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Summary
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Consider the tandem chain of n identical bilateral L-sections represented
in Fig, 1. Each section has transfer matrix

(1)

hence the tandem chain has transfer matrix

n

A = A% = o (a) (2)

¢}

By Sylvester's interpolation formula, if a square matrix M has order m
anc distinct latent roots Ny Aoy cnew Km then

m
o T TN - M
o) = o(n) | - (3)
[T zl MmN
r= 1<kgm




where I ig the unit matrix of order m., Thus, the transfer matrix Ac
of the tandem chain in Fig., 1 has the representation

~1 n—1
o A~ D) - IO - N )
A, = AT = —— ()

The trace of A is a,4 + ap, and the determinant of A is unity. Since
the trace and determinant of A are preserved under a similarity trans-—
formation which converts A into the diagonal matrix with components A,
and Ao we have

Y Y Y
O 1 S .
1 2 3
Fig, 1
A o+ Ay = agq + 8gp (5)
and Mhg = 1 (6)
Let
7\.1 = SJ6 ( )
: 7
.}\.2 = & Je
so that (4) can be written f
A = A Si?ll@ - T 51n$n-120 (8)
o] 8in0 8in0

& In view of (5) and (7)

. 844 + 825 = 20080 (9)




If we put
p = cos 0 (10)

then

sinn 6 _ ginn © sin{n arc cosy)

= = = U_ (p) (11)
sinG T 60s70 S e oy

which is the Chebyshev function of the second kind, Thus, (8) has
the representation

a, = a0 (W) - 1.U,_(u)
s z).u_ W) ~u W 20, )
= (12)
70 ) v (W~ W
where | p o= 1+ 7Y (13)

Let us represent the Chebyshev function in the form

oLl r r : '
Un-q(“) - > 4(21' + 1) 2 (p-1) ' (1)
JA— X
r=0
or, in view of (13), n—1
— ,n+ T
_ T
v, (W) = > (23:' * 1) ZY (12)
r=0
whence follows -1 )
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r=0
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Furthermore
(+zx)o () -v @) = U _ (w~-0_ (u)+2zxu_ ()
n~1 n—1
T s nared — n+r
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=) (e )7 ) (o )7
r=0 r=0
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Consider the second and third terms in (17)
n—1 n-2 n—-2
g ot oy D T 7 DA n+r
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(o )70 (awe) 7 ) [ (v (ore) |57
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Thus, (17) may be written
n-2 ,
— /et
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w By substituting (15), (16), and (19) in (12) we obtain the explicit form
| of the transfer matrix of the n—section ladder 2~port, thus
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The components of AO for n=1 to 12 are given in the tables below.




Coefficients of a,,

n zY  z®Yy? z7°ys z4y4 ANS z%y®  z7y”? z8y8  z°Y° zieyte gty
1 1

2 3 4

3 6 5 1

Iy 10 15 7 1

5 15 35 28 9 1

6 21 70 8 45 11 1

7 28 126 210 165 66 13 1

8 36 210 1,62 495 286 9 15 1

9 45 330 92l 1287 1001 455 120 17 1

10 55 495 1716 3003 3003 1820 680 153 19 1

11 66 715 3003 6435 8008 6188 3060 969 190 21 1
12 78 1001 5005 12870 19448 18564 11628 L85 13320 231 23

b




Coefficients of a,, and a,,

G z  z2%y AN G z4y® AN GEEEAS & z'y®  z%Yy7 z%y®  zioy® zityte  gl2y1t

n

1 1

2 2 1

3 3 s y

) L 10 6 1

5 5 20 24 8 1

6 6 35 56 36 10 1 L
7 7 56 126 420 55 12 1 |
8 8 8l 252 330 220 78 10 1

9 5 120 162 792 715 361, 105 16 1

10 10 165 792 1716 2002 1265 560 136 18 1

11 11 220 1287 3432 5005 4368 2380 816 171 20 1

12 12 286 2002 6435 11440 12376 8568 3876 1140 240 22 1

Bz Yo Z¥? gPY® Z°Y4 zyS gsyS  geyr  g7ys  g8ys  geyie  giopil  giigis



Coefficients of ag,

n zy  z°Y?  z®Y® zfYt Z°Y° Zeve g7yt geye gy ztoy'e gyt
1

2 1

3 3 1

L 6 | 5 1

5 10 15 7 1

6 15 35 28 9 1

7 24 70 8l L5 14 1

8 28 126 210 165 66 13 1

9 36 210 2,62 495 286 9 15 1

10 45 330 92y 4287 1001 455 120 17 1

11 55 495 1716 3003 3003 1820 680 153 19 y

12 66 715 3003 6435 21 1

8008 6188 3060 969 190

-8~
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In the RC ladder 2-port shown, n = &;
heve at once, from the tables, the forward voltage transfer function

.
814

and the

212
8on

Similarly

1

ZY = sCR = sT if T = CR,

We

short~circuit impeéence function at port 1

8+845T+25283 T2+ 33053 T2 42208 414478557641 1,5 86 4.5 77

we may find

S2EN
824

212
aqq

822
8oy

8a4

84¢g

=G

open—circuit impedance at port 1

short—circuit impedance at port 2

open—circuit impedance at port 2

open—circuit transfer impedance

short—circuit transfer impedance

1+285T+1268°T2+2108% T2 416558 T3 +665°T041 580 645 77

1+368T+21 08 * T+ 6235 T3 41,9585 T2+ 2865 T5+91 8 0T0+1 58 /T +5 078

Port 2



With s = Jw,

i

forward iterative impedance

! (a4q — 8gg) + \Fdau + agp) %l

| 1 T . o
Son (agy = aqq) +IJ(a1, + agp)%l = reverse lterative impedance
* 8.4 + & . . . .
; arc cosh =i¢m§-33 = iterative propagation function
844842 . . ’
; Py = dmage impedance at port 1
i 2221
E
8008 . . -
| §23;%3 = image impedance at port 2
11824
ti
n(/ay 820 + /21282¢) = image propagation function
R 81105 + 8540304 + 8B4g + 85,7 . . _lo
1n 21122 214244 12 2221 - ipsertion ~°°°
4 , Ty + Zg phase

where Zk is the externel impedance at port k.




