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6. The Turbulent Wall Jet Experiments.

The major part of the experlmentaL programme was devoted to-
boundary layer investigations because the turbulent boundary léyer
is the most common occurring type of wall turbulent shear flow in
practical problems of aerodynamics. However we have seen, as
described in section 4, the considerable experimeﬁtal difficulties
that were encountered in measuring the wall pressure fluctuations

in turbulent boundary layers. In particular these difficulties

were the small megnitude of the pressure signal relative to

possible extraneous disturbances which interfered with spectra
and Edrrelation measﬁrements, and also the lack of>résolving
power of the pressure transducers at the higher frequencies.

It was tﬁerefore desirable to make measuremenis in other
types of turbulent wall shear flows,ﬁhich might help to verify
“the uedaCulons‘uhau have been inferred from the boundary leer o
tests. The p0531b111ty that the wall jet shear flow might
fulfill this role was first suggested to the author by G.M. Lilley.
Indeed,‘initial measurements showed that the ratio of the turbulent
fluctuating pressure signal to extranecus signals was | ' RS
high and so a comprehensive érogramme of measurements was performed |
which has helped ccnsiderably in the understanding of the mechanism Ly

of the pressure fluctuations in turbulent shear flows.

The preliminary measurements in,@hef}adia; turbulent wall -jet

S
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have been described by Hodgson and Iilley (1960). Tﬁesé
measurementé have been extended to include turbulent velocity

and correlation measurements and were repeated for a two-dimensional
wall jet. TFor brevity these two types of wall jet will be

discussed simultaneously.

6.1 Theory of the mean flow

When a jet of air strikes a éurface ét right angles or air
flows from a peripheral slot over a surface it forms what is kncwn
as a radial wéii jet. Similarly if the jet or slot is planar
the wall shefr floﬁ is termed a two-dimensional wali Jet.

The mean flow in the wall jet has been studied theoretically
by Glauert (1956), and experimentally by Bakke (1957) and Bradshaw
et al. (1959) for the raéial wall jet and by Bradshaw et al. (1960)
 for the two-dimensional wall jet. Although Glayert considered
both laminar and furbulént wall jét flows, only the turéulent
case will be requiréd here.

To good approximation the wall jet flow may be regarded as
-a combination of an inner region with properties very similar to
a boundarj layer flow and an outer mixing region very similar to
a jet flow. Glsyert evaluated numerically a near-similarity
solution for the turbuient case by assuming that the vériation of
shear stress with mean velocity in the inner region was the same
as that in turﬁulent pipe:flOW}‘While in the oufer region

a constant eddy viscosity was assumed, with the value
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being éhpéen to obtaiﬁAa velocity pfofile in agreement with
Bakke's experiments on the radial wall- jet.

Bradshaw et al. (1959, 1960) have shown, using calibrated
Stanton tubes, that in both the radial and two-dimensional cases
the skin friction coefficient is of fhe order of.20 ~ 25% higher
than would occur in pipe flow for the same Reynolds number.

For thewradiéi Qall~jet case we will‘denote the radial mean
velocity by U, with maximum value‘Um, in the radial direction R
with z the distance normal to the plate. For the two-dimensional
case, x will be taken as the dcwastream direction with y normal

to the plate,

! . 'Half~jet! flow .
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The thickness ratio Zm/z in Glamert's solution veried slowly

with the Reynolds number Um(Z%-Zm), where Z% is the ordinate to the
: v




§ ik <evin o i K

- 112 -

'point in the outer mixing region for which U/Um = 0.5 and Z, is

the ordinate of the maximum velocity point. Glaitert found from
Bakke's experiments that the velocity distribution parameter o was

1.2 at a Reynolds number of 4 x 1@4, which is close to that in
g

the tests described below. With this value ofsx)zm/zl°‘ 0.14
2

and alsc at this Reynolds number Glamert predicted that

1.01

- Q )
U ~R 1.09% g 7, ~® 6.1
_ 2

where the exponents are only slowly varying functions of Reynolds

number .

*

For the two-dimensional case at this same value of the
Reynolds number Glauert gave the peak mean velocity and thickness

variation as -

7

wx 0% anay, ~x%% 6.2

s

m > *

U

where Y, denotes the jet half-thickness. Bradshaw et al. (11960)
2

have shown that Glawert's mean velocity profile for the radial

wéll-jet closely agrees with the measured two-dimensional profile,

at the same Reynolds number over the outer region.

6.2 The test facilities

The radial wall jet

t rig, shown in figures 41a and 41b, was geometrically

§
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similar to that used by Bakke (1957).  The jet diameter was
1.5 inéhes and air was suppiled from éressurised réservoir tanks
via a 6 inch diameter thfottling valve and 200 feet of 6 inch
diameter pipe, part of the laboratory ring-main supply, which
passed horizéntally 18 feet above the test gite.‘ The vertical
downpipe was 3 inches diameter and 10 feet long, connected to the
6 inch main through a 3 inch'isolating valve. This was followed
by a smorth contraction contrining a wire gauze and then 5 feet
of 1.5 inch diameter smooth-bore pipe fitted with a 6 inch diameter
flange to form the jet. The flange was 0,75 inch above ﬁhe plate,
The plate was a smooth Tufnol sheet of 2 inches thickness
and about 100 1b. weight, The plate was mounted horizontally
on a steel framework which rested on the laboratory concrete floor.
A massive plate was chosen as a precautionary measure against
possible vibration of the plate from the jet impingement.
The test procedure was to open the 3 inch isclating valve
fully and to control the air-flow by the main 6 inch valve at
the reservoir tank. This was necessary to keep the noise from
the isclating valve to a minimum.
The measuring region on the plate was 3t010 jet dia@eters
from the jet axis,over which the jet half width Z% varied from
0.4 £01.2 inches with a chosen meximum velocity range U_ of 140 to
Lo ft/sec. The speed and thickness range corresponded to a

Reynolds number Um(Zl-Zm) =3 x 104.
e R
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The two-dimensional wall Jet

The two-dimensional wall- jet facility is shown in figures
i g

L8a and L8b, Air was blown over a heavy smooth plywood plate,
of 2 inches thickness, through a slot that was 0,1 inch wide and
12 inches long. The slot was part of a steel fabricated blowing
bax which was éonnected to the laboratbory compressed air ring
main through 3 inch diameter rubber hoses and an isoclating valve.
T ensure uniformity of the flow the blowing box contained a
gauze and aléo flow éfraigh‘teners at the slot' corners and the box
was supplied with air at both ends. The plate was fitted with
sideplates to orevent strong three-dimensional effects, At the
fir;‘b measuring station x = 3 in. the flow mean velocity had
attained quite acceptable spanwise uniformity.

Over the measuring region x = 3 to 5 inches the Jet half-
width varied from 0.28 to 1.03 inches with a chosen maximm velocity -

‘range of 170 to 80 ft/sec., corresponding to a Reynolds numier,

U ¥, ), in the range 3 to & x 10%,
Jit3 = m
V .
) Discussion of results

7.3.4 The mean velocity profiles

The mean velocity profiles, measured using a pitot tube, for
the radial av two-dimensional wall--jets are shown in figures L2a
and 49a respectively and were in good agreement with the outer

layer profile calculated by Glauert corresponding to the test
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Reynolds ﬁumbers. No corrections for turbulence or mean flow
angle were made to the pitot tube readings,which explains the
departure of the measured profiles from the theorefical profile
at the éuter edge of the layer. Here the relative turbulence
level was nét only high but the effect of entrainment meant that
thg mean fléw angles were probably of the order of 40 ~ 500.
| The inner layer”in the experiments was extremely thin and
so for a more thorough investigation of the inner region profile it would
have been preferable to use a hot-wire;especially near the
wall. However, as will be seen below, it is the buter layer
which is of greater interest here.
The positions of the velocity maxima were difficult to
determine because of the roundness cf the velocity profiles near
the peak velocity region. In the radial case'zm/z1 ~ 0,18, a
vélﬁe”in fair agreement with Glavert's predicted thickness radio
of 0.14, The measured thickness ratio ¥ﬂ/i1 for the two-dimensional
wall jet was also very close to this predictzd value,
The maximum velocity Um and the jet half-thickness Z% are
plotted logarithmically against thé radius R for the radial case

in figure 45, and it is shown that:

U ~ R and Z%'v RO'94 (6.3)
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L S A 6.4

These results (6.3) and (6‘4) are, to the accuracy of measurement,
in good agreement with Glauert's predicted variations of’fhe
maximum velocity and half-thickness given in eguations (6.1) and
(6.2).

At the time of commencement of the pressure measurements in

1

ad been published by

e

the wall jet,no turbulent velocity data t
other worker%. In order to perform an orderiof magnitude
calculation for the mean sqﬁare wall pressure. a comprehensive
set of turbulent intensity and scale measurements were made for
both cases of the wall jet wusing the hot-wire turbulence equipment
described in section 3.6.

The measurements of the intensities of the longitudinal

i ; Y == ; . e LN s
velocity component u, = 4u§3 and the lateral component u, =-13§

-

normal to the plate,and their one dimensioﬁal épectrasare plctted
in figures 42b and 43a respectively for the radial case and
figures Lob and 50a for the two-dimensional case. These measure-
ments show, together with the spatial correlation méasurements
plotted in figures 47 and 54,‘that the turbulent flow in the

outer region was very closely self-preserving in both cases,

One of the reasons why the wall jet was a sensible model for turbulent -

"fluctuating pressure measurements was demonstrated by the large
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turbulent intensity levels that were}measured. For insﬁance,
over a considerable part of the wall jet profile, including the -
peak velocity region, the intensity of the longitudinal turbulent
velocity>component was over 4#0% of the maxiﬁum velocity Um for
the radial cése and over 20% for the two—diménsioﬁal case, with
the lateral turbulent intensity about half of these values.

It should be noted that no éorréctions to the turbulent
velocity measureménts‘were made to také éccount of the non»li;ear

response of the hof-wire. This error would be expected to be

largest near the outer edge of the layer where the local turbulent intensity

was high. For turbulent intensities of order 25% the error
could be of order 10%’and greater for larger intensities. For
the present purposes 10 - 20% accuracy was sufficient and so resort

to complicated linearising circuits was not necessary. Also no

corrections were made to the readings to allow for the mean velocity

angle which, for the reason given in the discussicn of the mean
velqci%y measurements, would be expec%e& to be important only at
the outer edge of the layer. It is noted that the measurements
of tufbulent intensity for the two-dimensional case were:in good
agreement with the preliminary results reported by Bradshaw et al,
(1960).

Shortage of time only allowed the six spatial correlations

coefficients §11(£> and ﬁzz(g) of the turbulent velocity in the

half-jet region to be measured. Examination of the results

1
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plotted in figures 47 and 54 shows that the longitudinal scale L
was about twice the lateral scale L, for both wall jet cases,with

the lateral scale L. = 0.5 (Z% - Zm) for the radial case and L

® 2 2

= 0.h (Y% - Ym) for the two-dimensional case. It would be
expected that the anisotropy factor @, to be used in the root-mean-
square calculations in the following section, would not be quite

as small as the value for the boundary layer case where L1 =

41% and where & was taken as 4. The correlations in the r
direction'(rz.being the transverse separation parallel to the
.wall) for the'rédial case had a larger scale than in the two-
dimensional case. This wa;,probably due to the radial spreading
of the formef.

The spectra and scale measurements were taken at a point well

into the outer region. This was chosen because the fluctuating

wall pressure measurements, to be deseribed in the next paragraph, - -

showed clearly that the main contribution came from this region.

Fluctuating wall pressure measurements

The non-dimensional root-mean-square fluctuating wall pressure
was found to be constant with downstream distance (see figure 55):

>with the values

J—;-.ZT/%QUI; V = 01134 (6¢5)
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for the radial case (which differs from the value 0.11 quoted
by Hodgson and Lilley (1960) because of improved calibration of

the pressure transducers) and

for the th—dimensioﬁal case,

No variation of these resﬁlts with transducer diameter,
from measurements with both the M213 and BK4133 transducergjwas
detected so only the measurements taken with the M213 transducer
havé been presented. This is also shown by the sﬁectra measurements
plotted non-dimensionally against the Strouhal number in figures
L3b and 50b, for over the main energy containing Strouhal number
range there was a reasonable collapse of the measured results., The
‘reason far the relatively high resolving power of thé'tféﬁSduCéré;
as compared with the boundary layer tests jwas because the main
energy containing’frequencies were an order of magnituée lower than those

in the boundary layer tests at the same Strovhal number, that
is the wave-length or scale of the fluctuations wss much larger.,

The fact that the scale and magnitude of the measured pressure
fluctuations wefe large, tcgether with the constancy of the values of
the non-dimensional root-mean-square wall pressure (6.5) and (6.6)
with disténce as was to be expected for a self-preserving flow,

suggested that it was mainly the half-jet flow which contributed
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most to the fluctuating wall pressure. This is shown clearly
by comparing the measvred tﬁrbulent velocity spectra in the outer
région (see figures LZ» and 50a) with the measured fluctuating
wall pressure spectra ,for the dominant energy containing range
of the Strouhal number was of the same order in both cases.

Further confirmation of the above is obtained by considering

~ the contribution from the inner re;gion.r The value of the skin

friction coefficient in these tests can be inferred from Bradshawis
measurements t? be éf‘order Cf = 0.006. Henée with the boundary
layer measurement previously given in section U, where ~§3)%0 y? =

o]
2.2 Cf, the ;ontribution from the inner layer to the non-dimensional

wall pressure was of order 0.013, a value small compared with the

- measured values (6.5) and (6.6)., Also the inner region;in the
tests described,was very thin which meant that the 'transducer

- diaméter to the inner layer thickness'ratio was high (equivalent

to a d/61 ratio ~10 b 30). Hence the M213 transducers,used in
the tests,would measure only a émali part of the inner region
contribution because of theblack of resolving power at such a
nigh &/ 8 ratio.

It was to be expected from the large turbulent pressure
signals‘that were ﬁeasured, that the ratio of the turbulent pressure
to any extraneous signals would haﬁe béen high. In fact this
ratio was nearly 40 decibels and was measured by placing a small

streamlined section just ahead of the measuring station, preventing
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flow across the transducer face. Thus extnéheous signals from
acoustic radiation from the jet exit, or acceleration pick»ﬁﬁ

in the transducer through vibration of the plate, were negligible
relative to_the turbulent pressure signal.

The most striking property bf the wall pressure fluctuations

from a comparison between the pressure and velocity ‘spectra

(see figures 43a 13band 505’;1-;59}1):.':»1&5:' 4’thhe falling of the pressure
-spectra levels at low Strouhal numbers. The form of the
variaﬁion of the measured pressure spectrd with the Strouhal
number  agreed closely with the boundary layer pressure measure-
menfs on the glider (see figure 34). The falling'spectrum level
at low frequencies is regarded as confirmatiqn of the assumption
that was firét made in section 2, namely that the main contribution
to the fluctuating pressure in turbulent shear flows comes from
~the turbulence-maan shear *nteractioﬁ,fbr’as‘Was shown in the
calculations of sectlon 5 ‘the pressure spectrum should have.this
form at low frequencies, It mlgnt be noted that had the turbuience~
turbulence 1nteract10n been 1mportant the wall pressure frequency
spectra would have been asymptotic to a non~-zero value at low

frequencies (see figure. 40 and Appendix B).

Spatial correlations of the wall pressure

The transverse and longitudinal spatial correlation coefficients
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of the wail pressure are plotted in figures 46 and 53. The
transverse correlations decreased quite definitely ﬁo ZEeTr0,
indicating the freedom from interference to the measured turbulent
signals by acopstic noise (which wouid have correlated significan%ly
at largevdistances}q The absence of a negative loop in the trans-
verse measureménts was further coﬁfirmation that the turbulence-
turbulence contfibutipn was very small. The transverse scale

of the wall fluctuating pressure was of the order of the total jet

thickness. -
The cufves‘of the longitudinal corrélation coefficient for
the upstream and downétream directions,'although asymmetric
because of the rapid growth of the layer, had relatively lafge
negative values of order 0.2 to 0.3. The important discovery

from these curves is that, to experimental accuracy, the integral

“under the longitudinal correlation curve is zerc. This-is

believed to be the first experimental confirmation of the validity
of the incompressible boundary condition governing the wall pressure

covariance P(% 104% ), that was first formulated by Phillips (1954)
= 4

and given previously in section (2.3). Thebt was
oo [=+] ‘
' P 4 ¥ oaE .
f / P(5,40,5,)d5 45, = 0 ‘ , 6.7)
e -0 .

for a plane surface, where it should be noted that the vanishing of the

i integral in equation (6£.7) was satisfied in the wall jet case

L
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because

re .
| P(Z ,0,0)d% =0 - (6,8)
J - i i

In fact, see section 5, this is just the way in which the
turbulence-mean shear contribution to the wall fluctuating
pressure would be expected to satisfy the Phillip's boundary

condition.

Space-time correlations of the wall pressure

It is not possible to make use of the simple qonvected

hypothesis of the pressure field to relate the autocorrelation
to the longitudinal correlation because of the large variation
of the mean velocity U with distance.  However, the negative
loop in the autocorrelation coefficient of the wall ?ressure ( that is
‘far'i20) shown in figures bt and 51 is consistent with the
negative loops obtained in the longitudinal spatial pressure
correlation measurements, It may be noted that to within
experimental accuracy , the integral of the autocorrelation curves
also vanished,which was consistent with the falling specfral
measurements at low frequencies,

“he clooe transducsr spacings ﬁhe variation of the mean
srloeiuy over the separaticn distance is only small, and so we can
~ltaio 0o local averaged convection speed Uc of the pressure

13

pabtera “oon Yhe optimum time delay for these spacings. The results

e oy e ...
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show that

Ur ~ 0,93 Um for the radial case
and U 0.88 U, for the two-dimensional case.

From the remarks made earlier that the half-jet flow must
provide the main contribution to the wall fluctuating pressure;

these convection speeds show that the dominant contribution comes

from the region % (or ¥, ) equal to 0.3 = 0.6
) Z ® e L]
7y

6.3 Calculation of the wall root-mean-square pressure

In view of the rather complicated nature of the wall jet flow

with the rapid growth of the layer and variation of the peak

velocity, only an ‘approximate calculation of the wall fluctuating

pressure will be made; -Nevertheless, the calculation does illustrate

 further meny of the points made previously.

7 If we neglect the effects of inhomogeneity of the flow in the

streamwise direction, and meke the further assumption that the

expression for the wall fluctuating pressure is the same in both
the radial and two~dimensional cases and arises from the turbulence-

mean shear contribution only,it was shown in section (5.1) that

approximately
2 2
p? =8pa 64, u. L2 : (6.9)
1
where 5127 ug and Lzare representative values for the mean shear,




lsteral turbulent intensity and l:uberal scale acwoss the layer,
and g is a factor less than unity to take account of anisotropy.
For +he radial vwall jet the values of e,, and uzz/U are
. m

nearly constant over most of the outer region and have values

gfgg}_ and 0,22 respectively, If we take the lateral scale L = Z-Zp
Z4=2 2
z

as a representative value for the whole outer region based on

the scale measurements at 2 iz, = 0.6, then on substituting these

/A3
z
values in equation (6.9) for the wall mean-square pressure, we

obtain -

=
/2T, = 0.4k : (6.40)

viaere the anisotropy fectar a = %—, which is based on the long-

itudinal and lateral velocity scale measurements.

Similarly, if for the two-dimensional wall jet, we take e,, =

0.6, U2 _
O:%m, Y2 < 0,11 and the scale L = 0.8 (¥4-Y ), then with
I,Y U2 2 z W

2

the same value Z6r @ we ovtain

% i 2 = 0,055 (6.11)
/Ean )
m
{
Fhe
These bue leulstions are in good agreement W.-'rithl,\measured

values (6.5) .+ 0.L), The ratin of the measured scales for the

radial and tHwe-ds

¢
A
=
[¢)
S
03]
il
.

hich wns 534, and the ratio of 231 for the

e e N i P
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turbulent intensities very nearly explains the 3:1 ratio of

the measured valués of the non-dimensional wall fluctuating
pressure. The tendency towards greater anisotropy in the two-
dimensioﬁal case could probably account for the calculated value
being too high.

The interesting points to note in these calculations of the
wall fluctuating pressure is the dominance of the turbulence-~
mean shear contribution of the outer regicn of the flow.
Although'thé mean shear in the outer part of ‘the Jayer is much
snaller than tﬁat in the inner 'turbulent boundary layer type'
flow, it was “the large scale of the motion in the outer region
which accounted for its greater contribution to the wall fluct-

uating pressure.
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7 ' The noise radiated from az turbulent shear flow over a plane

rigid surface
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erodynamic noise from free turbulent

flovs

The theory of the generation of sound by turbulent flows
has been given by Lighthill (1952, 195%) in great.detail. He
showed that the furbulent flow could be regarded as equivalent,
acoustically, to a distributioﬁ of guadrupoles, whose strength

per unit volume at any instant is

Tij = puiuj + pij - agp 033 ; : (7.1)
placed in an acoustic medium at rest, where Pij is the compressive
stress teuasor and ag is the velocity of sound in the medium.

The propagation of sound is governed/éykzge equafion

V B VP.A,,JqﬁaS‘ e
2 3 o
92 - 2,272 = 8 Tij ,{'j LBgs (7.2)
gtz aXian "\“ \C\ﬁ)

pe N

Lighthill solved equaticn (7.2) for the case of free turbulence’

in the absence of boundaries in the form

[

(0-0o)(x,t) = _1 0F_ [Ti5(y.t*) 3 - (7.3)
’-HTaOZ aXIan'[ ’ m

where ¥ is the field point and y is the source point, and where the

value of Tij must be evaluated at the retarded time t* =t - [g-g[
2o

e — e bt ——
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to allow for the different times of emission of sound ﬁaves from the
source points ¥y that réach the field poin® x simultancously.

From equation (7.3) Lighthill showed that the intensity i(x)of the noisef
at a peint x many acoustic wavelengths from unit volume of turbulence
placedAat the origin of a turbulent flow region, itself small

compared with |x}l, is

2 i 2
i) = %%5%1% /a i3 (0t BTam (,t70az  (7.1)
1670, 22 x° ot2 at*

.

‘where t* and t’* denote the retarded times between sigﬁals emitted

separately at O and gz respectively and those received simultaneously

at the distant point x at time t, say. The integration is performed

2
over the whole turbulent region. The covariance of 9 Tij will,
12
[

howeven'be zero at all distances beyond a regicn comparable roughly

with the average eddy size.
»'The“covariéncérof‘aarij in equation (7.4) is to be evaluated
: o9t2 C
at retarded times but, as Lighthill has suggested, if the turbulence

is at rest or moving at low Mach number the retarded time differences

Aare negligible compared with times significant in the turbulence so

that in some cases the covariance may be treated as a simultaneous
covariance.,
. . 94r. .
When the Mach number is not small the covariance of ij
ate

must be evaluzted at retarded times. Iighthill showed, however,

that the importance of the retarded times may be minimised in

oY i i T i e
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equation (7.4) by viewing the turbulence in a moving frame of
A 2
reference such that the time scale of wﬁi}i is greatest, that is
at®
moving at a speed which Lighthill called the 'local eddy convection

speed! or what we have called the average convection speed, Ug.
If M, = Uc/a is the eddy convection Mach number then the
o}

modification of equation (7.4) to moving axes is

. 2
i(g) = i j1m ‘fa Tij(o,t*)aerm(g,t'*)dg (7.5)
5
a

16120 2, (3 —-MC.;MJ at2 of

where now Ti 1s specified in the frame of reference moving at the

J

speed Ug,. Usually, with the same reascning as above, the retarded

time covariance can be replaced by the simpler simultaneous covariance.

In a region of intense mean shear, for instance in the mixing

regicn of a jet, Lighthill then showed that the main contribution

- e g e e e R e . e
to avLij is €53 Op where ey, = “Us + 9UJ is the mean rote of strain.
52 ot ] XJ Ox3 :
-If the mean shear is 51 and is taken as constant, the sound power
2

output P, per unit volume of turbulence at the origin, found from

equation (7.5) by integrating over a large sphere centred about
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" time covariance. There is no obvious reason a priori why the

simultaneocus covariance of 8p should vanish. Hence if we neglected

-~

retarded times and therefors use the simultaneous covariance in

equation (7.6) then following Lighthill, we may write

Pv,=[1 + O(Méa)l . e’a(gg)a‘v . (7.7)
3+
150, &> o

where gﬁ@}z is to be evaluated in the moving frame, and in this
Aot/ :
frame V is defined to be .

V = f -g*fi (o,t) % (z,t) az, (7.8)
(2)

at . AN
which Lighthill has called the ‘average eddy volume'. ILilley

(1958) has calculated {Qg)a and V from the Poisson equation (2.3)
' ot '

. for a two-dimensional mixing region using kinematically.possible .. .

fofms of thé velocity correlations. It may be noted that the
radiated noise from low Mach number flows can always be evaluated
from the appropriate covariance in the Lighthill theory by finally
assuming to a good approximation that the turbulence flow is
incompressible.

As mentioned éreviously,measurements of the fluctuating pressure
within a turbulent flow are not pfactically feasible with present

transducers and therefore measurements of the critical source terms

et e e e
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in Lighthill's theory of the noise from free turbulent flows are
not yet available, However, in the case of turbulent shear flows
over plane boundaries we can make use of the wall fluctuating
pressure measurements described in sections 4 and 6 to investiéate

these critical source terms.

7.2 Theory of the noise radiated frbm a turbulent shear flow

over a rigid plane boundary.

Curle (1955) has used the general solution of the inhomogeneous
wave equation (7.2) for the case of turbulent flow in the presence

of a rigid boundary S and obtained the fluctuating density of the

radiated noise field as

ppo=_1 O / 75 (tt) S
4”&02 axiaxj v IEﬁZ]

{f this result is compared with the corresponding result obtained by
Lighthill for free turbulent flows equation (7.3), it may be seen
that the latter is modified by an additional term which is a surface

integral involving a distribution of dipoles with strength P; per

unit area, where Pi is exactly the force per unit area exerted by

N i,
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the solid boundaries on the fluid in the Xy direction.
By using the particular image Green's function for a plane

ace Deax (1960) has obtzined the solution of the inhomogeneous
wave equation (7.2) in a form more easily interpreted in terms of
the wall fluctuating pfessure measuremeﬁts. He found that the
corresponding result to equation (7.4) the far-field radiated noise
intensity i(x) from unif area of the plane surface x =0 centred
about the origin is

.

i) = % [ 500, £%) (g, £/ ds (z) T (7.10)
1—!-71'290a;x4 j ot ot '

where Doak argued that the corresponding volume integral was negligible
compared with the surface integral.

If the flow Mach number is small the approximation might be made,

as has been used in the free turbulence problem, that the retarded

time Op covariance in equation (7.10)vcan be replaced by the simpler
simulEZneous covariance. Hence it would seem plausiﬁle to evaluate
the &p simultaneous covariance from measured wall fluctuating pressures
or afzernatively,following the work of ILilley (1958), this covariance
could be calculated on the assumption of incompressible turbulent flow.
It ié neéessary'to emphasize at this stage, as will be shown later,
that the correlation area equivalent to the surface integral in eqﬁatioﬁ

(7.10) is, at the most, 0(82) where & is the thickness of the shear

layer, and is therefore very nearly vanishingly small. It is for




this reason that great care must be taken in the covariance

evaluation.

The wall pressure correlation measurements,for both the turbulent
bound: ry layer and wall jet flows over a plane surface,have shown
that significant areas of negative correlgtion exist (see, for

instance, figures 56a and 56b). The wall jet measurements, the glider

boundary layer measurements and, to a lesser extent, the 21in., x
23in. tunnél measurements have all shown that in low Mach number
flows the area integral of the simultaneous wall pressure covariance,
to experimental accuracy, vanishes. Alsc the incompressible
calculations of the wave~nﬁmber spectrum HQ%) for fhe turbulence~
mean shear and the turbulence-turbulence contributionshave shown that

,H(g) vanishes at k = o, This is, of course, the incompressible

boundary condition first given by Phillips (1954) and later by

" Kraichnan (1956b) that

j~ jﬁ plx,t)p(X?,t) dxidx1 = 0 ' (7.11)

“or plane boundaries, where x and x’ are points on the surface.
That is, the total instantanecus force on the plane boundary is zero,
In particular the condition given in equation (2.45) is relevant here,

Srnaly that -at the surface

'm‘mégkx,t)ﬁg(x',t) dx dx_ = o i : (7.12)
”a’c"'at v E

R Rle]

e e oo g gt e
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Hence we see that the estimation of the ncise radiated by

turbulent flows over plane surfaces from calculations or measurements

of the simultaneous Op covariance is & parlicular case in that this
ot

simultaneous covariance must exactly vanish. Therefore in calculating

- the radiated noise using equation (7.10) the retarded times must
be retained,even if the covariance is referred to axes moving with
%*
the average convection speed.
If, follawing Lilley (1958), we write dW(k,w) as the Fourier

Stleltges transform of the wall fluctuatlng pressure, that is

%E(z,t)“—: iffwei“’tei}‘v'zdw(;g,m) (7.13)
t

where y = (y,,0,¥,) and k = (k k) the two-dimensional wave-number

vector in the plane, then at the retarded time t*

:.63(t-~) :Lw Eed 3,

(z,t*)—- :ijtde BeX T W () (7.14)
since t* = t-|> 3% mgex  + fﬂz
ao ao aox

The 9p covariance, evaluated at retarded times, is then
at

. -iw X5
ERIC t*)wg(z T j]‘ Jkeg a x?(k,w)dk aw (7.15)
ot

* a0 A(‘\ N

The argument given by Phillips (1954, 19 56), that the’ dipole radia
from a turbulent flow over an infinite flat plate is zero, cannot be
Justified since it is based on the. condltlon of the vanlshlng of the
simultanecus covariance,

S e S e
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where the separation distance § = (ii,o,€3) = z-¥y,and so the area
integral A& of the retarded time 3p covariance is
A4
Alx) = jﬁlg(g,t*)QEQg,tl*)dSGQ)
ot gt
[} .
= fm2n (- % 0) @ | (7.16)

a_x
where A depends on the position of the field point relative to the
origin.

Lilley (1958), Lighthill (1961) and J. Williams (1960) have .
all observed that in most caseé (- ffi ,&) is practically equal
to I(o,w). Of course in the presenioiasell(o,w) for an incompressible
flow is zero. Thus the effect of the retarded times must be taken
into account. The calculation of equation (7.16) will not be per-
formed here but it could be evaluated, fcllowing the methods as_were used
by -Eilley- for the-free-shear-flowwcase}using1incompressible~ealéulatiens»w
from the Poisson equaticn (2.3) for the wall fluctuating pressure.

To conclude this discussion of the theory of dipole noise
radiated from turbulent shear flows over rigid boundaries,it is
worth calculating the order of magnitude of the effective correlation
area A of the dipole sources for the boundary layer case,using tﬁé
neﬁsurements.of the noise radiated from the turbulent flow on a
cowpnived eircular cylinder by Wilson £1959) and the boundary layer

wo1ll prossurs measurements described in Section 4, Since we are




concerned with an order of magnitude calculation we will use i

Doak's result in equation (7.10) for the plane surface problem

ot

PR

o obtain the ncise -power output per unit length of the cylinder

as ;
.2_ i
+0(M -
PO - [’H ( C) JR ‘(ap}z A (?,17) i
3 a’ % 3
3 8 |
i
|
where R is the cylinder radius and is the corresponding equation i{
to equation (7.7) for the free turbulence case where {ggf will {)
now be evaluated in the moving frame and A is-the average over i
angles of the correlation area A(x) of the dipole sources, in the

moving frames' {
If mﬂ(w) is the frequency spectrum of the "true'’ time f

fluctuations of the wall pressure that would be measured in the

frame of reference moving at the speed Ucythen
g ;
(2} =/ w2 MI(w)dn - (7.18)
o -0y :

From the space-time cérrelation coefficient meaéurements
of thekboundary layer fluctuating wall measurement shoyn in figure
22 we can obtain the autocorrelation coefficient P5(7) of the 'true’
time fluctuations since it is the envelope of the optimum time delay

correlation maxima.

- 2T2

If we take "P(7) to have the form e °© where « is

" the reciprocal of the integral time scale T of the'true'time

fluctuations as measured in the moving frame, then the pressure




- 137 =

spectrum is

MWw) = 2. 1 .e 7/ AQ: (7.19)

which gives, from equation (7.18), the value of (ﬁgf as P

at

From figure 22 the autocorrelation coefficient ?m(?) has the
value C,5 when 7 = 0.2 X 10’3 seconds or 0, = L x 103 radians/sec.
and ¥b, = 0.05, Hence

T

U,

12y 2 5UA® |

(5) = 0.05)" o2 (7.20)

\ot \g ) ,

the same value as was calculated by Lighthill (1961) from Willmarths

measurements.

It should be noted that équation (7.20) is probably a lower

2

estimate s nﬂe the forme -ﬁzrg”iS'not“an aCCu;atc des»rlptibn of T
the measured mae v1ng frame autocorrelation for the boundary layer,
2s can be segn from figure 22 or from the results of hlllls descrlbed
by Richards (1961). This was also the sase for the wall aet)
see the space-time correlation measurements shown in flgures Ly
~and 51,  But if we used the form é_wgfiwhich fits the experi-

mental curves for values of the time delay T not too'small,

*
the value. of {_g) would then be infinite!l
2t :

* Of ccurse, it is because the value of (_E‘gdepends on the higher:

ot
frequency part of the spectrum H(w), that is on the smaller time delays
in the moving frame autocorrelation P(T) which are difficult to obtaln
with present instrumentation, which prevents an exact evaluation.

e s e o e e s e R R S R P e L S A S R R o
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It may be noted from Lighthill's theory that, neglecting

Doppler effects, a fair estimate of {gﬁ 2in the moving frame is-
ot
wz P? where @d is a dominant frequency of the radiated sound.

From Wilson's measurements Wy O0.2to 0.4 U1/é .
1
Wilson also confirmed that the radiated noise. intensity was

proportional to Uga, that is dipole radiation, and measured the

acoustic efficiency 7, from a knowledge of.the input power to
drive the cylinder and the integral around the cylinder of the }
noise output power, to be 0.3 x 10'6M3 where *the test reference

Mach number was 0.228.

Hence from equation (7.17) and the value of md above we have

2 - ; v
p= WaF LR - 0.3 x 10°%° (7.21)
30,2 > (30, U "C U, 2R | ]

If we take Jpa g 2 = 2,2 C_, from the experimental results i
e ,“"H/%PQ [ e e
of secticn 4 and put the skin friction coefficient C s = 0.0025, say, t
’ : i
then

-l z ' ’

E= 0.02 £00.% o (7.22)
which is an exceedingly small quantity. It is therefore clear

that with the accuracy of present instrumentation it is almost i

impossible to measure A to the required accuracy. |

This value of A may be compared firstly with the value deduced from the
results of Harrison (1958) by Doak (1960) who squared the transverse

- 2
scale or longitudinal scale of the wall pressure and obtained A = 17064.

=
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which gave an acoustic efficiency n = 0.6 x 1O~2M3, that is three
orders of megnitude greater than Wilson's measurement,and secondly with
the estimate made by Lighthill (1961) who took the integrated value

of Willmarth's fixed-frame autocorrelation curve as the effective
radius of the corrélation area and obtained & = (1.251)2 with a

6

corresponding acoustic efficiéncy of 107°M”, It is clear from

the assumptions made that even the latter calculation is still an
upper estimate.

Finally we can compare the radiated dipcle power to the' ;
radiated quadrupole power, on the assumption that thé étrength of |
therquadrupole sources in the boundery layer are éimilar to those
in the jet,using Wilson's acoustic efficiency measurement and the ..
result given by Iilley (1958) that the total quadrupole acoustic
power ouput from unit volumé of turbulence at the origin is given
approximately by I S

’ " 2 - 2 5 .
P, = gzgu_ﬁuocmcz)] e ,u La o (7.23)

2
ag”
where ﬁg is the mean square'intensity of the lateral turbulent
velocity component, L is the turbulent scale and a is an anisotropy
factor (= 3).
- ’ 2
if we take the mean shear e,zzu‘/ﬁ L = 1.50, and Ef/Uf =0

frem the mezsurements of Klebanoff (see figures 2 and 3 ) then for

low Mach suwaber turbulent boundary layer flow the ratio
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— i»fig
dipole power output = O(M:Q) o (7.2h) ;

guadrupole powsr output
which agrees with the estimate by Doak (1960). This confirms
the earlier remarks of Lighthill (1952), that at low Mach numbers
dipole radiation is more efficient than quadrupcle and that in
the boundary layer type problems althcugh dipole radiation is

small, the quadrupole radiation is»eveh smallexr.
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Conclusions

The following conclusions were obtained from an experimental
and theoretical investigation of the fluctuating pressure in

turbulent shear flows at low Mach numbers,

1. The main contribution to the fluctuating pressure in turbulent
shear flows was found to arise from the amplifying effect of the
mean shear. The root-mean~square velue of the non-dimensional

wall fluctuating pressure was found to be
j; 242 Of
for the turbulent boundery layer and

%.P.’i.; = 0,134 end 0,045
25U,

for the _r'adeiall and fwo—&iﬁensibnai wa.ll jet-sk respec‘blvely(vmere S

Um is the local peak veloci’cy).

2, The power spectral density of the wall fluctuating pressure,. :

although falling, like the turbulent velocity speotra, with increasing

frequency at high frequencies, decreased with decreasing froguency

at low frequencies as the square of the frequency.

3. The average convection speed of the fluctuating pressure field as

observed at the wall was « 0.8 times the extermal mean velocity for

\
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the turbulent boundary layer case and = 0,9 times the local peak

velccity for the wall Jets,

L, The surface integral of the measured wall pressure oovariance,
Yo within experimental accuracy, was found to vanish for the wall
jets and for the tuwbulent bourdary layer when interference effects

were absent, as for insfance in measurements on a glider wing.

5. An imwvestigation. of the source terms responsible for the
radiated noise from turbulent shear flow at low Mach numbers over
a plane boundary showed that they could only be evaluated from

ha ’ : '
the wall fluctuating pressures if retarded times were included.

Although the e@eﬁien‘bal pi‘ogramme was restricted to wall
fluctuating pressure measurements in wall turbulent shear flows
‘because of current limitations in pressure. transducer design,
nevertheless the same technigues could be used for measurements
wvithin twwrbulent flows when an acceptable transducer becomes
available in the fubture, The theoretical calculations of the
wall fluctuating pressure may easgily be extended to evaluate the

fluctuating pressure within the turbulent flow,

i mt . i et




PNV

- 143 -

Appendix A, ' -
The Evaluation of an Integral,

It has been shown in section 2 (see equation 2,21) that the

wall pressure covariance is given by the integral

pf [ [ e ) r c.:. i e - €3 " A -‘
I = - dY1/ 5&'2[ dys| drs| dars| drsRea(ye;r)z(yz)e(yz+rz)
Wz-“c: ‘g Phad-P) -c) —3;, ] ~ '

. 9 1. 0 ' 1 A (4.1)
0y4 IES";ZI o !?;E“I‘E‘,l )

where g(y, ) = f':.i(yz ). (%) has been written far convenience,

Kraichnan (1956a) has evaluated a similar integral for the free -
shear flow case following a method given by Feynmen (1949) for

integrals which occur in quantum mechanics, IHere we will use a

similar method to evaluate the integrations over y, amd y, in

equation (A,1),

@ [ ¢
Consider I, = [ a1 » 9. .1 dy,dys
. J._r‘.a Y e ayi ;Z-;?,’; 51‘1 g%ﬁx""‘g . » (A. 2}

This integral is convergent at infinity and will be unaltered by
change of origin, ‘/e note that x and r are constants in the
intezration,

e define new variables

é = ¥y - X Z":E:"'z ‘(A03)
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ith the separations £ and r of the field points and source points

respectively as befare

7 £
£ =% %, % =% -4

Source point y _

._3_,.‘ 1. ==-29, .1 =_2 A =“_L<l' (A1)
o, Txxl & Izvl % Tzl 521 V2

whe‘reé:fé[ :\/Zi—{-zz-}-;j » and

By TR T B Towwdl e Tl (8.5

and so using (4.4) and (A.5) in equation (4.2) we have

it Aty e e e v e

—_—— i
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1 a, a,

=03 ~C2

= = lin

5: azg lé"znal

Irf-t-m&@Zj f?ﬂZTT

e now introduce the .integral identity

’]
I

[al el

. 2 2 .2
where in our case a = Ié-z{ , b =
~ o~

[

f 9 dh

°(a2+b2A?%)

EHN)

s %,

Changing the variable of integration once more to

i

Z =

Z - 2
a2 )

and using (4.7) and (A.8), equation (4.6) becoues

5 mz)zg J

The differentiation with respect to z, Day be performed gince

% L"'."ca

z is independent of Z

i

The :'mtegra‘tions over Z_',1 and Z}

I, =.49.
3,

I = ._E:L 13?‘1.[
az.

Lz
i

0

(] ’

(?‘:}7‘ Jeeo J/..c,dé'

AN

(2] ey 2 [

‘. ;12

(1) *[212(12) 2%

; ,_

+ Z°02 I
F:h2)7 |

-2

-~

(A,6)

P
~J
~—

(4.8)

(4.9)

can now be performed using polars to give
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But since x, = X,' =& = O on the plans, Z,z =7 and z = T,

from (4,8), and therefore

N

11 = _Q__ l:.Z1 7\.2&\. . . e
o7 (1422) f 2), 12 L, 2)\2
1 , (14 ~rLy2(1+7» )+1;5 +2

(4.11) Y

If we now write

12 - j‘ © )\2 a}\
o (1422) g‘{ya(‘2+l2) +r }2 +za?\-2j
N - N - »»‘
= / AZan say, (4.12)
9 7\6+P;\.é+q_7\2+r
 then I, = BES
& (a®-p)vr-2r

where a is the biggest root of

-y

g \&@ T :

Now & = 1+j’\v*z—'> +l;.\-2-)+l;. ’
z Yz© o

" and so

2 - - -
2/ 0 2'[2 »Jz—" ) '22J
:{y‘2+ .r2y2+z y2+r2 ,-y2+ i:rzyz +!

Substituting the expression for I, in I, and then in equation (a&.1)

we obtain
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) e ¢ ¢ 09
2 -
I=2, 0 ]dy'z/ er/ ar-tf ary 2(y2)8(y, +re >Rzz(y25£>
w oz ’ '
g § @ -2 = ] = 02 .

(«E;rq)

j( 2y, +z, ¥ +(, -, ) +(E, -, )21-2y2 -, j(Zyz +r, 2 4E, =, )+, =, ) ]

(A,14)

Hodgson and Lilley (1960) as a first approximation to equation
(4.1L) took an average value of g2 across the layer,g® say, ama also R,,
7

indepondent of 3 , in vwhich case the y, integration can be performed

so that

rerdiy [ o) 5,000 e
-0

gy (15-gi+z,)

The denominator of the integral was further apmroximated so that

<2 ] ¢
a2 R (R S [ pnn Lz ). e\
I= 25 |d5 | |43 R,.(z) 8. =1 ) (&.15)
‘ “a -C3 o d o ag, . g.—z
which is twice the value obtiained by Lilley (1558) for the free

shear flow case with constant mean shear and intensity, except

that equation (A.'IE) is an in‘beg:bal over the half-space x>0,

ot
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Appendix B

The contribution to the wall fluctuating pressure of the

turbulence~turbulence terms.

In the analysis of sections 2 and 5 it has been assumed that
the turbulence-turbulence contribution to the fluctuating pressure
can be néglected compared with the turbulence-mean shear interaction.
In fhis appendix the tu.bulence-turbulencé interaction will be
investigated.’_ Sinée an order of magnitude analysis only is
required it will be assumed that the turbulencé-turbulgnce con~-
tribution to thé fluctuating pressure is independent of the turbulence-

mean shear interaction. Hence in this appendix from equation (2.%),

we can write

. viz P =7 -/3° axazx (uiuj' - uiuj) ' (Bo1)
17

]

‘where p(x,t) is the fluctuating pressure due to the turbulence-

turbulence interaction and ui(z,t) denotes the fluctuating turbulent
velocity components.,
As in section 2 the turbulence is assumed to be homogeneous
in planes parallel to the wall, that is in the directiops x, and
X,. By the use of the continuity condition (2.1),equation (B.1)

may be rewritten as

ey p e e
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i
Iy 2
r o= -, | e +(auz> 2 2y %, |
| Ox, Ox \ 9x_/ x, x,
L Jd 2 ' 1 4
i
= au (au> 2 Bu, Ou_ (B.2)
5"— Bx 5;: EEE

where, unless stated otherwise,i,j now take the values 1 or 3,

With the same Fourier-Stieltjes transforms of the pressure | 1
and velocity defined in equations (5.20) and (5.21), the two-

dimensional transform of equation (B.2) is

(22 - E)aitep) = o, f [(ki-k;)k;azicxz;;@')dzj<x2;1s-;s'>
dx2 k/
- [ o2k [ a0 )
2

: .\ ente?
-21p, (ki-ki ) %:_ dZi(xz,]@ﬂdeZ(xz,lg k%)
e |

- mean terms etcej (B.3)

where k = (k1’kz> is the two-dimensional wave-number vector and
= k2+k2, For convenience the mean terms in equations (B.5)
to (B.7) will be omitted.

The transform of the equation of continuity (2.1) is

a_ az (x_;k)+ ik.d%. (x_3k) = O ) (B.4)
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and using this form in equation (B.3) gives

(2% - xDaw(x k) [ r(.2k K -k! k. -k’ 3042, (x_5k')az,(x_sk-k')
- = - - e A A . -
a 5 f | | 51, T W, R B s AP i e’
3 2 J = hd
2 .
k!
~

..2i(ki-ki’)"d dZi(xz;;g’)}dZE(xz;}g-}g’)] (8.5)
Xz
vwhich 1is a second order linear dif‘ferential equation in x,. This
equation for the transform of the fluctuating‘pressure is easily
solved by. the Iai)lace transform method. With the boundary conditiors
p=joat:‘:2 :‘m’%i— =oatx2=danduz=oatx2=o,thetrans-
form of the fluctuaf',ing pressure at the wall is given by

o 4
7

__ “kx,
aw(osg)= -PQ/ e  dx,
: o

o “'”][{l'(ak*k'j—kx IR BL AR PLNCH S DN
.® k - - - -
gl

- 2i(ki-ki' )dZi(x; ;;g’)dz?_(x; ;g-}s’)] (B.6)

Squaring equ. {B.6) and teking the ensemble average leads to




™ : —(kx;+k”x2)

o0 e
(o3k)aW(osk”) =4 j e ax’ax”
0 *0

2 2

k¥’ 173 m oml
. aZy (x [ a8 (x 5l ) oz (x”,;g’”)dz e k)

_/ 1[1 (2k. ka-k'k -k 1c’)(2k"k” k"k” k7, ™)

: | k5"

| +h(ic, k) (! k8D A, 517D A7, (] skl )88 (K7D a2, (o5l k)

- " ll [T S
] +12€1(k k ) (2k K kmkl)

. dZ (x! ,;5 )dZ (x! Zikk az. (x -k’”)dz (x ”,k

R4
)

u ! 7
f:i(k X2k ikj -k [k p -kjki)
LIV I D 7 n
. 4z (x 3k )dzj(xa,;s—;s )le(x ik )dZ (x k k ) }

i,j,4m =1 or 3 (B.7)
where the asterisk denotes the complex conjugate.

At this stage it is not possible to-proceed further unless some
hypothesis is made regarding the statistical properties of the turbulent
velocity field. The same hypothesis that was assumeq by Batchelor
(1951) for the corresponding isotropic turbulence calculation will be
made, namely . that the joint probability distribution of the velocities
' at two points is normal, in which case the fourth order velocity
covariances in equation (B.7) reduce to second order covariances only.

‘That is the first term on the right hand side of equation (B.7) may




be written

dzj:(xl;lgl)dzy(xz ;E‘%')dz, (x”;%"”)dZ (Xi.f';}(%/r_%&//.'j
i 2 Jd 2 i 2 m 2

]

» .7 o1, R ] Foleded Wogle i o
dZi(xa,k:, )le(xz,l,g ) . dzj(xz,;g k Sdzm(xz,kg k)

+

dzz(x;;k,’)dzm(?c’;;;g”-@ . dZ’g(Xi ;yz;:f)azl(x:;l,g‘”‘)

s

dZ"i(x; ;g'?dzj (x;;lg,-];g{) . @zg(x’; k") dZm(x”z;l;g,” -k7)

+

(B.8)

and similarly for the other three terms,

As mentioned éreﬁiously in the introduction Batchelor reaséned
that the use of this normality hypothesis in the isotropic problem
wasrconsistent with the experimental result for grid turbulence
thé£‘éhé”§éiéci£y’distribufiéﬁ.at oné poiﬁf-W§s clbsely AbrﬁAi;‘v.'
However, the hypothesis céuld not be exactly true since the hypo-
thesis implied that the triple velocity correlations vanishedt

These triple correlations represent the effects bf the non-

linear inertia terms in the equations of motion. The gdrrelation measure-

mente by Stewart (1951) and Uberoi (1953) in grid turbulence

* The “turbulence-mean shear turbulence-turbulence'cross terms
U(x’) uj(x;)ul(x”)um(xi) etc. which would result from squaring
z 2 ;

equation (2.3) to obtain the total mean-square fluctuating pressure would also
vanish since they contain triple turbulent velocity correlations. Hence

the step leading to equation (B.1), in which the turbulence-turbulence
contribution was considered independently as compared with the turbulence-
mean shear contribution, is justified for the present calculation where

the normality hypothesis is used.
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showed that the hypothesis was justified at large separation, that

is for the larger energy-containing eddies, but was less accurate

at small separations, that is for the higher wave-numbers or smaller

eddies which owe their existence entirely to the influence of the
nen~linear forces,

The only justification for usiﬁg the hypothesis in the case ‘ !
of the present boundary layer turbulence problem (besides enabling %
the analysis to be continued) was that Klebancff (1954) has shown
thét the probability distribu%ion of the velocity‘at one point
was closely normal for the region O <3[o, /8 < 0.8, that is very
nearly over the whole of the boundary layer region. At the moment
information about the joint probability distribution of the
velocities at two points in the boundary layer 1s not yet available.
However, since we are hére primarily interested in the lower wave
numbers where the hypothesis is likély to be most accurate the
results to be obtained should not differ tco much from the correct
values,

As in séction (5.2) because of homogeneity in thg:ﬁ and:ﬁ

directions the sccond order covariances can be shown to vanish




everywhere unless the wave-number increments dk, etc. overlap

e L R T

Carnmi M

(see Batchelor (1953) and Moyal (1952)) that is,

-é dW*(osk)aW(osk” )= lI(o;k)6(k~%" ) ds dk” | - (B.9)
§ and
‘ daz3 (x 5k %, (xK") = g (xa,x k’)&(g}-&”)dgfdgﬁ (B.10)

where I(ojk) is the two-dimensional power spectrai density of the
wall fluétuafipg preésure and §ij(x;,xg;g) is the two-dimensional
spectrum function of the turbulent velocity field and (k) is the
Dirac delta function.
If equation (B.8) is now used in (B.7), where it should be

nofed that the mean value terms omitted for convenience in (B.7)
"héwHCéhééi:'vthen"éfter use of equations (B.9) and (B.10) the
integrations over k¥ and k” can be'performed to give

3 e —k(X! +x" )

H(o;}s):paf e z 2 dx;dx’;

i

2

2k1km(2k ke gk e gmle g7y 084 (x5 ) 2 (L % 3ok
1 i1 5

terms from equation (B.1) to ensure that the Fourier integral
defining the power spectral density of the pressure was convergent
at infinity.

| * As in Batchelor's case it was necessary to retain these mean
|
I
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(B.11)

which is a general expressicn for the wall fluctuating pressure
spectrum in the two-dimensional wave-number space k with the
hypothesis of normality of the two~pcint probability distribution
of the turbulent velocity field..

It is now necessary to complete the description of thelturbulent
velocity field by specifying the two-dimensional spectrum functions
8550 % 5k) etc. in equaticn (B.11). ks discussed previcusly
for the turbulence-mean shear calculations in.sections‘Z and 5,
these spectrum functions are functions of positicn in the boundary
layer (the turbulence intensity, scale and form of the spectrum

functions varying with distance x, frcm the wall) because of the

maerked inhcmogeneity and anisotropy of boundary layer turbulence.

¥

A

A possible form for the spectrum function that could be used

foll s from *he mirrow-flow model suggested by Kraichnan (1956b)
which w5 employed in section 5.2 and was defined by equations
(5.20a, 5, =). With this form & .(x’/,x”;k) could be expressed
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of section 5, the spectrum functions éii refer to a2 homdgeneous

in terms of é..(x;~xi;5) and §ij(i£+x;;k) where, with the notation

field. Even so, the analysis using the mirrow flow model would
still be difficult to do and would probably require a difficult
numerical calculation.,

Instead, the follqwing forms for the spectrum functions are

adopted:
: u 7
s, e
8 (x ,x"ik)= 0Ax) LA (k25 - L
ij(xa,xz_,,k) 1% Lt (k 8 3 kikj)e ) (B.12)
167 :
’ 1,3 =143
and v
-y i}(”- ¥ a
. ; °k2L;l+ - l 2 Xai
iéz(x;’xz;k)= u2(¥p) L4k2a e L (B.13)

167

Equations (B.12) and (B.13) have been obtained By writing
isctropic spectrum function gij(g) that was given previously in

equation (5.35). The expressions may be regarded as the des-

cription of a model of turbulence which is ‘*isotropic' in the plane

7 4
- s 1% %l
k (that is in the X, and X directicns) where the e

féctor represents the correlaticn between planes parallel to the
wall. It is admitted that this model is highly artificial.
However, the spatial velocity correlation coefficients §117 ﬁaz

R, 5 corresponding to (B.12) and (B.13),which are given by
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A Y px) 4
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R, &) =<1 -Gy %e e ° - (B.14D)
IR : _
'I'? /2 -irzll. 1‘3 /T2
- 2r e k4
R, =(1-2)e (B.1k4c)
\ z

are, at least, a fair description of the measurements of Grant
(1958)7 sayy

‘If the mirror-flow model, based on an»isotropiq field, were
used then it is‘easily demonstrated from the defining equations
(5.30z2, b, ¢) that the spectrum function §iz(x;g2:;5) with i,j =
1 or 3 vanishes, so the contribution of this term in equation
(B.11) to the wall pressure spectrum will be assumed small enough
- négiééf,' L S : o B

If equations (B.12) and (B.13) are now substituted in (B.11),

the expression for the wall pressure spectrum becomes

o ~2kx! o -ky, 21y |
I (o3k)=Pe “L° [ o "z‘ix" Yax! [ e T Wldiyge  C &
256a2 -x! z
2

L[ e

[ kK (Zklks k'l -~k kf)(k Sll-k‘}a)lk-k’;ﬁ ek Ok k2D
k2 '

R w4k, _kr)(kl_kl)(g § . -k’kl)fgﬁg’lz ] agl - (Be15) - i
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/A . .
where X, is written as x;Tyz.

For further simplification the turbulent intensity u? and

the scale L will be taken as independent of distance from the
wall. The integrals over x: and y, in equation (B.15) may
; then be performed, followed by the integration over k’. The

analysis is tedious and has been omitted for conveniénce. The

R e e

final result for the wall pressure spectrum is

£
:
8
1
%
3
H
)

2.2
uzL’> k. (k%L2%+22)e ) (B.16)
1287 (kL+2) C-

which is the important result of this appendix.

The mean-square fluctuating pressure at the wall is obtained

by integrating (B.16), that is

P, o] 1 o103
2" .

2

pOZ(F) (Bn1?)

which is exactly the value found by Kralchnan (1956a) for the free
? A e

field case of 1sotroplc ‘turbulence w%?h 1sotrqplc correlation
. scalar £ = ¢ /§ But as. mentloneé“‘Eiéﬁ%ﬂlntroductlon Batchelor

(?
calculated, from a more accurate form 5? thé%veloc1ty correlation,

[ S

that for isotropic turbﬁlence

— 2/ .4 2
p? = 0.340 (37 (8.18)-
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which indicates that the mean-square pressure calculations are very
dependent on the assumed form of the velocity correlation.

Hence it would be expscted that the value of thi mean~square
pressure found in equation (B.17), where the form e*r /Léwas used
for the Riqrand R33 correlaticns, would be greatly reduced to~a
value close to the result (B.18) that was obtaincd by ‘Batchelaor: fer free~
field isctropic turbulence, had a better fit to the experimental
measurements been used. Also the result (B.18) would probably be
further reduced in the boundary layer case after accounting for the
effects of anisotropy. As in secticn (5.2) these effects can be
partially allowed for by taking u? —-(Ef + \ which from
Klebanoff's measurements of figure 2 had a maximum value of order

ZU?. Heace from equation (B.18) a conservative estimate for

the non~dimensicnal wall fluctuating pressure is

Jz/ » U 0.5 Cf (B.19)

Comparing this value (B.19) with the experimentally measurea
value of 2.2 Cf and the calculated turbulence=mean shear ccatribution
of2.56Gf:it is seen that the contribution of the turbulence-turbulence
terms to the wall root-mean~square pressure is only 1likcly to be of ofdarn
20% of tie total, that is on a mean-sguare basis only of orderlh%.
This is the same order of magnitude that was deduced by Kraichnan

(1956b) §
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4t may be seen from the equation (B.16) that the caléulated
form of the pressure spectrum function.ﬂ(o;g) at the wall does

-~

2.44), namely that

I(osk) o = 0 (B.20)

The form of equation (B.16) is also symmetric in k, and k which
was to be expected since the turbulence was assumed 'isotropic!
in the x1 anﬁ X, directions. - .

Taking a representative value of the scale L ésmééi, from

Klebanoff's.measurements (sece figure 3), the integration over ky

of (B.16) may be performed numerically to obtain the cne-dimensicnal

longitudinal spectrum function

nlosk,) =./ H(o;}s)dksw (B.21)

-0

By use of thé convected hypothesis of the pressure field
discussed in section (5.1) the frequency spectrum (@) of the wall
fluctuatiné pressure may be obtained frem (B.21) by putting k =
w/UC, where the value of the averaged convection velocity U is taken
as O, 8Ui frem the measurements described in section 4. The non-
dimensional spectrum function that was obtained has been plotted

against the Strcuhal number wés/U1 in figure 40 for comparison with

the measured spectrum, The spectrunm level of the calculsted turbulence -
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turbulence”contributién was fixed by taking the rcot-mean-square
pressure to be given by equation (B.19).

The spectrum of the turbulence-turbulence contribution has a
finite value at zero frequency, that is the integral under the
longitudinalkspatial correlation does not vanish. The longitudinal
. spatial correlaticn of the wall pressure cbfained by Fourier
transforming the turbuience-turbulence spectrum in figure 40 weould
have o small negative loop, and because of the symmetry in the Xy
and x, directicns the transverse correlation would be identical,

However, as we have sthn\above}the integral of the spatial

correlation over the plane is zero,
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Aggendix c

Specialised Electronic Apparatus.

Cte The time correlator.

The time correlator is an electronic device used to form

the function p1(t)p2(t+r) from two time fluctuating quantities
p,(t) and p,(t), say, which may be measurements at the same
rosition (auto-correlation) or at two different positions (space-
time correlation). The correlator therefore consisted of a

time delay unit to delay p,(t) a time 7 relative to p (%), a
multiplier to form the product,and an averaging dévicé to

obtain the time mean of the product.

€1.1 Choice of system

There are two methods by which 2 time varying signal can
be delayed in time. In a sampling system the signal is converted
into pulse form, travels along a delay line and is recovered at
some time later. In the aﬁalogue system the signal is usually
recorded on a magnetic drum or tape via a recording head. It
is then fecovered as the tape passes a playback head at some time
later.

A sampling system for use in aerodynamic precblems has been
described by Skinner (1956). However this 'analogue to digital'
system can be rather complicated, usually has limited bandwidth

and the total sampling time has to be much greater than that for

S -
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the analogue system. Also it mey be convenient to store data
for processing later and so a storage facility would still be
required,

4 continuous system using a rotating magnetic drum has
been described by Goff (1955). L drum was not feasible for
the present application because of the prohibitive cost and
complicated head-traversing gear required. Also, the heads
must be out of contact with the drum and then only limited bandwidth is
cbtained. Data stqrage is difficult without emﬁloying some
form of spiral traversing gear for the heads and a further
diéadvantage is that the drum cannot be used again until the
data processing has been completed.

On the other hand a magnetic tape-recorder as a time delay
unit would secem to be a good proposition. The overall cost
is relatively low, it offers excellent storage facilities; the
tape is expendable and wide bandwidth can be achieved with
acceptable tape speeds.

However, the use of a magnetic'tape-recorder as a time
delay unit has one major drawback. The drive mechanism of
a tape-recorder capstan is never uniform. This causes small
vradom veriations in the tape speed, some at very low frequencies
5% a few cycles per second (wow) and some ot higher frequencies
(lutter). Part of the flutter is caused by the tape being not

1o¢ dimensionally stable. The tape tends to stretch randomly




and also vibrates like a violin string between heads and tape-
guides, at the .. fine skewing across the hééds.

This random departure from uniformity of the tape speed
introduces spurious random time discrepancies between the
played-~back signal and the un-recorded signal, that is phase
differences between the two signals. Also,with a carrier
recording system, large wow and flutter can modulate the high-
frequency carrier causing spurious random signals to appear
over the~opefating bandwidth, therefore reducing the system
'signal to noiée' ratio,

&n excellent way of demonstrating the effects of wow and
flutter is to connect the un~recorded and played-back signals
to the twn inputs of a double-beam oscilloscope. If one trace
is 'locked' with the oscilloscope time-base the other trace
can appear as a complete blurr due to the random phase changes.

The system employed partly overcame this difficulty by
recording both signals on two separate tracks of the tape.

This technique was also employed by Holmes and Dukes (1954) who
used a tape recorder with two recording heads and two playback
heads. It was then argued that the speed deviations would
occur with the same amplitude and phase on both tracks and so
the relative phase shift between the two signals would be zero.
Unfortunately tape speed fluctuations are not only random but,

because of the skewing, bowing, rubbing and stretghing of the
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taye, are correlated fandomly along the tape. All of these
causes will be accentuated by using a multi-head system because
of the large head spacing and increased number of tape guides
and rubbing surfaces. Toutan (1954) has found that the
bandwidth of a four-head system is severely limited. The
random phase shift. due to these causes was reduced to a
minimum by using the system shoﬁn diagrammatically in figure 57b.
Instead of a continuocus recording and playback system using
four heads, only two héads, one for each track, for both recording
and p ayback were used. This aveided large spacing between |
heads and also meant that the number of rubbing surfaces and tape
guides were kept to a minimum. The two signals were recorded,
using one head for each channel, on two separate tracks of an
endless loop of tape for the duration of one loop length. The
system was then switched to playback and one head was then moved
manually relative to the other to obtain time delay. The
improvement in performance obtained with this system is demon=~
strated in figure 58 which shows the autocorrelation of a 2 kc/é>
square-wave (the autocorrelation of which is a tmangular wave)
and a 100 kc¢/s sine-wave. The resolntion of the correlator was
about 0,6 microseconds. To be unable to process data continuously
was really no disadvantage of the system since one of the main
reasonsifor using tape was to allow data stofage. Had the twin-

track system described not been adopted ¢he bandwidth of the
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correlator would have been restricted to less than 10 kc¢/s because of

the reasons mentioned.

C1.2 The tape deck

The tape deck is shown in figure 57a, and was manufactured

to specification (Data Recording Company). Magnetic tape of

0.5 in. width was used for good dimensional stability. The
two heads, used for both recording and playback, possesscd four
tracks eachgi The track width was 0.060 in., the magnetic gaps
were 00,0001 in; wide and the inductancekof the head windings
was 60mH,
; The capstan was chromium plated, precision ground and ran
| in high-qiality selected roller~bearings. The capstan was
directly driﬁen from a two-speed pole-changing Croydon synch-
ronous motor and the tape speed was 40 in./sec. or 80 in./sec.
The higher‘speed was always employed because of the better high
~frequency responsé obtainable. The capstan spindle carried &
heavy flywheel to reduce speed variations and there was also a
second identical idling capstan. The tape was prevented from
slipping on the'capstans by rubber rollers held by electric
actuators.. A large-inductance head for erasing the tape was
also mounted on the deck.
The two record/playback heads were mounted as close as

possible to each other in the zero time~delay position. The
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fixed head was partly enclosed in a mumetal screen to prevent

50 g/s pick-up from the motor and cross-talk between heads.

The moving head was mounted on a2 sliding carriage located by

two parallel slots and three roller bearings. The time delay
was set using a 2 in. diameter barrel micrometer move-

ment marked in 0.0001 in. increments with the range O - 2 in..

L coil spring retained the sliding carriage in contact with the
micrometer stem. The leads to each head were enclosed in copper
tubes for electrostatic screening.

Measurements of the tape specd fluctuations taken on a GB
Kalee meter showed that the rms wow (below 20 c/s) was 0.01%
and the rms flutter (20 ¢/s - 200 c¢/s) was 0.04%. It should
be emphasized again that these low values of wow and flutter
(which were exceﬁtionally small) were due to the use of only
two heads with close spacing, the minimum number of tape guides
and very high precision engineering of the tape deck.

The tape-loop length was 160 in. which was equivalent to a
recording time of two seconds. In order to analyse a represent-
ntive sample of the dats,the sample length should generally be
10 - 100 times the lowest period to be analysed. The lowest
fromency in the fluctuating signals measured was 40 c¢/s, that

velength of 0.025 seconds. The sample time of 2 seconds

g

in all cases to be gquite adequate. The tape was

‘ng an edge to edge butt-joint formed in a specially constructed
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splicing jig.
In order to record an exact loop—length sample of the
fluctuating signal the timing circuit of figure 60 was
employed. i small slit was formed on the tape by scraping
away the magnetic coating. Referring to figure 57b, as the
slit passed a small light source directed towards an OCP71
phoﬁo—electric cell a pulse was produced which via the timing circuit
then switched the channels to record. When the slit passed
a second time, recording was switched off. ‘The circuits
were then switched menually to playback. The cycle could

not repeat until the timing circuit was primed.

C1.3 Recording circuits

The frequency modulation system of recording was used
throughout the work. The circuit was a modified commercial
design and is reproduced in figur& 59 and 61. This system hagd
the great advantage of very high amplitude accuracy. The
frequency response of DC-20 kc/s, shown in figure 59, was found
to be quite sufficient for all the presented measurements.

An amplitude modulated system was also built with bandwidth
300¢/s ~ 100kc/s and was connected to the two spare tracks on
tﬂe four-track recording/playback heads. This then enabled data

to be recorded with bandwidth DC-100 kc/s. As mentioned previously
OF

the amplitude modulated system was not necessary fgéf%he présent
, i <

i

work. i
)

4&
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The frequency modulation‘system employed a 75 kc/s carrier
Wwith a meximum derivation of 2L40%, The output signal was dvolt for the
gane input, and the signal to noise ratio was Lodb. In order
to ensure that the random signals were not extensively ‘clipped’

a level of 0.5 volts rms was usually recorded.

C.2 The multiplier

i voriety of electronic methods of multiplying two fluc
uvating voltages together are known. One common application
of multipliers is in analogue computing where usually great
accuracy is required with very limited bandwidth.  However,
for the présent purpose in turbulence measurements, the bandwidth
that was required was at least 10 ke/s, but the accuraey needed
to be only a few per cent.

The necessary wide bandwidth was obtained using the analogue
method of multiplication working on the 'quarter~-squaring'
principle. The circuit was a development of that described by
Miller et al. (1955) and is shown in figure 63. The circuit
was designed around two Raytheon QK329 squaring valves.. With
these valves, squaring to ?% accuracy was possible up to a
frequency of 60 Mc/s, so the multiplier bandwidth was only 1imited
by the other circuitry. For optimum operation the QK329 values
reguired an input signal of 50 volts, when the output current was

then approximately 0.25mA.
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Push-pull sum and difference‘signals (x+y) and (x-y)
respectively of the two input signals x and Y obtained from
two inverting amplifiers and an accurate bridgei were squared
by the two QK329 squaring valves. The difference of the Squared
signals (x+y)2 and (x~y)2 was then obtained in a subtracting
amplifier to form the product 4xy (times a constant).

Inversion and subtraction were obtained by wide-bandwidth DC
amplifiers operating with feedback. The circuit described by
Miller et al; was severely iimited in bandwidth because the DC
amplifiers wefe of the computing type. Computing DC amplifiers
are usually ‘designed for extremely small phasé angles at low
frequencies and were not really suitable for the present application
because their bandwidth is limitegd. The DC amplifier circuit that was

used is shown in figure 63 and possessed a bandwidth of over 500

’kc/s. Even so,the multiplier could not be used at frequencies
'so high that phase lags in the DC amplifiers produced bridge
unbalance and subtractor inaccuracy. The upper limit of frequency
response was a little over 1OQ kc/s for the present circuit,
compared with 10 ke¢/s for the original design.

The multiplier was preceded by amplifiers of 24db gein,with an
upper frequency limit 480 ke/s,to produce the required drive
voltage. For convenience these amplifiers wére AC coupled.

Although no drift correcting circuits were employed it was found

that if the multiplier was switched-~on two or three hours




- 171 -

beforehand no trouble from drift wés experienced. The drift
was approximately 1% full-scale output per hour,

The mean value of the fluctuating DC output voltage was
obtained by a Pye mirror-galvonometer with a time constant
variable from 2 - 10 seconds. This galvonometer was sufficiently
accurate for the present purposes and could be read quickly. As
the tape-loop butt-joint passed over the playback heads a slight
transient in the multiplier output was produced which did not
interfere with the recording of the required averaged ocutput on
the galvonometer.

The overall bandwidth of the multipliers was 5 ¢/s -~ 100 ke/s,
the signal to noise ratio was 40db and the accuracy was approximately
1% full-scale output, With one input atvmaximum and the other
at zero the output was never greater than 1%. The settingfup
procedure was described in detail b& Miller et al. 4 convenient
day to day method was to check the autocorrelation of a sine~wave,
which is a cosine wave (see figure 58) and so the output had to
oscillate between equal positive and negative values as the time
delay was varied for correct operation.

No calibration of the tape recorder and multiplier was required
when measuring correlation coefficients., The procedure was to |
read the mean product KXy ,say ,of the two signals x and y recordéd
on the tape; then one signal x, say, was connected to both multiplier

inputs to give the square K& and similarly for y. The correlation
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coefficient R was then given by

ﬁ = K_}gy- = Xy
ey ﬂvr — f:-."’“.; i:s":;‘..
JK x&K y2 Jx2 Jy?

which was independent of the tape-recorder and multiplier

calibrations.

Cs3 The Integrator

The circuit uséd\tc integrate the fluctuating DC output
voltage of the  Dawe true mean-square meter for the flﬁctuating
pressure mea?urements is shown diagrammatically in figure 62.
It consisted essentially of a Solartron DC computer amplifier
with capacitive feedback and = gating circuit to measure the
integrating time. The feedback capacitqr was a low-leakage
polystyrene type, a necessity for accurate integration. The

integrating time-constant could be switched to either 0.5, 1.0

or 2.0 seconds.

The integrating time was measured accurately by first
rect}fying the 50 ¢/s AC mains voltage (which is accurate in
frequency to f?% or better)‘and then passing the rectified
signal through a 100 ¢/s tuned amplifier to produce sinusoidal
drive to a row of decatron counting tubes. When the 'start!
button was pressed-the timing gate was opened permitting pulses

at 10 pps to enter the counting chain. ~ Simultaneous with this
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operation, relay A switched the DC amplifier into the integrating
configuration and relay B, which was in series with the input line,
closed to connect the input signal. The counting chain then
counted off 100 or 1000 pulses during which time the input signal
was integrated for the chosen integrating time of 10 or 100

seconds.  Then relay B automatically opened,disconnecting the

input signal and leaving the integrating capacitor in a charged

state,when the integrated voltage was then read at leisure on an

accurate voltmeter. The low source impedance of the DC amplifier
was now utilised to discharge the integrating capacitor to exactly
zero charge by pressing the reset button which closed relay A,

The circuit was then ready to be primed again for the next reading.

T
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