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Optimum Design of a Multicell Box Subjected to a
Given Bending Moment and Temperature Distribution,
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The optimum geometry of a multicell box of given depth, under a -
given bending moment and temperature distribution, is obtained. The
method is general enough to permit the skin thickness to be either
specified, e,g, by stiffness requirements, or not,
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Aren of I-section = .f:.,g &

=

Area of gkin panels
Lrea of web

Width of skin panels
Depth of box

Structural chord of beam, defined in eq, 2.1.

Heat o e"»paci‘rv ver unit volume
Constant in eq.b5,2.

Constant in eq,h.2
Youngs Modulus

T
Secans Modulus = e

ao
Tangent Modulus = TE

Distance from web mid~plane tc the near edge of the rivet
shanks in a web angle

Moment of inertia for each cell
Thermal conductivity

A

constont used for determining the buckling stress o
de f‘i ed in eq.B.11

o’

A constant used in Ref, 3 for determining the buckling

stress O, defined in wqc 5.12

A constant used in Ref,L for determining the web crushing
stress, introduced in eq, A.2

Bending moment per unit chordwise length applied on section

Dending moment on each cell = mbs
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List of Symbols conbinued,

n

o

Number of bays into which structural chord B is split
Web material meximum shear stress
Penetration depth, (See eq, 2,L4)

Ratio of depth/width of each cell = h./by

Ratio of web thickness/skin thickness = tW/.bS*

3 (3 - %3 a functien defined after eq, 5,7

Shear force per unit chordwiselength

Shear force on each cell = sbg

Time

Tronsit time, defined in eg. 2.5

Skin thickness

Web thickness

Temperature at distance y from neutral exis of I beam
Mirnimum temperature in the web

Maximum skin te@er&tﬁr@

2Ra (TS - Tm)" & function introduced after eq, 5,10

Weight of each cell, bper unit length spanwise
o (2bgby + bbo)

Co=crdinate in plane of I-section measured along the web from

A
the neutral exis (see Pig. 2).
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Ligt of Symbols continued,

o Coefficient &f expansion
& Strain
; . . i Ay
& Strain et which B, = 5 &
. £ } ET z By
H Poissons Ratio
o density of the material
b Plasticity correction factor (see eq, 5,12)
C?C Buckliing stress of skin panels
% Bending mtress in skin (compressive)
@;E Thermal stress in skin (compressive)
- Thermal stress in web (Tensile)
¥
o O 4 O '
s B¥ 0
Uv Stress at distance y from neutral axis
hd »
o Stress at which §_ = 2 B,
2 T 8
1 A’%f ‘
& T I, = ji;“ defined after eq, 5,19
S
14 % Ty
W &
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Cptimum D'ﬁ“’mz of a Multicell Box Subjected to Bending and Thermal

ui ‘._n.ﬁc:

1. Introduction,

Many avthors hsve congidered the optimisation of muiticell wing
structures in which no allowance v*"s made for thermal effects. The results
of various such investigali um will be discussed first and the influence

3,

of thermal effects on the optimum designs will be discussed qualitatively,
iy

A simplified analysis will then be presented from which the
quantitative effects of kinetic heating on optimum design can be assessed,

The present araiysis will be concerned only with multicell beams
composed of thin skin menbers and full depth webs, This will probably

be a practical methed of- canstruction for wings in which thermal effects
are not too severe, Vo suggestions are made for i eys to alleviate thermal
stresses, nor wiil the ﬂdv:mtage of post ¢ nc'l/ or stringer stabilisation

of skins compared with full depth webs be shovm, It should be noted,

of course, that a vast field of structural optimisation awaits the
ingenious designer of the fubure who will undoubtedly consider any
optimisation from the standpoi n"t of high temperature materials versus ‘
insulation versus heat suppression, diversion and removal technigues (Ref, 1),
He will al;ao h“we to consider :11 bCZ’f}"‘J'l‘VE metheds of construction,

Such an analysis w.ﬁ l be ;omﬂaa“olc, and, unless the basic information
used is exact, and the a 1pe,,.0nq made are rcal:tu‘cw false conclusions
mey be drawn. Many m'f:ud:u,s and investigations have been made to-determine
individual and combined effects of sume of the above considerations and
it ig hoped that this note will also help to elucidate some of the problems

2o Previous Analyses

2.%. DBending Stresses.

The maximum strength and structural efficiency of multicell structures,
ignoring thermal effectz, has been studied previcusly by other investigators
(Refs. 2 = 6).. Their iindings will not be discussed in detail here bub
some comments may be opportune, '

. g 2 o . .

Gerard's analysis™ Tor integral beams showed that optimum design

exists when Ty = 0.5 The He also concluded that +‘f1° optlwum number of

webs is given by the equ,a‘t‘v on

E(#p+‘§)—5(m o 2.4,

where p is the number of bays into which the structural chord B is split
ic en 8 = pnbs¢




t can be shown that, with little error, for practical wing shapes,
eq, 2.1 reduces to give '

b
5 WQ e ,..fé 2.9
:Q Pk -b o Pﬂi b @
W fig

Therefore =1 and T, = O.h. A 1limiting assumption of this analysis
ling and skin buckling stresses are equal,
th dntegral beams and is noteworthy in that it
delineates ranges of the parameters r ., v, for which the phenomenon

L] &7 b g

EN

: W
of web buckling occurs, This phenomenon results in low values of the
brekling stress coefficient KS’ values of which are shown in Pig. 1 (taken
from Ref, 3), ,

is ‘that the web buc

% ) =

Rosen™ has made a most thorough analysis of the ultimate strength
of multicell wings and has considered the deleterious effects of web
buckling and web crushing on the strength of the structure, To avoid

the former, he suggested as a criterion that T S 3z, , but later

showed this criberion to be conservative. For the latter phenomenon

he showed. the ranges of ‘r,b and r + for which web @Z‘ushing is more

critical than web buckling,

The analysis is quite general in that skin thickness is an
independent parameter which may be specified by stiffness requirements,
Although Resen has considered integral Teams, in general, he discussed
the effects of adding heavy attachment menbers between web and skin,
or using Formed charmel web members, He showed, that when such attach~
ment mexbers arc addsd to an optinum design (based on his original
am.lysis)y it results in ¢ertain circumstances in & more efficient
design,

Semonian and Am’iersonB have considered the use of formed channel
webs in more detall and they have shown the large effects that flexibility
of the web attaschment flanges can have on the stability and ultimate
strength of multicell beams. They have demonstrated, experimentally

“and theoretically, that very low values of the coefficient KS resuld

as the f~distance incrcases. This effective rivet offset distance may
be defined as the distence from the web mid-~plane to the near edge of
the rivet shanks. '

It was shown that, in order to achieve the buckling stresses

o
predicted by the integral beam theory of Ref,3, the quantity f
o by T
37t

must be less than 0,18, otherwise, fallure will occur in the wrinkling
mode rather than in local buckling, ‘



More recently, Houghton and Ohané have reconsidered the analysis
of Ref.3 and, using the values of the buckling stress coefficient K
from Ref. 3, they have produced a more systematic, non-iterative process
for determinirg the optimum geometry and weight of multicell beams under
pure bending, Their analysis effectively implied an assumption of
integral beams but 1s applicable to beams in which _ £ ¢ 0,18
For convenience, the present analysis will adopt the same notation and
presentation as Ref, 6, and have similar limiting assumptions,

2,2, Thermal Stresseskc

Previous analyses of thermal stress on multicell structures will
not be discussed here since the majority of them do not present the
thermal stress distributions in a form suiteble for the needs of the
present analysis, Since the basis of any thermal stress amnlysis is
knowledge of ‘the?*cemp@rature distribution, it is proposed to adopt the
analysis of Biot' since this offers a relativels v simple exprussmarl faor
the temperature distribubion in a section,

Biot actually considered the praoblems of‘ a uniform slab avzd typical
integral I-section, The increased complexity of the latter solution
does uO‘t encourage its use and it is believed that little error will
acerue if his solution to the slab problem is followed,

It must be realised that there are two distinct phases to any heating
problem in a section such es an I-beam, In the first phase the temperature
has not-vet begun to rise at the centre of the web (a symmetrical beam
with symetry of heating is assumed) and everything occurs as if the
web depth were infinite. Durlng this phase the temperature distribution
is approximated by

s - @D sor () <a
T =0 for (d~y) > q

2.3

where 'E:ho terrpwrmtures are measured above the initial strainless level
and q is called the "penetration depth® at which the tempara"tam ds just
beginning to rige, Biot showed that the expression for the penetration
depth is : ‘

q = 3.364 o | 2
and he defined the time at which the tevvxper:.‘ture at the ocn‘trm of* the web
beging to rise as the "transit time" 'i:‘ i, e, when q=4d

— ol «4...... S ' 5o
or ‘t;1 = 0,0885 i , | ‘ 2.5




In the second phase of heating the temperature at the centre of the web
is dencted by Tm and the temperature distribution is approximated by

e . T 2
T, (%) + Ty -G . | 2.6

T
J

i

. ‘ | . .8 .
This latter expression has been assumed by Lempriere” and is, of course,
only applicable for times greater than the transit time,

Using Biot's anals yad 7 it cen be shown that a convenient expression for
Tm for t » ‘%;‘ mhe G_S ig an arbitrary function of time is

e

Do+ k57Tt T = T =1.075%, T ~ 2.7

TS is determined neglecting the presence of the web and Txr is therefore

+
obtained using eq, 2.7. These values m_ll;grove sufficiently accurate
for most project stuglcs '

Finally, it should be emphasised, that the temperature of the skin
is a function of the skin thickness t, .« No exact theory will be presented
ha_:re for the determination of skin tefperature under arbitrary flﬂ,ght
conditions since this has adequately been covered in the literature,

3 Qualitative Assessment of the Thermal Problem

In the past, wing structures have been designed on the strength
and stiffness criteria appropriate to their various flight histories.
In general this has meant that a certain meximum bending moment and shear
force loading has had to be satisfied and the structural designer has
not been particularly concerned at what time of the fiight the worst
condltloms arose, In designs however where thermal effects must be
considered, the time element may be all important.

In such designs it will be necessary to consider together the
variation with time of both the normal manceuvre lcad stresses and thermal
stresses. Hence, the worst design conditions for the structure can be
assessed at various times, In other words it will not do to add the
most severe thermal and bending stresses unless they occur simultaneocusly,
From this one can visualise a structure, designed on manceuvre loads
alone, negotiating satisfactorily a f1i r'b% ‘prograume which produces
high thernal stresses, providing these stresses occur at a time when the

manoeuvre loads are 10% This might pcssn,bly occur in a long range,
‘hlgh spevd interceptor which would experience high thermal stresses
early in its flight at a time of low manoceuvre; and at interception -
a time of high manoeuvre, the whole structure vromld have reached its
eguilibrium temperature, the thermal stresses would be negligible and
the only thermal effect would be that of deterioration of material properties,
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Because of such considerations, no attempt will be made to consider
the thermal stress patterns arising from specific flight programmes,
Instead, the thermal stress terms will be introduced quite generslly
as functions only of the maximum skin temperature, Tsxkand the minimum
web temperature, Tﬁg : ‘ i : :

he  Assumptbions,

The assumptions made in the following enalysis are ;-

4A, The design criterion for the wing is one of buwekling stability of
the compression skin under bending and thermal stresses  The skin
thickeess is specified and left independent. This enablegother,
stiffness criteria to be satisfied, Shear strength and stiffness
is assumed to be covered,

4B, The section is idealised as rectangular with its depth prefixed
by aerodynamic considerations,

4C, Both the sking and the webs are fully effectige in taking bending
- and the stress is distributed according to the Engineers Theory,
The effects of any angles, which might make the skin to web joint
with a formed channel web, on the weight and stiffness of the
section have been neglected, o :

4D, The width of the box is sufficiently large in comparison with the
depth for the panel buckling characteristics to be assumed to be
the same as that of a hox of infinite width. This assumption
enables Fig., 1 taken from Ref, 3 to be used, Evidence given by
Ref, 9 suggests this assumption is valid provided the box has at
least 3 cells,

LB, The top and bottom skins are of the same thickness and therefore
the neutral axis is cemtral, This latter assumption also spplies
when thermal stresses and increases in temperature are applied to
the section, B :

LF. The same material is used for the skins and the webs,

The limitations placed on the analysis by certain of the assumptions
are discussed in the appendices,
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5, Analysis,
5.1+ Bending Stresses due to Manoeuvre Loads.

Because of assumption 4D it is convenient to take as ocur typical
structural element an I section from the beam of Fig. 2.

Let the bending moment applied on each element be M, and the
moment per unit lemg“th (chordwice) he m,

o e M = wnbs.

Then 'rollo*vvmg the assumptions of 4O and LE, the compression
stress in the skin due to bending is given by

o _ 4w
B - I 2 °

The moment of inertia Df‘ each elemert is

1 .3 ;, By \2
Io=gp by by o+ 2hgtg ()

2 2 4
oo I =5 bfbots (147 1 rt)

Hence o = » bS bW = o

21

, 1 .
Pyts(1 + 7 7y, 7y

5.2, Thermal Stress,

5.2.1. First Heating Phase (t<t,)

J;flth muf‘cx‘m skin temperature, the te:moera‘twe distribution through
the I beam is given by

I - &yt -
,Ty = T [1 (q’j for (d-y) <q} .

= 0 ‘ for (d~y) »q
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The temperature is assumed constant axially so that there ds only
axial stress due to differential expansion., It is assumed also that
the beam considered is long, and the secﬁ::,m shown in Fig, 2 is free
from any end effects,

To determine the thermal stress distribution, Hoockes Law is asswned,
then, if plane sec“t:nong remain plane the strain across the section is
given by

O;! ‘ ,
= p Q Ty = Constant = C ., 5.2

o

<
il

b"‘t

Por zcrf'o net thrust on the secfmm

j@ AdA = O, | | 5.3
A |

where dA is elemental area of I beam of total area A,

Trom eq, 5,2 o*y = EC « B OiTy , vmioh, w}ien substituted into
eg. 5.3, gives
[
C = | BaT_da
A I |
EdA
A

i
el
L S—

Hence o

Eq. 5.4 is perfectly general and allows for variation of the properties
"B, awith temperature or with ¥.

If the material properties arc assumed constant and independent of
vy and Ty eg, b4 becomes

"

BEa - '

e T dA-AT
%y ﬁ\«([ y Ty
| & |

. o 5.5




Eal 2
or o, = o 2 - - (S
b y [L bsts N 3 .WQ A { 1 ( a ) JE » 5;-»6
Hence, for the skin, the eompressive thermal stress is
2 g . I8 -"{:L;; - ’
O;f = “5‘ N o ls » W . R s 5.7
A
A -d
where R = 3 (3 6,) ‘

5,2.2, BSecond Heating Phase t > t,

The temperature distribution may be approximated by

e

= PASN - ()7

Ty = ’I‘S(d) + T b (d_) . 2,6
Pollowing an analysis identical to thet in the first heating phase,
the thermal stress distribution is given by

;/ Ap+ 34 !
o = ~Ea (1, -1) E{%{)z- WJEA s, 5.8

Hence, for the skin, the compressive thermal stress is

2 A‘é?ﬁ;"
T =-3-Ecx(Ts-Tm) = . 5.9

542:5 §§me The?fo}lowing g@nieral. expression defines the canpressive
thermal stress in the skin at all times :

OEE = TR 5

or o = TR 220 5,10
et 2

where 7T = 3 E a (gs - Tm) ,

and for t <&, Tm._:o? R::i@,_%)

and for t > %, T, A0, R=1 .



& similar but more detailed analysis has been made by ﬁoﬁ‘ 19
He considered a beam in which skin and web material were dla&ﬂ“ll&l‘,
and he allowed for the decrease in skin temperaturé st the junction
with the web.  Unfartunatel y his results cammot be presented in a concise
form, but for the case of a uniform beam his results do not differ
gmatly from those above, A‘{: time t = O the analyses cerfespﬁnd
exuo'%;]y and at the transit time (beyonfi which Hoffs analysis is not valid)
the discrepency is, for all likely configurations, less than 10%,
Because of the s:mpl:.c:z_ty of the p:f'esent analysis this d:_screi)anoy rvlll
be ignored, :

!

5s3. DBuckling Stress of Skin Panels.

The buckling stress o, for the skin panel is usually given as

O‘C = KES(%‘“‘) 2 ) : 50'1}?‘
S L

where Eg is the secant modulus ( = —g—-} usually used in comnection with

this type of buckling (Ref,11) and X is a constant depending only on

the panel configuration,

"‘h@ critical stress 15 given in Ref 3 as

K, 7 n E t 2
o = 5. ( = > . 5,12
121 - u®) .
The value of NE in eq. 5,12 corresponds apprcxmtely to the secant
modulus ES" Thcrm ore by comparing egs, 5.11 and 5,12

-

5,13
12(1 ~12)

Fig. 1 reproduces the curves that give the values of ¥_ from Ref, 3

s
and Table 1 tebulates the caleulated values of X (from. eq. 5, 13) for a
range of parameters Lo Tpe (assuming Poissons Ratio, #, = 0,3),

Bolr, Weilght of Box,

The weight (per nit 1@?1;;‘&%1 spenwise) of each cell is

W

W = [3 (2 -bStS 5 "r T"gr>
Dividing this by the width of the cell bs gives

1 : ) N
W :bS = 20 “fﬁsiz¥ 2 b“t>’ - Dok

and ....ﬁ..:.@..‘ t e r [~
& 2 :O'i: = X ( 1 + Z .b)* .)015




-5 -

6, Optimisation,

The object of this investigation is to obtain the skin thickness tS”

v&@bthick:ness‘tw, and web spacing bsj for a box of given depth by to

resist applied bending stresses and thermal stresses so that the weight W
is a minimum, ‘

Alternatively, if skin thickness is specified by stiffness require-
ments, the following equations present the correct approach to satisfy
strength and stiffness requirements and give the required beam proportions,

It is recognised that failure will oceur soon after the total
compression stress, O3 in the skin reaches the buckling stress %
given in eq, 5,11. Therefore % is used as the maximum permissible
value CL.

S
. Using egs, 5,1 and 5.10 the total compressive stress in the skin
is given by o :

(TS = OiB o UT’
TR Ernr
o Oy = m"lﬁ—j’m - ; L2k » 5.16
byt (t4zmy Ty) (1 + 27y
and the value of O‘G is
+
o, = KXE, = 5,11
C 5 be
pw
Rearranging egs, 5.11 and 5,16 gives
T e L oga (...a )
& = (>4 - K I’.b b-n» 5@»17
S W )

S b2 tq (1 + % T, ) (1 + 2¢ ’br'i:) :

b
1 m W -
=T 4 &{(hﬁ)(%) o+ T’ﬁ«@} 5,19

vhere @ = Trr
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The procedure therefore will be (Given ‘%?‘g , R)
% v

(2) Assume velues of —2 S LTy
W

(b) Hence determine X, from Table 1 ‘and e from eq, 5,17

(¢) TFrom the compressive stress strain curve for the materd al, determine
¢ corresponding to e

(d) The value of ts assumed is used to determine T,
2 _

() Substituting values of o, =—= . p
» 2 5

‘ \ ; 'bW : b

solve for %5%5—)
W

Ti T, R into eq. 5.19

tq

Then keeping %«% and the product T, T, crne tant, new values of Tys
enable a new value of X 'to be found and the a.’oove procedure repeated,
Therefore, since

r
t

W tS 1 '
= ke = P
°p 'b‘trr = T (1 + Z r'br.b>3 5,15
W ] i
tS
the above procedure with N and the product » T, constant means
7
W v .
that '2""5‘%" is also constant, Therefore the above procedure enables the
W
variation 0f’< >W1th r. (orr ) to be onta¢ned for constdnt weight,
»J

Hence the "most efficient" structure for given parame‘ters( ) (z rt)

is obtained,

Similar analyses using different values of +the pr oduct T Ty enable

the "ochlmum’" structure, for a given E_g_ , to be determined,

b
: W
The "optimum" structure is that "most efficient! structure which hfw a

maximum value of /[ m equal to the applied value,

2

bw. .
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. . . o .
If the value of 'S is not specified, the above processes are repeated
for various values of tS . The combinations of t and the product = r

3 8 bt
Ty LN
for various ”optmum" structures enables the optimum _S S and other beam

'bm'

parameters to be found To apply the above method an e:scample will now be
performed, '

7o Example

A light alloy (DID,687) structure is considered. The idealised
stress strein curve for the material is given in Fig. 3 and it is
assumed that the temperatures and heating times involved in this analysis
are sufficiently low to neglect effects due to deterioration of the
material properties,

Let 1% be given that the beam has a value of f§ _1 specified
b, =20
by stiffness requirements; a fllght programme is asstimed which produces
a value of TR = 20,000 1b/in® at the time considered., The problem is
to find the op‘%:lmum structure which will simultaneously sus‘baln a value

of( I ). 1400 1b/in? .

B2

Tables 2, 3 and Pig, 4 present the results of the c:alculfxtlom
using egs. 5. 17 md 5,19 as described in Sect. 6, Also shown in Table 3
are the values of/ _m | attainable in the absence of thermal stresses.

z
bW

The results are plotted in Fig. 5.

From Fmgs L,5 graphs are constmcte{i (Fig,6), showing the variation

of mmmwn( > with T Ty and with Ty From I‘:Lg. 6 we may deduce
s ,
the optimum structure with E§’, __1 , to sustain the bending and thermal
b, T 40

. . W
stresses, and the bending stresses alone. The results are given in
Table 4. ’ «

Similar celculations have also been performed with f_g o L
| | oy M
and the results are presented in Pigs., 7 - 9 and Tables 3 and .,

It is interesting to compare the above results with those obtained
by the analysis of Ref, 6 for bending stresses only. In Ref. 6 skin
thickness was not specified and the optimum structure was cbtained with

the optimum ‘fsg/ . The results of Ref, 6 ;or< m> 1400 1b/in? ere also

Py B

shown in Table /4, '
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An iterative method has been proposed by which the opbtimum beam
structure to sustain bending and thermal stresses can be found, A
review of previous work in the field of structursl optimisation
ignoring thermal effects suggests that Refs. 4 and 6 offer the best
approach for preliminary design, Ref, L is more general than Ref., 6
but the latter is a simpler, more systematic analysis,

The present analysis is a logical extension of the work of Ref, 6
and the introduction of the thermal stress terms makes the analysis less
simple, but it is still systematic. The chief merit in this analysis
is that skin thickness may or may not be specified initially by stiffness
requirements, In the former case the solution is more easily obtained.

An examination of the results obtained for the typical example
shows several interesting results,

From Table 4 it can be seen that,

(2) as thermal stresses are added to the structure of Row 2, the new
optimum structure in Row 1, has thicker webs, more closely ‘spaced,
The same result follows from,Rows L and 3, Tq s - result is a lltile
strprising as it might have been expected that thinner webs, more
closely spaced would be required,

(b) The structureswith the thicker skin sre marginally lighter then those
- with the thinner skin  Simultaneously, the webs are thimmer and
moie widely spaced. The actual differences in the numbers in
Table &4, for _W__, in Rows 1 - L, are so small, and the graphical
2p1%_~

‘method of solution suspect to error, that 1t is safer to deduce that
the variation of s*ructure weight v1th skin thickness is a fairly
flat function,

(¢) The optimum structure calculated in Ref. 6 shows considerable
differences from the geometries for the optimum structures of the
present analysis, Again, it is deduced that the weight is fairly
ingensitive to quite large changes in the optimum geometry.

To summarise, the method of analysis presented in this note has been
. shown to be relatively simple and systematic, and to offer a convenient
means of deciding structural shapes in the project stage, when thermal
stresses are present,
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APPREIDIX T

Limitations on the Analvsis by Various Assumptions,

The assumptions which probably have the greatest influence on the
validity of this analysis will be listed and their effects on the
analysis discussed,

A, Idealised Structure to be Thin-skinmed with Full Depth webs only
as stabilisers - ' ‘

On low speed conventional wing structures, wing depth is so large
that 2ll the shear loads are adequately taken with only & few full depth
webs and wing skin stebilisation is providsd by stringers and/or posts.
Such a structure is unlikely to experience severe thermal stresses
because in order to reduce drag and achieve speeds where thermal effects
are important the wing depth must be reduced to a point where it is more
efficient {0 achieve stobilisation by full depth webs only, A4 structure
of this type has been assumed in this anaiysis,

For very high speed structures, wing depth is often so low that more
shear carrying material must be put into the wing than is necessary
for stabilisation alone. Obviously this analysis will not assist the
design of such structures unless the following condition is imposed on
the results,

A.2. The Effcct of Shear,

Neglecting combined effects of direct and shear stresses in the
web, the shear strength criterion to be satisfied is that

5 . .
—— & P, where P is the maximum shear stress and
bV" t.., : " ,
d W S is the shear force per element.
. - . 3
If the shear force per unit length chordwise is s = T
S

the above criterion reduces to

D, )

r, r X W 8

b T F <......> <...............> A
tS F bW

Thercfore in the procedure described in Section 6, where in any particuler

calouwlation bW and ts are constent, the minimum permissible value of

T

Ty is easily determined from eq, A.1.



The introduction of such a limitation will only affect "‘c.’nc optimisation
if the o gtmmm value of rbr & for any given valiue of *cs is .g*f.iw than

; &JBW

that given by éq_q Ao’f

If this should hc:pycn tha; vohluca crf’ T, anri wt § Wh:mh give the

b
required pro ﬁucb of Ty, BTE ChOaCﬂ to give ﬁae lxgest l.)o sible value
f< lm\ t{eﬂce for a given .ﬁ;' the lightest structure satisfying
LA B L T s
e, A1 may give a J”ltlé., of (= | larger then required. If TtS _is
1 g g

bw | FRERE R -
not .:pé;blfleu. the opt:xma m struc bure giving the required value of .S}}l.

may still be found,

A, 5, , T}w,Bz’azi(‘Er‘ Effect.

In the malwls mo a.e.lo&mnoe ha.s befm mde for web crushmg, or ‘th@
Brazier effect, Rosen in his analysis™ has considered web crushing and
he has developed a critfiarion for ﬁ,his problem, viz,

- where D = fm 2 ( 2) P

Koo 5

In the aoove expression f‘oz‘ D, .tg the non—-dmens.mnal Web crusm,nrf
stress coeffici emz Was cc,l;@m ’by losen 1o equal 3 and z &nﬁ. g are the

co~ordinates of the poxnt on a comregﬂve SbT@SS‘”otT&m cwve at which
the tangent moauj_us is equal to one~half the secant modulus for a material,
Hence, for any given material and value of bT’ s Ty > constant,

; 1} .

by

The introduction of such a limitation :m‘tc the optimisa *t:},on follows
readily,




S

Jﬁwiﬁﬁ The Justification for Using ,Lhe: Buckling Criterion of Ref, 3,

, The vwlues of K assumed in this arxalysms have been de‘sezmme&

from Ref. 3 and, for structures in which buckling must be rrecluded,
Ref, 3 offers the best available infoarmation, I‘e: should be pointed
out however that for structures in which buckli ing, @artz.cularly web
buckling, is permissible this present analysis is possibly conservative,
Rosen™ has investigated the ultimate strength of multicell beams and
developed an apparently satisf actory criterion, He showed that
buckling itself need not constitute failure and that beams can sustain
as much es twice the applied moment needed to initiate web buckling,
The use of Ref., 3 is probably justified therefore in studies for non-
buckling structures up to, say, the proof load; but for the determination
of ultmaue strengths Rmen‘s analys:xs is more applicable,

B"o:c problems mvolv:mg mamly thermal stresses it may be unreascnable
to apply the results of Ref, 3 for the main reason thet the basic stress
distributions differ in the bending and thermal problems. Hoff (Ref.40)
assumed the skin buckling stress coefficient for-a smlywsupported
plate (K—3% 3,62), Since, in general, the results of Ref, 3 are lower
than the plate results, the use of Ref 3 in combined bending thermal
problems is probably ccnsermtl Ve,

A5, The Design Criterion i‘ox‘ the Wing béing that of Compresgsion
Stability of the Skin under Beﬂ&ing’miﬁ Thermsl Stresses,

It was assumed in the analysis that the critical design condition
for the beam occurred in the heating phase and that the combined bending
and thermal stresses in the skin on the compression side constituted the
major problen,

However, simultaneously with the campressive thermal stresses in
the skin *%:he,re are tensile thermal stresses in the web, A general
expression for the maximum tensile thermmal stresses in the 4eb is given
from egs. 5.6 and 5,8 as;

EHT“V-T)(A “Aw

i

Ty
A
v o = Tels | A2
W R SRR ‘
i
where ¢ = (3 .;w% ©), and corresponds to R in section 5,2,



Thercfore at any given time, we must compare the meximm tensile
stress in the web with the ultimate tensile strength of the material,
and if the web tensile stress is greater, skin buckling is precluded
and the analysis invalid, If it should hoppen that web tensile stress
is the critical factory, a more simple optimisation is possible,

(o) At timet =0, T =0q= 0 and the thermal tensile stress in the

,. T
; m
web is constant throughout, and given by
B . V
o, = T S 3

7 w2 x , fromeqg. A2,

2 :

Therefore the maximum tensile stress in the web is given by

’i;;.*gx‘r

b N\ |
r ¢ = 2 7 [ 3 LRS-
014 o= > <’Hﬂ~6> k2 <ﬁ'2 ) <.tS > <3+@ ) s A3
Therefore, assuming that T, \B.2 ) and <~€~ ) are given, the required
W S

beam geometry is decided by the value of © which satisfies the equation

.. ‘ |
4 m W 3
s 2 (i) @) () @) - en s i
2 T\ Twe . g/ 3 T L

where o ult is the ultimnte tensile strength of the material,
v : ; . . .

If 3 is not specified, the optimum structure is given when the

o

by

weight w=ee— 13 a minimum,

2P oy | |
W tg A XS it
where spg— = - (1 =+ 'é‘x‘brt)'z T (1 +8), coceae 545
y W r W ™~
(%) &)
o Q’;“‘«g; = (146 “f‘*' » 3‘ T'H{/ J{ > ' using eq, AL |
it T T3 T
2 B X h
i 1 4 © 6 ( 2 > A
O o o =1 ) 7 ® -ﬂ-t5
2P by 2+ 2%1%(14_ 8) =375

- Fi . »v,-n - W
Egn., A5 must then be minimised with respect to 8,
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Cormparing eq, A.3 with eq. 5.18 it is scen that the difference
between the meximum stresses in web and skin is given by

A T2 1 & @ £ e

Therefore the condition that web tensile failure is eritical is
given by

rd
2 w{l-@ . :
5 T ( " 9> + O3 < Oy s AT

-

where oy iz the value of the maximum compressive stress in the skin, '
quoted in Table 3,
(b) Atatimet>» %, T > 0 g=d ‘

In this case the thermal stress distribution across the web depth
is parabolic and the meximum tensile stress occurs at a distance y
from the neutral axis where the combined bending end thermal stresses ave

i Ty P_ 4 /3540 '
= -~ Ba(l = <~d’; - o= ==, fron eq,5.8
Iy L (g -2 [ \ 5 \138 )| %5

Differentiation of this equation with respect to y yields the

position and value of the maximum tensile stress in the web as

% - Md, ) , ) .@“8
2IFa(r -T) | '
s m
4 M*a® 2 .2 2
and T o= i‘)&% ? + B @ (TS -T) 3

This equation can be rewritten as,

k o2
Aow (2e ) 1 n V(¥ — ,
o = ’ 2 T < ’} + a/] + L~ _{E_. i - 72 > .ES 3’%%) 2 @ Fhog 1 O

o]

As in section (2) above the beam geometry can now be decided by solution
of the following equation for ©, If 3 is not specified the optimisation
follows similarly '

1 w2 (38 n & / Pp\e
= 1+ 08) Y2 e
o T : N\ g

P

A
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Obviously the tion that web tensile Pailure is critical is
given by eq, A.11. sertion into eq, A.11 of the paremsters detcrmined
by the analysis of section 6 and tabulated in Table 3 will show whether,
or not, the condition is satisfied,




Values of XK,

e 27—.-

TABIE 1,

(Taken from Ref, 6).

Nt |

rb ., .25 40 .50 , 60 » 80 1,00
0.5 | 362 | 3, | 3680 | 3.8 | .18 445
1,0 | 235 | 362 | 3,70 | 378 | .07 k.37
1.5 | 0.80 | 2,67 | 3,32 | 362 | 3,93 b29 |
2,0 - 1,45 | 2,25 | 2,96 | 3,7 4,18
2.5 - - 1,23 | 2,00 | 2,95 3,75
3,0 - - - - 2,09 3,00
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TABLE 2, FXAMPLE T R = 20,000 1b/3in?

BASIC PARAMETERS

T Ty @ v £ Ty X

1,00. 11,00 4, 37

1,50 | 0,66°] 3,72

1,60 | 0.625| 3.5

1,00 | 0,50 | /7 | 1,66° | 0.60 | 3.140
1,75 | 0.571| 3k

1.80 | 0,556] 2,98
2, 00 0,50 2,25 °

1. 00 0,90 L, 22

1,50 | 0,60 | 3,62

| 1,60 | 0,562] 3,35

0.9 | 0.5 | P/25 | 1,66° | 0.500| 3,14

N | 1.75 | 0.515| 2,86
1,80 0.50 2,62

2,00 10,45 | 1,85

1,00 10,80 | 4,07

1,33° | 0,60 | 3.67

| 1.50 | 0.53 | 3,42

0.80 | 040 | #a7 | 1,5n fos2 | 3

1,60 | 0,50 | 3.4

1.66° | 0,48 | 2,82

1,75 | 04561 2,46

2,00 0.40 1o4b




T)BIE 3, FEAPIE: T R = 20,000 1b/in?
Calculation of ’b:g for different , values of rbx;t ;;__E‘i
; o
v T
rbﬁ%: o E;% = 1% , ‘3“5: = ﬁ-
g o bwz bwa € o "bwa 'b@.a
1.00 {27.3 27,3 600 796 27,0 27.0 580 769
1.50 152,2 52,0 1320 1520 49.7 9.7 1225 1445
1,60 {56,6 55,7 1430 41630 53.9 53,2 1325 1515
1,00 14,66%59,0  57.5 4480 1680 56,2 55,4 1382 1575
11,75 160.1 58,3 1505 1700 57.3 56,3 1412 1600
1,80 {604 58,3 1505 4700 57.3 56,3 1412 1600
2,00 56,5 55,5 1425 1620 53.6 53,0 1320 1508
1,00 | 26,6 26,5 580 758 25,2 25,2 530 700
1,50 {51,0 50,9 1280 1463 48,6 48,6 1188 1360
1,60 [53.6 53,0 13,0 1523 51,1 50,9 1250 1423
0,90 | 1.66°/54.5 53,9 4370 45L5 51,8 51.5 1268 Ak
1,75 {547 54O 1372 1552 52,4 51.9 1275 1451
1.80 |53.0 52,6 1330 1512 50,5 50,4 1235 1410
2,00 146,3 k6,3 14150 1330 VS R 97k 1150
1.00 (25,5 25,5 558 722 2,3 24,3 512 670
1.33°040,6 40,6 988 1150 38,7 38,7 910 1068
1,50 { 48,1 48,1 1200 1362 45,8 15.8 1105 1265
0,80 | 1,54 [49.1  L9,1 1230 1390 16,8 16,8 1135 1290
1,60 [49.8 19,8 1250 1440 K7.5 47,5 1151 1310
0 1,66°%48.9 48,9 1222 1385 16,6 46,6 4130 1286
1675 (47,1 L7.% 1170 1335 Ly, 8 44,8 1075 1235
2,00 | 36,3 36,3 866 1028 3.6 34,6 796 955
Units in 1b,ins
ex10*, ox107 Ip/in® = Ib/in®

® Then TR =0

W
¥




TARIE ). EXANPIE
CEOMETRY OF OPTTVMUM STRUCTURE TO SUSTATN »ﬁﬁ = 1400
W
g W
Row: Source TR Ag; Ebrt mb rﬁ §Mﬂgg Remarks
v ¥

1 | Fig.6 20,000,025 | ,¢3|1.732] .527 | 036k

g ( 7} /
2 El@ﬂ 6 ) ° 025 a795 1 ¢587 05 ® 0)49 ! é _.g_g‘ Specifiéé‘.
3 |Fig,9 [20,000 |, 024! ,99 |1.772] .575 | .0365 ( E
L 1Pig,9 0 LO2LL | 862 1 1,689] B11 | ,0350 |

ahle .
5 1IeRle 7l g o037 .55 | .0350 | OPTHMOM “8/b

Ref.6

. 962

1.76

i
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