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SUMMARY

An analysis is made of the stresses occurring in stringer
reinforced cylinders due wo the restraining action of the frames,
Graphs are presented showing the effect of veriation in frame pitch
and stiffness, on the bending moment and shear force in the skins,
and the hoop stress in the skins bebtween frames. The results are
used to show how the optimum structural geometry can be chosen for
~any given stress ratios.



NOTATION

X,V 8o are co-ordinates: 'x' is measured along the
length of the element, 'y' along the arc and 'z’
perpendicular to the arc,

w,v,w, Displacements in X,y,z, directions
P Pressure differential
R Radius of cylinder
Af Cross secticnal area of frame
AS ' Cross sectional area of stringer
t Skin thickness
A
t, = Ts Equivalent thickness of stringers
© _
£ - Ao ‘
vy -é—ﬁ— Bquivalent thickness of frames
f
4 £ , Frame pitch
o Stringer pitch
I Mement of Inertia of stringer
B Young's Modulus
v Poissorls Ratio
6x3€y Strains in directions of x and ¥
g 1:_0'2 Longitu&jhal and hoop stress in skin
s . Stringer and frame stress
X3 ¥y
G : Bending momert funit width
T - e 1] R | 3
N , ~ Shear force funit vidth parallel to 'z' axis
T ’ Longitudinal load /anit width
Y TQ Circumferential load /init length
t'b
2
LIR
vt
¢ 1 -

2[t,(1 ~v?) & %]
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1. Introduction

It is well known that in ailrcraft pressure cabins, the presence
of structural discontinuities such as cutouts or reinforcements, tend
to disrupt the simple membrane theory, and substantially éffect the local

gtress distribution.

In this note, the case of a circular cylinder having longitudinal
end transverse stiffeners in the form of stringers and frames is considered,
and the effects of varying the frame geometry on the stress distribution

are shown,

Considering the effect of crack propagation in pressure cabins,
the present trend is to relate the critical crack length to the maximum
hoop stress in the skin, end to design the fraH© pitch to be less than
the critical crack length, WNo evidence is availsble to show the effect
of a non-uniform stress distribution such.as experienced in an aircraft
pressure cabin, but it would seem reascnable to expect the crack
propagation rate to reduce in the region of the ffames, since here the
hoop stress will be substantially lecs fhan'thé maximum hoop stress,
For this reason results are presénte& showing the influence of frame
geometry on this hoop stress ratio, in addiﬁion to the shear and bending
stresses océuring between frames, since only by inzluding these latter

effects can a correct analysis of the crack behaviour be carried out,
' e

An assessment is made in which the frome geometry is varied in such
a way that the condition of constant frame weight is maintained. The
effect of having light fromes of approximately half the frame ﬁiﬁch of
present pressuriséd aircrafv, is to substantially reduce the maximum
hoop stress in the skin, giving a criticel crack length of two or three
times the, frame pitch, The influence of frame geometry on the frame stress

is considered, : . P



2. The Stress Distribution in a Pressurised Circular Cylinder.

Considering the dement shown in Fig. 1, the following equations

result from equilibrium conditions

AN 2 ..

& TR +P=0 !

Lo - 0, i (1.01)

_ R

and T«; =5

F;
(T y is assumed independent of 'x!).
o
L d w : :
G = B o ==, : (1.02)
~ b. 6.}(2

Expressing T ' and T2 in terms of strain components,

Jigo ™

. ‘
T, o= t,Ee o+ X (e, + v,ey),
1=v |
; (1.03)
a T, = = (e_ 4 ve)
axy = A ®
2 4 ? v X )
’ du
\’s’here‘ € v = & s
and e = g . (tangential displacement is zero
J by synmetry)
: DR
As ,T1 = "‘“"2‘ s
then € Mﬁ(1-v2)‘~0te
i x - 2B Uy,

4 2
"tx(1—-V)+t



and T2 can be expressed as g
T, = B ey‘b‘ + PR (1 -9), (1.04)
2 42
where t! = t - vt
1= v*? t_(1 V82 4 (4 =17
and ¢ = 1 = vt
2 L]
2 {tx(ﬁ - v%)+ 1]
1
From equation (1.01), putting .Lyub’ = i«%—- ,
g b pb
*'Z e 2** 4w = ET ) ¢ ® (1"05)
ax

The solution is

W= C, cos U x cosh lJX+GQ gin px sinh ux

1
+ 0, cos ux sinh ux 4+ C, sin px cosh Hx 4 w_,
3 L _ 0
5 (1.06)
where wo- B P o
o
Et'
which reduces to
W= C'I ces HUx cosh UX 4 Co sin  px sinh ux 4 w_,
(1.07)
(since w is symmetric in x),
aw . ; .
end = = u(02 - Cj> sin ux cosh px 4 M (01 + Cz)cos Ux sinh pUx,

(1.08)
Using the condition of zero slope at the frames

Jw

T )

:

&
2



and putting '{Mf 8
3 =%
tan © - tanh ©
then Cop = G B o tern® C1 = °Cyqe (1.09)

At the frame, from conditions of equilibrium, -

EL d3v - EA

— £ W
el —
o.ec5 2R2
ﬁ;W Afb
- or ( 3) 2 = - 2] (W) 5
dx KH'E'-_._:E_ 21k x..:i mit.: <1°1O)
- 2 : - 2 .
1Y d2W '
£48 2= = 2pu® (C, cos 4 x cosh ux - C,sin ux sinh ux),
‘ 2 2 1 v
dx .
. | 3v ( ey
ane g _ o uﬂg‘ (C,=C,)cos ux sinh px - (C,4C,)sin px cosh ux!,

then using the conditions in (1.10) gives

377 . _ .
2 U 502@1)005 6 sinh 6 <C’I + Cg)sm & cosh 6]

- Afb - '
"—-—-—5 ] C, cos & cosh © +C2sinesinhe+w‘{ s
or® LV o

snd substitution of equation (1.09) gives

- W
c, = 2 .
1 cos 6 cosh 6 4+ psin 6 sinh 6+-- ((14—0)811'1 Bcosh ©

+(1 = p)cos 6 sinh 63

By substituting

2 tan €
tan € & tanh 8

for1 4+ p,

and 2 tanh ©
tan & 4 tanh 6

for 1 -po



the equations for €, and Cz cen be more conveniently expressed as

1
P A (sin 6 cosh & 4+ cos 6 sinh © )
L : I R
% (sin2 6 + sinh26)+m—~(sme+ sinh“e )
£

Akl e -

WAL 61 = WCJ y_‘! s (1011)
end Cp = =W ¥V, , (1.12)

§ Yo sin © cosh 6 ~ cos B sinh 6
where —— = = 0

1 sin © cosh 6 &+ cos. 8 sinh ©

Finally the bending moment, shear force and hoop force equations can

be expressed as -

(1) The Bending Moment Janit width |

2 R
- w
6= &% 24 Z(c, cos pxcoshux - C,sinp x sinh p %),
dx ® 2 ' !
. |
or ngéyp(} =G'= y_ sin ux sinh px - Y§ cos px cosh ux.  (1.,13)

1 Sy In E
(2) The Shear rome/unit width®

N = ’“%3 EW %—I- [ (Gé - 01) cos Hx sinh pux -(C1._s.02)sj_n x
g ax ' / ' “ cosh ux
or 2¢’upN = N' = (y2~ yﬂ)cosuxsjnhux-( 12 .;.yz)s:‘mllx

cosh U x .

(1.14)

b4



(3) The Hoop Foroe sy 1 onotp?

t
as T = B L m(1-9),

then E% :“ 4o b (y1 cos U x cosh UxX & yz sin Mx sinh Ll}c),

i

s 22y o | o g s \ 15
or ¢(1 pR)"TZ Y, cos Ux cosh ux+y2 sin Adx sinh I«fx*( .15)




3 Discussion of Results,

Using equations 4,13, 1.14 and 1.15, Fig, 3 shows the values of
the bending moment, shear force and hoop force parameters G! N' and
Té oceurring at the frame positions for a practical range of frame
pitch and stiffness, Figs. 4, 5 and 6 show the same parameters at

positions between frames., In *this case, the frame stiffness paremeter
2t7
uAf has been vatied between 0.5 and 20 and the frame pitch parameter

between .60 and 3.0. As an aid to simplifying this work Fig. 2 was
constructed to show the variation of the parameter ¢ with the skin
thickness (t) and the ratio of stringer area to stringer pitch (tx>“
It was found that for many aircraft pressure cabins having typical
structural geometry, a constant value of ¢ = ,90 could be used with
reasonable accuracy.

Using this approximate value for ¢, Fig., (7a) shows the ratio
of maximum hoop stress in the skin to the nominal hoop stress (as
pif&icted'by simple 'boiler thecry'), against the frame pitch parameter
U

1
and the frame stiffness param@ter-g§~ The maximum hoop stress

HAL®
£
£
is seen to equal the nominal hoop stress at a value of H £ 5.%6
2 = e
t £
for all values of %%w o This means that at this unique value of aifs s
’ “f 2

the frame size ceases tc influence the maximum hoop stress in the skins,

The reason for this is seen by examination of equations 1,15 and
1.11. Since the maximum hoop stress occurs midway'¥etween frames
(When(§ = 0), then equation 1.15 reduces to-% (1 ~-5§ ) = Yy
When-EFé% (that is ?2;) approaches 1,0, then Y, approaches zero giving

. PR '
a solution to equation (1.41) which is independent of the parameteri%i*‘

ud £

cf f

= 2,36, In a similar memnner Fig., 7b shows the hoop stress

in the skin at the position of the frames,



Fig., (8) shows the ratic of the direct stress in the frames o
to the nominal stress. The parameter G;,is given as E%l where R’
is ‘the mean radius of the frame. For relatively shallew frames this
can be approximated by the notminal hoop stress in the skbn%%i
The ratio of maximum hoop stress in the skin to the frame direct
stress is given in Fig. 9(a) for varicus geometries. In Fig, 9(b)

‘6 .
this ratio is plotted against che frame pitch parameter E f and the
2

t! . . v . . '
arameter — . . Lf the stringer area remeins constant, which is reasocnable
P E g 3

since the st¥inger gecmetry is determined by considerations other than
pressure, then for any given skin thickness t, the lines of constant

1
— are lines of constant weight.

t :
Y The use of these results can best be illustrated by examples.
GJALSE J!c
(2)  Skin thickness t = o048 in,
Diameter 2R = 10 ft.
Frame pitch @f = 27 in.
Frame area Ao = W3U5 in?
Stringer pitch b = 6,25 in.
Stringer area Ag = 129 in?
¥
T o 1,029
I = L0439 dnt
ul
—& = 20
- t
ZE L 4925
P
t! ,

<



From Fig. 7a From Fig, 7b From Fig. 8 From Fig. 9
oy o, o é o
== = .953 —Egreme) T sk | =2 1,765
_E___ E__E: = Eﬁ g : .

% T ¥y v

(b)

Reducing the frame pitch to 13.5 in and the frame area

. t
to 1725 :'uf?, that is keeping the ratio :Em constant gives:-
: y
_f.% _E_Z_gf_r_ame) ....?:X = 615 _.SQ. = 1,30
t PR = & PR = o717 ol T ° o~ °
% % 4 4
CASE 2,
(a)

The geometry is identical with case 4 except that the

frame pitch is 20 ins,

Then :wf
5= 1:48

251

IJAf.

JG'
‘_t—" fed 2,86

5

Lo

) g,
= o842 -é—@-rame) 0 =% - 55
£ y

= 1,530

e
i
<<2q imq
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(b) Reducing the pitch to 10" and the frame area to 1725 in?

A
again keeping the ratio-gw constant gives ;-

J
| §
92 92(frame) %y %2
E,R,_ = w?ii— E_B_ = 073 Oﬁ" = 0575 o = 4a285
£ T y y

Case 41 shows.that by reducing the frame pitch from 27 in, to 13.5 in.,

at the same time keeping the structure weight constant, gives a substantial
reduction in maximum hoop stress in the skin, but increases the frame
stress and the hoop stress in the skin at the frame positions. The

ratio of meximum hoop stress in the skin to frame stress reduces.

Case 2 shows the same trend.

The effect of using the frames as a crack stopper.

Using the results of cases 1 and 2, and bearing in mind the recent
work on crack propagation, one wonders which is the best structural

configuration in the design of aircraft pressure cabins.

Having widely spaced frames means high maximum hoop stress, but
the stresses in the region of the frames are relatively low, and hence
such frames become effective crack stoppers, providing of course that

'the frame pitch is less then the critical crack length.

If the structure weight is kept constant and the frame pitch is
decreased, a reduction of 15% and 412% occurs in the maximum hoop

stress for cases 1 and 2 respectively.

This reduction in maximam hoop stress means a substantial increase
in the critical crack length. Case 2b shows that by reducing the
freme pitch from 20 ins to 10 ins, only gives a slight increase in the
stresses at the fremes, This means that although such frames are
less effective as crack stoppers, the orack would have to penetrate

probably two frames before the critical crack length is reached.



-1 -

La Conclusions.,

Results are presented giving the stress ratios in a reinforced
" circular cylinder. These results show the effect of structural variation

cn these stress ratios,

Some advantage seems to be gained by using relatively closely
spaced frames in pressure cabin design, since such frames serve to
substantially reduce the maximum hoop stress in the skins, which
could be used either to reduce the skin thickness or to increase the

critical crack length.
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FiG. 5. THE EFFECT OF FRAME PITCH AND
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@, m MAXIMUM HOOP STRESS iN SKIN BETWEEN FRAMES
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FIG. 7A. EFFECT OF FRAME PITCH & STIFFNESS ON THE -4 e
MAXIMUM HOOP STRESS IN THE SKIN .BETWEEN: FRAMES
2 2 / A
. oz {f) = HOOP STRESS IN SKIN AT FRAME POSITIONS / i / o8
i . " ’
wag o, | = NOMINAL HOOP sTREss PR \
bl | ' , .
2 o 1 At 1 /
30-0 -
/ g 13 ' 4
s.0 " - —— “
" A N .
/ 20 .
» ) o 5 ' +5 2 25 3 3.8 4
o T o] £+ 0 i ’ ﬁi’i .
"FIG. 8. THE EFFECT OF FRAME PITCH & STIFFNESS
e / o5 ON THE FRAME STRESS
P .
-2
'Y 5 t 15 2 25 3 -

FIG. 78. THE EFFECT OF FRAME PITCH . AND STIFFNESS ON THE‘
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