable feature of being a closed form solution for the transonic 
flowfield ( chapter 3.4.2.3 ). 

Initial-value line computations have been incorporated into a 

single subroutine ISTARLINE', making easy any change or replacement of 
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the method used, if needed. 

3.3.2 Flowfield from the initial-value line 

Having defined the geometrical inputs, the parameters defining the 
nozzle wall contour ( attachment point coordinates, coefficients of 
the polynomial defining the wall ) are determined by calling 
subroutine IWALCON' summarized in Appendix C. 

Using the finite-difference scheme ( modified Euler, Appendix B 
the network from the intial line is generated by 'MAIN'. It includes 
interior and axial stations defined in subroutines IINIPOINr' and 
IAXIPOINrl ( appendix A ). 

Figure 3.2 presents the network of characteristics developed from 

the starting line of the axisymmetric nozzle from which the elliptic 
nozzle was developed subsequently. 

3.3.3 Flowfield from the circular arc throat contour 

In the throat region where the f low property gradients may be 
large, the spacing between successive intersections of the 
left-running characteristics and the wall ( from which the stations 
defining the right-running characteristics are issue using the direct 

solution method presented in appendix A) may be too large for the 
desired accuracy. 1herefore, the inverse method ( also presented in 

appendix A) which enables the prescription of the number of these 
stations is used. 

once the solution is obtained, a right-running characteristic is 

originated from the wall, continuing until it intersects the 

centreline. For these computations, 'MAIN' calls subroutines 
IINVPOINr'. IINI? OINTI and 1AXIPOINT'. 

Figure 3.3 illustrates the network developed by the prespecified 
points at intervals of 0.18 mm along the contour. 

3.3.4 Flowfield from the quadratic wall 

Once tlýe calculations along the characteristic issuing from the 
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last prespecified point have been performed, the direct marching 
method may be applied along the wall. 7he procedure is the same as for 

the circular arc throat contour. 7he subroutines called are 
IDIMIN'r', IINTPOINrl and 'AXIPOINrl. 

Figure 3.4 shows the network of characteristics issuing from the 

wall of the axisymmetric nozzle whose governing parameters are set out 
in chapter 3.4.4. At the start of the network, there is an overlapping 
of crossing characteristics. 7hese coalescing characteristics are 
compression waves which may have been generated by either the concave 
surface turning or the discontinuity in the derivatives of the wall 

contour at discrete points. 7he attachment point, from which the first 

right-running characteristic is issued is such a point. at that 

positions the wall contour and the wall slope are both continuous but 

the wall curvature ( i. e the rate of change of the wall slope ) is 
discontinuous. Mat discontinuity created the weak compression waves 

observed in figure 3.4 which have been ignored in the flowfield 

computations since they yield an almost isentropic compression. 
7he extent of the flowfield is determined by the nozzle exit lip 

point which is calculated by the inverse wall point procedure. Figure 
3.5 shows the complete set of characteristics originating from the 

computations and Figure 3.6 the flow-chart of 'MAIN'. 

3.4 Axisymmetric nozzle design 

3.4.1 General 

We are concerned here with the design of the supersonic section of 
two axisymmetric convergent-divergent nozzles. The first one is 

computed in detail in order to be transformed into a three-dimensional 

nozzle of elliptical cross-section using the streamline tracing 

technique described in section 5. In order that the nozzle so designed 

could be manufactured and submitted to experimental test, the model 
must evidently fit the available testing facilities. Nozzle flow 

analysis, using the computer program described previously, requireý 
the definition of certain initial parameters. The following sections 

will briefly discuss these parameters and how they have been 
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determined. 
Investigations carried out for the last ten yearst involving the 

integration of the propulsion system with the airframe in a fighter 

aircraft ( see chapter 2.5 ), 1ýave shown it is possible to improve 
fighter performance by incorporating non-axisymmetricýnozzles. Because 

of this particular application for which the two-dimensional wedge 
configuration was designed, a different approach had to be followed in 
the determination of the starting parameters, which permitted the 
computation of the axisymmetric nozzle to be transformed into a 
two-dimensional wedge nozzle subsequently. 

3.4.2 Axisymmetric-for-elliptic nozzle design 

Test facilities in the School of Mechanical Engineering can make 
available a pressure and mass flow of up to 16 Atm. and 5 Kg/s 

respectively. Design calculations were carried out subject to the 

overall constraints which these values imply. Selected values for the 

stagnation pressure and temperature were 15 atm. and 403 *K 

respectively. 

3.4.2.1 Exit Mach nLmber and area ratio 

Assuming a complete expansion of the flow to ambient atmospheric 
pressure in an isentropic manner and aiming to achieve an exit Mach 

number of 2.4 ( made possible by the chosen pressure ratio of 14.8 ), 

the area ratio may be determined from standard isentropic flow 
tables ( i. e. NACA, 1953 ). It was found equal to 2.32. 

3.4.2.2 7hroat and exit radii 

In order to achieve a supersonic flow in the divergent section of 
the nozzle, the throat Mach number must clearly equal unity. At this 
position, the following expression for the choked mass flow rate 

H+- k 
pt ff 

2 
I Yth 

R Y+1 Ttk 
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can be evaluated and for specified mass flow ( whose value is 
determined by the test facility screw compressors when the pressure to 
be delivered is specified ), stagnation pressure and stagnation 

temperature, the throat radius can be calculated. 
Knowing the area ratio with which complete expansion may be 

achieved, the exit radius is calculated accordingly. 

3.4.2.3 Upstream and downstream radii of curvature 

An important parameter which governs the isentropic flowfield in 

the transonic region of a Con-di nozzle is the ratio of the throat 

radius of curvature to the throat radius. Figure 3.7 presents the 

calculated values of the geometrical contraction factor (Cc) as a 
function of this parameter ( Rtu/yt ). 7he value of Cc measures the 

reduction in mass flow due to two-dimensional flow effects in the 

throat region, where i denotes the calculated value of the mass flow 

crossing the nozzle throat section and '1-D the mass flow rate that 

would cross that section if the flow were one-dimensional. 
It is evident from figure 3.7 that Sauer's analysis for R tu 

/yt- 2 

which is the value chosen in our case ) agrees well with the 

experimental results. 
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3.4.2.4 Maximum angle of divergence 

7he divergent part of a contoured nozzle may be divided into two 
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sections. The first one permits a sharp expansion and is situated just 

after the throat. Ihe second part, where the flow is still 

accelerating, tends to straighten the flow to achieve a near axial 
direction at the exit. Ihe maximum angle of divergence is the contour 

angle at the attachment point, joining the downstream circular-arc 
contour to the quadratic wall. A high value for the contour angle 
increases the risks of flow separation from the walls. A small angle, 
however, may not permit the complete expansion of the gases within the 
desired length and would result in a longer nozzle and hence a weight 

penalty. 7he contour angle was chosen equal to 15% 

3.4.2.5 Flow uniformity and exit angle 

For nozzles designed to supply wind 'tunnels, exit flow uniformity 
is of great importance and a primary design requirement. In our case, 

conditions are less demanding and exit flow uniformity though 
desirable is not a key factor. It is reasonable to assume that the 

circular-arc contours defining the throat will produce an acceptably 

uniform flow ( Buseman, 1931 ). 7he bell-shaped wall downstream will 
further straighten the flow, resulting in satisfactory conditions at 
the exit. Furthermore, a low value of the exit angle would minimize 
the flow divergence and lead to a greater thrust. Subsequent 

measurement and detailed flow prediction confirm this to be achieved. 

3.4.3 Axisymmetric-for-wedge nozzle design 

The design of an aircraft ( or certain of its components ) is 

primarily based upon the flight conditions and types of mission it is 

required to perform. However, since the tendency is towards the design 

of 'multipurpose' aircraft which can fly at subsonic as well as 

supersonic speeds, an appropriate configuration seems to be the 

variable geometry Con-di nozzle ( chapter 2.5 ). 

in order to avoid the complexities involved in the design of such 

a nozzle, and since our objective is to check the capabilities of the 

simple method described earlier, emphasis has been placed on complete 

expansion bearing in mind that : 
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1. At sea level static conditions, maximum thrust is often used in 

take-off and complete expansion, therefore, needed, 
2. Equally, efficient operation at low pressure levels associated 

with cruises where an aircraft can spend a great deal of time and burn 

much of its fuel, also demands complete expansion. 
A rather different concern which arises is whether the 

comparatively complicated Con-di nozzle is justified at all for use in 

such aircraft. Computer performance simulation, reported by Palmer 

( Palmer, 1985 ), was carried out for both convergent only and Con-di 

nozzles. The results supported the recommendation that a Con-di nozzle 
is only really justified for a nozzle pressure ratio ( NPR ) greater 
than 3. At higher NPRs, the utilization of a Con-di nozzle gave very 
large thrust increases ( i. e. at maximum reheat, at 36,000 ft/1.6M for 

an NPR of 11, the increase in net thrust was approximatively 27% ). At 

more modest levels of NPR, such as V/take-off, the NPR was 3 and the 

thrust increase only 1.8%. 

Assuming an NPR of 11 at the altitude of 30,000 ft, the static and 
total pressures are calculated and found to be 0.297 and 3.267 

atmospheres respectively. Knowledge of the ambient sea level pressure 

permits the determination of the NPR at this altitude ( found equal to 

3.22 ). Using the isentropic flow tables, the area ratio may be 

determined (Ae /A *-1.12 ). 

Setting the mass flow which the engine would be required to 

delivers assuming a sonic mach number at the throat and using the 

isentropic flow relationships, the different properties ( temperature, 

pressure, density and velocity ) may be calculated at the throat. 
Using the expressions for the mass flow and the area ratio, and 

assuming an attachment angle of 2* ( in order to avoid any risk of 

separation ), the radii of the circular shaped throat and exit areas 

are computed. 
With these data in hand, nozzle flow computations were performed 

with a view to applying the technique to the design of a wedge nozzle 

appropriate to the aircraft propulsion application outlined. Not only 
did this introduce a quite different geometry but also further 

opportunities for detailed three-dimensional flowfield simulation. It 

was not however possible to submit the design to model test. 
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3.4.4 Summary properties of the input data used to perform 
the axisymmetric nozzle computation. 

properties axisymmetric-for-elliptic axisymmetric-for-2D wedge 
nozzle design nozzle design 

Tt 4030K 11009K 
Pt 5 

M2 15 10 NI 52 3.26 10 N/m 
Pa 1.013 105 N/m 2 1.013 105 N/m2 

Yt 0.020 m 0.325 m 
Rtu 0.040 m 0.650 m 
Rtd 0.010 m 0.162 m 
Aa 15" 2" 
Ae 5* 2* 
Xe 0.060 m - 
Ye - 0.345 m 

3.4.5 Axisymmetric results 

Solutions for the two axisymmetric nozzles ( for both elliptic and 
wedge designs ) are represented in figures 3.8 and 3.9 respectively. 
Both the nozzle wall and centreline pressures are plotted in each 
case. 

Due to the higher value of the attachment angle of the f irst 

configuration, a sharper expansion took place near the throat ( along 
both the centreline and wall ). Within the axisymmetric-for-. iedge 
nozzle, the flow tends to expand gradually from the throat to the 

exit. 
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SEMON 4: Boundary layer computation 

4.1 General 

Current design and analysis requirements of the aerospace industry 

necessitate the development of accurate and efficient techniques for 

calculation of boundary layer development along physical walls. In 

rocket motor nozzles ( with fixed initial and ambient conditions ) for 

example, one is obviously interested in obtaining the maximum thrust 
in a given direction. Me value of the thrust depends upon the viscous 

and heat conduction losses in the flowfield ( generally assumed to be 

confined to a thin region near the wall: the boundary layer ). 

Furthermores non-symmetrical shapes give rise to significant 
transverse pressure gradients leading to the creation of cross flows 

around the contour. 
7here are two ways of taking into account the effects of viscous 

action and heat conduction, namely : 
1. the effects of viscous action and heat conduction extend to the 

entire flowfield which is then governed by the complete Navier-Stokes 

equations for that nozzle configuration, 
2. the effects of viscous action and heat conduction are confined to 

a narrow region at the nozzle wall. 7he flowfield is then governed by 

the boundary layer equations. 
By following the second approach, the boundary layer may be 

considered in terms of integrated properties such as the displacement 

thickness. Calculated on the basis of a chosen reference velocity, the 
displacement thickness defines an effective surface outside which the 
flow is considered invicid. 7he edge of the displacement thickness is 

then utilized as a streamline separating the viscous and the invicid 

regions. 
7he displacement thickness, defined by 
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6* -f0(1- -0 u) dy 
(» Oeue 

is the distance by which the invicid flowfield in the neighbourhood of 
a wall has to be effectively displaced inwards into the fluid in 

order to compensate for the deficiency in mass flow arising from the 

action of viscosity at the wall. 
The two regions, invicid external flow and viscous boundary layer, 

are described by different governing equations, thus needing 
different methods of solution. Invicid calculations have been carried 

out using the method of characteristics developed earlier. 7he viscous 

region is governed by the boundary layer equations defined in the next 
chapter. 

4.2 Governing equations 

7he governing equations of fluid flow may be derived by equating 
the net rate of outward transfer of mass and momentum respectively 
through the faces of an infinitesimal, fixed volume to their net 

sources within it. 7he full derivation of these equations ( i. e. 
Cebeci & Bradshaw, 1977 ) leads to the so-called conservation and 
Navier-Stokes equations. 

While the Navier-Stokes equations are of elliptic type, the 
boundary layer equations are of parabolic type. 7hat fact is due to 

the assumption that, in the boundary layer equations, the pressure in 

the direction normal to the body surface is considered constant while 
the pressure along the surface can be considered as being 'impressed' 

by the external flow. 
7he boundary layer equations for a steady, compressible flow of a 

perfect gas, in the (x, y) cartesian coordinate system are found to 
be ( McDonald, 1979 ): 

a L ( m )+ ( rv )-0 999 ( 4.1 ) 
7x ay 

ap . 0 ... ( 4.2 VY 
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T-V + 
;T 

ay Tx 

D ht 
+ ý; 7 

3 ht 
+ U-f ax ay ay 

*so ( 4.3 ) 

( 4.4 ) 

7he equations apply to laminar and turbulent flow if the definition cf 
7 and q are taken to be - 

uv see ( 4.5 
p 

K ah 
- vh' 4.6 

ay 

where ( -uIvI ) and ( -v'hl are the kinematic Reynolds stress 

and heat flux respectively. Following the approximation made by 
( Boussinesq, 1877 ), the turbulent stress arising from the cross 
correlation of fluctuating velocities is replaced by the product of 
the mean velocity gradient and the 'turbulent viscosity', providing 
the framework for the construction of a turbulence model : 

- ulv, - il 
ýu 

t ay ooe ( 4.7 ) 

In the same way, a 'turbulent conductivity' may be defined : 

- v'h' mK 
3h 

t DY o9o ( 4.8 ) 

An effective vicosity and an effective conductivity are defined next : 

uu 
vý... ( 4.9 ay e ay 
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-9- (+K) ah- K gh 
ay ay *es ( 4.10 ) 

For convenience, it was useful to transform equations ( 4.1,4.3, 

and 4.4 ) so that they appear closer to their planar form. For 

axisymmetric flows, ( Herring & Mellor, 1972 ) showed that the 

governing equations, when expressed in the local ( x, y ) coordinate 
system illustrated by Figure 4.1, are of the form(*) : 

1a( 
r pu +L( pv 0 

so* 
( 4.11 

rw 
rx w ay 

PU LLI + pv ;u 2ue 
%U +L(r T) so* ( 4.12 ) 

ax ay e ax ;y rw 

aht ; ht a r Pu Tx- + pv ýY- ( so Ty rw 
(q+ UT 4.13 

where : 
au r ve 4.14 

rw ay 

rK ah 
e *so 4.15 

p ay rw 

7he above set of equations along with the boundary conditions 
appendix D) are sufficient to calculate the development of the 

boundary layer. However, because the method was orientated towards 
turbulent flow, it was convenient to define a new set of variables in 

(*) The dependent variables should, at all times, be interpreted as 
time-average quantities in turbulent flow. 
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x 

Fig. 4.1: Coo4dinate zyztem. 

which the velocity and enthalpy profiles were expressed in defect 

form ( see appendix D ). In terms of these variables, a new set of 

governing partial differential equations was defined. 7hese equations 

were subsequently converted into ordinary differential equations and 

solved using finite-difference techniques. 
In order to achieve greater accuracy ( inaccuracies in the 

numerical solution which may be small enough after one step in x are 
frequently cumulative ), the integral parameters such as 6* and () were 

corrected by being referred to the solution of the Von-Karman momentum 

equation ( Herring & Mellor, 1972 resumed in appendix D ). 

4.3 Program description 

A cooputer programs initially developed by ( Herring & Mellor, 

1972 ) was employed in this study. Boundary layer calculations can be 

carried out for both laminar and turbulent flow for arbitrary Reynolds 

number and freestream Mach number distribution on planar or 

axisymmetric bodies. 

The program divides into two parts. 7he first part deals with the 

preparation of an appropriate velocity and enthalpy profiles and 
associated parameters at the initial x-station. If the input profiles 
are provided simply by a rough guess, the program recalculates them 
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using an appropriate similarity solution ( either Falkner-Skan or 
Clauser, depending on whether the flow is respectively laminar or 
turbulent ). 7he iterative loop performing the recalculation of the 

initial profiles may be skipped if the initial guess is satisfactory. 
A routine was developed and included into the program, enabling the 

user to simulate the necessary initial velocity and enthalpy profiles 
if they are not known ( appendix E ). 

7he forward motion of the program starts by storing the known 

profiles of the station before the one to be calculated. This is 

followed by an iterative loop which calculates the new set of profiles 

at the x-station considered. Within this loop, there are two inner 

loops, the first iterates for the velocity profile and the second for 

the enthalpy profile. When these calculations have converged, the 

integral parameters for that position are calculated and printed out. 
The process continues until profiles have been calculated at all 

x-stations. 

4.4 Comparison with experimental data 

4.4.1 General 

In order to validate the program and the added routine ( developed 

to guess the initial profiles, appendix E) by comparison with broadly 

relevant measurement, the former was used to compute the development 

of the boundary layer in the supersonic section of a conical nozzle 
having a 15* half-angle of divergence ( Figure 4.2 ). Comparison was 
made between results of the experimental investigation carried out by 
( Boldman et al., 1969 ) and predictions of the above program. 

4.4.2 Experimental investigation 

Experimental tests were performed in the heated test facility 

shown in Figure 4.3 reproduced from ( Boldman et al., 1969 ). 1he 

results used for comparison employed an adiabatic ( uncooled ) inlet. 

Velocity and temperature boundary layer surveys were obtained at three 

specific stations within the supersonic portion of the nozzle ( Figure 
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4.2 ). 7he freestream Mach numbers at the three stations were 
3.7, and 4.4 respectively. 

4.4.3 Theoretical investigation 

In order to compute the development of the boundary layer within 
the nozzle section considered, initial profiles have to be defined. 
The first measurement station ( numbered '1' in Figure 4.2 ) was taken 

as the initial computational position allowing the use of the measured 
external Mach number, velocity and boundary layer thickness as initial 

parameters. The initial velocity and temperature profiles were 
assumed to follow the 1/7-power and 1/4-power laws respectively 
( Appendix E ). This permitted the determination of the input 
parameters to the program. They are reproduced in Table 4.1. 

4.4.4 Summary of results and comparison 

Results of the experimental investigation are shown in tables 
4.2. a, 4.2. b, and 4.2. c. 7hey, respectively, represent the three 

stations at which the measurements were performed. 7he theoretical 

predictions are presented in tables 4.3. a, 4.3. b, and 4.3. c. 
7he initial velocity profile, representing the 1/7-power law along 

with the experimental profile are shown in figure 4.4.7he 

experimental and predicted profiles at the two other stations are 

shown in Figure 4.5 and 4.6. Good agreement is found between the 

predicted and measured profiles within the boundary layer which 
developed along the nozzle. 

Figure 4.7 shows the distribution of the boundary layer 
displacement thickness at the three stations and those predicted by 

the program. 7he experimental value of the displacement thickness at 
station Ill has been taken as an initial condition in order to carry 
out the computations. 

7he development of the boundary layer seem to have been well 
predicted by the program. Good agreement between theoretical 

predictions and measured values is found. Calculated errors were 

within 1.5%. 
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4.5 Boundary laver r-omputation for the axisymmetric nozzles designed 
in this study 

The boundary layer development along the divergent section of the 
two axisymmetric nozzles investigated was predicted using the program 
described above. Initial profiles were produced using the routine 
developed for that purpose ( appendix E ). The starting parameters 
( edge Mach number at each station, wall temperature ) were produced 
from the invicid flowfield computed by the method of characteristics. 
Figures 4.8 and 4.9 show the respective corrections needed ( in terms 

of the displacement thickness ) in order to include the viscous 
effects for the two axisymmetric configurations from which the 
elliptic and the two-dimensional wedge designs were developed 

subsequently. 
The results obtained show that the corrections needed are very 

small ( within 0.3% in terms of 6* /R ). Furthermore, the area occupied 
by the boundary layer did not exceed 0.7% of the total area, while 
blockage coefficients, defined as the ratio of the invicid flow area 
to the total flow area, were found to exceed 0.99. 

In view of these results, it seems safe to neglect the viscosity 
effects for the two axisymmetric configurations investigated. 

4.6 Boundary layer development prediction along the elliptic nozzle 
using axisymmetric results Ay. 

Fig. 4.10: Po, 6ition-6 at which the boundaty taye, % devetopment wa, 6 catcutated. 

Assuming the f low characteristics to remain nearly the same as 
the shape was transformed from the axisymmetric configuration to the 
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corresponding elliptic one ( Figure 4.10 ), the boundary layers along 
the major and minor axes ( represented by points 'A' and 'B' 

of figure 4.10 respectively ) were computed. Initial profiles and 

pressure gradients were calculated using the relations presented in 

appendix E. The starting parameters were produced from the invicid 

flowfield results obtained from the method of characteristics 

computation of the axisymmetric configuration. 
Figure 4.11 presents a comparison in terms of the displacement 

thickness along the major and minor axes as a function of the axial 

position. It shows the boundary layer developing faster along the 

minor axis. 
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TABLE 4.1 : FILE DATA FOR THE COMICAL NOZZLE CASE 

3 69 
0.0 0.0710 0.1421 
0.7109 0.7320 0.9531 
1.4218 1.5640 1.7062 
2.3437 2.9859 3.1281 
4.2656 4.4078 4.5499 
4.8650 4.8700 4.875 
4.915 4.9200 4.925 
45 

0.2132 0.2843 
0.9242 0.9953 
1.8484 1.9906 
3.2703 3.4124 
4.6921 4.8343 
4.88 4.885 
4.93 4.9350 

0.3554 
1.0664 
2.1328 
3.5546 
4.8400 
4.8900 
4.9400 

0.4265 0.4976 
1.1374 1.2085 
2.2749 2.4171 
3.6968 3.8390 
4.8450 4.8500 
4.8950 4.9000 
4.9450 4.9500 

0.5687 
1.2793 
2.5593 
3.9812 
4.855 
4.905 
4.955 

0.6398 
1.3501 
2.7015 
4.1234 
4.86 
4.91 

1.0000 0.5974 0.5449 0.5096 0.4821 0.4592 0.4394 0.4217 0.4057 0.3910 
0.3773 0.3646 0.3526 0.3412 0.3304 0.3201 0.3102 0.3007 0.2915 0.2826 
0.2741 0.2577 0.2422 0.2274 0.2133 0.1998 0.1868 0.1742 0.1621 0.1503 
0.1389 0.1278 0.1169 0.1063 0.0960 0.0359 0.0759 0.0662 0.0567 0.0473 
0.0381 0.0290 0.0201 0.0113 
6 
0.1813 0.0672 0.0442 0.0290 
63 -2 -1 2.1 0.086 9496.0 
31.01 2.1 1.0 0.0 26.0 0.0 
138.89 3.7 1.0 0.0 55.0 0.0 
241.81 4.4 1.0 0.0 82.5 0.0 

0.0027 

0.01915 0.00152 
1.05 535.0 1.0 

0.0 0.0 
0.0 0.0 
0.0 0.0 
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TABLE 4.3. a : BOUNDARY LAYER SURVEY AT THE FIRST STATION ( K=2.1 

X 31.010 U-1.000 M-2.10 RDT - 9.50E+03 
TUBB al. 000 RW a 2.60E+01 vW - 0.00E+00 Sw a O. OOE+00 CW a 0.00E+00 

DT - 8.60E-02 XT 2.41E-02 HT --3.56E-06 SP - 3.57E+00 Cr a 2.23E-03 ST a O. OOE+00 
ER m 1.00E+00 PH - 7.80E-01 PRT - 1.00E+00 SHR a 1.40 

i yy U/U T 
I O. OOE+00 0.00E+00 O. OOE+00 
4 I. IOE-02 4.13E-01 6.20E-02 
7 1.42E-01 5.25E-01 1.13E-01 

10 2.13E-01 5.72E-01 1.59E-01 
13 2.84E-01 6.03E-01 2.04E-01 
16 3.55E-01 6.27E-01 2.47E-01 
19 4.26E-01 6.47E-01 2.68E-01 
22 4.98E-01 6.63E-01 3.28E-01 
25 5.69E-01 6.79E-01 3.67E-01 
29 6.40E-01 6.95E-01 4.05E-01 
31 7.11E-01 7.11E-01 4.41E-01 
34 7.82E-01 7.27E-01 4.76E-01 
37 8.53E-01 7.43E-01 5.10E-01 
40 9.24E-01 7.58E-01 5.43E-01 
43 9.95E-01 7.73E-01 5.74E-01 
46 1.07E+00 I. SSE-01 6.04E-01 
49 1.14E+00 8.02E-01 6.32E-01 
52 1.21E+00 8.15E-01 6.59E-01 
55 1.28E+00 8.28E-01 6.84E-01 
58 1.35E+00 SAIE-01 7.09E-01 
61 1.42E+00 8.53E-01 7.31E-01 
64 1.56E+00 S. ISE-01 7.73E-01 
67 1.71E+00 8.95E-01 8.09E-01 
70 1.85E+00 9.13E-01 SAIE-01 
73 1.99E+00 9.28E-01 3.67E-01 
76 2.13E+00 9.41E-01 3.90E-01 
79 2.27E+00 9.53E-01 9.08E-01 
82 2.42E+00 9.62E-01 9.23E-01 
35 2.56E+00 9.70E-01 9.36E-01 
38 2.70E+00 9.77E-01 9.45E-01 
91 2.84E+00 9.82E-01 9.53E-01 
94 2.99E+00 9.87E-01 9.59E-01 
97 3.13E+00 9.90E-01 9.63E-01 

100 3.27E+00 9.93E-01 9.66E-01 
103 3.41E+00 9.95E-01 9.69E-01 
106 3.55E+00 9.969-01 9.71E-01 
109 3.70E+00 9.97E-OL 9.72E-01 
112 3.84E+00 9.9SE-01 9.73E-01 
115 3.9$E+00 9.99E-01 9.73E-01 
118 4.12E+00 9.99E-01 9.74E-01 
121 4.27E+00 9.99E-01 9.74E-01 
124 4.41E+00 1. OOE+00 9.74E-01 
127 4.55E+00 1. OOE+00 9.74E-01 
130 4.69E+00 I. OOE+00 9.74E-01 
133 4.83E+00 1. OOE+00 9.74E-01 
136 4.84E+00 1. OOE+00 9.74E-01 
139 4.84E+00 I. OOE+00 9.74E-01 
142 4.85E+00 I. OOE+00 9.74E-01 
145 4.86E+00 I. OOE+00 9.74E-01 
148 4.86E+00 I. OOE+00 9.74E-01 
151 4.86E+00 I. OOE+00 9.74E-01 
154 4.87E+00 1. OOE+00 9.74E-01 
157 4.88E+00 1. OOE+00 9.749-01 
160 4.38E+00 1.009+00 9.74E-01 
163 4.89E+00 I. COE+00 9.74E-01 
166 4.89E+00 I. OOE+00 9.74E-01 
169 4.89E+00 I. OOE+00 9.74E-01 
172 4.90E+00 I. OOE+00 9.74E-01 
17S 4.91E+00 I. OOE+00 9.74E-01 
118 4.91E+00 I. OOE+00 9.74E-01 
lei 4.91E+00 I. OOE+00 9.74E-01 
184 4.92E+00 I. OOE+00 9.74E-01 
187 4.93E+00 I. OOE+00 9.74E-01 
190 4.93E+00 1. OOE+00 9.74E-01 
193 4.93E+00 I. OOE+00 9.14E-01 
196 4.94E+00 1. OOE+00 9.74E-01 
199 4.95E+00 I. OOE+00 9.74E-01 
202 4.95E+00 1.00E+00 9.74E-01 
205 4.95E+00 I. OOE+00 9.74E-01 

rp Fpp 
I. OOE+00 -3.68E+00 
7.60E-01 -2.21E+00 
6.79E-01 -6.93E-01 
6.41E-01 -4.39E-01 
6.14E-01 -3.41E-01 
5.92E-01 -2.85E-01 
S. 73E-01 -2.48E-01 
5.56E-01 -2.31E-01 
5.40E-01 -2.39E-01 
5.22E-01 -2.46E-01 
S. OSE-01 -2.53E-01 
4.86E-01 -2.60E-01 
4.68E-01 -2.65E-01 
4.49E-01 -2.70E-01 
4.30E-01 -2.73E-01 
4.10E-01 -2.76E-01 
3.91E-01 -2.77E-01 
3.71E-01 -2.77E-01 
3.51E-01 -2.76E-01 
3.32E-01 -2.74E-01 
3.12E-01 -2.70E-01 
2.75E-01 -2.62E-01 
2.39E-01 -2.49E-01 
2.05E-01 -2.32E-01 
1.73E-01 -2.13E-01 
1.44E-01 -1.92E-01 
1.19E-01 -1.70E-01 
9.65E-02 -1.48E-01 
7.72E-02 -1.26E-01 
6.09E-02 -1.06E-01 
4.73E-02 -8.74E-02 
3.62E-02 -7.08E-02 
2.72E-02 -5.64E-02 
2.02E-02 -4.41E-02 
1.47E-02 -3.39E-02 
1.06E-02 -2.56E-02 
7.46E-03 -1.90E-02 
5.17E-03 -1.39E-02 
3.51E-03 -9.97E-03 
2.33E-03 -7.03E-03 
I. SOE-03 -4.87E-03 
9.35E-04 -3.31E-03 
5-54E-04 -2.21E-03 
3.01E-04 -1.45E-03 
1.35E-04 -1.04E-03 
1.30E-04 -9.65E-04 
1.25E-04 -1.03E-03 
1.20E-04 -1.09E-03 
1.14E-04 -1.11E-03 
I. OSE-04 -1.17E-03 
1.03E-04 -1.23E-03 
9.65E-05 -L. 26E-03 
9oO22-05 -1.30E-03 
8.37E-05 -1.32E-03 
7.73E-05 -1.26E-03 
7.13E-05 -1.18E-03 
6.56E-05 -I. IIE-03 
6.02E-05 -I. IOE-03 
SASE-05 -1.11E-03 
4.95E-05 -1.07E-03 
4.43E-05 -1.07E-03 
3.87E-05 -1.18E-03 
3.30E-05 -1.13E-03 
2.75E-05 -1.09E-03 
2.22E-05 -1.10E-03 
1.66E-05 '-I. JL5E-03 
1.09E-05 -1.19E-03 
5.03E-06 -1.18E-03 
O. OOE+00 O. OOE+00 

D Gp 
1.85E+00 1.80E-02 
1.72E+00 4.24E-03 
1.64E+00 6.86E-04 
1.59E+00 1.74E-04 
1.56E+00-4.32E-05 
1.54E+00-1.66E-04 
I. SIE+00-2.44E-04 
1.49E+00-2.86E-04 
1.48E+00-2.69E-04 
1.46E+00-2.53E-04 
1.44E+00-2.37E-04 
1.42E+00-2.21E-04 
1.40E+00-2.06E-04 
1.3$E+00-1.92E-04 
1.36E+00-1.78E-04 
1.34E+00-1.65E-04 
1.32E+00-1.52E-04 
1.30E+00-1.41E-04 
1.28E+00-1.29E-04 
1.26E+00-1.19E-04 
1.24E+00-1.09E-04 
1.21E+00-9.09E-05 
I. IBE+00-7.52E-05 
1.15E+00-6.17E-05 
1.12E+00-5. OIE-05 
I. IOE+00-4.03E-05 
1.08E+00-3.21E-05 
1.07E+00-2.54E-05 
1.05E+00-1.98E-05 
1.04E+00-1.52E-05 
1.03E+00-1.16E-05 
1.02E+00-8.73E-06 
1.02E+00-6.4SE-06 
1.01E+00-4.73E-06 
1. OIE+00-3.40E-06 
1.01E+00-2.38E-06 
I. OOE+00-1.61E-06 
I. OOE+00-1.04E-06 
I. OOE+00-6.27E-07 
I. OOE+00-3.39E-07 
1. OOE+00-1.40E-07 
1. OOE+00-4.35E-10 
I-OOE+00 I. OIE-07 
I. OOE+00 1.94E-07 
1. OOE+00 2.79E-07 
I. OOE+00 2.89E-07 
1. OOE+00 3.01E-07 
I. OOE+00 3.07E-07 
I. OOE+00 3.13E-07 
I. OOE+00 3.18E-07 
I. OOE+00 3.19E-07 
1.00E+00 3.19E-07 
I. OOE+00 3.16E-07 
I. OOE+00 3.11E-07 
I. OOE+00 3.06E-07 
I. OOE+00 2.96E-07 
I. OOE+00 2.85E-07 
I. OOE+00 2.73E-07 
1. OOE+00 2.57E-07 
1. OOE+00 2.41E-07 
I. OOE+00 2.21E-07 
I-OOE+00 1.99E-07 
1. OOE+00 1.769-07 
I. OOE+00 1.52Z-07 
I. OOE+00 1.25E-07 
I. OOE+00 9.76E-08 
1. OOE+00 6.67E-08 
I. OOE+00 3.36E-08 
1.00E+00 O. OOE+00 

Gpp 
O. DOE+00 

-1.60E-01 
-1.34E-02 
-4 . 33E-03 
-2.23E-03 
-1 . 35E-03 
-8.94E-04 

8.72E-06 
2.38E-04 
2.31E-04 
2.23E-04 
2.15E-04 
2. CIE-04 
I. 9BE-04 
1.89E-04 
I. SOE-04 
I . 71E-04 
1.62E-04 
I . 53E-04 
1.44E-04 
I . 34E-04 
1.19E-04 
I . 03E-04 
8.86E-05 
7.54E-05 
6 . 35E-05 
5.29E-05 
4 . 37E-05 
3.57E-05 
2. SSE-05 
2.30E-05 
I. SIE-05 
I. 41E-05 
I. O&E-05 
8.2SE-06 
6.31E-06 
4.73E-06 
3.44E-06 
2.45E-06 
1.71E-06 
1.17E-06 
8.21E-07 
6 . 96E-07 
6. IIE-07 
6.32E-07 
2.67E-06 
1.80E-06 
1.24E-06 
1.24E-06 
1.77E-07 
1.39E-07 
1.38E-07 

-1.04E-06 
-1.07Z-06 
-1.57E-06 
-2.17E-06 
-2.17E-06 
-3.27E-06 
-3.27E-06 
-3.31E-06 
-4 ASE-06 
-4.45E-06 
-4.41E-06 
-5.54E-06 
-5.5&E-06 
-5.58E-06 
-6.72E-06 
-6.72E-06 

O. OCE+00 

TAU 
1.12E-03 
1.08E-03 
1.24E-03 
I. 26E-03 
1.29E-03 
1.32E-03 
1.35E-03 
1.38E-03 
1.39E-03 
I. 41E-03 
1.41E-03 
1.42E-03 
1.41E-03 
1.40E-03 
1.39E-03 
1.37E-03 
1.34E-03 
1.32E-03 
1.28E-03 
1.24E-03 
1.20E-03 
1.12E-03 
1.029-03 
9.17E-04 
9.15E-04 
7.14E-04 
6.16E-04 
5.25E-04 
4 . 40E-04 
3.64E-04 
2.96E-04 
2.38E-04 
1. SSE-04 
1.46E-04 
1.12E-04 
8.4CE-05 
6.22E-05 
4.53E-05 
3.24E-05 
2.2SE-05 
I. SSE-05 
1.07E-05 
7.13E-06 
4.67E-06 
3.35E-06 
3.05E-06 
3.17E-06 
3.25E-06 
3.44E-06 
3.61E-06 
3.81E-06 
3.98E-06 
4.17E-06 
4.01E-06 
3.57E-06 
2.90E-06 
2.79E-06 
2.95E-06 
3 . 24E-06 
3 . 22E-06 
3.34E-06 
3.89E-06 
3 . 77E-06 
3.71E-06 
3 . 94E-06 
4.42E-06 
4 . 76E-06 
4 . 62E-06 
0.002+00 

VE 
3.03E-04 
5.67E-04 
2 . 30E-03 
3. SOE-03 
5.32E-03 
6.70E-03 
8 . 06E-03 
9 . 08E-03 
9 OSE-03 
9. OSE-03 
9.0SE-03 
9. OSE-03 
9. O&E-03 
9. OBE-03 
9. OSE-03 
9. OBE-03 
9 . 08E-03 
9.08E-03 
9.089-03 
9. OSE-03 
9 . 08E-03 
9. DOE-03 
9.08E-03 
9.05E-03 
9 COE-03 
9.01 E-03 
9. OSE-03 
9 OSE-03 
9 . 08E-03 
9 . 08E-03 
9.089-03 
9 . 08E-03 
9.0 DE-03 
9 . 08E-03 
9.08E-03 
9 O&E-03 
9 . 08E-03 
9. OSE-03 
9 . 08E-03 
9. OSE-03 
9. OSE-03 
9. OSE-03 
9.08E-03 
9.08E-03 
9. OSE-03 
9.08E-03 
9. OBE-03 
9.08E-03 
9. OSE-03 
9.089-03 
9.08E-03 
9.08E-03 
9. OSE-03 
9 . 08E-03 
9.0SE-03 
9 . 08E-03 
9.08E-03 
9 OSE-03 
9. OSE-03 
9. OSE-03 
9. OSE-03 
9.08E-03 
9. OSE-03 
9. OSE-03 
9.0SE-03 
9.08E-03 
9.08E-03 
9.08E-03 
9 . 08E-03 
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TABLE 4.3. b : BOUNDARY LAYER SURVEY AT THE SECOND STATION ( M-3.1 ) 

Xa 138.890 U-1.250 M-3.70 RDT - 2.76E+04 
TURB -1-000 RW a 5.50E+01 VW - O. COE+00 sw - O. OOE+00 CW - O. OOE+00 

DT - 6.19E-01 HT a 8.31E-02 ST u-1.79E-05 SF - 7.45E+00 CF w 1-95E-03 ST a O. OOE+00 
HR - I. OOE+00 PR m 7.80E-01 PRT - I. OOE+00 SHR u 1.40 

yy U/U F rp FPP D GP GPP TAU VE 
O. OQE+00 O. OOE+00 O. COE+00 I. OOE+00 -3. OOE+00 3.59E+00 3.89E-02 O. OOE+00 9.75E-04 3.25E-04 

4 7.10E-02 5.46E-01 6.37E-02 3.12E-01 -1.47E+00 2.90E+00 3.94E-03 -2.43E-01 9.83E-04 I. OOE-03 
7 1.42E-01 6.44E-01 1.19E-01 7.52E-01 -5.97E-01 2.60E+00 5.20E-04 -1.53E-02 8.58E-04 2.68E-03 

10 2.13E-01 6.89E-01 1.71E-01 1.17E-01 -4.23E-01 2.43E+00-1. CIE-04 -5.38E-03 3.08E-04 3.95E-03 
13 2.85E-01 7.19E-01 2.21E-01 6.90E-01 -3.43E-01 2.32E+00-3.69E-04 -2.01E-03 7.31E-04 5.07E-03 
16 3.56E-01 1.42E-01 2.69E-01 6.66E-01 -3.29E-01 2.23E+00-3.71E-04 4.73E-04 7.39E-04 5.33E-03 
19 4.27E-01 7.63E-01 3.16E-01 6.43E-01 -3.34E-01 2.14E+00-3.39E-04 4.23E-04 7.09E-04 5.33E-03 
22 4.99E-01 7.63E-01 3.60E-01 6.19E-01 -3.39E-01 2.05E+00-3.10E-04 3.85E-04 6.80E-04 5.33E-03 
25 5.70E-01 8.01E-01 4.04E-01 5.95E-01 -3 . 43E-01 1.9$E+00-2.84E-04 3 . 5SE-04 6.32E-04 5.33E-03 
28 6.42E-01 8.17E-01 4.45E-01 5.70E-01 -3.46E-01 1.90E+00-2.59E-04 3.33E-04 6.25E-04 5.33E-03 
31 7.13E-01 8.33E-01 4.84E-01 5.46E-01 -3.49E-01 1.33E+00-2.37E-04 3.09E-04 S. 99E-04 5.33E-03 
34 7.8SE-01 8 . 47E-01 5.22E-01 5.21E-01 -3.50E-01 1.77E+00-2.16E-04 2.86E-04 5.73E-04 5.33E-03 
37 8.56E-01 8.60E-01 5.58E-01 4.96E-01 -3.51E-01 1.71E+00-1.96E-04 2.6SE-04 5.48E-04 5.33E-03 
40 9.28E-01 8.72E-01 5.93E-01 4.71E-01 -3.50E-01 1.65E+00-1. ISE-04 2.4SE-04 5.24E-04 5.33E-03 
43 I. OOE+00 8.83E-01 6.25E-01 4.46E-01 -3.48E-01 1.60E+00-1.61E-04 2.2SE-04 5. OOE-04 5.33E-03 
46 1.07E+00 8.94E-01 6.56E-01 4.22E-01 -3.45E-01 1.55E+00-1.46E-04 2.07E-04 4.76E-04 5.33E-03 
49 1.14E+00 9.03E-01 6.85E-01 3.97E-01 -3.41E-01 1.50E+00-1.32E-04 1.91E-04 4.53E-04 3.33E-03 
52 1.22E+00 9-12E-01 7.12E-01 3.73E-01 -3.36E-01 1.46E+00-1.19E-04 1.75E-04 4.30E-04 5.33E-03 
55 1.29E+00 9-20E-01 7.38E-01 3.50E-01 -3.30E-01 1.42E+00-1.07E-04 1.60E-04 4.07E-04 5.33E-03 
56 1.36E+00 9.27E-01 7.62E-01 3.27E-01 -3.22E-01 1.38E+00-9.62E-05 1.46E-04 3.85E-04 5.33E-03 
61 1.43E+00 9.34E-01 7.84E-01 3.04E-01 -3.10E-01 1.34E+00-8.64E-05 1.31E-04 3.59E-04 5.33E-03 
64 1.57E+00 9.46E-01 8.24E-01 2.62E-01 -2.92E-01 1.2$E+00-6.92E-05 1.10E-04 3.20E-04 5.33E-03 
67 1.72E+00 9.57E-01 8.58E-01 2.22E-01 -2.68E-01 1.23E+00-5.51E-OS 9.01E-05 2.799-04 5.33E-03 
70 1.86E+00 9.65E-01 8.87E-01 1.86E-01 -2.42E-01 1.19E+00-4.36E-05 7.32E-05 2.41E-04 5.33E-03 
'73 2.01E+00 2.72E-01 9.11E-01 1.54E-01 -2.15E-01 1.15E+00-3.43E-05 5.88E-05 2.05E-04 5.33E-03 
76 2.15E+00 9-78E-01 9.31E-01 1.25E-01 -1.87E-01 1.12E+00-2.69E-05 4.67E-05 1.73E-04 5.33E-03 
79 2.30E+00 9.83E-01 9.47E-01 1.01E-01 -1.61E-01 1.09E+00-2. IOE-05 3.67E-05 1.44E-04 5.33E-03 
82 2.44E+00 9.87E-01 9.59E-01 7.97E-02 -1.35E-01 1.07E+00-1.64E-05 2.85E-05 1.18E-04 5.33E-03 
85 2.59E+00 9.90E-01 9.69E-01 6.23E-02 -1.12E-01 1.06E+00-1.29E-05 2.20E-05 9.62E-05 5.33E-03 
as 2.73E+00 9.92E-01 9.17E-01 4.80E-02 -9.13E-02 1.04E+00-1.02E-05 1.70E-05 7.70E-05 5.33E-03 
91 2.389+00 9.94E-01 9.83E-01 3.65E-02 -7.31E-02 1.03E+00-8.0$E-06 1.29E-05 6.09E-05 5.33E-03 
94 3.03E+00 9.96E-01 9.87E-01 2.73E-02 -5.77E-02 1.02E+00-6.51E-06 9.44E-06 4.74E-05 5.33E-03 
97 3.17E+00 9.97E-01 9.91E-01 2.01E-02 -4.47E-02 1.02E+00-5.39E-06 6.83E-06 3.65E-05 5.33E-03 

100 3.32E+00 9.98E-01 9.93E-01 1.46E-02 -3.41E-02 I. OIE+00-4.57E-06 4.80E-06 2.76E-05 5.33E-03 
103 3.47E+00 9.9SE-01 9.95E-01 1.04E-02 -2.57E-02 1.01E+00-4. OOE-06 3.38E-06 2.06E-05 5.33E-03 
106 3.61E+00 9.99E-01 9.96E-01 7.32E-03 -1.90E-02 I. OIE+00-3.61E-06 2.25E-06 I. s2c-os 5.33E-03 
109 3.76E+00 9.99E-01 9.97E-01 5.04E-03 -1.3BE-02 I. OOE+00-3.35E-06 1.49E-06 1.10E-05 5.33E-03 
112 3.91E+00 9.99E-01 9.98E-01 3.39E-03 -9 . 90E-03 I. COE+00-3.19E-06 9.82E-07 7.86E-06 5.33E-03 
115 4.05E+00 I. OOE+00 9.98E-01 2.22E-03 -6.98E-03 I. OOE+00-3. IOE-06 3.41E-07 5.52E-06 5.33E-03 
lie 4.20E+00 I. OOE+00 9.9oz-ol 1.40E-03 -4.85E-03 I. OOE+00-3.07E-06 1.44E-07 3.90E-06 5.33E-03 
121 4.35E+00 1. OOE+00 9.93E-01 8.31E-04 -3.31E-03 1. OOE+00-3. OSE-06 6.41E-08 2. SSE-06 5.33E-03 
124 4.50E+00 I. OOE+00 9.98E-01 4.48E-04 -2.23E-03 1. OOZ+00-3.06E-06 -1.55E-07 1.73E-06 5.33E-03 
127 4.65E+00 I. OOE+00 9.9SE-01 1.93E-04 -1.47E-03 1.00E+00-3.0SE-06 -S. 73E-08 1.14E-06 5.33E-03 
130 4.79E+00 I. OOE+00 9.98E-01 2.58E-05 -9.63E-04 L. OOE+00-3.09E-06 -9.47E-08 7.29E-07 5.33E-03 
133 4.94E+00 I. OOE+00 9.9$E-01-6.69E-05 -7.24E-04 1. OOE+00-3.12E-06 -2.50E-07 5.43E-07 5.33E-03 
136 4.95E+00 I. OOE+00 9.98E-01-9.05E-05 -5.63E-04 I. OOE+00-3.11E-06 5.97E-06 6.89E-07 5.33E-03 
139 4.95E+00 I. OOE+00 9.98E-01-9.26E-05 -3.61E-04 I. CDE+00-3. OBE-06 6.96E-06 6.59E-07 5.33E-03 
142 4.96E+00 1. OOE+00 9.98E-01-9.39E-05 -1.43E-04 1. OOE+00-3.04E-06 8.10E-06 5.71E-07 5.33E-03 
145 4.97E+00 I. OOE+00 9.9&E-01-9.40E-05 9.23E-05 I. OOE+00-3. OOE-06 9.24E-06 6.19E-07 5.33E-03 
143 4.97E+00 I. OOE+00 9.98E-01-9.33E-05 1.71E-04 1. COE+00-2.94E-06 1.51E-05 7.10E-07 5.33E-03 
151 4.98E+00 I. ODE+00 9.98E-01-9.18E-05 4.22E-04 I. OOE+00-2.85E-06 1.84E-OS 2.88E-07 5.33E-03 
154 4.9$E+00 I. OOE+00 9.98E-01-8.94E-05 5.68E-04 I. OOE+00-2.76E-06 1.96E-05 4.13E-07 5.33E-03 
157 4.99E+00 I. OOE+00 9.98E-01-8.63E-05 6.91E-04 1. OOE+00-2.66E-06 1.9SE-05 3.17E-07 5.33s-03 
160 4.99E+00 I. OOE+00 9.98E-01-8.25E-05 7.97Z-04 1. OOE+00-2.56E-06 2.40E-05 3.09E-07 5.33E-03 
163 5.00E+00 I. OOE+00 9.98E-01-7.87E-05 7.68E-04 I. OOE+00-2.44E-06 2.30E-05 4.3SE-07 5.339-03 
166 5.00E+00 I. OOE+00 9.98E-01-7.4$E-05 7.83E-04 1. OOE+OO-2.32E-06 2.41E-05 4.01E-07 5.339-03 
169 S. OIE+00 1. OOE+00 9.98E-01-7.09E-05 8.19E-04 I. OOE+00-2.20E-06 2.63E-05 2.18E-07 5.339-03 
172 5.01E+00 I-OOE+00 9.98E-01-6.68E-05 8.59E-04 1.002+00-2.07E-06 2.76E-05 1.10E-07 5.33E-03 
175 5.02E+00 I. OOE+00 9.98E-01-6.25E-05 9.32E-04 I. OOE+00-1.93E-06 2.9$E-05-9.74E-08 5.33E-03 
178 5.02E+00 I. OOE+00 9.9$E-01-5.76E-05 1.04E-03 I. OOE+OO-1.77E-06 3.20E-05-2.42E-07 5.33E-03 
let 5.03E+00 I. OOE+00 9.98E-01-5.23E-05 1.09E-03 I. OOZ+00-1.61E-06 3.53E-05-1.37E-07 5.33E-03 
194 5.03E+00 I. OOE+00 9.98E-01-4.6$E-05 1.18E-03 I. ODE+00-1.43E-06 3.66E-05-1.24E-07 5.33C-03 
187 5.04E+00 I-OOE+00 9.98E-01-4.0$E-05 1.22E-03 I. OOE+00-1.25E-06 3.78E-05 7. SSE-08 5.33E-03 
190 5.04E+00 I. DOE+00 9.98E-01-3.47E-05 1.30E-03 I. OOE+00-1.06E-06 

. 
3.90E-05-6.42E-08 5.33E-03 

193 5.05E+00 I. OOE+00 9.98E-01-2.81E-OS 2.38E-03 I. OOE+00-8.62E-07 4. OOE-05 3.29ELOS 5.33E-03 
196 5.05E+00 I. OOE+00 9.982-01-2. IIE-05 1.47E-03 I. OOE+OO-6.65E-07 4.23E-05-3. ISE-09 5.33E-03 
199 5.06E+00 I. OOE+00 9.9$E-01-1.35E-05 1.62E-03 I. OOZ+OO-4.45E-07 4.57E-05-1.40E-07 5.33E-03 
202 5.06E+00 I. OOE+00 9.9$E-01-5.2$E-06 1.62E-03 I. OOE+00-2.22E-07 4.46E-OS-3.65E-07 5.33E-03 
205 5.07E+00 I. OOE+00 9.98E-OL O. OOE+00 O. OOE+00 I-OOE+00 O. OOE+00 O. OOE+00 O. OOE+00 5.33S-03 
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TABLE 4.3. c : BOUDARY LATER SURVEY AT THE THIRD STATION ( M-4.4 ) 

x= 241.810 Um1.302 X-4.40 RDT a 4.39E+04 
TURB -1.000 RW - 8.25E+01 VW - O. OOE+00 SW a O. COE+00 CW - O. COE+00 

DT - 1.42E+00 MT - 1.47E-01 HT --4.49E-05 SP = 9.64E+00 CY m 2.08E-03 ST - O. OOE+00 
HR a I. COE+00 PR m 7.80E-01 PRT - I. OOE+00 SHR - 1.40 

TY U/U r rp rpp D GP GPP TAU VE 
I O. CCE+00 O. OOE+00 O. OOE+00 1. OOE+00 -3.69E+00 4.64E+00 4.71E-02 O. OOE+00 1.04E-03 2. $2E-04 
4 7.11E-02 6.42E-01 6.28E-02 8.04E-01 -1.31E+00 3.27E+00 2.83E-03 -1.48E-01 1.02E-03 I. SOE-03 
7 1.42E-01 7.27E-01 1.18E-01 7.43E-01 -6.66E-01 2.83E+00 7.11E-04 -1.30E-02 7.42E-04 2.72E-03 

10 2.14E-01 7.69E-01 1.69E-01 7.02E-01 -4.9SE-01 2.59E+00 1.34E-04 -4.53E-03 6.60E-04 3.7CE-03 
13 2.86E-01 7.97E-01 2.18E-Oý 6.70E-01 -4.47E-01 2.41E+00 2.53E-OS -7.20E-04 5.33E-04 3.99E-03 
16 3.57E-Ol'S. 21E-01 2.64E-01 6.38E-01 -4.36E-01 2.27E+00-2.03E-05 -5.62E-04 5.21E-04 3.99E-03 
19 4.29E-01 8.40E-01 3.08E-01 6.08E-ol -4.24E-01 2.14E+00-5.52E-05 -4.29E-04 4.70E-04 3.99E-03 
22 5.01E-01 6.57E-01 3. SOE-01 S. 78E-01 -4. IIE-01 2.03E+00-8.17E-05 -3.23E-04 4.25E-04 3.99E-03 
25 S. 74E-01 3.72E-01 3.90E-01 5.49E-01 -3.98E-01 1.93E+00-1. OIE-04 -2.37E-04 3.85E-04 3-99E-03 
28 6.46E-01 8.84E-01 4.28E-01 5.22E-01 -3.84E-01 1.85E+00-1.16E-04 -1.68E-04 3.51E-04 3.99E-03 
31 7.19E-01 8.95E-01 4.64E-01 4.95E-01 -3.71E-01 1.77E+00-1.26E-04 -1.11E-04 3.20E-04 3.99E-03 
34 7.91E-01 9.05E-01 4.99E-01 4.69E-01 -3.57E-01 1.70E+00-1.32E-04 -6.62E-05 2.93E-04 3.99E-03 
37 8.64E-01 9.13E-01 5.31E-01 4.44E-01 -3.43E-01 1.64E+00-1.35E-04 -2.97E-05 2.69E-04 3.99E-03 
40 9.37E-01 9.21E-01 5.62E-01 4.21E-01 -3.29E-01 1.59E+00-1.36E-04 -7.93E-07 2.47E-04 3.99E-03 
43 1.01E+00 9.28E-01 5.91E-01 3.98E-01 -3.15E-01 1.54E+00-1.35E-04 2.16E-05 2.27E-04 3.99E-03 
46 1.08E+00 9.34E-01 6.18E-01 3.76E-01 -3.01E-01 1. SOE+00-1.33E-04 3.91E-05 2.10E-04 3.99E-03 
49 1.16E+00 9-39E-01 6.44E-01 3.55E-01 -2.88E-01 1.46E+00-1.30E-04 5.22E-05 1.94E-04 3.99E-03 
52 1.23E+00 9.44E-01 6.68E-01 3.35E-01 -2.75E-01 1.42E+00-1.26E-04 6.22E-05 1.79E-04 3.99E-03 
55 1.30E+00 9.49E-01 6.91E-01 3.16E-01 -2.63E-01 1.39E+00-1.21E-04 6.93E-05 1.66E-04 3.99E-03 
sa 1.38E+00 9.53E-01 7.13E-01 2.98E-01 -2.50E-01 1.36E+00-1.16E-04 7.45E-05 1.54E-04 3.99E-03 
61 1.45E+00 9.57E-01 7.34E-01 2.81E-01 -2.34E-01 1.33E+00-1. IIE-04 7.75E-05 1.40E-04 3.99E-03 
64 1.60E+00 9.63E-01 7.71E-01 2.49E-01 -2.16E-01 1.28E+00-9.96E-05 7.88E-OS 1.23E-04 3.99E-03 
67 1.75E+00 9.68E-01 8.04E-01 2.20E-01 -1.96E-01 1.24E+00-8.86E-05 7.65E-05 1.07E-04 3.99E-03 
70 1.90E+00 9.73E-01 8.33E-01 1.93E-01 -1.78E-01 1.21E+00-7. $IE-05 7.17E-05 9.36E-05 3.99E-03 
73 2.05E+00 9.77E-01 8.59E-01 1.69E-01 -I. SIE-01 1.18E+00-6.83E-05 6.59E-05 9.19E-05 3.99E-03 
76 2.21E+00 9.80E-01 8.81E-01 1.48E-01 -1.45E-01 I. ISE+00-5.95E-05 5.96E-05 7.18E-05 3.99E-03 
79 2.36E+00 9.83E-01 9.01E-01 1.28E-01 -1.31E-01 1.13E+00-5.15E-05 5.32E-05 6.31E-05 3.99E-03 
82 2.51E+00 9.86E-01 9.18E-01 1.11E-01 -1.18E-01 1.11E+00-4.45E-05 4.68E-05 5.53E-05 3.99E-03 
85 2.67E+00 9.88E-01 9.32E-01 9.49E-02 -1.05E-01 1.09E+00-3.83E-05 4.0SE-05 4.83E-05 3.99E-03 
so 2.82E+00 9.90E-01 9.44E-01 8.09E-02 -9.37E-02 I. OSE+00-3.29E-05 3.54E-05 4.21E-05 3.99E-03 
91 2.98E+00 9.92E-01 9.55E-01 6.85E-02 -8.27E-02 1.06E+00-2.83E-05 3.06E-05 3.65E-05 3.99E-03 
94 3.13E+00 9.93E-01 9.64E-01 5.76E-02 -7.24E-02 1.05E+00-2.43E-05 2.62E-05 3.14C-05 3.99E-03 
97 3.29E+00 9.94E-01 9.71E-01 4. SIE-02 -6 . 28E-02 1.04E+00-2.09E-05 2.23E-05 2.68E-05 3.99E-03 

100 3.45E+00 9.959-01 9.77E-01 3.99E-02 -5.40E-02 1.04E+00-1.80E-05 1.89E-05 2.27E-05 3.99E-03 
103 3.61E+00 9.96E-01 9.83E-01 3.28E-02 -4.61E-02 1.03E+00-1. SSE-05 1.61E-05 1.91E-05 3.99E-03 
106 3.77E+00 9.97E-01 9.87E-01 2.69E-02 -3.89E-02 1.02E+00-1.34E-05 1.36E-05 1.59E-05 3.99E-03 
109 3.93E+00 9.97E-01 9.90E-01 2.19E-02 -3.26E-02 1.02E+00-1.17E-05 1.12E-05 1.32E-05 3.99E-03 
112 4.09E+00 9.98E-01 9.93E-01 1.77E-02 -2.71E-02 1.02E+00-1.03E-05 9.42E-06 1.09E-05 3.99E-03 
115 4.26E+00 9.98E-01 9.95E-01 1.42E-02 -2.24E-02 I. OIE+00-9.06E-06 7.7SE-06 $. SSE-06 3.99E-03 
Ila 4.42E+00 9.99E-01 9.97E-01 1.14E-02 -1.84E-02 I. OIE+00-8.06E-06 6.68E-06 7.22E-06 3.99E-03 
121 4.58E+00 9.99E-01 9.98E-01 9.01E-03 -I. SIE-02 1. OIE+00-7.17E-06 5.91E-06 5.39E-06 3.99E-03 
124 4.75E+00 9.99E-01 9.99E-01 7.08E-03 -1.27E-02 1.01E+00-6.36E-06 S. 96E-06 4.90E-06 3.99E-03 
127 4.92E+00 9.99E-01 1. OOE+00 5.41E-03 -1.14E-02 1.00E+00-5.48E-06 7.02E-06 4.40E-06 3.99E-03 
130 5.08E+00 I. OOE+00 I. DOE+00 3 . 80E-03 -1.20E-02 I. OCE+00-4.29E-06 1.08E-05 4.61E-06 3.99E-03 
133 5.25E+00 I. OCE+00 I. OOE+00 1.98E-03 -1.38E-02 1. OOE+00-2.16E-06 1.88E-05 5.34E-06 3.99E-03 
136 5.26E+00 I. OOE+00 I. OOE+00 1.89E-03 -1.60E-02 I. OOE+00-2.06E-06 I. BIE-05 6. OOE-06 3.99E-03 
139 5.27E+00 I. OOE+00 I. OOE+00 1.81E-03 -1.63E-02 I. OOE+00-1.9$E-06 1.54E-05 5.69E-06 3.99E-03 
142 5.27E+00 I. OOE+00 1. OOE+00 1.73E-03 -1.63E-02 I. OOE+00-1.91E-06 1.34E-05 5.69E-06 3.99E-03 
145 5.28E+00 I. OOE+00 1. OOE+00 1.65E-03 -1.63E-02 I. OOE+00-1.85E-06 1.02E-05 5.54E-06 3.99E-03 
148 5.28E+00 I. OOE+00 1.00E+00 I. S7E-03 -1.64E-02 1.00E+00-I. SIE-06 8.94Z-06 5.28E-06 3.99E-03 
151 5.29E+00 I. OOE+00 I. OOE+00 1.49E-03 -1.63E-02 I. OOE+00-1.76E-06 9.85E-06 4.91E-06 3.99C-03 
154 5.30E+00 I. OOE+00 I. OOE+00 1.41E-03 -1.63E-02 I. OOE+00-1.73E-06 5.49E-06 4.79E-06 3.99E-03 
157 5.309+00 I. OOE+00 I. OOE+00 1.33E-03 -1.62E-02 1. DOE+00-1.72E-06 1.93E-06 4.50E-06 3 . 99C-03 
160 5.31E+00 I. OOE+00 1. OOE+00 1.25E-03 -1.64E-02 I. OOE+00-1.70E-06 2.88E-06 4.84E-06 3.99E-03 
163 5.31E+00 I. OOE+00 I. OOE+00 1.17E-03 -1.66E-02 I. OCE+00-1.69E-06 1.60E-07 4.94E-06 3.99E-03 
166 5.32E+00 I. OOE+00 I. OOE+00 1.09E-03 -1.68E-02 1. OOE+00-1.70E-06 -4.39E-06 5.24E-06 3.99E-03 
169 5.33E+00 1.00E+00 I. COE+00 I. OOE-03 -1.70E-02 I. OOE+00-1.72E-06 -5.38C-06 5.50E-06 3.99E-03 
172 5.33E+00 1. OOE+00 I. OOE+00 9.18E-04 -1.71E-02 I. QOE+00-1.75E-06 -6.219-06 5.61E-06 3.99E-o3 
175 5.34E+00 I. ODE+00 I. OOE+00 8 . 34E-04 -1.71E-02 I. OOE+00-1.79E-06 -7.24E-06 5.71E-06 3 . 99E-03 
178 5.34E+00 I. OOE+00 I. OOE+00 7.50E-04 -1.72E-02 I. OOE+00-1.82E-06 -1.52E-06 5.79E-06 3.99E-03 
181 5.359+00 1-00E+00 I. OOE+00 6.65E-04 -1.74E-02 I. OOE+00-1.81E-06 6.53E-06 6.05E-06 3 . 99E-03 
184 5.36E+00 I. OOE+00 I. OOE+00 5.79E-04 -1.75E-02 I. OOE+00-1.75E-06 1.56E-05 6.18E-06 3.99E-03 
187 S. 369+00 I. COE+00 I. OOE+00 4.92E-04 -1.76E-02 I. OOE+00-1.66E-06 2.35E-OS 6.30E-06 3.99E-03 
190 5.37E+00 1. OOE+00 I. DOE+00 4.05E-04 -1.78E-02 I. OOE+00-1.52E-06 3.49E-05 6.58E-06 3.99E-03 
193 5.37E+00 I. OOE+00 I. OOE+00 3.18C-04 -1.79E-02 1. OOE+00-1.32E-06 4.43E-05 6.72E-06 3.99E-03 
196 5.38E+00 I. DOE+00 1. OOE+00 2.29E-04 -1.79E-02 I. OOE+00-1. OSE-06 5.36E-05 6.86E-06 3.99E-03 
199 5.39E+00 I. OOE+00 1. OOE+00 1.41E-04 -1.78E-02 1.00E+00-7.88E-07 6.62E-05 6.69E-06 3.99E-03 
202 5.39E+00 I. OOE+00 1. OOE+00 5.61E-05 -1.61E-02 1.00E+00-4.28E-07 7.99E-05 6.37E-06 3.99E-03 
205 5.409+00 I. OOE+00 I*OOE+00 O, OOE+00 O. OOE+00 IoOOE+00 O. OOE+oo O. OOE+00 O. OOE+00 3.99E-03 
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SEMON 5: 7hree dimensional design 

5.1 General 

In order to transform the axisymmetric nozzles computed above to 

more general non-axisymmetric ones, the desired shapes are chosen at 
the exit cross-section. The streamlines, whose intersection with the 

exit plane defines the particular profile shape, are then calculated 

and traced back to the throat. The resulting streamsheets then form 

the walls of the new nozzle shapes. Such a method would allow the 

simple design of non-axisymmetric nozzles without the complications 
involved when using three-dimensional methods ( section 1 ). 

5.2 Streamline calculation method 

For a steady two-dimensional axisymmetric f low, the stream 
function and velocity are related through : 

at 
- PVY and 

L* 
. PUY 5.1 

9z ay 

where z and y represent the axial and radial coordinates respectively. 
The streamlines ( defined as the lines for which *( z, y )- constant 
can be determined either by constructing them from the known local 

flow directions or more systematically by integrating the axisymmetric 
stream function. 7he second procedure was used and may be described 

as follows : 

1. By considering a particular cross-section ( the exit for 

example ), the axial coordinate z is prescribed and therefore the 

problem is transformed from a two-dimensional one where the stream 
function depends on both the coordinates to effectively a 
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one-dimensional problem where it only depends on y: 

4) =0Puy dy oeu ( 5.2 ) 

2. Along the cross-section considered, the density and streamwise 
axial ) velocity are evaluated at several stations ( 10, in this 

case ). This is effected by performing a plane interpolation between 

the results obtained by the method of characteristIcs program, 

3. Using the calculated values of the velocity and density, the 

stream function is evaluated by performing a numerical integration of 
equation 5.2 at each station defined above, 

4. By repeating the same procedure at further cross-sections, a 

set of stream functions is defined at each of them. 7his permits, by 

means of interpolation, the determination of the position of any 

stream function value along each of the cross-sections considered. 7he 

streamlines, defined as the lines of constant *, may therefore be 

constructed by joining the positions of each cross-section at which 
the stream functions have the same value, 

5. One particular case which arises is concerned with the 
determination of the stream functions at the nozzle throat 

cross-section. Since the computations using the method of 
characteristics have been initiated from the initial-value line 

situated beyond the throat, the necessary parameters ( density & 

velocity ) for their evaluation cannot be computed at that position. 
Determination of the stream function, at the throat cross-section, has 

then been achieved by extrapolation of the known values from the 

other sections within the nozzle. 

5.3 Elliptical nozzle design 

The elliptical case presented is not directed towards any specific 
application but is typical of the types of nozzles wich might be used 
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as either rocket, ramjet or scramjet nozzles. It may be connected to 
the pebble-bed heater which may then used as a combustion or heat 

transfer facility. Furthermore, since the investigation was carried 
out with a view to simple 'proof of concept', the elliptical exit 
plane presenting a smooth transition from the axisymmetric 

configuration seemed the appropriate choice. 

5.3.1 Supersonic section design 

Figure 5.1 shows the initial axisymmetric shape computed by the 

method of characteristics, outlined earlier, and the elliptical shape 
chosen at the exit cross-section. The equation of the ellipse was 
determined by selecting the ratio of the major axis to the minor one 
of b/a - 1.5. 

Fig. 5.1: Axi-6yrmnetAic and 
ettipticat exit 
cuzz-zectionz- 

This permitted the discretization of the elliptical contour into 

several stations leading to the array of points presented in table 
5.1. These points are traced along their respective streamlines back 

to the throat. Table 5.2 shows the defining points at the throat and 

exit cross-sections and figure 5.2 the streamline network. 

5.3.2 Subsonic section design 

The convergent section must effect a smooth transition from the 

elliptical throat to the axisymmetric supply pipe. This transition is 

carried out by arcs of circles starting from the stations defining the 
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elliptical throat ( points 1 to N in Figure 5.3 calculated within the 

supersonic section design and presented in table 5.2 ) and meeting the 

axisymmetric. supply contour ( point M in Figure 5.3 ). The circles 
having as radii Ri are centered on C. The equations defining the 
different circles to which the arcs belong are derived in appendix J. 

Table 5.3 shows the circle characteristics ( centre position, radii ). 

Ip syc) c 

M( 

P, IPYN) 
lj., Yj) 
ll'yl) 

0 (ZO, YO) 

Fig. 5.3: Sub4onic . 6ection dezign. 

5.3.3 Inlet design 

The inlet is the part of the nozzle which links the convergent 

section to the test section - It must match the dimensions of the 

latter's exit section ( whose radius equals 44 mm ) and was designed 

to do so. The inlet is shown in Figure 5.4 along with the convergent 

and divergent sections. 

5.4 Two-dimensional wedge nozzle design 

7he two-dimensional wedge nozzle represents the new technology 

propulsion nozzle which would be integrated into future f ighter 

aircrafts. Its characteristics and performance are described in 

section 2.5. 

N 
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Since the configuration designed in this study will only be 

subjected to a theoretical three-dimensional simulation, a similarly 

matching convergent section is not required and the nozzle divergent 

alone was designed. 

Figure 5.5 shows the initial axisymmetric shape computed by the 

method of characteristics and the 2-D wedge one defined by points A, 

Bls B2, B3 and C. 7he coordinates of the different stations ( derived 

in appendix J) were determined by selecting the ratio of the internal 

radius yi to the external radius ye of 9/10. 

- 

x 

Fig. 5.5: Ax 
2- 
CA 

Following the same procedure as f or the elliptical case, the 

stream function values were calculated at the above stations. These 

latters were then traced back to the throat along their respective 

streamline, forming the final 2-D wedge shape. Table 5.4 shows the 

defining points at the throat and exit cross-sections and Figure 5.6 

the streamline network. 
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Table 5.1 

1 y (MM) x (mm) h (mm) ot 

1 0.000 20.000 20.000 0.00 0.2307959 
2 2.500 19.993 20.089 7.15 0.2331224 
3 5.000 19.729 20.353 14.22 0.2401018 
4 7.500 19.386 20.786 21.15 0.2518043 
5 10.000 18.895 21.378 27.89 0.2683184 
6 12.500 18.244 22.115 34.42 0.2897090 
7 15.000 17.415 22.984 40.74 0.3161183 
8 17.500 16.382 23.971 46.89 0.3476768 
9 20.000 15.102 25.061 52.94 0.3845091 
10 22.500 13.506 26.242 59.02 0.4269227 
11 25.000 11.462 27.502 65.37 0.4752550 
12 27.500 8.658 28.831 72.52 0.5295898 
13 30.507 0.000 30.507 90.00 0.6019856 

Table 5.2 

Throat cross-section : (z -0 mm) Exit cross-section : (z - 60 mm) 

I y (MM) x (mm) I y (MM) x (mm) 

1 0.000 12.376 1 0.000 20.000 
2 1.547 12.347 2 2.500 19.993 
3 3.114 12.237 3 5.000 19.729 
4 4.663 12.048 4 7.500 19.386 
5 6.230 11.776 5 10.000 18.895 
6 7.527 10.993 6 12.500 18.244 
7 9.028 10.485 7 15.000 17.415 
8 11.070 10.363 8 17.500 16.382 
9 12.696 9.585 9 20.000 15.102 
10 14.274 8.567 10 22.500 13.506 
11 15.848 7.263 11 25.000 11.462 
12 17.560 5.523 12 27.500 8.658 
13 20.000 0.000 13 30.507 0.000 
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Table 5.3 

Position Station at throat Circle centre Circle radius 

I Yi (mm) YO (mm) Ri (mm) 

1 20.000 105.000 85.000 
2 18.408 90.760 72.352 
3 17.433 84.039 66.606 
4 16-648 79.406 62.758 
5 15.908 75.543 59.635 
6 15.163 72.061 56.898 
7 14.458 69.080 54.622 
8 13.836 66.668 52.832 
9 13.323 64-812 51.489 
10 12.919 63.427 50.508 
11 12.627 64.425 49.838 
12 12.443 61.875 49.432 
13 12.376 61.663 49.287 

Table 5.4 

Throat cross-section (z -0 mm) Exit cross-section (z- 572.7 mm) 

I y (MM) x (mm) I y (MM) x (mm) 

A 0.000 229.160 A 0.000 243.801 
B, 179.400 229.160 B1 191.989 243.801 
B2 205.140 205.140 B2 219.429 219.429 
B3 229.160 179.400 B3 243.801 191.989 
c 229.16 0.000 r 243.801 0.000 
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SEC, 7ION 6: Experimental apparatus and procedure 

6.1 General 

The design approach, developed in this thesis, is based on the 
computation of the flowfield using the method of characteristics in 
two dimensions ( section 3 ). However, the final design ( elliptical 
and 2-D wedge ) are three-dimensional. In order to validate the 

approach investigated, real simulation of the three-dimensional flow 
had to be undertaken. 

With a view towards a simple 'proof of concept', the elliptical 
cross-section nozzle was manufactured and submitted to cold flow 

testing using compressed air. Though the pressure was the main 
parameter measured, the thrust, thrust coefficient and exit Mach 

number were also determined to compare the different configurations. 
The actual chapter shall focus on test hardware and methodology. 

The detailed results are presented and discussed, together with the 
theoretical studys in section 8. 

6.2 Experimental apparatus 

In order to compare the pressure distribution along the supersonic 
section of the nozzle and at the exit, pressures were measured at 
different equally spaced stations ( the step being 5 mm ) along the 
centreline and the exit major and minor axes. 7he pressure, along the 
centrelineg was measured by uiiat we shall call the 'internal' probe. 
7he pressure along the exit major and minor nozzle axes was measured 
by the 'external' probe. 7hese will be described in more detail in the 
following chapters. 

The experimental apparatus may be divided into four parts: the 
flow system, the pressure measuring system, the flow instrumentation 
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and the test articles. 

6.2.1 Flow system 

To minimize complexity and test cost, the . flow medium was 

compressed air supplied by the compressor house situated within the 
Mechanical Engineering test area. Pressures may be adjusted within the 

range : from 4 105 to 18 105 N/m2 with a mass flow of up to 5 Kg/s 
Typical design conditions were 16 105 N/m2 and 2.25 Kg/s ). 

The nozzle was attached to the end of the pebble-bed heater test 

section. Because of the required mass flow ( 2.25 Kg/s ) which exceeds 
the limit allowed before the pebbles 'lift-off' ( Cookson, 1967 ), the 

pebble-bed was by-passed and air supply was connected directly to the 

test section ( overall schematic in Figure 6.1 ). An axisymmetric 

extension flange was used to adjust the nozzle inlet to the test 

section exit. An O-ring made the connection tight. A thermocouple and 

a pressure tap were available for measurement of the inlet pressure 

and temperature ( Figure 6.1 ). 

6.2.2 Pressure measuring system 

6.2.2.1 General 

The pressure measuring system consists of two probes. An internal 

probe designed to measure the static pressure along the nozzle 
centreline and an external conical probe to be used at the exit 

cross-section of the elliptical nozzle. The probes were designed, but 

not tested under the conditions appropriate here, in an earlier 
related study ( Khalil, 1987 ) 

6.2.2.2 The internal probe 

The internal probe ( Figure 6.2 and plate 2) was designed in 

order to measure the static pressure along the centreline of the 

supersonic section of the elliptical nozzle. It mainly consists of a 
hypodermic tube of 300 mm length and 2 mm diameter. Four pressure 
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Fig. 6.1: Layout o6 tut 4ig. 
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taps, 0.25 mm in diameter and drilled at 90* intervals, are used to 
measure the static pressure. 7hey are situated at 12 probe diameters 
distance from the tube nose ( Figure 6.2 ). 

7he rear of the hypodermic probe is strenghtened by a larger tube, 
50 mm in length and 6 mm in diameter, which is soldered to a 100 mm 
long bar of losenge cross-section. The bar's upper end is designed to 

adapt to the existing traverse plate 1) moving the probe to the 

required position. The bar is drilled inside ( Figure 6.2 ) providing 
an air passag-ý connected to a tube of 15 mm length ( plate 2 ). 7he 
latter tube may be connected to the pressure gauge or manometer by a 
flexible pipe. 

I 

Fiý 

6.2.2.3 The upstream probe holder 

Internal measurements are bedevilled by the attached shock on any 
entrant probe. In order to minimize flow disturbance inside the 

nozzle, the probe therefore runs along the complete length of the axis 
from the entry section of the convergent to the exit. Because of the 

probe length and in order to avoid the vibrations which may occur if 
it were fixed at only one end, the forward part of the hypodermic tube 

was made to slide inside a fixed probe holder mounted upstream of the 
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nozzle ( Figure 6.3 and plate 3 ). 7he probe holder consists of a main 
tube of 70 mm length, 5 mm outer diameter and 2 mm bore. It is 

positioned upstream of the nozzle in a flanged section and is 

maintained on the central axis by means of three legs positioned at 
120* intervals ( Figure 6.3 and plate 3 ). 7he upstream end of the 

probe holder's bore is closed and represent the sliding end of the 
internal probe. At that position, the static pressure tappings will be 

positioned at the throat. By moving the probe downstream, the tappings 

are moved along the nozzle centreline. When they reach the exit 
section, the forward end of the probe would still be retained inside 

the probe holder ( length of the retained part is 5 mm ). 

Fig. 6.3 : Pube hotde4. 

6.2.2.4 7he external probe 

In order to measure the exit static pressure along the minor and 
major axes of the elliptical nozzle) an external probe is provided 
( Figure 6.4 and plate 4 ). It consists of a hypodermic tube, 114 mm 
in length and 2 mm in diameters provided with a conical nose of 4 
half-angle. Me tube is strenghtened in the same way as for the 
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internal probe. It is soldered to a bar having the same shape and 
dimensions as the one used for the internal probe. 

Four taps of 0.25 mm diameter are used to measure the static 
pressure. 7hey are located at 12 probe diameters distance from the tip 

of the cone. 

Fig. 6.4 : ExteAnat p4obe. 

6.2.3 Flow instrumentation 

An orifice flow meter located upstream of the pebble-bed heater 
Figure 6.1 ) was, in principle, available for the measurement of the 

mass flow. The meter requires measurement of the pressure difference 

across the orifice which is performed by a U-tube manometer connected 
to two pressure taps. However, because of the rust accumulated around 
the orificeg its precise dimensions could not be evaluated and the 

absolute determination of mass flow rate proved unsatisfactory. The 

mass flow was therefore determined using the isentropic relationships 
( see Appendix F ). Typical mass flow supplied by the compressor house 

was 2.8 Kg/s. 

6.2.4 Test articles 
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The test articles are principally represented by the elliptical 
nozzle necessary for the study ( Figure 5.4 of section 5 and plate 
5 ). Designed from an axisymmetric shape using the method investigated 

in this thesis, the nozzle was manufactured at RAE Bedford. 

In order to achieve the necessary finish ( N7 or better ) of the 
bore any protuberance in the surface may disturb the supersonic 
flow the internal elliptical shape was cast in an epoxy resin 
( Araldite MY 750 ) filled with aluminium. The hardener used is HT 972 

and the maximum working temperature 130*C. 

The elliptical shape of the divergent section of the nozzle was 
describedgat each cross-section, by the stations defined at the exit 
and traced back to the throat ( section 5 ). The subsonic section, 

effecting a smooth transition from the elliptical throat to the 

axisymmetric supply pipe, was defined in the same way ( Appendix J ). 

Fourty cross-sections were used, each cross-section being defined by 

fifty two stations. Tolerance was of the order of the micron. 
The external body, used to support the internal resin shape and 

designed to fit the pebble-bed test section to which it is bolted, was 

all machined in an aluminium alloy. Tolerance was of the order of 
0.1 mm. 

The two part-, ( ell"Ptical internal shape and external body ) were 
assembled and received the necessary heat treatments. 

Static pressure tappings along the nozzle wall were meant to be 

provided. The usual method for measuring the pressure along a wall is 

to drill a small hole normal to the surface of the wall and connect it 
to a manometerg pressure gauge of similar other device ( see chapter 
2.6 ). Drilling a hole, in this case where the internal shape is 

elliptical ( difficulty in drilling satisfactory static pressure 
tappings normal to the elliptical internal surface ) and constituted 
by a resin, may give rise to imperfections ( such as burrs ) around 
the tappings which would probably disurb the flow locally. Because of 
this, wall tapping of the elliptical nozzle was avoided and only 
static pressure measurement along the centreline and at the exit were 
performed. 

6.3 Experimental procedure 
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7he experimental procedure consists of calibrating the 
instrumentation and running the tests. 

6.3.1 Calibration 

The internal probe runs along the complete length of the nozzle 
from the entry section of the convergent to the exit. Its forward end 
is blopked off inside the probe holder situated upstream of the nozzle 
( chapter 6.2 ) and consequently the measurements it performs give the 
true value of the pressure. 

7he external probe, being inserted into a supersonic flow, will 
have an attached shock at the nose. Due to the compression caused by 

the shockg the static pressure readings will be higher than the true 

pre ssure in the absence of the probe. In order to demonstrate this, 
the internal and external probes were used simultaneously to measure 
the static pressure at the centre of the exit cross-section. 7he 

corections needed were of the order of 1.5%. 
7he correction was carried out by adopting the following 

procedure : 
1. Using the isentropic relationships, the Mach number ( M, in figure 

6.5 ) just before the shock is calculated, 
2.7he cone half-angle of the forward part of the extenal probe C 

in figure 6.5 ) is designed equal to 4% 

3. From figure 6.5. for a given value of M, and a cone half-angle 6cs 
the ratio of the measured pressure to the real pressure ( PC/Pj in 
figure 6.5 ) may be determined. 
The ratio of the measured pressure to the real one is found close 

to 1( PC/Pi = 1.1 ). It can be seen, in figure 6.5 that for Mach 

numbers comprised between 1 and 2.5 ( which is the range of change of 
the Mach number within the divergent section of the elliptical 
nozzle where the measurements are taking place ), the curve 
representing the cone half-angle of 4* is very close to the Mach 
line. Hence, the close-to-1 ratio of the measured to the real static 

pressures. 

6.3.3 Test procedure 
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Tests involving the internal and external probes were performed 
separately. Uben measuring the pressure distribution along the nozzle 
centreline, the internal probe is centered by inserting its forward 

extremity into the probe holder. 7he tests start with the measurements 
at the throat. The compressed air supply is then released and, using 
the traverse, the probe static pressure tap is moved from one station 
to another ( the step being 5 mmi ) until the exit is reached. Near the 
throats the static pressure is relatively high and the transducer was 
used. Close to the exit, pressure measurements were switched to be 

performed by U-tube manometer. 
only the U-tube manometer was used when measuring the exit 

pressure with the external probe. The axis along which the 

measurements are performed is restricted to the vertical position, 
since the traverse can only move in that direction. The nozzle must 
therefore be rotated through 900 to measure the pressure distribution 

along both the major and minor axes. 

- Jet centerline 

. F%IL VW 

Fig. 6.6 : Unde4expanded 6upe4zonic nozzte. 

A schlieren picture of the elliptical nozzle/external probe is 

shm-n in plate 6. The elliptical nozzle is designed to expand the flow 
from an inlet pressure of 15 atm to a back pressure of 1 atm. 7he 

compressed air supply was provided with a total pressure of 16.3 atm. 
Consequently, the elliptical nozzle was not able to perform a complete 
expansion of the flow and expansion fans formed at the nozzle exit 

plane ( Figure 6.6 and plate 6 ). 

At the centreline of the exhaust jet, pictured in plate 6, two 

relatively weak waves can be seen. 7hese waves represent an oblique 
shock which may have been generated by either an irregularity in the 
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surface finish or the discontinuous concave surface turning at the 

attachment point A( chapter 3.3.4 & Figure 6.7 ). 

), Jet centreline 

)undary 

Fig. 6.7 : Ettipticat nozz4 
dive4gent zectic 

Figure 6.7 traces the two waves back into the supersonic section 

of the elliptical nozzle where they are found to interssect the nozzle 
wall at a distance z, = z2 - 19.8 mm from the throat. On that basis 

and knowing that the attachment point is situated 2.6 mm far from the 

throatt it seems unlikely that the internal oblique shock wave is 

generated by the discontinuity in the wall curvature. 
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SECTION 7: Three-dimensional simulation 

7.1 General 

In order to validate the performance of the design approach 
developed in this thesis, detailed analysis of the flowfield within 
the nonaxisymmetric nozzle configurations designed should be 

performed. This analysis may be carried out in two ways: by extensive 
experimental testing and/or computational modelling and simulation 
using a generalized three-dimensional method. In either case, the 

study of the results would show the real nature of the flow. In 

particular, comparison of these results against their axisymmetric 
counterparts would demonstrate the performance of the designed shapes. 

Both procedures have been adopted in the present study. The 

elliptical nozzle was manufactured and submitted to the appropriate 
tests ( cf. Section 6 ). In addition, the flowfield within the two 

configurations ( elliptical and two-dimensional wedge ) was computed 
using finite-difference techniques. The appropriate grids were 

generated by the I-Deas Supertab module ( Appendix G ). 'Phoenics' 
( Appendix H) was used to simulate and compute the three-dimensional 
f low. 

The two approaches ( experimental testing and computational 
modelling and simulation ) are in part complementary. Indeed, one of 
the main problem faced when carrying out numerical computations is 

concerned with the selection of the appropriate initial flow data. 
Generating accurate internal flow data in an accelerating supersonic 
flow in particular is one of the most difficult tasks. In the present 
case, test results ( ie. initial static pressure ) were used as 
initial conditions for the three-dimensional computations performed by 
'Phoenics'. 

The present chapter shall focus on the methodology followed to 
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simulate and compute the flowfield within the elliptical and 
two-dimensional wedge nozzles. 7he detailed results are presented and 
discusseds together with the experimental study, in the following 

section. 

7.2 7he elliptical nozzle 

Because of their symmetry, relative to the zx and zy planes, the 

elliptical and the two-dimensional wedge nozzles were divided into 
four identical quadrants. 7he computation, carried out within one 

quarter of the flowfield, shall then be sufficient to simulate the 

whole flow: the other three quarters being images of the calculated 
one. 

7.2.1 Grid generation 

7he elliptical configuration was generated using the I-Deas 

engineering analysis Supertab module ( Appendix G ). Ihe different 

steps involved are described by Figures 7.1 to 7.7. 
7he shape is originally defined by the discrete points ( shown in 

Figure 7.1 ) describing the different cross-sections and boundaries of 

one quadrant of the elliptical nozzle. 7he coordinates of these 

stations are determined in section 5 where the three-dimensional 
design is performed. Figure 7.1 shows the stations defining the throat 

and exit sections as well as those defining the major and minor axes. 
Both the throat and exit sections, which are elliptic in shape, are 
described by the stations whose position are represented in table 5.2 

of section 5. 
The following step consists of joining the different stations 

described above in order to define the outer edge of the nozzle 
contour ( Figure 7.2 ). 7his may be performed by using arcs, lines or 
splines. Me throat and exit sections are described by one spline and 
two lines each. 7he splines are used to join the points defining, the 

ellipse shaped section. 7he lines join the extremities of the one 

quarter of the ellipse to its centre. 7he stations defining the major 

and minor axes are joined by splines ( Figure 7.2 ). 
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Surfaces are needed to close the contour and define the volume. 
Figure 7.3 shows the different surfaces ( denoted SF1 to SF6 ) and 
Figure 7.4 the volume they enclose. 

The mesh, shown in Figure 7.5, was generated by prescribing the 

number of elements required along the external edges (5 along x, 5 

along y and 15 along z ). 7he degree of concentration of the elements 

may clearly be chosen to match the requirements of particular flow 

problems. Since it was expected that the flow property gradients 
would be large in the throat region, a concentration of degree 2 
( implicating that the distance between the sections along which the 
flow is computed, will be closer was generated immediately 
downstream of that particular section. 

The last step in the procedure is the division of the volume 
describing the one quadrant of the elliptical nozzle into elements 
( or cells ). Since the edges along the radial and azimutal directions 

were divided into 5 stations each, the total number of elements 
describing a cross-section is 25. The number of sections in the axial 
direction was selected equal to 15 making the total number of elements 
375. Figure 7.6 shows the different nodes ( or grid points ) and 
figure 7.7 the different elements constituting one quater of the 

elliptical nozzle. 
Results from this simulation represent the necessary geometrical 

data. Stored in a special file, these data along with the control data 

file ( comprising the thermodynamic boundary conditions, i. e. 

pressure, density, mass flow ) form the input to 'Phoenics' enabling 
the use of its body fitted coordinate version. 

7.2.2 Flow simulatim 

Simulation of the flowfield within the supersonic section of the 

elliptical nozzle designed using the method investigated in this 

thesis has been undertaken. The initial conditions were prescribed by 

the total pressure and total temperature measured during the 

experimental tests ( section 6 ). 7he inlet static pressure was 

established by prescribing the mass flow rate and the nozzle inlet 

dimensions. 
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The governing equations, in the form presented in appendix H and 
shown in more detail in CHAM report 7R/99, were solved for the 

pressure and the velocity ( as dependent variables ) involving the 
three coordinate directions ( as independent variables ). 7he 

remaining thermodynamic properties auxiliary. variables, i. e. 
density were then calculated using the isentropic and perfect gas 
relationships ( Appendix H ). 

Using the graphics post-processor 'Photon' ( CHAM report 7R/140 

the, velocity vectors resulting from the flowfield computation were 
drawn and represented in Figure 7.8 and 7.9. At the level of 
visualization, the figures show the smooth acceleration of the flow 

along the walls and at some specified cross-sections respectively. 
They demonstrate the satisfactory convergence of the procedure. 

Further detailed results from the I-Deas-Phoenics analysis and the 

experimental study are presented and discussed in the following 

section. 

7.3 Two-dimensional wedge nozzle 

Two-dimensional wedge nozzles are specifically designed to be 

integrated into advanced fighter aircraft ( section 2.5 ). These 
latter are needed to operate over a wide range of altitudes and Mach 

numbers. In order to expand at maximum efficiency throughout the 
different flight conditions, the nozzles need to compensate for the 

environmental conditions and power settings by continuously optimizing 
their geometry. At low power settings, the angle of divergence is 

small and has been selected equal to 2* ( section 3.4.3 ). 
In order to simulate the nozzle flow using the approach outlined 

earliers one quarter of the divergent section of a two-dimensional 

nozzle has been designed and a geometrical specification generated. 
Because of the small value of the divergence angle, the flow is 

expected to accelerate gradually to the exit Mach number of 1.4 
( Compared to 2.4 for the elliptical nozzle ). Therefore, fewer 

elements were used to describe the generated volume ( figure 7.10 ). 

The number of elements was selected equal to 5 along both the radial 
and azimuthal directions while the axial direction was divided into 10 
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elements making the total number of elements 250. Similarly to the 
elliptical case, the grid was concentrated in the throat region. 

Ihe graphics post-processor 'Photon' allowed the representation of 
the velocity vectors along the wall and at specified cross-sections. 
They are shown by figures 7.11 and 7.12 respectively, indicating a 
smooth acceleration of the flow within the nozzle to the designed exit 
Mach number of 1.4 and demonstrating that a satisfactory convergence 
has been achieved. 

Further detailed results for the flowfield simulation along with 
the performance comparison of the two-dimensional wedge nozzle and its 

axisymmetric counterpart are presented and discussed in the following 

section. 

7.4 Closing remarks 

1.7he design of the nozzle configurations presented in this 
section has been carried out iteratively, the objective being to 
achieve a good description of the flowfield with a minimum number of 
cells ( or elements )q therefore economizing computer time and 
storage. 

2. Simulation of the whole flowfield within the elliptical nozzle 
Figure 7.13 ) has been undertaken. 7he initial conditions were 

prescribed by the total pressure and total temperature measured during 

the experimental test. A satisfactory convergence of the procedure 
could not be achieved within the limited time available for this 
aspect of the simulation. 7he reasons for that may be of geometrical 
order: i. e. loss of orthogonality within the designed grid, especially 
at the inlet section ( cell A in Figure 7.14 ). Grid nonorthogonality 
may be reduced by either increasing the number of grid points or by 

redesigning the complete grid altogether ( Figure 7.15 ). 
7he failure to achieve a satisfactory convergence may also be due 

to the complex nature of the flow which is accelerating from low 

subsonic to transonic and later achieving high supersonic velocities. 
Numerical simulation of such a flowfield ( whose governing equations 
takes two forms, depending whether the flow is subsonic or 
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3. In most cases, the boundary layer which develops along the wall 

of supersonic nozzles is very thin. Fo 
'r 

the present simulation to 

achieve computations inside the boundary layer, the grid must be 

greatly refined allowing nodes ( at which the computation are carried 

out ) to be situated inside the boundary layer. 

In the case of the axisymmetric nozzle from which the elliptical 

nozzle was designed using the method investigated in this thesis, the 
boundary layer thickness was found to be of the order of 1/10 mm. For 

the three-dimensional simulation to achieve computation inside the 

boundary layer, a grid comprising an excess of one million cells must 
then be used. With a view towards the high computer time and large 

storage required to achieve a similar design, such a simulation 

could not be realistically considered. 

. 1ý 

require the intervention of the user to 'help' the 
required invariable convergence ( CHAM report 

0 
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SEMON 8: Results and discussion 

8.1 General 

At the present time no exact solution for fully three-dimensional 

supersonic internal flows exist. Consequently, it is not possible to 

me&e detailed comparisons with existing results. However, to 
illustrate the general capabilities of the preliminary design 

technique described earliers three-dimensional simulation of the 
flowfield inside the two nonaxisymmetric configurations has been 

performed using a general purpose CED code. Furthermore, the validity 
of the method has been demonstrated, at'least in part, experimentally. 
A nozzle was constructed to the specifications of the elliptical 

configuration and tested with air as the fluid medium. I 

Results obtained from these two aspects of the study will be 

presented in the following chapters. 

8.2 The elliptical nozzle 

In the case of the elliptical nozzle, the design is not directed 

towards any specific application but is intended to be typical of the 

types of configurations which might perhaps be used as either 
integrated rockets ramjet or scramjet nozzles. 

The nozzle was submitted to cold flow testing using compressed air 

section 6 ). Typical total pressure and temperature of the flow were 
16.3 atm. and 3500 K. These values were used as the initial 

conditions necessary to carry out the three-dimensional computations 

of the flowfield performed by 'Phoenics' ( section 7 ).. 

Static pressure distributions along the axis, derived from the 

three-dimensional simulations experimental tests of the elliptical 

cross-section nozzle and the method of characteristics computations of 
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its axisymmetric counterpart are shown in Figure 8.1. Agreement 

between the three-dimensional solution and the experimental 
investigation is good except at points of discontinuous rates of 

change in flow properties. The point on the nozzle at which the first 

expansion wave from the wall reaches the axis is such a point and is 

labelled by 'A' in Figure 8.1.7he same change in slope is shown by 

the method of characteristics computations which are performed along 

characteristics and thus do not require interpolation, giving the true 

character of the solution. The three-dimensional calculations smooth 

out this point. Ihis diffusive characteristic is inherent to any 

three-dimensional calculation scheme because of the necessity to 

interpolate and because of the need to satisfy the stability criterion 

which requires that numerical disturbances be propagated at a velocity 

greater than the infinitesimal propagation speed i. e. the speed of 

sound. 
In Figure 8.1. the two-dimensional solution of the flowfield 

performed within the initial axisymmetric nozzle from which the 

elliptical nozzle was developed subsequently does not originate at the 

throat ( z-0 ). This is due to the position of the initial-value line 

from which the method of characteristics computations started. 7he 

initial-value line was defined using the method of ( Sauer, 1947 ) and 
is situated beyond the throat section ( Figure 8.2 ). Sauer's method 

y 

, ký 
L, 

. ., \\>, 

Sonic line -Initial-value 
line. 

V 

x 
Fig. 8.2: Th4oat c4ou-zection. 

was used to solve the transonic flow along the initial-value line, 

thus providing the initial boundary conditions necessary for the 

method of characteristics to carry out the supersonic flowfield 
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computation ( section 3 ). 

The finite-difference calculations also predict that the expansion 

along the walls ( Figure 8.3 ) proceeds smoothly along both the minor 

and major axes of the elliptical nozzle. Within the axisymmetric 

nozzle, however, the method of characteristics calculations show that 

the pressure drops sharply in the immediate vicinity of the throat 

tending to stabilize further downstream. This discrepancy between the 

two solutions may be attributed to the way the elliptical 

configuration has been generated by 'I-Deas' ( gridding ) and its 

implication on the three-dimensional calculations carried out by 

Thoenics'. The results of the axisymmetric computations carried out 
by the method of characteristics, which show the true character of the 

solutioný are characteristic of an axisymmetric contoured supersonic 

nozzle with a relatively large contour angle which allows a large part 

of the expansion to occur near the throat, the remaining contoured 

walls straightening the flow. The advantageous result is a 

substantially shorter nozzle. 
In the time available to the study we were unable to add pressure 

tappings to the elliptical nozzle; the highly curved surfaces and 

small scale making this an awkward task ( section 6.2.4 ). However, 

the above results compare well with those of ( Ransom et al, 1972 )s 

on a similarly contoured nozzle, from which Figure 8.4 is reproduced. 
It represents the centreline and wall pressure ratios as a function of 

axial position. The drop in pressure seems to b& sharper than the 

one occurring in our case ( Figure 8.1 along centreline and Figure 

8.3 along wall ) reflecting differences in the maximum contour angle 

whose value reaches 35* in Ransom's case and 159 in our case. 

RCI 1ý. ý13* 
0.5 

35' 
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watt and centAetine p4e, 6zu4e 
0 1.0 2D 30 4.0 5.0 6.0 7D 4atio. 6 a-6 a junction o6 axiat 

NOZZLE LENGTH (L/RT) po. 6ition in a contomed nozzte. 
(Ran. 6om et at, 1972) 
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Figure 8.3 also suggests that the flow expands more rapidly along 
the minor axis than the major axis. The figure also reflects the 

azimutal pressure gradient round the contour ( since the data shown 

represent the predicted pressures at the same cross-sections ) which 
is typical of three-dimensional configurations causing cross flows and 

adding to the build up of the boundary layer. However, experimental 

results ( illustrated by Figures 8.1 for the pressure distribution 

along the centreline, Figure 8.8 for the pressure distribution at the 

exit cross-section and Plate 6 for the schlieren picture of the flow 

exiting from the elliptical nozzle ) show that the flow behaved in a 

satisfactory manner with no evidence of separation. The results 
illustrated by Figure 8.3 fall close to the predictions of Ransom, 

1972 ) performed along the so-called super-elliptic nozzle Figure 

8.5 ) and illustrated in Figure 8.6. 

35ý 

30 

25 

4 r, 20 

Fig. 8.5 : The . 6upe4-ettipticat nozzte. 
003 '14, (4anzom et at., 7972) 

X, INCHES 

Fig. 8.6 :A compa4i. 6on between the 
theouticat and expe4imentat pAe. 6zu4ez 
atong the mino4 and majo4 axez o6 the 

zupe4-ettipticat nozzte (Ranzom et at, 1972) 

Pressure distributions along cross-sections show a difference of 

pressure gradient between the axisymmetric and the elliptical nozzles 
( Figure 8.7 ). 7his shows clearly along the nearest cross-section to 

the throat (z=4.07 mm in Figure 8.7 ) where, for the axisymmetric 

configurationt the static pressure gradient between the centreline and 
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the wall equals approximatively 35% of the total pressure. When 

considering the major axis, the pressure gradient along the same 

cross-section equals 10% of the total pressure while for the minor 

axis, it decreases to 2% of the same pressure. However, these 

differences diminish in an appreciable way when we travel further 

downstream into the supersonic section ( z= 20.69mm, 42.14mm & 52.05mm 

in Figure 8.8 ) until the exit ( illustrated by Figure 8.8 ) where the 

two curves are very similar. Differences may be observed between the 

three-dimensional solution performed by 'Phoenics' for the elliptical 

nozzle and the method of characteristics solution carried out for its 

axisymmetric contoured counterpart. These discrepancies may be 

attributable to the way the flowfield computations were performed by 

the two methods of solution. While the axisymmetric calculations 

proceeding along characteristics reflect the true character of the 

solution, the three-dimensional calculations rely heavily on the grid 

topology describing the elliptical configuration ( c. f. Section 7 ). 

Moreover, when performing the three-dimensional computations, the exit 

static pressure was considered as a boundary condition and the 

solution had to carry on from the throat to the exit and satisfy the 

the initial and final boundary conditions represented by the inlet and 

exit static pressures. 
The thrust, thrust coefficient and exit Mach number produced by 

the elliptical nozzle and its axisymmetric counterpart were 

determined. Table 8.1 represents a comparison between the elliptical 

and axisymmetric configurations. -These data show that the axisymmetric 

nozzle exhibits a higher thrust performance than its elliptical 

counterpart. They also show the difference, with respect to the mass 
flow required for chocking, between the two configurations. 

In order to obscure the influence of the mass flow, comparison is 

carried out with respect to the specific thrust ( defined as the ratio 

of the calculated thrust to the mass flow ). When considering the 

ratio T/M, the axisymmetric nozzle exhibits a 20% advantage over its 

elliptical counterpart demonstrating the high internal performance 

attainable with axisymmetric nozzles. 
When considering the thrust coefficient ( defined in Appendix I), 

the axisymmetric configuration again shows a 5% advantage over the 
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elliptical design. The thrust coefficient describes the effectiveness 

of the expansion of the combustion gases. The above results then 
demonstrate that the axisymmetric configuration lends itself to better 

control of the expansion process. 
The Mach numbers represented in Tables 8.1 and 8.2 represent the 

average, calculated with respect to the area, of the Mach number 
distribution along the exit cross-section of the elliptical and 

two-dimensional wedge nozzles respectively. 

8.3 Two-dimensional wedge nozzle 

The two-dimensional wedge is typical of the new technology Con-di 

nozzles which will be integrated into future fighter aircrafts. Its 

principal advantages and disadvantages have been summarized in 

section 2. 

At low power settings, the overall area ratios of such nozzles are 
fairly modest and the expansion process along the two-dimensional 

wedge nozzle and its axisymmetric counterpart takes place gradually. 
Figure 8.9 represents the solution along the centreline and Figure 

8.10 along the wall. This gradual pressure drop is due to the low 

value of the divergence angle corresponding to cruise conditions at 

which the nozzle has been designed. 

Table 8.2 presents a comparison between the two-dimensional wedge 

and axisymmetric nozzles. When considering the thrust coefficient, the 

axisymmetric nozzle exhibits a 5% advantage over its two-dimensional 

counterpart. It also develops a greater specific thrust. 
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TABLE 8.1 

7hrust (N) m (Kg/s) CD T/m (m/s) Me 

Elliptical nozzle 
Axisymmetric nozzle 

1578 
2470 

2.25 
2.80 

1.24 
1.31 

701 
882 

2.47 
2.36 

TABLE 8.2 

Thrust (N) m (Kg/s) CD T/m (m/s) me 

2-D wedge nozzle 
Axisymmetric nozzle 

IL 

62,275 

105,868 

90 

130 
0.93 
0.98 

692 
814 

1.41 

1.44 
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SEMON 9: Conclusion 

9.1 concluding remarks 

A simple and practical method for determining theoretical wall 

contours of three-dimensional supersonic nozzles from known 

axisymmetric flows has been developed. Two three-dimensional nozzles 
have been designed: an elliptical cross-section nozzle and a 

two-dimensional wedge. Detailed flowfields within these configurations 

were also computed using a general purpose CFD code. Furthermore, a 

nozzle was constructed to the specifications of the elliptical nozzle 

and submitted to cold flow testing. Results from the experimental 

tests and three-dimensional numerical simulation were obtained. 

Comparison between the several components of the study leads to the 

following conclusions : 

- 1. A generalised CFD code 'Phoenics' ( Appendic H) using finite 

difference techniques was used to calculate the flowfield within the 

three-dimensional configurations ( elliptical and two-dimensional 

wedge ). Within the limited time available for this aspect of the 

simulation and with aview towards computer time and storage, a 

simple grid describing the elliptical nozzle was generated and used 
( section 7 ). When comparing the theoretical predictions for the 

pressure distribution performed by the method of characteristics to 

the three-dimensional flow results ( figures 8.1,8.3 and 8.7 )9 

discrepancies between the two solutions may be observed. These 

differences may be attributable to the way the flowfield computations 

were performed by the two approaches. While the method of 

characteristics calculations proceed along the characteristics ( Mach 

lines ) and thus show the true character of the solution, the 

three-dimensional calculations rely on the gridding designed to 
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describe the configuration under consideration. By using a more 

refined grid, the gap between the two solutions could have been 

diminished. Moreover, the three-dimensional scheme has to interpolate 

in order to satisfy the stability criterion while the method of 

characteristics, as stated above, proceed along characteristics. 

2. With a view towards a simple 'proof of concept', a nozzle was 
constructed to the specifications of the elliptical nozzle and 
submitted to cold flow testing using compressed air. The static 
pressures along its centreline were measured a-nd their distribution 

along with the three-dimensional results are illustrated in Figure 
8.1. Agreement between the two solutions is good and shows the ability 
of the three-dimensional scheme to predict accurately the flowfield 

expansion along the nozzle centreline. 

3. The method investigated herein is based m three important 
features of axisymmetric inviscid flows ( c. f. Introduction ) and on 
the relative similarity between these flowfields and the 

nonaxisymmetric ones which are developed subsequently. Ibis similarity 
is demonstrated in Figures 8.1 and 8.8 where the axisymmetric solution 
is compared to the experimental investigation, the latter having been 

performed on the elliptical nozzle designed using the approach 
developed in this thesis ( Section 6 ). 

4. When considering the thrust and thrust coefficient, both the 

axisymmetric nozzles performed better than their three-dimensional 

counterparts. 7hey demonstrated the higher internal performance and 
the better control of the expansion process which can be achieved with 

axisymmetric configurations. However, uninstalled performances alone 
cannot be the final determinant when selecting a nozzle design. 
Considerations have to be turned towards other requirements such as 
the degree of integrations the total weight and cooling requirements. 
The latter considerations may, in some cases, outweight the former 

ones ( section 2.5 shows how the two-dimensional wedge nozzle 

performed better than the axisymmetric when installed ). 
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5. The computation of the boundary layer was performed along the 
divergent section of the two axisymmetric nozzles from which the 

elliptical and two-dimensional wedge nozzles were subsequently 
developed ( Section 4 ). In both cases, the results obtained 

reflected the assumptions generally followed that the corrections 

required in order to include the viscosity effects for a supersonic 
flow within an axisymmetric nozzle are negligible. 

6. The axisymmetric flowfield has been determined using a computer 

program based on the method of characteristics and developed following 

the scheme proposed by ( Zucrow & Hoffman, 1976 ). Although the method 

can describe the flowfield within a nozzle Of any shape, the one 
implemented into the program was bell shaped. However, enough 
flexibility is provided for implementing other shapes and thus 

enhancing the capabilities of the program ( section 3 ). 

9.2 Recommendations for further work 

1. Two aspects of the theoretical simulation may be investigated 
further : 1) the first one deals with the study of the response of 
the boundary layer in such three dimensional flows. In order to 

achieve that using 'Phoenics', the configurations must be described by 

a very refined grid allowing the calculations to be carried out inside 

the boundary layer ubich develops along the wall ( see the closing 

remarks of section 7 ). Loss of orthogonality of the cells may 
constitute a problem. Grid nonorthogonality may be reduced by either 
increasing the number of grid points or by redesigning the complete 
grid altogether. The second approach is favoured ( see proposed grid 
in section 5 ). 

2. The experimental investigation can also be carried out further. 
Static pressure tappings along the major and minor axes of the 
divergent section of the nozzle built to the specifications of the 

elliptical nozzle may be provided. Static pressure measurements would 
then be performed along these axes allowing a more detailed analysis 
of the influence of the azimutal pressure gradient and its effects on 
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cross-flows and the build up of the boundary layer. 

9.3 Overall conclusion 

A simple method for determining three-dimensional contours from 

axisymmetric or two-dimensional flows has been developed and shown to 

produce good Tesults. 7he technique has been applied to the design of 
two nonaxisymmetric propulsion nozzles and has produced satisfactory 
configurations. 

The culmination of this research is the production of a computer 

program suitable for the initial design of supersonic nozzles and 
inlets of quite complex shapes from known or calculated axisymmetric 
flowfields. Furthermoreý that part of the program which calculates 
the initial axisymmetric flowfield may be used independently to 

compute compressible, viscous flows with heat transfer. 

The success of the method in this application indicates that, even 
though it does not include the complications involved in generalised 

three-dimensional methods, it may still be profitably applied for 

preliminary design work. Indeed, any propulsion contractor would be 

ill-advised in not making use of a sophisticated program available to 

him. On the other hand, it is questionable whether the accuracy 

obtained with sophisticated programs is sufficient to justify their 

adoption for the bulk of preliminary design work. 
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APPENDIX A: Application of the method of characteristics 
to steady, two-dimensionals irrotational 

supersonic flow. 

A. 1 Governing equations 

The equations governing a steady, axisymmetrics irrotational 

supersonic flow are presented in detail in section 3.7hey are the gas 
dynamic equation and the irrotationality condition : 

(u 2-a2 ) au 
,( v2-a2 ) LE 

+2 uv 
au_ ,a2v. 0 oeu ( A. 1 ) 

ay Dy y 

au Dv 
-. ay 57 *es ( A. 2 ) 

The above system comprises a set of two coupled partial 
differential equations involving the two velocity components u and v. 
This system may be replaced by an equivalent one of a characteristic 
and compatibility equations which are total differential equations and 
thus allow the use of a simple numerical method of solution. 

A. 2 Characteristic equation 

The characteristic and compatibility equations are derived by 

multiplying equations A. 1 and A. 2 by the unknowns cr, and 02 and 
summing as follows : 

al ( A. 1)+ CY2 ( A. 2)-0... ( A. 3 ) 
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Substituting and arranging leads to : 

2_ 2_+ "i ( 2uv )+ CY2. aU ]+( 
_a a(ua)( 

au )( 2v 
1 ax cY, ( u2-a2 ) ay 2. ax 

cy, ( v2-a2 )v)_ al 6 a2 v 
es 0 *es ( A. 4 ) 

-02 
yy 

Assuming u(x, y) and v(x, y) to be continuous functions : 

du LU +X 
ýu 

li ,U ay 

dy . 
Dy +X ýv 

uy- rx ay 

so* ( A. 5 ) 

where the Xs represent the slopes of the characteristics and are equal 
to the coefficient of ( au/ay and ( av/ay ) in equation A. 4. 

Consequently : 

2uv + C72 

22 
al u -a 

( v2-a2 
-cr 2 

oee ( A. 6 ) 

By considering the as as the unknowns, equations A. 6 are 
transformed : 

a1[(u2 -a 
2A-2 

uv I+ 02 ( -1 )- 

ooo ( A. 7 ) 

al ( v2-a2 )+ CY 2(X)-0 



A-3 

For this system to have any solution other than the trivial one of 

zero, the determinant of the coefficient matrix must vanisho leading 

to : 

dy ). uv :ta2( M2_1 )k 
ax (+ 2 u2-a2 

... ( A. 8 

7he two expressions for X, denoted by the subscripts (+) and H, 

define two curves in the x, y ) plane the so-called left-hand and 

right-hand characteristics Figure A-3 and are real only if the 
flow is supersonic. 

An alternate and simpler form of equation A. 8 may be obtained by 

introducing the flow direction and expressing the Mach number in terms 

of Mach angle. By considering Figures A. 1 and A-2, one can write : 

V 
Streamline-_,,. 

V 

%rl -JL j 

Fig. A. 2 

u-V cos 

v-V sin 0 so* ( A. 9 ) 

tg-, 

ct 
» sij, (, ) 

sin a 

1 

( A. 10 ) 

cotg 

Substituting A. 9 and A. 10 into A. 8s rearranging and applying the 

standard trigonometric identities yields : 

(+ tg +a dx 
( A. 11 ) 

Fig. A. I 
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Equation A. 11 is illustrated by Figure A. 3, where C(+) and CH 
denote the left-ruming and right-running characteristics 

respectively. 

y 

C 

Fig. A. 3 : Chatacte4i. 6tic. 6 (Mach tinu) in a Zteady, 2-D 
i4-totationat itow. 

A. 3 Compatibility equation 

x 

The compatibility equation, valid on each characteristic, is 

obtained from equation A. 4 by replacing the Xs by their respective 
expressions ( A. 5 and A-6 ) and eliminating the unknowns crs. 7he 

result is : 

u2-a 
2) du(�-) +[2 uv +( u2-a2 )X (+q_) 1 dv(� 

) ooo ( A. 12 ) 

A. 4 Finite-difference equations 
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The finite difference equations corresponding to the 

characteristic and compatibility equations are obtained by replacing 

the differentials dx, dy, du and dv by their differences. 7his leads 

to : 

AY(+S-) w X(+S-) AX(+I-) ooo ( A. 13 ) 

( AX(+S-) 

[2 u(+, -) v(+, -) -( Jý (+, _)-a 
2 

(+, -) 
) X(+S-) I AV(+, -) - 

6 a2 (+. -) V(+. -) Ax 
(+ ) '. 0 oee ( A. 14 ) 

), (+s_) - tg ( 

A. 5 Implementation of the method of characteristics 

A-5.1 Interior point procedure 

y, 

Right-running 
characteristic C_ 

Solution Yj 
point 

Y4 

Y2 
Left-running 
characteristic C+ 

1x2 X4 

eo*(A. 15 ) 

Fig. A. 4 : Inte4io4 point. 
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An interior point is represented by point 4 in Figure A. 4. Its 

location is determined by solving, for x4 and y4, equation A. 13 which 

may be written as : 

Y4 -ý (+) X4 ' Y2 -ý (+) X2 

Y4 -1 (-) x4 ý yl -ý (-) X1 

oet ( A. 16 ) 

( A. 17 ) 

The values of X (+ 9 _) are function of both E) (+' _) and cc (+' _) which, 
in their turn, depend on the velocity components u(+, _) and v(+, _), 
The velocity components at the solution point are determined by 

solving the compatibility equation A. 14 which may be written as : 

(u2 (+) - a2 (+) ) u4 +(2 u(.,. ) v(+) - 

(u (+) -a (+) ) X(+) I v4 = 

( tý(-) -a 
2(_) ) u4 +[2 u(_) v(_) - 

( uý(-) -a2 (-) )xHI Y4 =TH 

where : 

e*o ( A. 18 ) 

oet ( A. 19 ) 

a2 (+) V(+) 2 
Y(+) 

( X4 - X2 +( uý(+) -a u2 

[2 u(+) v(+) -( U2(+) - a2 (+) ) X(+) ) v2 ... ( A. 20 ) 

a (-) v (-) ( x4 - xl )+(u2 (_) - a2 (-) )u1 

[2 u(_) v(_) -(u2 (_) -a2 (-) ) X(-) I v, ... ( A. 21 ) 
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It is possible at this stage to determine all the parameters if 

the velocity components u(+, -), v(+, _) and the station coordinates 

y(+, _) are known. They are calculated by applying the modified Euler 

predictor-corrector algorithm ( Appendix B) to the points 1.2 and 4 

of Figure A-4. Me predictor is applied first and the values of 

U(+S-)) V(+S-) and y(+, _) are taken as : 

u U2 V(+) V2 y Y2 

u Ul V (-) Vi y Yi 
eoo(A. 22 ) 

The substitution of equation A. 22 into A. 16, A. 179 A-31 and A. 32 

and their simultaneous solution would lead to the predicted values 
X4'2 Y4 

1. 
u4 

12 
and v4 

I. 

The next step would be to apply the corrector algorithm to the 

same stationss taking : 

U2 + 134 
U(+) 2 

U(-) 
Ul + U4_ 

2 

V2 + V4 
v2 

V1 + V4 
V(-) 2 

Y2 + Y4 
y2 

Yl + Y4 
y2 

oee ( A. 23 ) 

Substituting again and solving would lead to the corrector values 
X4 Y4 I u4 and v4 . 7he last step is to apply iteration to the 

corrector algorithm. 7he iteration may be applied as many times as 

required until the desired degree of convergence is reached. 7he 

procedure, for an interior point, is incorporated in subroutine 
'Intpoint' ( section 3 ). 

A. 5.2 Axis of symmetry point procedure 

Any point located on the axis of symmctry ( i. e. point 4 in Figure 
A-5 ) is called an axis of symmetry point. In this case, a point 2 
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below the axis of symmetry, which is the image of point 1, may be 

defined. As a result, the solution point becomes analogous to an 
interior point. 

Because of the particular position of point 4( y4- v 4- 04 .0 
the procedure is simplified and only the right-running characteristic 
14 is employed. 7he solutions x4 and u4 are respectively obtained by 

solving the finite difference equations A. 17 and A-19.7he procedure, 
for an axis of symmetry point, is incorporated in subroutine 
'Axipoint' ( section 3 ). 

y 

*ý-Right-running 
characteristic C- 

Solution 
point 

,,, 
4 ): F- 

MIRROR 
IMAGE ": 

e 

ooýý' 
-'-Left-running 

2 characteristic C+ 

Fig. A. 5 : Axi. 6 o6 . 6ymmetAy point. 

A. 5.3 Direct wall point procedure 

y 
1 Aýý 

Solid -- boundary 

/ 

I 
ion 

point 

Left-running 
characteristic C+ 

2 known interior 
point 

Fig. A. 6 : Di4ect watt point. 
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A point is termed as a direct wall point if it is located at a 
solid boundary such as point 4 in Figure A. 6. In that figure, point 1 
does not exist physically, consequently only one characteristic and 
one compatibility equations are available. Two additional equations 
are thus needed for determining the location of the direct wall point 
and the flow properties at that point. 

At the wall, the direction of the flow velocity vector must be 

identical to the slope of the wall, thus : 

y- y( x 

LY 
- tg 0 

dx 

( A. 24 ) 

( A. 25 ) 

The above equations constitute the two additional equations which, 
along with the solutions of equations A. 16 and A-18, would determine 

the location and properties at the solution point. The procedure, 
for a direct wall point, is incorporated in subroutine 'Dirpoint' 

( section 3 ). 

A. 5.4 Inverse wall point procedure 

y 

Solid -,,, 4 boundary 
%IN Prespecified 

solution point 

I AkLef t-running 2 ýl 
001 

i'%k1ccharacteristic 
C+ 

Right-running 1 
characteristic C_ 

x 

Fig. A. 7 : Inve4ze mtt point. 

In regions of the f lowf ield where the property gradients are 
extremely large ( transonic region for example ), the direct method 
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may result in too large spacing of the solution points along the wall. 
In that case, the inverse method may be employed. It involves 

prespecifying the position of the solution point and using the method 
of characteristics to determine the flow properties at these points. 
Figure A. 7 illustrates schematically the situation where point 4 is 

the prespecified points point 2 being the intersection of the 

rearward left-running characteristic C(+) through the iolution point 4 

and the right-running characteristic C (-)* Because the solution point 
is prespecified, x4 and y4 are known and only the flow properties at 
point 4 have to be determined, involving the calculation of the 
location and properties at point 2. The location is established by 

determining the intersection of the rearward left-running 

characteristic 24 ( Equation A-16 ) with the right-running 

characteristic 13 ( Equation A. 17 ). Flow properties at this point are 
determined by linear interpolation between points 1 and 3.7he 

solution of equations A. 16 and A. 25 will determine the properties at 

point 4.7he procedure, for an inverse wall point, is incorporated in 

subroutine 'Invpoint' ( section 3 ). 

A. 6 Particular cases for an interior point 

y y 
1 

-Right-running 
characteristic Cý) 

(k-)- -) 

4 

cc 
Left-runninp 

characteristiý 
2 

X4 =xl x 

Fig --A. 8 ' Caze whe4e X, a 00 J04 
an tnte4io4 

%int. 

-Right-running 
characteristic 
S. q-) 

x4'cx2 

, Left-running 
characteristic 

(X W) 0) 

Fig. A. 9 : Caze whe4e X, 
+) ira. jo)t 

an inte4iot point. 

Two special cases may occur in the calculation of the flow 
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properties at an interior point. 7he f irst one occurs when the slope 
of the right-running characteristic C(-) is infinity ( Figure A. 8 ). 
In that cases x4 is taken equal to x, and y4 obtained from equation 
A. 13 when applied to the right-running characteristic C (+)e 

The second case occurs when the slope of the left-running 

characteristic C(+) is infinity ( Figure A. 9 ). In that case, x4 is 

taken equal to x2 and y4 obtained from equation A-13 when applied to 
the right-running characteristic C H" 

The two possibilities have been taken into account and 
the solutions included into the computer program ( subroutine 
'Intpoint' ). 

A. 7 Particular case for a direct point 

y 

Solid 
- Left-running 
characteristic 

(, Xor -) 

2 1'*- known interior 
point 

I Fig. A. 10 -* C"e whe4e ý- ý J04 

X4ýx2 x0xa 
ditect =ý, point. 

As in the internal point procedure, a technique has been 
incorporated within the computations of a direct wall point to handle 
the case of X(+) - -( Figure A-10 ). In that case, x4 is taken equal 
to x2 and y4 determined from the equation of the wall contour. 
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APPENDIX B: Modified Euler predictor-corrector algorithm 
based on the average property method. 

B. 1 Euler. 's method 

The most straighforward approach for approximating the solution 

y(x) of an ordinary differential equation is to express the unknown 
function in the form of a Taylor serie expansion about the initial 

point ( xo, yo ). Therefore : 

y (xO+h) -Y NO) +h y' [ xo, Y NO) I 

y 
(n) [ xo, y(xo) B. 1 

The Euler's method takes n equal to 1 for the above Taylor's 

expansion, leading to : 

y(x 0 +h) - y(xo) +h y' ( xo, y(xo) 1 9*9 ( B. 2 ) 

B. 2 Basic features of the modified Euler predictor-corrector 

algorithm based on the average property method. 

The modified Euler predictor-corrector method is a second-order 

procedure for integrating total differential equations. For the 

predictor steps Euler's method is employed : 

Yn+l - Yn +hf( xnlyn ) oee ( B. 3 ) 
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For the corrector step, ( Hoffman, 1973 ) showed that more 
accurate results are obtained by employing a corrector algorithm that 
is based on average properties. Within this algorithm, the numerical 

values of the coefficients of the differential equations are 
determined on the basis of the average values of the. properties at the 
initial and solution points. 7herefore, if we consider an ordinary 
differential equation : 

dy -, f (x, y ) dx oto ( BA ) 

The problem is to integrate it from a known starting point i( x i9yi ) 

where yi- y(xi). If Ax is the step size of the finite-difference 

equation, a predicted value of the solution at xi+lm xi + Ax is 

obtained from the Euler predictor algorithm ( equation B. 3 ): 

Yp( Xi + &x )- ypi+i - Yi +f( >li)Yi ) Ax es* ( B. 5 ) 

The accuracy of the solution obtained by the predictor may be 

improved by employing yi and yoj+j for estimating the value of : 

+ Ax 
2 

eee ( B. 6 ) 

and replacing f( xi, yi ) in equation B. 5 by the value of f( x, y 
determined at the mid-point of the interval. 7hus : 

Y, +f(x, + &X 
I 

Yj + yoi+i 
) &X oet ( B. 7 ) 

22 

where y1i+1 is the corrected value of the solution at xi+,. Equation 
B. 7 represents the corrector algorithm. 

7he continued application of this procedure leads to the modified 
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Euler predictor-corrector method with iteration : 

AX ) Ax ... ( B. 8 Y: ni+l = yi +f( xi '21 yi +2 

where yn i+1 is the value of y after n applications of the corrector. 
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APPENDIX C: Subroutine WALCON 

CA General 

Given the throat radius yt, the downstream radius of curvature 
Rtd, the divergence angle Aa and the exit radius yeg WALCON determines 

the equation of the wall and consequently the coordinates of the 

stations from which the characteristics are issued. The cases, 
investigated in this thesis, involve boundaries constituted by a 
circular-arc throat contour and a divergent wall simulated as a 
second-order polynomial. 7he two parts are linked together at the 

attachment point. 

Dive, %gent . 6ection o6 a 
contou4ed nozzte. 

C. 2 Circular-arc throat contour 

The equation describing the circular-arc throat contour permits 
the determination of the radial coordinate of the prespecified points 
computed by the inverse wall point procedure ( Appendix A ). It is 
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expressed as : 

/otxy x2 +m Rtd 2 
ob* ( C. 1 ) 

/Oxy x2 +(y- Rtd - yt )2-R td 
2 

... ( C. 2 ) 

C. 3 Attachment point 

The coordinates of the attachment point are determined as : 

xa ' Rtd sin Aa ) C-3 

Ya ýyt+R td 
1- cos ( Aa C. 4 

C. 4 Second-order polynomial wall 

Depending on whether the nozzle length or the exit radius are 

specifieds two methods may be used to determine the equation of the 

second-order polynomial wall. 
7he first procedure lies on a prespecified value for the nozzle 

length which is used as an input data in order to carry out the 

computation of the flowfield. 7he final design is obtained by cutting 
the nozzle at the partiLlar cross-section producing the exit pressure 

needed. Ihis method is widely used in industry. 
Assuming the polynomial to be of the form ( Section 2.4 

C X2 y=AW+Bwx+ w *so ( C. 5 ) 

The equations to be solved in order to use the above method are : 

y( x-xa )' Ya 

.x 

dylx 
m tg ( Aa ) 

a 

AW +Bw xa + Cý xa 
2ý 

Ya 

B+2Cx- tg (A C-6 wwaa 
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dyl 
- tg ( A42 ) Eý +2% xe - tg (Ae) 

dx 
x-xe 

where the unknowns are the coefficients of the wall polynomial Aws Bw 

and Cw. 
The second method involves the use of the supersonic tables. 

Having specified the expected exit Mach number, the tables are used to 
determine the corresponding area ratio permitting a complete 
expansion. In this case, the equations involved are : 

y( x=xa )= Ya 

.LI= tg Aa 
dx 

X=X a 

. 
9y I- tg (Ae 
dx 

"xe 

y( ""xe )' Ye 

2 AW + Bw Xa + ýw xa . Ya 

Bw+2Cwxa- tg (Aa) 

Bw+2Cwxe 'r tg (Ae) 
*oo ( C. 7 ) 

Aw+Bwxe+Cwxe- Ye 

where the unknowns are the coefficients of the polynomial wall Aws ks 

and Cw and the nozzle length xe. 
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APPENDIX D: Boundary layer computation 

D. 1 Governing equations 

The equations governing the boundary layer are presented in 

.; eL. tion 4( Equations 4.11 to 4.13 In order to close the system, 
The boundary conditions were derived 

u(X, o )- 

v(X, o )= vw (x) 

lim 0[ ue(x) - u(x, y) I dy 

-*W 
ht ( x, 0 )- ht, 

w 
(x) 

lim ýo 
u( ht 

e- 
ht (x, y) I dy 

-*W 

a9e(D. 1 ) 

see ( D. 2 ) 

is bounded ... ( D-3 ) 

. .. (D. 4 ) 

is bounded o9o ( D. 5 ) 

Because the calculation method was oriented towards turbulent 
flow., it was convenient to define a new set of variables in which the 

velocity and enthalpy profiles are expressed in defect form : 

11 .6* ooo ( D. 6 ) 

Pe ue(x) -P u(x, y) 

Pe u e(x) 
so* ( D. 7 ) 
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I=ht, e -ht (X, Y) 
D. 8 9 ht, e - hr 

D. 9 
p (x, y) 

T =. 
ve 

D. 10 
-ue 

K 
e* 

oet ( D. 11 ) 
g ue 6 

In terms of these variables, the governing equations became : 

(1+ c n)-i [d (1-f I) IIII+( (Q+R) (n-f 
PWVW 

- 6* af I df 
ad Peue FX 

(Q+R) (n-f) - 
PWVW 

-6* 
af I d' -(Pd+6* 

ad ) (2-f') 
Peue ax ax 

[ (Q+R) (, n-f )- 
PWVW 

- 6* af 1d1+P (d-1) +6* 
Dd 

. (1-fl) 6*d af' 
Oeue ax ax ax 

es* ( D. 12 ) 

(J+C 
a9 

Y-1 M2 2e 
-1 d2(, _f, )2 

12 Ke H( 1+ 'il me) 

(Q+R) (, n-f 
af 

- 
Pwvw I got 1) 6* ago D. 13 Tx ý Te ax 



D-3 

where : 
1 aue 

D. 14 
Ile ax 

Pe ue ) 

ose ( Dol5 ) 
Peue ax 

R'* 
a(rw) 

D. 16 
rw ax 

Ca 2( ýý ) cos a D. 17 
rw 

and where the functions T and T9 have the form ( Herring & Mellor, 

1968 ): 

6*9(X R6* 
T =. __K IK+XXD. 18 

6* R6* K 

v1-4. 
-L [T-vIID. 19 

ve R6 
Krp rt ve R6 

The above set of equations along with the boundary conditions are 

sufficient to calculate the development of the boundary layer. 

However, small inaccuracies in the numerical solution which are 

negligible after one step in x, are frequently cumulative. Creater 

accuracy can be achieved by correcting the integral parameters 

obtained from the numerical solution of equation D. 11 by comparing 
them to those obtained from the Von-Karman integral momentum equation 

which can be obtained by integrating equation 4.15 of section 4 

accross the layer. The result is : 

6* 
due 

dx we ue2 + rw Pe ue U- m rw ( *rw + ow vw ue 

o99(D. 20 ) 
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puu 
where :0-r(1--) dy D. 21 

0 Peue ue 

D. 2 Numerical method 

The procedure of obtaining a solution to the governing partial 
differential equations comprises two main phases : 1) conversion of 
the governing equations to ordinary differential equations using 
finite-differences for the x-derivatives and 2) solution of the 

resulting system of equations. 
In the first phase, the x-derivatives were represented by finite 

differences according to an adaptation of the scheme of ( Crank & 
Nicholsons 1947 ). 7he method is of implicit type and its error is of 
second order. The resulting equations were solved by applying a 
Gaussian elimination procedure to their characteristic matrices. , 

D. 3 Effective viscosity and diffusivity hypotheses 

In the boundary layer equations, the influence of turbulence 

appears through the expression of the shear stress and heat transfer. 
Therefore, in order to complete the governing equations ( Equations 
4.12 and 4.13 of section 4 ), these quantities must be related to the 

mean flow variables. 

D. 3.1 Effective viscosity hypothesis 

The hypothesis for the form of the effective viscosity represented 
in equation 4.9 of section 4 and first proposed by Boussinesq, is 
based on three assumptions supposed to be universally valid : 

1. In the defect layer, the effective viscosity depends on only 
three quantities 6*u), y and (Bu/@y). From this assumption, Ve Ke 
must be of the form : 

Ve_ 
.( 

K2 v2 au ) ... ( D. 22 ) 
6*6* ý7 K ue K ue 
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2. In the inner or wall layer, v again depends on only three e 
quantities : V., y and From this assumption, ve must be of the 
form : 

ve 
(K2y2 au ) 

v v ay oee ( D. 23 ) 

3. Both the above expressions apply simultaneously in the region 
where the layers overlap. Consequently, the form of the effective 
viscosity in the overlap region must be : 

-k 22 au 
ve ý výp - ý', ue Ky-D. 24 

ay 

Equivalent to the above formulation but offering some 
computational advantage is the functional form suggested by ( Mellor, 
1967 ) which may be expressed as : 

1. In the defect layer: 

Ve 
X) with X-KyD. 25 

6K Ue ue 

2.1n the wall layer : 

. 
ve 

X with y( -r/p )k D. 26 
vv 

7he functions q)and 0 were determined by comparison of calculated 
profiles with constant pressure data and are shown in Figure D. 1. 

D. 3.2 Effective diffusivity hypothesis 

By analogy to the molecular Prandtl number defined as Pr' V/a, and 
since (V 

e-V) and (a 
e-a) are the turbulent viscosity and diffusivity 

respectively, a turbulent Prandt number may be defined : 
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Prt 'ý'e 'j 

ae a 

lhe effective diffusivity can, tims, be written as I 

1v ve -v 

er 
Prt 

aoo(D. D ) 

*oe(D. 28 ) 
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V, 

6.9)3 

y( YM )ý 0.41 

Fig. D. I. a: Inne4 6unction 0- O(x) 

4ý 

0.41 y( Tla 
Ue 6K* 

Fig. D. I. b: Oute-t junctiont -t1XI. 

Fig. D. I: Inne4 and oute4 junctionz uzed in the tu4butent 
eibective vizcozity hypotheAiz ( Metto4,1967 ). 
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APPENDIX E: Starting velocity profiles starting enthalpy 
profile and initial pressure gradient. 

E. 1 Starting velocity and enthalpy profiles 

The initial velocity and temperature profiles are assumed to be 

described by the 1/7 and 1/4 laws respectively i. e. between y-O and 
y-6 , the profiles are described by the relations : 

a-. (1E. 1 
u6 e 

Tt - Tw 
.(Y) 

1/4 
... ( E. 2 

Tt, 
e- 

Tw A 

E. 1.1 Expression for the velocity defect profile 

Using equation E. 1, the velocity defect profile may be expressed 

as : 

Pe ue -pum-p(y) 1/7 
ooo ( E. 3 ) 1- -g 

-Pe 
Ue Pe 

Assuming the pressure to be constant along a cross-section 
(ap/ay-0). the equation of state for a perfect gas is : 

Ue 2 

Te 
. 

Tt, e 2 Cp 
E. 4 

Pe T Tt 
_ U2 

2 Cp 
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From equations E. 1 and E. 2 : 

u2 ue 2 

ý= 
! ý. (Y )2/7 ooo ( E. 5 ) 

2 Cp 2 Cp 6 

T, - (1)", ( T". -T. )+T so* ( E-6 ) 

substituting equations E-5 and E-6 into E. 4 gives the expression of ( 

PA)e ) which, when replaced into equation E. 3, leads to the initial 

velocity defect profile used to start the computations : 

Pe Ue -Pu. 

Pe Ue 
ue 

2 

, «: (Z )1/7 
Tt, e 2 Cp 

so* ( E. 7 ) 
2 

(Z) 
1/4 

( Ttge - Tw + Tw _ 
ue 

(y) 
2/7 

A2 Cp 6 

E-1.2 Expression for the enthalpy defect profile 

h 
t, e - ht ht Tt 

-. 1--. 1- 
ht, 

e 
ht, 

e 
Tt, 

e 

Dividing the left-hand side of equation E. 2 by Tt, 
e : 

TW TW 

Tt, e (Y ) 1/4 

T 
1- w 

Tt, e 
Simplification leads to 

*eo ( E. 8 ) 

eue ( E. 9 ) 
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Tt Tw 
+ 

Tw 
... ( C. 10 

Ttse Tt, e Tt, e 

Substituting into equation E. 8 leads to the expression of the 
initial enthalpy profile used to start the flow computations : 

ht, e- ht 1/4 Tw 
+ 

Tw 
Cal 

ht 'e Tt, e Tt, e 

E. 2 Expression for the initial pressure gradient 

For a frictionless adiabatic f low of a perfect gas : 

Tt ut 
... ( E. 12 

AP Tt T 

ý RT E. 13 
Au 

The velocity may be expressed as : 

Tt )1/2 (YE. 14 
Tt 
T 

Substituting E. 14 into E-13 leads to : 

'Y R Tt 

1+ M2 
p. (E. 15 

Amy 

For an isentropic flow, the total pressure is assumed constant and 
the pressure would depend on only the area and Mach number : 
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P-P( AsM ) 

Therefore : 

dP BP dA BP dM 

dx aA dx 3M dx 

E. 2.1 Expression of ( BP/3A ) 

From equation E. 13 : 

R -Tt 
ap 1+2m2 

aA A2ym 

E. 2.2 Expression of ( BP/aM ) 

Using equation E-13 again : 

ap 

E. 2.3 Expression of ( dA/dx ) 

*to ( E. 18 ) 

This relation depends on the form of the equation describing the 
area of a cross-section which depends on the nozzle shape. 

E. 2.4 Expression of ( dM/dx ) 

dM dM dA 
dx dA dx 

ffi m[Y (Y-1) R It M 'y R Tt 

21+ Y-1 M2 )21+y21 M2 
2 

eso ( E. 16 ) 

ooo ( E. 17 ) 

M2 

*to ( E. 19 ) 

( dM/dA ) may be written as : 
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m 

dM 
dA 

dA Ad (A/ 
dA*d (M/Aý- 

Thus : 
dA 

dM dx 

dx d (Ale) 

d(Mle 

For an isentropic. flow with area change : 

Tt 

AP 

. 
Y+l 
Y-l 

**o(E. 20 ) 

( E. 21 ) 

ooo ( E. 22 ) 

Using equation E. 13 and E-14, the above expression becomes : 

R 

YR 
Y-1 (mm 2-Jy-r 
2 Aý7)2 

e2 +Y21 e2 

( E. 23 ) 

Deriving equation E. 23 with respect to (M and substituting 
the result into equation E-21 gives : 

m 
dx dx 1+ -1 M2 1+ 'Y, M2 22 

2yYR RA 'Y-l. m2M[YR Cy-l) M 
22+ 

-L-1- m2 )2 
2 
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1 

-1 2-Y 
Y-1 m ly-l 

MYR 
+ 

-Y-1 ; 2-) *Y-1 M2 )2 1+ Y-1 M2 222 

Tt E. 24 
(Y R1+ Y-1 M2 2 dA 

+ 
dx A2 Ym dx 

M, (Y-1) R Tt MYR Tt 
2 1+ M2 )2 1+ 

Y-1 M2 22 dM 

Ay M2 dx 

*so ( E. 25 ) 

where the expresssion of ( dM/dx ) is given by equation E. 23. 
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APPENDIX F: Mass flow calculation methods 

7he mass flow can be calculated from measured data in two ways. 
Method I uses an orifice flow meter and is based on the pressure drop 

across the orifice. Method II uses the stagnation pressure and 
temperature along with isentropic flow theory to expand the gas within 
the nozzle. 

F-1 Method I: orifice flow meter 

The basic mass flow equation, derived f rom the principle of 
continuitys can be written as : 

2d2K[2P (AP 
4 

The equation of state gives : 

p 

RT 

As the pressure drop is read in height of mercury, it may be 

expressed in the form : 

AP . pHg gAH 

where : 
d- orifice diameter 
P- pressure prior to orifice 
z- compressibility factor ( 0.99 for P- 10-25 atm 

The three above equations, when mixed togethers would lead to : 

72kP% 
AH 

)k m--dK( 
Lg )(-F. 1 

4RT 
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F. 2 Method II : isentropic flow 

At the throat, the principle of continuity gives : 

6'p th Ath Wth 

where Pth 
"th -RT 

th 
Wth - Mth ath = ath -( 'Y R Tth 

Substituting leads to : 

I 
Pth 

(YR Tth )k Ath 

**a ( F. 2 ) 

At the sonic Mach number and for a specific heat ratio of 1.4, the 
isentropic flow tables ( Keenan & Kaye, 1948 ) give : 

Pth w 0.52828 Pt 

Tth - 0.83333 Tt 

Final 1Y : 

0.52828 Pt 
il ---(YR0.83333 Tt ) 

th so* ( F. 3 ) 
R 0.83333 Tt 
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APPEJOIX G: I-Deas 

I-DEAS ( Internal Design Engineering Analysis Software ) is a 

comprehensive package for mechanical design . -nginee: s. Developed by 

sDRC ( Structural Dynamics Research Corporation it provides 

capabilities for ( I-Deas user guide, 1986 

> Solid modelling 
> System assembly 
> Kinematics 

> Finite element pre/post processing 

> Finite element solution 

> System dynamics 

> Drafting 

> Test data analysis 

> Preject relational data base 

These capabilities are packaged as families of software 

> Solid modelling family or GEOMOD 

> Engineering analysis family or SUPERTAB 

> System dynamics family or SYSTAN 

> Drafting family or GEODRAW 

> Test data analysis family or TDAS 

I-Deas Supertab ( I-Deas Supertab, 1986 ) is the machanical tool 

that provides the ability to model and analyse the statics, dynamics, 

heat transfer and potential flow behaviour of mechanical components 

and structures. I-Deas Supertab module has been used to build the 

models describing the Con-di elliptical and the two-dimensional wedge 

nozzles. The finite element pre/post processing facility allowed the 

production of the appropriate grids describing the two configurations. 

These grids were subsequently injected into 'Phoenics' see 

section 7 ). The following pre/post processing tasks were used 
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> Geometry definition: Allows the description of the model's 

g6ometry by inserting the coordinates of the stations defining 

the model. These points are subsequently joined, where necessary, 
by either arcs, lines or splines. 

> Model preparation and checking: This task enables the generation 
of the necessary nodes, elements and physical and material tables. It 

also checks the validity of the model before analysis. 

> Mesh generation: When the geometry is defined and the model 
checked, the mesh can then be generated using the Triquamesh 

algorithm ( I-Deas Supertab, 1986 ). 

> File translator: In order to translate the information generated 
by Supertab and store it into the appropriate file for later use by 

lphoenics', the task 'File translator' is used. It enables the 

reading and writing of the I-Deas universal file for analysis. 

The detailed procedure followed in order to generate the models 
describing the two configurations investigated in this study is 

presented in section 7. 
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APPENDIX H: Phoenics 

H. 1 General 

PHOENICS Parabolic, Hyperbolic or Elliptic Numerical Integration 

Code Series is a comprehensive computer code which can simulate 
fluid flowq heat transfer, chemical reaction and related phenomena. 
Developed at the Imperial College of Technology, it mainly consists of 

a pre-processor ( SATLIT ), a main processor ( EARTH ) and two utility 

post-processors ( Photon and Guide ). 

H. 1.1 The pre-processor: 'Satlit' 

Satlit turns the instructions provided by the user into a data 

file which can be understood by the main processor, enabling it to 

proceed with the integration of the appropriate equations governing 
the simulated flowfield. It also has the ability to transmit the 

information concerning the geometrical data to the processor. 
For the configurations investigated in this thesis, two 

instruction files were prepared ( one for the elliptical nozzle and 
the other for the two-dimensional wedge ). The required geometrical 
data were stored in two files prepared by I-Deas ( section 7 and 
Appendix G) and retrieved by Satlit to be used in the main processor 

computations., 

H. 1.2 lhe processor: 'Earth' 

Earth is the main processor. It contains the main flow simulating 

software representing the relevant laws of physics. It reads 

and execute the instructions contained into the data file provided 
by Satlit and then produces an output file representing the 
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results which the user have instructed it to provide. 
Inserted into Earth are a collection of subroutines called: 

GROUND. 7hey contain a variety of useful data-settings which may help 

the user to supply the processor with the appropriate boundary 

conditionss sourcess fluid properties and output control features. In 

modelling the flow as compressible, the subroutine CRND3 which is 

contained into Ground was used to provide the appropriate relations 
describing the density variation within the flowfield. 

H. 1.3 The post-processor: 'Photon' 

Photon is an interactive plotting code which picks up results from 

the result files produced by Earth. Responding to the instructions 

entered by the user through the VIXJ keyboard, it represents the 

computed grid and' flow pattern graphically on the screen ( see CHAM 

TR/140 ). 

H. 1.4 The post-processor: 'Guide' 

Guide is a help-file available to the user to help him while using 
Phoenics. 

H. 2 Geometry definition 

Phoenics can employ grids of three distinct kinds, namely: 

> Cartesians 

> Cylindrical polar, 

> Curvilinear. 
The shapes of the configurations investigated in this thesis are 

very much curved ( especially the elliptical nozzle ) and thus the 

curvilinear grid option ( often called boundary fitted coordinates ) 

had to be used. 7he grid and the nodes at which the equations 

are solved was produced by the I-Deas supertab software module 
( Appendix G ). 

H. 3 7he equations solved by Phoenics 
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7he equations solved by Phoenics may be presented in the general 
discretized form ( see CHAM TR/100 ): 

L( 
ri Pi oi + div ( ri Pi v ei - r, ri grad cpi ri Si 

ax i ... ( H. 1 ) 

where: t- time S- source rate 
r- volume fraction - phase 
P- density 

(P - any conserved property 
V- velocity vector 
r, p - exchange coefficient for the entity 9 

The algebraic equations included into Phoenics are numerous and 
strongly coupled. Phoenics solve them in an iterative 
'guess-and-correct' manner, the object of which is to reduce the 
imbalance between the left and right sides of every equation to a 
magnitude which is small enough to be negligible. The most effective 
solution for potential fluid flow is the so-called 'whole-field 

solution'. It uses more computer storage but reduces the number of 
sweeps (a sweep is represented by the total steps conducted to 
describe the ubole domain ) required in order to eliminate the 
imbalances in the equations and thus reach the solution more rapidly. 
The whole-field solution was used to solve the cases investigated, 

Phoenics describes a phenomenon in terms of distribution in space 
and time of the so-called 'dependent variables'. 7hese distributions 
involve prescribing numerical values to the variables of each array of 
locations. 7he main processor Earth is equiped to solve up to 50 
dependent variables. Solution of our cases have been operated with 
four dependent variables, namely the static pressure and the three 
components of the velocity. 

7he 'independent variables' for which phoenics is able to simulate 
a phenomenon are represented by the time and the coordinate 
directions. 7he flowfields investigated in this study are assumed to 
be steady and thus the independent variable 'time' does not appear and 
we were limited to a three-dimensional problem. 
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The 'auxiliary variables' are those derived from the algebraic 

equations involving the dependent and independent variables calculated 
before by solving the appropriate differential equations. An auxiliary 
relation used to derive the density is the perfect gas law: 

P where: P- density 

P- pressure 
R- gas constant 
T- temperature 

Another auxiliary variable, the static temperature, is computed 

using the isentropic flow relationship: 

Tt 

Y-1 

where Ptotal and Ttotal are the total pressure and temperature whose 

values are prescribed as initial conditions. 
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APPENDIX I: 7hrust and thrust coefficient 

I. 1 7hrust 

Once the mass flow is calculated ( Appendix F ), the following 
basic equation can be used to calculate the thrust : 

Tc-ý Ve +( Pe - Pa ) Ae a00( 
i0i ) 

1.2 7hrust coefficient 

7he thrust coefficient is used 
nozzle. It is defined as : 

to determine the quality of a 

CD m- 
TC 

Pcc Ath see ( 1.2 ) 

As the pressure in the combustion chamber increases, it should be 

possible to obtain greater thrust. Similarly, as the throat area is 
increased, greater mass rate of the flow and hence greater thrust 
should result. Dividing the calculated thrust by the combustion 
chamber pressure and the nozzle throat area gives a measure of the 
effectiveness of the expansion of the combustion gases. 7he quality of 
the nozzle controls the expansion process and hence is indicated by 
the thrust coefficient ( Barrere et al, 1960 ). 
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APPENDIX J: Subsonic section design of the elliptical 
nozzle and supersonic section design of 
the two-dimensional wedge nozzle. 

J. 1 Subsonic section design of the elliptical nozzle 

tc 

syc) 

M( 

F NIYN) 
Ij 9 Yj) 
Ii syl) 

0 (ZO, YO) 

Fig. J. I: Subzonic zection dezign. 

The equations of the different circles to which the arcs defining 
the subsonic section of the elliptical nozzle belong are defined as 
follows: 

Point i (zi, yi) lies on the circle of centre C and radius Ri, thus: 

(zi- loc )2+(Y, - Yoc )2-R12 
Goo ( J. 1 ) 

Point M (zM, yM) also lies on the same circle: 

( ZM - zoc )2+( YM - Yoc )2 -R12... ( J. 2 ) 
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where: 
zoc m0 is the axial distance between the centre of the circle 

and the origin of the coordinate system, 
ziM0 

ZM, YM are prescribed by the inlet section which must match 
the exit of the supplying pipe. 

Solution of the equations J. 1 and J. 2 leads to: 

Ybi 2+ 
Im 

2- 
Yi 

2 
JOC 

2( Ym - Yi) 

Ri -I Yj - Yoc I 

( J. 3 ) 

ooo ( J. 4 ) 

The general equation of a circle, when expressed relatively to the 

coordinate system ( O, z, y ) is: 

( zoc )2+(y- Yoc )2- R12 

where: 
z oc 

0 

yoc and Ri are defined by equations J. 3 and J. 4. 

Replacing leads to: 

z2 +[y 
YM 

2+ 
ZM2 

__ 
y12 ]2 .( yi _ Yoc )2; i- 19N 2( yM - Yi ) 

006 ( j65 ) 

Equation J. 5 defines the circles to which the arcs drawn on Figure 
JA belong. Ihe arcs define the subsonic section of the elliptical 
nozzle. the characteristics of the circles ( radius and centre 
position ) are presented in table 5.3 of section 5. 

J. 2 Coordinates of the stations defining the 2-D wedge nozzle 
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- 

�C 

Fig. J. 2: Axi, 6ymmet4ic and 2-D wedge 
exit c4ozz-zectionz. 

The ratio of the internal radius yi to the external one ye was 
selected equal to 9/10 ( section 5 ). 

Considering the triangles OBA9 OBjA and OB 2 A,, it is found: 

Ye 
xA (2) 

Ye 
XB1 

(2)ý 
9/10 Ye 

xB2 

and YA 'ý 

and YB1 - Ye (0.31)k 

and YB2 - 
9/10 Ye 

Symmetry about the axis OB leads to: 

xB3 ý Ye (0.30 and 

xc -0 and 

Ye 
-'BJ (2) 

YC - 
Ye 

(2)k 

( J.. 6 ) 

oeo ( J. 7 ) 
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PLA'fT-' 3: Internal probe holder. 
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PLATE 5: Elliptical nozzle. 
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