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Abstract

We propose a novel sensitivity based approach which predicts and explains the accuracy of
material parameter identification for a composite plate using the Projected Finite Element
Update Method (PFEUM). A typical experiment using the PFEUM technique involves a plate
specimen held at three or four supports and bent under the application of a point load. Two-
Dimensional Digital Image Correlation (2D-DIC) is used to measure the pseudo displacements
resulting from the projection of out-of-plane deflection of the plate onto the image plane. A cost
function relating the projected numerical and experimental displacement fields is then
minimized to obtain the material parameters. It is shown that the contribution of a specific
material parameter in the observed displacement field influences the accuracy of its
identification. The contributions from material parameters are first quantified in terms of
sensitivity criterion which may be tailored by changing the elements of test configuration like
location of supports, the load application point and the specimen geometry. Several test
configurations are designed by maximizing the sensitivities corresponding to individual material

parameters. The relevance of proposed sensitivity criterion in these configurations is then
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validated through material identification in simulated experiments with added Gaussian noise.
Finally, a thin CFRP plate is tested under these configurations to demonstrate the practical use
of this approach. The proposed approach helps in robust estimation of the in-plane elastic moduli
from a bent composite plate with a simple 2D-DIC setup without requiring measurement of the

actual plate deflection or curvatures.
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1 Introduction
The cost benefit offered by laminated composites has brought about their widespread use in

different industrial and household applications and has resulted in light weight products being
produced at increasingly competitive costs. The weight reduction, however, also requires that
the precise material response be known beforehand at the time of product design to avoid in-
service failures. Characterization of the mechanical response of laminated composites presents
unique challenges due to their anisotropic nature. In general, the displacement response of
composites involves contributions from more than one material parameters [1]. The ASTM
standards for characterization of laminated composites provide specific guidelines for specimen
preparation and testing. Individual test guidelines, detailing the geometry and loading conditions,
ensure that the displacement response from different material parameters are decoupled and a
homogeneous displacement field is achieved which is mandatory when direct measurement of
individual material parameters is sought [2]. These direct methods, however, are limited in their
application as they require a large number of specimens and expendable strain gauges for

complete characterization of material response [3].

The limitations present in the direct methods may be overcome if the test method is able to
utilize heterogeneous displacement fields resulting in relaxation of the stringent geometry and
loading requirements [4]. Recent research in this area has resulted in development of a range of
inverse methods which precisely require the displacement response to be heterogeneous thus
enabling identification of multiple material parameters from a single test. Contrary to the
classical identification techniques where heterogeneous displacement or strain fields are a
limiting condition, a variety of inverse methods are now available that make use of this
heterogeneous information [5]. This paper deals with a particular application of an inverse
method called the Finite Element Model Updating technique — also referred to as the Finite

Element Update Method (FEUM) [6, 7].

The FEUM technique is applied using displacement [8] as well as natural frequencies [9, 10] for
identification of material constitutive parameters. In a typical FEUM problem, a set of unknown
constitutive parameters is assumed and using a FE model, a numerical displacement (or strain)

field is generated. A similar displacement field is found by experimental measurement on the
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specimen whose material properties are to be determined. A cost function comprising of the
displacement gap between the experimental and Finite Element (FE) solution of the surface
response is then minimized in an iterative fashion to yield the material parameters being sought.
[11]. Although full-field data on the whole surface of the specimen is desirable, the technique is

equally applicable when the full-field data is available in only part of the domain [12].

Several researchers have adopted the FEUM based techniques for identification of material
constitutive parameters in composite materials. For example Lecompte et al. [1] used cruciform
shaped specimens made from glass fiber reinforced epoxy in biaxial tension. Bruno et al. [13]
conducted study on the identification of elastic properties of unidirectional Graphite/PEEK using
a plate specimen under flexural loading. In-plane properties of an orthotropic laminate were
determined by Molimard et al. [14] using a thin plate specimen with a central hole loaded in
tension. Wang and Kam [15] identified the elastic parameters of an orthotropic plate made from
graphite/epoxy laminate. The rectangular plates were tested in a CCCC boundary condition (CCCC
denotes clamping at all four edges, each C representing an edge) and loaded with two types of
loads: a point load at the center and a distributed pressure. A T-shaped specimen subjected to
complex stress state was employed by Grédiac et al. [16] for identification of in-plane constitutive
parameters. In addition to lab scale specimens, the inverse methods are also applicable to real
structures. For example, in vivo characterization of anisotropic properties of human skin on a
volar forearm was performed by Meijor et al. [17]. The FEUM approach was also used for
identification of interlaminar fracture behavior of a unidirectional thermoset composite material

by Mathieu et al. [18].

The tailoring of test configuration parameters has been studied earlier for design of an optimal
test configuration for inverse identification of constitutive parameters in laminated composites.
However, most of the earlier work in this direction relates to inverse identification using the
Virtual Fields Method (VFM) [19] which relies on satisfaction of the global or weak form of
equilibrium equations. The Finite Element Update Method (FEUM) has attracted little attention
in this regard due to the absence of analytical relations to evaluate the sensitivity of identified
parameters. The process of selection of optimized virtual fields for inverse identification yields

noise sensitivity coefficients corresponding to the orthotropic stiffness’s [20]. Pierron et al [21]
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have presented an optimization strategy which uses these sensitivity coefficients for constructing
a cost function balancing the sensitivities of all material parameters in a composite specimen.
The standard Unnotched losipescu (Ul) test was used for the study with displacement
measurements done by speckled interferometry. A similar cost function based on the global
noise sensitivity coefficients normalized with respect to the maximum plate deflection have been
usedin [3, 22]. The authors used grid method for measurement of curvatures in a bent composite
plate specimen while the identification was done using the VFM. A numerical simulator for design
of an optimal test configuration is presented by Rossi and Pierron [23] which is able to accurately
model the parameters associated with the Ul test. Under the VFM framework, the authors did a
comprehensive study highlighting the effects of stress limit scaling, displacement field anisotropy,
smoothing of strain field and the influence of missing data near the specimen boundary on
parameter identification. In another research [24], the authors used this numerical simulator to
study the effect of DIC settings in terms of identification error for selection of optimal test

settings.

The displacement response of the specimen surface can also be captured by the optical
techniques like Two- or Three-dimensional Digital Image Correlation (DIC) [25]. Thetwo-
dimensional Digital Image Correlation (2D-DIC) measures the in-plane surface displacements by
comparing two images taken before and after the surface deformation [26, 27]. This method has
benefits like ease of setup, less requirement of computation power as well as ease of calibration
and low cost. In this method, a single camera is placed for taking images of the deforming surface
in a way that the optical axis of the camera is parallel to the outward normal of the surface under
consideration [28]. The specimens are tested with the 2D-DIC. They are generally either flat and
subjected to in-plane loading (tension, compression, shear, biaxial or a combination of these
loading conditions) [29, 30]; or at least the surface under observation has predominantly in-plane
deformation [31]. Because of the simplicity and other benefits that it offers, 2D-DIC is employed
in a large number of applications [32]. The out-of-plane displacements cannot be detected and

result in pseudo displacements seen as artificial strains in the DIC output [33, 34].

In plate bending experiments,the displacements are chiefly out-of-plane while the contribution

of in-plane displacements is minimal. For such an arrangement, application of 2D-DIC results in
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measurement of a projected displacement field [29] which can only be utilized for identification
of material constitutive parameters using a displacement gap based FEUM technique [30]. The
Projected Finite Element Update Method (PFEUM) [35] relies on the minimization of a
displacement gap between measured and computed displacement fields projected onto the
image plane of camera. The primary advantage of this approach is that it allows use of a simple
2D-DIC setup for material identification using specimens undergoing three-dimensional
deformation; thus, becomes cost effective and computationally reasonable. The details of the

mathematical development of the PFEUM technique can be found in [29, 30].

In this research, we propose a novel sensitivity based method for design of a test configuration
for material parameter identification using the PFEUM technique. The proposed method
produces displacement fields with controlled contributions from the material parameters. The
test setup is designed such that it allows alteration in the heterogeneity of the observed
displacement field by controlling the setup parameters like position of supports, load location,
fiber orientation and the aspect ratio. In the next section, a matrix based description of the
equations of perspective projection developed earlier in [35] is given using the homogeneous
coordinates. The inverse problem under the PFEUM framework is then reformulated. Later,
sensitivity criterion for contribution of different material parameters in overall displacement field
is derived using the FE simulations. At the end experimental data, for identification of in-plane
elastic moduli of a CFRP plate, is presented to verify the validity of sensitivity criterion based on

some tailored test configurations.

2 Method

2.1 Projected Finite Element Update Method
In this article, a compact matrix based description of the PFEUM technique is given which helps

in the development of sensitivity criterion for design of test configuration and is conveniently
applicable in a computer program. We start by considering the general case of projecting a point
in space p(x,y,z) onto the image plane of an imaging system as shown in Fig. 1(a). A right
handed Cartesian coordinate system is chosen to be parallel to the conventional image
coordinate system with y-axis pointing downwards. Let v(0,0, —z,) be a point away from the

image plane which lies on the optical axis. The perspective projection of point p on the image
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plane is the intersection of line Tp with the image plane and is identified as p”’ (x", y", z""). The
point v here is the center of perceptivity or viewpoint. The image plane normal, n, and the view

direction are coincident with the z-direction.

A 2D version of Fig. 1(a) is shown in Fig. 1(b). Using similarity of triangles, we can directly write

as
y_ZO—Z_x
= e W

" Zo " Zo
X = X =
zo—2z ' y Zo—2 y

Since z may be negative or positive, we can generalize these equations as

xn= Zo x,y”= Zo y (2)

Zo+Z Zo+Z

Equations (2) is similar to those derived earlier in [30] with AZ replaced by z. The equations were
earlier derived for a deforming body with AZ being the out-of-plane displacement of a point
initially lying on the image plane. However, the description presented here is more generic and
is derived directly from the principles of projective geometry [36]. The current description allows

projection of any point in space irrespective of its underlying deformation or loading history.

It is interesting to note that the camera model given by equations (2), which forms the basis of
pinhole camera model [25], is nonlinear in z and hence cannot be represented by simple matrix
multiplication. To make the camera model linear, we can use the homogeneous coordinates [25]
which represent points and lines in the projective space using vectors with four coordinates —
also called 4 vectors. Conversion from projective to Euclidian space is achieved by dividing the
first three coordinates with the fourth coordinate which serves as a scaling parameter. From the
geometry of perspective projection any point on the line joining points p and v, and intersecting

the image plane has coordinates of the form

p' = Mp (3)
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M=nTv+ (nv)l, (4)

Where, I, is the 4 X 4 identity matrix. Equation (3) gives the linear form of the pinhole camera
model and permits the perspective projection of a point to be taken by simple matrix
multiplication. The perspective projection matrix M is a linear transformation which maps points
in the three-dimensional space to their corresponding projection points on the image plane. For

the proof of equation (4) refer to [37].

Let p(x,y,2,1) and v(0,0,—2, 1) be the homogeneous coordinates of the points p and v
respectively, and let the image plane normal towards the viewpoint be represented by

n(0,0,—1,0) as shown in Fig. 1(a). Substituting the values in equation (4) gives

—z, 0 0 O
1o -z o o
M=o 0o 0o o
0 0 -1 -z

And since AMp = Ap', we can divide M by a scalar (—z;) to give

0
0
0

S O

1
} (5)

<

Il
e
O O = O
C‘,\’|>—\OOO

(e}
—_

Substituting back in equation (3) gives

N fo 10 o
Yi=lo o o ol{’
Z 1

w) oo = 1l

Solving for (x,y’,z") and w gives the homogeneous coordinates of the projection on image

plane as

Where, w is a scaling parameter used to convert homogeneous coordinates to Euclidian

coordinates as
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Substituting for w in equation (6) yields the Euclidian coordinates identical to those in equation
(2). Hence the linear form presented in equation (3) gives the same results as equation (2) but is
preferred because of the ease of application. The perspective projection matrix needs to be
evaluated only once and thereafter only a simple matrix multiplication can be used to project a
set of points from the three-dimensional space to the image plane. The hierarchy of projective
transformations also allow multiple transformations to be concatenated in a single expression
[38]. It is therefore possible to combine the rigid body motion of a body with subsequent

projection in a single step as
p'=MCp (7)

Where, C = [R t] is a 4 X 4 matrix that applies rigid body transformation to p with R and t
representing the rigid body rotation and translation respectively. The homogeneous coordinates

are finally converted to Euclidian coordinates by dividing by the scaling parameter w.

In 2D-DIC, the surface under observation and its deformed configuration are assumed to lie
within the image plane. This can be seen from equation (6). If the point p in Fig. 1(a) lies on the
image plane thenw = 1and x"’ = x, y"' = y. This means a point on the image plane projects
onto itself and hence applying the linear transformation M to points on the image plane does not
introduce any change in point positions. However, when the specimen deforms out-of-plane or
when there is relative rigid-body motion between the camera and specimen, the deformed
surface is projected by the linear transformation given by matrix M and subsequent DIC

computations are performed on the projected image.

Now consider a plate specimen pinned at three points (51, S2 and $3) and acted upon by a force
F as shown in Fig. 2. The specimen is initially aligned with the image plane I and deforms out-
of-plane under the application of load. Let X be a set of points defining the specimen surface
before deformation. Now X', the projection of X onto the image plane I', is identical with X as
the surface is initially in-plane. Let the coordinates of points on the deformed surface be X. In

the presence of rigid-body motion, the points on the deformed surface assume the positions CX;
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where C = [R t] is the rigid body transformation matrix. The projection of transformed

deformed surface on I' is then given by
X'=MCX (8)

X' can be converted to Euclidian coordinates X"’ by using equation (6). The experimental

displacement field determined through 2D-DIC is
u, =X" - X" (9)

Note that the coordinates X'’ and X”' in equation (9) are Euclidean (3 vectors) since addition is
not defined among point coordinates in the perspective space. The double prime with X" is
retained to indicate the operation in Euclidian coordinates. Since the displacement field
computed by 2D-DIC is already on the image plane, X"’ in equation (9) need not be calculated
separately and u,, is measured directly by 2D-DIC and includes the effect of sample deformation
as well as rigid-body out-of-plane motion. Similarly, the numerical displacement field, found
using FE analysis of the specimen under the same load and boundary conditions, may be found
by the linear transformations of deformed coordinates of FE solution )?f as
X'r=X;
X's =MCX, (10)
w = X" - X"

Where, in the third of equations (10), X"'s and X"’ are the Euclidian equivalents of X's and X',
respectively. In equation (10) it is assumed that prior to the load application the plate specimen
lies perfectly in-plane with its outward normal aligned with the optical axis. In case this

assumption is not valid, the undeformed or initial coordinates Xy may need to be transformed

by a different transformation matrix as

Where, C, is the rigid-body transformation matrix that aligns the FE model with the plate
specimen. Finally, a cost function may be defined on I' which relates the experimental and

numerical displacement fields as
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S(©) = [te — 7] [ue = uy] (12)

The cost function defined by equation (12) is a function of material parameters ¢ and is
minimized in an iterative fashion to seek an optimal set of material parameters. The overall

inverse problem is then formulated as

mcinS(c) ceC (13)

Where, C is the set of all permissible values of constitutive parameters satisfying the governing
equation. If equation (10) is used to estimate the numerical displacement field, an additional six
parameters specifying the rigid body modes may be incorporated to account for small relative
motion between camera and specimen. The minimization will yield the correct constitutive
parameters only if the specimen deformation produces a projected displacement field that is
unique from those introduced by the general rigid-body motion of the specimen [29, 30]. The

schematic of the identification process is shown in Fig. 3.

2.2 Sensitivity Criterion
For a transversely isotropic laminate, there are four independent material parameters that

uniquely define the displacement response. These four independent material parameters are the
fiber direction modulus E;, the transverse modulus E,, the in-plane Poisson’s ratio v;, and the
in-plane shear modulus G;,. We denote the numerical projected displacement field that is
obtained by a given set of independent material parameters, geometry, load and boundary

conditions as u, which, in the absence of rigid-body motion, is obtained from equation (9) as
uy=X"g— X" (14)

Where, the matrix X'’ represents the point coordinates in the undeformed configuration while
X", is the matrix containing coordinates of the corresponding deformed configuration. 1, may
be termed as the nominal displacement field which serves as the reference. Now, if one of the
four parameters is given a small increment, the displacement field thus obtained will be modified

in proportion to the contribution of that parameter in the nominal displacement field. Thus

Uu; = X”i — X” (15)
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And,
d; = abs(ug —u;) (16)

Where, d; is the absolute difference between the nominal and modified displacement fields
corresponding to the ith incremented material parameter. Similar incremental displacement
fields may be obtained for all material parameters. We define a matrix d to contain the

incremental displacement fields from all material parameters in individual columns as.
d = [vec(d,) vec(d,) vec(ds) vec(d,)] (17)

Where, d;,i = 1 to 4, represent the incremental fields for E;, E,, 9,5 and G, respectively. The
vec operator converts d; into a single column vector. If there are n points in the displacement
field, vector d; has the size 2n X 1 with first n elements containing the x coordinates while the
next n elements containing the y coordinates of the incremental displacement field. A criterion
defining the sensitivity of the overall displacement field towards individual parameters may now
be defined as

_ 2ilagy)

SCret = %X j(dij)

* 100 (18)

SCre1 is @4 X 1 row vector containing the percent relative change in the nominal displacement
fields due to small increments in the individual material parameters. The elements of sc,,; range
between 0 and 100 and sum(sc,;) is always equal to 100. The parameter with highest value of
Scre1, therefore, would be expected to dominate the displacement response of the test specimen
and would be easily identifiable due its distinct signature. On the other hand, a parameter with
the lowest sc,,; value would be very prone to underlying noise and difficult to identify. In an ideal
case, therefore, all four material parameters should have a sc,,; value of 25. The next section

gives a method to design a test configuration based on sc,.,; as sensitivity criterion.

2.3 Design of test configuration
This section presents a process of sensitivity based design of the test configuration for a plate

bending experiment under PFEUM framework. A parametric description of the plate bending
specimen is given which is useful in formulating the optimization problem for tailoring of

measured displacement fields. Consider a rectangular composite plate with length L and width
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W as shown in Fig. 4. A right handed Cartesian coordinate system is placed at the center of plate
which is aligned with the image coordinate system. The Z axis is coincident with the optical axis
and points away from the camera. The fiber orientation « is zero parallel to the X axis and
increases in the counter-clockwise direction. The outer plate edges are marked with solid lines.
The plate is held in place by pin supports which do not restrict plate rotation. The supports
marked S1, §2, §3 and S4 can be positioned along the edges on the inner boundary marked by
dotted lines. The inner boundary is offset from the outer boundary by distances of bx and by in
x and y directions respectively as shown in Fig. 4. The four corners are marked C1 to C4 in the
counter-clockwise direction. The position of supports is defined in a normalized boundary
coordinate system (BCS) defined at each corner. As shown for C1, the BCS is defined such that
the support location S1is 0 at C1, positive between C1 and C2 with a maximum value of 1 at C2,
and negative between C1 and C4 with a minimum value of —1 at C4. In a similar fashion all
supports can move between —1 and +1 along the inner boundary edges connecting the
corresponding corner. The load application point has coordinates Lx and Ly which are also
normalized along the x and y directions. Lx is —0.5 at the left edge and +0.5 at the right edge
while Ly is —0.5 at the top edge and +0.5 at the bottom edge. The direction of load is towards

the camera such that plate deformation is primarily out-of-plane.

In total there are 9 independent geometric parameters that completely define the test

configuration. These parameters may be gathered in a set such that
ip={LW,Lx,Ly,a,S1,52,53,54} (21)

With the plate completely defined, a simple optimization may be carried out to maximize the
sensitivity criterion sc,.; by tuning a subset of the geometric parameters in ip. The constraints
on geometric parameters during optimization are dictated by specimen manufacturing
considerations and dimensions of test bench. The overall theme of the process of optimizing a
test configuration is depicted in Fig. 5. Alternatively, the optimization may be skipped and a
manual tuning of geometric parameters may be carried out where in a small subset of ip is

manually modified to attain the required contribution from a specific material parameter.
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3 Experimental setup
The experimental setup used for inverse identification in our earlier work [35] consisted of a

stainless-steel test bench with 10 mm thick brackets for holding the specimen. The support
locations were fixed at the corners and hence could not be altered. A redesigned test bench, Fig.
6, was used in present study which allows adjusting the support positions along the left and right
edges of the specimen. The bench was fitted with leveling screws which were used along with
the level gauge to align the outward normal of the specimen in a horizontal plane. The thickness
of brackets has been increased to 20 mm resulting in a reduction in available specimen width to

a maximum of 185.6 mm.

The specimen was held in position between pointed bolts at each support location. These
supports were modelled in FEA by holding a single node at the support location. The
concentrated load on the back face of the specimen was applied by controlled rotation of a nut
on 5 mm diameter threaded bolt. The arrangement was such that the rotation of nut caused the
bolt to travel towards the plate. The magnitude of applied load was measured by an S-type

FUTECK load cell with a maximum capacity of 45 N in compression.

The CFRP plates for the experiments were made using unidirectional tape of Carbon Fiber
prepregs with epoxy resin. Detailed fabrication method and reference material properties (E; =
145 MPa, E, = 8.0 MPa, v;, = 0.31 and G;, = 5 MPa) of the plates are given in [35]. All
specimens tested in this work have dimensions of 185.6 mm x 137 mm. The speckle pattern for
Image Correlation was printed on a 70 gsm white paper and pasted on the specimen surface. The
pattern was developed in MATLAB using a grid with a spacing of 1 mm and a speckle size of 0.3
mm (0.023 pixels). A 0.2 mm (0.015 pixels) random error was introduced in the position of grid
points in both X and Y directions to prepare a random pattern. Support locations as well as the
center lines, shown in Fig. 7, were also printed to assist in the positioning of supports and

alignment of specimen.

The camera used for image acquisition was a SONY XCG5005E monochrome camera with an
image depth of 12 bits. The imaging sensor had an effective resolution of 2448 x 2048 pixels. The

camera was fitted with a Schneider Optics high resolution lens having a variable focal length of
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1.8 mm to 35 mm. The perpendicularity of camera optical axis with specimen surface was
ensured by carefully leveling the camera using a level gauge and then aligning an image grid with
the specimen center lines and a similar grid pattern drawn on the back wall facing the

experimental setup. The images were calibrated by using specimen width along the centerline.

The experimental displacement field was measured by analyzing the captured images with 2D-
DIC using an indigenously developed code OSM. Detailed description of the code, along with test
results with standard images provided by Society for Experimental Mechanics, is given in [51, 57,
58]. Due to very small expected magnitude of the measured displacements, five images were
taken at each load step and then averaged to minimize the measurement noise due to various
effects such as light intensity and main frequency variations. The DIC grid had a spacing of 30
pixels with a subset size of 31 pixels. Low levels of expected deformation gradients allowed
selection of relatively large grid spacing to reduce computation cost during DIC as well as cost
function estimation. Under these conditions, the image correlation system gives a standard
deviation of less than 0.01 pixels or 1 um when consecutive images without any deformation are
compared. Since this noise is expected to be present in all experimental results, a random noise
with a constant standard deviation of 1 um was added to all simulated displacement fields during

the sensitivity study discussed in the next section.

4 Results and discussion

4.1 The Finite Element model
The FE model of the plate was made with ANSYS APDL script. The supports were modelled by

suppressing translational degrees of freedom (DOF) at the support nodes. The presence of FE
nodes at the supports and at the load application point were ensured by creating hard points
on these locations. The element coordinate system was oriented such that the fibers were

aligned length wise in the X direction.

The FE model of the plate was also validated experimentally. A composite specimen of 2 mm
thickness was held in case 1 configuration. A linear displacement transducer (LDS) was used to
measure the deflection of plate at its center as shown in Fig. 8. An initial load of 4.3 N was given

and plate deflection was measured from 14 N to 32 N with 2 N steps. The plate was modelled
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using the 20-node SOLID186 brick elements with an edge length of 5 mm and as a single element
across the plate thickness. For comparison, the 8-node SHELL281 elements were also used for
plate modelling with 5 mm element size. In order to extract surface displacements and apply
supports on correct plate surface, the shell section was offset to element BOT plane which
corresponds to the plate surface facing the camera and where the supports physically touch the

plate.

The Figure 9 shows the comparison of the experimentally measured plate deflection with the FEA
results. It is clearly seen that the deflection with both solid and shell elements closely matches
the experimental deflection. The solid elements were preferred even the choice between the
shell and the solid seems arbitrary. The choice was made to ease possible integration with the
support structure made from the solid elements. When nonlinear geometric effects were
enabled, the plate deflection was over-predicted at all loads. The disparity in between the linear
and the non-linear solution is apparently in disagreement with the large deflection theory. It
would predict lower plate deflection due to stress stiffening. The difference is probably because
of the presence of the supports is on the surface of the plate instead on the mid-plane. As the
plate deflects, the mid-plane is relatively free to stretch and resulting an increase in the plate
deflection. The disparity could be removed if the rotation at supports were suppressed for both
the solid and the shell elements. For example, if the plate was held between the two pointed
bolts at each support location (i.e.one on each face of the plate). The rotation at supports would
be suppressed and the stretching of mid-plane would be restricted. The linear and nonlinear
solutions for this support condition agree but do not match with the experimental results for this
setup. The detail investigation of this bias due to the nonlinear effects is beyond the scope of this
work and will be reported in a future publication. The nonlinear effects were ignored in the
presented research.All the test cases were designed to keep the maximum plate deflection at

less than half of the plate thickness which kept the nonlinear effects to a minimum.

4.2 Test configurations
Five test configurations were tested in this work. Each of them was designated with a unique case

number. The first two cases related to the configurations tested in [35] with the parameters

converted to those of Fig. 4. Two more configurations having dominant contributions from E;
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and G;, and a third configuration with balanced contributions from E;, E, and G, have been
designed in this work. The design was carried out on the available specimen geometry. Hence
the specimen dimensions and fiber orientation were not changed. Table 1 shows the geometric

parameters for all the test cases.

The sensitivity criterion sc,.; for each configuration was estimated using a simulated
displacement field generated through a FE analysis and then projected using the equation (11).
A constant load of 24 N (corresponds to the average load applied during the identification
experiments) was used for each simulation. The sensitivity criterion corresponding to the five
test cases for each material parameter as well as the maximum plate deflection at this load are
given in Table 2. There were two conditions imposed during the design of the new test cases. The
maximum plate deflection was kept less than half of the plate thickness to keep the nonlinear
effects minimum; and the minimum distance between any two supports was set as 22 mm which
was the minimum physical distance achievable between the support points (i.e. when two

support brackets in physical contact to each other).

Case 1 related to a test configuration with four supports at the corners and a point load at the
plate center. Table 2 indicates that the maximum contribution in the displacement field obtained
from E, with a sc¢,; value of 74.3% . While v;, had the minimum contribution with sc,,; =

3.0%. Thus case 1 was expected to show best convergence of E,.

The contribution of E; and G, were more pronounced in case 2, with only three support points,
as indicated by sensitivity values of 37.6% and 36.0%. E, had a slightly lower value of s¢,.,; =

23.8% while v;, contributed very weakly as depicted by a small value of sc,..; = 2.7%.

As discussed earlier, the sensitivity criterion may be tailored for a specific parameter by careful
adjustment of geometric parameters. The three new test configurations analyzed in this work
were based on variation of sensitivity criteria due to change in different test parameters. Figures
10 thru 14 show the variation of sensitivity criteria due to change in selected test parameters.
For example, Fig. 10 shows the effect of moving LX from the left to right edge of the plate
keeping all other parameters fixed as in case 1. It is seen that the contribution from E, and v,

remain almost unchanged while E1 and G12 reach their minimum and maximum values,

Page 17 of 42



respectively, as the load application point approaches the plate center. The most dominant

contribution from E, is thus found around LX = 0 which corresponds to case 1 configuration.

If instead of LX, LY is varied from minimum to maximum — from top to bottom edge — the
contribution from E; and E, both change rapidly with E; being maximum as the top and bottom
edges as shown in Fig. 11. From this figure, an E; dominant configuration was selected and
designated as case 3 with the load applied midway between S2 and S3. Here the maximum
resistance to deformation is generated due to the fiber direction modulus E; with a high
contribution of 65.2% while the sensitivity of E, drops rapidly towards the edges. The next
highest contribution comes from G;, which has sc,..,; = 26.1% , while E, and v;, have

contributions of 5.6% and 3.2% respectively.

Figure 12 plots the variation in material parameter contributions as load is moved along the
bottom edge from left to right in case 3 configuration. As expected, E; remains dominant
throughout as the load remains directly at the fibers going from one support to the other.

Furthermore, no significant change in the contribution from all other parameters is seen.

Figure 13 plots the effect of moving S3 in case 1 configuration from bottom to top along the right
edge of the plate. Although v;, does not show any significant improvement, the sensitivities for
all other material parameters change significantly. The sensitivities of E; and E, reach their
maximum and minimum values, respectively, between S3 = 0.60 to 0.70 while the sensitivity of

G4, continues to increase as the support S3 is moved towards S4.

Although the fiber orientation was constraint due to specimen availability, the effect of varying
it from the reference 0° in case 1 configuration was also studied. Figure 14 shows the variation
of material parameter sensitivities due to change in fiber orientation in the plate specimen. As
the fiber angle increases, the sensitivities of E; and E, move in the opposite directions and
around 35° to 40°, the contribution from E; becomes maximum while E, reaches a minimum
value. This corresponds to a point when the load is applied directly on fibers aligned between the
two support points (S2 and S4 in this case). This result is consistent with the plot of Fig. 11, where

the contribution of E; is most dominant when the load is applied on the top or bottom edge. The
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sensitivity of G;, is maximum at about 50° fiber orientation while v, remains almost

unaffected by change in fiber orientation.

From Fig. 10 thru Fig. 14, it is clearly seen that the contribution of in-plane Poisson’s ratio v,,
remains unaffected and does not depend strongly on any single parameter including the fiber
orientation. Hence a v;, dominant configuration could not be found through an intuitive tailoring
of test configuration. The best point for a G;, dominant configuration appears to be when S3 is
above 0.7 as shown in Fig. 13. However, a check on maximum plate deflection, Fig. 15, shows
that the plate deflection rapidly increases above S3 = 0.6 and exceeds the half plate thickness
criterion. Moreover, the distance between supports S3 and S4 becomes less than 22 mm when
S3 is greater than 0.8. Since G, shows clear dependence on the position of load application
point, Fig. 10 and Fig. 11, and the support position, Fig. 13, an optimization was run with
Lx,Ly,S1 and S4 as independent variables while keeping other geometric parameters fixed.
Only four geometric parameters were selected to keep the design space as small as possible. The
sensitivity criterion for G;, was set as objective function with constraints on the minimum
support distance and the plate deflection as discussed earlier. The configuration obtained
through this optimization study, designated as case 4, has maximum contribution of 50.4% from

G+, while E, also has a healthy contribution of 38.1%.

Careful comparison of Fig. 11 and Fig. 13 indicates the possibility of finding a configuration with
balanced contributions from E;, E, and G;,. As S3 reaches a value of about 0.45, the
contribution from these parameters tend to converge, as shown in Fig. 13, with decreasing
contribution from E, and increasing contributions from E; and G;,. Since the same trend is
observed as load moves downwards, increasing LY in Fig. 11, the two geometric parameters
were tuned together to reach a point where E;, E, and G, have almost equal contributions in
the resulting displacement field as indicated by sc,,; values of 31.4%, 32.5% and 33.4%

respectively. The test configuration thus obtained was designated as case 5.

In general, E; appears to dominate the displacement field when the load application point is near
either the top or the bottom edge (the edge parallel to the fiber direction). If the load is applied

at the center of the top or bottom edge (case 3), maximum resistance to deformation comes
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directly from the bending of the plate along the fiber direction and hence the fiber direction

modulus plays the key role while the contribution from E, stays minimum.

The contribution from E,, on the other hand, increases as the load application point moves away
from the top and the bottom edges. The maximum contribution from E, will be apparent when
the load application point is placed at the center of the left or right edge. At this location, the
bending of plate in the transverse fiber direction is the main driving factor and maximum
contribution is come from matrix deformation. As expected, the contribution form Ej is
minimum in this configuration. G;, appears to be minimum for a perfectly symmetric
configuration (case 1) and increases whenever the symmetry is disturbed by moving the load or

any single support from its position in the case 1.

In all the test cases, it was noted that v,, is least sensitive to any change in the geometric
parameters and hence the most difficult parameter to identify. No configuration could be found,
manually or through optimization, which had a dominant contribution from v;, in the resulting
displacement field. For this reason, it was decided to study the relationship between the

proposed sensitivity criterion and the identification accuracy for the other three parameters.

It may be noted here that the E; and the E, dominant test configurations of case 3 and case 1 as
well as the balanced configuration of case 5 could be achieved equally well through a numerical
optimization but the approach presented here is more intuitive and helps in developing a
thorough understanding of the effect of different geometric parameters on material parameter
sensitivities. Furthermore, the present study was confined to obtain variations of case 1 having
four supports. Alternatively, Fig. 10 thru Fig. 14 may be reproduced for a plate held at only three
points to obtain the variations of case 2. In the next section, the results of material parameter
identification though simulated as well as real experiments for all five cases are presented and

discussed.

The test cases were initially analyzed using simulated experiments wherein a simulated
displacement field, projected using equation (11), with an added random noise with standard
deviation of 1um, was used as experimental data for inverse identification. Since no rigid body

error was introduced during generation of simulated displacement field, only the four material
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parameters were used as independent variables during the minimization of cost function in
equation (13). The convergence bounds were set as +75% of the target values. Since the
convergence accuracy is not affected by the initial guess [35], the target values were passed as
initial guess to speed up the convergence process. The simulation was repeated for each case
using 10 load values ranging from 15 N to 33 N with 2 N steps and an initial load of 5 N. The
coefficient of variation COV and the relative error ERR were estimated using the converged

parameter values from all load steps as follows

Ccov = standard deviation % 100 (23)

mean

abs(mean—target value)
target value

ERR = x 100 (24)

To quantify the ability of a given case to produce reliable parameter estimates a unified

convergence criterion was defined by combining the COV and ERR.

CC =,/(COV2 + ERR?)  (25)

From our earlier work [35], where COV was used to ascertain successful convergence, it was
found that for some cases the parameter estimates end up near the upper or lower bound for
each load step hence giving a very low COV despite poor convergence as evident from a high
value of ERR. However, the convergence criterion defined by equation (25) combines the effect
of parameter variation from a mean value as well as the departure of mean from the target. Thus,
a high value of CC indicates poor convergence from either one or both of COV and ERR. Table

3 shows the three convergence estimators for the simulated experiments.

Finally, the test cases were verified by identification experiments using 2 mm thickness CFRP
plate specimen tested in each of the five test configurations. The experimental displacement field
(projected) was measured using 2D-DIC. Each experiment was repeated ten times at loads
ranging from 15 N to 33 N with 2 N intervals and an initial load of 5 N. During the identification
step, all six rigid body modes along with the four material parameters were as variables for

optimization. A sample comparison of the numerical and the experimental displacement fields at
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the end of identification process is given in Fig. 16 for the case 3 configuration at a load of 23 N.
In order to make the comparison, the numerical displacement field is first corrected for the rigid-

body modes, recovered during the identification process, before a projection is taken.

Tables 4 to 8 give the detailed identification results for the five test cases indicating the estimated
material parameters as well as the rigid body modes extracted in each test. The first three modes
represent the in-plane rigid body motion while the last three modes correspond to the out-of-
plane motion. The estimated COV, ERR and CC from this experimental data are shown in Table
9. Figure 17 presents plot of the convergence criterion CC against the sensitivity criterion sc,;
for simulated as well as experimental results. The figure shows a combined plot of convergence
criterion for the four material parameters in all five test cases. It is clearly seen that as the value
of sc,.; for any parameter increases, the convergence is steadily increased. Particularly for sc,;
greater than 30 very good convergence is observed. Since sc,.; for the in-plane Poisson’s ratio

V4, is always less than 5, the estimation of v;, remains a challenge.

A comparison of simulated and experimental data shows that the experimental results have
somewhat poor convergence compared to the simulated results for the same sensitivity values.
This difference may be due to the unaccounted variations in the specimen thickness as well as
the behavior of supports. Particularly the assumption of rigid supports is worth considering. In all
five identification experiments, the extracted rigid body modes show considerable our-of-plane
displacement as well as rotation about x which could only arise if there was some unaccounted
displacement of the specimen at the supports. A plot of the convergence criteria for simulated
and experimental results were normalized with respect to the maximum criteria value as shown
in Fig. 18. The overall trend of simulated and experimental data matches very well and confirms
the validity of sensitivity criterion sc,; as a valuable tool for design of test configuration under a

PFEUM framework

The correct estimation of v, remains a challenge. From a total of 50 attempts at the estimation
of v4,, the estimation was successful only in the first four load steps in case 1 and the second
step in case 4 and case 5. The criterion defined in this work is based on relative contributions of

material parameters in the displacement fields. The results however indicate that a relative
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criterion may not be sufficient for estimation of a parameter which has small contribution in the
overall displacement field. Another possible reason for the failure in estimation of v;, is the
relative magnitude of noise present in the measured displacement field compared to the

contribution of v;, in the overall displacement field.

Indirectly, the proposed criterion indicates the change in cost function, equation (12), that
would result when a small change in the individual material parameters is introduced. Hence the
material parameter with relatively high value of sc,,; is expected to show good identifiability
whereas a parameter with lowest value of sc,; value will be difficult to identify as its response

will be eclipsed by the underlying measurement noise.

5 Conclusions
A systematic approach towards design of test configuration for inverse identification of material

constitutive parameters in transversely isotropic laminates is presented for a plate bending
experiment. First a compact matrix based description of the PFEUM technique is given. The use
of homogeneous coordinates helps in converting the non-linear pin hole camera model to a linear

form which is then utilized to reformulate the PFEUM equations.

A parametric description of the plate bending experiment is given which shows that there are
nine independent geometric parameters that fully define the test geometry and may be tuned to

control the composition of the overall displacement field of the specimen.

Sensitivity criterion based on the relative contribution of material parameters towards the overall
displacement field is derived. Several test configurations have been picked which indicate the
application of the proposed sensitivity criterion. The dominance of individual material
parameters in displacement fields for the selected configurations is then explained in detail. It is
observed that the contributions from E;, E, and G4, can be easily controlled by modification in
only a small subset of the independent parameters. However, v;, shows little sensitivity towards
any of the independent parameters and hence no configuration could be identified which

contained dominant contribution of displacement field from v, ,.
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Simulated experiments containing white noise have been performed to verify the performance
of each test configuration. The simulations indicate a clear relationship between the sensitivity
criterion and the success of parameter estimation. Finally, this result is further validated from
experiments performed with CFRP plate specimens. The experiments thus performed illustrate
practical importance of the sensitivity criterion. The fifth test configuration, design for a balanced
contribution from E;, E, and G, gave the best parameter estimates for these in-plane elastic

moduli.

The disparity between simulated and experimental results, observed in terms of comparatively
poor convergence in experimental test results for the same sensitivity criterion has been
explained. Uncontrolled parameters like specimen thickness variation, support deformations as
well as the possibly high magnitude of signal-to-noise ratio appear to be the major factors
affecting the accuracy of experimental results. An improved sensitivity criterion incorporating the
absolute contribution from different material parameters in the observed displacement fields is
proposed for future study to overcome the difficulty associated with the identification of v, by

improving the signal-to-noise ratio.
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Tables

Table 1 Geometric parameters for test cases

Case ID L W Lx Ly a S1 S2 S3 S4
1 185.6 | 137 0 0 0 0 0 0 0
2 185.6 | 137 | -0.26 | 0.464 0 0 0 0
3 185.6 | 137 0 0.5 0 0 0 0 0
4 185.6 | 137 | -0.41 | -0.28 0 0.071 0 0 -0.76
5 185.6 | 137 0 0.246 0 0 0 0.367 0

Table 2 Sensitivity criterion for all test cases

SCrer (%) Max deflection
Case ID

E, | Ey | viz | Gy (mm)
1 13.7 | 743 3.0 9.0 0.723
2 37.6 | 23.8 2.7 36.0 0.330
3 65.2 5.6 3.2 26.1 0.583
4 10.0 | 38.1 1.5 50.4 0.468
5 314 | 325 2.8 334 0.435

Table 3 Coefficient of variation, relative error and the convergence criterion from simulation results

case ID Coefficient of variation Relative error Convergence criterion
Ey E, V12 Gip | Ey E, V12 Giz Ey E, V12 Gi2
1 6.5 | 1.6 367 |10.7| 11 | 0.8 | 23.0 | 3.0 | 6.6 | 1.8 433 | 111
2 26 | 103 | 629 44 | 04 | 0.6 0.9 0.8 | 2.6 [ 103 | 629 4.5
3 3.0 |17.3| 616 96 | 04 | 58 | 145 | 0.8 | 3.0 | 182 | 63.3 9.6
4 106 | 1.6 29.7 16 | 1.7 | 0.7 | 412 | 09 |10.7]| 1.7 50.7 1.9
5 29 | 5.0 63.1 39 | 16 | 23 | 238 | 09 | 33 | 55 67.5 4.0
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Table 4 Identification results for case 1

Material Parameters

Rigid body modes

E; E, V12 G1iy T, T, 0, T, 0, 0y
(MPa) | (MPa) (MPa) | (mm) | (mm) (deg) (mm) (deg) (deg)
176.9 7.8 0.29 1.3 0.008 | -0.011 -0.001 -0.019 -0.008 | 0.008
161.0 7.8 0.27 1.3 0.008 | -0.018 -0.001 -0.023 -0.013 | 0.010
171.6 7.8 0.30 1.3 0.012 | -0.026 -0.001 -0.033 -0.015 | 0.005
151.7 8.0 0.33 1.3 0.018 | -0.030 0.000 -0.031 -0.014 | 0.007
152.8 7.9 0.38 1.3 0.021 | -0.037 0.000 -0.032 -0.017 | 0.000
137.6 7.8 0.42 1.3 0.025 | -0.044 0.000 -0.023 -0.020 | 0.006
129.9 7.0 0.53 8.8 0.024 | -0.051 0.000 -0.075 -0.035 | 0.002
140.4 7.1 0.53 8.8 0.026 | -0.053 0.000 -0.090 | -0.028 | 0.004
126.6 7.1 0.53 8.4 0.027 | -0.058 0.001 -0.087 -0.033 | 0.005
140.7 7.2 0.52 5.7 0.027 | -0.063 0.001 -0.087 -0.035 | 0.000

Table 5 Identification results for case 2
Material Parameters Rigid body modes

E; E, V12 G1y T, T, 0, T, 0, 0y
(MPa) | (MPa) (MPa) | (mm) | (mm) (deg) (mm) (deg) (deg)
123.5 6.2 0.39 6.0 -0.003 | 0.004 0.000 -0.036 -0.021 | -0.006
106.7 6.9 0.53 5.9 -0.004 | 0.009 0.000 -0.045 -0.017 | -0.009
116.9 5.8 0.53 5.9 -0.006 | 0.017 0.000 -0.061 -0.022 | -0.011
120.9 6.1 0.53 6.2 -0.007 | 0.023 0.000 -0.081 -0.026 | -0.012
117.3 7.0 0.53 5.3 -0.007 | 0.027 0.000 -0.086 -0.028 | -0.021
114.7 6.0 0.53 5.2 -0.009 | 0.031 0.000 -0.090 | -0.027 | -0.017
119.1 6.4 0.53 5.2 -0.009 | 0.038 0.000 -0.099 -0.037 | -0.019
123.0 6.5 0.53 5.5 -0.010 | 0.039 0.000 -0.112 -0.045 | -0.022
113.4 6.6 0.53 5.5 -0.010 | 0.044 0.000 -0.121 -0.040 | -0.024
120.3 7.0 0.53 5.1 -0.012 | 0.049 0.000 -0.137 -0.051 | -0.026
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Table 6 Identification results for case 3

Material Parameters

Rigid body modes

E, E, V12 Giz Ty Ty 0, T, Oy by
(MPa) (MPa) (MPa) (mm) (mm) (deg) (mm) (deg) (deg)
121.1 13.9 0.08 3.5 0.000 0.009 -0.001 -0.036 -0.009 | 0.002
130.3 14.0 0.53 2.4 0.000 0.012 -0.002 -0.043 -0.011 | 0.001
129.6 12.8 0.53 2.4 -0.007 0.018 -0.002 -0.055 -0.010 | 0.003
115.6 6.9 0.08 4.1 -0.005 0.021 -0.002 -0.064 -0.012 | 0.000
120.0 8.9 0.08 3.9 -0.004 | 0.023 -0.003 -0.070 -0.018 | -0.001
125.6 14.0 0.08 2.8 -0.006 | 0.028 -0.003 -0.072 -0.015 0.000
120.0 10.3 0.08 3.7 -0.007 0.031 -0.004 -0.089 -0.020 | -0.001
123.1 10.6 0.08 3.7 -0.009 0.034 -0.004 -0.104 -0.023 | -0.001
125.1 10.2 0.08 4.0 -0.007 0.035 -0.004 -0.119 -0.027 | 0.001
127.1 14.0 0.08 3.0 -0.008 | 0.034 -0.005 -0.117 -0.018 | -0.001

Table 7 Identification results for case 4
Material Parameters Rigid body modes

Ey E, V12 Gyz Ty Ty 0, T, Oy 6y
(MPa) (MPa) (MPa) (mm) (mm) (deg) (mm) (deg) (deg)
115.7 9.2 0.36 5.0 -0.006 | 0.005 -0.001 -0.012 -0.008 | -0.004
141.6 9.2 0.34 5.2 -0.009 0.004 -0.001 -0.027 -0.004 | -0.007
108.1 8.6 0.40 4.7 -0.012 0.006 -0.002 -0.014 -0.016 | -0.003
94.7 8.3 0.44 4.7 -0.012 0.008 -0.003 -0.015 -0.020 | -0.003
88.0 8.1 0.46 4.6 -0.015 0.011 -0.003 -0.014 -0.022 | -0.002
69.1 7.8 0.49 4.5 -0.020 | 0.015 -0.004 -0.014 -0.034 | 0.002
64.2 7.5 0.51 4.3 -0.020 | 0.017 -0.005 -0.009 -0.047 | 0.005
63.2 7.4 0.51 4.4 -0.019 0.019 -0.005 -0.013 -0.049 | 0.007
59.0 7.3 0.52 4.3 -0.022 0.021 -0.005 -0.013 -0.058 | 0.010
61.6 7.5 0.52 4.3 -0.022 0.024 -0.005 -0.020 -0.060 | 0.010
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Table 8 Identification results for case 5

Material Parameters

Rigid body modes

Ey E, V12 G1p Ty Ty 0, T, Ox by
(MPa) (MPa) (MPa) (mm) (mm) (deg) (mm) (deg) (deg)
139.6 7.6 0.08 5.0 0.000 -0.002 0.003 -0.034 -0.014 | -0.012
141.1 7.7 0.29 4.8 -0.002 | -0.001 0.004 -0.036 -0.021 | -0.009
168.2 9.0 0.08 3.5 -0.005 0.002 0.006 -0.041 -0.009 | -0.009
146.8 7.3 0.08 4.8 -0.005 0.000 0.006 -0.053 -0.023 | -0.013
155.6 8.0 0.10 4.4 -0.007 0.003 0.007 -0.060 -0.028 | -0.015
146.2 7.8 0.08 4.4 -0.006 0.005 0.008 -0.061 -0.027 | -0.016
150.8 8.0 0.08 4.3 -0.009 0.003 0.008 -0.072 -0.027 | -0.015
150.2 7.8 0.08 4.6 -0.006 0.006 0.009 -0.083 -0.038 | -0.025
153.8 8.2 0.08 4.2 -0.008 0.006 0.009 -0.091 -0.036 | -0.020
149.5 7.9 0.09 4.4 -0.008 0.007 0.009 -0.092 -0.045 | -0.025

Table 9 Coefficient of variation, relative error and the convergence criterion from experimental results

case ID Coefficient of variation Relative error Convergence criterion
Ey E, V12 Gy Ey E, V12 Gy Ey E, Vi2 Gy
1 11 26 90 3 6 32 22 12 8 42 93
2 4 8 7 19 19 65 12 19 20 66 14
3 4 22 115 19 15 44 47 33 15 50 124 38
4 33 15 40 1 47 8 52 49 11
5 5 66 4 1 67 11 6 94 15
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Figure 2 Plate specimen arrangement for inverse identification with PFEUM technique
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